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Editorial on the Research Topic

The Future of Asteroseismology

Rapid progress in the field of asteroseismology continues to be propelled by data from space missions.
Since the time that this special topic was proposed in early 2017, the NASA Kepler/K2 missions have
ended (November 2018) and the Canadian MOST spacecraft was decommissioned (March 2019). In
April 2018, the NASA TESS mission was launched, and has collected data on nearly all of the sky both
north and south of the ecliptic plane. The BRITE Constellation satellites (Austria-Poland-Canada)
continue operation, and a new European Space Agency mission, PLATO, is planned for launch in 2026.1

In addition, during this period the Gaia mission Data Release 2 (Gaia Collaboration et al., 2018) has
providedmore accurate parallaxes for over one billion stars, hence constraints on distance and luminosity
for asteroseismic models. The ESA/Swiss Space Office CHEOPS space telescope was launched in
December 2019 (Fortier et al., 2014). Its mission is to measure sizes of known transiting exoplanets
orbiting bright and nearby stars, but it will also have significant capability for asteroseismology, collecting
high-cadence photometry with precision similar to that of Kepler and TESS (Moya et al., 2018).

Our original objectives for this topical issue are outlined in the “About This Research Topic”
preface to the collection.While we had hoped for as many as 50 contributions, in the end 18 excellent
and very diverse papers have been published: four Perspective articles, a two-part Methods article,
four Reviews, two Mini-Reviews, and six Original Contributions.

We asked the authors to consider articles that were “speculative and even controversial.” We
encouraged reviewers to be open-minded about predictions, opinions, and conclusions that differed
frommainstream views.We hoped that this collection would become a resource for research advisors
and students to inspire new projects and directions.

Of the twelve suggested topics listed in the preface, the eighteen articles address directly or
indirectly all but three of them. The exceptions are connections to related fields, such as supernovae
progenitors, and seismology of planets and circumstellar disks. A notable omission is discussion of
asteroseismology of stars in binary and multiple star systems, despite the increasing literature in this
area. This absence highlights the difficulty of taking into account the effects of close binary
companions in stellar evolution and pulsation models, which is usually done in an approximate
way, and points to an area where advances are needed. We recommend the recent review of
asteroseismology in close binary systems by Zhao Guo in the Frontiers Research Topic
Asteroseismology in the Kepler Era. This latter collection also contains articles on
asteroseismology for variable star types that were not addressed specifically in the present
collection, such as white dwarfs (Córsico, 2020), hot subdwarfs (Lynas-Gray, 2021), high-mass
stars (Bowman, 2020), and RR Lyrae variables (Plachy and Szabó, 2021).
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Two of the “gems” in this collection are the methods articles
“Convection Theory and Related Problems in Stellar Structure,
Evolution, and Pulsational Stability” by Xiong, and “An
Observer’s View on the Future of Asteroseismology” by
Paparó. These authors put their heart into these works,
writing at the eve of their official retirement after long and
successful careers.

Xiong summarizes his work developing a non-local and time-
dependent theory of convection and applying this theory to many
types of variable stars. He dedicated these articles to his mentor,
Prof. Wasaburo Unno, the first author of the now classic book,
Nonradial Oscillations of Stars (Unno et al., 1989), originally
published in 1979. Xiong’s methods show promise to explain the
concurrent g- and p-mode pulsations of γ Dor/δ Sct hybrids and
the edges of instability regions for other types of variables, and
also predict that some p modes in the Sun and solar-like
oscillators including red giants may actually be self-excited
instead of stochastically excited. It will be interesting to see
whether others can implement or advance Xiong’s convection
treatment to verify these results, and whether further
observations confirm his predictions.

Paparó’s history is an ambitious review from her perspective as
an active participant in this field while working at Konkoly
Observatory in Hungary. She traces developments in this field
from its pre-history to the present, and from visual observing
through photographic, photoelectric, and CCD technology. She
notes cornerstone discoveries, and adds lessons learned and
advice throughout the paper, concluding with an optimistic
view of the future and suggestions for promising areas for
young researchers to pursue.

Perhaps one of the more provocative papers in the collection is
that of Balona on pulsations in intermediate-mass stars. Balona
finds from Kepler data that most δ Sct stars are hybrid δ Sct/γDor
pulsators, even though many of these stars are too hot to be
expected to pulsate in γDor gravity modes. He also highlights the
problem that many intermediate-mass stars located in the
pulsation-instability regions of the H-R diagram actually are
not pulsating. He notes that spots and flares have been seen in
A-type star light curves, indicating magnetic activity, even though
these stars have shallow envelope convection zones and should
not be able to sustain a stellar dynamo like that of the Sun. Work
is ongoing to verify and understand these results (see, e.g., review
by Guzik (2021)).

We next comment on how the eighteen articles in this
collection address the topics listed in the preface.

Theory and simulation; stellar evolution and pulsation
modeling: Many of the articles focus on these topics,
including the papers by Balona and Xiong mentioned above.
Lovekin describes the utility and challenges of two-dimensional
evolution and pulsation models, essential to interpret light curves
and predict pulsation frequencies of rapidly rotating stars and
those distorted by tidal effects in binary systems. Zwintz discusses
many essential problems that asteroseismology of pre-main-
sequence stars, 75 of which have been discovered as of 2019,
can help address, such as the stellar birthline, accurate ages,
evolution of angular momentum, chemical peculiarities, and
tidally induced pulsations. Buldgen et al. discuss the

discrepancies between standard solar models evolved using the
latest abundances vs. helioseismic constraints. Evans and Engle
discuss the problem of the 10–20% discrepancy in Cepheid
masses derived from pulsations and binary modeling vs.
stellar-evolution calculations. Xiong (Part I) discusses how
evolution models using his time-dependent non-local theory of
convection may help to resolve this Cepheid mass problem.

Model atmospheres: Model atmospheres received little
attention in this collection, but surface boundary condition
approximations and ideally model atmospheres are needed for
accurate predictions of pulsation properties, and interpretation of
stellar spectra for deriving asteroseismic constraints. The problem
of how to model stellar surfaces shows up in developing
asteroseismic scaling relations, reviewed by Hekker.

Stellar abundances: Stellar interior abundances are a basic
ingredient for stellar models, and are sometimes inferred from
asteroseismology using forward modeling. Buldgen et al. review
the “solar modeling problem,” also referred to as the
“solar abundance problem,” that has persisted since solar
photospheric abundances were revised in 2004. Standard solar
models evolved using these new abundances show discrepancies
with helioseismic constraints. The outcome of this problem will
affect the input physics and element mixtures for opacities and
equation of state, the metallicities adopted for all stars, and the
definition of “solar abundance”.

Wish-list for asteroseismic data: While there is not a paper
directly addressing this topic, all of the papers point to areas
where additional data would help to resolve outstanding
questions.

Dealing with large datasets: As mentioned in the preface, the
methods of doing science are being transformed by changes in
how we communicate and collaborate globally, and by
technological advances in massively parallel computing,
automated data processing, artificial intelligence, and machine
learning. Several of the papers illustrate specific applications of
such advances.

Guzik et al. applied perhaps the most mundane and
straightforward method, developing a python script and
graphical user interface to process light curves and calculate
amplitude spectra for thousands of stars observed during the
K2 mission, enabling easy visual inspection, identification, and
sorting into different variable star types. Corsaro describes
application of a fast and automated oscillation frequency
extraction technique using Bayesian inference based on the
nested-sampling Monte Carlo algorithm. Suárez et al. discuss
the problems of spurious peaks and pre-whitening in determining
the frequencies of stars using long time-series photometric data,
and propose alternative harmonic and fractal analyses.

Mode amplitude and selection: The problem of why only
certain pulsation modes predicted by linear pulsation theory are
excited to observable amplitudes, and the explanation for these
amplitudes, is possibly one of the most important unsolved
problems in this field. A lack of understanding of these
processes hinders mode identification essential for
asteroseismic interpretations, and an explanation of these
observations is likely to reveal additional insights for processes
in stellar interiors.
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In this collection, Balona highlights the problems of mode
selection, amplitudes, damping and nonlinearity in pulsations of
intermediate-mass stars. Guzik et al. summarize the properties of
δ Scuti variables observed during the K2 mission, including mode
amplitudes and frequency ranges for these stars, and find no
correlation with stellar properties such as effective temperature or
surface gravity. Xiong’s papers also discuss amplitudes, mode
excitation and damping for a number of pulsating variable
star types.

New pulsation driving mechanisms and undiscovered/
unverified variable star types: Xiong’s papers explain how
inclusion of his time-dependent non-local convection
treatment can help to explain the pulsation-frequency content
and instability-strip edges of several variable star types. Balona
discusses the pulsations of so-called Maia variables, and also the
roAp stars, which he finds to be not well understood. Rodríguez-
López discusses prediction of 20-min to 3-h low-amplitude
pulsations in M dwarfs via the ϵ mechanism using
nonadiabatic pulsation calculations; such pulsations have yet
to be observed definitively. Evans and Engle discuss the
phenomena of X-ray and far-ultraviolet brightenings just after
maximum radius discovered in at least two Cepheids, δCep and β
Dor, and the prospects for additional insights into pulsation-
induced shocks in Cepheid atmospheres.

How can asteroseismology inform helioseismology (and
vice versa)? The detection of magnetic field configurations
inside stars would be a very valuable input for verifying
dynamo models. Furthermore, direct measurements of the
participation of the large-scale flows in the induction processes
inside stars are part of understanding the generation of strong
magnetic fields. With the variety of stars accessible to
asteroseismic probing, much could be learned for
understanding solar magnetic activity. This appears to be a
central problem to be solved, given the many related papers
that were submitted.

It is established that the solar and stellar eigenfrequencies vary
with the cyclic magnetic activity of the Sun or the stars,
respectively. Pérez Hernández et al. show that conclusions on
stellar parameters obtained by asteroseismology could therefore
be biased. The effect of a large active region on the dipolar and
quadrupolar p modes is addressed by Papini and Gizon. Here
lessons learned from helioseismology can now be refined for stars
with a higher level of activity. A different view on the effect of
magnetic activity on stellar oscillations is contributed by Mathur
et al., as they discuss whether a magnetic activity higher than the
one of the Sun could be the reason that solar-like oscillations are
not detected in those stars.

The basis for extending the knowledge on stellar magnetic
activity will be enhanced by increasing the number of
asteroseismic observations of the related frequency shifts
of p modes. Kiefer et al. think that the TESS mission will

be able to extend the observational basis and provide a new
scaling relation for the amplitude of the induced frequency
shifts.

The connection between helioseismology and
asteroseismology is discussed in two other papers. Roth and
Herzberg discuss application of models of internal convective
flows originally applied to the Sun to detect large-scale flows for
identifying such flows in other stars exhibiting solar-likes
oscillations, e.g., in subgiant and red giant stars. In their
excellent review on the current status of the solar modeling
problem, Buldgen et al. make the step from helioseismology to
asteroseismology to demonstrate the relevance of the accuracy of
the stellar modeling. They use one of the best data sets, i.e., of the
sun-like stars 16 Cyg A and B, where asteroseismic studies are
possible in a way similar to those in helioseismology.

How could asteroseismology benefit from an
interdisciplinary or multidisciplinary approach? This topic
was covered indirectly. Machine-learning techniques from
other disciplines could be applied to asteroseismology.
Interdisciplinarity will definitely benefit this field.
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Luis A. Balona*

South African Astronomical Observatory, Cape Town, South Africa

A new perspective of pulsation in stars within the δ Scuti instability strip has recently

emerged as a result of Kepler observations. The majority of stars within the instability

strip do not pulsate and practically all δ Scuti stars contain low frequencies. Because

γ Doradus stars co-exist with δ Sct stars in the same region of the instability strip, it

follows that γ Dor stars are driven by the same mechanism as δ Sct stars. The difference

must be due to different mode selection processes. The search for an unknown damping

factor which is missing from the models will be essential for further progress. Maia

variables and hot γ Dor stars are briefly discussed. Luminosities of roAp stars obtained

from Gaia DR2 parallaxes and spectroscopic effective temperatures show that the roAp

stars are slightly evolved with temperatures in the range 6,300–8,300K, considerably

cooler than predicted by the models. The roAp stars and stars with solar-like oscillations

share the same mass—temperature—luminosity relation, but with frequencies which are

about 50 percent higher. This suggests that roAp frequencies are determined by the

critical acoustic frequency, but this frequency is larger than in standard models, perhaps

as a result of a temperature inversion in the atmosphere.

Keywords: stellar pulsation, asteroseismology, δ Scuti, γ Doradus, roAp stars

1. INTRODUCTION

The main types of pulsating variables of intermediate mass on the main sequence are the
γ Doradus, δ Scuti, and roAp stars. At the low-mass end (≈1.3M/M⊙), solar-like oscillations are
present in stars right up to the red edge of the δ Sct/γ Dor instability strip. The red edge of the
slowly pulsating B star (SPB star) instability strip defines the high-mass end at about 2.8M/M⊙.
Besides these well-established variables, two possibly new types of pulsating star have recently been
proposed. One is the extension of the γ Dor type to hotter temperatures (hot γ Dor variables,
Balona et al., 2016). The other is the presence of δ Sct-type pulsation in stars lying between the cool
end of the β Cep instability strip and the hot end of the δ Sct instability strip (Mowlavi et al., 2013;
Balona et al., 2016). These have been historically been called Maia variables (Struve, 1955; Struve
et al., 1957; Percy andWilson, 2000), though the star of the same name in the Pleiades cluster is not
of this type.

Our perspective on pulsation in these stars have changed quite radically over the last decade.
Before the advent of photometric space observations, a complete picture seemed to have been
formulated. For stars with radiative envelopes the models predict multiple p-mode pulsations
driven by the opacity κ mechanism. All unstable pulsation frequencies exceed 5 d−1, corresponding
to the δ Sct stars. In cooler models where convection becomes important, instability is thought to
be driven by the convection blocking mechanism (Guzik et al., 2000). Frequencies driven by this
mechanism are less than about 5 d−1, corresponding to the γ Dor stars. The few δ Sct/γ Dor hybrids
then known were satisfactorily accommodated by more sophisticated time-dependent convection
treatments (Dupret et al., 2005a).
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For the roAp stars, which are pulsating Ap stars with strong
global magnetic fields, Balmforth et al. (2001) proposed that the
high-frequency pulsations are driven by the κ mechanism in the
H/HeI partial ionization zone. In the models these pulsations are
stable, but suppression of convection at the magnetic poles will
cause instability. Pulsational driving confined to the magnetic
poles also explains why the pulsation axis and the magnetic axis
appear to be aligned.

Photometry from space, first with theMOST, then CoRoT and
especially with theKeplermissions have shown that some of these
ideas need to be revised. As early as the first Kepler data release, it
became clear that hybrid δ Sct/γ Dor pulsation is not confined
to just a few stars spanning the the two instability regions,
but occurs across the whole δ Sct instability strip (Grigahcène
et al., 2010). Then there was the realization that most stars in
the instability strip did not seem to pulsate at all (Balona and
Dziembowski, 2011). The third surprise was the finding that
rotational modulation is common among the A stars (Balona,
2011). It even seems that a small fraction of A stars flare like
the Sun (Balona, 2012). Most recently, it was found that non-
pulsating stars, γ Dor stars and δ Sct stars all co-exist within
the same region of the H-R diagram (Balona, 2018). That is,
the pulsations in δ Sct and γ Dor stars are not a result of two
separate mechanisms as previously thought, but probably a result
of different mode selection processes.

There were surprises in Kepler observations of roAp stars
as well. The first roAp star discovered in the Kepler field,
KIC 8677585 (Balona et al., 2011a), exhibits an unexpected
γ Dor-like pulsation with a frequency of 3.14 d−1 which is still
unexplained.

This paper highlights the main problems associated with
pulsation among main sequence stars of intermediate mass.
Evidence is presented of an, as yet unknown, physical factor
which seems to control mode selection and to damp pulsations.
This factor clearly varies from star to star and even between stars
with the same effective temperatures and luminosities. The search
for this factor will be essential for further progress. Much of the
work reported here is based on visual inspection of Kepler light
curves and periodograms of over 22,000 stars classified according
to variability type and complete to magnitude 12.5.

2. NON-PULSATING STARS IN THE
δ SCUTI INSTABILITY STRIP

A mechanism which drives pulsations in one star is naturally
expected to drive pulsations in another star with the same mass,
effective temperature, age, and composition. An effect peculiar to
the star, such as rotation, might however modify the pulsation
frequencies and amplitudes. If one of the stars is not observed
to pulsate, it is natural to conclude that pulsation is probably
present but at a level too low to be detected. Of course, it
would be important to understand the cause of the difference
in pulsational amplitude, but unfortunately this is beyond our
present capabilities.

A study of the Kepler data shows that less than half the
stars in the δ Sct instability strip appear to pulsate (Balona

and Dziembowski, 2011). While the above argument might still
be applicable, the superb photometric precision of Kepler and
the shear number of apparently non-pulsating stars is reason
for a deeper examination of the problem. One might expect
that the number of stars with a given maximum amplitude will
increase as the amplitude tends to zero. There is, of course, an
amplitude below which any pulsation will be hidden in the noise.
If pulsation is present in all stars, then the “non-pulsating” stars
are those with amplitudes below the detection limit and should
be included in the bin containing the lowest amplitude.

The resulting amplitude distribution should appear to be
smooth and physically reasonable. In other words, if the trend
in the amplitude distribution is extrapolated to zero amplitude, it
should approximately agree with the actual number of stars in the
lowest amplitude bin. On the other hand, if the predicted number
is far below the observed number of “non-pulsating” stars, then
there is good reason to suspect that the “non-pulsating” stars
actually belong to a different population altogether and should
not be included in the distribution for pulsating stars. In other
words, that they actually do not pulsate at all.

From the first year of Kepler observations, Balona and
Dziembowski (2011) performed this exercise. As a measure of
amplitude, the mode of highest amplitude with a frequency
ν > 5 d−1 in each star was used. This choice eliminates variability
due to rotational or binary effects which have lower frequencies.
They concluded that the number of non-pulsating stars was
at least ten times larger than predicted from the extrapolated
amplitude distribution.

In the above analysis, only the first year of Kepler data was
used. The calculation was recently repeated using the complete
4 year Kepler data set (Balona, 2018), giving the amplitude
distribution shown in the left panel of Figure 1. It can be seen that
the number of δ Sct stars increases as the amplitude decreases, as
expected. There are 190 δ Sct stars with maximum amplitudes
in the range 0–10 ppm. Extrapolation to zero amplitude suggests
that not more than about 300 δ Sct stars might be expected to
have undetectable amplitudes. However, the actual number of
apparently non-pulsating stars in the instability strip is 1781,
much larger than the expected number. If these are, indeed, δ Sct
stars pulsating at an undetectable level, they should be added to
the lowest-amplitude bin of the distribution as shown in the right
panel of Figure 1. This amplitude distribution clearly suggests
that these apparently non-pulsating stars do not belong to the
same population as the δ Sct stars. The conclusion is that these
stars are indeed non-pulsating.

The implication is that there is a missing factor in current
pulsation models which adds to the damping. Further evidence
for the existence of an unknown damping factor is presented
below.

3. LOW FREQUENCIES IN δ SCT STARS

It was already evident from the early days of the CoRoT and
Kepler missions that low frequencies are very common among
δ Sct stars. Recently, Balona (2018) has provided a list of allKepler
δ Sct and γ Dor stars complete to magnitude 12.5. It is concluded

Frontiers in Astronomy and Space Sciences | www.frontiersin.org 2 December 2018 | Volume 5 | Article 4310

https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org
https://www.frontiersin.org/journals/astronomy-and-space-sciences#articles


Balona Pulsation in Intermediate-Mass Stars

FIGURE 1 | (Left) The distribution of the maximum amplitude (ppm) in Kepler δ Sct stars with Kp < 12.5mag in the instability box. (Right) The same distribution, but

including all non-pulsating stars in the δ Sct instability box on the assumption that these “constant” stars actually pulsate with amplitude below the detection limit.

that at least 98 percent of δ Sct stars have significant low-
frequency peaks in their periodograms. Under the circumstances,
it is clear that the term “δ Sct/γ Dor hybrid” has lost its meaning.

The simplest explanation for low frequencies is rotational
frequency splitting. The Coriolis force induced by rotation
breaks the degeneracy of a spherical harmonic of degree l
into 2l + 1 components. For slow rotation the frequencies of
each component are more-or-less equally spaced. As rotation
increases, the frequency spacing betweenmultiplets increases and
are no longer equally spaced. One may therefore expect to see
peaks below the minimum frequency predicted by non-rotating
models.

To test the idea that rotation might be responsible for
the low frequencies, Balona et al. (2015b) used non-rotating
stellar models to calculate unstable frequencies predicted by the
κ mechanism. From the known distribution of rotational periods
of these stars, and using a fairly simple model of rotational
splitting which takes the second-order effect described above
into account, it is possible to calculate the likely frequency
distribution. While there is an increase in the relative numbers of
stars showing low frequencies, it is still well below the numbers in
the observed distribution. Thus, rotation can safely be ruled out
as an explanation for the low frequencies.

Pulsational instability in the models can be induced by
artificially increasing the opacities in the stellar envelope. This
exercise was performed by Balona et al. (2015b) who showed that
modes of spherical degree l = 1 could be driven by an opacity
increase by a factor of at least two in certain region in the stellar
envelope. However, the effect is weak, few modes are excited and
the required opacity enhancement is unreasonably large. It is
highly unlikely that opacity changes will resolve the problem.

Another idea is that the low frequencies might be mixed
gravity-Rossby modes of the type discussed by Papaloizou and
Pringle (1978). These modes have been recently proposed as
an explanation of the broad hump that appears just below the
rotation frequency in many A stars and also to explain the period
spacings in some γ Dor stars (Saio et al., 2018). If this explanation
is correct, inertial modes should be observed in all rotating stars
within the instability strip with similar amplitudes. The fact that
these are not observed in the majority of A stars immediately
rules out this idea.

The convective blocking mechanism (Guzik et al., 2000)
uses the simplest description of “frozen-in” convection which

does not take into account the interaction between pulsation
and convection. More recent treatments use a time-dependent
perturbation theory (Dupret et al., 2005a,b). In any calculation
involving convection there are free parameters which are chosen
to give agreement with the observations. In contrast, no free
parameters exist in the opacity κ mechanism.

Even for the hottest δ Sct stars, convection may be an
important factor in pulsational driving. Kallinger and Matthews
(2010) show that in all A-star models there is a very thin outer
convection zone with a thickness of less than one percent of
the stellar radius while on the main sequence. The thickness of
the convection zone expands with subsequent evolution. They
conclude that all stars located in the δ Scuti regime are expected
to have thin, but non-negligible, sub-surface convection. These
thin convective zones do not contribute significantly to energy
transport, but may be important for mixing.

The recent work by Xiong et al. (2015, 2016) looks to be
promising in resolving the issue of the low frequencies. Using a
non-local and time-dependent convection theory, they find that
unstable g and p modes are located in two partially overlapping
instability strips with the g-mode instability strip systematically
cooler than the p-mode instability strip. There is no distinct
difference in the excitation and damping between p and g
modes. Both are due to the combination of the κ mechanism
and coupling between convection and the oscillations. The
κ mechanism plays a major role in driving pulsations in hot
δ Sct and γ Dor stars, while the coupling between convection
and the oscillations is responsible for excitation and damping of
pulsations in cool stars. Xiong et al. (2016) conclude that there
is no essential difference between δ Sct and γ Dor stars. They are
just two subgroups of one broader type, with δ Sct stars belonging
to the p-mode subgroup and γ Dor stars to the g-mode subgroup.

Figure 2 shown the location of the Kepler δ Sct and γ Dor
stars in the H–R diagram. This is based on visual classification
of the the full 4-year Kepler data complete to magnitude 12.5
but extending to fainter magnitudes (Balona, 2018). The latest
effective temperatures and luminosities derived from Gaia DR2
parallaxes (Gaia Collaboration et al., 2016, 2018) are used.
Theoretical considerations predict that F stars should have strong
surface differential rotation, a result supported by observations
(Balona and Abedigamba, 2016). Great care was taken to
distinguish between F stars which are multiperiodic due to
differential rotation and the γ Dor stars.
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FIGURE 2 | Kepler δ Sct stars (Left) and γ Dor stars (Right) in the H-R diagram (dots). Gaia D2 luminosities are used. The solid lines are the zero-age main sequence

(solar abundance from Bertelli et al., 2008) and the non-radial red and blue edges from Xiong et al. (2016). The dashed polygon defines the region which includes the

majority of δ Sct (larger box) and γ Dor (smaller box) stars. The cross at bottom left shows the 1-σ error bars.

It can be seen from Figure 2 that the red and blue edges
predicted by Xiong et al. (2016) do not agree with observations.
The figures also show that both δ Sct and γ Dor (as well as
non-pulsating stars) co-exist within the confines of the γ Dor
instability region. In fact, there are more δ Sct stars in the γ Dor
region than γ Dor stars themselves.

It is clear that the difference between the two types of variable
cannot be ascribed to differences in the driving mechanism or
even the p- and g-mode subgroups advocated by Xiong et al.
(2016). Instead, it seems that an unknown mode-selection factor
is suppressing high frequencies in some stars (giving rise to γ Dor
stars), but not in others (giving rise to the δ Sct stars). One
presumes that if this factor is sufficiently strong, all pulsations are
suppressed, giving rise to the non-pulsating stars.

Further evidence that mode selection varies strongly from star
to star within the δ Sct instability strip is that stars occupying the
same region in theH-R diagram can have very different frequency
spectra (Balona et al., 2015b; Balona, 2018). In fact, the frequency
spectrum acts as a unique identifier or fingerprint of a particular
star.

4. NON-LINEARITY IN γ DOR STARS

Even a brief inspection of the Kepler photometry curves will
reveal one of the strangest light curves among variable stars.
The light curve consists of a periodic variation with typical time
scale 0.3–3 d and strong, asymmetrical beats. The light maxima
are very sharp and high. In fact, they can be mistaken for
flares and are sometimes flagged as bad points in the Kepler
data. Examples are shown in Figure 3. These γ Dor stars were
first described by Balona et al. (2011b) who named them the
ASYM (asymmetric) type of γ Dor variable. They comprise
about 16 percent of the γ Dor type. Another two types, SYM
(symmetric with beats) and MULT (multiperiodic, no beats)
also exist, comprising respectively about 54 and 26 percent of
these stars. In Balona (2018) they have been renamed GDORA,
GDORS and GDORM respectively. These stars are all evenly
distributed in the γ Dor instability region.

This raises the question as to whether some fraction the δ Sct
stars within the γ Dor instability box show the same light curve

asymmetry seen in the GDORA stars. To test this idea, 883 δ Sct
stars lying entirely within the γ Dor instability box in the H-R
diagram, were examined. For each star, all significant frequencies
higher than 5 d−1 were removed from the light curve. Inspection
of the modified light curves showed no sign of asymmetry as
seen in GDORA stars. Evidently, the strong non-linearity seen
in GDORA stars does not occur in δ Sct stars.

What the different types of γ Dor stars seem to be telling us
is that the factor driving the mode selection also incorporates
a high degree of non-linearity. Nonlinearities are important
in convection zones and lead, for example, to combination
frequencies in pulsating white dwarfs (Brickhill, 1992). The
possibility exists that the non-linearities seen in γ Dor stars
originate in a similar way.

5. MAIA VARIABLES AND HOT γ DOR
STARS

Struve (1955) suggested that the late B star Maia, a member of
the Pleiades, might be pulsating with a period of just a few hours.
Later, Struve et al. (1957) disclaimed such variability except for
the strengths of the helium lines. Main sequence stars pulsating
with high frequencies cooler than the β Cep stars and hotter than
the δ Sct stars are not predicted by standard pulsation models.
Over the years persistent reports of such stars have been made,
but none have been confirmed. For example, the A0 III star α Dra
seems to have a period of around 53min (Kallinger et al., 2004),
while Degroote et al. (2009) found several Maia-like stars among
the B-type variables observed by CoRoT. Balona et al. (2015a)
found several examples of possible Maia variables in the Kepler
field, though these could be binaries or stars with erroneous
effective temperatures. However, spectroscopic observations have
confirmed that these stars are indeed anomalous (Balona et al.,
2016).

Mowlavi et al. (2013) found 36 anomalous pulsating variables
from photometric observations of the young open cluster
NGC 3766. Most of these stars have frequencies in the range
1–10 d−1 and amplitudes 1–4mmag. The cluster is known to
have a particularly high population of rapidly-rotating stars and
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FIGURE 3 | A selection of ASYM (GDORA) γ Dor light curves. The fractional brightness variation is in parts per thousand.

Mowlavi et al. (2013) suggested that rapid rotation may be a
requirement for the presence of these high-frequency modes.
This idea was investigated by Salmon et al. (2014) who proposed
that they might be rapidly-rotating SPB stars. In a further study,
Mowlavi et al. (2016) obtained spectra of the 36 stars and found
that most are indeed fast rotators. They also found a relationship
between the period of the pulsation of highest amplitude and the
stellar magnitude. Saio et al. (2017) found that such a relationship
is consistent with similar period-luminosity relations predicted
for excited sectoral prograde g modes of azimuthal ordersm = 1
and 2 in fast-rotating stars along an isochrone.

The relationship between these stars and the other Maia
stars discussed here is not at all clear and must await further
work. For example, Balona et al. (2016) found that the mean
projected rotational velocity of seven Maia stars in the general
field is less than 100 km s−1, which is not consistent with rapid
rotation. At this stage it is very difficult to be certain that the
pulsations in these stars cannot be explained by conventional
means. Daszyńska-Daszkiewicz et al. (2017) considered three
possible explanations for theMaia stars. It seems that it is possible
to obtain instability at high frequencies without rapid rotation
only if there is a significant enhancement of opacities and only for
modes of high degree (l > 6). Clearly, there is much uncertainty
and no definite conclusions can be drawn at this stage.

The hot γ Dor variables are stars with multiple low
frequencies characteristic of γ Dor or SPB variables, but located
between the red edge of the SPB instability strip and the blue
edge of the γ Dor instability strip. These can be thought of
as normal γ Dor stars much hotter than the blue edge of the
γ Dor instability strip. Balona et al. (2016) obtained spectra of
some of these stars and verified that the photometric temperature
estimates are correct. As mentioned above, rapid rotation may
explain the Maia variables discovered by Mowlavi et al. (2013).
However, it is not possible to explain the hot γ Dor stars as SPB
stars which are moved to the A star region by the effects of gravity
darkening induced by rapid rotation because the required shift in
apparent temperature is much too large.

Further progress in understanding the Maia and hot γ Dor
stars must await photometric space observations together with
spectroscopic estimates of effective temperature. In this regard,

the TESS space mission promises to be a valuable resource
in discovering a larger sample of these anomalous pulsating
variables.

6. THE ROAP STARS

The Ap stars are slowly rotating A and F stars with non-uniform
distributions of chemical elements having over abundances of
rare earth elements in the range 103–106 and strong magnetic
fields of several kG. The magnetic poles are tilted with respect
to the rotational axis, which leads to periodic light variations.
The magnetic field is thought to be of fossil origin, i.e., a relic
of the initial field in the interstellar medium. The patches of
overabundant elements on the surfaces of these stars are thought
to be a result of variable diffusion caused by differences in
gravitational settling and radiative acceleration from place to
place as a result of the magnetic field geometry.

The coolest subgroup of Ap stars are the SrCrEu group with
6400 < Teff < 10000K. Kurtz (1982) discovered that while most
of the Ap stars do not show any oscillations, some exhibit single
or multiperiodic pulsations with periods in the range 4–21min.
These pulsating stars are called the “rapidly oscillating Ap stars”
(roAp stars). There are currently 61 known roAp stars. There
have been a number of photometric surveys yielding negative
results (e.g., Joshi et al., 2016; Paunzen et al., 2018) and it is
unlikely that ground-based observations will lead to a significant
increase in the number of roAp stars.

Due to line blanketing caused by the peculiar surface
abundances, it is very difficult to obtain the effective temperatures
of Ap stars. Modeling of the Hα or Hβ line profiles probably give
the best estimates of Teff. Fortunately, spectroscopic estimates
of Teff from Hα or Hβ are available for 48 stars. There is a
strong linear correlation between the Strömgren β index, which
measures the strength of the Hβ line, and the spectroscopic
Teff for the roAp stars when both measurements are available.
This calibration can be used to obtain Teff for a further 11
stars. Figure 4 shows the location of the roAp stars in the
H-R diagram using luminosities estimated from the Gaia DR2
parallaxes (Gaia Collaboration et al., 2016, 2018). The roAp
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FIGURE 4 | Location of the roAp stars in the H-R diagram (filled circles)

showing the δ Sct region of instability (large dotted polygon) and the γ Dor

instability region (small dotted polygon within the δ Sct region). The three

asterisks are roAp stars with low frequencies. The two slanted lines are the red

and blue edges of the instability region calculated by Cunha (2002). The ZAMS

for solar abundances from Bertelli et al. (2008) is shown. The cross at bottom

left shows the estimated 1-σ error bars.

stars span the temperature range 6,300–8,300K and seem to lie
between the ZAMS and the end of core hydrogen burning.

It is interesting to note that more than half of the roAp
stars lie within the γ Dor instability region where low-frequency
pulsation is most common. Yet it is only in KIC 8677585 where
a high-amplitude low frequency pulsation is seen (Balona et al.,
2011a). Two other roAp stars, KIC 10483436 and KIC 10195926,
appear to have pulsations close to half the rotation frequency
(Balona, 2013). All three stars lie at the hot edge of the γ Dor
instability region (Figure 4). It is difficult to understand the low
frequencies in these stars as typical γ Dor pulsations.

As mentioned in the introduction, Balmforth et al. (2001)
proposed that the high-frequency pulsations in roAp stars are
driven by the κ mechanism in the H/HeI partial ionization
zone at the magnetic poles where convection is suppressed.
Calculations by Cunha (2002) show that pulsation instability is
present in main sequence models with 7000 < Teff < 9300K.
Comparison with Figure 4 suggests that the actual region of
instability is considerably cooler.

All Ap stars with sufficiently strong magnetic fields should
pulsate. Ground-based searches have clearly shown that
pulsations are detectable in only a small fraction of Ap stars. It
is quite possible, therefore, that the distribution of roAp stars in
the H-R diagram shown in Figure 4 only represents stars with
the highest amplitudes. The true distribution could be entirely
different. Of course, the possibility that most Ap stars do not
pulsate must also be considered. The situation is clearly similar
to the δ Sct stars discussed above. Unfortunately, the amplitude
distribution of roAp stars cannot be determined because there
are too few stars. However, the fact that only 4 roAp stars out of
15 known Ap stars have been found in the Kepler field indicates
that the relative number of roAp to Ap stars must be quite low.
The TESS mission affords an ideal opportunity to map out the
instability region.

FIGURE 5 | The observed roAp pulsation frequency, νobs, as a function of

νmax, the frequency of maximum amplitude extrapolated from hot stars with

solar-like oscillations. The straight line has unit slope and zero intercept.

The pulsation frequencies of many roAp stars appear to
exceed the critical acoustic cut-off frequency, νc (Saio, 2014).
This is the frequency above which the outer boundary is no
longer able to reflect roAp-type modes, so that much of the wave
energy is dissipated in the outer atmosphere as a running wave.
This means that pulsational driving must be sufficiently strong to
overcome the damping effect of running waves. It is not clear if
current models can lead to sufficiently strong driving, even if the
destabilizing effect of turbulent pressure (Cunha et al., 2013) is
taken into account.

The acoustic cut-off frequency for an isothermal atmosphere
is roughly dependent on the surface gravity, g, and the effective
temperature: νc ∝ g/

√
Teff. In stars with solar-like oscillations

this leads to the well-known relationship between the frequency
of maximum amplitude, νmax, and the basic stellar parameters
(Chaplin et al., 2011):

νmax

νmax⊙
=

(

M

M⊙

) (

R

R⊙

)−2 (

Teff

Teff⊙

)− 1
2

=
(

M

M⊙

) (

L

L⊙

)−1 (

Teff

Teff⊙

)
7
2

.

Given the effective temperature and luminosity, the stellar mass,
M/M⊙, may be estimated by interpolating evolutionary tracks
and thus νmax may be calculated. Using the evolutionary tracks
for solar abundances by Bertelli et al. (2008) and luminosities
derived from Gaia DR2 parallaxes, the following relationship is
found to reproduce the observed νmax (in µHz) of solar-like stars
hotter than 6,000K in the catalog by Huber et al. (2017):

log(νmax) = log(M/M⊙)− log(L/L⊙)+ 7
2 log(Teff)− 9.6108.

This equation may be used to derive νmax for roAp stars. Figure 5
shows an interesting linear correlation between νobs and νmax.
The implication is that frequencies of roAp stars are related to
the critical acoustic frequency. However, the roAp frequencies
are roughly 50 percent higher than the estimate based on solar-
like oscillations. It appears that most, if not all roAp stars are
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pulsating at frequencies in excess of νc. Note that this empirical
approach to the problem differs from that by Saio (2014) and
others. Gautschy et al. (1998) found that by introducing a
temperature inversion in the atmosphere, wave reflection can
occur and νc increased. The required temperature inversion is
fairly modest: about 1,000–3,000K. This might be a way of
resolving the problem.

7. CONCLUSIONS

Most of the stars in the δ Sct instability strip do not seem to
pulsate. Practically all δ Sct stars contain low frequencies. The
difference between δ Sct and γ Dor stars has nothing to do with
two different driving mechanisms, but is a mode selection effect.
In some γ Dor stars the pulsation is highly non-linear. δ Sct or
γ Dor stars with the same physical parameters may have very
different frequencies which cannot be explained by differences
in rotation. These findings, together with the fact that A stars
have spots and possibly even flares, make a radical departure from
what was accepted before Kepler.

It is clear that there is at least one damping factormissing from
the models. When damping is large the star does not pulsate.
When it is smaller, it preferentially damps the high frequencies
in cool stars (γ Dor stars). When it is smaller still it allows the
full frequency range (δ Sct stars). Of course, this may be an over-
simplification but perhaps a good starting point in seeking for
an understanding of these stars. Mode selection in δ Sct stars
has been studied by Nowakowski (2005). It is found that in all
evolved δ Sct stars non-resonant saturation of the driving effect
is most likely the dominant dampingmechanism. Resonantmode
coupling does not seem to play an important role.

The standard description of pulsational driving: the
κ mechanism in δ Sct stars and the convective blocking

mechanism in γ Dor stars, has also fallen aside. The approach
taken by Xiong et al. (2016) which includes the κ mechanism,
but also a time-dependent convection treatment of turbulent
pressure, turbulent thermal convection and other factors seems
the most promising approach.

The existence of pulsating stars outside the known instability
strips such as the Maia variables or hot γ Dor stars cannot yet
be conclusively demonstrated. For now, these stars must simply
be considered anomalous until a sufficient sample with verified
physical parameters can be obtained. The TESSmission provides
an opportunity for detecting many more such stars.

The roAp stars are also poorly understood. The first priority
must be to determine the extent of the roAp instability strip. It
is quite possible that the 61 known roAp stars simply represent
stars with the highest amplitudes.What is required is an unbiased
survey of Ap stars right across the H-R diagram to detect
roAp pulsations of low amplitude. It is very important to select
targets evenly spread over the full temperature range of Ap stars.
Hopefully, this will be accomplished by the TESSmission.
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Since the advent of CoRoT, and NASA Kepler and K2, the number of low- and

intermediate-mass stars classified as pulsators has increased very rapidly with time,

now accounting for several 104 targets. With the recent launch of NASA TESS

space mission, we have confirmed our entrance to the era of all-sky observations of

oscillating stars. TESS is currently releasing good quality datasets that already allow for

the characterization and identification of individual oscillation modes even from single

27-days shots on some stars. When ESA PLATO will become operative by the next

decade, we will face the observation of several more hundred thousands stars where

identifying individual oscillation modes will be possible. However, estimating the individual

frequency, amplitude, and lifetime of the oscillation modes is not an easy task. This is

because solar-like oscillations and especially their evolved version, the red giant branch

(RGB) oscillations, can vary significantly from one star to another depending on its specific

stage of the evolution, mass, effective temperature, metallicity, as well as on its level of

rotation and magnetism. In this perspective I will present a novel, fast, and powerful way

to derive individual oscillation mode frequencies by building on previous results obtained

with DIAMONDS. I will show that the oscillation frequencies obtained with this new approach

can reach precisions of about 0.1% and accuracies of about 0.01% when compared to

published literature values for the RGB star KIC 12008916.

Keywords: asteroseismology, oscillation mode analysis, stars: oscillations, stars: late-type, methods: statistical,

methods: numerical, methods: data analysis, Bayesian

1. INTRODUCTION

Despite both CoRoT (Baglin et al., 2006) and NASA Kepler and K2 missions (Borucki et al., 2010;
Koch et al., 2010; Howell et al., 2014) have ended, we keep gathering new datasets of oscillating
stars from recently launched NASA TESS (Ricker et al., 2014), which is offering the opportunity to
extract individual oscillationmode frequencies even with 27-days long observations (see e.g., Huber
et al., 2019). The rapidly growing amount of stars with visible stellar oscillation modes, expected
to encounter a significant step increase with the advent of the future ESA PLATO space mission
(Rauer et al., 2014), poses the problem of facing an adequate type of analysis to fully characterize
stellar oscillations on a large sample basis. The full characterization of the oscillation modes is a
high priority task because it delivers the largest amount of most valuable information that we can
extrapolate from each star, essential to understand stellar structure and evolution in detail (Aerts
et al., 2010).
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First works focusing on extracting and exploiting oscillation
mode frequencies, amplitudes, and linewidths were already
carried out (see e.g., Benomar et al., 2015; Corsaro et al., 2015a,b,
2017a; Davies et al., 2016; Handberg et al., 2017; Lund et al.,
2017; García Saravia Ortiz de Montellano et al., 2018; Vrard et al.,
2018), showing that an effort to tackle the problem is currently
ongoing. Nevertheless the analysis proves to be challenging,
although it is still possible to automatize it in some cases, because
of the large number of oscillation modes involved.

My view on the problem is that we require a simple
approach that can be at the same time powerful, flexible to
be adapted to different conditions, and fast in performing a
peak bagging analysis for each star. This approach should also
be accessible by the global asteroseismic community. For this
purpose, I present a novel methodology, based on the public
code DIAMONDS (Corsaro and De Ridder, 2014, hereafter C14),
to extract individual oscillation mode frequencies that is at the
same time fast, easy to use, and accurate. For demonstrating
its working principle and performance, I apply it to the RGB
star KIC 12008916, for which a detailed peak bagging analysis is
available (Corsaro et al., 2015a, hereafter C15).

2. FAST OSCILLATION FREQUENCY
EXTRACTION WITH DIAMONDS

An efficient and robust approach to the fitting of individual
oscillation modes exploits the Bayesian inference based on the
nested sampling Monte Carlo algorithm (Skilling, 2004; Sivia
and Skilling, 2006, C14). This is because the nested sampling
has the advantages of: (1) requiring a factor 100 less sampling
points than standard Markov chain Monte Carlo methods to
accurately perform a statistical inference; (2) computing the
Bayesian evidence of the model, a key element to test models in
the light of both their complexity and fit quality; (3) efficiently
sampling likelihood distributions that exhibit phase changes, i.e.
multiple local maxima.

With the development of DIAMONDS1, a multi-platform
publicly available Bayesian inference tool inC++11 (see also C14;
C15; Corsaro, 2018, for general guidelines), the characterization
of the multitude of oscillation modes typical of the low- and
intermediate-mass stars has been made accessible through the
nested sampling and the flexible code implementation. In C14
two completely different approaches to peak bagging for a main
sequence star were presented, which I summarize below.

1. The first approach, uni-modal and high-dimensional
(hereafter Approach 1), requires priors set up for each
of the individual mode properties of frequency centroid,
amplitude, and linewidth. The resulting sampling of the
parameter space will exhibit a single global maximum of the
likelihood distribution. Approach 1 was also used extensively
to perform peak bagging analysis in about 90 red giant stars
(C15; Corsaro et al., 2017a). This procedure yields the most
precise and accurate set of asteroseismic measurements, once
appropriate prior distributions are obtained. However, the fit

1https://github.com/EnricoCorsaro/DIAMONDS.

is necessarily high-dimensional (with three free parameters
for each oscillation mode being included in the fit), and
although DIAMONDS can still afford a peak bagging fit up to
about k ∼ 40 dimensions without particular problems (see
the new calibration for peak bagging by Corsaro et al., 2018),
the computational efficiency as well as the computational time
required to carry out an individual fit increases quite rapidly
with increasing number of oscillation modes being fitted,
with a time dependency that follows a k2.4 power law2. While
this aspect can be overcome by dividing the power spectrum
of the star into multiple chunks, which are considered and
analyzed independently from one another, one still has to
face the problem of setting up priors for each oscillation
peak that should be fitted, which in practice represents the
main limitation.

2. The second approach, originally proposed by C14, is multi-
modal and low-dimensional (hereafter Approach 2). The
initial recipe accounted for a model with three Lorentzian
profiles trying to reproduce the ℓ = 2, 0, 1 triplet typical of
main sequence solar-like pulsators. This was done through
the fitting of the small frequency spacings between adjacent
ℓ = 2, 0 modes and adjacent ℓ = 0, 1 modes and of a
frequency centroid ν1 of the dipolar mode used to locate
the triplet of peaks in the spectrum. With this peak bagging
model, the resulting sampling exhibits a series of clustered
regions in the parameter space, each one corresponding to
a local maximum (island) of the likelihood (see Figure 13
of Corsaro and De Ridder, 2014, for a visualization). The
approach proved to be able to recover the oscillation mode
properties of 27 consecutive peaks of a main sequence star
using only nine free parameters, with an average accuracy
on the oscillation frequencies of about 0.2% as compared
to estimates from Approach 1 for the same star. However,
setting up DIAMONDS for this configuration appeared not
to be straightforward, and even the computational time
required to perform one run (about 1 h in a 2.6 GHz CPU
core for a Kepler short cadence power spectrum accounting
for 27 oscillation peaks) did not yield any significant
gain with respect to performing Approach 1 to the same
frequency region.

In the following sections, I describe how to revise the original
Approach 2 presented by C14 to improve significantly its speed,
simplicity in use, and also its reliability in producing accurate and
precise estimates of individual oscillation frequencies.

2.1. Islands Peak Bagging Model
The choice of the model to fit the so-called power spectral density
(PSD), namely the power spectrum normalized by the frequency
resolution of the dataset, requires that the output sampling from
DIAMONDS has to resemble that of a multi-modal likelihood
distribution. In order to create a model that is at the same time
as simple as possible so that it can be easily configured, and also
effective in recognizing and fitting the actual oscillation peaks

2See the DIAMONDS 2018 User Guide Manual available in the same GitHub

repository of DIAMONDS for more details.
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that are present in the stellar power spectra, I consider a peak
bagging model consisting of a single Lorentzian profile

Pisla (ν0,A,Ŵ) =
A2/(πŴ)

1+ 4
(

ν−ν0
Ŵ

)2
(1)

which I refer to as the islandsmodel, where A is the amplitude of
the oscillation peak, Ŵ its FWHM, and ν0 its frequency centroid.
The model is superimposed on a fixed background level that
can be fitted in a previous step (see e.g., Corsaro et al., 2017b,
for a formulation). It is important to note that in the islands
model only A and ν0 are considered as free parameters since Ŵ

is fixed to a value that is related to the actual νmax of the star.
By fixing the FWHM of the peak we can stabilize the fit and
obtain a better resolving power of the actual oscillation peak
structures that are present in the dataset. The choice of Ŵ proves
not to be particularly critical, but the general idea behind is
that it should be set to a value equal to or below the minimum
linewidth of an oscillation peak among those of a given star. I
refer to section 3 formore discussion about the choice ofŴ for the
application presented in this work. With this islands model, we
therefore account for only two free parameters, clearly expecting
a considerable gain in speed when performing the fit. In addition,
because of the adoption of just one Lorentzian profile and the
only need for a rough assumption about the linewidth and
amplitude of the observed peak structures, the sampling from
DIAMONDS proves to be significantly more stable with respect to
the original Approach 2 presented by C14, thus producing more
reliable results.

2.2. Multi-Modal Sampling at High
Threshold
Once the islands model is constructed, one can perform the
actual fit to the PSD by providing as uniform prior distribution
for the frequency centroid ν0 an input range that spans the
actual region of the PSD that we intend to analyze, and a
uniform prior range for the amplitude that resembles the average
level of the amplitude of the peaks in the spectrum. This is
the way we practically make the islands model a peak bagging
model producing a multi-modal likelihood distribution. In the
test performed, an input range for ν0 comparable to the large
frequency separation 1ν offers an optimal choice in terms of
resulting frequency resolution of the sampling for detecting all
the oscillation peaks reported by C15.

Before performing the fit, it is essential to provide some
considerations on the parameters that configure the nested
sampling algorithm of DIAMONDS (see C14; C15; Corsaro, 2018;
Corsaro et al., 2018, for more details). In Corsaro et al. (2018)
in particular, it was proved that using a number of Nlive = 500
live points is adequate for Approach 1 to converge to an accurate
solution even if a large number of dimensions is involved (up to
k ∼ 60). This relatively low number of live points can sustain the
fit because of the uni-modality nature of the problem. In a multi-
modal application instead, as indicated by C14, we require a high
resolution of live points in the parameter space to be able to locate
the individual local maxima of the likelihood distribution. This is
because we know a priori that the likelihood will contain several,

if not many, different local maxima. In this regard, C14 adopted a
value ofNlive = 2, 000 and performed the fit until the termination
condition of δfinal = 0.01 was reached (see also Keeton, 2011, fore
more discussion). While the choice of the number of live points
seems adequate also for the new application, that of adopting a
low threshold δfinal constitutes a severe problem. The result is that
not only the fit takes a long time to be performed in its entirety
(many nested iterations are required), but that it is also very likely
that the computation will fail before reaching the end because the
sampling has to take place from all or most of the local maxima
at each attempt to draw a new sampling point. Clearly, the more
we approach to the threshold, the more difficult it will be to find
a new point that satisfies the new higher likelihood constraint.

For the reasons just presented, I have implemented another
termination condition in DIAMONDS that can take into account
a fixed number of nested iterations. This allows to decide when
to stop the computation depending on how many sampling
points have been drawn. In this way, one is independent of the
actual evidence estimated from the sampling, which can change
significantly from one fit to another. Given that each nested
iteration progressively corresponds to an increasing likelihood
value, the peaks in the PSD that have a low height compared
to the level of the background, quickly disappear after popping
up in the sampling, while the peaks that have a larger height
in the PSD are sampled for a longer time because they yield
a larger likelihood value to the fit. This can be visualized in
the left panel of Figure 1, for the application discussed in
section 2.4, where the sampling from DIAMONDS terminates
for five different peaks after about 2,000 iterations since being
sampled3, while continuing until the end for the other six peaks.
This effect can be summarized as follows: (1) if we stop too
late in the nested sampling process we tend to oversample those
peaks that are bigger, thus killing out all the structures that
have a small height in the PSD; (2) if we stop too early, we
risk to visualize too many structures that belong to the noise
realization of the dataset, thus crowding with noise peaks the
actual set of oscillation peaks that we can extrapolate from the
sampling. Adopting Nlive = 2, 000 and a high threshold stopping
point, set to Nnest = 6, 000, produces a very stable and reliable
sampling of the structures observed in the PSD for the application
presented in this work. All the other configuring parameters
of DIAMONDS remain unchanged and can be set according to
Corsaro et al. (2018).

2.3. Counts Histogram for the Extraction of
Individual Oscillation Frequencies
By using the sampling cloud obtained from DIAMONDS for the
free parameter ν0, we can proceed with the construction of a
corresponding counts histogram. I adopt a resolution per bin in
ν0 given by 1/100 of the length of the parameter range, where
each bin in frequency will contain the number of sampling points
falling in the given bin. This proves to be adequate to detect at

3 The nested iteration number reported in Figure 1 does not correspond to the

real nested iteration number used by DIAMONDS during its sampling. The reader

can refer to the caption of Figure 1 for more details on how this final sampling is

obtained.
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FIGURE 1 | (Left) Sampling evolution from DIAMONDS of the frequency centroid ν0 (orange dots) as a function of the nested iteration, for the red giant KIC 12008916.

Each nested iteration corresponds to one sampling point. The sampling presented is built as follows: (1) DIAMONDS performed a total of Nnest = 6, 000 iterations

(hence 6,000 sampling points) using 2,000 live points; (2) the run is completed by adding up the set of 2,000 live points that is left at the end of the nested sampling,

thus resulting in a total of 8,000 effective nested iterations (or equivalently sampling points); (3) the sampling from the first 1,500 nested iterations was removed to

improve the detection of the peak structures in the PSD. This results in a final set of 6,500 nested iterations, hence of sampling points used for the analysis.

(Right) (top) The PSD of the corresponding chunk analyzed (in gray) with a 10 frequency-bin smoothing overlaid (blue curve) to highlight the oscillation peak

structures. (bottom). The counts histogram from the sampling, with local maxima corresponding to the extracted oscillation frequencies indicated by vertical dotted

red lines, as identified by a hill climbing algorithm. The different regions of the histogram, denoted with varying colors, represent the ranges of frequency automatically

selected to compute the final estimates of the oscillation frequencies and their corresponding uncertainties, according to the method (b) presented in Figure 2. The

estimated frequencies and corresponding 1-σ uncertainties from method (b) are indicated by the red circles and error bars, respectively. The horizontal dashed line

represents the threshold level for the selection of the peaks, set to 3% of the maximum counts in the histogram.

least 11 different peaks within a frequency range of length 1ν

and to get rid of spurious structures arising from the noise. As a
result, when the sampling matches an actual oscillation peak in
the PSD, a corresponding peak pops up in the counts histogram.
The subsequent step is to consider a detection threshold in
counts in order to pick up only those peaks of the histogram
that exceed the threshold. A value for the threshold of 3% of
the maximum number of counts found in the histogram appear
to provide an optimal condition for the test presented in this
work in order to detect all the oscillation peaks reported by

C15. Once the threshold is defined, one can rely on a relatively

simple hill climbing algorithm to progressively gather the local
maxima present in the histogram by starting from the left edge

of the frequency range. The result for this application is shown in

the right panel of Figure 1. The adoption of a counts histogram

coupled with a hill climbing algorithm is an important step
because it provides a stable visualization and identification of the

peak structures sampled from the PSD. This in turn makes the

process of extracting the oscillation frequencies fast, automated,
and reliable, in contrast to the original Approach 2 presented

by C14 where the actual peak structures had to be manually
identified from the sampling cloud obtained by DIAMONDS.

2.4. Comparison With Approach 1 for RGB
Oscillations
The example shown in Figure 1 is illustrating the extraction
process for a frequency range of length 1ν in the low-luminosity
low-mass RGB star KIC 12008916, observed nearly continuously
by Kepler for more than 4 years and using the same PSD as
in C15. This star has been adopted by C15 as a reference
star to present the results of a peak bagging analysis based on
Approach 1. Here I used the same range adopted in Figure
5 of C15 to demonstrate that the new Approach 2 is able to
select all the actual oscillation frequency peaks identified by C15
(see Figure 1 top right panel), with the exception of the only
peak that was not deemed significant by C15 according to the
peak significance test. For deriving the final frequency estimates
and corresponding uncertainties from the counts histogram I
have adopted four different definitions, described in Figure 2.
The different definitions have the purpose of testing the impact
of: (1) including a weight in the sample average to improve
the frequency accuracy, with a weight given by the number of
the nested iteration, meaning that those sampling points that
correspond to a higher likelihood value have more weight; (2)
adopting a symmetric (or asymmetric) frequency range of the
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FIGURE 2 | Comparison between the oscillation frequencies extracted from DIAMONDS using the multi-modal approach (ν0) and those published by C15 (νCorsaro15).

The values are reported in percentage of deviation with respect to the literature values. The uncertainty error bars obtained with the new approach are also overlaid for

each oscillation frequency, after they were rescaled by νCorsaro15. The horizontal lines at (ν0 − νCorsaro15)/νCorsaro15 = 0% denote the perfect matching. The panels

from left to right depict the result obtained by considering four different methods to extract the frequencies from the counts histogram: (A) using a symmetric

frequency range for each local maximum, with an extent on each side of the maximum that is the minimum found between the two distances going from the

maximum to the adjacent midpoints from the next and previous maxima (or the edge of the total frequency range) on the right and left side respectively. The final

frequencies are computed as the sampling mean from the sampling falling in the selected range of each local maximum, while the corresponding uncertainty is the

standard deviation from the same sampling used to compute the mean; (B) using the same symmetric ranges as (A) but this time performing a weighted mean and

weighted standard deviation using the nested iteration of each sampling point as a weight; (C) using an asymmetric frequency range, built with the distances between

the maximum and the adjacent midpoints from the next and previous maxima (or edge of the total frequency range) on the right and left side respectively. The mean

and standard deviation of the selected sampling of the range are used as in (A) to compute the final frequency and uncertainty estimates from each local maximum;

(D) same as the case (C) but this time using a weighted mean and standard deviation as done for the case (B).

oscillation peak with respect to its highest point (in sampling
counts) in order to test how the sampling at low likelihood
values can bias the estimate of the oscillation frequency. In
Figure 2 I compare 22 extracted frequencies in the interval
146.5–172.0 µHz (length 21ν) by using the new Approach 2,
to those published by C15. The agreement is remarkable for all
definitions presented but it is the best when adopting case (b) of
Figure 2 (hence weighting by the nested iteration and adopting
the symmetric frequency range), where the new frequencies
deviate on average by only 0.01% and have precisions that are
on average of about 0.1%.

It is important to consider that the newly presented Approach
2 has the advantage that can be applied to the complex pattern of
the RGB oscillations, as demonstrated in this work, contrary to
the original Approach 2 that was limited to main sequence stars
only. A direct comparison between the new and old Approach 2
is therefore not possible for this dataset, but one can in general
expect to achieve precisions on the frequency estimates that are
of the same order of magnitude given that both approaches are
based on the sampling of a multi-modal posterior distribution
and involve the use of a low number of free parameters.

Lastly, I note that the extraction of the oscillation
frequencies using the new Approach 2 takes about 2 s on
a single 2.6 GHz CPU core for the PSD chunk presented
in Figure 1. This implies that the entire star, containing
roughly 70 different oscillation modes, can be processed
in about 15 s. By comparison with Approach 1, where the
frequency extraction done by C15 took about 27min for the

entire star KIC 12008916, we gain an useful factor ∼ 100
in speed.

3. DISCUSSION

The methodology presented in section 2, building on a previous
result by C14, was able not only to find all the actual oscillation
frequency peaks in a range of 25µHz containing 22 different
oscillation modes of KIC 12008916—both pressure and mixed
dipolar modes and some of which extremely narrow in width
and small in height as compared to the background level—
but also to deliver frequencies that are as accurate as 0.01%
for the entire set analyzed, and precise to a level of 0.1%.
This implies that these frequencies could be used for modeling
purposes, although precisions do not reach the level of those
extracted from a peak bagging analysis using Approach 1, which
ranges from 10−2 to 10−3% for the range of frequencies used
in this work, as obtained by C15. This new Approach 2 has
two important advantages: (1) it is extremely convenient in
terms of computational speed, yielding a factor of about 100
improvement with respect to Approach 1; (2) it does not require
any assumption on the location of the frequency peaks, but only
a simple average estimate of the oscillation amplitude in a chunk
and an estimate of a minimum linewidth for each star, making
it an adequate approach also for the complex oscillation patterns
found in evolved stars. For the test presented here, I have adopted
a FWHM of three times the frequency resolution of the dataset,
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because this was shown by C15 to be the typical FWHM of a fully
unresolved oscillation peak, which is the narrowest observed.
Therefore, Approach 2 is automated because it does not require
any human supervision, with the only requirement of using the
global oscillation properties of νmax and 1ν to set up the model
and priors, proving that it is perfectly suitable for the analysis of
a large sample of targets.

Approach 2 can be easily coupled to Approach 1 in an
automated sequence where Approach 2 is used to rapidly
define the number of peaks, locate their frequency position
and build relatively narrow prior ranges that are then feed
in Approach 1 to perform a full peak bagging analysis. As a
result, also the peak significance test performed with Approach
1 can be fully automated. This is possible because, thanks to
the high accuracy of the ν0 values extracted with Approach
2, the frequency priors can be set up as the boundaries given
by the extracted uncertainties on the frequency centroids from
Approach 2, thus eliminating the problem of locating the
peaks before performing the actual fit. Future work will aim
at investigating the performances of Approach 2, as well as
assessing its calibration, in the light of different νmax values, level

of background photon noise, actual linewidth of the peaks (e.g.,
in the presence of blending as for F-type stars), and of different

frequency resolutions typical of the new observations from K2
and TESS.
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Scientific research is a continuous process, and the speed of future progress can be

estimated by the pace of finding explanations for previous research questions. In this

observer’s based view of stellar pulsation and asteroseismology, we start with the earliest

observations of variable stars and the techniques used to observe them. The earliest

variable stars were large amplitude, radial pulsators but were followed by other classes

of pulsating stars. As the field matured, we outline some cornerstones of research

into pulsating star research with an emphasis on changes in observational techniques.

Improvements from photographs, to photometry, CCDs, and space telescopes allowed

researchers to separate out pulsating stars from other stars with light variations,

recognize radial and non-radial pulsation courtesy of increased measurement precision,

and then use non-radial pulsations to look inside the stars, which cannot be done any

other way. We follow several highlighted problems to show that even with excellent

space data, there still may not be quick theoretical explanations. As the result of

technical changes, the structure of international organizations devoted to pulsating

stars has changed, and an increasing number of conferences specialized to space

missions or themes are held. Although there are still many unsolved problems, such

as mode identification in non-asymptotic pulsating stars, the large amount of data

with unprecedented precision provided by space missions (MOST, CoRoT, Kepler) and

upcoming missions allow us to use asteroseismology to its full potential. However, the

enormous flow of data will require new techniques to extract the science before the

next missions. The future of asteroseismology will be successful if we learn from the

past and improve with improved techniques, space missions, and a properly educated

new generation.

Keywords: variable stars, pulsation, non-radial modes, space missions, mode identification, asteroseismology

1. INTRODUCTION

Let me start with ancient times to show how slow was the progress over centuries without serious
technical devices. The stars of the night sky, especially the brighter ones, have always been part of
the life of people. Initially, the most prominent objects whose celestial movement was perceptible
were planets that were considered to be gods who had a direct impact on their lives. The fixed
stars were formed into constellations that depicted mythical figures. Over the centuries, however,
individual observations had accumulated and founded the science of astronomy. Although stars
still occupied a special place in the lives of people, the Sun and the distant stars were no longer
considered gods and myths, but simple cosmic objects. With these few sentences, I have described
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centuries, first, those years when stars were only seen with
naked eyes, and those when telescopes were already built, but
observations were recorded only by drawings, such as spots on
the Sun or phases of the planets. Then the development and
appearance of the photographic technique in the observation of
stars allowed us to capture their current status, how bright or dim
they are. Finally, the research of variable stars began.

In this article I would like to show how the separation of
stars have developed into independent groups as a result of
technical progress (increasing precision) and how the actual
technique (photographic, photoelectric, or CCD) influenced
which problems (group of stars or individual stars connected to
the field of view of the actual instrument) were examined. I also
present how scientific results (not properly resolved and biased
frequencies) and requirements (continuous, long observations
compared to the pulsation periods) have led to the need for
spacecraft. I do not intend to provide a detailed and complete
overview of the scientific results of the last 60–70 years, but I
want to highlight the dominant directions of research in a given
decade up to the space era. The results and raised questions of
a given decade turned out to be the base of the research lines of
the next decade. From decade to decade, unresolved issues have
shown what the hot lines of scientific research in the era of space
telescopes will be and what the future of astroseismology holds. I
do not intend to give a complete theoretical overview, I only want
to emphasize and show that there can be no substantial progress
without theoretical interpretation.

2. PRE-HISTORY OF

ASTEROSEISMOLOGY

In the last centuries naturally the largest light variations of the
brightest stars were discovered first. Mira (o Ceti) was the first
to be discovered, with observations dating back to the 1600’s 1.
A detailed historical summary of the observation of Mira was
given by Hoffleit (1997) for the 400 year anniversary of the
discovery. The light variability of δ Cep was discovered in the
eighteenth century (Goodricke, 1786). The variability of RR
Lyrae, along with 64 additional newly discovered variable stars,
was announced 40 years later (Pickering et al., 1901). The radial
velocity variation of β Cephei was noticed by Frost (1906). The
date of the first discovery of a δ Scuti type variation is more
difficult to determine. The change of δ Scuti itself was announced
by Fath (1935), and radial velocity measurements were also
published in that year (Colacevich, 1935). However, δ Scuti type
stars as a new group were identified only after another 20 years
(Eggen, 1956). The process is clear, we are talking about a new
group if we have found more stars with a similar variation. The
criteria include the degree of variation and the star’s location
on Hertzsprung-Russell diagram. In the subsequent years and
decades several new groups of variable stars were discovered
and identified. I will follow how the knowledge of the groups
improved from decade to decade at first for the early recognized
groups and later for the newly identified groups, too.

1https://www.aavso.org

Of course, the light variability of stars aroused the interest of
theoretical physicists. Many of Eddington’s works dealt with the
theory of pulsation, which he summarized in a book (Eddington,
1926). He predicted that the light variability generated by the
pulsation of the stars would provide information about the inner
structure that otherwise we cannot acquire. Asteroseismology
is exactly the method in which the inversion of the star’s light
variability, getting at first their frequency content, leads to
the physical parameters inside stars, i.e., temperature, pressure,
density, speed of sound, and chemical composition along
the radius. The method, called helioseismology, has worked
successfully in the case of the Sun. On the other hand distant stars
do not easily share their secrets with us. We have determined
the frequency content of many stars and their global physical
parameters, but inversion has not been achieved so far for
most kinds of pulsating stars, so the dependence of the physical
parameters on the radius of the star has not yet been determined,
except for the Sun and compact stars.

In the following I show how we have come closer to our
goal from decade to decade, and how much the technical
development of the given age and the related accuracy of the
measurement influenced what problems were investigated by
previous researchers. I am convinced that knowing the work of
predecessors can have a profitable impact on today’s research.
This article is not a complete review of each field of pulsating
stars that would require a more regular structure of the paper. I
decided to use my life as a guideline when I was invited to present
my view on the future of asteroseismology (another personal
review). I decided to begin the summary at the epoch when I was
born and the science field started to attract more attention.

3. RESULTS BETWEEN 1950-1960

From the point of view of technical development, the middle
decade of the 20th century was particularly impressive and
productive. The photographic technique was still used; moreover,
Cuffey (1954) designed and built a new photometer at the
beginning of this decade. One of the two beams came directly
from a control lamp while the other led to an oscilloscope via the
iris and the photographic plate. Matching the two rays provided
the star’s brightness. The photometer produced 0.003–0.13 mag
accuracy on the Mt Wilson 100-inch telescope, depending on
the brightness of the star and its position on the plate. The
photometer proved to be so successful that I started working
with such type of photometer in 1974 when I began my scientific
career at Konkoly Observatory, Hungary. Of course, the accuracy
was worse due to the use of a smaller telescope, but the error of
the finally accepted physical parameters were seemingly reduced
by averaging many plates obtained on the same field. The
enormous advantage of the photographic photometry was the
large area covered with wide-angle telescopes. The most well-
known project was the all-sky survey of the 48-inch Palomar
Schmidt camera resulting in the Palomar catalog. Of course, this
technique was most advantageous for the discovery of stellar
variability and for the investigation of stellar clusters as well
as galaxies.

Frontiers in Astronomy and Space Sciences | www.frontiersin.org 2 May 2019 | Volume 6 | Article 2625

https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org
https://www.frontiersin.org/journals/astronomy-and-space-sciences#articles


Paparó An Observer’s View

Naturally, there was the need to achieve greater precision
for individual stars, which called for a new technical solution.
Photoelectric photometers started to be produced in the
leading astronomical observatories/institutes. A photoelectric
photometer generally consisted of an aperture in the focal
plane of the telescope to isolate the light from a single star.
The light then (usually) passed through a filter of known
passband to a photomultiplier which converted photons to
pulses of electrons which could be measured as a weak current
or, better, counted as a series of pulses. Photometry using
such device consisted of pointing the telescope alternatively at
a variable star, a comparison star and piece of sky without
visible stars (to measure the sky background). This inevitably
put a heavy burden on the observer when he/she had to
work as quickly as possible, as long as possible on many
nights one after another to answer certain questions of the
star which was being investigated. It was Walraven (1952)
who designed a photoelectric photometer which removed the
human efforts by rendering the actions otherwise performed
by the observer automatic. It was attached to the 16-inch
Rockefeller telescope of the Leiden Station of Johannesburg.
However, it took some time for photoelectric photometers
to appear in the observatories all over the world. Scientists
of communist countries, for example, suffered restrictions on
high-tech electronic devices due to political concerns. I myself
started to work with a normal photometer in 1980 at Konkoly
Observatory (moving the telescope by hand from variable, to
comparison and to background), when I changed my interest
from photographic to photoelectric photometry, since I was
delighted by the higher precision. The photoelectric photometer
was built in our observatory by Géza Virághalmy using a
photomultiplier tube which was personally donated, without
any official permission, to the director of Konkoly Observatory,
to László Detre by Th. Walraven when he visited Hungary.
Both photographic and photoelectric photometry used filters
in different wavelength to get more information on the stars
in general, and on the characteristics of the pulsation. The
two basic photometric systems, Johnson UBV (Johnson, 1955)
and Strömgren ubvy (Strömgren, 1954) were established during
this decade.

The development of spectroscopy had gone through a similar
process. In the past, only an objective prism was employed for
the simultaneous photography of the spectra of large numbers
of faint stars. After World War II, Wood (1946) reported that
it was possible to construct transmission gratings which throw
as much as ninety percent of the light into a single spectrum. In
the next years, the technical development accelerated. In 10 years
Harrison (1955) reported that echelle spectrographs had been
produced in six forms. Some years later an electronic camera
was developed by Lallemand and Duchesne and was installed
at the focus of Coudé spectrograph of the 120-inch reflector at
Lick Observatory (Lallemand et al., 1960). The sensitivity of the
photocathode was 10-20 % instead of 0.1 % of the photographic
emulsion, which meant a gain in speed by a factor of about 100.
The 2-dimensional classification of stellar spectra, the Morgan-
Keenan system, was also established in this decade (Keenan and
Morgan, 1951; Johnson and Morgan, 1953).

The higher precision of the photoelectric technique and the
higher sensitivity of spectroscopy led to the discovery of more
and more variable stars of lower amplitude and shorter period.
Groups of similar stars were recognized, such as the Cepheids,
RR Lyrae, cluster variables, dwarf cepheids, short period δ Scuti,
β CMa and β Cephei variables. There was no clear-cut separation
between the groups, but the nomenclature changed when more
information was collected on the groups. The research field was
in the data collection phase. On the Harvard patrol plates Payne-
Gaposchkin (1954) discovered 51 RR Lyrae stars, 135 classical
Cepheids and nine variables of a similar period that belonged to
Population II. The two groups of stars, Pop I and Pop II were
recognized by Baade (1944). Pop I stars are younger and are
located in the spiral arms, while the Pop II stars are older and
are located in globular clusters. Later, different metallicities were
found for the groups. In the M3 globular cluster the RR Lyrae
stars and those non-variable stars were measured which border
the variable ones on the HR diagram (Roberts and Sandage,
1954). The resulting color-magnitude diagram showed that all
the cluster-type variables fell in a distinct region which was not
occupied by non-variable stars. So, there was a sharp separation
between variable stars and non-variable stars. The basic question
whether there are non-variable stars in the instability strip was
raised for the first time, and has been investigated up to now.
If the answer is yes, then what is the physical reason that some
stars with similar physical parameters (temperature and surface
gravity) show pulsation, while the others do not? This is one of
the issues that we can follow from decade to decade to see how
fast we can provide an answer to a question, if we can manage it
at all.

All the available technical possibilities were used in the data
collection for RR Lyrae stars during this decade. For the end of
the decade photoelectric observations in V and B were collected
for nine RR Lyrae stars (Spinrad, 1959). Preston (1959) got
spectra of low dispersion (430 Å/mm at Hγ) for hundreds of
RR Lyrae stars. He derived the 1s index to characterize the
metal content of the stars at minimum light. This way a new
possibility was opened for comparing the stars according to
their evolutionary status. Additionally, the discovery and analysis
of 49 Cepheids in the Small Magellanic Cloud (Arp, 1958)
opened the new question of whether, at a given period, the
Cepheids in the galaxy and SMC had the same luminosity, mass
or chemical composition. Period-luminosity (P-L) relation for
Cepheid variables had been exclusively used to find distances to
nearby galaxies, since its discovery by Miss Leavitt (Leavitt and
Pickering, 1912). However, the precise photometry of Arp (1955)
pointed out that the scatter in the P-L relation was real, and
not due to the photometric uncertainty. According to Sandage
(1958), there was good evidence that Cepheids in the globular
cluster obeyed a mean P-L relation, which was at least 1.5 mag
fainter than the P-L relation for classical Cepheids. Both types of
population and pulsation mode seemed to have an influence on
the P-L relation. Although the Population I and II Cepheids were
identified (Payne-Gaposchkin, 1954), the type of pulsationmodes
was not clearly determined.

For other type of variables less information was obtained,
which, however, were compared to each other. In the early years
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of this decade, before the identification of the group of δ Scuti
stars (Eggen, 1956), δ Scuti itself was compared to classical
Cepheids, to cluster-type variables, and to β Canis Majoris stars.
Similarities or differences were searched for. The maximum
brightness of δ Scuti occurred very close to the time of minimum
radial velocity (Struve, 1953), as in the classical Cepheids and
in cluster-type variables. A range of about 0.005 magnitude in
color was found, and the star proved to be bluer at maximum
light, as were the Cepheids and certain β CMa stars. By the
end of the decade seven members of the δ Scuti group were
confirmed. Both fundamental and first overtone modes were
reported observationally (Fitch, 1959). The β CMa and β Cephei
stars were compared to determine whether they belonged to the
same group or not (Struve et al., 1953). The possible members
displayed similarities and differences concerning the number
of periods, the variation in the line profile, the difference in
luminosity and sudden change in the main period. Definitely
more data were needed to determine the real nature of these
types. However, the amount of knowledge collected for Cepheids
seemed to be so convincing that in 1954 the Irish Astronomical
Journal presented news based on the paper of Grandjean and
Ledoux (1954) that "the theory of internal structure and pulsation
of Cepheids as well as the structure of their atmospheres, is now
based on solid ground". The statement was absolutely truthful
in that decade, but we will see how much new information was
collected for Cepheids in the next decades. This case teaches us
that our current knowledge serves only as the base for the next
improvements, although wemight feel at each epoch that we have
found the truth.

4. RESULTS BETWEEN 1960-1970

There was no dominant technical development in 1960’s.
Everything was available, both photographic and photoelectric
photometry as well as spectroscopy for collecting more
information on pulsating stars. The photographic technique
allowed us to investigate larger structures of stars (clusters and
galaxies) with less accuracy, while the photoelectric technique
was used to get measurements of higher precision for individual
stars. I emphasize here the importance of the interaction of
observation and theoretical interpretation. The observations
collected in the previous decade inspired much theoretical work.
According to King and Cox (1968) the theoretical study of
pulsating variable stars had been considerably advanced in the
previous 10 years. The progress was attributed in large part to
the availability of modern electronic computers, which made it
possible to treat the equations appropriate to radial pulsations
in their fully non-linear form. They emphasized that the most
important and far-reaching result of Eddington was the well-
known period-mean density relation, P(ρ/ρ⊙)1/2=Q, where Q
was a constant. Zhevakin (1963) was the first who found that
the interaction of the He II ionization with pulsation led to
a sufficiently strong unstabilizing force that could overcome
damping and drive pulsation. The evolutionary path to the
main sequence was calculated by Iben (1965a), and later in
many papers he presented the evolutionary path from the

main sequence through core helium burning for stars of
different masses (Iben, 1965b). As a major result, a theoretical
period-luminosity relation was derived by Hofmeister (1967)
in an evolutionary calculation of Cepheids. Compared with the
observational data, a good match was found for the fundamental
mode. The period-luminosity relation has been used more
carefully since then. Stars at a different evolutionary stage
served as good distance indicators to the spiral arms and the
younger parts of the Galaxy (Pop I classical Cepheids), while
the RR Lyrae and Pop II Cepheids (W Virginis) stars that
range from intermediate to old age provided an important
clue to the kinematics and chemical history of the Galaxy.
Wesselink (1963) raised a quite relevant question whether
Pop I RR Lyrae variables exist. There was no answer for
this question at that time. Although, Pop I RR Lyrae stars
were not found in the next decades, the field RR Lyrae stars
of higher metallicity were discovered. Combining the period-
density law and the expressions for density and luminosity, the
pulsation constant (Q) could be calculated from photometric
observables (absolute magnitude, effective temperature, surface
gravity and the pulsation period) (Danziger and Dickens, 1967).
The theoretical model of Christy (1966) for RR Lyrae resulted in
the pulsation constant for the fundamental and some overtone
modes. The transition period [Ptr = 0.057(L/L⊙)0.6], where the
fundamental pulsation changed to the first overtone depended
only on the luminosity and was independent of mass and
composition. Following this a model for classical Cepheids was
produced by Stobie (1969). Theoretical models were inevitable
to interpret the observational data for the different type of
variables. The pulsation constant and the period ratios became
an important tool for determining the type of pulsation in
pulsating stars.

Despite the great improvement in the theory, there remained
questions: what is the limiting amplitude and what is the
mechanism behind it? Or what is the effect of convection on
pulsation stability? It seemed that a definite theory of time-
dependent convective transfer was missing. In some types of
pulsating stars even the cause of the exciting mechanism was
not known (Mira variables and other type of red variables).
According to Christy (1966), there was no indication that the
β Cephei variables could be accounted for by the mechanism
responsible for RR Lyrae and Cepheid pulsation. The role of
the non-radial oscillations of the stars was not explained. New
observations were urgently needed to step further in theoretical
explanations. On the issues of the amplitude limitation and
the convection also show how long a time span and how
much observational effort is needed to solve the basic problem
of pulsation.

Apparently, sufficient numbers of Cepheidswere known in the
60’s, because there were only a few surveys initiated and mostly
in extragalactic systems. Gaposchkin (1962) found 223 variables
in the Andromeda Nebula. 59 percent of the variables turned
out to be Cepheids, 28 percent were reddish and red irregular
variables and five percent eclipsing binaries. Michałowska-Smak
and Smak (1965) obtained UBV photometry for eight Population
II Cepheids. Kraft (1967) summarized the importance of the
spectral lines in the atmospheres of Cepheids, which were
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able to give information on the chemical composition and on
the velocity of ordered motion of the gases constituting the
atmosphere. The physical problems were discussed in connection
with the atmosphere of a pulsating star. An obvious additional
effect was the broadening of the spectral lines due to pulsation.
The reasons were not only the geometrical effect, and a phase
dependent velocity gradient, but also a possible change in the
velocity parameters usually associated with the phenomenon
called “turbulence.”

There was such an urgent need to produce time-dependent
convection instead of the mixing-length theory (Böhm-Vitense,
1958) that three serious attempts were published in the 60’s
(Gough, 1967; Unno, 1967; Castor, 1968). (The treatment
of convection is definitely going to be a critical topic for
asteroseismology in the space era.) It is connected to the
recognized problem that the red edge of the instability strip is
determined by convection, which was noticed in the RR Lyrae
model of Baker and Kippenhahn (1965).

For RR Lyrae stars there were some surveys and all techniques
were used during this decade. 62 RR Lyrae stars were found on
the southern hemisphere (Clube et al., 1969), and 77 new RR
Lyrae stars appeared in the Lick survey (Kinman et al., 1966).
Sturch (1966) obtained UBV photoelectric photometry of more
than one hundred stars to derive the color indices at minimum
light. Paczyński (1966) used the Lallemand photomultiplier
for getting three color photometry of RR Lyrae stars, while
Preston et al. (1965) carried out simultaneous spectroscopic and
photoelectric observations for the RR Lyrae itself. Babcock (1956)
discovered a variable magnetic field in the spectrum of RR Lyrae.

The multi-periodicity of RR Lyrae stars had been known for
years, where the long periodicity was always of the order of
100 times longer than the fundamental period. The modulation
phenomena of RR Lyrae stars was named as the Blazhko effect in
an ADS search only from 1959. A suggestion for possible cause
of the long-period variability, the oblique rotator model of an
eruptive variable with an oscillating field was presented by Balázs-
Detre and Detre (1962). Despite the observations of long-period
variability in RR Lyrae stars, Christy (1966) did not find a 41-
day modulation in his RR Lyrae model. Basically, he regarded the
modulation phenomenon as a superficial manifestation rather
than a deep-seated deviation from his model. As we will see,
trying to interpret the Blazhko modulation in RR Lyrae stars
extends even to the present day using space data. The Blazhko
effect (discovered by Blažko, 1907) is a valuable indicator, too, to
track the speed of solution in science.

The observed position of classical Cepheids, RR Lyrae stars,
δ Scuti stars and dwarf Cepheids on the HR diagram formed a
continuous sequence in the log g vs. log Teff plane. It was not
surprising that there was a confusion in naming. Fortunately, the
confusion was settled in this decade. Wesselink (1963) declared
that Cepheids with periods shorter than a day, which were often
called “cluster” variables, were more suitably named after their
prototype RR Lyrae. According to Bessell (1969b), the name
of dwarf Cepheids was misleading and naming after of the
prototype, AI Velorum was more appropriate. However, Breger
(1969a) suggested that it was reasonable to define the dwarf
Cepheids as low-mass δ Scuti-like variable stars. Two subgroups

of δ Scuti stars were suggested. The stars in one group had a
mass of 1.9 M⊙ (Bessell, 1969a), while the mass of the stars
in the other group was 0.5 M⊙ (Bessell, 1969b). However, the
future will show that this was not the final grouping of δ Scuti
stars. Due to the overlap of the evolutionary paths from the main
sequence to the later evolutionary stages, this part of the HR
diagram is rather complex. To see the similarities or differences
among the different type of variables, the relation between the
amplitudes of the light and radial velocity curves were compared
to each other (Leung, 1970). The slopes for the RR Lyrae and δ

Scuti were nearly the same, while the slope for the β Cepheid
was substantially smaller. The light and radial velocity data were
consistent with the interpretation that the variability of δ Scuti
stars arose from radial pulsation similar to the RR Lyrae and the
δ Cepheid stars. The different groups of pulsating stars being so
closely located warns us that pulsation is very common at certain
ages and it is only us who separate them into groups (that is, put
them into categories).

After the definition as a group in the 50’s, the δ Scuti starswere
intensively investigated in this decade. Millis (1967) obtained
photoelectric photometry, while Danziger and Dickens (1967)
carried out spectrophotometry for new short-period variables.
Breger (1969a) tested 213 bright field stars for short-period
variability based on photoelectric measurements. Nineteen new
variables were found. Narrow-band (Strömgren) photometry
and spectroscopic data were collected for most of the 39 δ

Scuti variables published until then. The exponential frequency-
amplitude distribution predicted that most stars should vary by
a few thousandths of a magnitude with definite periods. The
question also emerged in connection to δ Scuti stars whether
all the stars in the instability strip might really be variable
or not. This question was raised in the 50’s and this is still
an open question in the space era. If we compare the time
scale of this unsolved problem to the financial support of 3–
5 years of a project, it is obvious that the solution of the
basic problems need much more time than the duration of
a project. It is even worse if the continuation of the same
research projects are not supported in the next application. The
empirical δ Scuti instability strip and the period-luminosity-
color relation were established (Breger, 1969b) in this decade.
Actually, only slightly more than 20% of the stars showed regular
variability larger than 0.010 magnitude. The physical parameters
were derived and investigated in connection to the pulsation. In
conclusion, the δ Scuti stars had normal mass, but a wide range
of metal abundances and rotational velocities. Metal abundance
and binarity appeared to have no influence on the incidence of
variability. Metallicity and rotation had no effect on the period.
The small-amplitude variables shared the high rotational velocity
of the non-variables, while the incidence of larger amplitudes
depended critically on low rotational velocity. The classical Am
stars were stable against the pulsation (Breger, 1970). There was a
remarkable improvement in understanding the pulsation in this
group in this decade.

The β CMa and β Cephei groups merged to a single group
by this decade. 24 new β Cephei stars were found in a search by
Hill (1967). Altogether there were 41 members of the group. The
observations extended considerably the limits of spectral type,
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luminosity class, absolute magnitude, periods, and rotational
velocity. The β Cephei stars occupied no preferred position in
relation to normal stars, i.e., many of the non-pulsating stars were
at the same stage of evolution as the β Cephei stars. However, the
driving mechanism of the excitation was still unknown.

Observationally it was evident that both δ Scuti and β Cephei
variables showed long-period modulation (Fitch, 1967) and beat
phenomena (Breger, 1969b). Even the amplitude modulation
of RR Lyrae stars was mentioned to be connected to this
phenomenon. The various interpretations showed large variety:
(1) a tidal deformation by a faint component, (2) two nearly
equal periods excited by rotation, (3) simultaneous excitation
of a large number of radial modes by resonant interactions, (4)
rotational coupling of a purely radial and a purely non-radial
oscillation modes, (5) oblique rotator, (6) the radial pulsation of
a non-spherical star which rotates and presents different aspects
of its non-spherical appearance during the course of the rotation
period, and (7) pure non-radial pulsation (Ledoux, 1951). The
task to answer the remaining questions raised by the theory and
to step further in understanding the stars with ’light modulation’
was obvious for the next decade.

5. RESULTS BETWEEN 1970-1980

Photoelectric photometers, beside the traditional
photographic possibilities, spread world-wide in the smaller
observatories/institutes, not only in the major astrophysical
centers. Using photoelectric photometers we gained higher
precision, but we lost the wide field of view of the photographic
plates. The photoelectric photometer became perfect for
observing a single star with high precision. However, the larger
structures in the Galaxy, like open and globular clusters, could
not be investigated as a whole, but only from star to star.
There was a definite need for a new technology that mixed the
precision of the photoelectric photometer and the wide view
of photographic plates. That was when the CCD (Charge-
Coupled Device) appeared in astronomy, but only at the largest
astronomical centers. I myself started my scientific carrier in
1974 at Konkoly Observatory using a Schmidt telescope and
photographic plates taking pictures of an open cluster and later
fields of intermediate galactic latitudes to study their structure.
The photoelectric photometer had already been in use then, but
the CCD appeared in Konkoly Observatory two decades later
than the 70’s.

From this time the work on pulsating variable stars became
fashionable. About nine times as many papers were published
in this decade as in the previous one. An obvious advantage of
a star’s pulsation started to be applied. Pulsation was used to
find out the physical parameters of the stars, and these were
compared to the observations. The investigations of Cepheids
were dedicated in the whole decade to interpret the differences
between masses deduced in different ways. The determination
of absolute magnitude, color, effective temperature, and gravity
allowed scientists to determine the masses (MW - Wesselink
mass) and evolutionary stages of variable stars. Using pulsation
theory, three versions of the stellar masses could be derived: from

the pulsation constant (MQ), for bump Cepheids (Mbump), and
for beat Cepheids (Mbeat). The evolutionary theory provided
the evolutionary mass (Mev). The masses derived in different
ways were supposed to be equal. Stobie (1974) reported ratios
as MQ/Mev = 0.70 and Mbump/Mev = 0.60 which was not
acceptable. From time to time different ideas were suggested
to resolve the discrepancy. Fricke et al. (1971) argued that the
plausible systematic errors in the interior opacity, the distance
calibration, or the Teff vs B-V relation could cause a substantial
error in the derived masses. A possible mass loss was also
mentioned by Stobie (1974) as a cause of the discrepancy. It was
generally emphasized that an error in the pulsationmodel did not
mean that the pulsation theory was incorrect, but rather that the
error might be in the input physics. King et al. (1975) suggested
that self-consistent masses might be obtained, if the color-
temperature scale was used, which reduced the Cepheid’s effective
temperature by 300–500 K below that normally assumed. Iben
and Tuggle (1975) excluded the significant mass loss in the
extragalactic Cepheids. New opacities were calculated by Carson
and Stothers (1976). Instead of the customarily used standard
“hydrogenic” Cox-Stewart opacities, the new opacities were based
on the hot “Thomas-Fermi” statistical model of all the elements
heavier than hydrogen and helium. The mass anomalies were
suggested to be solved by the realization of a very helium-
rich convective zone (Cox and Hodson, 1978). The helium
enrichment was supposed to be caused by a Cepheid wind which
blows away more hydrogen than helium, just as in the solar
wind. By the end of the decade the mass discrepancies were
not completely resolved, but many of the discrepancies were
been alleviated mostly by an increase in the Cepheid luminosity
and a decrease in their surface temperature (Cox, 1980a).
The pulsation mass MQ was in satisfactory agreement with
evolutionary masses (Mev) and the “Wesselink” masses (MW)
were also fairly satisfactory. Thus, only the "bumpmass" (Mbump)
and the "beat mass" (Mbeat) were anomalous with regard to
evolutionary theory (Cox, 1980b). Probably inspired by the mass
discrepancies, Cepheids were searched for binarity. A binary
system allows for a precise direct measurement of the mass of the
members. 35 percent of a sample of 202 variables proved to be
in a binary system (Madore and Fernie, 1980). The evolutionary
theory predicted the change of the periods as the stars evolved.
Classical Cepheids which were monitored for a long time for
light variability allowed researchers to check the constancy or the
change of the pulsation period. Fernie (1979) reported a linearly
decreasing period at a rate of 8.06 x 10−6 d/d for SV Vul, instead
of the erratic period change that had been previously thought.
Similar investigations were continued for many stars in the next
decade. The mass discrepancy of δ Cepheids nicely shows that
the observations are able to provide a guideline to improve the
laboratory physics (opacity calculations). In addition, the changes
of the parameters connected to pulsation (periods, amplitudes)
have started to be investigated and which is a well-traceable
method for the generation of space era.

The research on RR Lyrae stars concentrated on three main
lines, although they were connected to each other: types of
globular clusters, cause of the period changes and the Blazhko
effect. The original conclusion of Oosterhoff (1939) claiming that
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there were two types of clusters, was confirmed. In Oosterhoff
I clusters < Pab > ≈ 0.d54 (like M3, M5, M14), while for OoII
type clusters (ω Cen, M15) the mean period of RRab stars were
< Pab > ≈ 0.d64 (Stobie, 1971). According to the author, the
RRab stars in ω Cen were more massive by 1logM = 0.10
or more helium rich by 1Y = 0.20 than the variables in M3.
A difference in the mass loss was assumed. The metal content
of the two types were also different: OoI type was metal-rich
Fe/H > –1.0, while OoII type was metal-poor with Fe/H < –
1.0 (Butler et al., 1978). van Albada and Baker (1973) suggested
that the Oostehoff dichotomy was caused by a dichotomy in
the “transition period.” They argued that Christy’s theoretical
relationship between the transition period and the luminosity
could not be valid for clusters of different Oosterhoff groups. The
mode of pulsation of a star in the transition region depended on
whether it was evolving toward the left (OoI) or the right (OoII).
Iben and Rood (1970) interpreted that stars in M3 (OoI) passed
through the instability strip during the major phase of the core
helium burning and hence had high Z, whereas stars in ω Cen
(OoII) passed the instability strip rapidly from blue to red toward
the end of the core helium burning and hence had low Z.

Cluster variables, the RR Lyrae stars were investigated for long
enough up to this decade to check the period changes of the
variables in globular clusters of different type. In early studies
it was thought that the O-C diagrams were simply accumulated
evolutionary changes in the period (Szeidl, 1975). However,
the observations revealed a large variety of period changes.
Different distribution of period changes were found for the
globular clusters of two types, namely more stars showed period
decreasing in OoI clusters and more period increasing were
found in OoII type clusters (Szeidl, 1973; Wehlau et al., 1975).
In addition, Iben and Rood (1970) calculated the theoretical
rate of the evolutionary period change to be some orders of
magnitude slower than the rate of the period change observed
for many of the cluster variables. They inferred that most of an
observed rate of the period change was “noise,” confirming the
suggestion of Balázs-Detre and Detre (1965) that some stochastic
process was going on. Random mixing events occurring in the
semiconvective zone that could produce the observed period
changes were mentioned by Sweigart and Renzini (1979). In
a review paper Szeidl (1975) came to the final conclusion
that at that time it was impossible to attach any evolutionary
significance to the observed period changes. The investigation
of time dependence became a general approach for each type
of pulsating star with a long enough time base. The optimistic
hope was to find the evolutionary time scale for the stars.
Despite the discrepancies, it was useful to compare the theoretical
evolutionary time scale to the observed one.

Furthermore, many RR Lyrae stars were known to show the
Blazhko effect (Szeidl, 1976). The observed period of this effect
ranged from 12 to 537 days and a slow modulation on a time
scale of 4 to 10 years was found. There were RR Lyrae stars known
where the Blazhko effect entirely disappeared for many decades.
The extreme 4 year variation in the 41-day Blazhko effect of RR
Lyrae itself was supposed to be an intrinsic magnetic cycle in the
stars. Beside the oblique magnetic rotator explanation (Balázs-
Detre and Detre, 1962), double mode pulsation was suggested as

a cause of the Blazhko effect (Borkowski, 1980) through a mode
coupling (Dziembowski, 1982) of the fundamental mode to the
second or third overtones. A decade passed and huge efforts were
devoted finding a solution for the mysterious Blazhko effect, but
a consensus was not reached. If the funding policy of nowadays
had been applied then, the investigation of Blazhko effect would
have been stopped for a long time.

Considerable progress had been made in determining the
multiple-period structure of individual δ Scuti stars and
identifying the excited radial and non-radial modes through a
variety of methods (Breger, 1980a). Several groups were working
on the problem all over the world, in the US in Arizona (Fitch),
in Texas (Breger), in Canada (Percy) and groups of Mexican,
French, Italian and South African astronomers. By the end of
the decade the observational efforts on individual δ Scuti stars
led to the conclusion that, like A-F stars in general, the δ Scuti
stars were not completely homogeneous (Breger, 1980b). The
evolutionary status and the mass of the dwarf cepheids were
determined. The dwarf cepheids were supposed to be Pop I stars
with mass around 2 M⊙ and a post main sequence evolutionary
stage, while SX Phe had low metallicity (Pop II), high space
motion and low luminosity. The δ Scuti instability strip could be
schematically separated for sectors: the stars of high amplitude
and low radial velocity were found at the upper part, while the
stars of low amplitude and faster rotation were at the lower part,
on or near the main sequence. In classical Am (metallic line)
stars pulsation was inhibited, however, examples were found for
pulsating metallic-line giants, for the δ Del stars by Kurtz (1979).
According to the Q pulsation constant, the cool δ Scuti stars
(on the right side of the instability strip in the HR diagram)
tended to pulsate in fundamental mode, while the hotter ones
(on the left side) pulsated in higher (1st, 2nd) overtones (Breger
and Bregman, 1975). The most outstanding example of the
presence of the non-radial modes in the light variation of δ

Scuti stars was the case of 1 Mon, where modes with equidistant
spacings were found and identified as rotationally split modes
(Balona and Stobie, 1980). Period and/or amplitude variations
were reported for some stars by Fesen (1973) and by Stobie et al.
(1977) for 21 Mon. However, the most well-known and extreme
period/amplitude variation from night to night was recognized
by Stobie and Shobbrook (1976) in θ Tuc. Although it was cited
for years as a special type of δ Scuti star, it was obvious that
the co-existence of many non-radial modes could also cause
an apparent period/amplitude variation. To distinguish the two
cases, properly distributed long data sets were needed. Finally,
Kurtz (1980) proved using an additional observation of 70 h over
21 nights that the amplitude of the main period was stable over
7 years, but not the others. My personal connection to θ Tuc
was that 20 years later, carrying out a three-site international
campaign we could prove that there were nearly 1 c/d frequency
differences among three modes which could not be resolved from
single site observations (Paparo et al., 1996).

Concerning the modeling of δ Scuti stars, it was Cox
(1976) who summarized the difficulties. The non-radial pulsation
seemed to be far more intricate than the corresponding
theory of purely radial oscillation, for this reason it was
in a considerably less-developed state. The fully non-linear,
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non-radial, non-adiabatic calculation of stellar oscillations had
not been attempted by anyone. The full set of non-linear, partial
differential equations that describe the pulsation of stars had
not been solved without significant approximations or special
assumptions for any star or stellar system. In the theory of non-
radial oscillations of a star it is customary to assume that each
physical pulsation consists of the product of a purely “radial”
part, a function of the radial distance alone, a spherical harmonic
and an exponential time dependence. The order of the harmonic
is given by the value of angular harmonic index ℓ, which is
positive integer or zero. Possible number of the other indexm, are
2ℓ+1. The problem of mode identification (determination of the
harmonic indices) for non-radial oscillations in realistic stellar
models had proved to be very difficult. With such assumptions,
a detailed linear survey of stellar models intending to represent
dwarf cepheids and δ Scuti stars was carried out by Stellingwerf
(1979). Growth rates, periods, and other parameters for the first
six radial modes were given. The non-adiabatic stellar modes
indicated that non-radial modes were probably present as well
(Stellingwerf, 1980). However, the author emphasized that some
basic physical dissipation mechanism seemed to be missing. Due
to the lack of the non-radial period ratios, the only possibility for
identifying the non-radial modes was to compare the observed
period ratios to the theoretically derived radial period ratios.
If the observed period ratios did not agree with the theoretical
radial period ratios, the modes were identified as non-radial
modes. This was reacting to the physics of themodel. Hard efforts
have been made to solve the problem of mode identification.
Dziembowski (1977) derived formulas for the light and radial
velocity variations of non-radially oscillating stars in the case
of linear approximation. The author showed that the Wesselink
technique, similarly to the case of radial pulsation, might also be
used to determine the radius of a star, if the spherical harmonic
order of the oscillation is known, or alternatively to determine
the spherical harmonic order, if the radius is known. Balona and
Stobie (1979) extended Dziembowski’s idea and formulated the
practical application of theWesselink technique for this purpose.

Investigations in this decade resulted in the belief that
pulsation and especially non-radial pulsation were ubiquitous
among the stars. They occurred in β Cep stars, variable line
profile B stars, δ Scuti stars, the white dwarf components
of some cataclysmic variables, the Sun, and the ZZ Ceti
stars. Huge efforts were invested to know more about their
pulsational behavior.

Ledoux (1951) showed that free radial oscillations could
explain some of the observed properties of the puzzling class
of β Cepheids, however, he did not consider what the cause
of such oscillations were. Observations in UBV from the
ground (Jerzykiewicz, 1971) and in the far ultraviolet from
different satellites (Hutchings and Hill, 1980) were carried out
to know more on the pulsation behavior, however, the cause
of the oscillations remained unknown. Osaki (1974) suggested
a resonance between the non-radial oscillation of the whole
star and the overstable convection in the rotating inner core.
Aizenman et al. (1975) found a nuclear driven vibrational
instability in some of the lower g+ modes. Non-linear coupling
was suggested as a mechanism by which this instability might

excite the shorter-period f or p, or perhaps radial harmonic
modes which were supposed to be observed in the β Cephei
stars. However, the final conclusion by the end of this decade
was that no viable instability mechanism had been found for their
pulsation (Lesh and Aizenman, 1978).

To complicate our understanding of B stars, Smith (1977)
found pronounced changes in the line profile of 53 Persei, which
was located far from the classical β Cephei region. In the same
year Percy and Lane (1977) reported small, but significant light
variations for 53 Persei. This star, the prototype of a new group,
was the first star to show both photometric and spectroscopic
variations that could be best explained in the framework of non-
radial pulsations (Buta and Smith, 1979). Definitely much work
will be done on these stars in the next decades. I joined a multi-
site photometric campaign on 53 Persei 20 years later to resolve
the full frequency spectrum that could not be acquired from
single site observations (Huang et al., 1994).

After the discovery of the first pulsating DA white dwarf (ZZ
Ceti stars) by Landolt (1968) during systematic surveys in broad
range of colors, it soon became clear that the ZZ Ceti variability
was caused by pulsation. The instability strip was then defined
and it was established that the ZZ Ceti stars were otherwise
normal white dwarfs. The variability was an evolutionary effect
and all DA stars passed through the temperature range in which
the variables occurred (McGraw, 1980). The improvement of
our knowledge on pulsating white dwarfs was fast because we
can observe many pulsations of a ZZ Ceti star per night. A
great improvement in the realistic modeling of ZZ Ceti stars
was also expected in the following decade. The investigation
of the 5-min oscillation of the Sun became a distinct field,
called helioseismology.

6. RESULTS BETWEEN 1980-1990

The new observational tool, the CCD, was slowly appearing
in the smaller observatories/institutes. New instrumentation
was developed only on specific request, like a multi-chanel
photoelectric photometer for doing fast photometry for compact
objects, or a multi-slit photoelectric magnetometer for measuring
the circular polarization of 230 spectral lines simultaneously. The
CORAVEL (CORelation-RAdial-VELocites) instrument started
to operate at La Silla in 1981. Space instruments started to
be used mostly in the far ultraviolet (International Ultraviolet
Explorer, IAU, 1978) and in the infrared (Infrared Astronomical
Satellite, IRAS, 1983), which cannot be observed from the
ground, due to the atmosphere of the Earth. The Hubble
Space Telescope (HST) was launched in 1990, but due to
technical problems it started the science mission only in 1993
after servicing.

In this decade not only the classical radially pulsating groups
(RR Lyraes, Cepheids), but the non-radially pulsating groups
(δ Scuti, white dwarfs) were intensively investigated, not only
observationally, but the new observations immediately inspired
extended theoretical work. Less improvement was achieved for β

Cep stars, but the research status of a new group, the Long Period
Variables (LPVs) is also mentioned in this decade.
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The research of the RR Lyrae stars in this decade started
with two exciting papers based on new observations. The first
was still connected to the Oosterhoff types of globular cluster.
Sandage et al. (1981) compared the period-amplitude, the period-
rise time, the period-color, and the color-amplitude relations
for M3 (OoI) and M15 (OoII) type clusters and recognized
that all correlations of the parameters that involved the periods
were shifted by 1 log P = 0.055 toward longer periods in OoII
type globular cluster, whereas the other relations of the two
cluster coincided. The only consistent explanation was that the
horizontal branch of M15 was brighter than that in M3 by 1 log
LHB = 0.090. As Smith (1984) summarized the series of Sandage’s
papers, the period of an individual cluster RR Lyrae star at a
particular effective temperature decreased with increasing metal
abundance. RR Lyrae stars are intrinsically fainter in metal-
rich clusters than in metal-poor clusters. The RR Lyrae stars
of different metallicity might also have different luminosity. Of
course, huge efforts were put into determining the metallicity
of individual RR Lyrae stars. Smith (1984) used the 1s method
which was a means of determining the metal abundances from
low-resolution spectroscopy. It was hoped that if photometry of
high accuracy was available, the metal abundance of individual
RR Lyrae stars could be determined from just their light curve.
Definitely the space data of unprecedented accuracy offer the
possibility to follow this suggestion and get the determination of
metallicity for numerous RR Lyrae stars. The statistical approach
might reveal some, up to now hidden, structural connections.
Nevertheless, in the light of these results the question seems to
be reasonable: are RR Lyrae stars good standard candles?

The second interesting paper reported the discovery of ten
double mode RR Lyrae stars in the M15 (OoII) globular cluster
(Cox et al., 1983). The period ratio of the fundamental and first
overtone resulted in (51/5o) = 0.746. Surprisingly, the period
ratio of RR Lyrae stars gave a reasonable mass, compared to the
double mode Cepheids, where the mass based on the period ratio
was very low. Many clusters were checked for double mode RR
Lyrae stars and about three dozen were found by 1987. However,
in the ω Cen cluster no doubly periodic RR Lyrae star was found
(Nemec et al., 1986), suggesting that the number of double mode
RR Lyrae is connected to the metallicity or the actual brightness
of the horizontal branch.

Significant observational discoveries inspire immediate
theoretical reactions, as we saw in the previous decades. Of
course, there was a large interest in modeling the double
mode pulsation in RR Lyrae stars. It was shown that based
on the simultaneous effect of resonant mode coupling, the 2:1
resonance between one of the two linearly unstable modes and
a higher frequency mode caused double mode (fundamental
and first overtone) pulsation (Dziembowski and Kovacs, 1984).
According to the authors, the resonant mode interaction might
be an effective amplitude limiting mechanism in oscillating
stars. Stothers (1987) concluded that second overtone pulsators
probably did not exist among RR Lyrae stars. Finally, stable
multimode pulsations were shown to be possible in state-of-
the-art RR Lyrae models, but did not have periods close to
those observed in beat RR Lyrae stars (Kovacs and Buchler,
1988). The simultaneous effects of the resonant mode coupling

and the non-linear saturation of the driving mechanism were
also studied by Moskalik (1986). Under certain conditions the
only stable solution was a limit cycle in the form of a slow
periodic modulation of the amplitudes. In the case of RR Lyrae
stars the 2:1 resonance between the fundamental and the 3rd
overtone was the most likely cause of such behavior. Upon a
reasonable choice of parameters one could reproduce observed
periods of the Blazhko effect. A strong suggestion was that
the amplitude-modulated stars might be closely related to RRd
stars and the same mechanism might be responsible for both
phenomena. A new cornerstone in the explanation of amplitude
limiting mechanisms and the Blazhko effect is the idea of the
resonant mode coupling.

A different observational/theoretical approach also appeared.
Fourier decomposition was employed to compare the light curves
of RR Lyrae stars with those emerging from the hydrodynamical
models. The φ21, R21 and φ31 were plotted against the period.
The general definitions of the time-dependent phase difference
between the fundamental mode and the harmonics and the
amplitude ratio are given as: φk1 = φk-kφ1 and Rk1=Ak/A1.The
RRc type pulsators stand out from the RRab stars, particularly on
the R21 plot which was found to be a more sensitive discriminator
of Bailey a, b, and c type stars (Bailey, 1902) than the traditionally
employed amplitude-period diagram (Simon and Teays, 1982).
Such kinds of investigations will be definitely even more effective
on space data. A very good agreement was obtained between
theory and observation for the RRc, but there were significant
discrepancies in the Fourier phase quantities φ21, and φ31 for
RRab (Simon, 1985). The calculated values were considerably
larger than the values determined from observed stars. It was
not clear how drastic a change would be necessary in the models
to get an agreement. According to Simon, a new series of
hydrodynamic calculations was needed to answer the remaining
questions. In an effort to explain the discrepancy of period ratios
for Cepheids, Simon (1982) showed that arbitrarily increasing
the opacity by a factor of 2–3 would solve the discrepancy.
The new opacity code, OPAL, using an improved treatment of
the atomic physics significantly increased the Rosseland mean
opacity of metals in astrophysical mixtures (Iglesias et al., 1987).
The new opacities confirmed what had been outlined as a need by
observations over the previous decade. This is another data point
to establish the time scale of the progress in pulsating stars.

Additional efforts were carried out in this decade for solving
the mass discrepancy of Cepheid variables from both an
observational and a theoretical point of view. The new P-L-
C relation was obtained by Schmidt (1984), which revealed
a discrepancy in the absolute magnitude as much as 0.4–0.6
magnitude. A new set of homogeneous Wesselink masses was
obtained for 101 classical Cepheids (Gieren, 1989). Theoretical
models of normal Pop II type Cepheids in the period range of
1–10 days were constructed with the Carson opacities (Carson
et al., 1981). The derived masses closely agreed with masses
determined directly from atmospheric analyses and indirectly
from stellar evolution theory. The theoretical luminosities
predicted from the standard evolutionary tracks had to be
increased by 0.5 mag, but they were entirely consistent with
the modern evolutionary tracks that included some degree
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of convective core overshooting (Carson and Stothers, 1988).
Observations of Cepheids in local and distant galaxies comprised
one of the Key Projects approved for the Hubble Space
Telescope in the first cycle (Simon, 1990). Unfortunately HST
was properly working only from 1993. The main goal was
to pin down the Hubble constant to an accuracy of ±10
% to determine the correct distance scale. The non-linear
pulsational behavior of several sequences of Cepheid models was
computed with a numerical hydrodynamic code (Moskalik and
Buchler, 1990). These sequences exhibited a period doubling, as
the control parameter, the effective temperature, was changed.
The period doubling was caused by the resonance of the
type (2n+1) ωo ≈ 2ωk (n is an integer), and it turned out
to be different for Pop I (single doubling) and Pop II (a
cascade of period doubling or chaos) Cepheids. The period
doubling is a phenomenon which becomes more important in
the future.

More and more additional details made our view of Cepheids
colorful, however, in most cases there was no consensus in
their interpretation. Much attention was paid to the so-called s-
Cepheids as well which were classified as low amplitude pulsators
with short period and sinusoidal light curves. They were Pop I
Cepheids that did not follow the Hertzsprung progression of the
classical Cepheids, but had a progression of their own (Antonello
et al., 1990). In the φ21- P plane they exhibited separate sequences.
The short period group with p < 3d had high φ21 values,
while the long period group with p > 3d had low φ21 values.
According to Antonello et al. (1990), both groups were pulsating
in the first overtone and they attributed the apparent sharp break
in the φ21 diagram near 3d to a resonance between the first
overtone and a higher normal mode. However, Gieren et al.
(1990) argued that the low φ21 value represented fundamental
mode pulsation as was predicted by theory, only the light curves
for some reason differed from those of the stars along the classical
fundamental mode sequence. The periods of the long period
region essentially coincided with the observed range of classical
double-mode Cepheids (Simon, 1990). As a result a far-reaching
precedent started in the well-defined δ Cep stars and when new
details appeared, apparently new subclasses were created. So,
instead of unification we divided the HR diagram into smaller
and smaller boxes.

The unusual Cepheid HR 7308, with the shortest known
period was extensively investigated (Breger, 1981). The long-
term follow up revealed that the amplitude varied by over a
factor of 5 with a period of about 1210 days. The amplitude
variation suggested a Blazhko effect (observed in RR Lyrae
variables, but not in Cepheids) or that an evolutionary event
was taking place. Radial velocity variation was monitored during
3 years with the spectrophotometer CORAVEL, confirming the
same periodicities as in the light curve (Burki et al., 1982). The
type of the excited mode was doubtful. According to Fernie
(1982) HR 7308 was not an overtone pulsator. In contrast, an
intercontinental simultaneous survey revealed that HR 7308 was
a classical Cepheid pulsating in the second (or higher) overtone.
However, the possibility that the star was a Pop II Cepheid
and/or that it was pulsating in the fundamental mode or the first
overtone could not be ruled out definitively (Burki et al., 1986).

More and more precise rates of period change were obtained
as the time baseline increased. Secular period changes of 100
northern Cepheids were investigated with the help of O-C
diagrams (Szabados, 1983). The rates of the period changes
were in good agreement with those determined from stellar
evolutionary theory. The frequency of binary stars among the
Cepheids was as high as 25 %. Most of the companions of
Cepheids were B-type stars (Szabados, 1982).

Of course, the δ Scuti stars being in the childhood of their
investigation and, due to their having shorter periods than
the classical Cepheids, attracted more interest observationally.
Individual δ Scuti stars were intensively investigated. Different
pulsational behaviors were reported: (i) a single sinusoidal
component which did not agree with the fundamental mode
(Bossi et al., 1983), (ii) a mixture of radial and non-radial modes
(Bossi et al., 1982), (iii) monoperiodic pulsation in the second
overtone (Pena and Gonzalez-Bedolla, 1981), (iv) pure radial
pulsation in first and second overtones or fundamental and first
overtone with He depletion (Cox et al., 1984), (v) mode switching
(McNamara and Horan, 1984; Paparo and Kovacs, 1984), (vi)
multiple close frequencies (Breger et al., 1987), (vii) an amplitude
variability on a time scale of years (Breger et al., 1990), which
was compared to the Blazhko effect of RR Lyrae stars, and (viii)
a period decrease (Breger, 1990; Guzik and Cox, 1990). The
metallicity and the pulsation connection in δ Scuti stars got a new
aspect. Pulsation was also found in a classical Am star (Kurtz,
1989). Even the discovery of a new class of variable stars, the
rapidly oscillating Ap (roAp) stars was announced (Kurtz, 1982).
The amplitudes of oscillations were modulated with the same
period and phase as the magnetic strength. This fact suggested
that the excitation mechanism of the oscillation in Ap stars was
somehow related to the strong magnetic field. All Ap stars were
located in the δ Scuti instability strip, therefore some physical
connection between the pulsation of δ Scuti stars and those of Ap
stars was suggested (Shibahashi, 1987). Despite the huge effort
in investigation of δ Scuti stars, Kurtz (1986) called the attention
to collaborative contemporaneous observations of multi-periodic
δ Scuti stars from more than one observatory. He claimed this
was needed much more than the discovery of new δ Scuti stars or
incomplete frequency solutions for many stars.

Concerning the theoretical work, a basic step was done
by Fitch (1981). He used a full stellar model and calculated
linear adiabatic periods for all models. He presented 489 Q
values for 35 modes. The survey was complete for the range
0 < ℓ < 3. For double mode δ Scuti stars the period ratio
resulted in a serious discrepancy between the theoretical and
the observed values. According to Andreasen and Petersen
(1988), a helium depleted outer zone with a relatively low mean
molecular weight due to inward He diffusion might be the
correct explanation for the observed 51/5o ≈ 0.77. However,
there was a great discrepancy between the number of observed
and theoretically excited frequencies. Different concepts were
checked for getting an appropriate mechanism for the amplitude
limitation and mode selection. The effect of the parametric
resonance on the development of acoustic mode instability in
a model of Zero-Age Main-Sequence, ZAMS δ Scuti stars was
first discussed (Dziembowski and Krolikowska, 1985). Later
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amplitude equations were derived describing the three-mode
coupling in the presence of rotation (Dziembowski et al., 1988).
For the evolved δ Scuti stars with very dense non-radial frequency
spectra the phenomenon of mode trapping was investigated
as a possible mode selection mechanism (Dziembowski and
Krolikowska, 1990). There was evidence that this effect, rather
than saturation of the opacity mechanism, determined the mode
amplitudes. However, the non-linear theory of stellar non-radial
oscillation had not reached the level to enable the calculation of
the amplitude of the unstable modes. In any case, the prospect
of asteroseismology rests on our ability to connect measured
frequencies to specific eigenmodes of stellar oscillations. This
would mean the possibility for mode identification which
would be an important step in the asteroseismology of δ Scuti
stars. Mode trapping as a mode selection mechanism was first
mentioned in this decade, but later we will find this explanation
in connection with other type of pulsating stars.

New efforts were made in the determination of the spherical
harmonic degree ℓ and the azimuthal order m of a mode
from observations. Balona (1986a) proposed a simple method
of analyzing spectral line profiles in non-radially oscillating,
rotating stars avoiding the profile modeling. What was more, an
algorithm was presented which allowed a completely objective
determination of all parameters for line profile variation in a non-
radially oscillating star (Balona, 1986b).Watson (1988) presented
histograms as a function of ℓ, among them was the amplitude
ratio vs. phase difference plane (Acol/Aλ1, 8col-8λ1). Compared
with the model predictions, the light and color data seemed to
assist in mode discrimination for low ℓ. Garrido et al. (1990)
calculated the six possible discrimination diagrams from the
four Strömgren filters, and they found that the diagrams v-y
and b-y were discriminant between radial and low order non-
radial pulsations, irrespective of the physical parameters such
as temperature, gravity, or pulsational constant for the δ Scuti
models considered. Although seemingly many ways of mode
identification were available, only a few modes in a few δ Scuti
stars were identified. It was predicted by theoreticians that data
sets that were long and continuous were the missing cornerstone
of the massive mode identification in δ Scuti stars. Observers
in my generation often heard the following sentence: “go to the
telescope and observe more and the problem will be solved.” We
will see that it is not easy to identify modes in the non-asymptotic
regime (p modes), especially for fast rotating stars, even from the
much longer, more continuous space data that we only dreamed
about in this decade. Mode identification in stars pulsating in
the non-asymptotic region is also a good indicator of the speed
of progress. The problem was theoretically discussed in the last
decade, but reliable practical applications are presented here. It
will be followed also in the next decades.

The most impressive improvement was achieved in the field
of white dwarfs along the lines of doing real asteroseismology.
From the observational side, partly they were ideal targets for
single site ground-based observations (Kawaler and Hansen,
1989), and the new astronomical instrument, the Whole Earth
Telescope (WET, Nather et al., 1990) concentrated the efforts of
existing telescopes distributed in longitude tomeasure designated
targets. The details of the pulsational features grew incredibly

quickly. The theoretical studies of ZZ Ceti (DAV) stars led to the
prediction that the DBV white dwarfs should also pulsate driven
by helium partial ionization zone. The same team discovered the
first DB pulsator, GD 358 (Winget et al., 1982). Soon, groups
of different ages were recognized: PNNV (104 yr), DOV (105

yr), DBV ( 107 yr), and DAV (ZZ Ceti, 109 yr) (Winget, 1988).
According to the rate of the period change (9.9x10−15 s/s), a
ZZ Ceti star (G117-B15A) proved to be one of the most stable
clocks of any kind in the sky (Kepler et al., 1988), which was
equivalent to a 6.9 x 108 year evolutionary cooling time scale. For
the prototype of the hot group, PG 1159-035, the rate resulted
in dP/dt=-1.2 x 10−11 s/s, and a faster evolutionary time scale,
τ≈ 1.4 x 106 yr (Winget et al., 1985). Impressively, evolutionary
changes could have been detected in one to two decades using
stellar pulsation.

Mostly multi-periodic oscillations were observed, but mono-
periodic pulsation (and its harmonics) was found in a DBV star
(PG 1351+489, Winget et al., 1987) that was both unanticipated
and unexplained. In addition, a significant pulsation frequency
near 3/2 νo was localized, not only in this DBV star, but in
DAV white dwarfs, one of which was GD 154. Let me include
a personal connection to GD 154. In the frame of an educational
project for MA students I initiated the observation of GD 154 at
Konkoly Observatory over a whole observational season (about 6
months) in 2006 (G. Fontaine suggested the star, due to the large
amplitude). We confirmed the surprising finding of Robinson
et al. (1978), that on the last night the 3/2 νo became the dominant
mode. In 2006 GD 154 showed multimode pulsation, except at
the end of the observing run, when the pulsation switched to
monoperiodic pulsation (Paparó et al., 2013). Alternating high
and low amplitude cycles and temporarily increased amplitudes
of some cycles (about 30 % more pulsational energy) were
presented in a poster even earlier, but the revulsion of the editor
concerning the content led to the withdrawal of the poster
paper from the proceeding. Years later (suggested by P. Bradley),
though, we did finally get these unusual behaviors published in
the aforementioned paper. We will see that space data revealed
similar effects, such as alternative cycles-period doubling for RR
Lyrae stars and outbursts for white dwarfs. It is definitely a great
advantage for the present generation that they do not have to fight
for the acceptance of the observed data. Comparative analyses
of the observation of the subsequent years for GD 154 revealed
that the star not only varied its pulsational behavior between a
“simple” multi-periodic and a quasi mono-periodic phase with
harmonic and subharmonic peaks, but there were differences
between the visibility of the near-subharmonics in the latter phase
(Bognár et al., 2019). GD 154 will be a target of TESS (private
communication by Zs. Bognár). GD 154 epitomizes the situation
that Winget (1988) summarized in his white dwarf review : “we
will find little that we do expect and much that we would never
expect.” I think this statement will be extremely valid in the
space era.

Nevertheless, there were other exciting results in this decade in
which nobody doubted. Two statistically mean period intervals,
“characteristic period spacing” of 21.0 ± 0.3 or 8.8 ± 0.1 s
were derived from observation for the hot white dwarf star PG
1159-035. A very good agreement with the theoretically derived
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period intervals resulted in the determination of the mass (0.6
M⊙) and the identification of the modes as ℓ = 1 or 3, or both
(Kawaler, 1988). The determination of the physical parameters
of white dwarfs meant that the modeling of the groups of white
dwarfs was also a great success in this decade. The model had a
simple stellar structure, C/O core, thin layers of helium and/or
hydrogen depending on the group. For the hotter groups (PNN
and DOV) the partial ionization of C and O were also taken into
consideration. However, the problem of the selection mechanism
also occurred here. The resonance of a certain g mode to the
thickness of the surface composition layers meant that mode
trapping could be a possible filtering mechanism (Winget, 1988;
Kawaler and Weiss, 1990). Convective blocking was reported as
another candidate for a spatial filter in ZZ Ceti stars (Pesnell,
1987). Color observations confirmed the theoretical expectation
that white dwarfs evolve at constant gravity (Fontaine et al.,
1985). The instability strip was narrow and all the white dwarfs
showed pulsation as they crossed the instability strip along their
evolution. The research level of white dwarfs was so advanced
that Winget (1988) was able to raise the question that we wanted
only to guess at the beginning of the space era: can we reach
the asteroseismological level? He gave two possible answers,
a pessimistic and an optimistic one. The pessimistic was that
asteroseismology will never work, but the optimistic one was that
it would give us the age of the Universe. Let us hope that the space
data will take us to the optimistic solution. Despite the success of
white dwarfs Winget (1988) suggested that non-linear non-radial
calculations were highly needed. Although these calculations are
complex, supercomputers were improving, but a basic step was
real progress in understanding convection. He called it the “Holy
Grail” of hydrodynamics, since it was important in all helio-
and asteroseismology. White dwarfs are discussed in detail as
an excellent example to show how important the ratio between
the length of the pulsation period and the time base of the
observations are. Due to the shorter pulsation period the progress
is accelerated compared to the time dependence of progress in the
classical pulsating stars or in the non-asymptotic pulsators. Mode
trapping became an obvious explanation for mode selection in
white dwarfs.

For many decades it was supposed that the β Cep variables
were the only pulsating B stars (Balona, 1990). The discovery of
the 53 Per stars, themoving bump of ζ Oph and the periodic light
and line profile variations of many Be stars confused the picture.
Although the theoretical problems in β Cep stars were still
existent (Cox, 1987), many observers moved to the observation
of new features instead. Although 150 stars were classified as β

Cep candidates, even their definition as a group was not clear
based on the type of pulsation (Sterken and Jerzykiewicz, 1990).
However, according to the observational H-R diagram, all β Cep
stars were confined to a very narrow spectral range from B0.5 to
B2. Their evolutionary stage could be close to the end of the core
hydrogen-burning, the second contraction or the shell-hydrogen
burning phase. The most prevalent view was that practically all
B stars were unstable to radial or non-radial pulsations and that
the β Cep stars represented merely an island of short (possibly
p-mode) pulsations in an ocean of long-period g-mode pulsation
(Balona, 1990).

Advances in our knowledge of the details of long-period
variability have been gained rather slowly due to the extended
nature of the atmosphere and the dominance of the convective
energy transport in the interiors (Wood, 1987). The LPVs
occurred at a very interesting phase in the life of all the
stars independently of mass, when they were most luminous
and gave insight into their evolutionary mass loss. The
old LPVs belonged to a kinematic system which had a
systematic velocity that was indistinguishable from that of
the H I gas (Bessell et al., 1986). Because of their great
brightness and the existence of the P-L relation, these
stars might be a useful group of extra-galactic indicators
(Wood and Bessell, 1985).

7. RESULTS BETWEEN 1990-2006, BEFORE

THE SPACE ERA

Though data collection mostly continued in traditional ways,
different approaches were followed to obtain more and more
adequate data-sets for solving specific problems. The success of
the WET organization in the research of pulsating white dwarfs
had a great influence on getting more appropriate data for other
pulsating stars, too. Some low-amplitude δ Scuti and roAp stars
were also observed by the WET organization. On the other hand,
coordinated multi-site international campaigns were more and
more often organized to get as continuous data as possible for
δ Scuti stars, β Cep stars, especially for γ Doradus and SPB
stars, where the determination of the characteristic periods of the
pulsation were highly disturbed by the daily gaps. Most of these
campaigns were organized by different individuals from time to
time. However, there were two permanent networks, the Delta
Scuti Network (DSN) and STEPHI for solving the problems of
δ Scuti stars. Some hundreds of hours of data were collected
and analyzed together. Another advantageous option appeared
for the variable star research in this decade when telescopes
dedicated to special problems started to work. SDSS (Ivezić et al.,
2000) was a multi-color survey which aimed at providing a 3-
D map of the Universe over a large part of the sky. The other
projects, MACHO (Alcock et al., 1997), OGLE (Paczynski and
Udalski, 1994), OGLE II (Udalski et al., 1997), EROS (Beaulieu
et al., 1995), MOA (Bond, 2001) photometrically monitored tens
of millions of stars in different parts of the sky to search for dark
matter with micrelensing phenomena. These surveys happened
to include variable stars, too. The new efforts led to new results,
adding new mosaics to the general knowledge. These surveys
have extended archived databases, that could be also important
in connection to the space data for checking time dependence on
longer time scales.

The long-standing unsolved problem of the Blazhko
modulation remained a central issue, but on a higher level. The
dedicated telescopes improved the database and new concepts
appeared. Amazing efforts were devoted to the interpretation
of the Blazhko effect in RR Lyrae stars. Both an extensive
multi-site photometric observation over a 421-day interval in
2003-2004 (Kolenberg et al., 2006) and spectroscopic coverage
over an entire Blazhko cycle (Chadid and Chapellier, 2006)
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of RR Lyrae itself were carried out to make a choice between
the two possible explanations. According to the resonant
model, the non-linear resonant coupling of the dominant radial
mode and the non-radial modes predicted a triple frequency
structure with side lobes of similar amplitudes which were
expected to be symmetrically placed. The magnetic model
predicted a quintuplet structure; however, in certain geometric
configuration only a triplet structure could have been expected.
Both photometric and spectroscopic campaigns resulted in a
triplet structure in the frequency content, and there was no
sign of the quintuplet structure. It was hoped that high-quality
and continuous space data will decide between the two possible
explanations. Furthermore, the MACHO project (Alcock et al.,
1992) incidentally gathered data for many Blazhko-type RR
Lyrae stars. It became clear that the Blazhko effect had a different
appearance. There were Blazhko RRab stars with pure amplitude
modulation or with both amplitude and phase modulation, or
abrupt period changes could occur. The Blazhko effect was found
not only in RRab stars, but in RRc stars (Kurtz et al., 2000) as well.
The existence of non-radial pulsation in a “pure” radial pulsator
had always been questionable. Finally, non-radial pulsation was
reported in three RRc stars in the M55 globular cluster (Olech
et al., 1999). The theoretical calculations also clearly showed that
low-degree non-radial modes could be excited (Van Hoolst et al.,
1998). A large number of unstable modes in the vicinity of radial
modes were partially trapped and presumably most likely to be
excited. However, their routine observations needed excellent
photometric coverage, e.g., uninterrupted continuous space data.
The available high-quality ground-based data that had been
accumulated for many RR Lyrae stars allowed the establishment
of a relation between the metallicity parameter, Fe/H and the
Fourier parameters, most importantly φ31. It became possible to
derive physical parameters based on the morphology of the light
curves for both RRab (Jurcsik and Kovacs, 1996) and RRc stars
(Simon and Clement, 1993). A comparison of the Blazhko-type
and non-modulated RRab stars yielded the conclusion that there
was no Blazhko phase that seemed to be well-matched with that
of non-modulated RRab stars (Jurcsik et al., 2002). Definitely the
RR Lyrae research was waiting for the space missions. The longer
expected time base of the space data compared to the length of
the pulsation period or, more importantly, to the length of the
period of the Blazhko effect, was expected to give remarkable
improvement for the explanations.

The research for Cepheids partly used the most advanced
techniques and dedicated telescopes in getting more
sophisticated data, at the same time advanced theoretical
investigations were carried out. Much progress was made in
determining the fundamental properties of Cepheids. The
indirect determination of Cepheid masses seemed now to be in
agreement with the direct mass and the evolutionary masses due
to the new opacities as it was summarized by Percy (1993). The
calibration of the zero point of the Cepheid P-L relation was
still a challenge, but CHARA and AMBER gave a good chance
for the precise determination of the stellar diameters and the
related physical parameters (Moskalik and Gorynya, 2006). The
Hubble Space Telescope contributed to the binary Cepheids with
a new discovery. Some previous binary systems were revealed

to be in fact members of a triple system. At least 44 percent of
the Cepheids was thought to be in a triple system (Evans et al.,
2005). For many years AC And (Fitch and Szeidl, 1976) was the
only triple-mode radial pulsator. Recently, two Cepheids were
discovered by OGLE in the Large Magellanic Cloud that were
pulsating in three radial modes (Moskalik and Dziembowski,
2005). From the theoretical side, strange modes were localized
in radiative classical Cepheids and RR Lyrae models (Buchler
and Kolláth, 2001). These were surface modes predominantly
trapped in the outer region of the star due to a very sharp and
enormously high potential barrier in the partial ionization zone.
The typical modal number of a strange mode falls between
the 7 and 12th overtone with a mmag amplitude level which
could be observed in the space era. These stars could be the
“strange Cepheids” or the “strange RR Lyraes.” The discovery
of “anomalous” Cepheids (ACs), which had low metallicity
but did not follow the P-L relation of Pop II Cepheids created
some confusion in the identification of Cepheids. The new grid
of evolutionary model by Fiorentino et al. (2006) led to the
conclusion that the ACs were the normal extension of Pop I
classical Cepheids to lower metal content and smaller masses.
Hopefully, with more precise space data there will not be more
and more separate subgroups, but that a unified explanation
will be reached. Comparing the different groups we can notice
that mode trapping appeared in RR Lyrae and δ Cepheids, too,
not only in white dwarfs. Once I was talking to a friend, who
is a theoretician, about the similarities of the different type of
pulsating stars, but at present independent codes are used for
each type of pulsating stars. He immediately asked me whether I
was talking about a unified pulsation code, where the different
types of pulsating stars meant only different input parameters.
I am an observer, so I may dream, although I know it is an
extremely hard task. Definitely the first step would be a code for
the non-linear treatment of non-radial pulsation.

The δ Scuti research field was in the intensive data collection
phase, during which up to that time unexplained characteristics
were recognized. The effect of the chemical peculiarity on the
pulsation got a new aspect, and the pre-main sequence δ Scuti
stars joined the company of the pulsating stars. Modeling of time-
dependent convection in δ Scuti stars had been started. Much
new data were collected for a great number of δ Scuti stars in
this decade by coordinated multisite campaigns, although two
permanent organizations were the really successful ones. These
were the Delta Scuti Network (DSN) founded by M. Breger,
and STEllar PHotometry International (STEPHI) headed by
E. Michel as the coordinator. However, individual organizations
were also successful (Paparo et al., 1996; Paparó and Sterken,
2000 for θ Tuc, and Paparó et al., 2018 for 38 Eri, based on
a multisite campaign from 1998 and MOST observation from
2011). The ground-based campaigns collected data in at least
two colors, hoping for the possibility of mode identification. In
the best cases, simultaneous spectroscopic observations were also
carried out. FG Vir, 4 CVn, and XX Pyx became the most famous
and best-studied δ Scuti stars in this decade. From 435 h of
observation 25 frequencies were derived for FG Vir in the last
campaign (Breger et al., 1998). Although the asymptotic relations
did not apply exactly to δ Scuti stars, and the regularities were
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also invaded by g modes and rotational splitting, regularities
were searched for in FG Vir by the histogram method (Breger
et al., 1999b). XX Pyx was observed not only with DSN, but
the WET, which happened to discover its pulsations. A different
method, the Fourier Transform method was used for finding
any regularity among the frequencies (Handler et al., 2000). For
4 CVn an additional instrument, the Automatic Photoelectric
Telescope (APT) was also used over the years beside the DSN and
WET runs (Breger and Hiesberger, 1999). Amplitude variability
was found on the time scale of years. In the majority of the well-
studied δ Scuti stars frequency pairs with less than 0.06 c/d (0.7
µHz) frequency separation, as well as amplitude variability were
recognized (Breger and Bischof, 2002). Mixed modes, trapped
modes, mode coupling, small spacing or rotational splitting were
mentioned as explanations, but the real reason was unknown. I
participated in many DSN campaigns (Breger et al., 1993, 1994,
1997, 1999a), but I was also involved in a STEPHI campaign
on BS and BT Cancri (Hernandez et al., 1998). To add more
confusion in our view of the pulsation in the δ Scuti instability
strip, it was found that the chemically peculiar λ Bootis stars
pulsated with high overtone modes (Paunzen et al., 2002). A
multi-site campaign was organized for a pre-main sequence δ

Scuti star (Ripepi et al., 2006) to discriminate between the pre-
main sequence and the post-main sequence evolutionary stage.
The frequency distribution in the low frequency range seemed
to be a good criterion. A promising step in the theory was that
the red edge of the δ Scuti instability strip for non-radial modes
was obtained for the first time, using time-dependent convection
(TDC) (Dupret et al., 2004). The investigation of δ Scuti stars
could have or at least is expected to have faster progress using
space data.

A new class of pulsating stars, the γ Doradus stars were
announced by Balona et al. (1994b). Very intensive observational
efforts were dedicated to find the connection between the new
group and the chemically peculiar (Am, λ Bootis) and δ Scuti
stars (King et al., 2006; Rodríguez et al., 2006). Especially
the number of multi-site campaigns increased, since the long
period light variation made uninterrupted data necessary to
determine unambiguous periods. I also joined some campaigns as
a contributor (Zerbi et al., 1997, 1999). A variety of explanations
appeared: some mentioned non-radial pulsation, others talked
about star-spots or quasi-stochastic amplitude modulation.
Circumstellar dust shells were found around Gamma Doradus
itself (Balona et al., 1994a). The description of γ Doradus stars
as a group was given by Kaye et al. (1999). The stars typically
had 1 to 5 periods ranging from 0.4 to 3 days with photometric
amplitudes up to 0.1 mag in Johnson V. The consensus of the
light variation was a high-order, low-degree, non-radial gravity
mode pulsation. After discovering 70 new γ Dor candidates from
the Hipparcos photometry it became clear that the location of the
γ Dor stars on the HR diagram overlapped with the instability
strip of δ Scuti stars (Handler, 1999). The first convincing
hybrid pulsator, pulsating in both p- and g-modes, were reported
by Henry and Fekel (2005). The reason of the excitation was
reported soon after the identification of the group. The pulsations
were found to be driven by the modulation of the radiative flux
by convection of the base of a deep envelope convective zone

(Guzik et al., 2000). The long period of pulsation biased by the
alias structure of the ground-based observation pointed toward
the need of space observation.

This period was a great decade concerning the improvement
of our knowledge of B stars from both theoretical and
observation respects. The long-standing problem of the source
of the excitation had been finally solved. The new opacities
(Rogers and Iglesias, 1992a,b) with the enhancement of heavy
element opacity by a factor of 2 to 5 over the Los Alamos
opacity due to a large number of iron lines at the temperature
of around T ≈ 2 x 105 degree highly contributed to finding
the excitation mechanism in B stars (Osaki, 1993). Three
groups were simultaneously working on the modeling of β Cep
pulsation (Cox et al., 1992; Kiriakidis et al., 1992; Moskalik
and Dziembowski, 1992) and showed that the κ mechanism
acting in the partially ionized zone of the elements of the iron
group could account for the pulsation of both radial fundamental
and low-degree non-radial modes. Gautschy and Saio (1993)
confirmed the excitation of g-modes in stellar models appropriate
for early-type variables. Moreover, Pamyatnykh (1999) found
that both short-period (low-order acoustic and gravity modes)
and long-period (high-order gravity modes) oscillations were
excited in the same stellar model of proper physical parameters.
Observationally the confusion on B stars of light and line profile
variability became less serious. The β Cep stars were accepted to
pulsate in low-order p-modes in accordance with many multi-
site international campaigns (e.g., Handler et al. (2004, 2006)
that I also contributed to). At the same time, a part of the
53 Per stars that surrounded the instability zone of the β Cep
was found to belong to an independent group of pulsating
stars, named as Slowly Pulsating B stars (SPB) (Waelkens, 1991).
The multi-periodicity and amplitude behavior unambiguously
pointed toward pulsation in high radial-order of g-modes (n).
[The low spherical harmonic degree (l) of these modes was given
later (De Cat et al., 2004)]. Even 53 Per, the prototype of the line
profile variables was reported to be an SPB star (Chapellier et al.,
1998). The multi-frequency pulsation of ζ Oph and its possible
relation to β Cephei variables was concluded from the long and
high precision photometry obtained by the Canadian satellite,
MOST (Microvariability and Oscillations of Stars, Walker et al.,
2003; Matthews, 2004) and ground-based spectroscopy (Walker
et al., 2005). However, the distinct separation of the groups
changed soon. One of the so-called "classical" β Cep stars turned
out to be a β Cep/SPB hybrid pulsator, showing both low-order
acoustic and high-order gravity modes that was predicted by
Pamyatnykh (1999). The word "hybrid" started to appear more
and more often in stellar pulsation. It predicts that the traditional
groups of pulsating stars are not as distinct as we thought. Maybe
we are moving to a unification of some, up to now separate
groups. The case of B stars shows that the progress of research
highly depends on the advanced theoretical background.

Long-Period Variables had been reported very briefly in this
review, however, at the end of the last century Barthes and Luri
(1999) highlighted that the theoretical treatment of the structure,
the pulsation and the evolution of Long-Period Variables (LPVs)
was still imperfect. The efforts to improve it suffered both from
the complexity of the involved phenomena (strong convection
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coupled to non-linear pulsation, thermal pulses, dredge-up of
heavy elements, mixing, non-LTE,molecules, grains, shockwaves,
high mass-loss etc), and from the basic problem that the
physical parameters were not known. However, the gravitational
microlensing surveys (MACHO, OGLE, OGLE II, EROS, MOA)
revolutionized this field partly because their strategy of observing
a large collection of stars at large distances let us estimate the
luminosity of these stars (Fraser et al., 2006). It became well-
established that pulsating red giants were located on a series
of up to six parallel Period-Luminosity (P-L) sequences (Wood,
2000). LPVs first pulsated in overtone mode (1st to 3rd) and
switched to fundamental mode pulsation when having crossed
some luminosity limit. For the first time the measurement of the
masses of AGB stars had shown that mass loss of the order of 0.3
M⊙ occurred on the RGB and AGB (Lebzelter andWood, 2006).

It would be hard to separate the observational and theoretical
results for the white dwarfs, since the unprecedented progress in
the development of white dwarf interior structuremodels allowed
researchers to fit them immediately to the available observations
(Metcalfe, 2005). This rapid improvement in the understanding
has been most evident for the DBV white dwarfs, where the
physical conditions were ripe for asteroseismic investigations. It
became clear that the detailed core C/O profile and a double-
step helium were the most important features for quantitative
asteroseismology of the DBV white dwarfs (Dehner and Kawaler,
1995). The seismic study of the interiors of white dwarfs fed back
into the theory of stellar evolution (Kawaler, 1998). Hot white
dwarfs were also mature examples of active asteroseismology
with such a great importance that in their interiors their prior
evolutionary history, especially the story of their last nuclear
evolutionary stage had been locked. Seismological data had
demonstrated the action of gravitational settling in white dwarf
envelopes and provided measurements and important upper
limits to the cooling rates of white dwarf stars (Córsico and
Althaus, 2004). The observed cooling rate of DAV stars proved
to be in good agreement with the theoretical predictions (Kepler
et al., 2005), however, in other types of white dwarfs, (DOV
and DBV) the observed period changes were faster than the
theoretically predicted values whose reason was unknown.

Exciting results for white dwarfs included determinations
of stellar masses, distance, rotation rates (both surface and
interior) and internal stratification of composition were reported.
Kawaler and Bradley (1994) derived that the constant period
spacing was primarily determined by the mass of the star, which
allowedmass determination. Regular departures from uniformity
could have been regarded as a result of mode trapping by a
surface composition discontinuity (Kawaler, 1998) allowing the
determination of the mass of the H and He layers. Rotation
could be deduced by identifying the equal frequency split in the
pulsation spectrum. Different amount of rotational split from
multiplet to multiplet suggested the departure of the interior
from solid-body rotation. The observed splits in GD 358 (DBV
type) indicated that the outer layers of this star rotated much
faster (by a factor of nearly 2) than the inner regions (Winget
et al., 1994). Kawaler et al. (1999) explored the possibility to
estimate the whole internal rotation profile. This has been one
of the final goals of asteroseismology. The possibility of the

crystallization in the core of white dwarfs had been discussed.
The discovery of a DAV lying near the red edge of the instability
strip and having characteristic long periods, but anomalously
low amplitudes provided the first opportunity to search for the
observational signature of crystallization in an individual star
(Kanaan et al., 1992, 2005). Montgomery and Winget (1999)
suggested that the core of this star might be up to 90 percent
crystallized, depending on its mass and internal composition.
The crystallization process led to one of the largest sources of
uncertainty in the ages of cool white dwarfs (Segretain et al.,
1994). In an optical spectroscopy approach two ZZ Ceti (DAV)
stars were discovered (Fontaine et al., 2003a), which brought the
number of known ZZ Ceti stars to a total of 34. They concluded
that the instability strip was pure, in which no non-variable star
was found. A pure instability strip was mentioned at the first
time for a group of pulsating stars. The number of discovered
non-radially pulsating white dwarfs in cataclysmic variables was
rapidly increasing by the aid of SDSS (Nilsson et al., 2006). It is
worthwile to emphasize that the phenomenon of mode trapping
became a useful method in determining the physical parameters
of white dwarfs, in not more than one or one and a half decades.

The second new group of pulsating stars in this decade, the
pulsating subdwarf B (sdB) stars were discovered in a surprising
way, allowing a new field for doing asteroseismology. In the
frame of the Edinburgh-Cape (EC) Blue Object Survey a small-
amplitude, very rapid light variation was discovered in the sdB
binary, EC 14026-2647 (Kilkenny et al., 1997). It was regarded
as a prototype of a completely new class of variables which was
referred to as EC 14026 stars (also called sdBVr or V361 Hya
stars). The main period was 144 s with a semi-amplitude of
≈ 0.012 mag with a possible second period near 134 s. The
variations were more obvious at U than at V which was a strong
indicator that variation originated in the hot sdB star rather
than in the cooler component, a main sequence F or early G
type companion. Kilkenny’s discovery inspired a search for other
stars of this kind. EC 14026 sdBV stars were found with six
periodicities (Koen et al., 1997), with periods showing evidence
of a variable amplitude (Stobie et al., 1997) and with evidence
for period/phase changes in the main period (O’Donoghue
et al., 1997). Interestingly, at the same epoch, the existence of
pulsating sdB stars was independently predicted from theoretical
considerations based on the identification of an efficient driving
mechanism for the pulsation (Charpinet et al., 1996). The driving
mechanism was due to an opacity bump associated with heavy-
element ionization. It was found that the models showed low
radial order unstable modes; and both radial and non-radial (p,
f, and g) pulsations were excited. They felt confident enough to
risk the prediction that some subdwarf B stars showed luminosity
variations resulting from pulsational instability. This was one of
the best examples when inductive (observation) and deductive
(theoretical) investigations met! However, the sequence of the
discoveries was not finished with the short-period hot sdB stars.
During the course of an ongoing CCD monitoring program
a new class of low-amplitude, multi-mode sdB pulsation with
periods of the order of an hour was discovered (Green et al.,
2003) and named originally lpsdB (or sdBVs or V1093 Her stars
in the new nomenclature, Charpinet et al., 2011) as a group. The
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periods were more than a factor of 10 longer than those of EC
14026 stars implying that they were due to gravity modes rather
than pressure modes and they were located on the cooler part of
the Extended Horizontal Branch (EHB). The same κ mechanism
successfully explained the presence of longer periods, however,
radiative levitation was needed to boost the iron abundance in the
driving region and modes with ℓ = 3 and/or 4 were excited, not
the "more visible" ℓ=1 and/or 2 modes (Fontaine et al., 2003b).
Almost naturally, examples of the hybrid hot and cool sdB
stars, pulsating both in short and long periods, were discovered
(Oreiro et al., 2005; Schuh et al., 2006). In addition, pulsation was
discovered in a He-rich subdwarf B (He-sdB) star. According to
the periods, the pulsation was more likely due to a high order,
non-radial g-mode than to radial or non-radial p-modes (Ahmad
and Jeffery, 2005). Using thirteen simultaneously excited periods
in a hot sdB led to the first asteroseismological determination of
the fundamental parameters, such as the star’s temperature, its
surface gravity ( with a greatly improved accuracy), its total mass,
and the mass of its H-rich envelope (Brassard et al., 2001). The
first hot pulsating sdO star was discovered byWoudt et al. (2006).
The relatively rapid discovery of many new pulsating groups
required a systematic order in the nomenclature (Kilkenny et al.,
2010). A summary of the names is given in a table, but the basic
concept of the changes is that rapid, slow, and hybrid pulsations
are marked by “r, s, and rs.” Asteroseismology can be applied in
the future in a new part of the HR diagram. Could new changes
in the opacity lead to discovery of new groups of pulsating stars?
There seems to be not much space for new groups on the HR
diagram. Started from the classical instability strip, almost all part
of the HR diagram is covered now by pulsating stars, except for
the coldest part of the main sequence, the M and brown dwarfs,
and the most luminous part of the HR diagram.

8. NEWEST RESULTS OF THE SPACE ERA,

2006-2018

Space-borne instruments are the new generation of the technical
developments. The Canadian MOST (Microvariability and
Oscillation of Stars, launched in 2003, ended in 2014) space
telescope was the first spacecraft dedicated entirely to the study
of asteroseismology (Matthews, 2003; Walker et al., 2003).
In the last few years the research field of variable stars has
benefited more and more from the operation of space telescopes,
although their primary goal was the detection of exoplanets.
The French-led CoRoT (Convection, Rotation and planetary
Transit, launched in 2006, ended in 2013) and the NASA-built
Kepler telescope (launched in 2009, ended 2012, but operated
as the K2 mission between 2013-2018) were joint missions for
planetary and stellar research (Baglin et al., 2006; Borucki et al.,
2010). Searching for exoplanets, a huge amount of data was
gathered together for the stars that were located in the fields of
view. The newest American space telescope, TESS (Transiting
Exoplanet Survey Satellite, launched in 2018) produces the first-
ever spaceborne all-sky transit survey to detect small planets with
bright host stars in the solar neighborhood (Ricker et al., 2015).
The upcoming ESA telescope, PLATO (PLAnetary Transits and

Oscillations of stars, with a planned launch in 2024) will devoted
to figuring out under what conditions planets form and whether
those conditions are favorable for life (Rauer et al., 2016) or not.
The Swiss-led ESAmission, CHEOPS (Characterizing ExOPlanet
Satellite), which is ready to be launched in 2019, is planned for the
study of the formation of extrasolar planets (Rando et al., 2018).
With so many dedicated instruments, it is not surprising that
planetary science has become as fashionable nowadays as variable
star research used to be some decades ago. However, one has to
admit that variable star research also benefits from the purely
exoplanet-oriented projects. Beside the exoplanet missions, a
basic space telescope, the GAIA, was launched in 2013 which
was designed to measure the position and distances of stars
with unprecedented precision (Eyer et al., 2013). The Gaia data
release 2 was recently published (Gaia Collaboration et al., 2018).
Definitely the greatest advantage of space telescopes for the
presently active generation of scientists is that they do not have
to suffer for collecting data on individual objects from night to
night. In addition, space-based data are continuous with different
lengths (6 months for CoRoT and 4 years for the Kepler mission)
and the precision is now at the unprecedented ppm level. There
is good hope to answer some, many, or all the questions that
have been asked in the last decades. Due to the fact that the
data are more easily available, and there is publication pressure
for getting financial support, the number of published papers
has increased enormously. International teams are organized for
working on the data of a given mission and the same teams
migrate from one space mission to the next one. The structure of
the national institutes seems to have been loosened and scientific
connections with colleagues outside of those permanent teams
have been reduced/or vanished. The whole research field has been
revolutionized, which is not a disadvantage in itself. However,
here are some thoughtful points. The results of certain space
missions are presented in specialized conferences (CoRoT weeks,
KASC, TASC, and BRITE meetings). I am sure that in the future
we will have TESS, GAIA, CHEOPS, and PLATO meetings, too.
On the other hand, thematically highly specialized meetings are
organized more and more often (RR Lyrae, white dwarf and
sdB meetings, although white dwarf meetings are not only for
pulsating white dwarfs, but for the whole community who are
working on white dwarfs in any respect.) Smaller workshops
are also organized for mostly the international teams. Such a
great change in the policy of presenting the scientific results
compared to the fewer IAU supported general meetings in every 3
years may have some unplanned consequences. Although we still
have the IAU supporting more general meetings, unfortunately
the financial support is not enough to attend both the general
and the specialized meetings. The knowledge of the experts is
getting deeper, but concerns a more and more narrow field,
especially if we consider the flood of published papers. There
is no time to properly follow the whole field of pulsating stars,
only a smaller and smaller section of the general knowledge. So,
another important question for the space era is whether we are
able to synthetize/assimilate such a large flood of data. Do we
have enough time and energy to theoretically interpret the new
discoveries, beside the very convenient task of data treatment?
The future will tell.
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It is impossible to cover all results obtained from space data
up to now, rather I intend to give a taste of what we could
answer from the previous questions, what we still have to solve
or what the new fine details are that appeared in connection with
pulsating stars.

The past shows that temporary confusion seems to
appear when new data are obtained, especially if we do not
immediately have guiding principles. The advanced ground-
based instruments, the space data of long time base and of
unprecedented precision questioned the constancy of the
observable parameters of the pulsation in Cepheids. Just to name
a few, amplitude irregularities, period fluctuations, doubled
periods, non-radial pulsations and multimode radial pulsations
were found. Although the Irish Astronomical Journal based
on the paper of Grandjean and Ledoux (1954) reported that
the “structure of the atmosphere of the Cepheids is on solid
ground”, a program on the secret life of Cepheids (SLiC)
is nowadays going on in which the aspects and behavior of
classical Cepheids, which are still regarded as unclear, were
planned to be studied (Engle et al., 2014). Observations were
obtained both from the ground and space. Due to the application
of space instruments (HST Cosmic Origins Spectrograph in
UV and XMM-Newton, the X-ray Multi-Mirror Mission)
and the improvement in precision, even the prototype of the
classical Cepheids, δ Cephei, surprised us. For example, high
temperature plasma (103–107 K) was detected above the Cepheid
photosphere with variable X-ray activity which was attributed
to pulsation-driven shocks propagating through the Cepheids’
outer atmosphere and giving rise to mass-loss through a stellar
wind. The HI 21 cm line observations with the Very Large
Array (VLA) directly determined a mass of circumstellar atomic
hydrogen MHI ≈ 0.07 M⊙ with a mass-loss rate of dM/dt ≈
(1.0 ± 0.8) x 10−6 M⊙ yr−1 (Matthews et al., 2012). Modeling
showed that the combination of moderate convective core
overshooting and pulsation-driven mass loss could solve the
Cepheid mass discrepancy (Neilson et al., 2011). In addition,
the δ Cephei proved to be a spectroscopic binary based on
measurements of high-precision radial velocities (Anderson
et al., 2015). Using all available data, the orbital period was 2201
day, the eccentricity, e = 0.647, and the companion mass was
constrained within 0.2M⊙ ≤M2 ≤ 1.2M⊙. The close pericenter
approach of the two stars has far-reaching consequences for
the explanation of the observed circumstellar environment of δ

Cephei. The MOST photometric measurements revealed low-
amplitude irregularities in Cepheid stars. The nearly continuous
high-precision photometry also revealed alternations in the
amplitudes, the first case of a period doubling detected in a
classical Cepheid. The period doubling led to the appearance
of half integer frequencies (Molnár et al., 2017a). The Kepler
data disclosed significant cycle-to-cycle fluctuations in the
pulsation period, indicating that classical Cepheids might not be
as accurate astrophysical clocks as commonly believed (Derekas
et al., 2012). However, this statement does not seem to be valid
overall. Using MOST data, a fundamental mode pulsator had
a light curve that repeated precisely, an overtone pulsator on
the other hand showed light curve variation from cycle to cycle
(Evans et al., 2015). Concerning the type of pulsation, CoRoT

light curves of Galactic Cepheids did not show any convincing
evidence of excitation of non-radial modes (Poretti et al., 2015).
However, in the Large Magellanic Cloud additional variability
was discovered by the OLGE team for Cepheids with period
ratios in the P/P0 = (0.60, 0.65) range. A power excess at half the
frequency of the additional variability was also reported (Smolec
and Śniegowska, 2016). In addition, two triple mode classical
Cepheids pulsating simultaneously in the first three radial
overtones were also discovered (Moskalik and Kołaczkowski,
2009). Hopefully, the details will sooner or later be combined
into an overall explanation.

The staunchest community of astronomers are those who have
been working from decade to decade to solve the mystery of
the Blazhko effect. Huge efforts have been devoted to getting
ground-based data. The Konkoly Blazhko Survey (Jurcsik et al.,
2009), the Antarctica project (Chadid et al., 2014), the OGLE
project (Smolec et al., 2015), and the Catalina Sky Survey
(Torrealba et al., 2015) represented such successful ground-
based efforts, while the CoRoT, the Kepler and the GAIA space
missions have provided a larger and larger contribution to the
improved knowledge on RR Lyrae stars. The number of stars
showing RR Lyrae characteristics has increased incredibly, and
definitely surprising statistical results have been predicted in
connection with the evolution of stars and the structure of
our galaxy. However, at present our picture has become much
more confusing compared to the simple categorization of RRab,
RRc, RRd subtypes that we used to have in earlier decades. The
discovery of additional low-amplitude modes blurred the line
between the three main groups (Molnár et al., 2016). Since the
first discovery of the additional frequencies that did not belong
to the classical multiplet structure of a Blazhko-type RR Lyrae
and was interpreted as a non-radial mode with a ratio of f0/fadd =
0.6965 (Chadid et al., 2010), all unusual frequencies were called
additional frequencies. Nevertheless, these additional frequencies
could have different types, as well as definitely different physical
origins, although most of them were explained by some kind of
resonance of the higher-order radial modes. The period doubling
phenomenon was first detected in Kepler RRab stars (Kolenberg
et al., 2010; Szabó et al., 2010) and later in CoRoT RR Lyrae
stars, (Szabó et al., 2014). The period doubling manifested itself
as alternating maxima and minima of the pulsational cycles
in the light curve, as well as through the appearance of half-
integer frequencies located halfway between the main pulsation
period and its harmonics in the frequency spectra. According
to the theoretical explanation, the period doubling was caused
by 9:2 resonance between the fundamental mode and the 9th-
order radial overtone showing strange-mode characteristics due
to mode trapping (Kolláth et al., 2011). This was one type
of additional mode. The phrase “additional modes” was used
for frequencies which could have been identified as the second
radial overtone, but the excitation of the second overtone was
not theoretically expected (Benkő et al., 2010; Poretti et al.,
2010). In this case, the group of RRd stars could be extended
with stars where not the fundamental and first overtone, but
the fundamental and the second overtone were simultaneously
excited. Without any knowledge on the amplitude of non-radial
modes, these additional modes could be simply regarded as a
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non-radial mode excited near the second radial overtone, where
excitation was theoretically predicted. This was the second type
of “additional modes.” An additional frequency was reported as
early as 2007 (Gruberbauer et al., 2007) in an RRd star. The f0/fi =
0.9272 ratio suggested that the additional mode was a member
of the second type. The third type of additional modes were
the fX or 0.61-type (for the frequency ratio) modes which were
strongly connected to the first overtone and could be detected
in both first overtone (RRc) and double-mode (RRd) RR Lyrae
stars (Moskalik et al., 2015; Netzel et al., 2015). Such modes
occurred in Cepheids, too, with a slightly different frequency
ratio (0.60–0.64), as it was mentioned earlier. According to the
theoretical explanation, the additional periodicities arose from
the harmonics of non-radial f-modes effectively trapped in the
outer part of the envelope (Dziembowski, 2016). In Cepheids the
modes had angular degrees from ℓ = 7 to 9, in RR Lyrae only
ℓ = 8 and 9. It seems that all cases represent the fact that non-
radial modes were discovered in the traditional radial pulsators,
the Cepheid and RR Lyrae stars. Unfortunately, the approaches
do not agree on the definition of the old/new subtypes. Molnár
et al. (2017b) kept the traditional categories, but colored them
by the non-radial modes, while Netzel et al. (2015) kept the
traditional radial pulsation categories and created a new category
for the radial-non-radial-mode pulsators. Hopefully, the picture
will become clearer in the future, but the final solution can only
be given by a non-linear non-radial pulsation code which can
provide the amplitude ratio of the radial and non-radial modes.
The non-linear, non-radial code was already urged as early as
1988 by D. Winget in connection with white dwarfs (Winget,
1988). The successful progress of the asteroseismology of the
different types of non-radially pulsating stars (and as we see the
classical radial pulsators also belong to them) requires further
steps in modeling. The newest results for δ Cep and RR Lyrae
stars show that the space data will discover many new details
on the classical radial pulsators, partly suggesting that they also
belong to the non-radially pulsating stars, and only the amplitude
ratio of the radial and non-radial modes are different compared
to the rest of the non-pulsating stars. It strongly points toward
the need to know more about the amplitude of the excited
modes. The half integer frequrencies, the period doubling, and
the trapped modes echoes the case of white dwarfs.

There has been no consensus on the reason of the Blazhko
type modulation of the RR Lyrae stars either, but the number of
possible causes has been much reduced. A possible suggestion
was that the Blazhko effect is caused by the combined effect of
the fundamental and first overtone shocks on the atmosphere
(Gillet, 2013). A beat mechanism in double mode RR Lyrae
stars were also suggested (Bryant, 2015). The more widely
accepted explanation was the resonant model (Buchler and
Kolláth, 2011). The suggested reason was the 9:2 resonance of
the fundamental mode and the high-order (9th) radial overtone,
as in the case of the period doubling. The amplitude equation
formalism showed not only the period doubling, but also that
the amplitudes were modulated, and that in a broad range of
parameters themodulations were irregular. Observations showed
that the Blazhko cycles did not repeat regularly (Guggenberger
et al., 2011; Kolenberg et al., 2011) and the Blazhko modulation

was multiperiodic (Sódor et al., 2011; Benkő et al., 2014).
In a remarkable case, two different modulation periods were
identified with a similar strength and a different period ratio
from season (5:4) to season (4:3) (Sódor et al., 2011). One
of the most important recent observational findings was the
limited modulation in the K band (Jurcsik et al., 2018). They
showed that the Blazhko modulation was primarily driven by
changes in the temperature variation and the radius variation
played only a marginal role. This empirical fact alone drastically
reduced the possible mechanism that could be responsible for
the modulation. That was the first observational evidence that
the Blazhko phenomenon was strongly related to the top of the
atmospheric layers of the stars that was predicted by Christy in
1966 (Christy, 1966). Kolláth (2018) checked the aforementioned
models and Stothers (2006) model vs. the constraints. According
to the conclusion, there was no existing model which satisfied all
the observational constraints of the Blazhko modulation exactly.
However, the 9:2 resonance hypotheses of the fundamental to 9th
overtone at least did not contradict any of the observational facts.
An overview of explanations of the Blazhko effect for the past 60
years has been presented. The space data and the huge ground-
based efforts led to more details, but there is no theoretical
explanation that is accepted by everybody. This is the longest that
a problem has not been solved in stellar pulsation.

Space data increased our knowledge on the pulsation of δ

Scuti stars remarkably and let us answer many long-standing
questions, but the validity of the new information changed
from year to year, as more and more data were processed.
The δ Scuti instability strip seemed to contain both pulsating
and non-pulsating stars in about equal fractions. The amplitude
distribution of the frequencies did not support the suggestion
that all stars pulsated with amplitude of low level (Balona
and Dziembowski, 2011). However, a different sample and
other aspects led to a conclusion that the instability strip
was pure, unless pulsation was shut down by diffusion or
anothermechanism, such as interaction with a binary component
(Murphy et al., 2015). In a different vein, the precise GAIA
luminosities allowed the instability strip of δ Scuti and γ Dor
stars to be redetermined, which partly proved that less than
half of the stars pulsate and that the two instability strips
overlap (Balona, 2018). However, the question why there are non-
pulsating stars with roughly similar parameters in the instability
strip remains open. New theoretical calculations confirmed the
overlap of the two instability strips and suggested that there was
no essential difference between the δ Scuti and γ Dor stars,
they were only two, a p-mode and g-mode, subgroups of one
boarder type of pulsating stars below the Cepheid instability
strip, and most of the variables were hybrids (Xiong et al., 2016).
Consequently, it was not surprising that low frequencies were
present in at least 98 % of δ Scuti stars (Balona, 2018) and
it was meaningless to continue to call them as δ Sct/γ Dor
hybrid stars (Balona et al., 2015b). However, it had been reported
that pure δ Scuti stars with no significant frequencies in the
γ Dor region (below 5 d−1) did, albeit rarely, exist (Bowman
and Kurtz, 2018). Although the largest part of two instability
strips overlapped both observationally and theoretically, the red
and blue edges did not perfectly agree (Balona, 2018). In the
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δ Scuti instability strip several peculiar types of pulsators were
located. According to the precise luminosities, Balona (2018)
concluded that High Amplitude Delta Scuti (HADS) stars were
normal δ Scuti stars and not transition objects and SX Phe stars
were also located well inside the instability strip. Surprisingly, the
roAp stars also exhibited δ Scuti and γ Dor pulsation (Balona
et al., 2011a). Part of the low frequencies in δ Scuti stars were
attributed to different co-rotating surface features. Most of the
Am stars had light characteristics of rotational modulation due
to spots (Balona et al., 2015a). Flares were also detected in about
two percent of Kepler A stars (Balona, 2013). The surface metal
enrichment in the peculiar stars was explained as the result of
diffusion and gravitational settling in the absence of a magnetic
field. Two spectropolarimetric measurements revealed a clear
magnetic structure in the Stokes profile in a Kepler δ Sct/γ Dor
hybrid candidate (Neiner and Lampens, 2015). This was the first
magnetic main sequence δ Scuti star. A weak magnetic field
was also detected in 1 Mon, the famous multi-periodic high-
amplitude δ Scuti star (Baklanova et al., 2017). The interaction
of diffusion-pulsation and the physics of the stellar envelopes
should be re-examined to see how a magnetic field could be
generated in A stars (Balona et al., 2015a). Investigating Kepler
δ Scuti stars, 603 stars exhibited at least one pulsation mode that
varied significantly in amplitude over 4 years (Bowman et al.,
2016). In more general, amplitude and/or frequency variations
had been found among nearly all types of non-stochastically
excited pulsators (Guzik et al., 2015). The long-term follow-up of
the famous δ Scuti star, 4 CVn, showed thatmost pulsationmodes
exhibited a systematic significant period and amplitude changes
on a timescale of decades (Breger et al., 2017). The reasons of the
period and amplitude variability will definitely be investigated as
space data on a longer and longer time base will be available in
the future. Two kinds of anomalous pulsators seemed to exist
between the blue edge of the δ Scuti and the cool edge of the β

Cep instability strip (Maia variables) and between the cool edge
of the SPB and the blue edge of the γ Dor instability strips (hot γ
Dor variables) (Balona et al., 2016). The current models did not
predict pulsation in this region of the HR diagram. Nevertheless,
a large population (36 stars) was found in this region in a young
open cluster (Mowlavi et al., 2013) and 17 similar stars were
also identified in another young open cluster (Lata et al., 2014).
Both the rapid rotation and a revision of the opacities were
mentioned as a possible solution for these anomalous pulsators.
It seems that explanations of the many new discoveries need
serious theoretical work on the different parts of the input
physics. Despite the space data of unprecedented precision the
question of why some stars with the same atmospheric and
physical parameters pulsate and others do not, has been still
an unexplained issue for 60 years. Presumably this problem is
also connected to the amplitude limiting mechanism, which also
remains unsolved.

Mode identification in δ Scuti stars was still an unsolved
problem, due to the lack of simple, easily identifiable frequency
patterns; especially for fast rotating stars, it was a formidable
challenge (Reese et al., 2018). Nevertheless, we might say that
remarkable improvement had been achieved in the last decade.
Great effort has been put into the establishment of the pulsational

model of fast rotating stars (Roxburgh, 2006; Lignières and
Georgeot, 2008, 2009). Reese et al. (2008) suggested a new
asymptotic formula for the island modes which were later
confirmed and for which theoretical echelle diagrams were built
(Ouazzani et al., 2015). Realistic multi-color mode visibilities
were calculated for possible mode identification (Reese et al.,
2017) and were applied for BRITE data (Reese et al., 2018). The
mode identification needed data at least in 3 photometric bands
and also required a large number of acoustic modes, preferably
in the asymptotic regime. Unfortunately, it is hard to satisfy these
requirements for the bulk of δ Scuti stars. From an observational
side, a quasi-periodic pattern was found in δ Scuti stars at first
for CoRoT data, and a spacing periodicity around 52 µHz was
derived (García Hernández et al., 2009). Calibrated for δ Scuti
stars in eclipsing binaries, a scaling relation (1ν-ρmean) was
established between the frequency spacing obtained from the
pattern in the star and its mean density (García Hernández et al.,
2015). This relation was theoretically derived by Suárez et al.
(2014). Later the scaling relation was used to get the precise
surface gravity without any constraints from spectroscopy or
binary analysis (García Hernández et al., 2017). The scaling
relation could lead to the possibility of a massive statistical
investigation of δ Scuti stars. Not only the determination of
the spacing, but the identification of independent modes were
aimed at searching for sequences of quasi-regularly distributed
modes, allowing for a tolerance level in the exact spacing
(Paparó et al., 2016a). Echelle diagrams were constructed for
90 CoRoT δ Scuti stars and the characteristic spacings were
derived (Paparó et al., 2016b). Unfortunately, a test investigation
revealed that the echelle diagrams could be built not only for
the consecutive radial orders of a certain ℓ degree mode, but
for the combination of eigenmodes and rotationally split modes,
producing sometimes more than one spacing value. We could
not disentangle the normal eigenmodes from rotational splitting.
However, a new observable, the shift between the sequences was
derived. The fact that some shifts between the sequences were
integer multiples of the rotational split might suggest a possible
resonance effect between eigenmodes and rotation as a selection
mechanism (Paparó et al., 2018). Using 1860 CoRoT δ Scuti
stars, a common regular pattern was found in agreement with
island modes featured by theoretical non-perturbative treatment
of fast rotation (Michel et al., 2017). Regularities in the amplitude
spectra of these stars produced ridge-like structures with a
spacing of order of a few tens of µHz (of order a few d−1) which
was consistent with the consecutive radial order pulsationmodes.
The fmin and fmax, as well as the large separation values might
be used as seismic indices to characterize stars, which opens
the perspective for ensemble seismology using δ Scuti stars. The
space data introduced progress in the identification of modes
in the non-asymptotic regime, but there is room for the next
generation to work on this field.

Although the γ Doradus stars were newly identified, the
interpretation of their pulsation seemed to be an easy task.
Spectacular improvement was achieved on the asteroseismology
of g-mode pulsators on the main sequence, both on γ Dor and
SPB stars, as well as on the hybrid stars. The asymptotic theory
predicted regular period spacing patterns which was evinced
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both in CoRoT and Kepler stars. A series of g-modes of the
same ℓ-degree and different radial orders n consisting of 24
frequencies were found in a γ Dor/δ Scuti hybrid (Chapellier
et al., 2012). In addition, strong coupling of the g-modes to
the radial fundamental mode was also manifested. Rotationally
split g-mode triplets and surface p-mode triplets were discovered
in a Kepler star (Kurtz et al., 2014). This gave the first robust
determination of the rotation of the deep core and the surface of
a main-sequence A star. They showed with high confidence that
the surface rotated slightly faster than the core. Period spacings
were determined and echelle diagrams were constructed for
several γ Dor stars (Bedding et al., 2015). Small deviations from
regular period spacing were found that arose from the gradient in
the chemical composition just outside the convective core. Van
Reeth et al. (2018) presented an extended theoretical overview
on the restoring forces for rotating stars. The simple, exactly
regular period spacing predicted by the asymptotic theory is valid
only for a non-rotating chemically homogeneous star. The real
manifestation of the period spacing depends on the rate of the
stellar rotation and in consequence, on the type of the restoring
force (buoyancy, Coriolis or both). For slowly pulsating stars
(buoyancy) the g-modes split into triplets, however, for moderate
to fast rotators (the rotation rate is 20 % or more of the critical
rotation rate) purely internal pulsation such as r-modes (Coriolis
force), or gravito-internal pulsation modes appear (both type of
forces are acting). For stars pulsating in gravito-internal modes
the period spacing has a positive or negative slope depending on
the sign of the azimuthal number, m (retrograde or prograde). In
the frame of ensemble modeling of γ Dor stars near-core rotation
rates were determined from the observed period spacing pattern
(Van Reeth et al., 2016). For most stars gravity or gravito-internal
modes were identified, but for the first time Rossby modes were
also found. A new observable, the slope of the period spacing
when plotted as a function of the period was derived which was
uniquely related to the internal rotation (Ouazzani et al., 2017).
The global Rossby waves (r-modes) were found to be present
in many γ Dor stars, spotted stars and heartbeat stars (highly
eccentric binary stars), and even in a frequently outbursting Be
star. The common feature of r-modes in the amplitude spectra
was the presence of broad humps that appeared immediately
below the rotational frequency (Saio et al., 2018).

The SPB variableswere also identified as a separate group only
in the last decade, they shared the remarkable success of the γ

Dor stars along the way to asteroseismology due to the g-mode
pulsations. The detection of numerous gravity modes in a young
star was reported from CoRoT data (Degroote et al., 2010). The
mean period spacing allowed researchers to estimate the extent
of the convective core, and the clear periodic deviation from the
mean constrained the location of the chemical transition zone
to be about 10 % of the radius. The first detailed asteroseismic
analyses of a cool SPB star, showing a series of 19 quasi-equally
spaced dipole modes, was reported from 4 years of Kepler
photometry (Pápics et al., 2014). The amount of splitting showed
an increasing trend toward longer periods which pointed toward
a non-rigid internal rotation profile. Independent modeling was
done by Moravveji et al. (2015) and Triana et al. (2015). In a next
example, the longest unambiguous series of 36 gravity modes of

the same degree ℓ with consecutive radial order n, which carried
clear signatures of chemical mixing and rotation was discovered
(Pápics et al., 2015). According to the authors, this star should
be considered as the Rosetta stone of SPBs for future modeling.
Over the years of the Kepler era the number of in-depth analyzed
SPB stars in the original Kepler field doubled from four to eight,
and the number of SPB with an observed period spacing from
four to nine; seven of these are from Kepler (Pápics et al., 2017).
Simultaneously, it had been shown that the period series were
not only common, but they dominated the frequency spectrum of
SPB stars. Both the γ Dor and SPB variables show that the results
of high level observations can be straightforwardly interpreted if
the theoretical background is available (the asymptotic theory).

The impact of MOST, CoRoT, and Kepler and K2 missions
on seismology of β Cephei stars was rather modest, because few
of these stars were observed and because one color photometry
alone allowed mode identification only through the recognition
of eventual patterns in the stellar pulsation (Handler, 2017).
Several bright stars of β Cep-type were observed by the
WIRE satellite tracker, several by MOST and only one by
CoRoT (Degroote et al., 2009). The largest impact on the
number of known β Cephei stars came from the All Sky
Automated Survey (ASAS) (Pigulski and Pojmański, 2009). The
BRITE Constellation (BRIght Target Explorer) was designed for
asteroseismic studies of β Cep stars. Despite the observational
disadvantage, some results were obtained both on β Cep and β

Cep/SPB hybrids by combining space and ground-based data.
One hybrid pulsator had a sufficiently large number of high-
order g-modes and low-order pressure (p) and mixed modes
were detected to be usable for in-depth modeling (Handler
et al., 2009). In a triple system with two massive fast rotating
early B-type components, both components proved to be β

Cep/SPB hybrids. In addition, the system’s secondary star had
a measurable magnetic field (Pigulski et al., 2016). In a β Cep
star 40 periodic signals were detected intrinsic to the star with
some of the previously known pressure and mixed modes and
some newly found gravity modes. Temporal changes in the
amplitudes were also detected. The disagreement of the observed
and the theoretically predicted amplitude behavior might lead
to incorrect identification, if using data in optical filters only
(Handler et al., 2017). Kepler data showed that there were non-
pulsating stars in the β Cep and SPB instability strip (Balona
et al., 2011b). Magnetic fields seemed to not be common in
SPB, β Cep and Be stars, although there were some magnetic
B pulsators (Silvester et al., 2009). A huge effort was dedicated
to getting precise physical parameters of pulsating stars with
LAMOST (Large Sky Area Multi-Object Fiber Spectroscopy
Telescope) (De Cat et al., 2015). Despite the massive efforts,
the models calculated with standard opacity tables could not
explain the observed oscillation spectra (Briquet et al., 2011;
Handler et al., 2012). An opacity increase of a factor 2 at the
depth at which nickel had a significant contribution would solve
the discrepancies between the observed low-frequencies and the
theoretical high-order g modes (Daszyńska-Daszkiewicz et al.,
2017). Does it mean that we still need to increase the opacity for
getting a reliable model for β Cep variables? The results obtained
on space data for both β Cep and δ Scuti stars point toward
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the urgent need for theoretical improvement of non-asymptotic
pulsations. It is an extremely hard problem for the upcoming
generation. However, they have to step further, otherwise the
space data will be only described, but remain unexplained from a
theoretical point of view.

The emission B (Be) stars were not well-studied in the last
decade. However, all space missions also observed Be stars, partly
in dedicated runs, such as the MOST mission, but mostly as
a by-product of their observing strategies (such as the CoRoT,
Kepler, and also the solar mission SMEI - Solar Mass Ejection
Imager). To date MOST has observed five Be stars, for several
weeks each, Kepler has observed three stars for 4 years, CoRoT
has observed 40 Be stars for between a few weeks and half a year,
and SMEI almost 130 stars over 9 years (Rivinius et al., 2017).
From a stellar pulsation perspective, Be stars are rapidly rotating
SPB stars, that is, they pulsate in low-order g-modes (Rivinius
et al., 2016) (precisely in low degree (l) and high order (n) g-
modes, De Cat et al., 2004). The BRITE and SMEI joint data
revealed that next to rapid rotation, non-radial pulsation seemed
to be the most common property of a known Be star. Four large
amplitude frequencies were exhibited. Two of them were closely
spaced frequencies of spectroscopically confirmed g-modes near
1.5 d−1, one slightly lower (about 10 %) exophotospheric (Stefl)
frequency, and at 0.05 d−1 the difference frequency between the
two non-radial g-modes (Baade et al., 2018). The circumstellar
(Stefl) frequency did not seem to be affected by the frequency
difference, which underwent large amplitude variations. Its
variability seemed to be themain reason for themodulation of the
star-to-disk mass transfer. When a circumstellar disk was present
in a Be star, the power spectra were complicated by both cyclic,
or periodic and aperiodic circumstellar phenomena, possibly
even dominating the power spectrum (Rivinius et al., 2016).
Depending on the spectral type, four categories of variability were
distinguished, namely, (1) stochastic (Neiner et al., 2012), (2)
bursting and (3) cleanly pulsating (Semaan et al., 2013), and (4)
almost harmonics (Diago et al., 2009). Optical light curves for
160 Be stars obtained by the KELT (Kilodegree Extremely Little
Telescope) and simultaneous infrared and visible spectroscopy
were analyzed to study the disk creation process and to monitor
the evolution and demise of these disks once formed (Labadie-
Bartz et al., 2018). The duration of disk build up and dissipation
phases were measured for 70 outbursts showing that the average
outburst took about twice as long to dissipate as it did to build up
in optical photometry.

Progress in the field of white dwarfs and sdB stars was
even more impressive in the space era than the last decades.
New versions of the stellar/binary evolutionary endpoints were
recognized as a new type of white dwarfs. The extremely low-mass
(ELM) white dwarfs having five pulsatingmembers for the time of
space era (Hermes et al., 2013), represented a new group of white
dwarfs with their 0.18–0.2 M⊙ mass as opposed to normal white
dwarfs with a mass of ≈ 0.6 M⊙ and massive white dwarfs with
a mass of ≥ 0.8 M⊙. Binary evolution was the most likely origin
in the process of which they harbored very thick H envelopes and
were able to sustain residual H nuclear burning via a pp-chain,
leading to a markedly longer evolutionary timescale (Córsico
et al., 2016). An ELM white dwarf was shown to be in a compact,

5.9-h orbit binary with a fainter, more massive WD companion,
and the system exhibited both primary and secondary eclipses
in the light curve (Hermes et al., 2014). The discovery of other
new group, several white dwarfs with atmospheres primarily
composed of carbon with little or no trace of hydrogen or helium,
was reported (Dufour et al., 2007). The first pulsating member in
the hot DQ group, as the new group was named, was revealed by
Montgomery et al. (2008).

Extended ground-based surveys were performed to find white
dwarfs and sdB stars in the Kepler field, and finally the surveys
were successful. 42 white dwarfs were discovered in the original
Kepler field (Greiss et al., 2016), and 27 white dwarfs were
measured through the K2 mission (Hermes et al., 2017b).
The most surprising results in the DA white dwarfs were the
detection of a new phenomenon, the large-amplitude outbursts
at timescales of much longer than the pulsation period (Hermes
et al., 2015), which was first reported on the 1.5-year long
light curves of the first ZZ Ceti star discovered by Kepler (Bell
et al., 2015). As the number of similar cases increased, it was
established that only the coolest pulsating white dwarfs within
a small temperature range near the cool, red edge of the DA
instability strip exhibited the outbursts (Bell et al., 2016). There
was discrepancy between the theoretically and observationally
determined locations of the red edge of the DA instability strip
(Van Grootel et al., 2012). The outbursts recurred stochastically
on days-to-weeks timescales and could brighten a white dwarf
by more than 40 % for several hours (Hermes et al., 2017a).
In addition, the fastest rotational rate (1.13 ± 0.02 h) of any
isolated pulsating white dwarf known to date was found in K2
data. The highest mass (0.87±0.03 M⊙) that was measured for
any pulsating WD with known rotation suggested a possible link
between high mass and fast rotation. The mean flux increase
corresponded to nearly 750 oK (Hermes et al., 2017d). As soon
as a DB white dwarf was found in the surveys, it was immediately
submitted for follow-up space observation. Five modes roughly
equally spaced in period were found with a mean spacing of
37 s. The three strongest modes showed a triplet with a mean
splitting of 3.3 µHz (Østensen et al., 2011). In an other DBV,
clear signatures of non-linear effects were found that could be
attributed to a resonant mode coupling mechanism, which might
motivate further theoretical work to develop the non-linear
stellar pulsation theory (Zong et al., 2016). The hottest helium-
atmosphere white dwarf known to pulsate exhibited a rich
oscillation spectrum of low-order g-modes with clear patterns
of rotational splitting from consecutive sequences of dipole and
quadrupole modes. These modes were able to probe the rotation
rate with depth in this highly evolved stellar remnant. A bright
spot was also recognized and used for the measurement of the
surface rotation rate (10.17 h) (Hermes et al., 2017c). The space
era has been a very productive data collection phase for white
dwarfs. Hopefully, immediate theoretical work will be inspired
to incorporate the newly observed phenomenon into the white
dwarf models.

The search for members of the new instability strip on
the Extreme Horizontal Branch (EHB) continued and five sdO
pulsators were discovered in ω Cen (Randall et al., 2011,
2016). A very rapidly pulsating sdO star was discovered in the
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Edinburgh-Cape (EC) survey with strongly variable amplitude,
which may be a field analog of the ω Cen sdO variables (Kilkenny
et al., 2017). The harvest for the sdB stars based on space data
started with the clear identification of nine compact pulsators
and a number of interesting binary stars (Østensen et al., 2010).
Using only 30.5 d of nearly continuous time series from Kepler,
more than ten independent pulsation modes were found in a
short-period pulsator, and one longer periodicity showing that
this sdB might be the hottest member of the hybrid sdB stars.
Additional periodic changes suggested that a significant number
of additional pulsation frequencies might be present (Kawaler
et al., 2010). A statistical investigation was done for 13 sdB stars
concerning the nearly equally spaced periods. It was concluded
that period spacings could be easily or readily detected and they
are useful for mode identification. Most of the stars indicated
modes with ℓ = 1 and some showed modes with both ℓ = 1
and 2 degree (Reed et al., 2011). It was amazing that a 2.75-
year Kepler observation with a 93.8 % duty cycle containing 1.4
million measurements and resulting in 0.017 µHz resolution was
obtained for the most slowly rotating sdB star (88± 8 day). Back
then it was not surprising that 278 periodicities were found in
which 59 % had been associated with low-degree (ℓ≤2) pulsation
modes. According to the authors, this star represents a “solved”
sdB pulsator (Reed et al., 2014). We could not have issued such
a statement before the space era! More fascinating results were
obtained: (i) the clear indication of mode trapping in a stratified
envelope (Østensen et al., 2014b), and (ii) modes without long-
term coherency showing the stochastic characteristic of these
modes beside the two normal pulsation modes (Østensen et al.,
2014a). Such solar-like pulsations, although suspected in sdB
stars, have never been observed before. Extremely complex
systems were also found. The near-continuous 2.88 year Kepler
light curves revealed that one sdB star had an unseen white-
dwarf companion with an orbital period of 14.2 days. A rich
g-mode frequency spectrum with a few p modes at short periods
was also found. The g-mode multiplet splittings constrained
the internal rotation period at the base of the envelope to 46–
48 days as a first seismic result for this star. The few p-mode
splittings might point to a slightly longer period further out
in the envelope of the star, suggesting the possibility of radial
differential rotation (Telting et al., 2014). The presence of two
nearly Earth-sized bodies orbiting the post-red-giant hot sdB star
was also reported (Charpinet et al., 2011). The distances from
the star were 0.0060 and 0.0076 AU and the orbital periods were
5.7625 and 8.2293 h, respectively. They were interpreted as the
dense cores of evaporated giant planets that were transported
closer to the star during the engulfment. Maybe we are closer
to the optimistic prediction of Don Winget (Winget, 1988) who
said that with asteroseismology we might be able to provide the
age of the Universe. Understandably, due to the physical limits of
this publication, certain excellent results in the successful field of
pulsating stars had to be omitted.

Despite the great improvement in the asteroseismology of
white dwarfs, γ Dor and SPB stars showing pulsation in the
asymptotic regime excited by κ mechanism on any kind of
ionization zone, and even helioseismology, these cases represent
only certain evolutionary stages. To have asteroseismology for

all evolutionary stages, we need improvement for the non-
asymptotic regime and the non-linear treatment of the non-radial
pulsation in any kind of pulsating variables, in Cepheids, RR
Lyraes, δ Scuti, and β Cep stars. We would need at least to
reach the possibility for ensemble asteroseismology, to get more
precise physical parameters and characteristic similarities for as
many stars as possible to step further in seismic modeling. Space
observations of red giants (RGB stars) present a worthy example.

In the stars on the main sequence that are similar to
our Sun and also in the more evolved red giants, which
represent the future of our Sun, small-amplitude oscillations
are intrinsically damped and stochastically excited by the near-
surface convection were predicted, which were sensitive to
the physical processes governing their interiors (Brown and
Gilliland, 1994; Christensen-Dalsgaard, 2004). Brown et al.
(1991) suggested that the frequency of the maximum oscillation
power (νmax) might be expected to be a fixed fraction of
the acoustic cut-off frequencies, which is a directly accessible
seismic parameter. The spacing between the consecutive radial
orders, e.g., the 1ν, was related to the acoustic radius and
therefore to the mean density. A scaling relation was derived
by Kjeldsen and Bedding (1995). The first case of a star other
than the Sun showing an unambiguous evidence of solar-like
oscillations was published (Christensen-Dalsgaard et al., 1995;
Kjeldsen et al., 1995). Several ground-based observations were
carried out in getting radial velocity measurements (Frandsen
et al., 2002; De Ridder et al., 2006) and photometry (Stello et al.,
2007), which were followed by early space detections [WIRE -
(Buzasi et al., 2000), HST - (Stello and Gilliland, 2009), MOST
- (Barban et al., 2007), and SMEI - (Tarrant et al., 2007)]. The
real harvest started when the unprecedented precision of the
space data (CoRoT, Kepler) allowed for the detection of the
low-amplitude light variations in red giants. De Ridder et al.
(2009) presented the first study of 300 red giants observed by
CoRoT showing that they exhibited non-radial oscillations with
common patterns. Hekker et al. (2009) demonstrated that there
was a tight relation between the large separation 1ν and νmax

for red giants as in the case of solar-like stars. This opened the
possibility to study the characteristics of their oscillations in a
statistical sense, unlike the traditional goal of asteroseismology
where the accurate measurement of individual mode frequencies
was compared to the model frequencies (Huber et al., 2010).
Miglio et al. (2009) identified the signature of the red clump
and were able to distinguish the stars of the red clump from
the red giant branch (RGB) stars, which represent a different
evolutionary stage. In the RGB stars helium burning has not
started in the core, while in the red clump stars started burning
helium in the core. This is a defining moment in the life
of a star from an evolutionary point of view. Kallinger et al.
(2010) exploited the possibility of measuring stellar masses
and radii from asteroseismic measurements, even when the
effective temperature was not accurately known. In the following
years larger and larger samples were analyzed together, up to
thousands of stars. The second cycle of the important discoveries
was the measurement of core rotation rates in subgiants and
red giants (Beck et al., 2012; Deheuvels et al., 2012). These
rotation rates were slower than the current models predicted
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(Marques et al., 2013). Another mechanism is needed that can
transport the angular momentum between the core and the
envelope (Belkacem et al., 2015a,b). Less success was found
in fitting stellar models directly to the observed frequencies
due to poor modeling of the near surface layers (Ball et al.,
2018). Fine tuning was carried out on the scaling relations,
namely, the empirical scaling relation was based on more refined
theoretical assumptions (Kjeldsen and Bedding, 2011). What is
more, the non-linearity of the scaling relation was also discussed
(Kallinger et al., 2018). The astrometric distances provided by
GAIA proved to be in excellent agreement with the asteroseismic
distances (De Ridder et al., 2016). The overwhelming success
of the seismic indices inspired the preparation of the Stellar
Seismic Indices (SSI) database that intended to provide the
scientific community with a homogeneous set of parameters
characterizing solar-type pulsators observed by CoRoT and
Kepler (de Assis Peralta et al., 2018). It is impossible to cite all
the papers in a review with limited space which evidently has
to lead to excluding certain scientific work. This review only
intended to indicate that the research field has improved a lot
owing to the appearance of space data and inspiring immediate
theoretical interpretation, which is the ideal process of the
scientific research.

9. CONCLUSION

In a review paper on the current status of asteroseismology
Kjeldsen and Bedding (2001) predicted that "it is impossible to
imagine that asteroseismology will ever reach a level similar to
that in which we find helioseismology today concerning analysis
techniques, data quality and the level of results." Maybe, thanks to
spacemissions, the excellent data of high precision and the results
obtained up to now, the future of asteroseismology is brighter
than the vision was before the space missions. The data are easily
available for everybody who is interested in the research field.
However, for some space missions a priority phase is applied
for those who financially supported the mission, before the data
becomes public. It means a limitation for the countries which
are financially not powerful. Of course, the easiest reachable
results, discoveries and the predictions with prepared algorithms
can be obtained first in the priority interval. To go deeper
in the data requires a longer time and much more effort. As
this overview shows, even in the past there was a delay of
about 10–20 years from the technical point of view between
scientists from different countries. Hopefully, enough members
of an enthusiastic young generation will be ready to look for
new aspects, and for new relations to give answers to the long-
standing questions and to draw up new questions in the field of
stellar pulsation beside the fashionable exoplanet research. The
computing power and observational data are much more readily
available worldwide now.

The present and forthcoming space missions will definitely
give a strong base for statistical investigations concerning the
spatial distribution of stars of a certain evolutionary status. The
astrometric measurements will lead to a better understanding
of how our galaxy was born and how it has evolved. The
theoretical overview let us conclude that there are questions

which were raised up decades ago and are still unanswered.
Other problems were solved over 1–2 decades. In any case the
solution of theoretical issues requires a much longer period than
the duration of the supports of the funding agencies. The past
shows that new data always inspired theoretical improvements.
Hopefully, the space data will accelerate work on the theoretical
issues. The overview shows that many similar physical processes
were localized in pulsating stars of different evolutionary status.
Amplitude and/or period variations were found among nearly
all types of non-stochastically excited variables. Period doubling
was localized in RR Lyraes, Cepheids and white dwarfs. Mode
trapping was used as an explanation in RR Lyrae, white
dwarfs ,and sdB stars. Non-linear coupling and resonance were
mentioned in different types of stars as a possible explanation
for the observed phenomenon. Outbursts were localized in Be
stars and white dwarfs, although the mechanisms are different.
Maybe the similar phenomenon obtained from stars of different
evolutionary status will help us in find the physical cause and let
us get closer to the general aspect of pulsation.

Nowadays, we do not expect to discover major new classes
of pulsating variable stars, that would add drastically to our
knowledge of pulsation, although there are still places for new
groups on the HR diagram. As Kilkenny et al. (1997) concluded
after the discovery of sdB stars, “serendipity appears to have a
major role to play in research and we are forcibly reminded that
if we only look for what we expect to find, we might well miss
exciting new discoveries.” Nevertheless, the greatest challenge is
to step further in describing the physics of the stars. Cox (1976)
summarized the difficulties connected to the non-radial pulsation
of δ Scuti stars reminding us that the fully non-linear, non-radial,
non-adiabatic calculation of stellar oscillations has not been
attempted by anyone. The theoretical framework and application
in simplified situations will be needed to guide physical intuition
first. The full set of non-linear partial differential equations that
describe the pulsation of stars has not been solved without
significant approximations or special assumptions for any star.
Of course, since that time some special assumptions have been
relaxed, but the homework is clear. If we cannot give a reliable
description of a real star, not in average, but from single star
to single star, then modeling is not mature enough to help
the interpretation of the observed data. In “real” stars we are
faced with not only pulsation, but different physical processes:
rotation, diffusion, convection, magnetic field, outbursts, spots,
flares, everything that we see in the case of our Sun. Space data
provided this high level of knowledge.

Computer-minded and/or sensitive thinking young scientists
are needed who are able to process and interpret the flood of
space data. The need for computer-minded young scientists is
because a larger and larger database is going to be treated and new
pulsation codes are expected to be written to include more and
more, up to now excluded, physical processes. In addition, new
ways of looking at the data and the theory together are required
compared to what was used in the past.

Maybe we cannot immediately give the age of the Universe,
but the future of asteroseismolgy is definitely bright. It depends
on us how open-minded we are to notice previously unpredicted
(by theory) and unidentified (by observation) features of
the Universe.
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Chadid, M., Benkő, J. M., Szabó, R., Paparó, M., Chapellier, E., Kolenberg, K., et al.

(2010). First CoRoT light curves of RR Lyrae stars. Complex multiplet structure

and non-radial pulsation detections in V1127 Aquilae. Astron. Astrophys.

510:A39. doi: 10.1051/0004-6361/200913345

Chadid, M., and Chapellier, E. (2006). RR lyrae spectroscopic observations

over a whole Blazhko period: frequency analysis and implications for

theoretical models. Astron. Astrophys. 456, 305–312. doi: 10.1051/0004-6361:20

054032

Chadid, M., Vernin, J., Preston, G., Zalian, C., Pouzenc, C., Abe, L.,

et al. (2014). First detection of multi-shocks in RR lyrae stars from

Antarctica: a possible explanation of the blazhko effect. Astron. J. 148:88.

doi: 10.1088/0004-6256/148/5/88

Chapellier, E., Mathias, P., Weiss, W. W., Le Contel, D., and Debosscher,

J. (2012). Strong interactions between g- and p-modes in the hybrid γ

Doradus-δ Scuti CoRoT star ID 105733033. Astron. Astrophys. 540:A117.

doi: 10.1051/0004-6361/201117540

Chapellier, E., Sadsaoud, H., Valtier, J. C., Garrido, R., Sareyan, J. P., Le Contel,

J. M., et al. (1998). 53 Persei: a slowly pulsating B star. Astron. Astrophys. 331,

1046–1050.

Charpinet, S., Fontaine, G., Brassard, P., and Dorman, B. (1996). The potential

of asteroseismology for hot, subdwarf B stars: a new class of pulsating stars?

Astrophys. J. 471:L103.

Charpinet, S., Fontaine, G., Brassard, P., Green, E.M., Van Grootel, V., Randall,

S.K., et al. (2011). A compact system of small planets around a former red-giant

star. Nature 480, 496–499. doi: 10.1038/nature10631

Christensen-Dalsgaard, J. (2004). Physics of solar-like oscillations. Sol. Phys. 220,

137–168. doi: 10.1023/B:SOLA.0000031392.43227.7d

Christensen-Dalsgaard, J., Bedding, T. R., and Kjeldsen, H. (1995). Modeling

solar-like oscillations in eta Bootis. Astrophys. J. 443, L29–L32.

Christy, R. F. (1966). A study of pulsation in RR lyraemodels.Astrophys. J. 144:108.

Clube, S. V. M., Evans, D. S., and Jones, D. H. P. (1969). Observations of southern

RR Lyrae stars.Memoirs R. Astron. Soc. 72:101.

Colacevich, A. (1935). On the variable radial velocity of δ Scuti. Publ. ASP 47:231.

Córsico, A. H., and Althaus, L. G. (2004). The rate of period change

in pulsating DB white dwarf stars. Astron. Astrophys. 428, 159–170.

doi: 10.1051/0004-6361:20041372

Córsico, A. H., Althaus, L. G., Serenelli, A.M., Kepler, S. O., Jeffery, C. S., and Corti,

M. A. (2016). Pulsating low-mass white dwarfs in the frame of new evolutionary

sequences. III. The pre-ELM white dwarf instability strip. Astron. Astrophys.

588:A74. doi: 10.1051/0004-6361/201528032

Cox, A. N. (1980a). The masses of Cepheids. Astron. Astrophys. 18, 15–41.

Cox, A. N. (1987). “Pulsations of B stars - a review of observations and theories,” in

Stellar Pulsation, volume 274 of Lecture Notes in Physics, eds A. N. Cox, W. M.

Sparks, and S. G. Starrfield (Berlin: Springer Verlag), 36.

Cox, A. N., and Hodson, S. W. (1978). “Pulsation modal behavior of classical

Cepheids in the HR diagram,” in The HR Diagram - The 100th Anniversary of

Henry Norris Russell, volume 80 of IAU Symposium, eds A. G. D. Philip and

D. S. Hayes (Dordrecht: D. Reidel Publishing Co), 237–239.

Cox, A. N., Hodson, S. W., and Clancy, S. P. (1983). Double-mode RR Lyrae

variables in M15. Astron. J. 266, 94–104.

Cox, A. N., McNamara, B. J., and Ryan, W. (1984). Observations and a new

interpretation for the Delta Scuti variable star VZ CANCRI. Astrophys. J. 284,

250–256.

Cox, A. N., Morgan, S. M., Rogers, F. J., and Iglesias, C. A. (1992). An opacity

mechanism for the pulsations of OB stars. Astrophys. J. 393, 272–277.

Cox, J. P. (1976). Nonradial oscillations of stars - Theories and observations.

Astron. Astrophys. 14, 247–273.

Cox, J. P. (1980b). Recent work on cepheid variables. SSRv 27, 389–398.

Cuffey, J. (1954). An IRIS photographic photometer. Astron. J. 59:319.

Danziger, I. J., and Dickens, R. J. (1967). Spectrophotometry of new short-period

variable stars. Astrophys. J. 149:55.
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Paczyński, B. (1966). Three-colour photometry of RR lyrae stars. III. Acta Astron.

16:97.

Paczynski, B., and Udalski, A. (1994). Optical gravtational lensing experiment

(OGLE). IAU Cir. 5997.

Pamyatnykh, A. A. (1999). Pulsational instability domains in the upper main

sequence. Acta Astron. 49, 119–148.
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(2015). CoRoT space photometry of seven cepheids. Mon. Notices R. Astron.

Soc. 454, 849–861.

Poretti, E., Paparó, M., Deleuil, M., Chadid, M., Kolenberg, K., Szabó, R., et al.

(2010). CoRoT light curves of RR Lyrae stars. CoRoT 101128793: long-term

changes in the Blazhko effect and excitation of additional modes. Astron.

Astrophys. 520:A108. doi: 10.1093/mnras/stv1899

Preston, G. W. (1959). A spectroscopic study of the RR lyrae stars. Astrophys. J.

130:507.

Preston, G. W., Smak, J., and Paczynski, B. (1965). Atmospheric phenomena in the

RR lyrae stars. II. The 41-DAY cycle of RR lyrae. Astrophys. J. Suppl. 12:99.

Randall, S. K., Calamida, A., Fontaine, G., Bono, G., and Brassard, P.

(2011). Rapidly pulsating hot subdwarfs in ω centauri: a new instability

strip on the extreme horizontal branch? Astrophys. J. Lett. 737:L27.

doi: 10.1088/2041-8205/737/2/L27

Randall, S. K., Calamida, A., Fontaine, G., Monelli, M., Bono, G., Alonso, M. L.,

et al. (2016). Pulsating hot O subdwarfs in ω centauri: mapping a unique

instability strip on the extreme horizontal branch. Astron. Astrophys. 589:A1.

doi: 10.1051/0004-6361/201528006

Rando, N., Asquier, J., Corral Van Damme, C., Isaak, K., Ratti, F., Verhoeve, P.,

et al. (2018). “CHEOPS: the ESA mission for exo-planets characterization,” in

Space Telescopes and Instrumentation 2018: Optical, Infrared, and Millimeter

Wave, volume 10698 of Society of Photo-Optical Instrumentation Engineers

(SPIE) Conference Series (Noorwijk), 106980K.

Rauer, H., Aerts, C., Cabrera, J., and PLATO Team (2016). The PLATO mission.

Astronomische Nachrichten 337:961. doi: 10.1002/asna.201612408

Reed, M. D., Baran, A., Quint, A. C., Kawaler, S. D., O’Toole, S. J., Telting,

J., et al. (2011). First Kepler results on compact pulsators - VIII. Mode

identifications via period spacings in g-mode pulsating subdwarf B stars.

Mon. Notices R. Astron. Soc. 414, 2885–2892. doi: 10.1111/j.1365-2966.2011.

18532.x

Reed, M. D., Foster, H., Telting, J. H., Østensen, R. H., Farris, L. H., Oreiro, R., et al.

(2014). Analysis of the rich frequency spectrum of KIC 10670103 revealing the

most slowly rotating subdwarf B star in the Kepler field.Mon. Notices R. Astron.

Soc. 440, 3809–3824. doi: 10.1093/mnras/stu412

Reese, D., Lignières, F., and Rieutord, M. (2008). Regular patterns in the

acoustic spectrum of rapidly rotating stars. Astron. Astrophys. 481, 449–452.

doi: 10.1051/0004-6361:20078075

Reese, D. R., Dupret, M.-A., and Rieutord, M. (2018). “Mode identification in

rapidly rotating stars from BRITE data,” in 3rd BRITE Science Conference, Vol.

8, eds G. A. Wade, D. Baade, J. A. Guzik, and R. Smolec, 80–87.

Reese, D. R., Lignières, F., Ballot, J., Dupret, M.-A., Barban, C., van’t Veer-

Menneret, C., et al. (2017). Frequency regularities of acoustic modes and

multi-colour mode identification in rapidly rotating stars. Astron. Astrophys.

601:A130. doi: 10.1051/0004-6361/201321264

Ricker, G. R., Winn, J. N., Vanderspek, R., Latham, D. W., Bakos, G. Á., Bean,

J. L., et al. (2015). Transiting exoplanet survey satellite (TESS). J. Astron. Telesc.

Instrum. Syst. 1:014003. doi: 10.1117/1.JATIS.1.1.014003

Ripepi, V., Bernabei, S., Marconi, M., Palla, F., Arellano Ferro, A., Bonanno,

A., et al. (2006). A multisite photometric campaign on the pre-main-

sequence δ Scuti pulsator IP Persei. Astron. Astrophys. 449, 335–343.

doi: 10.1051/0004-6361:20054164

Rivinius, T., Baade, D., and Carciofi, A. C. (2016). Short-term variability

and mass loss in Be stars. II. Physical taxonomy of photometric

variability observed by the Kepler spacecraft. Astron. Astrophys. 593:A106.

doi: 10.1051/0004-6361/201628411

Rivinius, T., Baade, D., and Carciofi, A. C. (2017). “Be stars seen by

space photometry,” in Second BRITE-Constellation Science Conference: Small

satellites–big science, Proceedings of the Polish Astronomical Society volume 5,

held 22-26 August, 2016 in Innsbruck, Austria. Edited by Konnstanze Zwintz and

Ennio Poretti. Polish Astronomical Society, Bartycka 18, 00-716, eds K. Zwintz

and E. Poretti (Warsaw), 188–195.

Roberts, M., and Sandage, A. (1954). Group characteristics of the RR Lyrae stars in

M 3. Astron. J. 59, 190–191.

Robinson, E. L., Stover, R. J., Nather, R. E., and McGraw, J. T. (1978). A new

pulsating white dwarf - GD 154. Astrophys. J. 220, 614–618.

Frontiers in Astronomy and Space Sciences | www.frontiersin.org 31 May 2019 | Volume 6 | Article 2654

https://doi.org/10.1051/0004-6361/201525734
https://doi.org/10.1093/mnras/stw2717
https://doi.org/10.3847/0004-637X/822/2/100
https://doi.org/10.3847/0067-0049/224/2/41
https://doi.org/10.1093/mnras/stt486
https://doi.org/10.1093/mnras/sty885
https://doi.org/10.1051/0004-6361/201424094
https://doi.org/10.1088/2041-8205/803/2/L25
https://doi.org/10.1051/0004-6361/201629814
https://doi.org/10.1051/0004-6361:20020854
https://doi.org/10.1051/0004-6361/201527872
https://doi.org/10.1093/mnras/stv1899
https://doi.org/10.1088/2041-8205/737/2/L27
https://doi.org/10.1051/0004-6361/201528006
https://doi.org/10.1002/asna.201612408
https://doi.org/10.1111/j.1365-2966.2011.18532.x
https://doi.org/10.1093/mnras/stu412
https://doi.org/10.1051/0004-6361:20078075
https://doi.org/10.1051/0004-6361/201321264
https://doi.org/10.1117/1.JATIS.1.1.014003
https://doi.org/10.1051/0004-6361:20054164
https://doi.org/10.1051/0004-6361/201628411
https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org
https://www.frontiersin.org/journals/astronomy-and-space-sciences#articles


Paparó An Observer’s View

Rodríguez, E., Costa, V., Zhou, A.-Y., Grigahcène, A., Dupret, M. A., Suárez,

J. C., et al. (2006). Asteroseismology of the new multiperiodic γ Dor variable

HD 239276. Astron. Astrophys. 456, 261–268. doi: 10.1051/0004-6361:200

65211

Rogers, F. J., and Iglesias, C. A. (1992a). Radiative atomic Rosseland mean opacity

tables. Astrophys. J. Suppl. 79, 507–568.

Rogers, F. J., and Iglesias, C. A. (1992b). Rosseland mean opacities for variable

compositions. Astrophys. J. 401, 361–366.

Roxburgh, I. W. (2006). 2-dimensional models of rapidly rotating stars. II.

Hydrostatic and acoustic models with �=�(r,θ). Astron. Astrophys. 454,

883–888. doi: 10.1051/0004-6361:20065109

Saio, H., Kurtz, D. W., Murphy, S. J., Antoci, V. L., and Lee, U. (2018). Theory

and evidence of global rossby waves in upper main-sequence stars: r-mode

oscillations in many Kepler stars.Mon. Notices R. Astron. Soc. 474, 2774–2786.

doi: 10.1093/mnras/stx2962

Sandage, A. (1958). Current problems in the extragalactic distance scale.Astrophys.

J. 127:513.

Sandage, A., Katem, B., and Sandage, M. (1981). The oosterhoff period groups and

the age of globular clusters. I Photometry of cluster variables inM15.Astrophys.

J. Suppl. 46, 41–74.

Schmidt, E. G. (1984). The luminosity scale of Cepheid variable stars - A revison.

Astrophys. J. 285, 501–514.

Schuh, S., Huber, J., Dreizler, S., Heber, U., O’Toole, S. J., Green, E.M., et al. (2006).

<ASTROBJ>HS 0702+6043</ASTROBJ>: a star showing both short-period p-

mode and long-period g-mode oscillations. Astron. Astrophys. 445, L31–L34.

doi: 10.1051/0004-6361:200500210

Segretain, L., Chabrier, G., Hernanz, M., Garcia-Berro, E., Isern, J., and

Mochkovitch, R. (1994). Cooling theory of crystallized white dwarfs.Astrophys.

J. 434, 641–651.

Semaan, T., Hubert, A. M., Zorec, J., Martayan, C., Frémat, Y., Gutiérrez-

Soto, J., et al. (2013). Study of a sample of faint Be stars in the exofield

of CoRoT. I. Spectroscopic characterization. Astron. Astrophys. 551:A130.

doi: 10.1051/0004-6361/201219010

Shibahashi, H. (1987). “Rapidly oscillating AP stars and Delta Scuti variables,” in

Stellar Pulsation, volume 274 of Lecture Notes in Physics, eds A. N. Cox, W. M.

Sparks, and S. G. Starrfield (Berlin: Springer Verlag), 112–121.

Silvester, J., Neiner, C., Henrichs, H. F., Wade, G. A., Petit, V., Alecian, E., et al.

(2009). On the incidence of magnetic fields in slowly pulsating B, β Cephei

and B-type emission-line stars. Mon. Notices R. Astron. Soc. 398, 1505–1511.

doi: 10.1111/j.1365-2966.2009.15208.x

Simon, N. R. (1982). A plea for reexamining heavy element opacities in stars.

Astrophys. J. Lett. 260, L87–L90. doi: 10.1086/183876

Simon, N. R. (1985). Fourier decomposition of RR Lyrae pulsations - Theory versus

observations. Astrophys. J., 299:723–727. doi: 10.1086/163737

Simon, N. R. (1990). “Cepheids - Toward a consensus?,” in Confrontation Between

Stellar Pulsation and Evolution, volume 11 of Astronomical Society of the Pacific

Conference Series, eds C. Cacciari and G. Clementini (San Francisco, CA),

193–207.

Simon, N. R., and Clement, C. M. (1993). “The masses and luminosities of globular

cluster RRc stars,” IAU Colloq. 139: New Perspectives on Stellar Pulsation and

Pulsating Variable Stars, Vol. 139, eds J. M. Nemec and J. M. Matthews

(SAO/NASA Astrophysics Data System), 315

Simon, N. R., and Teays, T. J. (1982). The light curves of RR Lyrae field stars.

Astrophys. J. 261, 586–594.

Smith, H. A. (1984). Metal abundances of RR Lyrae stars - Results from Delta-S

spectroscopy. Publ. ASP 96, 505–517.

Smith, M. A. (1977). Nonradial pulsations in early to mid-B stars.Astrophys. J. 215,

574–583.
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Magnetic activity changes the gravito-acoustic modes of solar-like stars and in particular

their frequencies. There is an angular-degree dependence that is believed to be caused

by the non-spherical nature of the magnetic activity in the stellar convective envelope.

These changes in the mode frequencies could modify the small separation of low-degree

modes (i.e., frequency difference between consecutive quadrupole and radial modes),

which is sensitive to the core structure and hence to the evolutionary stage of the star.

Determining global stellar parameters such as the age using mode frequencies at a given

moment of the magnetic activity cycle could lead to biased results. Our estimations show

that in general these errors are lower than other systematic uncertainties, but in some

circumstances they can be as high as 10% in age and of a few percent in mass and

radius. In addition, the frequency shifts caused by themagnetic activity are also frequency

dependent. In the solar case this is a smooth function that will mostly be masked by the

filtering of the so-called surface effects. However, the observations of other stars suggest

that there is an oscillatory component with a period close to the one corresponding to

the acoustic depth of the He II zone. This could give rise to a misdetermination of some

global stellar parameters, such as the helium abundance. Our computations show that

the uncertainties introduced by this effect are lower than the 3% level.

Keywords: stars, asteroseismology, stellar magnetic activity, KIC 8006161, KIC 9139163

1. INTRODUCTION

Stars located below the instability strip in the Hertzsprung-Russell diagram have external
convective zones and are usually called solar-like stars. Turbulent motions inside these convective
layers excite gravito-acoustic modes (Goldreich and Keeley, 1977) that are used in asteroseismology
to characterize the internal structure and dynamics of the stars. With the development of
continuous (from months to years) high-precision photometry from space with several missions
such as CoRoT (Baglin et al., 2006), Kepler (Borucki et al., 2010), K2 (Howell et al., 2014), and
TESS (Ricker et al., 2014) hundreds of main-sequence stars and dozens of thousands red giants
have been observed.

For many of these solar-like stars, the fundamental parameters have been estimated using the
seismic measurements. Using the so-called “global asteroseismic scaling relations” (e.g., Brown
et al., 1991; Kjeldsen and Bedding, 1995; Chaplin et al., 2011), masses and radii are obtained with a
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typical precision of 10 and 5%, respectively (e.g., Kallinger et al.,
2010). These estimates are model-independent because they rely
on three observables: the effective temperature of the star, Teff,
the frequency of the maximum power where the modes are
located, νmax, and the large frequency spacing, 1ν. The observed
data from the Sun and other stars are used as references. Better
results can be obtained using stellar models to derive mass,
radius, and also age. In the case of grid-based modeling, when
fitting spectroscopic observables and global seismic parameters
all together to a pre-calculated grid of models, we can reach
a precision better than 3% in radius, 6% in mass, and 23%
in age (Serenelli et al., 2017). The improvement is even better
when incorporating the information from the individual mode
frequencies with systematic uncertainties of 1% in radius, 3%
in mass, and 15% in age (e.g., Mathur et al., 2012; Lebreton
et al., 2014a,b; Metcalfe et al., 2014; Silva Aguirre et al., 2015;
Creevey et al., 2017).

The precision reached by the asteroseismic inferences when
the information of the individual modes is used, is among the
best for field stars. Therefore, they are particularly interesting for
other research fields such as galactic-archaeology studies (e.g.,
Miglio et al., 2013, 2015; Anders et al., 2016) as well as to properly
characterize the exoplanet radius through the transit method
(e.g., Huber et al., 2013; Van Eylen et al., 2018a,b).

The combined action of convection and differential rotation
in main-sequence solar-like stars can produce magnetic fields
of dynamo origin (e.g., Brun and Browning, 2017). Under
the action of stellar winds, stars of masses below ∼ 1.4M⊙
slow down during their evolution (e.g., Skumanich, 1972;
Kawaler, 1988; Matt et al., 2012; García et al., 2014; Réville
et al., 2015). Sometimes, these magnetic fields change regularly,
producing magnetic cycles similar to the 11-year cycle of
the Sun in which the poles change polarity, requiring 22
years to complete a full magnetic cycle. The perturbations
induced by the magnetic fields modify the properties of
the acoustic modes measured in the Sun (e.g., Woodard
and Noyes, 1985; Pallé et al., 1989; Broomhall et al., 2014)
and in other stars (e.g., García et al., 2010; Salabert et al.,
2016; Kiefer et al., 2017; Karoff et al., 2018; Santos et al.,
2018). In particular, mode frequencies are shifted toward
higher frequencies as the magnetic cycle evolves toward the
maximum activity.

The shifts in the mode frequencies can introduce systematic
errors in the inferred global stellar parameters, specially if the star
is only observed during the maximum of an on-going magnetic
activity cycle. However, if the frequency shifts induced by the
magnetic field smoothly increase with the frequency, as it is in
fact the dominant change in the Sun, this effect will be partially
or perhaps mostly masked by the filtering of the so-called surface
effects (see Howe et al., 2017 where the time variation in the
surface term due to the solar activity cycle was analyzed in detail).

Such filtering is required at present in any model fitting
procedure to deal with the unknown physics of the upper
layers of the star (e.g., Kjeldsen et al., 2008; Ball and Gizon,
2017). This is perhaps one of the reasons why these potential
systematic uncertainties have not drawn great attention to the
asteroseismic community.

However, there are additional terms in the frequency shifts
induced by the magnetic activity, already present in the Sun and
that seem to be more important in other stars. As it is going to
be described below, the magnitude of the shifts in some stars not
only are much larger than in the Sun but the shifts of the different
low-degree modes are clearly different. This can introduce a bias
in the stellar parameter determination. Moreover, as uncovered
by Salabert et al. (2018), in some stars the variation of the
frequency shifts with frequency does not follow a simple smooth
function but has a more sinusoidal shape, suggesting that the
magnetic perturbation is occurring in deeper layers compared to
the Sun. This frequency changes are not filtered with the surface
correction terms.

In this paper we study the impact of both effects in the
extraction of the global stellar parameters providing additional
uncertainties that takes into account these biases induced by the
magnetic field on the frequencies. The observed and simulated
data used are described in section 2 whereas in section 3 we
explain in detail the frequency shifts considered in this work.
In section 4 we describe the methodology used to perform the
model fitting. The results are discussed in section 5 and some
conclusions are presented in section 6.

2. OBSERVED AND SIMULATED DATA

We have selected two main-sequence stars studied by Salabert
et al. (2018) and that show frequency changes due to magnetic
activity. The first one is KIC 8006161 that has about 1M⊙ and a
radiative core. The second one is KIC 9139163 which is a more
massive star, of about 1.4M⊙, and presumably with a convective
core. The former star seems an ideal choice for a solar analog
because it has a large range of detected modes, including some
ℓ = 3, and it shows frequency changes correlated with the
photometric magnetic activity that depends on angular degree ℓ

(Santos et al., 2018) and frequency ν (Salabert et al., 2018). The
frequency range of the acoustic modes detected in KIC 9139163
is smaller, but it corresponds to the typical number of modes
we have for an F8 main-sequence star without mixed modes.
This star is still perfect for our analysis as it shows both angular
degree and frequency dependent shifts (see Santos et al., 2018;
Salabert et al., 2018, respectively). The spectroscopic parameters
and frequency sets used for both stars are given in Table 1. For
KIC 8006161 the full set of frequencies reported by Appourchaux
et al. (2012) includes ℓ = 0 modes with radial orders in the range
n = 15 − 30, ℓ = 1 modes with n = 13 − 29, ℓ = 2 modes with
n = 15−29 and ℓ = 3modes with n = 19−24. For KIC 9139163
the range of frequencies considered was: ℓ = 0, n = 11 − 29,
ℓ = 1, n = 11 − 29, and ℓ = 2, n = 10 − 28 . The values of the
frequency of maximum power νmax and the large separation 1ν

were not used in the fitting procedure but are indicated inTable 1
for guidance.

The effect or bias that magnetic activity can introduce on
the determination of the fundamental stellar parameters will
be influenced by the observational constraints (spectroscopic
and asteroseismic inputs) and the stellar evolution and
oscillation codes considered (underlying physics, free parameters
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TABLE 1 | Input stellar parameters used for the modeling of each star and its

proxy.

Star νmax 1ν Teff logg [M/H] log L/L⊙

KIC8006161 3444 149.9 5325± 100 4.34± 0.3 0.28± 0.2 0.64± 0.04

PRO8006161 5349± 50 4.49± 0.15 0.40± 0.1 0.62± 0.02

KIC 9139163 1730 81.2 6400± 84 4.20± 0.2 0.15± 0.09 3.88± 0.69

PRO9139163 6460± 42 4.19± 0.1 0.255± 0.045 3.74± 0.35

The frequency of maximum power νmax and the large separation 1ν are in µHz. Individual

frequencies are taken from Appourchaux et al. (2012).

considered, etc.). Since observations and theoretical models can
be improved in the near future we have found convenient to
partially remove such effects by considering in addition to the
real stars, two models as proxy stars. They are constructed from
the best-fit model for each star (obtained as indicated in section
4). We used the output of the best-fit model as input parameter
for computing the frequencies of the corresponding proxy star.
In the minimization procedure the same set of (n, ℓ) modes were
considered. Although these proxies will be free of systematic
errors other than the bias introduced by the frequency shifts
from the simulated magnetic activity (to be discussed in the next
section), assuming these targets free of observed errors would be
unrealistic. So we have adopted the criteria described below.

Considering the theoretical frequencies for the proxies would
assume that near-future models will introduce systematic errors
much lower than the observed ones. Presumably this would
not be the case due to the complex physics required to model
the upper layers both in the stellar structure models and in
the oscillation laws for sonic, turbulent, non-adiabatic motions.
Although some progress has already been done for improving
the physics of the uppermost layers (e.g., Trampedach et al.,
2017), we can only expect that in the coming years surface effects
would introduce diminished discrepancies between theoretical
and observational frequencies, but remaining higher than the
observational errors. Hence it is convenient that our proxy
stars include some departure from the models which gives
rise to similar surface effects. In particular we computed the
eigenfrequencies of the proxy stars with a different surface
boundary condition, namely δP = 0 rather than the standard
match to the analytical solution for an isothermal atmosphere at
the top of the model. Blue points in Figure 1 correspond to the
differences between the proxy stars (the samemodels with δP = 0
as boundary condition) and the model frequencies (computed
with the standard boundary conditions). Upper panel is for
KIC 8006161 and bottom panel for KIC 9139163. As expected
these differences show a typical smooth frequency function with
δω → 0 as ω → 0 as any other surface effect. In the same figure
we have compared such effect with the surface terms found for
the actual stars after the standard model fit procedure detailed in
the section 4 was carried out. The red points correspond to the
differences between the observed frequencies and the ones from
the best models. Note that in our simulation the surface errors
are of opposite sign but we have not found any indication of this
being relevant in the final results.

FIGURE 1 | Frequency differences between the observations (resp. proxy

stars) and the best-fit model are represented with the red symbols (resp. blue

symbols). The differences for the proxy stars are due to the different boundary

conditions used, as detailed in section 2.

Regarding the frequency errors in the proxies we have
considered two cases: one case with the observed errors and
the other one with half of the errors. Similarly, theoretical
spectroscopic parameters were used but with errors half the
observed ones for each star; these inputs are indicated in Table 1.
The error in the frequencies are given by a combination of the
frequency resolution, the signal-to-noise ratio of the spectrum,
and the width of the modes (see e.g., Libbrecht, 1992; Toutain
and Appourchaux, 1994). Maintaining the width and the SNR
constant the error will be reduced as

√
T where T is the length

of the observations. Thus, to reduce the error by a factor of 2, it is
necessary to measure four times longer.

3. FREQUENCY SHIFTS INDUCED BY THE

MAGNETIC ACTIVITY

3.1. Range of Frequency Shifts Observed in

Main-Sequence Stars From Kepler
In Santos et al. (2018), temporal variations of the mode
frequencies were measured for 87 solar-like stars observed by
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Kepler. Significant frequency shifts were found for more than half
of the stars. Within the sample, the observed absolute frequency
shifts vary between 0 and 2.2µHz with a median value of
0.15µHz.

As modes of different angular degree are sensitive to different
latitudes and, in principle, magnetic activity is not uniformly
distributed over the stellar surface, the frequency shifts for the
radial and non-radial modes are not expected to be the same.
In fact based on the results of Santos et al. (2018), the difference
between the frequency shifts for l = 0 and l = 1 modes is found
to increase with effective temperature. However, we note that the
mode frequencies are less accurately determined for hotter stars
than cooler stars. Also, generally, the number of visible modes
decreases with effective temperature. Figure 2 shows the median
difference in the frequency shifts as a function of the effective
temperature for the 87 Kepler targets. The stars KIC 8006161 and
KIC 9139163 are highlighted as they are the focus of this study.

Figure 3 shows frequency shift differences between radial
and non-radial modes as a function of time for the two stars
considered in this work. Data were taken from Santos et al.
(2018). The red points correspond to the difference between the
frequency shifts of l = 0 and l = 1modes whereas the blue points
are the difference between the l = 0 and l = 2 modes. Although
not shown in the figure, we note that for KIC 8006161 the mean
frequency shift of the radial oscillations remains almost constant
in the first half of the observed period (for the first 800 days) and
then monotonically increases with time (where magnetic activity
is increasing). From Figure 3 it seems that at this later stage of the
activity cycle the shifts of the non-radial modes are systematically
higher than the radial ones by tenths of µHz whereas in the
first period the shift of the non-radial modes is similar or lower
than for the radial ones. As shown in Figure 2 the range in the
median differences between the shifts of the l = 0 and l = 1
modes for KIC 9139163 is higher, but from Figure 3 we can see

that the periods when the non-radial shifts remain systematically
higher or systematically lower than the radial ones are shorter.
As a conclusion we can expect that frequency modes determined
from observed periods of few hundreds of days can introduce
differences in the frequency shifts between radial and non-radial
modes of a few tenths of µHz.

3.2. Frequency Shifts Implemented in

This Work
We have considered two different kinds of frequency shifts that
can bias the determination of the stellar parameters based on
standard stellar codes. The first one is a frequency-dependent
shift. As indicated in the introduction this kind of shift was
observed in the Sun long time ago but has also been detected
in other stars. In the Sun, the frequency dependence of the
normalized frequency shifts Inlδνnl where Inl is the mode inertia
of the mode with radial order n and degree l (see Aerts et al.,
2010 for a definition of mode inertia), has a dominant smooth
term, and hence its effects on the determination of the model
parameters will be mostly masked by the filtering of the unknown
surface term. However, as commented before, following the work
by Salabert et al. (2018), in other stars there are some indications
that the frequency dependence could include an oscillatory term
with a period that could correspond to the acoustical depth of the
He II zone. This term in general is not filtered out in the model
fitting procedure.

To introduce these frequency shifts in our simulation we
follow (Salabert et al., 2016) and (Salabert et al., 2018) and
consider a fit to the observed normalized frequency shifts of
the form

Inl
δνnl

νnl
→ A0 + A1 cos

(

2ωτ + ϕ
)

, (1)

FIGURE 2 | Median absolute difference between the frequency shifts for l = 0 and l = 1 modes, |δνl=0 − δνl=1|, as function of the effective temperature, Teff for the

87 solar-like stars in Santos et al. (2018). The red and green stars mark KIC 8006161 and KIC9139163 respectively.
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FIGURE 3 | Frequency shift differences δν(ℓ = 1)− δν(ℓ = 0) (red points) and

δν(ℓ = 2)− δν(ℓ = 0) (blue points) as a function of time (in days) for

KIC 8006161 (A) and KIC9139163 (B).

where ω = 2ν is the angular frequency and τ the acoustical
depth representative of the perturbation induced by the magnetic
activity. Mode inertias Inl are interpolated from the best-fit
models. In principle there are a total of four parameters to be
fitted A0, A1, τ , and ϕ. However, to minimize the errors, the
mean values of the frequency shifts between adjacent l = 0
and l = 1 modes were considered in Salabert et al. (2018) and
here we proceed in the same way. As a consequence of the small
number of frequencies available, determining τ strongly depends
on the initial values considered. Therefore, the parameter τ was
fixed to τHeII, the acoustic depth of the He II ionization zone
given in Table 2 for each star, and, hence, a simple linear fit with
the parameters A0, A1, and ϕ was considered. The normalized
frequency shifts thus corrected by themode inertia were shown in
Figure 10 of Salabert et al. (2018) for KIC 8006161 and other stars.
We show in Figure 4 the absolute frequency shifts, δν, for our
target stars (red points with yerror bars). The range of frequencies
for which frequency shifts could be determined in Salabert et al.
(2018) is much smaller than the full set of frequencies used in
the modeling and indicated above. Hence, we extrapolate the

function given by Equation (1) to the full range of observed
frequencies, resulting in the shifts represented by the black points
in Figure 4.

We should be aware that the frequency shifts derived from the
Kepler mission correspond to differences between the maximum
and minimum of the magnetic activity observed in the Kepler
data, hence, they do not necessarily correspond to differences
between maximum and minimum of the stellar activity cycle. In
order to consider different situations, we have taken changes in
the amplitude of the oscillation component from −5A1 to 5A1,
A1 being the value derived from the fit for each star as given in
Equation (1). In section 5, where we show the results, we will see
that the highest amplitudes turn out to be very large, but they
cannot be rejected a priori.

The second kind of frequency shifts considered is an ℓ-
dependent frequency shift consistent with the observed values
shown above. Specifically, in our simulation we have assumed
that the observations are done at a given moment of the magnetic
activity cycle with a time duration of at least several months.
Here we add an ℓ-dependent frequency shift δνℓ to the term
δνnℓ = A0νnl/Inl defined in Equation (1) and representing an
overall frequency increase with magnetic activity. We consider
different cases, each one with a constant shift of δν = 0.2f µHz
for the ℓ = 0 and δν = −0.1f µHz for the non-radial oscillations,
where f is a free parameter that goes from −1.5 to 1.5. This
means that in the simulation the difference between the radial
and non-radial frequency shifts can be as large as ±0.45µHz.
As noted above for a hot star like KIC 9139163 the shifts can be
even higher (larger than 1µHz) but such differences should be
partially averaged out if periods longer than about 100 days are
considered.

4. FITTING PROCEDURE

Model fitting is based on a grid of stellar models evolved
from the pre-main sequence to the TAMS using the MESA
code (Paxton et al., 2011, 2013, 2015), version 10 398.
The OPAL opacities (Iglesias and Rogers, 1996), the GS98
metallicity mixture (Grevesse and Sauval, 1998) and the
exponential prescription for the overshooting given by Herwig
(2000) were used, otherwise the standard input physics
from MESA was applied. Eigenfrequencies were computed
in the adiabatic approximation using the ADIPLS code
(Christensen-Dalsgaard, 2008).

As specifically implemented in MESA, the overshooting
formulation corresponds to that introduced by Herwig (2000)
and it is a simplified version of the formulation given by Freytag
et al. (1996). Here the overshooting parameter fov is defined by
the equation

Dov = D0 exp

(

−2z

Hv

)

; Hv = fovHp, (2)

where Dov is the diffusion coefficient, D0 the diffusion coefficient
at the transition layer between the standard convection zone and
its overshooting extension, z is the distance from this transition
layer, Hv the velocity scale height of the overshooting convective
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TABLE 2 | Stellar parameters derived for the modeled stars (KIC) and their proxies (PRO).

KIC χ2 R (R⊙) M (M⊙) Age (Gyr) Z/X τHeII (s)

KIC8006161 2.0± 0.6 0.921± 0.003 0.961± 0.010 5.36± 0.18 0.047± 0.005 597± 2

PRO8006161 σ 1.6± 1.1 0.920± 0.002 0.957± 0.006 5.27± 0.16 0.041± 0.004 598± 2

PRO8006161 σ/2 2.4± 1.3 0.920± 0.001 0.958± 0.003 5.29± 0.06 0.043± 0.003 598± 2

KIC8006161 0–2 2.1± 0.6 0.920± 0.003 0.957± 0.009 5.42± 0.17 0.045± 0.005 598± 2

KIC9139163 1.8± 0.3 1.545± 0.010 1.356± 0.020 1.98± 0.12 0.034± 0.004 823± 12

PRO9139163 σ 0.7± 0.2 1.544± 0.010 1.355± 0.021 1.97± 0.10 0.032± 0.003 819± 14

PRO9139163 σ/2 0.8± 0.2 1.542± 0.009 1.352± 0.020 1.99± 0.09 0.030± 0.003 818± 9

FIGURE 4 | Frequency-dependent shifts introduced in the simulations for both

stars. Red symbols are the observed frequency differences computed as

reported in Salabert et al. (2018) for KIC 8006161 whereas black symbols

correspond to the full observed mode set used in the modeling.

elements at z = 0, and Hp the pressure scale height at the same
point. To establish the transition layer, first the Schwarzschild
criterium is used to determine the edge of the convection zone
and then the z = 0 point is shifted a radius 0.01Hp (or fovHp/2
if fov < 0.02) into the convection zone where D0 is computed.
From z = 0 and toward the radiative zone, the overshooting
formulation is used.

For convective cores lower than 0.001 stellar masses
overshooting is never added. The same fov value was used for the
core and the envelope and throughout the evolutionary sequence.

Different grids of models were used for each star. For
KIC 8006161 (and the related proxy) the grid is composed of
evolution sequences with masses M from 0.94M⊙ to 1.06M⊙
with a step of 1M = 0.005M⊙, initial abundances [M/H] from
−0.12 to 0.40 with a step of 0.05 and mixing length parameters
α from 1.5 to 2.2 with a step of 1α = 0.1. Since these stars
are expected to have convective core only at the beginning
of the main sequence, and adding overshooting can cause
longer lived convective cores, no overshooting was considered
in this case.

The initial metallicity Z and helium abundanceY were derived
from [M/H], constrained by taking a Galactic chemical evolution
model with 1Y/1Z = (Y⊙ − Y0)/Z⊙ fixed. Assuming a
primordial helium abundance of Y0 = 0.249 and initial solar
values of Y⊙ = 0.2744 and Z⊙ = 0.0191 (consistent with
the opacities and GS98 abundances considered above) a value
of 1Y/1Z = 1.33 is obtained. A surface solar metallicity of
(Z/X)⊙ = 0.0229 was used to derive values of Z and Y from the
[M/H] interval.

For a typical evolutionary sequence in the initial grid, we
save about 100 models from the ZAMS to the TAMS. Owing
to the very rapid change in the dynamical time scale of the
models, tdyn = (R3/GM)1/2, such grid is too coarse in the
time steps. Nevertheless, the dimensionless frequencies of the
p-modes change so slowly that interpolations between models
introduce errors much lower than the observational ones. This
procedure was discussed in more detail in Pérez Hernández
et al. (2016) and was found safe and consumes relatively
less time.

For KIC 9139163 the procedure is similar except that the grid
is composed of masses from 1.32M⊙ to 1.60M⊙ with a step of
1M = 0.01M⊙ and initial abundances [M/H] from −0.10 to
0.40 with a step of 0.05 . In this case overshooting was included,
the parameter fov goes from 0 to 0.04 with a step of 0.01.

A χ2 minimization, including p-mode frequencies
and spectroscopic data, was applied to the grid of
models. The general procedure is similar to that
described in Pérez Hernández et al. (2016), but for
these stars all the eigenfrequencies are approximately in
the p-mode asymptotic regime and hence a simplified
procedure can be done. Specifically we minimize
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FIGURE 5 | Merit function χ2 as a function of the frequency shift introduced for KIC 8006161 (A,B) and for KIC 9139163 (C,D). Here ℓ or ν indicates if the shift

considered was ℓ or ν dependent. Red points correspond to adding the frequency shifts to the actual stellar data, green points correspond to adding the frequency

shifts to the proxy with the same frequency errors and blue points correspond to the proxy with half of the observed frequency errors. The magnitudes shown in the

X-axes are explained in section 3.1 and 3.2 (see also section 5.2).

the function

χ2 =
1

3

(

χ2
freq + χ2

dyn + χ2
spec

)

. (3)

Regarding the spectroscopic parameters, we have included the
effective temperature Teff the surface gravity log g, the surface
metallicity Z/X, and the luminosity L. Thus,

χ2
spec =

1

4

[

(

δTeff

σTeff

)2

+
(

δ(Z/X)

σZX

)2

+
(

δg

σg

)2

+
(

L

σL

)2
]

,

(4)
where δTeff, δ(Z/X), δg, and δL correspond to differences
between the observations and the models whereas σTeff , σZX , σg ,
and σL are their respective observational errors. Their values are
given in Table 1.

The term χ2
freq

in Equation (3) corresponds to the frequency

differences between the models and the observations after
removing a smooth function of frequency in order to filter out
surface effects not considered in the modeling. This surface term
is computed only using radial oscillations, and after scaling the
frequency differences with the dimensionless energy Inl, namely,

In0
δωn0

ωn0
→ S(ω) = B0 +

k
∑

i=1

BiPi(x), (5)

where Bi are constant coefficients, Pi a Legendre polynomial of
order i, and x corresponds to ω linearly scaled to the interval

[−1, 1]. A value of k = 2 was adopted for the same reason than
in Pérez Hernández et al. (2016).

Whence the surface term is determined, we consider radial
as well as non-randial modes for computing the corresponding
minimization function

χ2
freq =

1

N − k− 1

N
∑

j=1

(

δωj/ωj − I−1
j S(ωj)

σωj

)2

, (6)

where j = 1, . . .N runs for all the modes and σωj is the relative
error in the frequency ωj.

The term I−1
j S(ωj) subtracted to the relative frequency

differences in Equation (6) includes a constant coefficient which
contains information on the mean density of the star. In fact,
introducing the dynamical time tdyn = (R3/GM)1/2 one has
δωn0/ωn0 = δtdyn/tdyn + δσn0/σn0 where σnl = ωnl/tdyn
are the dimensionless frequencies. As in Pérez Hernández et al.
(2016) we restore it in the minimization procedure adding a
new χ2 term, but increasing the error compared to the formal
one derived from individual frequencies since this term can also
include some influence from surface effects as discussed in Pérez
Hernández et al. (2016). Specifically we introduce the quantity

χ2
dyn =

(

B0 − B00

σB0

)2

, (7)
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FIGURE 6 | Stellar parameters derived from the minimization procedure as a function of the ℓ-dependent frequency shift introduced in the frequencies. Red points are

for KIC 8006161 whereas blue points corresponds to the proxy.

where B00 is an offset fixed such that νmodel − νobs would be
positive within errors for the lower radial modes. The parameter
σB0 is the error associated to B0 and was taken as σB0 = B00 .
Typically we found values σB0 ∼ 10−3, at least one order of
magnitude higher than the formal error found in a typical fit to
Equation (5).

To estimate the uncertainty in the output parameters we
assumed normally distributed uncertainties for the observed
frequencies, for σB0 , and for the spectroscopic parameters. We
then search for the model with the minimum χ2 in every
realization and compute mean values and standard deviations.

5. RESULTS

5.1. Best-Fit Model Without Frequency

Shifts
We computed the best-fit model as described above for the two
real stars and for the proxy stars using as input the spectroscopic

parameters of Table 1 and, for the real stars, the observed
frequencies and, for the proxies, the theoretical frequencies
modified according to the description of section 2, respectively.
Table 2 summarizes the results for the two stars and their proxies
for the case where no frequency changes due to magnetic activity
are added. The first row corresponds to KIC 8006161 and the
second one to its proxy. As it can be seen, the results have slightly
lower errors for the proxy than for the actual star. The third row
corresponds also to the proxy but in this case the frequency and
spectroscopic errors were halved. As it can be seen in Table 2

the resulting uncertainties in the stellar parameters are reduced
by the same order of magnitude. Finally, for KIC 8006161 we
have also carried out a similar fit but considering only a subset
of modes with ℓ < 3 and frequencies in the central range,
with the lowest frequency errors, namely, ℓ = 0 modes with
n = 17 − 26, ℓ = 1 modes with n = 15 − 27 and ℓ = 2
modes with n = 15 − 22 (the full frequency set was given in
the first paragraph of section 2). The resulting model parameters
are shown in the last row of Table 2, and we can conclude that the
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FIGURE 7 | Stellar parameters derived from the minimization procedure as a function of the ℓ-dependent frequency shift introduced in the frequencies. Red points are

for KIC 9139163 whereas blue points corresponds to the proxy.

estimated uncertainties are similar to those in the first row where
the full set of frequencies were considered.

Rows 5, 6, and 7 in Table 2 correspond to KIC 9139163, its
proxy and its proxy with halved frequency errors. Here the results
are similar in all the cases. The most relevant differences between
the star and its proxy are the χ2 values, which are higher for the
observations. This could be the result of the approximations and
uncertainties of the physics considered in the evolution codes.
Some of these discrepancies between models and observations
can come from the magnetic activity and in principle one could
wonder if frequency shifts induced by the magnetic activity could
be detectable through higher χ2 values compared to other stars
of the same type.

5.2. Adding the Frequency Shifts
We then added the frequency shifts with the ℓ-dependent
frequency shift and with the frequency dependent shift. The
merit functions, χ2, are shown in Figure 5 where panel A (resp.

C) corresponds to KIC 8006161 (resp. KIC 913916) with the
shift that depends on ℓ and panel B (resp. D) corresponds
to KIC 8006161 (resp. KIC 913916) where the shift varies with
frequency. On the one hand, for the ℓ-dependent cases the X-
axis corresponds to the difference in µHz between the radial and
non-radial modes. For instance a value of 0.3µHz corresponds
to a shift of δν = 0.2µHz for the radial oscillations and δν =
−0.1µHz for non-radial oscillations. In addition a constant shift
was also included as indicated in section 3.2. The circles with
error-bars at x = 0 correspond to shifts that only include the
constant term whereas the crosses at x = 0 correspond to the
results without frequency shifts.

On the other hand for the ν-dependent cases the X-axis
is the amplitude A1 of the oscillatory function introduced in
Equation (1), as factors of the actual values found for each star
(see Figure 4 for a graphic representation of the frequency shifts
corresponding to x-values of 1 in panels B and D of Figure 5). At
x = 0 there are again two values per star: the circle which include
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FIGURE 8 | Stellar parameters derived from the minimization procedure as a function of the ν-dependent frequency shift introduced in the frequencies. Red points are

for KIC 8006161 whereas blue points corresponds to the proxy.

the A0 term and the cross corresponding to the result without
frequency shifts.

Let us consider the simulations in panel A. The red points
correspond to the χ2 values obtained by adding the frequency
shifts to the actual stellar data and errors. In this case χ2 increases
with the absolute value of the frequency shift introduced but
the changes are within errors and could hardly indicate an
incorrect fit even for the highest values (frequency shifts of
0.45µHz). For the proxy star with the same frequency errors
(green points) we obtain a similar behavior. However, for the
proxy star with half the frequency errors (blue points) the
χ2 values clearly increase even when only the constant shift
is considered; for frequency shifts higher than 0.3µHz they
are above the 1-σ level. These kind of frequency shifts is
within the range of observed values as shown in section 3, but
presumably they will be only present at a given time of the
magnetic activity.

The results for the frequency-dependent shifts (panel B
of Figure 5) show that for the extreme changes (that is an
oscillatory frequency shift with an amplitude 5 times those
observed in KIC 8006161) even when considering the actual
stellar parameters and errors (red points) the χ2 increases
significantly. For the proxy with half the errors (blue points) even
amplitudes of 2.5A1 could lead to an incorrect model fit.

For KIC 9139163 the results on the oscillatory dependent term
are similar (panel D) to the first star, however for the ℓ-dependent
case (panel C) it seems that an acceptable fit is always obtained.

As a conclusion, an analysis based on the merit function χ2

cannot identify a bad model fit if we introduce a ν-dependent
shift with an amplitude A1 for the oscillatory component smaller
that 2.5 times the observed one. On the other hand, any
value considered in this work for the ℓ-dependent shift can be
identified as a bad fit, except for the ∼ 1M⊙ case (KIC 8006161)
and assuming frequencies errors half the observed ones.
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FIGURE 9 | Stellar parameter derived from the minimization procedure as a function of the ν-dependent frequency shift introduced in the frequencies. Red points are

for KIC 9139163 whereas blue points corresponds to the proxy.

5.3. ℓ-Dependent Frequency Shifts
Despite the different χ2 values found above, the stellar
parameters derived for the proxy with the full errors and
half errors gives very similar results, so from now on
we will only show results for the proxy with half the
actual errors.

We first derived the stellar parameters from the minimization
procedure after introducing the ℓ-dependent frequency shift (see
Figure 6 for KIC 8006161). For some of the parameters the
changes induced by the frequency shifts are higher than the
formal uncertainties. In particular for the age we find a clear
trend with a decrease of ∼ 3.5% every 0.1µHz of increase
in the difference between the frequency shifts of radial and
non-radial modes. Thus, for such a star where different ℓ are
experiencing different frequency shifts due to magnetic activity,
the age estimate can be more than 10% away from the real
age of the star. This can be compared with the uncertainties

of 3% when using the actual frequencies and errors as well as
the 1% uncertainty for the proxy with half frequency errors.
Qualitatively, these results can be understood in terms of the
associated change in the small separation that when using
spherically symmetric models can only be interpreted in terms
of changes in the stellar core. For the mass and radius the
changes are smaller, of the same size than typical (formal)
uncertainties. Specifically there is an increase of ∼ 1% per
0.1µHz in the mass and of ∼ 0.3% per 0.1µHz in the radius
that are of the same order as the formal uncertainties given
in Table 2.

Figure 7 shows the results when an ℓ-dependent frequency
shift is introduced in the eigenfrequencies of KIC 9139163. In this
case, the frequency shifts do not change the results by more than
the formal uncertainties, except perhaps for the overshooting
parameter fov for which we find changes of 0.02, above the
1-σ level.
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5.4. Frequency Dependent Shifts
Let us now consider the frequency dependent changes discussed
in section 3. In Figure 8 we show the results for KIC 8006161.
Remember that in this case X-axis correspond to the amplitude
A1 in Equation (1) in times the A1 value derived from the
observations. There are two points with A1 = 0, the cross
corresponding to the modes without any frequency shift (A0 = 0
in Equation 1) and the dot corresponding to a frequency shift
with the constant coefficient A0 6= 0 derived by Salabert et al.
(2018) but with the oscillatory term removed.

In this case, the changes in the age estimate are within the
error bars. However, there is a clear increasing trend in the mass,
radius, and initial helium abundance. Specifically by taking A1

equals to the observed value, the age decreases by 0.4%, the
mass increases by ∼ 0.6%, the radius by ∼ 0.15%, and the
helium abundance by 1Yini ∼ 0.002 (1%). These numbers are in
practice below typical errors and could hardly be discriminated
from other source of errors. In principle for large oscillatory
amplitudes (higher values of A1) the changes could be more
relevant, 1Yini ∼ 0.01 (5%). However, as discussed early, these
larger changes would result in high χ2 values, which would allow
us to identify an incorrect model fit.

Figure 9 shows the results for KIC 9139163. In this case the
frequency shifts introduced do not change the results by more
than the formal uncertainties though like KIC 8006161, similar
trends in the age, mass, and radius can be seen.

6. CONCLUSIONS

Quantifying the influence of the frequency shifts caused by the
magnetic activity on the determination of the stellar parameters
with asteroseismic techniques cannot be expressed with a simple
mathematical rule because most of the techniques rely on
some kind of model fitting that includes different constraints
on a multiple parameter problem. For instance, quite different
results could be obtained if one deals with the overshooting by
introducing a free parameter or if it is fixed a priori. The same can
be true when considering the helium and metallicity abundances,
they can be implemented as two independent parameters or they
can be coupled through a 1Y/1Z enrichment law. Moreover,
if rather than a direct comparison between observed and
theoretical frequencies, derived quantities are used to determine
some specific parameters (e.g., see Verma et al., 2019 for using the
acoustic glitches to determine the helium abundance) then the
sensibility to the magnetic perturbations can also be different. In
this work we have not tried to consider a broad range of situations
but rather limit the analysis to some few examples, which we
believe can be representative of some model fitting procedures.
Although generalizing our quantitative results to other cases
should not be correct, we hope that our results can at least serve
as order-of-magnitude guidance for a large range of cases.

If observations are limited to periods of months, magnetic
activity can cause mode frequencies to depart from their raw
values by tenths of µHz or even more. We found that an ℓ-
dependent shift due to magnetic activity similar to that reported

in Santos et al. (2018) can introduce errors in the age of the
order of 10% at most, and of a few percents in the mass and
radius. These figures can be higher than formal uncertainties and
in particular we found that the uncertainties were more relevant
for the 1M⊙ example than for the 1.4M⊙ case. In principle one
can think that this result could be due to the different quality
of the input parameters in particular because KIC 8006161 has
a larger range of frequencies, including some ℓ = 3 modes, but
we have checked that limiting the frequency modes of this star to
a range similar to the observed one for KIC 9139163 leads to very
similar results. Hence it seems that the different positions in the
HR-diagram should be the cause of the higher influence of the
magnetic activity on the determination of the stellar parameters
(relative to errors).

As long as surface uncertainties remain significant in the
models, the frequency dependence of the frequencies shifts
induced by themagnetic activity would be partiallymasked by the
filtering procedures required in themodeling. However, as shown
by Salabert et al. (2018), the frequency shifts can include an
oscillatory component of a period similar to that corresponding
to the acoustic depth of the He II zone, which would not be
suppressed by the surface filtering. These shifts can also give
rise to a misdetermination of some global stellar parameters, as
for instance the helium abundance. But we have found that the
uncertainties introduced seem to be below the 3% level in all the
parameter analyzed.

Reducing the uncertainties on the frequencies to half of
the observed one improves the determination of the stellar
parameters in one of the cases (KIC 8006161) and potentially
would allow to flag incorrect determination of the best-fit model
as they seem to have high χ2 values.
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In the second phase of the NASA Kepler mission (K2), the Kepler spacecraft observed

fields along the ecliptic plane for about 80 days each to search for planetary transits and

monitor stellar variability. We analyzed the light curves of thousands of main-sequence

stars observed as part of the Kepler Guest Observer program. Here we summarize the

statistics of discovery and properties of the pulsation amplitude spectra for 249 δ Scuti

variable stars or candidates observed during K2 Campaigns 4 through 17. δ Sct variables

are core or shell hydrogen-burning stars about twice as massive as the Sun, pulsating in

many simultaneous radial and non-radial modes, with periods of about 2 h. The growing

collection of long time-series high signal-to-noise photometric data from space missions

such as Kepler, combined with constraints from ground and space-based data, will be

useful to constrain the interior structure of these types of variables. We hope that this list

of δ Sct candidates observed by Kepler will be useful as a starting point for identifying

promising targets for asteroseismic investigations.

Keywords: NASA Kepler mission, stars: δ Sct, stars: γ Dor, photometry, stars: variable, stars: main-sequence

1. INTRODUCTION

The NASA Kepler mission was launched March 6, 2009, with a primary objective to use high-
precision long time-series CCD photometry to search for exoplanets via planetary transits, and
a secondary mission to study stellar variability and characterize exoplanet host stars (Borucki et al.,
2010; Gilliland et al., 2010; Lundkvist et al., 2018). Stellar pulsations can be used to infer the interior
structure of stars, and to determine their masses, radii, and ages, some of the goals of the field of
asteroseismology (Aerts et al., 2010). The K2 mission was devised in 2013 (Howell et al., 2014),
after failure of the second of four reaction wheels that were used to point the spacecraft cameras
continuously toward the same field of view in the Cygnus-Lyra region tomonitor stars for planetary
transits. K2 relied on solar radiation pressure to assist spacecraft orientation, and observed 19 new
fields along the ecliptic plane for up to 80 days each. The spacecraft eventually exhausted its fuel
and was retired on November 15, 20181.

We report on analyses of light curves from the K2 mission from Campaigns 4 through
17 obtained as part of the Kepler K2 Guest Observer program2. We focus here on searching
for δ Sct variable star candidates. The δ Sct variables are main-sequence stars (core or shell
hydrogen-burning), with effective temperature (Teff) about 7,000 K and masses of about 2 M⊙ that

1https://exoplanets.nasa.gov/news/1534/goodnight-kepler-final-commands-for-space-telescope
2https://keplerscience.arc.nasa.gov/k2-approved-programs.html
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TABLE 1 | K2 Guest Observer survey results, with number of stars observed, minimum, and maximum Kepler magnitudes of stars observed in campaign, and number of

identified δ Sct candidates.

Campaign # Stars Observed min Kp mag max Kp mag # δ Sct Candidates Comment

(brightest) (faintest)

C4 894 2.99 16.6 9 Pleiades/Hyades

C5 1268 6.20 19.8 12 M67/Beehive

C6 996 6.04 15.0 4 North Galactic Cap

C7 506 7.37 16.5 23 R147, near Gal. Center

C8 3370 6.04 16.0 5

C10 2500 6.06 15.8 5 North Galactic Cap

C11 2814 6.09 13.2 107 Galactic Center

C12 1859 5.98 15.9 15

C13 2890 5.12 15.9 69 Hyades

C17 560 6.04 15.0 2 Overlap with C6

pulsate in many simultaneous radial and non-radial modes with
periods of about 2 h (Aerts et al., 2010). Kepler photometry can
detect brightness variations produced by radial and low-degree
non-radial acoustic (p-mode) pulsations for which the variations
do not average out over the unresolved disk.

Apart from the Sun and sun-like stars, the δ Sct variables are
arguably the most promising type of variable for using pulsations
to infer interior structure. Similarities to and differences from the
Sun can be used test physics input and methods of solar and
stellar modeling. For example, the δ Sct stars have convective
cores and radiative envelopes, whereas the Sun has a radiative
core and convective envelope. The δ Sct p-mode pulsations are
driven by the κ effect (opacity valving) mechanism, whereas
solar-like oscillations are excited stochastically (Aerts et al., 2010).
Most δ Sct variables rotate more rapidly than the Sun. Many
interesting phenomena remain to be explained, for example,
mode selection, pulsation amplitudes, frequency and mode
amplitude variations, peculiar element abundances, and the
prevalence of many hybrid stars showing both γ Dor gravity-
mode and δ Sct p-mode pulsations, unexpected according to pre-
Kepler theoretical predictions (see, e.g., Grigahcène et al., 2010;
Uytterhoeven et al., 2011; Balona, 2018).

2. DATA AND ANALYSIS METHODS

For our K2 Guest Observer (GO) program proposals, we used the
MAST interface to the K2 Ecliptic Plane Input Catalog, EPIC3

Huber et al. (2017), to search for stars within the coordinates
of the K2 campaign field of view having either B-V or J-K
colors between −0.3 and 1.2, placing them on or near the
main sequence, allowing for uncertainties in color photometry
or interstellar reddening. We used the k2fov tool found at the
KeplerAsteroseismic Science Consortiumweb site4 to retain only
targets that fell on active silicon in the Kepler field of view, and
limited our target lists depending on campaign constraints. The
target lists were truncated as necessary by the K2 GO office
by removing the faintest targets first (at our request) or the

3https://archive.stsci.edu/k2/epic/search.php
4http://kasoc.phys.au.dk/tools/k2fov

brightest targets that are most costly in terms of number of
pixels required. Table 1 summarizes the number of light curves
observed for each campaign, and the brightest (Kp minimum)
and faintest (Kp maximum) Kepler magnitude of the sample.
For Campaigns 4, 5, and 7, we deliberately targeted open-
cluster stars in the Pleiades, Hyades, M67, M44 (also known as
the Praesepe or Beehive cluster), and R147, based on catalogs
of cluster member candidates. The C13 field also has a small
overlap with the C4 field and includes Hyades members. We
did not propose K2 GO surveys for C14-C16, but in the future
we could analyze light curves in the K2 data archive for these
campaigns having the same target selection criteria. The C17
field significantly overlapped that of C6, and we deliberately
chose to revisit stars with prior observations to extend the
time series of observations. The two δ Sct candidates found
in C17 in Table 1 were also found in C6. We have yet to
analyze data from our C18 and C19 proposed observations,
also revisiting many stars observed previously in Campaigns
5 and 12.

Here we analyze light curves with long-cadence observations
(30 min integrations), although several of the stars were observed
also in short cadence (1 min integrations) for our or others’
Guest Observer programs. We developed a Python script with
a graphical interface5 that processed the fits files for raw data
available at the MAST K2 archive6, and plotted the light curve
and amplitude spectrum for each star, displaying also stellar
properties in the data file header from the EPIC catalog. Because
of the 30 min cadence and associated Nyquist frequency limit of
24.5 cycles/day (c/d), we do not consider frequencies above the
Nyquist limit; some modes with frequencies above this limit may
appear as ‘Nyquist reflection’ frequencies between 0 and 24.5 c/d
(see, e.g., Murphy et al., 2013).

We then examined by eye each light and amplitude
spectrum, and flagged as δ Sct candidates those stars with
one or more modes with frequency > 5 c/d and amplitude
greater than about 4× the noise level of the adjacent power
spectrum. We did not flag as δ Sct candidates those stars

5https://github.com/JorgeAGR/stat-var-stars
6https://archive.stsci.edu/k2/data_search/search.php
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FIGURE 1 | Spectroscopic H-R diagram, log surface gravity vs. log Teff, for

C8, C11, and C7 targets observed by K2. Red dots label δ Sct candidates.

for which the amplitude spectrum shows only frequencies
that are multiples of the spacecraft roll correction period
of ∼6 h (4.075 c/d) that are highlighted in the amplitude
spectra plots. Some candidates were discarded, such as those
having only low signal-to-noise frequencies > 5 c/d; there
could therefore be many more δ Sct stars among the
observed sample. It would also be useful to identify those
stars with Teff placing them within the δ Sct instability
region, but that show no apparent pulsation frequencies. We
did not attempt to identify γ Dor candidates because these
would be much more numerous, being less massive, and
because of the high potential of ambiguities between intrinsic
pulsation frequencies and a rotational period or variation from
starspots/magnetic activity, a binary orbital period, instrumental
artifacts, or Nyquist reflections of higher frequencies. Overall,
251 δ Sct candidates were flagged, two of which in C17
also were found in C6 (see Table 1). The percentage of δ

FIGURE 2 | Teff distribution of C8, C11, and C7 targets observed by K2.

Sct candidates varied from 4% (C11) or 5% (C7) down to
only 0.15% (C8).

Figure 1 shows spectroscopic Hertzsprung-Russell diagrams,
log surface gravity (log g) vs. Teff, for the C8, C11, and
C7 targets, respectively, with the δ Sct candidates shown as
red dots. The log g and Teff are taken from the K2 EPIC
catalog (Huber et al., 2017). Figure 2 shows the Teff distribution
of stars in each of these campaigns. We chose to illustrate
results of these three campaigns because they represent the
extremes in number of δ Sct candidates among the campaigns
of Table 1. C8 has the most stars observed (3370), but only
five δ Sct candidates (0.15%), primarily because this sample
contains mostly stars in the lower main sequence with Teff

< 6,000 K that are too cool to be δ Sct variables. The
field for C11 (toward the Galactic Center) was so rich that
the target list was truncated at magnitude < 13.2; therefore,
the sample is biased toward hotter and higher-mass main-
sequence, stars, and has a larger percentage of δ Sct candidates
(3.8%). C7 has the smallest number of observed targets (506),
but it actually has the largest percentage of δ Sct candidates
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FIGURE 3 | Light curve (Top) and amplitude spectrum (Bottom) for brightest δ Sct variable EPIC 210425611 (also known as h Tau, V483 Tau, and 57 Tau), with Kp

magnitude 5.6, observed during C4. The red dashed vertical lines in the amplitude spectrum mark multiples of the spacecraft roll correction frequency, 4.075 c/d.

FIGURE 4 | Light curve (Top) and amplitude spectrum (Bottom) for faintest δ Sct candidate, EPIC 247333962, with Kp magnitude 15.9, observed during C13.

(4.5%). This sample contains stars both on the lower main
sequence and in the Teff region expected for δ Sct and
hybrid stars.

Figures 3–9 show example light curves and amplitude spectra
for several δ Sct candidates. Figure 3 shows the brightest
candidate, EPIC 210425611, with Kp magnitude 5.6, observed
during C4. This star is the previously known δ Sct variable h Tau,

also known as V483 Tau and 57 Tau (Liakos and Niarchos, 2017).
Its amplitude spectrum also shows low-frequency γ Dor-type
modes. Figure 4 shows the light curve and amplitude spectrum
for the faintest candidate, EPIC 247333962, with Kp magnitude
15.9, observed during C13. The amplitude spectrum clearly
shows several δ Sct frequencies, illustrating that Kepler is able to
detect pulsations even for very faint targets.
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FIGURE 5 | Light curve (Top) and amplitude spectrum (Bottom) for candidate with the largest number of δ Sct-type frequencies (over 30) visible by eye, EPIC

212792450, observed during C6.

FIGURE 6 | Light curve (Top) and amplitude spectrum (Bottom) for known high-amplitude δ Sct star, EPIC 240323947 (V974 Oph), observed during C11.

Figure 5 shows the light curve and amplitude spectrum for
the candidate with the largest number of δ Sct-type frequencies
visible by eye, EPIC 212792450, observed during C6. Figure 6
shows the highest-amplitude δ Sct variable, EPIC 240323947,
observed during C11, with two modes of frequency just above
5 c/d beating against each other. This star is the known high-
amplitude δ Sct star V974 Oph (Poretti, 2003).

Figure 7 shows the light curve and amplitude spectrum for the
hottest δ Sct candidate, EPIC 233466131, observed during C11.

This star, with EPIC catalog Teff 10,722 K, seems too hot to be a
δ Sct variable, but is also too cool to be a β Cep p-mode pulsator.
Figure 8 shows the light curve and amplitude spectrum for the
coolest δ Sct candidate, EPIC 235864398, observed during C11.
This star has Teff = 4950 K, a low surface gravity (log g = 2.68),
and high luminosity, according to the EPIC catalog, and is likely
evolving off of the main sequence. Finally, Figure 9 shows the
light curve and amplitude spectrum of a δ Sct candidate in an
eclipsing binary, EPIC 247553546, observed during C13.
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FIGURE 7 | Light curve (Top) and amplitude spectrum (Bottom) for hottest δ Sct candidate, EPIC 233466131, observed during C11.

FIGURE 8 | Light curve (Top) and amplitude spectrum (Bottom) for the coolest δ Sct candidate, EPIC 235864398, observed during C11.

For each of the 249 δ Sct candidates, Table 2 lists the EPIC
catalog number, Kp magnitude, Teff, log g, alternate identifier
in the SIMBAD Astronomical Database, number of references
to the star in the literature from SIMBAD, and whether it is a
known δ Sct variable. Most of the stars with Kp mag < 10 are
not referenced beyond the EPIC catalog and have no alternate
designation. However, many of the brighter stars have many
references, and 17 are known δ Sct variables; these stars may be

excellent candidates for asteroseismic analysis using the Kepler
data. Not all of the candidates in Table 2 may turn out to be δ

Sct stars. From the pulsation amplitude spectra alone they could
be confused with, e.g., p-mode pulsating β Cep variables, or
g-mode pulsating subdwarf B variables. However, β Cep variables
typically have Teff of around 20,000 K, and so are hotter than the
hottest stars inTable 2. The sdBV stars have Teff of 20,000–30,000
K, and log g ∼ 5.2–5.8 (Heber, 2016), higher than the stars in
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FIGURE 9 | The light curve (Top) and amplitude spectrum (Bottom) of δ Sct candidate in an eclipsing binary, EPIC 247553546, observed during C13.

Table 2. It is possible that the Teff and log g of the EPIC catalog
are incorrect; Huber et al. (2016) use both color photometry
and spectroscopy to derive the EPIC catalog values, taking into
account systematic biases uncovered in the original Kepler input
catalog, and quote uncertainties of ∼ 3% for Teff (i.e., 210 K for
a 7,000 K star), and 0.3 dex for log g. It is also possible that the
K2 light curve data is contaminated by nearby stars, or that the
stars are members of multiplets; deciphering these possibilities
will require additional investigations.

Figure 10 shows distributions of properties from the EPIC
catalog for the 249 δ Sct candidates. Most of the candidates
have Kp magnitude between 8 and 12, but there are a significant
number of faint candidates with Kp >14. The Teff distribution
peaks at about 7,000 K, as expected for δ Sct variables, but there
are a few somewhat hotter and cooler candidates. Most of the
stars have metallicity [Fe/H] around 0, i.e., near solar; many have
metallicities higher than solar, as would be expected for these
variable candidates more massive and younger than the Sun.
Some stars have a very low [Fe/H]; these stars could have formed
from lower-metallicity material or may be showing abundance
anomalies resulting from diffusive settling.

Figure 11 shows a Hertzsprung-Russell diagram of the 249
candidates, based on EPIC catalog luminosity and Teff values.
Most of the stars lie along the main sequence, but a few
appear to be evolving off of the main sequence. Figure 11 also
shows the mass and distance distributions of the candidates,
based again on EPIC catalog values. The mass distribution
peaks at about 1.6 M⊙, typical for δ Sct variables. The distance
distribution appears to have a bimodal structure, with most
candidates nearby, but some at 1,000–2,000 pc, representing a
population perhaps in a distant young cluster or Milky Way
spiral arm.

3. RESULTS

For each δ Sct candidate, we counted by eye the number of modes
with frequencies between 5 and 24.5 c/d having amplitude greater
than about 4× the local background level. We did not count
frequencies that were very close to multiples of the 4.075 c/d (∼6
hour) spacecraft roll correction frequency marked by red vertical
dashed lines on the amplitude spectra (see, e.g., Figures 3–9).
We also noted the amplitude and frequency with maximum
amplitude, and flagged any candidates with more than one high-
amplitude mode with frequency< 5 c/d, indicating a γ Dor/δ Sct
hybrid candidate.

We created aMatlab algorithm to process the light curves, pre-
whiten the δ Sct frequencies in order of the highest amplitude
modes, and count the number of modes with signal/noise ratio>

6. The algorithm also searched for frequencies that weremultiples
of the spacecraft roll correction frequency, as well as frequencies
that were combinations of a stellar frequency and the spacecraft
roll correction frequency, thereby eliminating some spurious
frequencies. Because the algorithm could identify frequencies
with lower amplitudes than identifiable by eye, but also could
eliminate more artifact combination frequencies, the algorithm
sometimes counted more, but also sometimes fewer frequencies
than counted by eye. The algorithm results generally agreed with
the by-eye determination of the amplitude and frequency of
the maximum-amplitude δ Sct mode, although it could quantify
these values to higher accuracy than the by-eye estimate. The
Matlab algorithm also identified and determined intrinsic and
combination frequencies for later use in asteroseismic analyses.

Table 3 summarizes the number of modes with frequency
> 5 c/d, and the amplitude and frequency of the maximum-
amplitude mode, counted by eye and by using the Matlab script,
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TABLE 2 | Summary of properties of δ Sct candidates.

EPIC Kp mag Teff (K) log g SIMBAD

Designation

# Refs. Known δ Sct

201132898 6.58 7072 3.95 V* FG Vir 205 Yes

201340727 15.58 6058 4.28 1

203578387 11.39 7523 3.88 TYC 6813-730-1 1

203676598 10.68 6794 3.73 TYC 6814-1301-1 1

203690511 10.81 8564 3.61 TYC 6814-473-1 0

203703889 11.03 6885 4.21 TYC 6813-1078-1 2

203705702 10.77 7284 4.18 TYC 6813-509-1 1

203735223 10.34 8457 3.64 HD 152283 4

203763791 11.14 7000 4.03 TYC 6813-1078-1 1

203914521 10.92 6767 4.27 CD-24 12899 2

204019242 8.22 7989 4.17 HD 153172 10

204053734 11.57 6528 4.05 TYC 6810-898-1 1

204510816 9.22 6865 3.76 TYC 6230-1594-2 0

204510921 9.09 6865 3.76 ADS 10251 AB 7

210425611 5.59 8333 4.18 h Tau 196 Yes

211013743 9.63 7420 4.18 SAO 76387 24

211018096 8.38 7030 3.85 HD 23791 58

211040918 8.12 8016 4.31 HD 23512 119

211044267 7.82 8352 4.18 V* V650 Tau 98 Yes

211057064 8.12 7834 4.19 HD 23863 76

211080847 9.02 7491 4.14 HD 23325 77

211088007 8.88 6192 4.00 V* V624 Tau 111 Yes

211115721 8.82 6393 4.00 V* V534 Tau 98 Yes

211909987 8.86 7639 4.05 HD 74589 20

211914004 7.95 7860 3.65 V* BY Cnc 80 Yes

211931309 8.93 6702 3.96 V* BV Cnc 74 Yes

211935741 8.06 7629 3.87 V* HI Cnc 60 Yes

211936163 6.78 7848 3.58 HD 73210 81

211945791 7.96 7520 3.93 V* BX Cnc 96 Yes

211953002 8.72 6519 3.86 V* BR Cnc 95 Yes

211957791 8.82 7203 4.13 V* BS Cnc 112 Yes

211979345 8.34 7895 4.16 HD 73872 55 Yes

211995547 9.36 6277 4.00 HD 74058 35

211995573 8.79 6392 3.90 V* BQ Cnc 78 Yes

212008515 8.85 6851 4.16 HD 74587 22 Yes

212505176 14.27 7604 3.12

212557497 14.27 7312 3.06

212628518 8.61 7233 4.15 HD 122370 15 Yes

212792450 9.60 7233 4.12 HD 117674 3

213674056 11.28 6967 4.03 TYC 6887-1760-1 1

213814481 9.99 7190 3.96 TYC 6901-160-1 1

214404873 10.20 6700 3.90 TYC 6881-1650-1 1

214436324 11.84 6496 4.01

214623776 11.84 7027 4.16 TYC 6864-722-1 1

214783113 11.98 6482 4.13

214892340 9.46 6625 3.69 HD 175757 4

215076557 11.86 6615 3.83 TYC 6877-302-1 1

215409060 11.85 7067 3.95 TYC 6874-1073-1 1

215584718 11.83 6815 4.12 TYC 6873-1116-1 1
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TABLE 2 | Continued

EPIC Kp mag Teff (K) log g SIMBAD

Designation

# Refs. Known δ Sct

215616052 10.39 7111 4.14 HD 175601 7

215682566 11.82 7028 4.02

215953080 11.91 6840 3.92

216123036 11.90 6696 3.94

216202250 11.92 7492 3.98

216308801 11.89 8157 3.94 TYC 6856-47201 1

216364273 12.20 6297 4.23

217233339 12.12 7430 3.99 TYC 6295-1147.1 0

217597196 9.83 8223 3.75 HD 180930 2

218942345 10.30 7485 3.88 HD 182850 2

219050824 11.91 6613 4.09

219062123 10.46 8067 3.78 HD 180668 2

219112324 10.37 7774 3.90 HD 177636 2

220238863 15.75 6210 4.37

220369033 7.14 6876 3.76 HD 5143 43

220379315 8.01 7505 3.70 HD 5655 11

220492184 8.04 7142 3.63 HD 9648 16

220617956 8.52 7533 3.97 TYC 605-302-1 20

221514420 10.54 6426 3.73 HD 316146 2

221597630 10.76 6581 3.78 HD 316218 2

221835782 9.81 8484 3.97 HD 160122 3

223461917 10.09 7612 3.99 HD 161737 2

223485618 10.89 7167 4.03 HD 314726 2

224720218 10.25 6698 3.76 HD 159615 2

224938189 10.71 7326 3.88 CPD-23 6621 1

225048843 9.55 6563 3.93 HD 159933 2

225119740 9.47 6201 3.97 HD 158721 4

225406132 8.10 6748 3.76 HD 159894 15

225618802 11.02 6790 4.07 CPD-22 6404 1

226256676 7.99 6804 3.57 HD 159663 12

226339600 10.78 8719 3.89 HD 159274 4

226353331 11.46 6236 3.87 TYC 6246-340-1 0

226401681 11.59 6526 4.02 TYC 6247-298-1 0

226458042 12.68 5317 2.48

227606751 11.32 6927 4.13 TYC 6239-921-1 0

228705808 8.41 7366 4.19 HD 91168 15

228705867 7.97 7577 4.17 ** STF 1649 0

228922952 8.83 7201 4.15 HD 110614 5

230194154 7.80 7025 3.99 HD 154214 3

230611120 11.53 7360 4.04 TYC 6244-628-1 0

230616631 8.51 7057 3.57 HD 154965 5

230631967 10.41 7516 4.20 BD-20 4647 1

230648601 10.20 6617 3.74 CPD-20 6471 1

230649783 10.22 6474 3.80 BD-20 4652 1

230652057 11.36 6795 3.76 TYC 6240-748-1 0

230653899 11.19 6864 3.73 CPD-20 6464 1

230826613 11.24 7101 4.03 TYC 6236-1406-1 0

230867465 11.19 6751 3.92 TYC 6236-1391-1 0

230961039 10.17 7020 3.89 TYC 6814-1381-1 0

230995585 8.16 7496 3.82 HD 154241 17

(Continued)
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TABLE 2 | Continued

EPIC Kp mag Teff (K) log g SIMBAD

Designation

# Refs. Known δ Sct

231081322 8.27 8105 3.82 HD 155143 5

231081534 8.69 8232 4.02 CD-24 13177B 2

231190822 9.60 7595 4.22 CD-24 122998A 2

231191024 10.14 8081 4.07 HD 153335 2

231278798 9.98 7713 4.10 HD 154946 2

231282136 9.99 7347 3.66 HD 155126 2

231285847 8.47 7471 3.61 HD 153460 7

231452640 8.92 7005 4.21 HD 155142 5

231812289 11.87 7536 4.03 TYC 6823-1296-1 0

231836923 10.10 6963 4.13 HD 154993 1

232031620 7.91 7876 4.12 HD 152989 8

232176025 8.16 9871 3.65 HD 153636 1

232218434 10.02 7781 3.95 HD 153568 4

233129558 12.19 7161 3.84 TYC 7361-755-1 0

233193088 7.91 8596 4.15 HD 154978 2

233422493 9.91 7546 3.65 HD 157897 4

233434079 9.71 7034 4.24 HD 156683 7

233463757 8.30 7205 4.00 HD 155468 7

233466131 10.09 10722 4.07 HD 157859 3

233466773 10.89 7146 3.86 TYC 6238-535-1 0

233553924 10.67 8035 4.10 TYC 6238-3049-1 0

234109260 10.07 6917 3.72 HD 157001 2

234138507 9.46 7540 4.02 HD 156463 4

234201903 8.63 7869 3.61 HD 156542 12

234218726 9.97 7538 4.20 HD 157055 4

234247882 9.42 7133 4.07 HD 155927 8

234713455 10.64 7750 3.70 CPD-25 5990 1

234854390 8.98 6994 3.90 HD 155430 7

234876533 8.49 7637 4.14 HD 155491 3

235206885 12.35 6140 4.17

235219917 10.67 8247 3.89 CPD-23 6527 1

235231827 11.38 6838 3.68 TYC 6812-685-1 0

235252324 11.38 6971 4.07 TYC 6825-513-1 0

235263502 11.42 6821 4.04 CD-23 13372 1

235268020 11.82 7257 4.04 TYC 6812-490-1 0

235285649 12.41 4894 2.67

235288870 11.31 7431 3.74 CD-23 13335 1

235297752 10.96 6988 3.57 CD-23 13317 1

235326610 11.30 7001 4.16 CD-23 13374 1

235863134 9.58 6785 3.80 HD 155517 4

235864398 10.07 4950 2.66 TYC 6824-68-1 0

235961804 11.18 7650 3.67 CPD-28 5583 1

236025929 11.04 7531 3.94 HD 315790 2

236076864 10.84 6693 3.61 CPD-28 5638 1

236250262 10.98 6533 3.82

236311085 11.67 6511 3.89 TYC 6834-71-1 0

236338125 11.10 6498 4.21 CPD-27 5660 1

236420722 11.46 8643 3.74 TYC 6833-111-1 0

237711874 11.14 7095 4.19 TYC 7362-163-1 0

237719954 11.44 6656 4.01 TYC 7362-236-1 0

(Continued)

Frontiers in Astronomy and Space Sciences | www.frontiersin.org 10 May 2019 | Volume 6 | Article 4080

https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org
https://www.frontiersin.org/journals/astronomy-and-space-sciences#articles


Guzik et al. δ Sct Candidates Observed by K2

TABLE 2 | Continued

EPIC Kp mag Teff (K) log g SIMBAD

Designation

# Refs. Known δ Sct

237768774 11.64 6988 3.88 TYC 7362-18301 0

237911727 9.48 6474 3.86 HD 156320 2

237944799 8.83 7094 3.61 HD 156117 5

237969415 8.39 7857 4.15 HD 155868 5

237987964 6.31 9785 4.15 HD 155940 21

240292657 11.09 7224 3.59 HD 316096 2

240296875 10.79 6680 3.77 HD 316155 2

240323947 11.51 8548 4.05 V* V974 Oph 24 Yes

240378036 10.82 8140 3.99 CPD-29 4729 1

240642822 11.08 7790 3.58 HD 315795 3

240686489 10.48 6566 3.63 CPD-28 5663 1

242088649 9.24 7345 4.02 TYC 7375-608-2 0

242088762 8.82 7345 4.02 TYC 7375-608-1 0

242099103 11.37 7426 3.81 HD 315868 1

242138878 10.98 7660 3.85 HD 316026 1

242171743 9.78 7421 3.67 HD 159723 3

245910293 8.53 7494 4.06 HD 221180 10

245984590 9.85 7154 3.79 HD 221446 3 Yes

246029438 11.47 7934 4.12 BD-09 6273 0

246031849 7.53 7644 4.06 HD 220109 5

246094180 8.28 7072 3.95 HD 218475 9

246101155 7.83 7555 3.86 HD 221925 14

246123792 8.15 7775 3.62 HD 220036 2

246130239 8.67 7489 4.11 HD 220185 5

246228220 7.61 7816 4.19 HD 223215 2

246235560 8.96 6660 3.87 HD 218835 5

246295525 13.63 7584 3.11

246351401 9.10 6763 4.02 HD 218953 6

246390686 9.76 7652 4.06 HD 218834 1

246448276 10.19 7015 4.16 TYC 577-291-1 0

246460499 7.54 8072 4.13 HD 219114 5

246755448 15.05 7094 4.16

246765955 10.81 7556 4.06 HD 286096 1

246792876 10.51 7931 4.04 TYC 1282-1865-1 0

246889963 14.34 7457 4.15 PM2000 224251 2

246892566 14.46 7092 4.15 PM2000 227650 2

246895097 8.60 8944 3.87 HD 29727 9

246952727 9.03 7764 3.74 CCDM

J05122+1716AB

1

246969097 15.15 6803 4.19

247227122 6.17 5863 3.22 HD 29104 38

247236218 8.41 5279 2.49 HD 31325 0

247244984 15.36 6433 4.21

247249443 14.49 7217 4.17

247251791 15.81 5987 4.30

247255798 15.80 6648 4.21

247261516 13.61 6616 4.03

247264515 15.89 7495 4.19

247268706 14.48 6649 4.14

247278455 14.29 7944 4.12

(Continued)
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TABLE 2 | Continued

EPIC Kp mag Teff (K) log g SIMBAD

Designation

# Refs. Known δ Sct

247292095 15.54 6541 4.21

247295392 15.19 6412 4.20

247319900 15.87 6094 4.29

247321564 10.14 8676 4.01 TYC 1278-1709-1 0

247333962 15.89 6361 4.23

247338349 15.39 6256 4.24

247382496 15.51 6164 4.29

247382770 15.70 6837 4.18

247383620 13.59 6238 4.24

247465892 15.84 6477 4.22

247473022 15.45 6850 4.20

247473204 15.14 7533 4.17

247481643 14.94 6580 4.20

247504599 14.76 6490 4.23

247505615 14.35 6838 4.12

247511123 15.84 6057 4.28

247526175 14.68 6432 4.21

247544254 15.10 6213 4.22

247553546 15.19 7320 4.16

247576531 15.47 6407 4.23

247584516 7.55 7532 3.81 HD 28621 11

247598095 13.06 6935 4.16

247606589 15.71 6707 4.19 LAMOST

J050309.73+225954.2

1

247608052 14.23 6686 4.20

247648610 9.10 6869 3.70 HD 30231 5

247650349 15.66 7302 4.18

247676134 13.71 7169 4.14

247698817 12.78 7378 4.11 GJTGTZ 52762 3

247700654 15.67 6310 4.24

247702571 9.41 6911 3.64 HD 284527 2

247708413 15.13 6448 4.20 GJTGTZ 49758 2

247708505 13.96 6489 4.33 GJTGTZ 49606 2

247714857 14.24 6167 4.28

247743444 15.70 6285 4.25

247749294 15.64 6134 4.29

247760775 14.16 6867 4.14 [TZS98] 62 1

247764363 7.79 7277 3.66 HD 31880 17

247766003 15.71 6409 4.22

247768006 15.89 6531 4.21

247770898 15.83 6413 4.20

247811337 15.67 6362 4.22

247828212 15.32 6750 4.16

247841082 15.77 6027 4.37 [HH95] V1062

Tau-57

247877340 15.79 6668 4.19

247899700 14.62 5957 4.13

247917882 6.26 8883 3.97 HD 29459 36

247931858 15.66 6703 4.18

248122534 15.03 7543 4.15

248125694 15.63 6378 4.19

248186557 14.37 6366 4.12

248264996 11.45 6925 3.99 TYC 1844-954-1 0
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FIGURE 10 | Kp magnitude (Left), Teff (Center), and metallicity [Fe/H] (Right) distributions of 249 δ Sct candidates, based on EPIC catalog quantities.

FIGURE 11 | H-R diagram (Left), mass distribution (Center), and distance distribution (Right) of 249 δ Sct candidates, based on EPIC catalog quantities.

for the 249 candidate δ Sct stars. The Table also flags the stars
showing more than one low-frequency (< 5 c/d) mode that are
hybrid candidates.

Figure 12 plots the distribution of the number of frequencies
per star > 5 c/d (counted by eye), the distribution of amplitudes
of highest-amplitude modes (excluding the two highest-
amplitude candidates), and the distribution of frequencies having
maximum amplitude for the 249 candidates. Most of the
candidates have < 10 δ Sct modes, but some show more than
30 modes by eye, and up to 100 modes when counted using
the Matlab algorithm; therefore these stars may yield the most
useful constraints for asteroseismic studies. Most of the stars have
maximum-amplitude mode < 2 parts per thousand that would
be difficult to detect without long time-series, high-precision
photometry such as obtained by Kepler. There does not seem
to be any preferred frequency with maximum amplitude in the
5–24.5 c/d frequency range.

Figure 13 shows the number of frequencies counted by eye
vs. the number found using the Matlab algorithm; as discussed
earlier the Matlab pre-whitening algorithm is able to identify a
larger number of significant frequencies, but also is able to find
and remove more artifact frequencies. The middle panel shows

the distribution of the number of frequencies > 5 c/d per star vs.
Teff, and the last panel shows the distribution of amplitude of the
maximum-amplitude frequency vs. Teff. It appears that stars with
the largest amplitudes and the largest number of frequencies are
found in the middle of the temperature range at about 7,000 K,
i.e., in the middle of the δ Sct instability region.

4. CONCLUSIONS

Kepler has obtained unprecedented long time-series high
signal-to-noise photometric data enabling the discovery and
characterization of variable stars pulsating in many simultaneous
radial and non-radial modes. We have identified 249 obvious
δ Sct candidates so far in light curves collected as part of our
K2 Guest Observer proposals for 11 (out of 19) campaigns
of K2. Seventeen of these stars were already known as δ Sct
stars, according to the SIMBAD database. 126 out of 249
candidates show low frequencies < 5 c/d and may be hybrid γ

Dor/δ Sct pulsators. We do not find any correlations between
pulsation properties (e.g., number of frequencies, frequency with
maximum amplitude, etc.) and stellar properties (e.g., Teff, log g,
. . ), as listed in the EPIC catalog.
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TABLE 3 | Summary of pulsation properties of δ Sct candidatesa.

EPIC Kp mag Teff # Freqs. # Freqs.M Amax AM
max νAmax

νM
Amax

Hybrid flag

(K) (ppm) (ppm) (c/d) (c/d)

201132898 6.58 7072 5 7 1.6E+04 1.60E+04 12.7 12.72 1

201340727 15.58 6058 2 2 7.0E+02 6.80E+02 23.0 21.53 0

203578387 11.39 7523 13 29 4.5E+03 5.04E+03 15.0 14.94 0

203676598 10.68 6794 10 19 3.0E+02 3.90E+02 14.2 16.56 1

203690511 10.81 8564 30 39 9.2E+02 1.19E+03 12.0 10.85 1

203703889 11.03 6885 13 8 4.0E+02 4.54E+02 17.7 17.85 1

203705702 10.77 7284 5 7 1.2E+03 1.38E+03 21.3 21.35 0

203735223 10.34 8457 4 6 3.0E+02 4.18E+02 10.1 10.10 1

203763791 11.14 7000 25 28 2.6E+03 2.58E+03 11.3 11.36 1

203914521 10.92 6767 11 28 5.0E+02 5.99E+02 18.2 19.95 1

204019242 8.22 7989 20 22 1.2E+03 1.45E+03 16.7 16.71 1

204053734 11.57 6528 20 14 1.0E+03 1.24E+03 15.4 15.32 1

204510816 9.22 6865 9 11 1.4E+03 1.73E+03 17.0 16.99 0

204510921 9.09 6865 9 11 1.4E+03 1.55E+03 17.0 16.99 0

210425611 5.59 8333 21 24 9.2E+02 1.24E+03 19.2 17.25 1

211013743 9.63 7420 3 7 9.8E+01 9.92E+01 9.3 9.35 1

211018096 8.38 7030 31 29 3.4E+02 4.69E+02 20.9 20.89 1

211040918 8.12 8016 2 5 2.8E+01 2.92E+01 23.1 23.00 0

211044267 7.82 8352 19 24 1.6E+03 1.61E+03 17.0 17.04 1

211057064 8.12 7834 14 20 5.0E+02 7.54E+02 17.9 17.88 0

211080847 9.02 7491 15 20 5.4E+02 5.67E+02 23.0 23.23 0

211088007 8.88 6192 6 38 4.3E+02 4.99E+02 21.0 20.98 0

211115721 8.82 6393 20 21 7.2E+02 6.13E+02 21.8 20.23 1

211909987 8.86 7639 25 16 7.0E+02 7.82E+02 23.9 20.58 0

211914004 7.95 7860 14 21 2.5E+03 2.00E+03 18.3 21.39 1

211931309 8.93 6702 25 36 1.2E+03 1.34E+03 16.5 16.45 0

211935741 8.06 7629 20 14 1.3E+03 1.49E+03 20.6 23.64 0

211936163 6.78 7848 16 21 1.0E+03 1.59E+03 12.2 12.12 1

211945791 7.96 7520 24 26 1.8E+03 2.11E+03 22.6 23.86 1

211953002 8.72 6519 15 17 2.2E+03 2.55E+03 23.9 23.97 0

211957791 8.82 7203 12 29 3.1E+03 3.76E+03 17.0 17.04 0

211979345 8.34 7895 31 27 3.6E+02 4.96E+02 22.8 15.53 1

211995547 9.36 6277 5 29 5.5E+01 6.04E+01 6.8 6.82 1

211995573 8.79 6392 7 70 1.3E+03 1.17E+03 15.6 15.59 0

212008515 8.85 6851 20 28 1.7E+03 1.87E+03 17.0 17.04 0

212505176 14.27 7604 11 10 1.5E+03 1.59E+03 21.8 21.77 1

212557497 14.27 7312 8 14 3.3E+03 3.41E+03 16.4 16.42 1

212628518 8.61 7233 3 6 3.5E+03 3.88E+03 15.6 15.60 1

212792450 9.60 7233 34 30 5.5E+02 6.80E+02 17.7 18.35 1

213674056 11.28 6967 14 34 3.0E+03 3.17E+03 12.5 12.56 0

213814481 9.99 7190 7 46 2.8E+03 3.96E+03 14.4 14.38 1

214404873 10.20 6700 9 20 5.0E+03 7.16E+03 8.7 8.84 0

214436324 11.84 6496 9 27 2.7E+03 3.65E+03 9.2 9.21 0

214623776 11.84 7027 8 21 1.8E+03 1.17E+03 6.6 6.68 1

214783113 11.98 6482 5 68 7.8E+02 8.75E+02 17.2 17.33 1

214892340 9.46 6625 1 7 1.1E+02 1.36E+02 19.4 19.35 0

215076557 11.86 6615 7 11 5.5E+02 5.86E+02 22.9 22.88 0

215409060 11.85 7067 1 105 6.0E+02 6.21E+02 8.0 7.84 1

(Continued)
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TABLE 3 | Continued

EPIC Kp mag Teff # Freqs. # Freqs.M Amax AM
max νAmax

νM
Amax

Hybrid flag

(K) (ppm) (ppm) (c/d) (c/d)

215584718 11.83 6815 8 12 4.5E+03 4.50E+03 20.2 20.17 1

215616052 10.39 7111 3 17 2.2E+02 2.81E+02 14.6 7.35 1

215682566 11.82 7028 15 33 1.8E+03 2.31E+03 14.2 14.20 0

215953080 11.91 6840 1 16 4.5E+02 4.62E+02 15.5 15.51 0

216123036 11.90 6696 9 20 7.2E+02 8.71E+02 15.1 15.09 1

216202250 11.92 7492 1 5 1.5E+03 1.50E+03 10.8 10.89 0

216308801 11.89 8157 13 21 1.2E+03 1.24E+03 17.7 17.68 0

216364273 12.20 6297 4 53 2.0E+03 2.46E+03 20.8 20.80 1

217233339 12.12 7430 4 9 3.5E+02 3.54E+02 23.8 23.23 1

217597196 9.83 8223 22 30 6.0E+03 6.56E+03 9.0 8.96 0

218942345 10.30 7485 15 27 1.1E+03 1.09E+03 17.0 16.96 0

219050824 11.91 6613 2 6 1.2E+03 1.24E+03 17.8 17.90 0

219062123 10.46 8067 23 26 1.2E+03 1.52E+03 23.1 23.09 0

219112324 10.37 7774 32 40 5.5E+02 5.55E+02 24.1 24.36 0

220238863 15.75 6210 8 7 1.1E+04 1.11E+04 23.5 23.68 1

220369033 7.14 6876 3 19 4.8E+02 6.28E+02 5.9 5.89 1

220379315 8.01 7505 23 34 2.5E+03 3.67E+03 12.0 11.99 1

220492184 8.04 7142 10 16 3.5E+02 5.07E+02 23.2 23.20 1

220617956 8.52 7533 3 64 4.0E+02 4.72E+02 15.2 16.60 1

221514420 10.54 6426 15 14 5.0E+03 5.04E+03 10.1 10.07 1

221597630 10.76 6581 5 8 3.1E+03 3.17E+03 10.0 9.96 1

221835782 9.81 8484 4 5 1.8E+02 1.83E+02 22.4 22.35 0

223461917 10.09 7612 2 6 7.0E+01 7.27E+01 21.3 21.25 1

223485618 10.89 7167 3 6 1.3E+02 1.44E+02 19.6 6.50 0

224720218 10.25 6698 19 27 4.8E+03 5.76E+03 9.2 9.11 0

224938189 10.71 7326 8 15 4.0E+03 4.64E+03 9.7 9.63 1

225048843 9.55 6563 15 18 3.2E+02 4.27E+02 13.7 13.64 1

225119740 9.47 6201 4 15 8.0E+03 8.24E+03 10.4 10.32 1

225406132 8.10 6748 11 26 3.3E+03 4.21E+03 14.0 14.02 0

225618802 11.02 6790 10 13 5.3E+02 5.90E+02 14.8 19.76 0

226256676 7.99 6804 7 19 3.8E+02 3.31E+02 7.5 7.47 1

226339600 10.78 8719 8 7 1.2E+02 1.34E+02 7.1 6.07 1

226353331 11.46 6236 13 11 4.5E+03 5.78E+03 14.0 13.95 1

226401681 11.59 6526 4 6 1.8E+03 1.85E+03 21.9 21.87 0

226458042 12.68 5317 30 19 1.0E+03 1.10E+03 16.8 16.84 0

227606751 11.32 6927 20 22 1.2E+03 1.21E+03 17.4 16.87 0

228705808 8.41 7366 2 22 9.0E+02 1.24E+03 5.3 5.23 0

228705867 7.97 7577 2 24 9.0E+02 8.13E+02 5.3 5.23 1

228922952 8.83 7201 8 10 1.1E+03 1.06E+03 16.4 16.35 0

230194154 7.80 7025 8 28 9.2E+02 9.28E+02 9.7 9.67 1

230611120 11.53 7360 9 15 1.7E+03 1.72E+03 18.2 18.20 0

230616631 8.51 7057 9 56 1.0E+03 1.13E+03 5.3 5.30 1

230631967 10.41 7516 7 10 3.8E+02 4.82E+02 14.8 19.74 0

230648601 10.20 6617 8 13 8.0E+02 8.75E+02 14.6 14.60 0

230649783 10.22 6474 4 19 6.1E+02 2.48E+02 15.6 9.72 1

230652057 11.36 6795 10 20 1.9E+03 2.14E+03 18.8 18.86 0

230653899 11.19 6864 8 11 1.9E+03 1.93E+02 20.4 20.30 1

230826613 11.24 7101 5 8 3.5E+03 3.99E+03 24.3 24.32 0

230867465 11.19 6751 9 9 7.2E+01 7.89E+01 16.2 12.31 0

230961039 10.17 7020 9 17 1.3E+04 1.31E+04 8.6 8.55 0
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TABLE 3 | Continued

EPIC Kp mag Teff # Freqs. # Freqs.M Amax AM
max νAmax

νM
Amax

Hybrid flag

(K) (ppm) (ppm) (c/d) (c/d)

230995585 8.16 7496 8 9 7.1E+03 8.97E+03 8.3 8.04 0

231081322 8.27 8105 8 17 4.2E+03 4.21E+03 14.7 14.80 0

231081534 8.69 8232 6 14 4.2E+03 4.32E+03 14.7 14.80 0

231190822 9.60 7595 7 21 1.2E+03 1.22E+03 15.7 15.75 1

231191024 10.14 8081 5 7 2.0E+03 1.98E+03 15.7 15.75 1

231278798 9.98 7713 21 10 8.1E+02 1.14E+03 23.6 23.68 1

231282136 9.99 7347 14 16 2.7E+03 3.60E+03 6.9 6.89 1

231285847 8.47 7471 22 18 1.8E+03 1.74E+03 18.9 18.92 1

231452640 8.92 7005 6 13 1.1E+02 1.66E+02 7.4 7.36 0

231812289 11.87 7536 6 5 7.8E+02 9.23E+02 22.0 21.96 0

231836923 10.10 6963 8 27 6.5E+02 5.43E+02 15.5 4.86 1

232031620 7.91 7876 7 20 1.3E+03 1.58E+03 18.9 18.80 0

232176025 8.16 9871 7 21 1.8E+02 2.48E+02 8.4 8.32 1

232218434 10.02 7781 10 8 1.2E+02 1.06E+02 11.7 11.68 1

233129558 12.19 7161 7 13 8.1E+03 8.43E+03 22.4 22.39 0

233193088 7.91 8596 9 15 1.4E+03 1.67E+03 23.2 23.56 1

233422493 9.91 7546 3 28 2.0E+02 2.51E+02 7.7 7.73 1

233434079 9.71 7034 6 21 3.0E+02 2.90E+02 6.7 4.92 1

233463757 8.30 7205 8 10 8.2E+02 1.21E+03 17.4 17.39 1

233466131 10.09 10722 17 9 3.2E+02 3.44E+02 20.7 19.87 0

233466773 10.89 7146 16 26 3.0E+02 3.89E+03 7.7 7.73 0

233553924 10.67 8035 25 25 9.0E+02 9.44E+02 15.6 14.90 0

234109260 10.07 6917 8 10 2.5E+02 3.68E+02 7.4 7.27 1

234138507 9.46 7540 5 14 8.0E+02 1.05E+03 21.5 21.46 1

234201903 8.63 7869 5 18 1.8E+04 1.97E+04 7.2 7.08 1

234218726 9.97 7538 6 5 3.7E+02 5.14E+02 14.7 14.77 0

234247882 9.42 7133 15 19 1.1E+03 1.16E+03 20.0 20.07 0

234713455 10.64 7750 1 3 1.2E+02 1.26E+02 21.0 20.97 1

234854390 8.98 6994 4 29 7.5E+02 9.74E+02 19.1 19.05 1

234876533 8.49 7637 19 17 1.6E+03 1.67E+03 13.7 13.67 0

235206885 12.35 6140 7 20 6.2E+02 6.37E+02 11.8 11.83 1

235219917 10.67 8247 6 6 1.2E+02 1.41E+02 18.3 14.21 0

235231827 11.38 6838 12 6 2.5E+02 3.28E+02 20.2 22.95 0

235252324 11.38 6971 1 5 3.2E+02 3.23E+02 15.7 15.83 0

235263502 11.42 6821 10 11 2.0E+03 1.93E+03 18.5 19.44 0

235268020 11.82 7257 1 16 8.0E+02 9.12E+02 13.5 13.53 1

235285649 12.41 4894 7 10 3.5E+02 3.49E+02 10.7 10.72 0

235288870 11.31 7431 7 9 3.6E+02 4.21E+02 17.1 17.08 0

235297752 10.96 6988 6 11 5.2E+03 7.33E+03 8.0 7.98 0

235326610 11.30 7001 5 12 8.5E+01 1.14E+02 5.7 5.80 1

235863134 9.58 6785 17 19 5.0E+02 5.32E+02 16.5 16.51 1

235864398 10.07 4950 16 26 3.2E+03 3.87E+03 11.6 11.80 0

235961804 11.18 7650 4 3 3.5E+02 3.66E+02 15.8 15.73 1

236025929 11.04 7531 2 5 1.8E+02 2.29E+02 10.4 10.37 1

236076864 10.84 6693 4 19 1.8E+03 1.91E+03 5.1 5.14 1

236250262 10.98 6533 4 9 1.0E+03 1.13E+03 18.5 18.56 1

236311085 11.67 6511 2 4 4.6E+02 4.70E+02 20.2 20.18 1

236338125 11.10 6498 9 36 8.1E+02 8.74E+02 16.7 16.63 1

236420722 11.46 8643 5 20 5.3E+02 6.35E+02 7.6 7.63 1

237711874 11.14 7095 7 9 6.0E+02 6.79E+02 17.5 23.31 0

(Continued)
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TABLE 3 | Continued

EPIC Kp mag Teff # Freqs. # Freqs.M Amax AM
max νAmax

νM
Amax

Hybrid flag

(K) (ppm) (ppm) (c/d) (c/d)

237719954 11.44 6656 4 55 4.2E+02 5.14E+02 7.0 6.96 1

237768774 11.64 6988 7 10 3.2E+03 3.43E+03 10.4 9.78 0

237911727 9.48 6474 7 25 4.5E+03 2.92E+03 5.5 7.10 1

237944799 8.83 7094 12 16 8.0E+02 8.33E+02 11.8 11.83 0

237969415 8.39 7857 12 16 7.0E+02 6.95E+02 20.3 20.22 0

237987964 6.31 9785 4 17 7.0E+02 8.49E+02 7.0 7.02 1

240292657 11.09 7224 5 9 1.0E+04 1.02E+04 10.7 10.68 0

240296875 10.79 6680 17 26 3.5E+03 3.89E+03 12.0 12.49 1

240323947 11.51 8548 6 15 6.1E+04 8.18E+04 5.2 5.23 0

240378036 10.82 8140 7 8 1.7E+02 1.74E+02 23.1 23.09 0

240642822 11.08 7790 10 24 3.0E+03 3.66E+03 10.2 10.25 0

240686489 10.48 6566 21 34 4.0E+03 5.55E+03 11.7 9.26 1

242088649 9.24 7345 9 7 1.2E+03 1.70E+03 20.0 20.02 1

242088762 8.82 7345 8 9 8.5E+02 1.16E+03 20.0 20.02 1

242099103 11.37 7426 15 21 1.1E+03 1.15E+03 13.6 13.63 0

242138878 10.98 7660 10 8 2.0E+03 2.15E+03 23.4 23.43 0

242171743 9.78 7421 5 11 9.0E+02 9.01E+02 14.1 14.16 0

245910293 8.53 7494 3 71 8.0E+02 9.08E+02 15.1 15.14 1

245984590 9.85 7154 30 41 1.6E+03 2.58E+03 12.2 12.08 0

246029438 11.47 7934 4 8 2.6E+03 3.42E+03 14.5 14.59 0

246031849 7.53 7644 15 19 3.1E+03 3.43E+03 14.6 14.60 0

246094180 8.28 7072 10 16 3.2E+03 3.31E+03 9.9 9.93 0

246101155 7.83 7555 6 15 6.8E+01 9.75E+01 5.2 5.18 1

246123792 8.15 7775 8 18 1.4E+04 1.39E+04 9.2 9.22 1

246130239 8.67 7489 8 27 1.2E+03 1.74E+03 14.0 13.49 1

246228220 7.61 7816 20 19 1.5E+03 1.57E+03 22.6 17.60 1

246235560 8.96 6660 4 11 1.4E+04 1.29E+04 10.3 10.22 1

246295525 13.63 7584 3 4 4.8E+03 5.11E+03 17.1 17.41 0

246351401 9.10 6763 21 18 9.0E+02 9.96E+02 18.2 18.24 0

246390686 9.76 7652 10 14 2.7E+03 2.68E+03 17.2 17.26 0

246448276 10.19 7015 3 20 7.0E+02 7.73E+02 5.1 6.01 1

246460499 7.54 8072 8 16 1.2E+03 1.12E+03 15.0 14.98 0

246755448 15.05 7094 6 9 4.5E+03 4.62E+03 16.2 16.25 1

246765955 10.81 7556 3 24 1.1E+03 1.02E+03 19.9 19.94 0

246792876 10.51 7931 12 11 4.4E+02 6.67E+02 11.0 10.49 0

246889963 14.34 7457 3 22 1.2E+03 1.35E+03 19.6 19.61 1

246892566 14.46 7092 16 19 8.0E+02 1.27E+03 13.3 13.30 0

246895097 8.60 8944 7 16 4.1E+02 4.20E+02 15.7 15.86 0

246952727 9.03 7764 4 35 6.1E+02 8.38E+02 9.3 9.34 1

246969097 15.15 6803 2 5 4.0E+02 3.77E+02 6.7 6.68 1

247227122 6.17 5863 5 32 5.0E+02 6.63E+02 11.4 11.43 1

247236218 8.41 5279 2 5 2.5E+01 3.11E+01 5.5 5.06 1

247244984 15.36 6433 18 22 1.6E+03 1.67E+03 6.0 5.96 1

247249443 14.49 7217 11 13 1.2E+03 1.29E+03 20.2 20.16 0

247251791 15.81 5987 6 12 9.0E+02 9.43E+02 20.9 20.87 0

247255798 15.80 6648 7 9 2.0E+03 2.14E+03 23.5 23.46 0

247261516 13.61 6616 4 5 6.4E+02 7.77E+02 14.2 14.25 1

247264515 15.89 7495 4 5 3.7E+02 3.65E+02 7.2 7.24 1

247268706 14.48 6649 3 12 4.5E+03 4.75E+03 15.7 15.83 0

247278455 14.29 7944 6 40 1.2E+03 1.23E+03 18.4 18.42 1

(Continued)
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TABLE 3 | Continued

EPIC Kp mag Teff # Freqs. # Freqs.M Amax AM
max νAmax

νM
Amax

Hybrid flag

(K) (ppm) (ppm) (c/d) (c/d)

247292095 15.54 6541 4 7 4.5E+02 4.39E+02 18.8 18.82 0

247295392 15.19 6412 3 4 2.5E+03 2.82E+03 10.8 10.77 0

247319900 15.87 6094 3 6 3.8E+03 3.78E+03 19.5 19.48 1

247321564 10.14 8676 15 17 4.0E+02 5.54E+02 20.0 19.98 1

247333962 15.89 6361 6 10 2.1E+03 2.36E+03 9.0 9.04 1

247338349 15.39 6256 20 27 2.0E+03 2.31E+03 12.4 12.34 1

247382496 15.51 6164 13 12 1.9E+03 2.67E+03 13.3 13.30 0

247382770 15.70 6837 21 25 1.2E+03 1.27E+03 20.8 21.73 0

247383620 13.59 6238 11 40 4.9E+03 5.46E+03 6.8 6.86 1

247465892 15.84 6477 5 14 1.4E+03 1.82E+03 7.8 7.94 1

247473022 15.45 6850 13 16 7.2E+02 8.01E+02 16.0 15.52 1

247473204 15.14 7533 16 30 3.7E+03 4.82E+03 11.6 10.60 0

247481643 14.94 6580 4 6 1.6E+02 2.17E+02 23.2 23.19 0

247504599 14.76 6490 7 10 2.2E+03 2.35E+03 23.2 23.37 0

247505615 14.35 6838 4 8 1.2E+03 1.25E+03 14.8 14.82 1

247511123 15.84 6057 6 20 1.0E+04 9.88E+03 12.4 12.34 0

247526175 14.68 6432 5 9 7.2E+02 9.29E+02 10.7 10.57 1

247544254 15.10 6213 8 14 1.1E+03 1.12E+03 14.8 14.85 1

247553546 15.19 7320 3 5 1.2E+03 1.49E+03 19.2 19.15 0

247576531 15.47 6407 7 11 8.0E+02 8.87E+02 24.1 24.07 0

247584516 7.55 7532 2 44 8.0E+01 1.15E+03 15.7 15.69 1

247598095 13.06 6935 16 28 1.1E+03 1.23E+03 18.4 18.37 1

247606589 15.71 6707 6 6 6.0E+02 7.32E+02 19.1 21.39 0

247608052 14.23 6686 4 17 2.3E+03 2.25E+03 18.0 17.93 0

247648610 9.10 6869 1 4 8.0E+02 1.02E+03 21.5 21.50 0

247650349 15.66 7302 4 7 1.4E+03 1.54E+03 6.6 6.64 1

247676134 13.71 7169 13 28 5.2E+03 5.78E+03 10.6 10.53 0

247698817 12.78 7378 5 10 3.7E+02 4.70E+02 23.7 23.73 0

247700654 15.67 6310 8 11 6.1E+02 8.56E+02 21.2 21.21 0

247702571 9.41 6911 8 27 7.2E+03 8.04E+03 9.4 9.39 1

247708413 15.13 6448 10 12 1.3E+03 1.32E+03 24.2 24.16 0

247708505 13.96 6489 18 30 1.4E+03 1.62E+03 19.6 17.44 0

247714857 14.24 6167 9 18 2.0E+03 2.64E+03 15.3 15.25 0

247743444 15.70 6285 19 22 1.5E+03 1.63E+03 18.2 17.04 0

247749294 15.64 6134 14 18 8.5E+02 1.01E+03 19.7 12.74 0

247760775 14.16 6867 7 12 2.7E+03 2.75E+03 16.7 16.77 1

247764363 7.79 7277 2 14 2.1E+02 2.24E+02 10.1 10.06 1

247766003 15.71 6409 4 5 2.4E+03 2.70E+03 19.0 18.94 1

247768006 15.89 6531 5 9 1.2E+04 1.38E+04 13.9 13.85 0

247770898 15.83 6413 5 13 1.4E+03 1.42E+03 7.3 7.25 0

247811337 15.67 6362 10 9 7.0E+02 7.39E+02 20.2 17.22 1

247828212 15.32 6750 6 7 1.3E+02 1.42E+02 13.9 21.99 1

247841082 15.77 6027 4 7 1.6E+03 1.84E+03 22.3 22.22 0

247877340 15.79 6668 4 4 5.5E+02 7.37E+02 18.1 23.23 1

247899700 14.62 5957 7 11 6.2E+02 6.30E+02 22.6 22.57 0

247917882 6.26 8883 5 27 2.6E+02 2.57E+02 12.2 4.87 1

247931858 15.66 6703 2 4 6.4E+02 5.77E+02 19.7 19.80 0

248122534 15.03 7543 16 17 1.3E+03 1.34E+03 23.0 23.02 0

248125694 15.63 6378 1 5 1.1E+03 1.11E+03 19.0 19.64 0

248186557 14.37 6366 4 13 3.8E+02 4.01E+02 5.6 5.59 1

248264996 11.45 6925 3 10 1.0E+03 1.21E+03 6.4 6.40 1

a The superscript M refers to the values determined by the Matlab algorithm.
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FIGURE 12 | Distributions of number of frequencies per star > 5 c/d (Left), amplitude of maximum-amplitude mode (Center), and frequency of maximum-amplitude

mode (Right) for 249 δ Sct candidates.

FIGURE 13 | Plot of number of modes per star with frequency > 5 c/d counted by eye vs. using Matlab algorithm (Left), number of frequencies per star vs. Teff
(Center), and amplitude of maximum-amplitude mode vs. Teff (Right) for 249 δ Sct candidates.

As stated by Bowman and Kurtz (2018), “The full scientific
potential of studying δ Sct stars is as yet unrealized.” The
δ Sct variables inspire many questions: Why are all of the
frequencies expected by linear pulsation theory not observed?
Why is it so difficult to find patterns or correlations between
stellar properties and pulsation properties such as pulsation
amplitudes and frequency content? Some correlations have been
discussed in the literature, for example between stellar properties
and mean frequency spacings, with the spacings interpreted as
a large separation correlated with mean density, or possibly a
rotational splitting frequency (see e.g., García Hernández et al.,
2015; Paparó et al., 2016a,b; Moya et al., 2017; Bowman and
Kurtz, 2018). Why do some stars in the instability regions not
show pulsations (see, e.g., Balona, 2013; Murphy et al., 2015)?
Why are there so many hybrid γ Dor/δ Sct variables scattered
throughout the pre-Kepler theoretical instability regions of both
stellar types? What determines the amplitudes of individual
modes? Why do amplitudes or frequency content vary with time
(Bowman et al., 2017; Breger et al., 2017)?

The Kepler and K2 data will be valuable for asteroseismic
modeling to address these unsolved problems for A-F type

main-sequence stars. Two questions that these K2 data will help
to address are: If the star was known as a δ Sct being identified
in the Kepler data, has its amplitudes or frequency content
changed over time? Can additional frequencies be found using
the high signal-to-noise data of Kepler/K2? The K2 targets are
in general brighter than those in the original Kepler field, and
are easier to observe using ground- or space-based spectroscopic
and photometric observations, or other techniques such as
interferometry, to provide long-term monitoring or additional
constraints.
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Since the first observations of solar oscillations in 1960, helioseismology has probably

been one of the most successful fields of astrophysics. Data of unprecedented quality

were obtained through the implementation of networks of ground-based observatories

such as the GONG project or the BiSON network, coupled with space-based telescopes

such as SOHO and SDO missions and more data is expected from the Solar

Orbiter mission. Besides the improvement of observational data, solar seismologists

developed sophisticated techniques to infer the internal structure of the Sun from

its eigenfrequencies. These methods, then already extensively used in the field of

Geophysics, are called inversion techniques. They allowed to precisely determine the

position of the solar convective envelope, the helium abundance in this region and

the internal radial profiles of given thermodynamic quantities. Back in 1990s these

comparisons showed a very high agreement between solar models and the Sun.

However, the downward revision of the CNO surface abundances in the Sun in 2005,

confirmed in 2009, induced a drastic reduction of this agreement leading to the so-called

solar modeling problem. More than 10 years later, in the era of the space-based

photometry missions which have established asteroseismology of solar-like stars as a

standard approach to obtain their masses, radii and ages, the solar modeling problem still

awaits a solution. In this paper, we will present the results of new helioseismic inversions,

discuss the current uncertainties of solar models as well as some possible solutions to

the solar modeling problem. We will show how helioseismology can help us grasp what

is amiss in our solar models. We will also show that, far from being an argument about

details of solar models, the solar problem has significant implications for seismology of

solar-like stars, on the main sequence and beyond, impacting asteroseismology as a

whole as well as the fields requiring precise and accurate knowledge of stellar masses,

radii and ages, such as Galactic archaeology and exoplanetology.

Keywords: the Sun, helioseismology, asteroseismology, solar abundances, stellar structure and evolution, solar-

like stars
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1. INTRODUCTION

For the past decades, helioseismology has been a thriving
field, enjoying numerous successes and paving the way for
asteroseismology of solar-like oscillators. These achievements are
a consequence of the very high-quality seismic data obtained
thanks to ground-based observation networks (Brookes et al.,
1978; Harvey et al., 1988; Isaak et al., 1989) and space based
observatories such as the SOHO satellite (Domingo et al., 1995).

These excellent data enabled the precise determination of the
position of the base of the convective envelope (Christensen-
Dalsgaard et al., 1991; Kosovichev and Fedorova, 1991; Basu and
Antia, 1997), the determination of the solar rotation (Brown and
Morrow, 1987; Kosovichev, 1988; Schou et al., 1998; Christensen-
Dalsgaard and Thompson, 2007; García et al., 2007), density
and sound speed profile (Antia and Basu, 1994) as well as an
estimation of the helium abundance in the convective envelope
through the use of sophisticated seismic analysis techniques
(Vorontsov et al., 1991; Antia and Basu, 1994; Basu and Antia,
1995; Richard et al., 1998). The importance of helioseismology
as a test of fundamental physics was also highlighted with
the so-called solar neutrino problem, which was first thought
to stem from inaccurate modeling of the solar core but was
ultimately solved with the discovery of neutrino oscillations
(Fukuda et al., 1999; Ahmad et al., 2002; Eguchi et al., 2003) and
its impact for solar models (Turck-Chieze et al., 1988; Elsworth
et al., 1990; Bahcall and Peña-Garay, 2004; Turck-Chièze, 2005;
Turck-Chièze and Couvidat, 2011; Haxton et al., 2013). These
successes led to the elaboration of stellar models well-suited for
helioseismic studies and valided by seismic inversions (see for
example Christensen-Dalsgaard et al., 1996) and served as a
validation of the depiction of the solar structure and evolution
to an excellent degree of accuracy.

However, the downward revision by about 30% of the
abundances of carbon, nitrogen and oxygen determined in
Asplund et al. (2004), Asplund et al. (2005b) revealed a new
problem for standard models, the so-called solar metallicity, or
solar modeling problem. This revision stems from the use of 3D
atmospheric models instead of outdated 1D empirical models,
from the inclusion of NLTE effects and from a careful selection of
spectral lines. As C, N, and O are key contributors to the opacity
in solar conditions, standard solar models built using the revised
abundances from Asplund et al. (2005a) strongly disagreed with
helioseismology (e.g., Turck-Chièze et al., 2004; Guzik, 2008).
Further studies were performed in 2009, 2011, and 2015 (Asplund
et al., 2009; Caffau et al., 2011; Grevesse et al., 2015; Scott et al.,
2015a,b), showing that the 3Dmodels agreed with each other and
that the remaining differences were due to line selection effects.
Recent re-investigations using spectroscopy further confirmed
the results of 2009 and recent helioseismic determinations of the
solar metallicity also agreed with a rather “low” value (Vorontsov
et al., 2013; Buldgen et al., 2017d).

Quickly, it became clear that the solution to the solar
metallicity problem was not purely a question of chemical
abundances but could also be linked to other ingredients of the
models. Investigations on various possible modifications to the
solar models were rapidly performed following the publication
of the revised abundances (see e.g., Bahcall et al., 2005a,b,c,

2006; Guzik et al., 2005, 2006; Delahaye and Pinsonneault, 2006;
Montalban et al., 2006; Basu and Antia, 2008; Pinsonneault and
Delahaye, 2009; Serenelli et al., 2009). These studies showed that
a higher opacity could help solving the current discrepancies
between solar models and helioseismology. This hypothesis
gained some credence with the first experimental measurements
of iron opacity in conditions close to those of the base of the
solar convective envelope, showing strong disagreement with
theoretical opacity computations (Bailey et al., 2015).

At the same time, new theoretical opacity computations
became available for solar and stellar modeling (Le Pennec
et al., 2015; Mondet et al., 2015; Colgan et al., 2016). Various
groups showed that the modifications stemming from these
recomputations were insufficient to solve the solar modeling
problem and could even lead to larger discrepancies than before.
Recently, Pradhan and Nahar (2018) and Zhao et al. (2018)
presented new computations of iron opacity showing an increase
compatible with experimental measurements. Yet, an opacity
increase for a specific element will not necessarily be sufficient
to solve the solar problem (Iglesias and Hansen, 2017) and other
sources of uncertainties are present in the models.

Ultimately, the solar problem encompasses a wide variety of
uncertain physical processes and key ingredients whose impacts
are often neglected in standard stellar modeling. In this study, we
will list some of the key contributors to the solar issue in section 2
and illustrate their impact on helioseismic constraints in section
3. We discuss the usual suspects of the micro- and macrophysics
of the solar models but also briefly present some non-standard
scenarios including accretion of material during the early stages
of solar evolution as well as the hypothesis of an initial solar
mass higher than the currently measured value. In addition, the
solar modeling problem, despite its very specific nature, cannot
be easily overlooked by stellar modelers. In the current era of
high-quality asteroseismic data, stellar modelers are asked to
provide very precise and accurate fundamental parameters for
solar-like stars. This race to precision is however meaningless if
the accuracy of the stellar models is not ensured. Currently, it is
well known that the main limitations of stellar physics are the
shortcomings of the theoretical models. Consequently, the solar
modeling problem is still a very timely issue, as the recipe applied
for the Sun is replicated for most of the solar-like oscillators.
To illustrate the relevance of the solar modeling problem in
asteroseismology, we briefly discuss in section 4 the impact of a
potential solution to the solar problem on the seismic parameters
of the 16Cyg binary system, one of the most observationally
constrained solar-like oscillator, and discuss the potential use
of seismic inversions to further constrain this system using
asteroseismology. In section 5, we discuss some future prospects
for solar models and further tracks for improving the physical
accuracy of solar and stellar models. This discussion is then
followed by a brief conclusion in section 6.

2. THE SOLAR MODELING PROBLEM AND

ITS VARIOUS CONTRIBUTORS

While the solar modeling problem has at first been linked to the
revision of the solar metallicity, its clear origin is still disputed
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and could well be the result of multiple small contributions
from various micro- and macrophysical ingredients of the solar
models. As such, the definition of the standard solar models
derived by Bahcall et al. (1982) 30 years ago imposes a strict
framework which does not take into account all the information
we have on the solar structure.

A standard solar model is a one solar mass model, evolved
to the solar age, taking microscopic diffusion into account
and reproducing the current photospheric ratio of heavy
elements over hydrogen, the current solar luminosity (or effective
temperature) and the solar photospheric radius. To fulfill these
constraints, the models are built using the initial abundance
ratio of the heavy elements to hydrogen and the mixing length
parameter for convection as free parameters of a minimization
process. With this definition, the mathematical problem of
reproducing the Sun is well-posed for a given set of constraints.

While this methodology leads to a simple approach for
producing solar models using standard stellar evolution codes,
it does not take into account all observational constraints. For
example, standard solar models do not reproduce neither the
rotation profile inside the Sun, nor the photospheric lithium
abundance. Both constraints are well determined and point
toward the absence or inaccurate implementation of various
transport processes of both angular momentum and chemical
elements in the current solar models.

Moreover, it is also clear that the mixing-length formalism
of convection is inherently flawed and leads to an inaccurate
depiction of both the upper layer of the solar convective envelope
and its lower boundary, where additional chemical mixing is
supposed to occur.

Finally, it should also be pointed out that standard solar model
properties are strongly dependent on fundamental physical
ingredients such as nuclear reaction rates, radiative opacities,
chemical abundances, and the equation of state used for the
stellar material.

Consequently, when discussing the inadequacy between
standard solar models and helioseismic constraints, various
contributors can be listed and could be held responsible for
the observed disagreements. In the next sections, we will briefly
discuss some of these contributors and their potential impact.

2.1. Chemical Abundances
The chemical abundances are the first and perhaps most
important contributors to the solar modeling problem. The
determination of the photospheric abundances of most elements
heavier than helium is performed using spectroscopic data. For
decades, spectroscopists used 1D empirical models of the solar
atmosphere to determine the solar metallicity (e.g., Holweger and
Mueller, 1974; Vernazza et al., 1976). These abundance tables are
the so-called GN93 abundances from Grevesse and Noels (1993),
which were used in the standard solar models of the 90s and
led to the tremendous successes of helioseismology. They were
slightly revised a couple of years later and recompiled in the so-
called GS98 abundance tables (Grevesse and Sauval, 1998) still
used today in helio- and asteroseismology.

The first solar abundance tables using 3D atmospheric models
were the so-called AGS05 abundances (Asplund et al., 2005a)

which initiated the solar modeling problem. These tables were
revised in 2009 and became the AGSS09 abundance tables.
Further determinations were made in 2011 and 2015 (Caffau
et al., 2011; Grevesse et al., 2015; Scott et al., 2015a,b), one leading
to an intermediate value between the GS98 and AGSS09 and
the most recent confirming the results of 2009. Ultimately the
remaining differences are related to the important aspects of line
selection and blends (Allende Prieto et al., 2001), which can lead
to different values for key chemical elements.

In a series of paper Bahcall et al. (2005c, 2006),Serenelli et al.
(2009),and Vinyoles et al. (2017) discussed comparisons between
standard solar models using photospheric and meteoritic
abundances for the refractory elements. Comparisons between
photospheric and meteoritic values for these elements have
shown slight differences. Vinyoles et al. (2017) suggest that the
meteoritic scale could be used as a higher precision substitute
to the solar photospheric values. The main argument is that in
recent revisions of solar abundances by Scott et al. (2015a,b)
and Grevesse et al. (2015), the differences between photospheric
and meteoritic values have been further reduced. However, this
approach makes the assumption that the CI chondrites used to
infer the meteoritic scale have not undergone any differentiation
and represent a realistic sample of mean solar system materials.
Recent investigations seem to indicate that this is not the case and
that meteoritic abundances cannot be used as such substitutes for
solar materials (N. Grevesse, private communication).

While spectroscopy is themost famous approach to determine
the solar metallicity, helioseismology has also been used to
derive this key ingredient of solar models. The first of such
studies was performed by Takata and Shibahashi (2001), who
favored a low value for the metallicity, in agreement with the
results of AGS05. However, the precision of these results did
not allow them to conclude, as the uncertainties were large
enough to agree with all abundance tables. Antia and Basu (2006)
used a different seismic technique and found an agreement
with the GS98 abundance tables whereas Houdek and Gough
(2011) found an intermediate value. Recently, Vorontsov et al.
(2013) and Buldgen et al. (2017d) used different techniques and
concluded that helioseismic methods favored a low metallicity
in the solar envelope, more in agreement with the AGSS09
determination. Both studies stressed the strong dependency of
these inferences on the equation of state, which dominates
the uncertainties.

It is also worth noticing that the abundance of some elements
cannot be directly inferred from spectroscopy of the solar
photosphere. One of such elements is neon, which is derived from
quiet regions of the solar corona (see Young, 2018, and references
therein). Varying the neon abundance has a significant impact
on opacity. Quickly after the revision of the solar abundances,
Antia and Basu (2005) and Bahcall et al. (2005b) investigated the
impact of changing the neon abundances to reconcile the AGS05
models with helioseismology. They found that a large increase
was required. Recently, two independent studies (Landi and
Testa, 2015; Young, 2018) have demonstrated that the abundance
ratio of neon over oxygen should be increased by 40%, which
leads to significant changes in solar models, but still well below
the values found by previous studies.
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The reason for this large impact of the abundances of elements
heavier than helium is due to their large contribution to the
radiative opacity inside the Sun (Blancard et al., 2012; Mondet
et al., 2015). Despite their low abundance, they significantly
shape the transport of energy in the radiative layers of the Sun,
which represent most of its structure. This implies that they have
a significant impact on the stratification of solar models and
therefore on their (dis)agreement with observational constraints.

2.2. Opacity Tables
Since the transport of energy in most of the solar structure is
carried out by radiation, it is unsurprising that the radiative
opacities have a large impact on solar models. As the
solar modeling problem was unveiled in 2004, the opacities
were quickly pointed out as one of the potential causes of
the discrepancies between the models and helioseismology
(Basu and Antia, 2004).

Today, they remain one of the most uncertain elements
of the solar models. Indeed, various tables disagree with each
other and lead to significantly different solar models at the
level of precision of helioseismic constraints. Moreover, none
of the current tables provides a satisfactory agreement with
helioseismic constraints with recent abundances. In this paper,
we will present results using the OPAL (Iglesias and Rogers,
1996), OP (Badnell et al., 2005), OPAS (Mondet et al., 2015), and
OPLIB (Colgan et al., 2016) tables which have been computed by
different groups at different times. Moreover, purely numerical
considerations are also relevant, related to the various approaches
chosen for the interpolation procedure of the opacity tables
(Houdek and Rogl, 1996).

These disagreements have motivated attempts to measure
experimentally the opacity of key elements in physical conditions
as close to solar as possible. The first of such measurements
using a Z machine at the Sandia National Laboratories have
been recently published for iron (Bailey et al., 2015) and
showed large discrepancies with theoretical calculations of iron
spectral opacities, between 30 and 400%. The origin of these
discrepancies is still unclear and these experimental results still
await independent confirmation. Nevertheless, various studies
have been carried out to try to close the gap between theoretical
calculations and the experiments (Iglesias, 2015; Blancard et al.,
2016; Nahar and Pradhan, 2016; Iglesias and Hansen, 2017;
Pain et al., 2018; Pradhan and Nahar, 2018; Zhao et al., 2018),
some of which finding opacity increases compatible with the
experimental results (Bailey et al., 2015). The debate is, however,
still very much open and will probably require further extensive
theoretical computations and comparisons with experiments.

2.3. Equation of State
Another key elements of solar models is the equation of state.
Throughout the years, refinements to the equation of state have
also contributed to improve the agreements of solar models with
helioseismic constraints.

Two different approaches are used to compute an equation of
state for stellar models. The first and most common approach
is the so-called “chemical picture,” where the thermodynamical
quantities are computed from a free-energy minimization

approach. The chemical picture has been used in the computation
of the CEFF (Christensen-Dalsgaard and Däppen, 1992),
FreeEOS (Irwin, 2012), SAHA-S (Gryaznov et al., 2004; Gryaznov
et al., 2006, 2013; Baturin et al., 2013), and MHD (Däppen et al.,
1988; Hummer and Mihalas, 1988; Mihalas et al., 1988, 1990)
equations of state. Moreover, in the regimes of astrophysical
applications, effects as those of radiation pressure, relativistic
corrections and electron degeneracy, amongst other, have to be
included in the free energy and included consistently in the
equation of state. Slight differences between various equations
of state using the “chemical picture” might however result from
different hypotheses made when taking into account these effects.

The other approach used in equation of state calculations
is the so-called “physical picture,” which uses fundamental
constituents and computes their interactions ab initio. Namely,
this formalism considers separately atomic nuclei and electrons
and describes their states using quantum wavefunctions.
Again, additional corrections are included for astrophysical
considerations. This approach has been used to compute the
OPAL equation of state (Rogers et al., 1996; Rogers and
Nayfonov, 2002).

The equation of state is a fundamental constituent of solar
models, as it impacts indirectly multiple processes acting in solar
and stellar interiors. For example, it influences the ionization
levels of the chemical elements, which impacts the opacity
at various temperatures. In some cases, differences between
opacity tables do actually stem from the fact that a different
equation of state has been associated with the computations.
Consequently, one should in principle use opacity tables with
the same equation of state employed in their computation. This
is however unfortunately not always possible. The impact of
the equation of state can also be directly seen in the sound-
speed profile of solar models. This is particularly important when
comparing models with various constituents with helioseismic
inferences, as the equation of state will impact the results in a
significant manner. The induced variations are such that it is
often stated that inversions of density profile should not be done
using kernels such as the (ρ,Y) kernels, as they lead to biases in
the inferred profiles (see Basu et al., 2009, for a discussion and an
illustration of this effect).

Moreover, differences in ionization level will impact diffusion
velocities and hence the transport of chemicals during the
evolution of the Sun. The equation of state also affects the
adiabatic temperature gradient, which will influence the onset of
convective transport and hence macroscopic mixing in solar and
stellar models.

Various studies have been performed to improve the current
equation of state in the solar models by carrying out inversions

of the profile of the adiabatic exponent, Ŵ1 = ∂ ln P
∂ ln ρ

|S
(e.g., Elliott, 1996; Basu and Christensen-Dalsgaard, 1997 ;
Vorontsov et al., 2013).

2.4. Mixing of Chemical Elements
2.4.1. Microscopic Diffusion
It is well-known from first principle that a slow transport of
the chemical elements is present in stellar radiative layers. This
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transport process is called microscopic diffusion and is linked
to the various effects of temperature, pressure and composition
gradients as well as the effects of ionization and radiation pressure
with the various chemical elements of the stellar plasma. These
effects induce chemical composition gradients in the stellar
radiative regions and thus drastically change the expected initial
chemical composition of solar models and their structure. In
terms of nomenclature, solar models including the effects of
microscopic diffusion are called “standard solar models” whereas
models not including this transport process are called “classical
solar models.” It was one of the big successes in the early days
of helioseismology to show that diffusion was acting in the
Sun and thus had to be included in stellar model computations
(e.g., Christensen-Dalsgaard et al., 1993; Basu and Antia, 1994;
Basu et al., 1996).

While it has been proven that solar models including
microscopic diffusion are by far superior to models neglecting it,
there are still some uncertainties linked to details in the physical
processes underlying the generic term “microscopic diffusion”
described in textbooks such as Burgers (1969),Chapman and
Cowling (1970), Ferziger and Kaper (1972), and Michaud et al.
(2015). As such, various approaches for its implementation
exist in the literature (Michaud et al., 1976; Noerdlinger, 1977;
Paquette et al., 1986; Michaud and Proffitt, 1993; Thoul et al.,
1994), with various hypotheses linked to the components of
the stellar plasma and the physical processes considered. It
is also worth noticing that many standard solar models do
not consider the effects of partial ionization nor the effects of
radiation pressure when computing the transport of chemicals
by microscopic diffusion. Including radiation pressure can be
done in various ways; a simple approximate formula has been
derived by Alecian and LeBlanc (2002), to avoid the full
computation of radiative accelerations for each element, which
is very expensive numerically. Indeed, computing the effects
of radiation in a fully consistent manner requires to compute
the opacities for each chemical element on the fly at the given
conditions of the layer of stellar material. This requires to
interpolate in the individual opacity tables whenever these are
made available and is computationally very expensive. In the
solar case, Turcotte et al. (1998) have demonstrated that these
effects are negligible for the solar case. However, other studies
have shown that slightmodifications should be expected (Schlattl,
2002; Gorshkov and Baturin, 2008, 2010) while the radiative
accelerations for certain elements will of course be ultimately
influenced by potential significant opacity modifications. Other
effects, such as quantum corrections on diffusion coefficients will
also slightly affect the transport of chemical elements in the Sun
and thus alter the (dis)agreement with helioseismic constraints
(Schlattl and Salaris, 2003). Recently, careful investigations of
the numerical integrations of the resistance coefficients have
also been undertaken by Zhang (2017). This study found slight
but significant modifications to the properties of solar models,
resulting from singularities in the case of an attractive screened
Coulomb potential. In addition, whilemany of these effects might
well be of small importance, when not completely negligible for
the Sun, this hypothesis does not hold for other stars (see e.g.,
Richard et al., 2002a,b; VandenBerg et al., 2002; Théado et al.,

2005; Michaud and Richer., 2008; Theado and Vauclair, 2010;
Deal et al., 2018).

2.4.2. Macroscopic Chemical Mixing at the Base of

the Convective Zone
Besides microscopic diffusion, macroscopic motions of the solar
plasma are also responsible for alterations of the chemical
stratification inside the Sun. The most well-known process is
turbulent convection, which occurs in the upper layers of the
solar envelope. The modeling of convection is one of the most
central problem in stellar astrophysics, as most of the current
stellar evolution codes use the so-called mixing length theory
(MLT) which is a very crude representation of the turbulent
motions occurring in stellar conditions (Böhm-Vitense, 1958;
Cox and Giuli, 1968). For the solar modeling problem, the
shortcomings of theMLT are especially crucial for the positioning
of the base of the convective zone and the transition from
convective to radiative transport of energy. Indeed, the largest
differences between the Sun and standard models are found right
below the base of the convective zone.

The problem is linked to the criterion used to determine
the extension of convective region, the so-called Schwarzschild
criterion (Schwarzschild, 1906). This criterion is based on the
cancelation of the convective flux, which translates into a
local criterion for the temperature gradients inside the star.
However, the cancelation of the flux does not necessarily
imply a cancelation of the velocity of the convective elements,
which is the parameter determining the extent of the mixed
region. This extra-mixed region and its thermal stratification
are still uncertain, although hydrodynamical simulations can
provide some guidelines in the computation of this so-called
“overshooting” or “penetrative convection” at the base of the
solar convective zone (Xiong and Deng, 2001; Rempel, 2004; Li
and Yang, 2007; Yang and Li, 2007; Viallet et al., 2015; Hotta,
2017). Helioseismology can also be used to provide some insights
on the transition of the temperature gradient from adiabatic
to radiative in this region (Monteiro et al., 1994; Christensen-
Dalsgaard et al., 2011) but unfortunately, it is difficult to
disentangle the effects of overshoot from the effects of opacities
which can also alter the temperature gradient in these layers.

Besides the effects of overshooting, the base of the solar
convective zone is also affected by the effects of rotation in a
thin region called the tachocline (Spiegel and Zahn, 1992). In
this region of around 0.04R⊙ wide (Corbard et al., 1999; Elliott
and Gough, 1999), the rotational profile of the Sun changes
from differentally rotating in latitude to solid body rotating.
This transition implies shear-induced mixing of the chemical
elements. However, comparisons of helioseismic inversions of
the solar rotation profile to rotating models have shown that the
effects of meridional circulation and shear-induced turbulence
were insufficient to reproduce the inferred properties. Hence,
additional processes linked to magnetism or internal gravity
waves have to be invoked to reproduce the solar rotation
profile (Gough andMcIntyre, 1998; Charbonnel and Talon, 2005;
Eggenberger et al., 2005). These effects impact the chemical
evolution of the Sun, being for example thought to be responsible
for the observed lithium depletion and influencing the evolution
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of the solar convective zone. These effects, while localized, also
slightly influence the calibration procedure and hence the initial
chemical composition of the standard solar models (Proffitt
and Michaud, 1991; Richard et al., 1996; Gabriel, 1997; Brun
et al., 2002). It should be noted, however, that including these
processes in a calibration procedure is extremely difficult and
somewhat dangerous as they introduce additional parameters
which are not constrained from first principles. Hence, further
theoretical work is required to avoid the artificial fine-tuning of
correlated parameters which could lead to spurious solutions.
The recent detection of gravity modes by Fossat et al. (2017)
could prove to be a game changer in that respect, by providing
an average rotation of the solar core. This would provide a
link between mean molecular weight and potential rotation
gradients, providing very stringent constraints on the nature of
the physical process responsible for the flat rotation profile of the
upper radiative layers (Eggenberger et al., 2005). This detection,
however, still needs to be confirmed independently as it has
already triggered some controversy (Schunker et al., 2018).

The extra-mixing below the envelope is often treated in a
parametric way, by introducing an additional turbulent diffusion
coefficient depending on various parameters. In our study, we
parametrize this diffusion coefficient as a function of ρcz, the
density value at the base of the convective zone

DTurb = D

(

ρcz

ρ(r)

)N

, (1)

with the free parameters D
[

cm2s−1
]

, and N which
were fixed to 7500 and 3 respectively in the work of
Proffitt and Michaud (1991).

2.5. Early Evolution
In the previous sections, we discussed mainly effects that
occurred largely on themain sequence and consisted in the “usual
suspects” of the solar modeling problem. There are, however,
other sources of uncertainties in the early solar evolution that
could have an impact on the present-day solar structure as seen
from helioseismic constraints.

These include accretion of material during the early stages of
the formation of the solar system. This would lead to a contrast
in the models, where the internal structure would behave as if
the model had a high metallicity, whereas the upper layers would
have the observed photospheric abundances. Accretion of low
metallicity material was considered by Winnick et al. (2002),
Guzik et al. (2006), or Castro et al. (2007). The proposed scenario
was that 98% in mass of the Sun could have formed from metal-
rich material, in agreement with the GS98 or GN93 abundances,
while the last 2% of material would be metal-poor or metal-
free and would have been accreted after the apparition of the
radiative core of the Sun, to avoid a full mixing of the elements.
This scenario provided some improvement in the position of the
base of the convective envelope, the helium abundance in the
convective zone and to some extent in the sound speed profile
[at least in Guzik et al. (2006), whereas Castro et al. (2007) still
find large discrepancies just below the convective zone].

Serenelli et al. (2011) have tested the accretion scenario using
various metallicities, masses and times at which accretion took
place. They found that accretion alone could not solve the
solar problem, as metal-rich accretion led to a good agreement
in the position of the base of the convective zone and sound
speed profile, but reduced the agreement in helium abundance.
Metal-poor accretion only provided a good agreement in helium
abundance in the convective zone in their tests. They also
noted that accretion of material could easily lead to a strong
disagreement in lithium abundances, implying that at least
additional mixing would be required to reproduce the proper
lithium depletion.

Besides accretion, the so-called "faint young Sun paradox" has
also motivated non-standard computations of the evolution of
the Sun, including exponentially decaying mass loss on the main-
sequence. The paradox resides in the fact the solar luminosity
on the zero-age main sequence, according to a standard model
evolution, would be around 70% of its current luminosity,
which is insufficient to explain the presence of liquid water
on Mars and the Earth at an early stage of the evolution
of the solar system. Other solutions have been suggested to
explain these discrepancies, such as greenhouse gases (see Forget
et al., 2013; Airapetian et al., 2016; Wordsworth, 2016; Bristow
et al., 2017; Turbet et al., 2017), a revision of the carbon cycle
in the early Earth’s atmosphere (Charnay et al., 2017) or a
slightly more massive young Sun (Sackmann and Boothroyd,
2003; Minton and Malhotra, 2007; Turck-Chièze et al., 2011;
Weiss and Heners, 2013).

Physically, one makes the hypothesis that large mass loss on
the pre-main sequence could still be present at the very beginning
of the main-sequence. Indeed Wood et al. (2005) have observed
large winds on young solar-like stars. Increasing the mass loss
on the early main sequence implies that the mass and hence the
solar luminosity at the zero-age main sequence would be slightly
higher and could then provide the physical conditions required
for the presence of liquid water. Typically, this effect is erased as
the models including mass loss recover the standard evolution
of luminosity at about 2 Gy. Of course, such a non-standard
evolution leaves traces on observational constraints. Early works
by Guzik et al. (1987) and Graedel et al. (1991) studied its
impact on the lithium depletion problem and recently, Guzik and
Mussack (2010) and Wood et al. (2018) investigated its impact
on seismic properties and neutrino fluxes. It appears that such
massive models improve the agreement of lowmetallicity models
in the upper radiative layers but not in the core. The disagreement
in the central regions has to be mitigated by modifying other
physical ingredients such as the screening factors of nuclear
reaction. Following Wood et al. (2018), this can be done using
the dynamical screening factor of Mussack and Däppen (2011).
As for the rotational profile of the Sun, the potential detection
of solar gravity modes would provide stringent constraints on
the solar core, which could eventually require to question key
ingredients linked to the nuclear reactions. Spalding et al. (2018)
suggest another way to test this hypothesis by analyzing terrestrial
or martian sediments to look for traces of specific Milankovitch
cycle imprints scaling with the solar mass. Detecting such
frequencies at different epochs could provide a direct hint at
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the history of the Sun and thus insights on the “young massive
Sun hypothesis.”

Following the neutrino measurements by Davis et al. (1968)
and their disagreement with the solar models of the time, Dilke
and Gough (1972), adapting the formalism of (Defouw, 1970),
suggested a mechanism that could alter the core properties of
the Sun in its early evolution and provide a solar explanation
for the some climate cycles on Earth. The mechanism received
some criticism by Ulrich and Rood (1973), Ulrich (1974) and
Ulrich (1975) and was further investigated by Unno (1975) and
also discussed by various other authors (Christensen-Dalsgaard
et al., 1974; Ledoux, 1974; Boury et al., 1975; Scuflaire et al.,
1975; Shibahashi et al., 1975; Gabriel et al., 1976; Noels et al.,
1976). The original idea was called the “solar spoon” and was
linked to the potential intermittent mixing of the solar core
as a result of gravity modes, which would be excited by a
form of ǫ mechanism due to 3He burning. In practice, the first
appearance of overstability is favored by some form of mixing
such as the aftermath of the intermittent convective core at early
stages of solar evolution, some amount of rotational mixing or
other unknown processes such as magnetic convection (Schatten,
1973). Once a favorable condition for overstability is provided
at some point during the solar evolution, the oscillations can
be excited by the intermittent burning of 3He, which starts
once the first oscillations have grown large enough. However,
since the gravity modes are stabilized by radiative damping, a
trapping condition has to be ensured so that they can grow large
enough in the deep layers to trigger the intermittent burning and
self-sustain the cycle.

Provided an adequate trapping of the modes, mixing of 3He
will occur as a result of the oscillation and the Brunt-Visl profile
of the solar model will be altered. After a sufficient nuclear time
linked to the 3He, the depletion of nuclear fuel will induce the
disappearance of the overstability. However, the overstability will
propagate toward lower temperatures and thus subsist in regions
where its timescale will be greater, provided that the 3He profile
is adequate for its development. The whole process will thus be
quasi-periodic, as the different timescales involved will change
over the course of the solar evolution.

In a recent paper Gough (2015) discussed the process and
considered it ruled out. However, a steep 3He is suggested
by non-linear inversions of the solar core (Marchenkov et al.,
2000), which could drive the overstable oscillations described
by Dilke and Gough (1972) and Unno (1975). Roxburgh (1976,
1984) suggested that the instability would break down into mild
turbulence and locally modify the sound-speed gradient. Various
computations have been undertaken to investigate the stability
of g modes to this form of ǫ mechanism. Christensen-Dalsgaard
et al. (1974),Boury et al. (1975),and Shibahashi et al. (1975)
found, using the quasi-adiabatic approximation, that some low
order g modes could be unstable. Christensen-Dalsgaard and
Gough (1975) investigated the issue using fully non-adiabatic
computations and found the modes to be likely stable, as a result
of significant damping in the upper layers of the convective
envelope. Saio (1980), using a linear non-adiabatic analysis
taking into account time-dependent convection, confirmed the
instability of some g modes in early stages of the solar evolution.

Moreover, Saio (1980) confirmed the potential instability of the
g2 ℓ = 1 mode in the present Sun and suggested that some
higher degree modes could also be non-linearly coupled with the
g2 ℓ = 1 mode. The issue was later investigated by Kosovichev
and Severnyi (1985), which confirmed that mixing and a low-
metallicity of the solar models would enhance the instability of
the gravity modes with respect to the ǫ mechanism. The main
difficulty in reaching a definitive answer on the issue is linked
to the treatment of the behavior of the convective envelope in
the stability analysis. Moreover, a fully non-linear analysis of
the development of the instability is required to prove that it
would lead to a significant transport of chemical elements which
would self-sustain the process. Ulrich and Rood (1973) and
Ulrich (1974) have stated that an additional agent was required
to provide the necessary chemical mixing, as the non-radial
oscillation would be insufficient to do so. Non-linear calculations
of resonant coupling of gravity modes by Dziembowski (1983),
using the approach of Dziembowski (1982), confirmed this
criticism of the original formalism of Dilke and Gough (1972).
Finally, the absence of undisputed detection and identification of
gravity modes does not allow to close the debate. In the quest for
solar g-modes, other excitation mechanisms have been suggested
and investigated (see Appourchaux et al., 2010, for a review on
solar gravity modes), predicting various detectability levels for
these highly-sought pulsations.

In recent years, the ǫ mechanism has been reinvestigated
in metal-poor low-mass main-sequence stars (Sonoi and
Shibahashi, 2012a,b). In this case, the reduced size of the outer
convective zone simplifies the treatment of the stability analysis,
as it is thought to play a minor role in the total energy budget.

Other more subtle effects, like the low-temperature opacities
(Guzik et al., 2006), the equation of state or the properties of the
chemical mixing at the base of the convective zone in the early
phases of the solar evolution (Baturin et al., 2015) could affect
the observed properties of the current Sun and the conclusion we
may draw from them. At first, these effects may seem negligible
but they would actually impact the initial conditions of a solar
calibration, hence leading to overall changes in the structure that
cannot be fully neglected. A very stringent constraint on such
effects is the lithium depletion observed in the solar photosphere,
which is strongly affected by micro- and macrophysical effects in
the solar models.

3. COMBINED STRUCTURAL INVERSIONS

AND STRUCTURAL DIAGNOSTICS

In this section, we will present inversion results of solar models
built with various physical ingredients. All models have been
computed with the Lige stellar evolution code (CLES, Scuflaire
et al., 2008b). Their oscillations have been computed using the
Lige adiabatic oscillation code (LOSC, Scuflaire et al., 2008a) and
the inversions have been carried out using the SOLA method
(Pijpers and Thompson, 1994) implemented in the InversionKit
software (Reese et al., 2012).

We followed the guidelines of Rabello-Soares et al. (1999) to
adjust the trade-off parameters of the inversion techniques and
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used the data of Basu et al. (2009) supplemented by an extension
of BiSON observations of Davies et al. (2014) (as used in Buldgen
et al., 2018). We computed inversions of the squared adiabatic
sound speed c2 = Ŵ1P

ρ
, an entropy proxy, denoted S5/3 = P

ρ5/3

presented in Buldgen et al. (2017e); and the Ledoux discriminant,

defined as A = d ln ρ

d ln r
− 1

Ŵ1

d lnP
d ln r

as in Buldgen et al. (2017c).
We start in sections 3.1, 3.2, and 3.3 by presenting inversion

results for solar models built using different physical ingredients.
To test the dependency of standard solar models on chemical
composition and opacities, we used models built using the
AGSS09 and GS98 abundances tables, the OPAS, OPAL, and
OPLIB opacity tables and models including the revision of
the neon abundance found in Landi and Testa (2015) and
Young (2018), hereafter AGSS09Ne. We also present results for
various implementations of the mixing of chemical elements,
namely the use of the Paquette et al. (1986) collision integrals
in the diffusion coefficients, the effects of considering the
partial ionization of the heavy elements in the computation
of microscopic diffusion. Besides microscopic effects, we also
consider macroscopic mixing, in the form of an adiabatic
overshoot and in the form of turbulent diffusion. All models
presented here have been built using the FreeEOS equation of
state and the Adelberger et al. (2011) nuclear reaction rates,
except for the model taking into account partial ionization in the
computation of microscopic diffusion which used the SAHA-S
equation of state (Gryaznov et al., 2004; Gryaznov et al., 2013;
Baturin et al., 2013).

In Figure 1, we illustrate the effect of the changes in the
properties of the chemical mixing on the metallicity profile of
the solar models. Most of the trends can be easily understood.
For example, taking into account partial ionization of the metals
when computing microscopic diffusion as in the AGSS09-OPAL-
PartIonmodel (blue) will lead to a slightlymore efficient diffusion
of these elements, as they encounter less repulsion near the
base of the convective zone and thus will more easily fall down
toward central layers. Using the screened Coulomb potentials
in the diffusion coefficients, as in Paquette et al. (1986), in the
AGSS09-OPAL-Paquette model, leads to a less efficient diffusion
during the evolution, as the ions will experience more repulsion
than in the case of the cut-off hypothesis over a Debye sphere
used in the original Thoul et al. (1994) formalism. The models
including turbulent diffusion, denoted “AGSS09-OPAL-DT” and
“AGSS09-OPAL-Proffitt” inTable 1 , show amuchmore different
behavior. In the “AGSS09-OPAL-DT” model, we have fixed
the D and N parameter of Equation (1) to respectively 50
and 2 and to 7500 and 3 the “AGSS09-OPAL-Proffitt” model.
The peak stemming from the variations of diffusion velocity
near the base of the convective envelope is erased by the
turbulent mixing, which induces a very different metallicity
profile. The disappearance of this metal-peak is actually seen
in the Ledoux discriminant inversion through its impact on
the temperature gradient around 0.65 solar radii (see section
3.3). It is also worth noticing that including the prescription
of Proffitt and Michaud (1991) for turbulent diffusion has a
sufficiently large impact on the calibration to alter the initial
chemical composition of model “AGSS09-OPAL-Paquette,” as
can also be seen from Table 1, whereas the coefficients used

FIGURE 1 | Metallicity profile of the standard solar models of Table 1

including various prescriptions for the transport of chemicals.

TABLE 1 | Physical ingredients of the standard solar models used in this study.

Name EOS Opacity Abundances Diffusion Convection

AGSS09-

OPAL

FreeEOS OPAL AGSS09 Thoul MLT

AGSS09-

OPLIB

FreeEOS OPLIB AGSS09 Thoul MLT

AGSS09-

OPAS

FreeEOS OPAS AGSS09 Thoul MLT

AGSS09-

OPAL-

Paquette

FreeEOS OPAL AGSS09 Paquette MLT

GS98-OPAL FreeEOS OPAL GS98 Thoul MLT

AGSS09Ne-

OPAL

FreeEOS OPAL AGSS09Ne Thoul MLT

AGSS09-

OPAL-PartIon

SAHA-S OPAL AGSS09 Thoul +

PartIon

MLT

AGSS09-

OPAL-OvAd

FreeEOS OPAL AGSS09 Thoul + OvAd

(0.1HP )

MLT

AGSS09-

OPAL-DT

FreeEOS OPAL AGSS09 Thoul + DT MLT

AGSS09-

OPAL-Proffitt

FreeEOS OPAL AGSS09 Thoul +

Proffitt

MLT

in Buldgen et al. (2017c) have a negligible impact on the
initial conditions.

3.1. Sound Speed Inversions
We start with classical sound speed inversions, presented in
Figure 2. In the left panel of Figure 2, we present results
for standard solar models built with various abundances and
opacities. We can see the illustration of the well-known solar
modeling problem when comparing the standard AGSS09
models, in green, with the GS98 standard model, in orange.
However, it appears that considering the 40% increase of the
Ne/O ratio derived independently by Landi and Testa (2015)
and Young (2018) provides a significant improvement of the
agreement between AGSS09 models and helioseismic inversions.
This is not a surprise, since a neon increase, although much
larger, was already suggested by Antia and Basu (2005), Zaatri
et al. (2007), and Basu and Antia (2008) as a potential solution
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FIGURE 2 | (Left) Relative squared sound speed differences between standard solar models using various abundance and opacity tables and helioseismic results.

(Right) Relative squared sound speed differences between models including various prescriptions for the mixing of the chemical elements and helioseismic results.

to the solar modeling problem. Similarly, using the more recent
OPAS or OPLIB opacity tables also leads to a non-negligible
improvement of the agreement of low-metallicity models and
helioseismic results. However, this significant improvement is
restricted to the radiative layers. Indeed, large discrepancies
in sound speed in the convective envelope are still present
for all the AGSS09 models. This is likely due to the large
discrepancies in helium in the convective envelope, since, as
we will see in section 3.4, none of the models presented
in Figure 2 shows a good agreement with the helioseismic
helium abundance.

In the right panel of Figure 2, we illustrate squared
adiabatic sound speed inversions for models including various
prescriptions for the mixing of the chemical elements. Using

the Paquette et al. (1986) collision integrals or considering

partial ionization in the computation of microscopic diffusion
leads to an increase of the disagreements in the sound

speed profile just below the convective envelope (orange
and red symbols in the right panel of Figure 2). Adding

a form of macroscopic mixing improves the agreement of
AGSS09 models and helioseismic inversions, as can be seen
from the models including either turbulent diffusion or a
form of overshooting. The best agreement is found for
the polynomial formulation of turbulent diffusion used in
Proffitt and Michaud (1991) to reproduce the solar lithium
abundances (purple symbols in the right panel of Figure 2).
However, the improvement is very localized and the mixing
has little to no impact on the deeper radiative layers. This
demonstrates, as is now well-known, that the solar modeling
problem cannot stem only from an inaccuracy of the mixing
of the chemical elements, but that other ingredients such
as the radiative opacities, may be partially responsible for
the discrepancies.

3.2. Entropy Proxy Inversions
In addition to squared adiabatic sound speed, other structural
quantities can be inverted, such as for example the density,
using the (ρ,Ŵ1) structural pair (see e.g., Antia and Basu, 1994)
or the squared isothermal sound speed (see e.g., Dziembowski
et al., 1990; Gough and Thompson, 1991). Recently, we presented
in Buldgen et al. (2017b) approaches to change the structural
variables of the variational equations which could in turn be
used in helio- and asteroseismology. In Buldgen et al. (2017e), we
presented inversion results of an entropy proxy, denoted S5/3 =
P

ρ5/3 which provides interesting insights on the solar structure. In

Figure 3, we show the inversion results of this structural quantity
for the models discussed in section 3.1.

From Figure 3, a slightly different picture of the problem is
drawn. In the left panel, the model built with the OPAS opacity
tables which performed quite well in the sound speed inversion
does not provide a good agreement in the entropy proxy, whereas
the OPLIB opacities provide a very significant improvement over
the OPAL opacities, similar to the effect of the neon revision.
Nevertheless, it is clear that the performance of the AGSS09
models is still very far from the agreement obtained using the
GS98 abundances. The performance of the models built with the
OPLIB opacities and the revision of the neon abundance is due
to the steeper temperature gradient of these models below the
convective envelope due to either the behavior of the opacity
profile (see Colgan et al., 2016; Guzik et al., 2016, for a discussion)
or simply the increase of neon which leads to an increased
opacity. Indeed, from Blancard et al. (2012), it appears that neon
is the third most important contributor to the opacity at the base
of the solar convective zone.

In the right panel of Figure 3, we can see again that none of
the modifications of the transport of chemical elements have led
to a large improvement of the performance of low-metallicity
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FIGURE 3 | (Left) Relative entropy proxy differences between standard solar models using various abundance and opacity tables and helioseismic results. (Right)

relative entropy proxy differences between models including various prescriptions for the mixing of the chemical elements and helioseismic results.

solar models. Slight modifications to the S5/3 profile are seen,
with the model including adiabatic overshooting performing
slightly better than the models including turbulent diffusion.
Again, we also see that the models including the Paquette et al.
(1986) collision integrals or partial ionization when computing
microscopic diffusion lead to an increase of the disagreements
with helioseismic results. Overall, this inversion confirms that the
solution to the solar modeling problem is not to be found from
the mixing of the chemical elements alone, but also that some
distinction can be made over the type of mixing if one refines
the diagnostic by combining it to a quantity more sensitive to
local variations. This will be further discussed in section 3.3, when
presenting the results of the Ledoux discriminant inversions.

3.3. Ledoux Discriminant Inversions
In section 3.2, we discussed the results of inversions of an entropy
proxy and showed the importance of combining the information
from various inversion techniques to lift potential degeneracies
that could hinder our understanding of the solar modeling
problem. This thinking can be pushed even further by carrying
out inversions of the Ledoux discriminant. These inversions
were already presented in Gough and Kosovichev (1993b), Elliott
(1996), Kosovichev (1999), and Takata and Montgomery (2002)
but have not been exploited to analyse the discrepancies found
for models built with the recent abundance tables of Asplund
et al. (2009). This analysis was carried out in Buldgen et al.
(2017e, 2018), where in this last paper, an extended set of models
is analyzed.

In Figure 4, we present inversion results for the models of
sections 3.1 and 3.2. The first striking feature of these inversions is
the large disagreements at the base of the convective zone which
is found for any opacity tables, chemical abundances and mixing
considered. These discrepancies illustrate clearly the fact that the
standard solar models are unable to reproduce the transition in
both temperature and chemical composition gradient at the base

of the convective envelope. The main difficulty is to separate each
of their contributions to the A inversion.

Overall, the results are again quite mixed. In the left panel
of Figure 4, we find that the increase in neon provides the
largest improvement, bringing the models to an agreement
nearly as good as that found in the GS98 models. The
OPAS and OPLIB opacity tables also significantly improve the
behavior of the AGSS09 models. Nevertheless, the results are
far from convincing. Moreover, even the GS98 models show
large deviations below the convective zone, as deep as 0.6 solar
radii, thus in a region supposedly fully radiative. This emphasizes
that while the potentially missing macroscopic mixing process
is certainly very localized, it can still have an impact in deeper
radiative layers. Indeed, it will influence the initial chemical
abundances required to reproduce the solar surface metallicity,
luminosity and temperature (or radius) at a solar age and
thus the whole structure to a level that is detectable with
helioseismic data.

This is confirmed by the right panel of Figure 4, where we can

see the impact of extra-mixing below the convective zone. Again,

the parametrization of Proffitt and Michaud (1991) provides the
largest improvement for the low-metallicity models, while the
second parametrization used in Buldgen et al. (2017c) provides a
similar agreement to that of using a convective overshoot and the
use of Paquette et al. (1986) collision integrals and considering
partial ionization in the computation of microscopic diffusion
leads to larger deviations. This does not mean, however, that
turbulent mixing is not occurring at the base of the convective
zone and that such approaches should not be explored. However,
it clearly shows that mixing alone is not sufficient to solve
the solar modeling problem and other ingredients have to be
revised. Hence, it is of crucial importance to compare physical
ingredients, formalisms and numerical techniques to fully assess
their importance for the current issue, in a similar fashion to what
has been done in Boothroyd and Sackmann (2003), Lebreton
et al. (2007), and Montalbán et al. (2007).
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FIGURE 4 | (Left) Ledoux discriminant differences between standard solar models using various abundance and opacity tables and helioseismic results. (Right)

Ledoux discriminant differences between models including various prescriptions for the mixing of the chemical elements and helioseismic results.

On a sidenote, we would like to emphasize the degeneracy
at play in the analysis of helioseismic inversions. Even when
combining the results of sound speed, entropy proxy, and Ledoux
discriminant, we cannot fully distinguish between thermal and
compositional effects. Moreover, the inverted results are not
independent. They could in principle all be deduced from the
solar density profile. In that sense, they all provide the same
information about the solar structure. For example, if one uses
the Ledoux discriminant inversion to correct the A profile of a
standard solar model and integrate the other variables, assuming
Ŵ1 known, the agreement in both sound speed and entropy
proxy is very significantly improved. However, combining the
inversions is useful when trying to link an improvement with
respect to the helioseismic inversions to a change in the physical
ingredients of the models, as the degeneracy at play between
compositional and thermal effects will not act in the same way
for all structural variables.

Despite these differences in their behaviors, one cannot
fully separate thermal and compositional effects without further
assumptions linked to the equation of state of stellar material and
the chemical composition or the temperature stratification. This
degeneracy is a consequence of the physical dependencies of the
quantities for which inversions can be carried out, and of the fact
that the changes considered in themodels will always impact both
temperature and chemical gradients. For example, changing the
opacity tables will alter the position of the base of the convective
zone in the models and thus alter the diffusion history, thus the
chemical gradients. Similarly, adding an additional mixing at the
base of the convective zone will alter the chemical history of the
model and thus the temperature gradients, near the base of the
convective zone but also deeper, as seen from the A inversion
of the model including turbulent diffusion following Proffitt and
Michaud (1991). In that sense, one should emphasize the value of
independent constraints such as neutrino measurements, which
provide crucial additional informations about the deep layers of
the Sun particularly the temperature.

3.4. Convective Envelope Properties and

Frequency Separation Ratios
Besides looking at seismic inversions, it is also interesting to
analyse other complementary constraints. Indeed, solar models
do not have only to show a good agreement in terms of inferred
quantities, but should also reproduce the correct position
of the base of the convective zone (Christensen-Dalsgaard
et al., 1991; Kosovichev and Fedorova, 1991; Basu and Antia,
1997), determined to be around 0.713 solar radii and the
helium abundance in the convective envelope, determined by
(Vorontsov et al., 1991, 2013) and found to be above 0.2451. In
addition, a classical seismic diagnostic of the solar models are the
so-called frequency separation ratios

r0,2 =
νn,0 − νn−1,2

νn,1 − νn−1,1
, (2)

r1,3 =
νn,1 − νn−1,3

νn+1,0 − νn,0
, (3)

following the definitions of Roxburgh and Vorontsov (2003b).
They showed that these ratios are very sensitive to the deep layers
of stellar structure. In this section, we present inTable 2 the above

properties of the solar models presented in the preceding sections

and illustrate in Figure 5 the frequency separation ratios of some
of our models and those obtained from BiSON data.

From Table 2, we can see that models with the AGSS09
abundances all have a surface helium abundance well below the
seismically determined intervals and a too shallow convective
envelope. A more worrying result is found for the models built
with the latest OPLIB and OPAS opacity tables, as their helium
abundance is even lower than those built using the OPAL tables.
This is a consequence of the reduction of the opacity in an
extended part of the solar radiative zone, which implies a higher

1We consider here a conservative approach given the differences in the precision

of the helium determination found by various studies.
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TABLE 2 | Parameters of the standard solar models used in this study.

Name (r/R)BCZ (m/M)CZ YCZ ZCZ Y0 Z0

AGSS09-

OPAL

0.7224 0.9785 0.2363 0.01361 0.2664 0.01511

AGSS09-

OPLIB

0.7205 0.9777 0.2300 0.01372 0.2588 0.01520

AGSS09-

OPAS

0.7196 0.9779 0.2322 0.01368 0.2614 0.01516

AGSS09-

OPAL-

Paquette

0.7235 0.9788 0.2373 0.01359 0.2648 0.01480

GS98-OPAL 0.7157 0.9764 0.2465 0.01706 0.2765 0.01887

AGSS09Ne-

OPAL

0.7207 0.9780 0.2373 0.01393 0.2655 0.01547

AGSS09-

OPAL-PartIon

0.7240 0.9790 0.2378 0.01355 0.2690 0.01524

AGSS09-

OPAL-OvAd

0.7207 0.9780 0.2372 0.01356 0.2666 0.01514

AGSS09-

OPAL-DT

0.7230 0.9786 0.2375 0.01355 0.2666 0.01514

AGSS09-

OPAL-Proffitt

0.7244 0.9790 0.2411 0.01349 0.2650 0.01486

TABLE 3 | Physical ingredients of the solar models with modified opacities and

additional mixing used in this study.

Name EOS Opacity Abundances Diffusion Convection

AGSS09Ne-

Poly

SAHA-S OPAL+Poly AGSS09Ne Thoul MLT

AGSS09Ne-

Poly-DT

SAHA-S OPAL+Poly AGSS09Ne Thoul+DTurb MLT

AGSS09Ne-

Poly-Prof

SAHA-S OPAL+Poly AGSS09Ne Thoul+DTurb−
Prof

MLT

AGSS09Ne-

Poly-Rad

SAHA-S OPAL+Poly AGSS09Ne Thoul+Ov−
Rad

(0.3HP )

MLT

AGSS09Ne-

Poly-Ad

SAHA-S OPAL+Poly AGSS09Ne Thoul+Ov−
Ad

(0.3HP )

MLT

initial hydrogen abundance of the model to allow them to
reproduce the solar luminosity at the solar age.

The only AGSS09 model to show a significant improvement
in the helium abundance is the one using the Proffitt and
Michaud (1991) parametrization of turbulent diffusion. However,
this is made at the expense of a larger disagreement of
the position of the base of the convective zone. The model
including the revised neon abundance, for example, does not
significantly improve the helium abundance problem while it
reduced the discrepancies observed in structural inversions.
All other modifications lead to somewhat similar conclusions,
with neither the macroscopic mixing nor the modifications to
microscopic diffusion implying a decisive improvement of the
models. However, the similarities between the parameters of
the models including partial ionization in the computation of
microscopic diffusion and those including macroscopic mixing

illustrate the importance of combining the structural inversions,
since they could differentiate between both effects.

In Figure 5, we compare the frequency separation ratios of
theoretical models including revised abundance and opacity
tables. In previous papers, the good agreement between the
frequency separation ratios of the GS98 and the solar data was
considered as a strong argument against the revised abundances.
We see in Figure 5 that a similar agreement can be obtained
by using the OPLIB opacities in AGSS09 models and that
the neon revision also provided a significant improvement of
the agreement. This results from the fact that the frequency
separation ratios are sensitive to the sound-speed derivative.
Hence, they are sensitive to both the temperature and chemical
composition gradients and not only to the chemical composition
of the solar radiative layers.

Consequently, the frequency separation ratios cannot be
used as a direct constraint on the solar chemical composition.
However, they certainly provide some additional information to
dissect the current solar modeling problem. For example, the
fact that the model built with the OPAS opacity tables, while
it provided a quite good improvement in the squared sound
speed inversion, demonstrates that there is a clear issue. Similarly,
since the AGSS09 OPLIB model reproduces quite well the ratios
implies that the gradient of the ratio of temperature over mean
molecular weight must be quite close to the solar one, but clearly
fails at reproducing the mean molecular weight itself, since the
helium abundance in the convective envelope is far too low.

3.5. Modified Solar Models
In addition to the models presented in the previous sections,
we also carried out inversions for models built using a modified
profile of the mean Rosseland opacity and taking into account
the recent revision of the neon abundance. The modification is
implemented as a combination of a polynomial and a Gaussian
peaked around logT = 6.35. The general behavior of the
considered alteration of the opacity profile is motivated by
the current discussions in the opacity community regarding
uncertainties in conditions similar to those of the base of the solar
convective envelope. These models also include an additional
macroscopic mixing of the chemical elements at the base of
the convective zone in the form of either turbulent diffusion
or overshoot.

The opacity modification is implemented as a multiplicative
factor to the mean Rosseland opacity

κ ′ =
(

1+ fκ (T)
)

κ , (4)

with κ the original value of the mean Rosseland opacity, κ ′ the
modified value and fκ (T) the parametric function considered.
An illustration of fκ (T) is provided in Figure 6, the modification
is cut at lower temperatures than those of the position of the
base of the convective zone, as these regions will not affect the
solar modeling problem. However, in stars other than the Sun,
modifications can also be expected in other regimes and their
amplitude might be higher than what is found in the solar case.
As can be seen, most of the alteration is localized below the base
of the solar convective zone, and the order of magnitude is similar
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FIGURE 5 | Comparison between the observed frequency separation ratios r0,2 and r1,3 from the BiSON data and those of solar models built with various

abondance and opacity tables.

FIGURE 6 | Modification to the opacity profile used in the solar models

denoted as “Poly.” fκ (T ) is the increase in relative opacity applied during

the evolution.

to the value given by Pradhan and Nahar (2018) and Zhao et al.
(2018)2 whereas at higher temperatures, the modification quickly
drops to values of the same order of magnitude as the various
standard opacity tables. From a physical point of view, the sharp
decrease in opacity uncertainties at higher temperatures due
to the higher ionization state of the various chemical elements
and the reduced contribution of photon absorption to the total
opacity budget. In our study, the opacity modification is applied
throughout the evolution and each of these “corrected” models is
recalibrated individually.

We considered models built with the AGSS09 abundance
tables, including the corrected neon abundance, the OPAL
opacity tables and the SAHA-S equation of state. The motivation
behind the use of the SAHA-S EOS was to include themost recent
version of an EOS relying on the chemical picture.We summarize

2A. Pradhan, private communication.

the physical ingredients of these modified solar models in
Table 3. All these models have been built with the idea of seeing
how well the agreement with all the seismic diagnostics could
be improved and what we could learn about the degeneracies
of the solar modeling problem. A more extended study can be
found in Buldgen et al. (2018) where we have investigated various
modifications to the opacity profile using various standard
opacity tables as a starting point. Similar studies using modified
models can also be found inMontalban et al. (2006), Christensen-
Dalsgaard et al. (2009), Christensen-Dalsgaard and Houdek
(2010), Ayukov and Baturin (2011), Ayukov and Baturin (2017),
and Christensen-Dalsgaard et al. (2018).

We illustrate in Figure 7 the results of the c2, S5/3 and A
inversions for these various modified models. In Figure 8, we
compare the frequency separation ratios of these models to
those of BiSON data and in Table 4, we give the values of
various parameters of these solar models of direct interest for
helioseismology. We have used the following naming convention
for the additional mixing at the base of the convective envelope:
“AGSS09Ne-Poly-DT” denotes a model where we used Equation
(1) with the values of 50 and 2 for the D and N coefficients
respectively, whereas “AGSS09Ne-Poly-Prof” denotes the use of
the values 7500 and 3 for these coefficients. “AGSS09Ne-Poly-
Rad” denotes the uses of a step overshoot function of 0.3HP

using the radiative temperature gradient in the overshooting
region and an instantaneous mixing of the chemical elements
whereas “AGSS09Ne-Poly-Ad” denotes the uses of the same step
overshoot function but fixing the temperature gradient to the
adiabatic gradient.

As can be seen from Table 4, the parameters of these models
are in much better agreement with helioseismology. For nearly
all models, the position of the base of the convective zone is in
near perfect agreement with helioseismic constraints. The only
exception being the model including adiabatic overshoot, which
leads to an extension of the base of the convective zone far beyond
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FIGURE 7 | (Upper-left) Squared adiabatic sound speed inversions for the solar models including a modified mean Rosseland opacity and additional macroscopic

mixing. (Upper-right) Entropy proxy inversions for the solar models including a modified mean Rosseland opacity and additional macroscopic mixing. (Lower)

Ledoux discriminant inversions for the solar models including a modified mean Rosseland opacity and additional macroscopic mixing. The error bars have the same

amplitude as for the standard models but were left out to ease of readibility of the figure.
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FIGURE 8 | Comparison between the observed frequency separation ratios and those of the solar models including modified opacity tables and additional

macroscopic mixing.

what is expected from helioseismology and generates an glitch
in the sound speed profile due to the too steep position of the
transition in temperature gradients. This is perfectly illustrated
in the c2 and A profiles (in red in Figure 7) which show large
deviations in the transition region.

All models also present a significant increase in the helium
abundance in the convective zone. This is a direct consequence
of the extended region over which the opacity is increased,

which leads to a reduced initial hydrogen abundance and thus a
higher initial helium abundance. However, the values still remain
slightly lower than the helioseismic value3, implying that, while
the base of the convective zone is placed at the right position,
something is still amiss in the solar models. This is confirmed

3We consider here a conservative interval between 0.245 and 0.26 in agreement

with recent studies (Vorontsov et al., 2013).
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TABLE 4 | Parameters of the solar models with modified opacities and additional

mixing used in this study.

Name (r/R)BCZ (m/M)CZ YCZ ZCZ Y0 Z0

AGSS09Ne-

Poly

0.7122 0.9757 0.2416 0.01385 0.2692 0.01494

AGSS09Ne-

Poly-DT

0.7106 0.9762 0.2425 0.01383 0.2685 0.01466

AGSS09Ne-

Poly-Prof

0.7121 0.9756 0.2460 0.01376 0.2696 0.01500

AGSS09Ne-

Poly-Rad

0.7118 0.9757 0.2437 0.01381 0.2692 0.01495

AGSS09Ne-

Poly-Ad

0.6871 0.9757 0.2438 0.01381 0.2700 0.01506

by a closer analysis of the inversion results and the frequency
separation ratios.

From the upper-left panel of Figure 7, we can see that the
sound speed profile is in very good agreement with helioseismic
results. However, considering the amount of ingredients that
have been fine-tuned, the presence of very significant deviations
below 0.6 solar radii indicate that something still needs to be
corrected in these models. Similarly, the height of the entropy
plateau is still off by more than 1% for all models, except the
model including adiabatic overshoot which strongly disagrees
with the base of the convective zone. Such disagreements give
weight to the hypothesis that, beyond corrections to the radiative
opacities, the modeling of the transition in temperature gradient
at the base of the convective region will have a strong impact
on the inversion results. This is a well-known fact, which has
been analyzed and discussed by Christensen-Dalsgaard et al.
(2011, 2018). However, the current results show in a new way
the potential of helioseismic data to provide very stringent
constraints on the solar structure.

The Ledoux discriminant inversions also illustrate the full
potential of these diagnostics. In the lower panel of Figure 7, we
can see that the inversions clearly show the different behaviors
of various types of chemical mixing unlike the results illustrated
in Figure 4. The reason why these different behaviors were not
visible in Figure 4 is due to the fact that the mixed region was
actually compared to a region that is fully mixed in the Sun.
It seems that any type of mixing could provide a significant
improvement in the Ledoux discriminant, especially the adiabatic
overshooting. In the modified models, since the fully mixed
region in the models more closely resembles that of the Sun,
the Ledoux discriminant is far more useful in disentangling
the various types of macroscopic mixing occurring below the
transition in temperature gradient.

In Figure 8, we compare the values of the frequency
separation ratios from our to observations. From a comparison
between Figures 5, 8, we can see that the opacity modification
induces a slight improvement in comparison with the standard
AGSS09Ne model, especially at lower frequencies. However, it
appears that the model built with the GS98 abundances still
performs better. This also advocates for change in opacity over
a wider range of temperature, which could be linked to a revision

FIGURE 9 | Gradient of the natural logarithm of temperature with respect to

the natural logarithm of pressure for the modified solar models considered in

this study.

of the equation of state used in the opacity computations in such
regimes. In practice, opacity computations are expected to be
more robust at higher temperatures, as less transitions come into
play. The equation of state used by different groups to compute
the tables may explain some of the differences4. However, the
large differences observed in the Bailey et al. (2015) experiment
results may also be linked to other issues in current opacity
computations (Krief et al., 2016; Nahar and Pradhan, 2016; Pain
and Gilleron, 2019). (Krief et al., 2016; Nahar and Pradhan, 2016;
Pain and Gilleron, 2019).

Indeed, changes of even a few percent at higher temperatures
could significantly affect the frequency separation ratios, as well
as the agreement with the helioseismic helium abundance in
the convective envelope. Modifications of such amplitude are
within the uncertainties of the opacity tables (Guzik et al., 2005,
2006) and thus do not imply significant revisions of the physics
in opacity computations, unlike the modifications required at
the base of the solar convective zone. Amongst the modified
models, the addition of macroscopic mixing of the chemical
elements does not have a significant impact on the ratios, with the
exception of the adiabatic overshoot, which adds an oscillatory
signal due to the large mismatch in the position of the base of the
convective zone in this model.

In Figure 9, we illustrate the gradient of the natural logarithm
of temperature with respect to the natural logarithm of pressure

(∇ = d lnT
d ln P

) for the various modified solar models considered
in our study. As can be seen, the combination of both opacity
modifications and chemical mixing allows to place the base of the
convective zone in very good agreement with helioseismology,
with the exception of course of the adiabatic overshoot. One can
also note the slight differences in temperature gradient near the
base of the convective zone for the various mixing. As the mean
molecular weight gradients will be also very different, it can also
be easily understood why the Ledoux discriminant inversions
offer a great opportunity to probe chemical mixing just below the
base of the convective zone. In the Appendix section, we discuss

4This statement is however, difficult to assess, as the equation of state used for

opacity computations is often not available, at least for the recent OPAS and

OPLIB tables.
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how the Ledoux discriminant can be separated in its chemical
and thermal components and how additional insights could be
gained from these inversions. It also appears that the temperature
gradient quickly follows a very similar behavior at 0.5 solar radii
for all models, as expected from the small amplitude of the
considered opacity modifications at higher temperatures. These
small shifts are however of constant sign over the whole radiative
layers and thus still impact the initial hydrogen abundance of the
calibrated model and its present-day helium abundance in the
convective zone.

4. IMPACT OF SOLAR MODEL

MODIFICATIONS ON THE 16CYG BINARY

SYSTEM

4.1. From Global Helioseismology to

Asteroseismology
With the advent of the CoRoT (Baglin et al., 2009) and Kepler
missions (Borucki et al., 2010), asteroseismology of solar-like
oscillators has become the golden path to characterize other
stars than the Sun. Today, asteroseismic modeling is considered
a standard tool to derive precise values of stellar fundamental
parameters of stars, namely mass, radius and age which are of
particular interest for fields such as exoplanetology and Galactic
archaeology. While the high precision of these determinations is
undisputable, as they result from the high precision of the seismic
data, their accuracy will of course depend on the actual accuracy
of the underlying stellar evolution models.

Consequently, efforts have recently been made to quantify
the impact of physical ingredients on the determination of
these fundamental parameters. In parallel, the wealth of seismic
and non-seismic data led to the development of sophisticated
modeling tools (Bazot et al., 2012; Gruberbauer et al., 2012;
Rendle et al., 2019) and new analyses techniques (see for example
Verma et al., 2014; Roxburgh, 2016; Farnir et al., 2019). Most
notably, the advent of space-based photometric data allowed the
extension of seismic inversion techniques to other targets than
the Sun. The use of these methods had been discussed with
artificial data in a few pioneering works (see for example Gough
and Kosovichev, 1993a,b; Roxburgh et al., 1998; Roxburgh and
Vorontsov, 2002).

From a seismic point of view, the first obvious targets to
attempt seismic inversions are low-mass main-sequence solar-
like oscillating stars observed by Kepler during the whole
duration of the nominal mission. These stars have been
assembled in a single catalog, called the Kepler LEGACY sample
(Lund et al., 2017; Silva Aguirre et al., 2017). Amongst these
stars, the most constrained targets are the components of the
16Cyg binary systems. In addition to high-quality seismic data,
interferometric, photometric, and spectrocopic constraints are
also available, providing an unprecedented dataset for such solar
twins. Various studies have been dedicated to their modeling
using forward and inverse approaches.

Given its extensive datasets, the 16Cyg binary systems offers
an excellent opportunity to test the ingredients of stellar
models to a degree of sophistication similar to helioseismic

TABLE 5 | Parameters of the 16Cyg models with modified opacities and

additional mixing used in this study.

16Cyg A 16Cyg B

M (M⊙) 1.06 1.02

R (R⊙) 1.22 1.12

X0 0.700 0.700

Z0 0.022 0.022

αMLT 1.82 1.82

investigations. From a physical point of view, one can consider
the targets of the Kepler LEGACY sample as additional
experimental points to understand the solar modeling problem.
In this section, we will carry out the academic exercise of
considering the impact of the solar modeling problem on the
seismic constraints of the 16Cyg binary system.

In our exercise, we computed different sets of models for
the 16Cyg binary systems using the same initial conditions,
summarized in Table 5, but various physical ingredients. These
values have been taken from a preliminarymodeling of the 16Cyg
binary system presented in Farnir et al. (2019)5. The first set
of models is composed of standard models of both stars built
using the AGSS09 abundances, the FreeEOS equation of state,
the OPAL opacities, following the diffusion formalism of Thoul
et al. (1994), the classical mixing-length theory of convection
and using an Eddington gray atmosphere. First, we test opacity
modifications, considering that a re-investigation of the 16Cyg
binary system would be required should updated opacity tables
be made available6. Hence, we computed a second set of models
of 16CygA&B that includes the polynomial opacity modification
that we considered for model “AGSS09Ne-Poly” of section 3.5„
represented in Figure 6. Finally, the third set of models considers
both this opacity modification and the parametric macroscopic
mixing of Proffitt and Michaud (1991) as in model “AGSS09Ne-
Poly-Prof” of section 3.5. The properties of the models of the
various sets are summarized in Table 6. The models have been
calibrated by evolving them until they reach the radius values
determined using interferometry (White et al., 2013). Hence,
each has a different age, as a result of the differences in their
physical ingredients. All ages are however consistent between the
components of the binary system.

The goal of this exercise is fairly simple: to illustrate the
impact a potential solution to the solar modeling problem could
have on the determination of stellar fundamental parameters
such as mass, radius, and age for stars other than the Sun.
Hence, it also serves the purpose of reminding the model-
dependence of asteroseismic investigations, but also how the
high-quality asteroseismic data can help us better understand
the physical processes acting inside stars by providing other

5Namely, the results are only presented for the A component in Table 2, second

column of Farnir et al. (2019), but the modeling was carried out for both

components.
6Buldgen et al. (2016b) also investigated the use of the OPAS opacities in their

modeling, but this should be done more thoroughly.
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TABLE 6 | Parameters of the 16Cyg models with modified opacities and

additional mixing used in this study.

Name (r/R)BCZ (m/M)CZ YCZ ZCZ Age

CygA-Std 0.7070 0.9793 0.2300 0.01863 7.18 Gy

CygB-Std 0.6979 0.9739 0.2332 0.01887 7.48 Gy

CygA-Poly 0.7000 0.9771 0.2312 0.01876 7.30 Gy

CygB-Poly 0.6.850 0.9691 0.2348 0.01898 7.61Gy

CygA-Poly-Prof 0.7000 0.9765 0.2454 0.01950 7.48 Gy

CygB-Poly-Prof 0.6860 0.9699 0.2438 0.01958 7.76 Gy

experimental conditions to those at hand in helioseismology. A
good illustration of the limitations of stellar models, and thus
a central point for which a revision of their ingredients could
have a significant impact is found for example in the current
discussions related to the transport of angular momentum on
both the main-sequence and the red giant branch (Eggenberger
et al., 2017, 2019; Benomar et al., 2018; Ouazzani et al., 2018).
In those cases, the sensitivity of the proposed mechanisms to the
chemical composition gradients, and thus their validity, could be
influenced by revisions of some of the physical ingredients at play
when studying the solar modeling problem.

4.2. Impact of the Solar Problem on

Classical Seismic Indices
Forward seismic modeling techniques can vary quite extensively
depending on the quality of the data. The crudest approach
uses the so-called scaling laws to infer stellar properties, whereas
the most sophisticated techniques use various combinations of
the individual frequencies. Amongst them, the use of the r0,2
and r1,3 ratios defined by Roxburgh and Vorontsov (2003b) and
defined in Equations (2, 3) allow to infer the internal structure
without too much dependency on the upper layers. Indeed, the
direct use of the individual frequencies is not optimal for solar-
like oscillators, as they are strongly influenced by the “surface
effect” problem and lead to unrealistic precisions on stellar
parameters7.

In Figure 10, we compare the frequency separation ratios
of the various models with respect to the observations. As can
be seen, none of the models fit very well the seismic data at
hand, although the agreement is not catastrophic either. This
is not surprising, as they have not been fitted to the individual
frequency ratios. However, what is more striking is that the
variations between the theoretical models that are induced by
the opacity modifications and the additional turbulent mixing
is significant with respect to the observational uncertainties for
most of the data. This is not really surprising but emphasizes the
model-dependence of seismic modeling results. As expected, the
variations observed here are also reflected in the fundamental
parameters. However, this behavior should be inspected for a

7Indeed, early studies already discussed the fact that individual frequencies did

not constitute independent constraints on stellar structure and should not be used

directly as inputs of stellar forward modeling.

given fit of the seismic constraints to be certain that the accuracy
of the inferences is so significantly affected.

Unsurprisingly, the most affected parameter is the age, for
which variations between the standard models and the models
including opacity modifications and additional mixing can reach
around 4%, whereas including only the opacity modifications
only induces a variation of almost 2%. These variations are of
course quite small. However, they are as large as the uncertainties
on the fundamental parameters derived from seismic modeling
studies using the whole Kepler dataset (see for example Metcalfe
et al., 2015; Silva Aguirre et al., 2017) and are of course only
indicative of the impact of the changes of given ingredients for
a given set of initial conditions for the evolutionary models.
Taking into account the uncertainties on the other fundamental
parameters for a given set of constraints could lead to a larger
spread in age.

In Buldgen et al. (2016a), we demonstrated that a similar
spread in age could also be seen by altering the efficiency
of microscopic diffusion. Hence, we can state that modifying
the formalism of microscopic diffusion, using the Paquette
et al. (1986) approach and considering partial ionization when
computing microscopic diffusion would also cause a change in
age of the order of one per cent. Consequently, we can confirm
that for the current best Kepler targets (Borucki et al., 2010), as
well as for future TESS and PLATO targets (Rauer et al., 2014;
Ricker et al., 2015), the main contributors to the fundamental
parameters will not be the propagation of the observational
uncertainties onto the inferred parameters, but the physical
ingredients of the underlying grids of evolutionary models. In
such a context, very high precision results, for example as those
of Metcalfe et al. (2015) or (Buldgen et al., 2016a,b) for the 16Cyg
binary system, should only be taken as valid for a given set of
physical ingredients.

To illustrate some of the differences between the various
models considered here, we show in Figure 11 the temperature
gradients inside the models. As can be seen, the modification
of the mean Rosseland opacity does not induce any significant
variations in the deep layers. Themain variation is unsurprisingly
located at the base of the convective zone. A small modification
is also seen in luminosity but well below the observational error
bars. Interestingly, the inclusion of turbulent diffusion has altered
the deep layers of the model. The variations are actually due to a
change of the hydrogen abundance in the central layers. Indeed,
XC is 0.038 in the model including turbulent diffusion and 0.029
in the standard model. This could be due to the inhibition of
microscopic diffusion that is induced by the turbulent mixing.

The extreme impact of the Proffitt and Michaud (1991)
parametric approach to turbulent diffusion can also be seen
in Figure 12, where we illustrate the metallicity profile of the
models of the 16Cyg binary system. One can see the influence
of turbulent diffusion on the surface abundance of metals that is
significantly higher than in the standard model and the model
including modified opacity. It is also interesting to note the
slight differences between these two models. We emphasize
here that there is no modification to the mixing of chemicals.
However, there is an indirect impact of the opacity modification
on chemicals through the modification of the position of the
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FIGURE 10 | Comparison between the observed frequency ratios and those of the 16Cyg A and B models considered in this study.

FIGURE 11 | Temperature gradient profiles as of function of r/R for the 16Cyg A and B models considered in this study.

FIGURE 12 | Metallicity profiles as of function of r/R for the 16Cyg A and B models considered in this study.

base of the convective envelope. Here, the higher opacity leads to
a larger convective envelope, extending at higher temperatures.
This implies that microscopic diffusion will be slightly less

efficient and thus, that a higher metallicity will be found in
the envelope but also just below the envelope, where metals
tend to accumulate over the duration of the evolution. This is
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FIGURE 13 | Comparison of tu and ρ̄ inversions for 16CygA and B for the models considered in this study. The blue symbols refer to the reference models: ∗ for the

standard models, � for the models with modified opacity and ♦ for the models including both the opacity modification and turbulent diffusion.

particularly well seen in the left panel of Figure 12 in the case
of 16CygA.

Overall, the modifications we see in the models of both
components remain quite small. They could, however, be
modified by the seismic optimization procedure which will alter
the initial conditions of the evolutionary sequence. Therefore,
some variations seen in the models assuming the same initial
parameters but different approaches for the mixing of the
chemical elements might be erased at the expense of a change
of fundamental parameters such as mass, radius and age, as was
noted in Buldgen et al. (2016b). On this matter, the case of 16Cyg
is particularly interesting and promising, as both stars form a
binary system. This adds another level of constraint on their
initial composition and their age, further reducing the amplitude
of the changes one can make to the models.

4.3. Impact of the Solar Problem on

Indicator Inversions
In addition to classical seismic forward modeling, Reese et al.
(2012), Buldgen et al. (2015b), Buldgen et al. (2015a), and
Buldgen et al. (2018) developed inversions of so-called structural
indicators, defined as integrated quantities, which can offer
additional constraints beyond the use of classical seismic indices.
In this section, we briefly discuss the potential variations in these
seismic indicators that can be expected from the modifications
of the physical ingredients of the 16Cyg binary system models.
It should however be noted that these results are preliminary
and that the true diagnostic potential of the inversions might be
further improved. For example, the use of non-linear inversions,
following the formalism of Roxburgh and Vorontsov (2003a)
may provide an excellent complement, less sensitive to surface
effects, to the classical formalism used in global helioseismology.

Here, we limit ourselves to a brief discussion on the diagnostic
potential of structural indicators, namely the tu indicator from
Buldgen et al. (2015a), defined as

tu =
∫ R

0
f (r)

(

du

dr

)2

dr, (5)

with u = P/ρ, R the stellar radius and f (r) a suitably chosen
parametric weight function (see Buldgen et al., 2015a, for details).

The impact of the changes in physics on the tu indicator
can be seen in Figure 13, where we recreate the figures from
Buldgen et al. (2016a,b) presenting the inversion results. As
can be seen, the variations are quite small compared to the
uncertainties of the inversions. However, the variations of the
fundamental parameters will strongly affect the values of the
structural indicators. As the tu indicator scales withM2, its value
is also strongly dependent on the mass and radii inferred from
the forward modeling procedure. Including a small mixing at the
base of the envelope of 16CygB, Buldgen et al. (2016b) found
a variation of the tu indicator between 12 and 20% between
some models. However, it is very unlikely that this variation
only results from changes in the structure of the models, but
rather stems also from inaccuracies in the stellar fundamental
parameters. This is illustrated in Figure 13, since the models
are built using the same mass and evolved until they have the
same radius. From these tests, we can see that the maximum
variations in tu at a given mass and radius are of approximately
6%; this is well below the uncertainties of the tu indicator that
can reach values around 16%. On a sidenote, it also appears that
the mean density value is not well reproduced for 16CygB, with
a difference of around 2% between the reference models and the
inverted value. The tu value seems however to be in very good
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agreement with the inversions, but it remains to be seen whether
one can obtain a good agreement for all inverted quantities.
In addition to the tu and ρ̄ inversions, additional indicators
presented in Buldgen et al. (2018) can be used to constrain the
internal structure of the star. Moreover, taking into account the
lithium and beryllium abundances, whenever measured, are also
key additional observations to accurately depict the evolution
of solar-like stars (Deal et al., 2015; Thévenin et al., 2017). In
the case of the 16Cyg binary system, the lithium abundance for
both stars has been determined (King et al., 1997; Tucci Maia
et al., 2014), finding the lithium abundance to be more depleted
in the B component by approximately a factor 5. Deal et al.
(2015) suggested that those differences could have been provoked
by an accretion of planetary matter on 16CygB which would
have triggered thermohaline mixing. Following these results,
the differences observed in both the indicator inversions and
the lithium abundance motivated the study of Buldgen et al.
(2016b) who assessed the impact of extra-mixing on the inversion
results. However, since various physical ingredients could affect
the inversion result, Buldgen et al. (2016b) concluded that the
problem might be degenerate and required a careful re-study.
Moreover, it is still unclear whether the process leading to the
far more significant lithium depletion in the B component would
still leave a mark on its present-day structure.

Results for some Kepler LEGACY stars have already been
presented in Buldgen et al. (2017a), showing the diagnostic
potential of these additional indicators. However, Appourchaux
et al. (2015) demonstrated the potential of the method of
Roxburgh and Vorontsov (2003a) by providing an inversion
of the whole hydrostatic structure of a Kepler target. There
is no doubt that the use of such an approach on the targets
of the Kepler LEGACY sample in the Gaia era will provide
invaluable information for stellar modelers, allowing to test with
unprecedented thoroughness our depiction of stellar structure in
a much more model-independent way than what is achievable
with linear asteroseismic inversions.

5. PROSPECTS AND DISCUSSION

In the previous sections, we presented the current state of the
solar modeling problem, with a strong emphasis on helioseismic
diagnostics and their capabilities. While it is obvious that global
helioseismology is an essential tool to probe the internal structure
of the Sun, it does not imply that other fields cannot also reshape
the picture of the current solar issue. As mentioned earlier,
constraints provided by helioseismic inversions are somewhat
degenerate. Indeed, they do not give direct constraints on
the temperature gradients inside the Sun as they also probe
variables related to a combination of temperature and mean
molecular weight.

For example, measurements of neutrinos fluxes also provide
stringent complementary constraints on the temperature of the
most central regions of the solar core, probing a zone inaccessible
to global helioseismology. Recent simultaneous measurements of
all neutrinos of the pp-chain (Borexino Collaboration et al., 2018)
provide a very complete picture of the solar core. In the future,

measurements of the CNO neutrinos could provide more direct
constraints on the chemical composition of the solar core (see
Gough, 2019, for a recent discussion), in particular, its oxygen
abundance, offering strong constraints on the chemical mixing
during the evolution of the Sun. However, it is also clear that
the neutrino fluxes measurements could also be significantly
affected by a revision of the electronic screening formulas used
in stellar models (Mussack and Däppen, 2011), as mentioned by
Vinyoles et al. (2017).

Similarly, the solar lithium and beryllium abundances also
play a key role in understanding the evolution of the Sun (Richard
et al., 1996; Piau and Turck-Chièze, 2001). They are closely linked
to the intensity and the extent of the mixing at the base of the
convective zone, thus constraining the physical processes that can
be at play in this narrow region. As such, a key point for the
future of solar modeling is understanding the nature and impact
of so-called “non-standard” processes often treated using ad-hoc
prescriptions. The stakes of the solar modeling problem are not
so much to validate a value of the solar metallicity, but to trigger
the development of new generations of stellar models.

In this perspective, the advent of space-based photometry
missions and the rapid development of asteroseismology offers
an unprecedented opportunity for stellar modelers. Today, we
can use seismology to precisely probe the interior of thousands
of stars, providing stellar modelers with additional experimental
measurements to refine their understanding of the theory of
stellar structure and evolution, from the microscopic scales of
nuclear reactions and radiative transfer to the large scale of
turbulent hydrodynamical motions.

In a provocative way, one could state that stellar physics
is far from being reduced to an optimization problem and
that the main concerns of asteroseismic modelers should
not be on providing extremely precise stellar fundamental
parameters. Indeed, those will always be model-dependent. Thus,
their precision will always be overestimated, as the systematic
differences that can result from inaccurate physical ingredients
are difficult to estimate. On the contrary, stellar and solar
seismologists should focus on the quality and relevance of
their inferences and the connection between their data and the
actual physical constraints that they contain. With this mindset,
asteroseismology will truly fulfill its role of complementary,
“experimental” domain of theoretical stellar physics.

Of course, the progress of stellar physics will require a strong
effort on the modeling side. Improvements of the physical
ingredients of stellar models are the keys to the solution of the
solar modeling problem. From a macrophysical point of view
for example, the development of hydrodynamical simulations
also offers great potential for our understanding of turbulence
in stellar conditions (see for example Jørgensen et al., 2018, for
an application in the solar case). Linking these simulations to a
formalism that can be used in stellar evolution codes is one of the
key challenges of the coming years, especially for our depiction
of the evolution of convective cores. From a microphysical point
of view, further improvements of radiative opacities, microscopic
diffusion, or the equation of state will also lead to revolutions
in the field and will certainly play a key role for the solar
problem.
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A first step in this direction is to compare various evolution
codes to separate the numerical contributions to the uncertainties
to those that clearly result from physical inaccuracies. This
approach, although time-consuming and not very rewarding, is
also crucial to motivate further developments and improvements
of stellar evolution codes from a numerical point of view. In
that respect, it is of course pointless to claim the superiority of
one code over others, as much as it is useless to use them as
blackboxes. It is clear that the numerical development of some
codes has been focused on implementing thoroughly specific
aspects (e.g., rotation, magnetic instabilities and internal gravity
waves for the GENEC code Eggenberger et al., 2008, microscopic
diffusion including a complete treatment of radiative acceleration
for the Montral-Montpellier code Turcotte et al., 1998; Richer
et al., 2000; Richard et al., 2001 and the Toulouse-Geneva
evolution code Théado et al., 2012, or the consistent evolution
of convective boundary and quality of the models for seismology
of the Liége code Scuflaire et al., 2008b).

6. CONCLUSION

This paper has focused on providing a brief review of the solar
modeling problem, mainly from a helioseismic perspective. We
have discussed in section 2 the various contributors to the current
issue. Unsurprisingly, the opacity remains the usual suspect and
probably the most significant contributor to the disagreements
between standard solar models and helioseismic constraints.
Beside the opacities, the mixing of the chemical element and the
equation of state are the other usual suspects who could have a
significant impact on the solar structure. In section 2.5, we also
briefly presented some additional processes that could impact the
present-day solar structure and thus the current discrepancies.
While they are not commonly presented in the literature, they
should perhaps not be totally dismissed.

In section 3, we presented inversion results, frequency
separation ratios and convective envelope properties of a sample
of solar models built with various physical ingredients. The
constraining nature of combining this entire set of information
into one consistent study is very clear, as it allows to isolate
the effect of the various contributors to the solar problem.
We showed the impact of an extended modification of the
mean Rosseland opacity, for which the largest amplitude of
the correction lay in the conditions of the iron opacity peak
at logT = 6.35. We also show that the increased neon
abundance found by Landi and Testa (2015) and Young (2018)
significantly reduces the discrepancies of the low-metallicity solar
models. In addition, we show that the combined inversions
could provide stringent constraints on the type of mixing at
the base of the solar convective zone. Further extensions of
this study using a non-linear inversion technique and/or the
phase shift of the mode frequencies to properly reproduce the
transition in temperature gradients will provide key constraints
for the physical implementation of overshooting at the base of
stellar envelopes.

In section 4, we have briefly discussed the impact of the solar

modeling problem on the structure of the best Kepler targets,

the components of the 16Cyg binary system. To do so, we
have computed models with a given set of physical ingredients
using the standard solar model framework, including the opacity
modification we used for our modified solar models or including
both the opacity modification and turbulent diffusion using
the parametric approach of Proffitt and Michaud (1991). We
demonstrated that the impact of such modifications would be
significant at the level of precision required from asteroseismic
investigations. In that respect, improving the current seismic
inference techniques is crucial to better exploit the constraints
on these uncertain processes and, by providing more stringent
analyses, to ensure the success of future space missions such as
PLATO and to bring theoretical stellar physics to a new level of
accuracy. Improving indicator inversions but also generalizing
the use of non-linear inversions can be foreseen as the most
promising way to fully exploit the data. However, new approaches
to treat the seismic information in forward modeling methods
also provide important insights in the limitations of seismic
information and define the necessary reference models for
seismic inversions (Farnir et al., 2019).

Ultimately, the extension of such advanced modeling
strategies further away from the solar conditions will allow to
truly probe the limitations of the current state of theoretical
stellar physics. In conclusion, the future of asteroseismology
is deeply rooted in its history and the early developments of
helioseismology. From these solid grounds, asteroseismologists
can further develop this young and successful research field.
This requires to solve the solar modeling problem, to promote
synergies between stellar physicists, seismic modelers and experts
in hydrodynamical simulations without perhaps falling into the
trap of a race to precision of stellar parameters that are intrisically
model-dependent.
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APPENDIX

FIGURE A1 | Decomposition of the Ledoux discriminant in its thermal and

chemical composition gradients contributions for a model built with the GS98

abundances, and other models including modified opacity tables and

macroscopic chemical mixing.

To have a closer look at the impact of extra mixing at the
base of the convective zone, we illustrate in Figure A1 the
various contributions to the Ledoux discriminant, A. We use the
following definition

A = −
rδ

HP

(

∇Ad −∇ +
φ

δ
∇µ

)

, (A1)

with HP the pressure scale height, µ the mean molecular weight,

P the pressure and δ = −
(

∂ ln ρ

∂ lnT

)

P,µ
, φ =

(

∂ ln ρ

∂ lnµ

)

P,T
,∇ = d lnT

d ln P
,

∇Ad =
(

∂ lnT
∂ ln P

)

S
, with S the entropy, ∇µ = d lnµ

d lnP
. We define the

thermal and chemical contributions to the Ledoux discriminant,
AT and Aµ as

Aµ = −
rφ

HP
∇µ, (A2)

AT = −
rδ

HP
(∇Ad −∇) . (A3)

From Figure A1, we see that the thermal contribution largely
dominates the behavior of the Ledoux discriminant, with the
exception of the last percent of the radiative regions. There
is a clear difference between a fully mixed overshoot and
that of turbulent diffusion. This opens up the possibility to
combine seismic diagnostics to distinguish the form of the
macroscopic mixing at the base of the solar convective zone
and explains the observed differences in Figure 7. Using non-
linear inversions, as in Corbard et al. (1999), may also help
to further constrain the profile of the Ledoux discriminant
between 0.67 and 0.71 solar radii. There also appears to be a
clear difference in the temperature contribution, AT , between the
various models, around 0.65 solar radii. This difference is due
to the too steep temperature gradient at this position, seen for
the GS98 model and the model built using radiative overshoot.
A parametric modeling of the transition in both temperature
and chemical gradients should shed new light the existing
degeneracies and provide seismic constraints to works aiming at
including hydrodynamical prescriptions in stellar evolutionary
codes. To that end, a combination of the analysis of the phase-
shift of frequencies, as carried out by Christensen-Dalsgaard et al.
(2011) or the use of a non-linear RLS method following the
approach of Corbard et al. (1999) would allow to probe the sharp
transition in Ledoux discriminant at the base of the convective
zone.
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Over 2,000 stars were observed for 1 month with a high enough cadence in order to look

for acoustic modes during the survey phase of the Kepler mission. Solar-like oscillations

have been detected in about 540 stars. The question of why no oscillations were detected

in the remaining stars is still open. Previous works explained the non-detection of modes

with the high level of magnetic activity of the stars. However, the sample of stars studied

contained some classical pulsators and red giants that could have biased the results. In

this work, we revisit this analysis on a cleaner sample of main-sequence solar-like stars

that consists of 1,014 stars. First we compute the predicted amplitude of the modes

of that sample and for the stars with detected oscillation and compare it to the noise

at high frequency in the power spectrum. We find that the stars with detected modes

have an amplitude to noise ratio larger than 0.94. We measure reliable rotation periods

and the associated photometric magnetic index for 684 stars out of the full sample

and in particular for 323 stars where the amplitude of the modes is predicted to be

high enough to be detected. We find that among these 323 stars 32% of them have a

level of magnetic activity larger than the Sun during its maximum activity, explaining the

non-detection of acoustic modes. Interestingly, magnetic activity cannot be the primary

reason responsible for the absence of detectablemodes in the remaining 68% of the stars

without acoustic modes detected and with reliable rotation periods. Thus, we investigate

metallicity, inclination angle of the rotation axis, and binarity as possible causes of low

mode amplitudes. Using spectroscopic observations for a subsample, we find that a low

metallicity could be the reason for suppressed modes. No clear correlation with binarity

nor inclination is found. We also derive the lower limit for our photometric activity index (of

20–30 ppm) below which rotation and magnetic activity are not detected. Finally, with our

analysis we conclude that stars with a photometric activity index larger than 2,000 ppm

have 98.3% probability of not having oscillations detected.
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1. INTRODUCTION

Solar-type stars show acoustic oscillations that are intrinsically
damped and stochastically excited by near-surface convection
(e.g., Goldreich and Keeley, 1977), which is also an important
ingredient for magnetic activity (Brun and Browning, 2017,
references therein).

In the Sun, the properties of the acoustic modes are sensitive
to the varying magnetic activity (e.g., Woodard and Noyes, 1985;
Elsworth et al., 1990; Howe et al., 2015). In particular, as a result
of magnetic structures in the solar photosphere being strong
absorbers of the acoustic waves (e.g., Braun et al., 1987; Jain and
Haber, 2002), the amplitudes of the acoustic modes decrease with
increasing activity level (e.g., Chaplin et al., 2000; Komm et al.,
2000; Howe et al., 2015; Kiefer et al., 2018). Already observed
in the Sun, such activity-related variations were first discovered
in a star other than the Sun, HD 49933 observed by the CoRoT
satellite, by García et al. (2010). Searching for such signatures of
magnetic activity inKepler data, it was found that other solar-type
stars, in particular KIC 8006161 and KIC 5184732, show evidence
for a decrease in the mode heights with increasing activity (Kiefer
et al., 2017; Salabert et al., 2018; Santos et al., 2018).

The suppression of the acoustic modes by magnetic activity
hampers their detection and, thus, magnetic activity may have
important impact on the detectability of solar-type pulsators.
In order to test this, Chaplin et al. (2011a) analyzed the first
month of short-cadence Kepler data of about 2,000 stars. The
authors successfully detected solar-type oscillations in only∼540
stars and found that as the activity level increases the number of
detections decreases significantly. Thus, the non-detections were
attributed to high activity levels. However, they were limited to 1
month of data, which on the one hand hampers the detection of
acoustic oscillations and on the other hand, may bias the activity
level estimates. Also, the sample of about 2,000 supposedly solar-
like stars was polluted by other types of stars, in particular
classical pulsators and red giants. Furthermore, since then, more
accurate photometric proxies of magnetic activity have been
developed. Indeed in the past several indexes were used mostly
based on the standard deviation of the time series allowing to
measure the variability of the stars. But this variability can be
due to different phenomena, such as oscillations, convection, or
magnetic activity (e.g., Basri et al., 2010, 2011; García et al., 2010;
Chaplin et al., 2011a). When measuring the magnetic activity
index, we need to make sure that the variability is related to
magnetic activity and not to other phenomena.

In this work, we analyze the latest data release of 2,576 targets
observed in short-cadence by Kepler. Section 2 describes the data
used and the selection of the sample. In section 3, we describe the
methods used to measure the surface rotation periods and the
magnetic activity proxy. The surface rotation period is obtained
by implementing the analysis in García et al. (2014a) and Ceillier
et al. (2016), which combines a time-frequency analysis with the
auto-correlation function. Knowing the rotation period Prot, we
then measure the photometric magnetic activity index, which
corresponds to the average value of the standard deviation of
subseries of length 5 × Prot (Sph; e.g., Mathur et al., 2014a).
Section 4 provides the results of this analysis. In section 5, we

study the impact of magnetic activity, metallicity, and stellar
inclination on the detection of the acoustic modes, searching
for correlations between those properties. Finally, section 6
summarizes the main conclusions.

2. OBSERVATIONS: DEFINING THE
SAMPLE

2.1. Data Calibration
In this work, the Kepler lightcurves analyzed for rotation were
generated from the long-cadence (29.4244 min) pixel files
available at the Mikulski Archive for Space Telescopes (MAST)
website. The integration of the stellar signal is done in masks
larger than the usual ones used for exoplanet research in order
to reduce the drifts induced by the displacement of the targets on
the Kepler CCD. To do so, we take all the pixels centered at the
coordinates of the star up to a radius for which a reference value
per pixel, calculated as the 99.9 percentile of the weighted flux,
is >100. Then to correct for the remaining drifts, jumps and to
stitch all the quarters together we follow the KeplerAsteroseismic
Data Analysis and Calibration Software (KADACS)1 methods
described in García et al. (2011). The lightcurves produced in
this way are low-pass filtered using three different cut-off periods
at 20, 55, and 80 days. The filters are made in such a way that
the transfer function is one up to the mentioned period and
then it smoothly decrease to zero at the double period, ensuring
some transmission of the signals until 40, 110, and 160 days,
respectively. Finally, gaps up to 20 days are interpolated using
a multi-scale cosinus transform using inpainting techniques as
described in García et al. (2014b) and Pires et al. (2015). As a
comparison, we also use standard Pre-search Data Conditioning
multi scale Maximum A-Posteriori lightcurves (PDC-msMAP,
e.g., Smith et al., 2012; Stumpe et al., 2012; Thompson et al., 2013)
to look for rotation periods and we compare the results with the
three previously explained lightcurves. As shown in García et al.
(2013), it is more reliable to use different lightcurves prepared
using completely different ways because each calibration system
can fail for different reasons in particular targets. For the analysis
of the rotation, we used all the quarters available in long cadence,
i.e., 4 years of continuous data, except those quarters where the
star falls on one of the bad modules of Kepler.

2.2. Target Selection
The original sample was selected based on the target list of the
Working Group 1 (WG1) of the Kepler Asteroseismic Science
Consortium (KASC2) that focuses on solar-like stars. During the
first 10 months of the mission, a survey phase was led in order
to help the selection of the most promising targets for planet
search or for asteroseismic analyses. As there were only 512 slots
available to download the short-cadence data (due to the limited
downlink bandwidth), each month a different sample of stars was
targeted. Thus, we start with a sample of 2,576 targets for which
data was collected with a 58.85 s cadence.

1Time-series are available at MAST via https://doi.org/10.17909/t9-cfke-ps60.
2 http://kasoc.phys.au.dk/
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FIGURE 1 | Hertzsprung-Russel Diagram for the different samples of stars mentioned in the paper. The gray circles represent KASC WG1 stars that were observed in

short cadence during the survey phase. The red circles are the main-sequence stars with known oscillations from literature. The black circles correspond to the final

set of 1,014 stars obtained as described in section 2.2. The blue crosses are the new candidates with detection of oscillations.

First we remove four stars that do not have any effective
temperature values. By studying the power spectrum, we can see
that a fraction of these stars are classical pulsators or red giants.
Classical pulsators usually present very high amplitude peaks in
the power spectrum.We automatically discard stars which power
spectra have peaks with amplitudes larger than 107ppm2µHz−1.
As some of the remaining stars have an effective temperatures
larger than 7,500 K, we visually check them and find that they
indeed have classical-pulsators like peaks. Since the amplitudes
of these peaks are below our threshold they were not flagged by
our automatic search.

The next step is to cross-check our sample with the legacy
catalog of the Kepler red giants (García et al., in preparation).
This catalog makes use of known red giants from the literature
(e.g., Stello et al., 2013; Mathur et al., 2016; Yu et al., 2018). In
particular it also uses new techniques to classify the stars, such as
the FliPer method (Bugnet et al., 2018) or neural networks (Hon
et al., 2019) as well as a visual inspection of all the stars. This leads
to a sample of about 1,900 stars that should most probably be on
the main sequence based on the lightcurves. Some of these stars
that we discarded are not necessarily misclassified but could be
the result of some pollution as we use larger aperture than the
ones optimized for planetary research. As we want to measure
the rotation and level of magnetic activity of the stars, we prefer
to remove any star whose lightcurve has some pollution to be sure
that our study is not biased.

In this work we are interested in studying solar-like stars
for which acoustic modes have not been detected. Thus, we
removed from the sample the solar-like stars that have detection

of acoustic modes fromChaplin et al. (2011c), leading to a sample
of 1,380 stars. In addition, we re-analyzed the latest data release
(DR25) with the best calibration available. Indeed, the latest
lightcurves processed by the Kepler Science office corrected some
smearing effect that non-negligibly improved the noise at high-
frequency leading to a higher signal-to-noise ratio and allowing
us to detect acoustic (p) modes in additional stars. In order to
search for acoustic modes in main-sequence stars, we use short-
cadence data. Given that none of these 1,380 stars had oscillations
detected, they were dropped off the short-cadence program to
give priority to other targets and only have short-cadence data
available for 1 month. We performed an asteroseismic analysis
with the A2Z pipeline (Mathur et al., 2010b) and the FliPer
(Bugnet et al., 2018) to look for signature of p modes. We
confirmed the detection of oscillations in 42 stars and still have
92 candidates. The detailed analysis of these new detections will
be presented in Mathur et al. (in preparation).

Finally, we also ran the FliPerClass tool for classification
(Bugnet et al., 2019) and did additional visual checks of the
lightcurves. We found a sample of stars that presented peaks that
did not look like the normal rotation behavior we usually find so
we decided to remove them from the sample.

After removing these stars, we end up with 1,014 stars that are
supposed to be main-sequence stars and that do not show any
signature of oscillations. Figure 1 represents the Hertzsprung-
Russel (HR) Diagram where the effective temperature and the
surface gravity come from the DR 25 Kepler stellar properties
catalog (Mathur et al., 2017). The gray symbols represent the
KASC WG1 stars observed in short cadence during the survey
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phase. The stars without oscillations detected are represented by
black circles. We superimposed the stars with p-mode detections
(red circles) and the new detection candidates (blue crosses).
We will focus on the stars without detection of oscillations
(or the non-oscillating stars) in the following sections. We also
represent the HR Diagram of each sample in different panels for
a better clarity.

2.3. Predicted Mode Amplitude
There is a clear relation between the amplitude of the modes
and the luminosity of the stars. Brown (1991) and Kjeldsen and
Bedding (1995) derived scaling relations based on the Sun that
related the maximum amplitude of the solar-like oscillations
and the stellar parameters. These relations have been used in
particular to predict the amplitude of the modes for a given solar-
like star (Chaplin et al., 2011b; Campante et al., 2016). We used
the relation of Campante et al. (2016) where we removed the
multiplicative factor of 0.85 that was taking into account the
redder response of TESS compared to Kepler, leading to lower
amplitudes. We computed the predicted maximum amplitude
of the modes for the 1,014 stars without detection of acoustic
modes and for the 529 stars with detected oscillations using the
following relation:

Amax = Amax,⊙ × β
( R

R⊙

)2( Teff

Teff,⊙

)0.5
ppm, (1)

where Teff is the effective temperature, R is the stellar radius,
and ⊙ denotes the solar values (Teff,⊙ = 5777K; R⊙ = 6.955 ×
1010cm). Amax,⊙ is the root-mean-square maximum amplitude
for the Sun (Amax,⊙ = 2.5 ppm). The factor β is a correction that
depends on the temperature of the star and is defined as:

β = 1− exp
(

−
Tred − Teff

1550

)

(2)

with Tred = 8907(L/L⊙)−0.093 K.
Here, we used the temperatures from the DR25 Kepler star

properties catalog (Mathur et al., 2017) and radii from Berger
et al. (2018) that incorporated DR1 Gaia parallaxes to the
previous catalog. We then computed the noise level for each
star by taking the mean value of the power spectrum density
in the frequency range 5,000µHz to the Nyquist frequency for
the short cadence (∼8300µHz). Figure 2 represents the ratio
of the predicted amplitude and the high-frequency noise as a
function of the effective temperature (top panel) and as a function
of the surface gravity (bottom panel). As expected, we can see
that a large fraction of the stars with detected oscillations (red
symbols) have a ratio larger than 1. However, 9 stars, which are
on the main sequence, are just below. We checked the metallicity
of those stars and there is no systematic behavior. We also
compared the predicted amplitudes with the observed amplitudes
for that sample of stars. We found that in average, the predicted
amplitudes are slightly overestimated compared to the observed
ones. However, two of the most studied stars (KIC 8006161 and
KIC 10644253) are predicted to have a ratio close to 1 but their
observed signal-to-noise ratio (SNR) is much higher.

FIGURE 2 | Ratio of the predicted maximum amplitude and the noise at high

frequency as a function of the effective temperature (top panel) and as a

function of surface gravity (bottom panel) for the stars without detected

oscillations (black circles) and the stars with detected oscillations (red circles).

Given that around 280 non-oscillating stars have a predicted
maximum amplitude lower than the high-frequency noise in the
power spectrum, the non detection of the modes for that sample
can be explained by the too low signal-to-noise ratio. For the
remaining 734 stars with Amax,pred/Noise ≥ 1, we should have
detected the acoustic modes. As mentioned above, some stars
with Amax,pred/Noise slightly below 1 have modes detected so for
the next sections, we will look into stars that follow the criteria:

Amax,pred

Noise
> 0.94. (3)

In addition, for the comparison with the stars where we detected
modes, we select stars that are in the same region of the HR
Diagram with:

Teff ≤ 6, 800K, (4)
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FIGURE 3 | Hertzprung-Russel Diagram for the stars selected as described in

section 2.3, with Amax,pred/Noise > 0.94, Teff < 6, 800K, and log g < 4.3

dex. Stars without detected oscillations are represented with black circles and

stars with detected oscillations in red circles.

and

log g ≤ 4.3 dex (5)

This yields a sample of 470 non-oscillating stars and 397
oscillating stars that are represented in Figure 3.

3. DATA ANALYSIS

In this section, we present the methodology used to measure the
surface rotation of the stars and how we determine the level of
magnetic activity using the photometric data of Kepler.

3.1. Measuring Rotation Period
The surface rotation period can be measured from photometric
observations through the signature of the regular passage of
spots inducing periodic modulations of the luminosity. Several
methods were thus developed providing the measurements of
the rotation of thousands of main-sequence stars observed by
Kepler (e.g., Reinhold et al. , 2013; McQuillan et al., 2014;
García et al., 2014a). These methods are based either on Lomb-
Scargle periodograms (Nielsen et al., 2013), auto-correlation
functions (ACF,McQuillan et al., 2014), or wavelet-based analysis
(Torrence and Compo, 1998; Mathur et al., 2010b). In a blind
hare-and-hounds exercise performed by most of the principal
teams working on this topic with the Kepler data, Aigrain et al.
(2015) showed that the best combination of completeness and
reliability was obtained with the analysis technique developed by
García et al. (2014a) and Ceillier et al. (2017) using a combination
of period-search methods, such as ACF and wavelets. In this
work, we thus applied the pipeline from García et al. (2014a) to
extract the surface rotation period of the 1,014 stars.We analyzed
the three datasets corresponding to the three filters as described
in section 2.1. First we selected the stars where all the methods

and all the filters agreed within 2 σ , where σ =
√

σ 2
1 + σ 2

2

with σi being the uncertainty obtained by each method (except
the ACF for which we do not compute any error). We also
applied the criteria on the height of the ACF and the Composite
Spectrum as described in Ceillier et al. (2017). We then visually
checked the remaining stars that were not selected according to
all these criteria.

We also analyzed the PDC-msMAP lightcurves to check
for pollution as we use customized apertures with KADACS,
which are more likely to be polluted. The crowding (that is
the percentage of flux coming from the targeted star) of the
stars in our sample is above 80%, i.e., they should have very
little polluted light. However, one thing to keep in mind when
studying the surface rotation periods of the stars is that the PDC-
msMAP lightcurves can be filtered with a 21-days filter, which
means that we can only detect rotation shorter than ∼20 days
(see the discussion in García et al., 2013). This also implies that
for a star rotating slower, the PDC-msMAP analysis can lead to
the detection of a harmonic. When the rotation period found
with PDC-msMAP and KADACS agree within 2 σ , we keep the
rotation period found with the KADACS lightcurve. When the
rotation obtained with PDC-msMAP is a harmonic of the period
from KADACS, we also keep the rotation period from KADACS.
Finally, if the rotation period (or a harmonic) is not found in
the PDC-msMAP lightcurves, either the signal has been filtered
out in these time series or the signal detected in the KADACS
lightcurves could originate from a polluting star. Therefore, we
discard this star.

3.2. Photometric Activity Level: SPH
García et al. (2010) showed in the case of the F-star HD49933
observed by CoRoT that the variability of the lightcurve,
estimated from the standard deviation of the observations, is
associated to the existence of spots rotating on the surface of the
star, and thus can be used as a proxy of stellar activity. Since
then, several metrics were developed and applied to study the
stellar activity of the Kepler targets (Basri et al., 2010; Chaplin
et al., 2011a; Campante et al., 2014; Mathur et al., 2014b).
However, the variability in the lightcurves can have different
origins with different time scales, such as magnetic activity but
also convective motions, oscillations, or stellar companions. By
taking into account the rotation of the star in its computation as
it is done in Mathur et al. (2014b), the derived activity metric,
so-called Sph, is thus an actual proxy for magnetic variability.
We first compute the standard deviation of subseries of length
5×Prot (Mathur et al., 2014b). Then we calculate the average of
these standard deviations to derive the final < Sph >.

By comparing the < Sph > with other classical proxies
for the solar magnetic activity, such as sunspots or Ca II K-
line emission, Salabert et al. (2017) found a high correlation
between the different magnetic proxies, showing the validity of
our photometric proxy. Nevertheless, in the stellar case, the
estimated proxy, Sph, will depend on the inclination angle of
the star in respect to the line of sight, on the moment of the
magnetic cycle when the star is observed, and the position of
the active latitudes. These are also parameters that affect the
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TABLE 1 | Non-oscillating stars with reliable rotation periods measured in this work (The full table is available in the Supplementary Material).

KIC Prot (days) Sph (ppm) log g Teff (K) [Fe/H] (dex) Flag

1164109 4.39 ± 0.47 501.62 ± 32.60 3.984 6608 −0.260 0

1434277 10.32 ± 0.75 5,026.23 ± 201.58 4.499 5750 0.110 2

1576249 46.65 ± 5.69 113.81 ± 2.94 4.072 6195 −0.120 0

1718828 47.36 ± 2.89 193.56 ± 2.52 4.205 6372 −0.350 2

1724041 47.08 ± 6.46 92.38 ± 2.80 4.097 6711 −0.240 0

1724355 51.88 ± 10.09 112.89 ± 6.42 4.239 6127 −0.470 2

1864124 7.18 ± 0.56 141.04 ± 8.90 4.042 6337 −0.900 0

1868918 12.48 ± 1.03 44.49 ± 33.10 4.344 6054 0.038 1

2013883 59.09 ± 0.00 111.50 ± 2.61 4.058 6225 −0.026 1

2308753 2.77 ± 0.34 182.90 ± 9.77 4.150 6525 −0.020 2

2443534 10.86 ± 0.44 551.09 ± 22.96 4.487 6091 −0.140 0

2445004 13.52 ± 2.67 344.65 ± 13.21 4.169 6058 −0.180 0

2448426 13.31 ± 1.41 475.73 ± 18.09 4.223 6257 −0.420 0

2571934 5.47 ± 0.39 52.75 ± 5.40 4.167 6458 0.020 0

2578513 3.60 ± 0.22 116.55 ± 10.27 3.594 7201 −0.840 0

2580928 22.42 ± 1.50 226.53 ± 7.20 4.116 6052 −0.300 0

2709654 4.68 ± 0.45 52.55 ± 10.16 4.303 6642 −0.240 0

2718678 24.52 ± 1.97 235.31 ± 7.18 4.205 6095 −0.140 0

2722192 13.61 ± 1.06 3,250.04 ± 114.00 4.482 5688 0.170 2

2837133 22.42 ± 1.80 3,151.36 ± 86.29 4.334 5361 0.308 1

Surface gravity and effective temperatures come from the DR25 Stellar properties catalog (Mathur et al., 2017). Metallicity comes from the Kepler star properties DR25 (flag = 0), APOGEE

(flag = 1), and from LAMOST (flag = 2).

spectroscopic observations for other classical proxies of stellar
magnetic activity. So the Sph is as good as a proxy as the Mount
Wilson S-index. We just note that given the limitations listed
above, it should be considered as a lower limit of the stellar
photospheric activity.

4. RESULTS OF THE ANALYSIS

We performed the analysis of the rotation as described in
the previous section for the full sample of 1,014 stars. The
comparison of the different filters provided a list of reliable
rotation periods for 412 stars. We then checked the remaining
stars visually adding 278 stars to the sample. We decided to use
the following priority for the values of the rotation period. First,
we select the value from the wavelet analysis (when the values
agree within 2σ ), then we select the value from the composite
spectrum, and finally the one computed with the ACF. The
< Sph > is the one computed with the finally selected rotation
period. The analysis of the PDC lightcurves and the comparison
of their results with the KADACS results flagged 38 stars that we
checked visually. We found that 6 could be due to pollution and
discarded them. We end up with a list of 684 stars with rotation
periods measured. Table 1 provides the list of stars with their
measured rotation periods, Sph values, and their fundamental
stellar parameters (effective temperature, surface gravity, and
metallicity). Table 2 gives the list of stars without detection of
rotation periods.

We classified the stars in a similar way to García et al. (2014a):
hot stars with Teff ≥ 6250K, dwarfs with Teff < 6250K and

log g > 4 dex, and subgiants with Teff ≤ 6250K and log g ≤
4.0 dex. There are 313 stars from the studied sample coded as
hot stars, 327 stars as dwarfs, and 44 stars as subgiants. They
are showed in a HR Diagram in the left panel of Figure 4 where
we color-coded the different spectral types defined bottom. The
bottom panel shows the same diagram for the stars selected
following criteria (3–5).

Figure 5 represents the distribution of the rotation periods
measured for the different categories of stars mentioned above,
as well as for the full sample of stars with reliable measurements
(black line). The left panel shows the hot stars and we clearly
see that they are mostly rapid rotators as seen in García et al.
(2014a). This is in agreement with the theory as hot stars (i.e.,
massive stars) have thinner outer convection zones leading to a
smaller braking due to stellar winds. The mass limit between the
hot stars and the cool stars is set to 1.3M⊙ that is also called
the Kraft break (Kraft, 1967). So around the subgiant phase,
stars with higher masses than 1.3M⊙ will not undergo braking
while cooler stars with lower masses will slow down. However,
in the middle panel of Figure 5, we observe many dwarfs with
small rotation periods. One explanation is that the fundamental
stellar parameters (temperature and gravity) are less reliable and
some stars in the dwarf sample might actually be hotter stars.
Another plausible explanation is that these fast rotating cool
stars are younger and have not yet slowed down. Comparing

the rotation period of the subgiants (right panel of Figure 5) to

the ones from the hot stars and the dwarfs, we find that the
number of subgiants is much smaller. Indeed, stellar evolution

theory predicts that when a star evolves on the subgiant branch,
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TABLE 2 | KIC numbers of the non-oscillating stars without measured rotation

periods (The full table is available in the Supplementary Material).

KIC

1849587

2158850

2443543

2445385

2450979

2696938

2849969

2987466

2992960

2996629

3119256

3121024

3241299

3327769

3329136

3348288

3431597

3441637

3547874

3643799

3644869

3655608

3748392

3847825

4055330

4058963

4166365

4173599

4270083

it slows down and its magnetic activity decreases, i.e., less spots
are present at their surfaces. Since our measurements depend
on the passage of spots on the stellar surfaces, we do not expect
to measure the surface rotation in many of these more evolved
stars. Our results corroborate this theory. We also notice that the
subgiants with a measured rotation period are rather fast rotators
(shorter than 30 days).

In Figure 6, we can see a histogram representation of
the photospheric magnetic proxy, < Sph >, where the
black dashed lines represent the range of the magnetic
index of the Sun between minimum and maximum activity
(< Sph,⊙,min > = 67.4 ppm and < Sph,⊙,max > = 314.5 ppm,
respectively). The hot stars (left panel of Figure 6) have in general
a similar level of magnetic activity to the Sun, while the dwarfs
appear to be more active (middle panel of Figure 6), which is
not what we expected. For these two categories, we see that
the distribution peaks very close to the maximum activity of
the Sun. Given the uncertainties on the magnetic index, we
could say that stars where no acoustic modes have been detected
have slightly larger magnetic activity levels than the Sun. As the
sample of subgiants is very small we cannot conclude on their

FIGURE 4 | HR Diagram showing the hot dwarfs (red symbols), cool dwarfs

(blue symbols), and subgiants (green symbols) as described in section 4. Top

panel: all the non-oscillating stars with a measurement of rotation periods.

Bottom panel: stars selected from the cut described in section 2.3 with a

measurement of rotation period.

magnetic activity. Here again, this can be explained by the fact
that subgiants are less active than main-sequence stars.

We then represent the distribution of the rotation periods
(Figure 7) and the magnetic activity proxy (Figure 8) for the 323
non-oscillating stars as selected in section 2.3 [criteria (3–5)]. We
compare those distributions with the ones for the oscillating stars
in the same region of the HR Diagram. For the hot stars (left
panels), the distribution of the oscillating and non-oscillating
stars are very similar, peaking at a rotation period below 5 days
and at an < Sph > value of 300 ppm. However, we can note
that there are more non-oscillating stars with < Sph >> larger
than 300 ppm. For the cool stars (middle panels), the rotation
distributions are similar though there seems to be a bimodality.
Given the small number of stars, it is not clear whether it is just
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FIGURE 5 | Distribution of the rotation periods for the full sample and the three categories of stars defined in section 4: hot stars (left panel), cool dwarfs (middle

panel), and subgiants (right panel). The black dash line in each panel represents the distribution for the full sample of stars with reliable rotation periods.

a selection effect. Concerning the magnetic activity of the cool
dwarfs, non-oscillating stars are more active than the oscillating
ones. Finally for the subgiants, given the small number of non-
oscillating subgiants, it is harder to compare the distributions.
The rotation periods of the non-oscillating stars are in general
shorter and somewhat more active compared to the oscillating
ones, which could suggest that these are young subgiants.

5. DISCUSSION

In Figure 9, we show the magnetic index, < Sph >, as a function
of the rotation period, Prot. We compare the non-oscillating stars
studied in this work (black symbols) and the 310 oscillating stars
with measured rotation periods from García et al. (2014a) (red
symbols). The dashed lines delimit the region of minimum and
maximum levels of magnetic activity of the Sun based on the
VIRGO (Variability of solar IRradiance and Gravity Oscillations
Fröhlich et al. , 1995) photometric observations (García et al.,
2014a). Figure 10 is the same as Figure 9 but for the stars with
Amax,pred/Noise > 0.94 and selected in the same region of the
HR Diagram.

5.1. Magnetic Activity Effect
We first start the analysis of the full sample. We can first
notice that 252 stars (∼ 80%) with detected oscillations

have an < Sph > value that falls in the same range as the
Sun between minimum and maximum activity. Indeed, we
expected that cool dwarfs with similar level of activity to
the Sun have detection of p modes. However, we have 41
stars with a level of magnetic activity above the maximum
of the Sun for which we have detected oscillations. We
were not expecting them to have detected modes as they
have high magnetic activity levels. We checked the maximum
amplitude of the modes obtained from A2Z but those stars
do not have a systematic low amplitude. They could be either
subgiants or metal-rich stars (Samadi et al., 2010; Mathur et al.,
2013) enhancing the mode amplitudes and compensating the
magnetic effect.

According to the DR25, 22 of these stars are subgiants so this
could be a valid explanation for detecting their p modes (their
intrinsic oscillations amplitudes are higher than during the main
sequence). For the remaining 19 stars, the metallicity ([Fe/H])
obtained by the Kepler Follow-up Observations Program (Furlan
et al., 2018) also used in the DR25 stellar properties is super-solar
for 12 stars. We still have 7 stars that have a high Sph value, low
[Fe/H] but for which we could detect solar-like oscillations. This
sounds reasonable given that for the Sun the amplitudes decrease
by only around 12.5% (e.g., Kiefer et al., 2018) so the amplitudes
could still be large enough to be detected even for stars with a <

Sph > value above < Sph,⊙,max >.
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FIGURE 6 | Distribution of the < Sph > for the full sample and the three categories of stars as described in section 4. Same legend as Figure 5. The gray

dashed-dotted lines represent the values at minimum and maximum magnetic activity for the Sun.

We see that below the Sph at minimum solar activity, there are
around 100 stars with rotation and magnetic activity detection
whether they have detected p modes or not. We can consider
that the threshold of rotation and magnetic activity detectability
is ∼20–30 ppm. We can also derive a threshold on < Sph >

of 2,000 ppm above which the probability of non detection of p
modes is of 98.3%.

Regarding the stars without oscillations detected, as expected
they have larger magnetic indexes compared to the oscillating
sample. We find that 47.7% of the non-oscillating stars have an<

Sph > larger than < Sph,⊙,max >. These stars agree and confirm
that a high level of magnetic activity suppress the oscillations and
can prevent us from detecting solar-like oscillations as also shown
by Chaplin et al. (2011a).

If we now look at the 323 stars selected as described in section
2.3 with a measured rotation period, we find that 103 stars have
< Sph >>< Sph,⊙,max >. So 68% of the stars where we expect
high enough amplitudes to detect the acoustic modes have a level
of activity similar to the Sun or lower. This is quite interesting
and unexpected given the claim of Chaplin et al. (2011a) and the
anti-correlation found between the Mount Wilson S-index and
maximum amplitude of the modes for a small sample of stars by
Bonanno et al. (2014).

In Figures 11, 12, we have divided the sample in the three
categories for the full sample of stars and for the selected sample

from criteria (3–5), respectively in order to see where the different
stars are situated in the HR Diagram. We can see that the non-
oscillating hot stars (top left panels) are mostly concentrated in
the same region as the oscillating stars. The cut from section 2.3
removes some of the very active stars. The sample of cool dwarfs
(top right panels) without detection of p modes contains many
more active stars compared to the cool dwarfs with detected
oscillations. The cut of the sample removes many of the high <

Sph > stars as many were very cool dwarfs with low expected
amplitudes of the modes but some stars with high activity still
remain. Finally the cut of the subgiants (bottom panels) removes
some very active subgiants as well.

Since we find a large number of stars without detection of
p modes and with magnetic indexes in the same range as the
oscillating stars, we propose to investigate three explanations for
these stars:

• the inclination angle affects the measurement of < Sph > as
with a low inclination angle not all the active regions are
observed. As a consequence, the value we measure is just a
lower limit of the real magnetic activity proxy of the star;

• correlation between the acoustic-mode amplitudes and the
metallicity. Indeed it has been shown that metal-poor stars
have lowermode amplitudes (Samadi et al., 2010;Mathur et al.,
2010a). However metallicity also has an effect on the magnetic
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FIGURE 7 | Rotation distribution for the non-oscillating stars selected as in bottom panel of Figure 4 with the same color code. The dash lines in each panel

correspond to the rotation distribution of the oscillating stars in each spectral type.

activity. Karoff et al. (2018) showed how the magnetic activity
level (obtained through the S-index and < Sph >) is larger
for a super-metallic solar-like star. So the abundance can
have two different effects that could also counter balance
each other;

• the stars could be in a binary system (Schonhut-Stasik et al.,
submitted) Indeed a close-in companion could suppress p
modes through tidal effects as it has been observed in red
giants belonging to binary systems (Gaulme et al., 2014).

In Figure 13, we also represented the <Sph> as a function of
effective temperature. We do not see any correlation between
the magnetic activity level and the Teff. From Figure 1, the non-
oscillating stars had a temperature range between 3,800 and
7,500K. We note that stars with very low levels of magnetic
activity are rather hot stars with temperatures above 6,000K.

5.2. Metallicity Effect
Many of the non-oscillating stars have spectroscopic data
obtained with the DR14 Apache Point Observatory Galactic
Evolution Experiment survey (APOGEE Majewski et al., 2017;
Holtzman et al., 2018) and the DR2 Large Sky Area Multi-
Object Fiber Spectroscopic Telescope survey (LAMOST De Cat
et al., 2015; Luo et al., 2016), providing metallicity values more
precise than photometric observations. After cross-checking our
sample of stars with Amax,pred > 0.94 with the sample of these

surveys we find that 158 stars have high-resolution spectroscopic
observations from APOGEE and 326 stars have low-resolution
spectroscopic data from LAMOST. We note that there could
be an overlap between these two samples. Figure 14 shows the
[Fe/H] histograms for APOGEE (top panel) and for LAMOST
(lower panel) for all the non-oscillating stars that have a rotation
and metallicity measurement (black solid line). We can see

some differences between the two surveys, where it seems that

the stars with APOGEE metallicity have an average of 0.05 dex
while the ones with LAMOST observations have an average

metallicity around−0.03 dex. We compared the metallicity from
both surveys for a common sample of around 6,000 stars and

found a trendwhere at lowAPOGEE [Fe/H], the LAMOST values
are larger while at high APOGEE [Fe/H], the LAMOST values are

smaller. We then did the comparison for the common sample of

non-oscillating stars and in general LAMOST has lower [Fe/H]
values compared to APOGEE, which can explain the difference

in the histograms from the two surveys. Given that the usual
spectroscopic uncertainties for metallicity is around 0.15 dex, we

can still say that the two surveys are in agreement.
We then focus on the least active stars (with < Sph >

smaller than the maximum activity value for the Sun) that are

represented with the blue dot-dash line while the stars more

active are represented with a red line. In the LAMOST sample,

we clearly see that the average metallicity of the stars is close to
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FIGURE 8 | Distribution of the < Sph > for the non-oscillating stars selected as in bottom panel of Figure 4 with the same color code. The dash lines in each panel

correspond to the magnetic activity distribution of the oscillating stars in each spectral type.

FIGURE 9 | Proxy of the magnetic activity, < Sph > as a function of the

rotation period Prot for the full sample. The black symbols represent the

non-oscillating stars while the red symbols represent the stars with detected

oscillations from García et al. (2014a). The dash lines are the < Sph > values

at minimum and maximum activity of the Sun.

the solar one while the non-oscillating not too active stars have in
general a sub-solar metallicity. We count 106 sub-solar metallic
stars and 64 super-solar metallic stars. This agrees with the theory

FIGURE 10 | Same as Figure 9 but for stars selected as in section 2.3.

of Samadi et al. (2010) a lowermetallicity will lead to a less opaque
convection zone and hence less energy for the excitation of the
modes. As a consequence metal-poor stars are expected to have
smaller acoustic-mode amplitudes.

However for the stars with APOGEE metallicity, it seems that
the very active stars have both super and sub-solar metallicity.
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FIGURE 11 | Same as Figure 9 but separated into the three categories of stars: hot dwarfs, cool dwarfs, and subgiants.

FIGURE 12 | Same as Figure 10 but separated into the three categories of stars: hot dwarfs, cool dwarfs, and subgiants.
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FIGURE 13 | < Sph > as a function of the effective temperature from the

DR25 stellar properties catalog. Same legend as Figure 9.

We find that 24 stars have sub-solar metallicity while 52 have
super-solar metallicity. So the low metallicity only confirms the
non-detection of the modes in a smaller sample of stars. As
mentioned earlier, high metallicity could also lead to a higher
level of magnetic activity (Karoff et al., 2018), which could explain
the non-detection of the modes for some of the super-metallic
stars. This competing effect could be the source of the unclear
influence of the metallicity and its study is out of the scope of
this work.

From this analysis, we note that the two surveys do not agree
on the influence of metallicity. However, as mentioned above
within the typical uncertainties on [Fe/H] from spectroscopic
observations, there is still some agreement. Besides the sample
of stars being quite small the conclusions need to be taken
cautiously. More high-resolution spectroscopic observations
would be needed to better study that effect.

5.3. Inclination Angle Effect
The APOGEE spectroscopic observations also provide a
measurement of the v sin i for some of our non-oscillating stars.
By combining these values with the surface rotation periods
measured with the Kepler data and with estimates of the radii
from the DR25 stellar properties, we can estimate the inclination
angles of a subsample of 162 stars selected to follow criteria
(3). We obtain a reliable inclination angle, i, for 90 stars. For
the other stars, the sin i is larger than 1. This could be due to a
non-agreement between the rotation period and the v sin i or a
less reliable radius, as the radii of these stars were mostly derived
from isochrone fittings, hence less precise than asteroseismology.
The typical uncertainties of the inclination angles are around 25
degrees. Figure 15 represents the distribution of the inclination
angles for those stars. We can see that they peak around an
angle of 45 deg. We then study the sample of stars with an <

Sph > lower than < Sph,⊙,max > as we want to understand
why the modes of these stars are not detected. The distribution
(dashed red line in Figure 15) is slightly flatter but the median

FIGURE 14 | Histogram of metallicity for the non-oscillating stars using

APOGEE DR14 for 158 stars (top) and LAMOST DR2 for 326 stars (bottom

panel). The full sample in each panel is represented with the black solid line.

Blue dot-dash line corresponds to the least active stars (Sph < Sph,⊙,max)

while red dash line corresponds to the most active stars (Sph > Sph,⊙,max).

value is still around 45 deg. Since some of these stars also have
a low metallicity that already explains the non-detection of the
modes, we selected the stars with a metallicity larger than the
Sun. That sample consists of 13 stars, among which 4 stars
have a low inclination angle and 9 have an inclination angle
above 45 ◦ (blue dot-dash line). With this small number of stars,
we cannot conclude that the low-inclination is responsible for
the low < Sph >.

5.4. Binarity Effect
We cross-checked our sample of stars with the stars flagged as
binary with the Gaia catalog (Berger et al., 2018). Among our
sample of non-oscillating stars with rotation periods, 614 stars
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FIGURE 15 | Distribution of inclination angles for stars with v sin i from

APOGEE for stars with Amax,pred/Noise > 0.94. The red dash line represents

the least active stars (< Sph >< Sph,⊙,max) while the blue dot-dash line

represents the least active stars with a super-solar metallicity.

are included in the aforementioned catalog.We found that 8 stars
of our sample are potential binaries. KIC 4057892, KIC 4930560,
KIC 8737920, and KIC 12470631 have a flag 1 standing for
a binary candidate based on the Gaia radius. KIC 4276716,
KIC 5564082, KIC 5617510, and KIC 8396660 have a flag 2,
meaning that they are AO-detected binaries (Ziegler et al., 2018).

Recently, Schonhut-Stasik et al. (submitted) studied how a
stellar companion can suppress acoustic modes. They obtained
ROBO-AO images and/or RV measurements for a sample of 327
stars (including red giants and solar-like stars without detection
of modes and with low-amplitude modes). No clear difference
between oscillating stars and non-oscillating stars was found,
whether in terms of close or wide binarity. They conclude that
binarity is not the only mechanism to inhibit oscillations.

We cross-checked our sample of stars with reliable rotation
periods and photometric magnetic index with their binary stars
and found only three stars in common. Two of them have an <

Sph > below < Sph,⊙,max >. We would need a larger sample of
stars with measured RV.

5.5. HERMES Observations
Because non-oscillating stars are not typical targets of large-
scale spectroscopic surveys, we started to pay close attention
to those targets within our own spectroscopic observing
programs. Beck et al. (2016, 2017) and Salabert et al. (2016a,b)
performed spectroscopy of 18 oscillating solar analogues with
the Hermes high-resolution spectrograph (Raskin, 2011; Raskin
et al., 2011), mounted on the 1.2m Mercator telescope on La
Palma, Canary Islands. We extended this program to cover a
larger sample of oscillating as well as non-oscillating targets.
Observing time was granted and will be executed in the
coming semesters.

As a proof of concept we can discuss the first three
non-oscillating stars for which we obtained spectroscopic

observations, KIC 11498538, KIC 7841024, KIC 7898839. Note
that the first of these stars (KIC 11498538) is not in our sample
anymore as it was flagged by the FliPerClass tool as a possible
classical pulsator. According to the literature, that star is actually
listed as an eruptive variable star, agreeing with the peculiar
flag of FliPerClass. However, being included in the preliminary
work and still a candidate of a fast rotator without detection
of oscillations, we will discuss the spectroscopic analysis of
that star. For the other two stars we have computed that
the predicted amplitude of the modes is much larger than
the noise.

All stars have a significantly higher chromospheric activity
than the Sun. KIC 7898839 was chosen because of its solar-
like rotation period of 28 days. For the two other stars, a
rotation period of ∼3 days was derived from Kepler photometry.
Despite the similar rotation period KIC 11498538 shows signs
of significantly broader rotational broadening than KIC 7841024,
suggesting that the latter one is seen toward a pole-on inclination.
We refrain from comparing the stars on the basis of the
Mount-Wilson S-index (Duncan et al., 1991), as such large
rotational velocities are likely to broaden the emission peak
beyond the narrow wavelength range, defined by the triangular
filters.

Currently, these are only first diagnostics from a small sample
of stars. We plan to have a final sample of several dozens of
stars, all obtained with the same spectrograph, which will then
be consistently analyzed.

6. CONCLUSIONS

We have revisited the analysis of the 2,576 stars observed
during the survey phase of main-sequence solar-like pulsating
stars of the Kepler mission with 1 month of short-cadence
data and followed for 4 years in long cadence. After removing
polluting stars (red giants, classical pulsators, stars with
already detected solar-like oscillations, new detection of solar-
like oscillations, probable pollution), we have a sample of 1,014
main-sequence and subgiant solar-like stars. We measured the
surface rotation period, Prot, and the photometric magnetic
activity index, < Sph > and obtained reliable values for
684 stars, representing a yield of 67.4%. As expected the
hot stars rotate in general faster than the cool dwarfs.
Our sample of subgiants is too small to conclude anything
about them.

• We have computed the predicted amplitude of the modes
for the 1,014 stars of our sample and compared it to the
high-frequency noise in the power spectrum. The majority of
the stars with detected oscillations have a ratio between the
predicted amplitude and the noise above 1, with only 16 stars
below. We found that for 394 non-oscillating stars, that ratio
is below 1.

• We can provide a lower limit of detection of magnetic activity
of 20–30 ppm below which we do not detect any rotation
periods.

• If we discard the stars for which the predicted amplitude of
the modes is smaller than the noise, we find that only 32%
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(compared to 47.7% for the full sample) of the stars have a
magnetic activity larger than the Sun at maximum activity.
While magnetic activity explains the non-detection of the
modes for some stars, this is not the case for a large fraction
of the stars without detection of oscillations.

• Based on our samples and the analysis presented here, we
conclude that if a star has an < Sph > larger than 2,000 ppm, it
has 98.7% probability that we will not detect oscillations.

• We notice a sample of stars with a high magnetic activity level
and for which p modes have been detected. We found that
12 stars have a high [Fe/H] and 22 stars are subgiants, which
could explain the enhancement of the modes in spite of their
large < Sph > values.

• The study of the remaining stars without detection of modes
shows that low metallicity could be an explanation but given
that high-resolution spectroscopic observations for those stars
were available for only 158 stars, we cannot firmly conclude.

• We also investigated the inclination angle using radius from
the DR25 Kepler stellar properties catalog and v sin i from
APOGEE but no clear correlation was found. However, the
v sin i was available for a small sample of stars and the radius
from the isochrone fitting from DR25 are not the most precise
values, which could bias our analysis.

• We checked whether the stars belonged to binary systems and
only a handful of them are flagged as binaries either byGaia or
by AO observations.

• The preliminary analysis of the spectroscopic observations
from the HERMES instrument for three stars shows that they
have a high level of chromospheric activity.

While magnetic activity seems to explain the non-detection of
oscillations in almost half of the sample and some hints that
metallicity can also play a role, we still have stars for which
there is no clear and firm explanation. We would need additional
spectroscopic observations (that are underway).

Understanding the non-detection of oscillations is very
important given the future missions like the NASA Transiting
Exoplanet Survey Satellite (TESS, Ricker et al., 2015) already
launched and the ESA PLAnetary Transits and Oscillations of
stars (PLATO, Rauer et al., 2014) coming up as they rely on the
detection of solar-like oscillations to better characterize the stars,
in particular the ones hosting planets.
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Supplementary Table 1 | Non-oscillating stars with reliable rotation periods

measured in this work. Surface gravity and effective temperatures come from the

DR25 Stellar properties catalog (Mathur et al., 2017). Metallicity comes from the

Kepler star properties DR25 (flag = 0), APOGEE (flag = 1), and from LAMOST

(flag = 2).

Supplementary Table 2 | KIC numbers of the non-oscillating stars without

measured rotation periods.
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Asteroseismic methods offer a means to investigate stellar activity and activity cycles as

well as to identify those properties of stars which are crucial for the operation of stellar

dynamos. With data from CoRoT and Kepler, signatures of magnetic activity have been

found in the seismic properties of a few dozen stars. Now, NASA’s Transiting Exoplanet

Survey Satellite (TESS) mission offers the possibility to expand this, so far, rather exclusive

group of stars. This promises to deliver new insight into the parameters that govern

stellar magnetic activity as a function of stellar mass, age, and rotation rate. We derive a

new scaling relation for the amplitude of the activity-related acoustic (p-mode) frequency

shifts that can be expected over a full stellar cycle. Building on a catalog of synthetic

TESS time series, we use the shifts obtained from this relation and simulate the yield of

detectable frequency shifts in an extended TESS mission. We find that, according to our

scaling relation, we can expect to find significant p-mode frequency shifts for a couple

hundred main-sequence and early subgiant stars and for a few thousand late subgiant

and low-luminosity red giant stars.

Keywords: stellar activity, asteroseismology, stellar activity cycles, TESS, p-mode frequency shifts

1. INTRODUCTION

The primary seismic signature of stellar activity and activity cycles is a systematic change in mode
frequencies over timescales associated with activity cycles, which are typically of the order of
months to decades (Baliunas et al., 1995; Saar and Brandenburg, 1999; Vida et al., 2014). Measuring
this phenomenon for stars is primarily limited by the baseline length of the observations. For
the Sun, however, we have Sun-as-a-star helioseismic observations lasting for decades, covering
several 11-year solar activity cycles. From these data it is found that the frequency of low-degree
modes close to the frequency of maximum oscillation power νmax change by approximately
0.4µHz between activity minimum and maximum (e.g., Jiménez-Reyes et al., 1998; Broomhall,
2017). Furthermore, this shift is strongly correlated with the level of activity along the cycle
(Jiménez-Reyes et al., 1998; Broomhall and Nakariakov, 2015).

The first asteroseismic evidence of variations in stellar activity were found in an F5V star
observed by CoRoT (Baglin et al., 2006; Auvergne et al., 2009), HD49933. For this star García
et al. (2010) found that not only did the frequencies vary systematically with time but, as is also
observed for the Sun (Pallé et al., 1990; Komm et al., 2000; Broomhall and Nakariakov, 2015), the
amplitudes of the modes varied in anti-phase with the frequencies. In a more detailed analysis,
Salabert et al. (2011) found that the observed frequency shifts are larger than seen in the Sun but
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the same dependence on mode frequency is observed, i.e., the
magnitude of the frequency shift increases with mode frequency
(e.g., Libbrecht and Woodard, 1990; Salabert et al., 2004).

Since then examples of systematic variations in the frequencies
of stars observed by Kepler (Borucki et al., 2010; Koch et al.,
2010) have been found (Régulo et al., 2016; Salabert et al.,
2016b, 2018; Kiefer et al., 2017; Santos et al., 2018). Indeed,
Kiefer et al. (2017) found that 23 out of the 24 stars in their
sample showed significant and systematic frequency shifts in
time, while Santos et al. (2018) found quasi-periodic variations
on 60% of their sample of 87 solar-type stars. The sample of
potential candidates for observing asteroseismic activity cycles
is limited by the fact that activity suppresses the amplitude of
acoustic oscillations (Chaplin et al., 2011). Since activity also
increases with decreasing rotation period (e.g., Böhm-Vitense,
2007; Mamajek and Hillenbrand, 2008; Suárez Mascareño et al.,
2016; Metcalfe and van Saders, 2017) these stars tend to be
more active and consequently are less likely to have high signal-
to-noise oscillations. The dependence of the length of stellar
activity cycles on surface rotation rate or on Rossby number is
complex and is actively researched (e.g., Strugarek et al., 2017,
2018; Warnecke, 2018). While it has proven to be difficult to
observe complete activity cycles with Kepler, it is still possible
to search for systematic variations with time in the properties
of p modes. A concise review on the capabilities and prospects
of asteroseismology regarding the inference on stellar cycles and
activity is also given by Chaplin and Basu (2014).

Stellar magnetic activity also manifests in variability of stellar
luminosity (see e.g., Fabbian et al., 2017, and references therein).
Over the solar cycle the total irradiance is found to change by
about 0.1% in temporal correlation with solar activity (Fröhlich,
2013). This slight increase in luminosity is associated with faculae
(Fröhlich, 2013). In contrast to faculae, spots decrease solar and
stellar luminosities (Fröhlich, 2013; Shapiro et al., 2017). For the
Sun, the increase in luminosity caused by faculae dominates over
the decrease in luminosity brought about by sunspots, hence
the overall increase in total irradiance between cycle minimum
and maximum. However, for other stars it is the decrease in
luminosity caused by the presence of spots that is the dominant
source of variability (Shapiro et al., 2014). Magnetic features have
typical life times which are of the order of the rotation period
of a star. This has to be taken into account when a meaningful
proxy of stellar magnetic activity is to be constructed from the
variability of the stellar luminosity. Indeed, Mathur et al. (2014)
defined such a photometric proxy for stellar activity with the Sph
index. It is given by taking the mean of the standard deviations
of segments of the time series each having a length 5 times
the rotation period of the star (see also Salabert et al., 2016a,
2017). As long cadence photometric time series (CoRoT: 512 s,
Kepler: 29.4min, TESS: 30min) are sufficient for such studies, the
number of available light curves for the investigation of stellar
magnetic activity through photometry is rather large (CoRoT:
∼163,000 targets, Kepler: ∼197,000 targets, TESS: > 107 targets
at end of nominal mission). Studies in which the variability of
light curves is explored regarding signatures of activity or activity
cycles include, but are not limited to Vida et al. (2014), Ferreira
Lopes et al. (2015), Salabert et al. (2016a), Montet et al. (2017),

and Karoff et al. (2019). In this article, we do not consider the
variability of light curves, as activity-related changes are not
included in the synthetic time series we use (see Ball et al., 2018
and section 2).

With the launch of NASA’s Transiting Exoplanet Survey
Satellite (TESS, Ricker et al., 2015), the opportunity of studying
seismic signatures of many more stars is at hand. So far, p-mode
frequency shifts have only been detected for a few dozen Kepler
targets and one CoRoT target, and as of yet, the dependence
of the amplitude of the activity-related frequency shifts (which
corresponds to the amplitude of stellar activity cycles) on
fundamental stellar parameters is not known. With the large
number of stars that will be observed by TESS, asteroseismology
can become an important additional tool to learn about stellar
cycles. As we will discuss in section 6, amission extension of TESS
to 4 or 6 years is however necessary for this. This paper is aimed at
a prediction of howmany detections of activity-related frequency
shifts we can expect in an extended TESS mission.

2. SYNTHETIC TESS SAMPLE

To simulate the yield of seismic signatures of activity that can
be expected from TESS, we use the synthetic catalog of Ball
et al. (2018), which consists of light curves that realistically
mimic the properties of the TESS targets in short-cadence data
(120 s)1. The sample consists of 12,731 stars, covering main-
sequence, subgiant, and low-luminosity red giant stars, which
were selected from a synthetic Milky Way population simulated
with TRILEGAL (Girardi et al., 2005). The selection criteria
are the same as for the real Asteroseismic Target List (ATL;
see Schofield et al., 2019) of the TESS Asteroseismic Science
Consortium (TASC), which are chosen such as to maximize
the yield of detected oscillations and optimize the coverage of
different stages of stellar evolution. Ball et al. (2018) give a
detailed description of their methods to obtain oscillation mode
parameters (frequencies, mode damping widths, amplitudes),
noise levels, granulation background, and other aspects of the
simulated time series. We note that the time series of Ball et al.
(2018) are provided without noise, which has to be added as
N (0, σnoise) ·

√
30 to the time series. Here, σnoise is the noise

amplitude as given in the catalog of Ball et al. (2018) and
the factor

√
30 is accounting for the 2-min sampling of the

time series.
Figure 1 shows a Kiel diagram of the synthetic sample

with stellar ages given by the color of the dots. We separated
the sample into main-sequence stars (in the following called
region I) and post-main-sequence stars (region II) along the
Terminal Age Main-Sequence (TAMS), which we defined at a
core hydrogen abundance content of 10−5. In Supplementary
Material, Figure S1 shows the Kiel diagram as in Figure 1 but
color coded for the two regions. As can be seen in these figures,
the number of stars on the lower main-sequence is rather small.
This is due to the low intrinsic mode amplitudes of solar-like
oscillations in cool dwarf stars (see e.g., Kjeldsen and Bedding,

1The datasets used for this study can be found in this repository: https://zenodo.

org/record/1470155#.XTpX4jfhXIU
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FIGURE 1 | Kiel diagram of the synthetic TESS sample of Ball et al. (2018).

The age of the stars is given by the color of the dots. The Sun is indicated by

its usual symbol. Evolutionary tracks for stars with masses from 0.8 to 2.0M⊙
in steps of 0.2M⊙ are overlaid as solid black lines.

1995). Thus, these stars have a low detection probability for
their oscillation modes with TESS data (Campante et al., 2016).
A large number of targets are young, early subgiants and stars
toward the end of their main-sequence life with 6,000K .

Teff . 6,900K. Subgiants ascending to the red giant branch and
low-luminosity red giants have large mode amplitudes and high
detection probabilities, hence, many of the best asteroseismic
targets are in this region of the Kiel diagram.

For a study of the temporal evolution of seismic parameters,
it is necessary that the targets are observed for either a long,
uninterrupted period of time or that they are observed again
after some time. During its nominal 2 year mission, TESS will
observe 13 sectors per hemisphere with an area of four times
24◦×24◦ for a duration of about 27.4 days per sector. The sectors
partly overlap, chiefly in the region of the ecliptic poles. Thus,
some stars will have up to 13 sectors’ worth of data. A detailed
description of the TESS observing strategy can be found in Ricker
et al. (2015). The time series of Ball et al. (2018) reproduce this
observing strategy, i.e., their length depends on the position of
the respective star in the sky. Here, we shall assume that the TESS
mission is extended after its 2 year nominal duration. We further
assume that the observation strategy of the nominal mission will
be repeated in possible 2 and 4 year mission extensions, and thus
that the same targets are observed again for the same number
of sectors after 2 and 4 years. However, the scaling relations for
p-mode frequency shifts described below are not TESS-specific.

3. RECONSIDERING THE SCALING
RELATION FOR P-MODE FREQUENCY
SHIFTS

There are two models for activity related frequency shifts in the
literature: Chaplin et al. (2007a) simply use the amplitude of the
activity cycle 1R′HK (see Equation 1) as a proxy for the frequency
shift and then scale the values such that the solar frequency shift
equals the observed 0.4µHz. Saar and Brandenburg (2002) found
that 1R′HK scales with the average logarithmic fraction of the

stellar luminosity that is emitted in the Calcium II H and K
spectral lines R′HK:

1R′HK ∝ R′HK
0.77

. (1)

For the second model, Metcalfe et al. (2007) find that the
frequency shifts δν scale as

δν ∝
D

I
1R′HK, (2)

where I is the inertia of the modes and D is the depth of the
perturbation that causes the mode frequencies to shift. They
further assume that the depth D scales as the pressure scale
height Hp, which is proportional to L0.25R1.5M−1 at the stellar
photosphere, and that mode inertia scales asMR−1, where R,M,
and L are stellar radius, mass, and luminosity, respectively. Thus,
Metcalfe et al. (2007) find

δν ∝
R2.5L0.25

M2
1R′HK (3)

for the frequency shift amplitude over a full activity cycle.
Here we take a new look at the sensitivity of acoustic mode

frequencies to activity. As a starting point we use Equation (1) of
Metcalfe et al. (2007) to estimate the frequency shift δν:

δν =
∫

dV KS

2Iν
, (4)

whereK is a kernel for the sensitivity of pmodes to perturbations,
S is a source function, and ν is the frequency of the mode.
Following Metcalfe et al. (2007), we use

K ∝
∣

∣

∣
∇ · Eξ

∣

∣

∣

2
, (5)

S = Aδ(D− Dc), (6)

where Eξ is the eigenfunction of the considered mode, A is the
amplitude of the source function, and the δ function determines
the location of the source Dc. For now, we set A = 1 and
reintroduce it later via the R′HK index.

In the following, we concentrate on radial modes, which
simplifies the calculations considerably. The eigenfunctions for
radial modes can be described by

Eξ = ξr(r)Eer , (7)

where ξr(r) is the radial displacement eigenfunction and Eer is
the unit vector in the radial direction. We do not introduce the
spherical harmonic Y0

0 into the eigenfunction here, as it would
only appear as a constant in the following equations.

With this, the kernel function can be written as

K =
∣

∣

∣

∣

2

r
ξr(r)+

∂ξr(r)

∂r

∣

∣

∣

∣

2

. (8)

Approximating the derivative ∂ξr(r)
∂r ≈ ξr(r)

r and assuming that
the radial position r which we are considering is close enough to
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the surface so that the amplitude of the eigenfunction is similar
to that at the photospheric stellar radius R we get

K ≈
9|ξr(R)|2

R2
. (9)

Thus we have fixed the source to be at Dc = R. The mode inertia
I can be approximated as follows:

I =
∫

dVρ

∣

∣

∣

Eξ
∣

∣

∣

2
≈ R3ρ|ξr(R)|2, (10)

where we used again the eigenfunction of a radial mode,
replaced the radial integral

∫

dr by simply multiplying with
the photospheric radius R, and replaced the density ρ with the
mean density ρ.

With Equations (8) and (10) we can rewrite Equation (4):

δν ≈
9|ξr(R)|2

R2

2R3ρ|ξr(R)|2ν

∫

dV

= const ·
R

Mν
. (11)

Throughout this, we assumed that the source is close enough to
the photospheric radius so that Dc = R. All constant factors
are absorbed into const. Equation (11) estimates the sensitivity
of radial modes to a near-surface perturbation.

The strength of the perturbation and hence the magnitude of
the frequency shift is imparted by the strength of the magnetic
activity on the star for which a proxy is used. From the synthetic
TESS sample, the R′HK index can be estimated with a relation
found by Noyes et al. (1984) for main-sequence stars:

log (τc/Prot) = −
(

0.324− 0.400y+ 0.283y2 − 1.325y3
)

, (12)

where y = log
(

R′HK × 105
)

, τc is the convective turnover time,
and Prot is the star’s rotation period. Both these values are taken
from the models of Ball et al. (2018). The (local) convective
turnover time τc is calculated half a mixing length αHp/2 above
the base of the outer convection zone of each star following
(Gilliland, 1986; Landin et al., 2010):

τc =
αHp

v
, (13)

where the solar-calibrated mixing length parameter α =
1.957 is used, Hp is the pressure scale height, and v is the
convective velocity.

To take into account that a large fraction of the stars in the
synthetic TESS sample are not on the main-sequence (in contrast
to the stars considered in Saar and Brandenburg, 2002 and Noyes
et al., 1984), we modify the values of R′HK with three factors:
First, we include a factor R−2 to account for the increasing
surface area over which magnetic activity can be distributed,
thus affecting the oscillations less. Second, starting at a Rossby
number of Ro = Prot

τc
= 2, we divide by

√
Ro− 1. This is

to accommodate the results of Metcalfe and van Saders (2017)
who found that, as stars reach a critical Rossby number of

FIGURE 2 | Frequency shift amplitudes for full activity cycles for the synthetic

TESS sample calculated with Equation (15). The color of the dots indicates

stellar age. The Sun is indicated by its usual symbol.

≈ 2, a transition in the magnetic activity appears to happen:
Magnetic braking weakens, rotation periods increase more
slowly, and cycle periods grow longer and eventually disappear.
Finally, we explicitly include the weakening of magnetic activity
with the inverse square root of stellar age tAge

[

Gyrs
]

found
by Skumanich (1972):

R′HK, mod =
R′HK

R2 max
(√

Ro− 1, 1
)

t0.5Age
. (14)

With this and Equation (11), the expected frequency shift over
a complete stellar activity cycle at the frequency of maximum
power νmax scales as:

δν ∝
R

Mνmax
1R′HK, mod. (15)

Figure 2 shows the expected p-mode frequency shifts for the
synthetic TESS sample between the activity minima and maxima
of a full stellar activity cycle. The values are scaled to a solar
frequency shift of 0.4µHz at νmax. Stellar age is given by the
color of the dots. For the Sun, we assume R′HK = −4.901
(value from Saar and Brandenburg, 1999) and do not estimate
it with Equation (12). The spike in shifts at 6,500K is caused by a
transition of how rotation rates are modeled by Ball et al. (2018),
cf. their section 2.5 and their Figure 2.

4. MEASURING δν

Two main methods have been developed to determine the
change in p-mode frequency as a function of time. The first
technique uses the cross-correlation (CC) between power spectra
of different epochs of the time series (see e.g., Palle et al., 1989;
Chaplin et al., 2007b; Régulo et al., 2016; Kiefer et al., 2017). The
regions around the frequency of maximum oscillation amplitude
νmax of the power spectra are retained and their cross-correlation
function is computed. Typically, only the region in which p-mode
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peaks can be identified is retained. As the expected frequency
shifts between two power spectra of any epoch is only of the
order of a few µHz, the complete cross-correlation function
does not need to be calculated: restricting the cross-correlation
function to a certain lag regime considerably speeds up the
computation. The central peak of the cross-correlation function
is then fitted to obtain the frequency shift δνCC between the two
power spectra. To estimate the uncertainty σ of the measured
frequency shift, we employ the resampling approach described
in Régulo et al. (2016).

The second technique uses the individual mode frequencies
(peak-bagging: PB) obtained at different epochs. Here, the
frequency shift δνPB, of a particular mode with harmonic degree
ℓ and radial order n is given by

δνPB = νℓ,n(t)− νℓ,n, (16)

where νℓ,n(t) is the mode frequency obtained from a time series
observed between t and t + δt, and νℓ,n is a reference frequency
for that mode. Both methods (CC and PB) require the data to
be split into time series of length δt, where δt is some fraction
of the full baseline of observations available. Ideally, δt will be
sufficiently short to resolve changes with time but long enough
that the power spectrum has sufficient resolution and signal-
to-noise for the modes to be observed clearly. See Santos et al.
(2018) for a detailed description of the peak-bagging procedure
in determining frequency shifts.

Most of the targets in the synthetic TESS sample have
only few sectors’ worth of data (one sector: 7,930 stars, two
sectors: 2,601 stars, three sectors: 781 stars, four sectors or
more: 1,419; see also in Supplementary Material, Tables S1 and
S2). We thus calculate the power spectra for the complete
synthetic time series of each star without separating them
into shorter segments: here, δt is equal to the length of the
time series.

In general, the two methods CC and PB are found to
produce results in good agreement with each other but the
uncertainties associated with the cross-correlation technique
tend to be systematically larger than the frequency shifts
determined directly from the mode frequencies (see Chaplin
et al., 2007b; Santos et al., 2018 for comparisons of the frequency
shift uncertainty obtained with the two methods). However, the
peak-bagging method requires good resolution and signal-to-
noise for the mode frequencies to be determined accurately and
precisely and so there are instances where the cross-correlation
method is preferable. The PB technique is also muchmore reliant
on input parameters like initial guesses for mode frequencies and
widths than the CC method. We do not apply the PB method
here, but assume that the frequency shifts measured with both
methods are in agreement and that the uncertainties of the PB
method are smaller by a factor of two than those obtained with
the CC method.

We implemented the CC technique to measure the frequency
shifts in the following way: the power spectrum is calculated
from the synthetic time series with an oversampling factor of
8. This power spectrum is then shifted in frequency by the
amount that can be expected over the fraction of the stellar

cycle that is covered in the 2 (4) years that pass between the
TESS nominal mission and the second observation of any given
star (see section 2). We estimate the length of the activity
cycles by

Pcyc
[

years
]

= 0.5Prot
[

days
]

·max
(√

Ro− 1, 1
)

. (17)

We chose this rather crude estimation as a compromise between
the short and long activity cycle branches that can be found in a
Pcyc-Prot diagram like that of Böhm-Vitense (2007) or Metcalfe
and van Saders (2017). The lengthening of activity cycles above
Ro ≈ 2 found by Metcalfe and van Saders (2017) is again
modeled into this with the factor max

(√
Ro− 1, 1

)

. Thus, the
input frequency shift is given by

δνinput shift = δν ·min

(

2n

Pcyc
, 1

)

, (18)

where the factor 2 accounts for the fact that the full cycle
frequency shift is observed over a half-cycle, between activity
minimum and maximum, n = 2 or 4 is the number of years
between observations, depending on the length of the TESS
mission extension, and δν is calculated with Equation (15).
After shifting the power spectrum, we return to only the natural
frequencies without oversampling. The oversampling was only
introduced to be able to shift by frequencies smaller than the
natural frequency resolution, which is≈ 0.422µHz for stars with
only one sector of data.

The regions around the frequency of maximum oscillation
amplitude νmax of the unshifted and shifted power spectra
are then cross-correlated. We retain a width of ±51ν

around νmax, where 1ν is the large frequency separation.
Both 1ν and νmax are given in the catalog of Ball et al.
(2018). To obtain the frequency shift between the two
power spectra, we fit the cross-correlation function with a
Lorentzian profile.

5. INFLUENCE OF ASSUMPTIONS ON THE
PREDICTED SHIFT AMPLITUDES

There are several assumptions made and approximations applied
in the derivation of the scaling relation given by Equation (15).
The first assumption is that the magnitude of activity-related
frequency shifts should be proportional to the strength of stellar
magnetic activity. This is certainly justified by the fact that
for the Sun there is a clear positive correlation between the
p-mode frequency shifts and proxies for magnetic activity as
shown by, e.g., Broomhall and Nakariakov (2015). Also, in a
follow-up study to Santos et al. (2018), in which they investigate
the dependence of the observed frequency shifts on stellar
fundamental parameters, Santos et al. (submitted) find that for
a sample of 30 solar-like stars, the amplitude of the frequency
shifts decreases with decreasing R′HK. Hence, the R′HK activity
index, which is available for a relatively large number of stars (see
e.g., Baliunas et al., 1995 and the database of Egeland, 2018) and
is employed in the scaling relation of Chaplin et al. (2007b), is
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a good starting point for stars similar to the Sun. In principle,
spectroscopic activity indices other than R′HK can be used in
any of the frequency shift scaling relations we discuss here;
Metcalfe et al. (2007), for example, use the Mg II emission index
iMg II. However, the scaling of the amplitude of the index over a
complete activity cycle, as is done for R′HK in Equation (1), has to
be adjusted accordingly.

To account not only for the strength of the activity, as is
done in the Chaplin et al. scaling, but also for the physics of the
oscillation modes, Metcalfe et al. (2007) derived the sensitivity
of mode frequencies to near surface perturbations. We note
that the sensitivity of modes we find with Equation (11) is in
fact very similar to that found by Metcalfe et al. (2007) and
quoted by Karoff et al. (2009) in their Equation (14). Inserting
the scaling relation of Kjeldsen and Bedding (1995) νmax ∝
MR−1T−0.5

eff
into Equation (11) and using the Stefan-Boltzmann

law
√
Teff ∝

(

R−2L
)1/8

, gives δν ≈ R2.75L0.125

M2 . All quantities are
assumed to be normalized to solar values in this discussion. The
difference of our Equation (11) to the mode sensitivity factor
of Metcalfe et al. (2007) is thus only a factor R−0.25L0.125 ∝√
Teff, which is in the range 0.91–1.14 for the sample of stars

investigated here, i.e., is of order unity. Thus, the approximations
we made in the derivation of Equation (11)—approximation of
the radial integral by simply multiplying with the stellar radius R,
approximation of the derivatives, localizing the perturbation to
the surface—yield essentially the same result as the calculations
of Metcalfe et al. (2007).

The three scaling relations are most easily distinguished for
stars reaching the lower red giant branch, which is where the
disagreement is largest. In Supplementary Material, Figures S2
and S3 we show the full-cycle frequency shifts of the synthetic
TESS sample for the Chaplin et al. and Metcalfe et al. scalings,
respectively. The Chaplin et al. (2007a) relation, simply using the
R′HK estimation of Noyes et al. (1984) for all stars from main-
sequence to the lower red giant branch, gives maximal full-cycle
shift values of≈ 3µHz.With estimated cycle lengths of at least 10
years, no shifts larger than ≈ 1.2µHz should be found in TESS
data with a 2 year mission extension. This value increases to ≈
5µHz for the new scaling relation presented in this article and to
even larger values for the scaling relation ofMetcalfe et al. (2007).

As can be seen in Supplementary Material, Figure S3, the
full-cycle frequency shifts obtained by employing the scaling
relation of Metcalfe et al. (2007) would lead to very large values
of over 50µHz for stars reaching the lower red giant branch.
This is why we looked for reasonable adjustments. As the sample
of stars on which Noyes et al. (1984) based their results is
exclusively comprised of main-sequence stars, we modified the
R′HK index with the factors discussed above. This aims to capture
some of the evolution that can naively be expected in stellar
magnetic activity. Here, the decrease of activity with t−0.5

Age found

by Skumanich (1972) is again extrapolated from the main-
sequence up to the lower red giant branch. The inclusion of
this factor must be understood as an attempt to circumvent
our ignorance of how exactly activity evolves after the main-
sequence. It is completely possible that activity does indeed
decrease faster than just proportional to t−0.5

Age or even stops

completely at a certain evolutionary stage. The same applies for
the factor max

(√
Ro− 1, 1

)

.
Contemporaneous measurements of the R′HK index and

photometric time series for asteroseismology would facilitate
a better differentiation between these scaling relations. If

indeed δν ∝ A ·
(

R′HK

)B
, with A,B factors dependent on

stellar fundamental parameters regulating mode sensitivity to
perturbations (A) and the amplitude of activity over a full cycle
(B), then measurements of frequency shifts and activity level can
be used to learn about mode physics as well as stellar dynamos.
We note that measurements of stellar rotation periods are
essential for the prediction of the R′HK index with Equation (12)
or with the modified expression (14) should direct spectroscopic
measurements of stellar activity not be available.

The estimation of the cycle period as described by
Equation (17) is obviously very crude. If cycle periods are
underestimated with this, then the resulting shifts we can expect
to observe decrease and our predictions for δν are an upper limit
in this case. More, reliably measured cycle periods are needed
to replace this estimation with a more rigorous prediction. We
remark however, that Equation (17) does include the latest
findings concerning the evolution of cycle periods by Metcalfe
and van Saders (2017) through the lengthening of cycles with the
factor max

(√
Ro− 1, 1

)

.

6. POTENTIAL OF TESS

We evaluated the frequency shifts obtained from four settings:
the TESS mission is either extended by 2 years or by 4 years
and the frequency shifts are determined by the cross-correlation
method (CC) or the peak-bagging method (PB), where the PB
shift results are simply taken as those of the CC method but
with half the uncertainty as described in section 4. The predicted
number of detections of significant frequency shifts for different
subsets of the cohort of TESS ATL short-cadence stars is given
in Table 1 for a 4 year mission extension and in Supplementary
Material, Table S3 for a 2 year mission extension. We define
significant frequency shifts as those which are at least 1σ > 0,
and within 3σ of the input frequency shift δνinput shift, where σ is
the uncertainty of the measured frequency shift. Tightening the
second condition to 2σ or 1σ would eliminate some of the more
precisely but less accurately measured frequency shifts.

We separated the spectral types according to their effective
temperature with boundaries at Teff = 5,200K between G and
K and at Teff = 6,000K between F and G. There are no K-type
main-sequence stars in the sample. The separation into region I
and II is discussed in section 2. Table 1 gives the number of stars
for each subset.

The suppression of p-mode amplitudes by activity has not
been taken into account in our simulations. However, only stars
whose oscillations have a low detection probability and small
intrinsic mode amplitudes are likely to be affected by this. These
are mainly late-type dwarf stars whose number in the mock
sample is rather small, thus the overall number of expected
detections is not strongly affected by this. As can be seen in
Supplementary Material, Tables S1 and S2 the fraction of stars
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TABLE 1 | Predicted number of stars with significant frequency shifts for different spectral types and evolutionary stages.

Spectral type Region Number CC detections CC fraction [%] PB detections PB fraction [%]

F I 6,676 141 2.1 673 10.1

F II 1,642 24 1.5 196 11.9

G I 54 30 55.6 44 81.5

G II 1,628 765 47.0 1,092 67.1

K II 2,731 1,486 54.4 1,799 65.9

FG I 6,730 171 2.5 717 10.7

FGK II 6,001 2,275 37.9 3,087 51.4

Total 12,731 2,446 19.2 3,804 29.9
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FIGURE 3 | As Figure 1 but only stars with significant frequency shifts are

shown. Shifts are measured with the cross-correlation technique and a 4 year

TESS mission extension is assumed. Note that the color bar is different from

Figure 1.

with detectable shifts increases with the length of the time series
as frequency resolution increases. However, even for stars which
are observed for only one sector, it should be possible to detect
shifts at a significant level, especially for stars with long-lived
modes.

With the CC method we were able to measure significant
frequency shifts in 171 stars in region I and in 2,275 stars in
region II for a 4 year TESSmission extension. The large difference
between the two regions reflects the increased amplitude and
longer mode life times of solar-like oscillations for stars in
region II. Also, the much smaller mode widths of cooler stars
allow one to measure even smaller shifts, especially with the
CC method. Figure 3 shows a Kiel diagram of the stars with
significant shifts measured with the CC method for the 4
year extension. By comparison of Figure 1 with Figure 3 it
can be seen that stars with detectable frequency shifts are
largely found at effective temperatures below .6,500K. Note
the different color tables used in these two figures. For region
I, the fraction of F-type stars for which we predict significant
shifts is only 2.1% (141 out of 6,676 stars) and only 1.5% (24
out of 1,642) for region II F stars. This reflects the predicted
smaller full cycle frequency shifts and large mode widths of F
stars. The fraction of stars with predicted detectable frequency
shifts increases for G stars: 55.6% (30 out of 54) for region I

and 47.0% (765 out of 1,628) for region II. For the G dwarfs
of region I this increase is mainly due to the smaller mode line
widths compared to F dwarfs. Furthermore, for region II G-
type stars the detectability of shifts is enhanced by the larger
predicted full cycle shifts and the larger mode amplitudes. A
large fraction of K-type region II stars are predicted to have
detectable shifts with 54.4% (1,486 out of 2,731). With the
smaller uncertainties which we assumed for the PBmethod, these
numbers increase for all subsets of stars, adding up to a total
of 3,804 out of 12,731 stars (29.9%) for the complete cohort.
Table S3 gives the predicted number of detections for a 2 year
TESS extension.

We also tested for the number of false positives caused by the
realization noise. For this we set the input shift to zero for all stars
and proceeded as described above. We found no false positives
detections with the PB method for either a 2 or a 4 year extension
even when ommiting the condition that the measured shift be
within 3σ of the input shift value.

In Figures 4, 5 the significant frequency shifts obtained with
the cross-correlation method for a 4 year TESS extension are
plotted for three subsets of stars (rows from top to bottom: all
stars, region I, region II) as a function of effective temperature
(left column of panels) and rotation period (right column of
panels). The color of the dots gives stellar age in Figure 4 and
stellar mass in Figure 5. We capped the ordinate in these plots at
5µHz. Higher frequency shifts tend to have large uncertainties
and including them would only distort the presentation.

By comparing panel (A) of Figure 4 with Figure 2 it can be
seen that for older stars, as stellar cycles grow longer with stellar
age, only a fraction of the predicted shift over a full activity
cycle can be detected with data that are separated by only 4
years. As expected, younger and faster rotating stars tend to show
larger detectable shifts. The older the stars become (green and
blue data points), the smaller the shifts that can be expected
to be observed after 2 years become. This can also be seen in
panel (B), where the measured shifts are plotted as a function
of rotation period: as stars age, their rotation period becomes
longer, the level of activity decreases, and the frequency shifts
become smaller. Obviously, this by design for our model for the
full-cycle frequency shifts (Equation 15) with the factors t−0.5

age and
the decreasing rotation period with age as it is modeled in the
synthetic TESS sample (cf. section 2.5 and Figure 2 of Ball et al.,
2018). It is noteworthy that for more evolved stars, which have
smaller mode damping widths, shifts are detected more precisely
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FIGURE 4 | Significant frequency shifts of the synthetic TESS sample for: (A) all stars as a function of effective temperature; (B) all stars as a function of rotation

period; (C) stars in region I as a function of effective temperature; (D) stars in region I as a function of rotation period; (E) stars in region II as a function of effective

temperature; (F) stars in region II as a function of rotation period. The frequency shifts are measured with the cross-correlation method. Here, a 4 year TESS mission

extension is assumed. The color of the dots indicates stellar age as given in the color bar on the right. Note that the range of the abscissa differs from panel to panel.

and smaller shifts are detectable at a significant level. The lack of
stars with a large frequency shift at short rotation periods in panel
(B) of Figures 4, 5 is due to the fact that most of these young,
faster-rotating stars in the synthetic TESS sample are hot stars
(Teff & 6,500K) with broader p-mode peaks for which shifts are
harder to measure precisely. Also, the full cycle frequency shifts
of these stars are rather small as can be seen from Figure 2.

The discrete structure in the measured frequency shifts in
Figures 4, 5 is due to the large number of stars with only one
sector of observation (7,930 stars). The frequency resolution
of one sector’s worth of observation is 0.422µHz. As the
cross-crorrelation function is computed from periodograms with
this resolution, the fitted shift value is likely to be a multiple of
this value.

For the stars in region I (panels C and D) there is no clear
tendency in frequency shift with effective temperature or rotation
period. This is partly due to the way that rotation periods
are modeled in the synthetic sample. For stars with Teff >

6,500K, most of which are in region I, the rotation period
is drawn from a normal distribution with mean 5 days and a
standard deviation of 2.1 days, i.e., there is no dependency on
age or effective temperature. Overall, only a small percentage of
targets with Teff > 6,500K have predicted detections. The same
explanation for this as given above applies. Also, stellar mass
introduces a selection bias here: due to their shorter evolutionary
time scales, the more massive stars in this sample do not have
the time to brake their rotation and thus stars with M &

1.8M⊙ for which detection of frequency shifts are predicted,
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FIGURE 5 | Same as Figure 4 but color coded with stellar mass.

are all at rotation periods Prot . 20 d for stars in region I
(panel D) and at Prot . 40 d for stars in region II (panel
F). Similarly, only lower mass stars evolve slowly enough for
rotation period to increase and the activity to decrease: note the
accumulation of old, low-mass stars at Teff ≈ 5,000K in panels
(E), which corresponds to the base of the red giant branch seen
in Figure 1.

6.1. Comparison to Real Observations
To test the agreement between our predictions and real
observations we concentrate on main-sequence stars as there are
currently no measured frequency shifts of more evolved stars.
We use the results of Santos et al. (2018) available online at
this link. This is the largest available record on activity related
frequency shifts to date. Santos et al. (2018) employ a PB
approach on segments of Kepler time series with a length of 90
days which overlap by 45 days. We calculate the frequency shift

for each star in their sample by taking the difference between
the minimum and maximum value of the mean frequency
shift, which combines their results for modes with harmonic
degree l = 0 and 1.

The left panel of Figure 6 shows the shifts of Santos et al.
(2018) in blue and the shifts of the region I stars from this work
in red as a function of effective temperature. As can be seen,
our predictions cover essentially the same range of shifts as the
measurements. The baseline of the Kepler data used by Santos
et al. (2018) is typically around 3 years, which is shorter than the
baseline we assumed for our simulations. Thus, when assuming
that theKepler data do not cover a full activity cycle, extrapolating
onto the same baseline would give somewhat larger shift values
for the measured frequency shifts compared to our predictions.
However, our sample is dominated by stars closer to the TAMS
as can be seen in the right hand panel of Figure 6, which shows
a Kiel diagram of the stars of Santos et al. (2018) in blue and
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FIGURE 6 | (Left): Significant frequency shifts from region I of the synthetic TESS data as function of effective temperature in red. A 4 year extension of the TESS

mission is assumed and the error bars of the CC method are halved to approximate the PB method. Significant frequency shifts found by Santos et al. (2018) are

shown in blue. (Right): Kiel diagram of the stars which are included in the left panel.

our region I stars in red. This biases the predicted shifts more
toward lower values, as these stars tend to have slowed down their
rotation compared to their younger counterparts of similar mass
and effective temperature. Restricting our sample further would
however leave us with only a very small number of stars. We will
have to wait for data of a hopefully extended TESS mission to be
able to truly test our scaling relation Equation (15) and those of
Chaplin et al. (2007a) andMetcalfe et al. (2007) on a larger sample
of stars.

7. OVERESTIMATION OF GLOBAL
STELLAR PARAMETERS

The full-cycle frequency shifts as shown in Figure 2 have typical
values of 6µHz for a low-luminosity red giant. For such a star, let
νmax = 324µHz,1ν = 23.3µHz, Teff = 5,058K,M = 1.064M⊙
(target 00197 in the sample of Ball et al., 2018). Using the scaling
relation (see e.g., Kjeldsen and Bedding, 1995)

M = M⊙

(

νmax

νmax,⊙

)3 (

1ν⊙
1ν

)4 (

Teff

Teff,⊙

)
3
2

, (19)

the mass value given above is recovered. The solar reference
values are those used in Campante et al. (2016), which are
νmax,⊙ = 3,090µHz, 1ν⊙ = 135.1µHz, Teff,⊙ = 5,777K. If
νmax is shifted by 6µHz to higher frequencies, a mass ofMshift =
1.12M⊙ is obtained from the scaling relation Thus, if νmax were
measured during times of higher activity, stellar mass would
be overestimated by 0.06M⊙ with this scaling relation. The
statistical uncertainties of asteroseismic stellar masses obtained
from the standard scaling relations are typically of the order
of 10% (Chaplin et al., 2014; Guggenberger et al., 2016). Thus,
an activity-related shift to higher frequencies would introduce a
systematic error and lead to an overestimation of mass and radius
when using the standard scaling relations. Indeed, Gaulme et al.
(2016) found in their study of 10 eclipsing binary systems with
at least one oscillating red giant that the dynamical masses were

consistently smaller than those obtained with the asteroseismic
scaling relations. The same arguments apply for stellar radii. We
note that for more evolved red giants, a shift to higher frequencies
of only 1µHz would lead to an even larger overestimation:
Considering the values of Gaulme et al. (2016) for the star
KIC 5786154 (νmax = 29.75µHz, 1ν = 3.523µHz, Teff =
4,747K) and using the solar reference values and scaling relation
as given above, we find a mass for this star of M = 1.44M⊙.
With νmax = 30.75µHz, which incorporates the frequency
shift predicted here, the scaling relation gives M = 1.58M⊙.
This example shows that it might be necessary to calibrate
the global seismic parameters νmax and 1ν for the level of
activity of the star when the scaling relations are to be used
for an estimation of mass and radius of more evolved stars. A
paper on activity-related frequency shifts in evolved Kepler stars
is currently in preparation. As we will show there, frequency
shifts of a few tenths of µHz are not uncommon on the red
giant branch.

8. DISCUSSION AND CONCLUSION

To estimate the yield of detections of activity-related p-mode
frequency shifts in an extended TESS mission, we first derived a
scaling relation for full-cycle shifts (Equation 15) for stars from
the main-sequence up to low luminosity red giants. We used
a catalog of simulated light curves (Ball et al., 2018) and input
frequency shifts which can be expected to occur within the 2 (4)
years which would pass between a first observation of a given star
and a repeated observation by TESS. We then measured these
frequency shifts with a cross-correlation technique and found
that we can expect to find a couple hundred main-sequence and
early subgiant stars and a few thousand more evolved subgiant
and low-luminosity red giant stars with activity-related p-mode
frequency shifts in an extended TESS mission according to our
scaling relation.

Our scaling relation does not account for the varying
sensitivity of modes of different harmonic degree: for the Sun
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it is observed that modes of higher harmonic degree experience
larger shifts over the solar cycle (e.g., Broomhall, 2017). For
several Kepler stars, larger shifts have been measured for l = 1
modes than for l = 0 modes by Santos et al. (2018). A dedicated
study of how the frequency shifts of different harmonic degrees
can influence the estimation of fundamental stellar parameters is
presented in this collection by Pérez Hernández et al. (2019).

Up until now there is no confirmed detection of frequency
shifts in subgiant and low-luminosity red giant stars. This may
either be because their activity cycles are too long to be detectable
with the available time series ofKepler and CoRoT, they no longer
have activity cycles, or nobody has looked for this phenomenon
in these stars yet. We also note that it is entirely possible that the
scaling relation we have derived here is not valid for stars that
have evolved far off themain-sequence even with the adjustments
we have included to account for suppression of activity,
see section 5.

A dedicated search for activity-related frequency shifts (or
frequency offsets in the case of very long cycles, which could also
be attributed to activity see section 7), should therefore be carried
out with the existing Kepler data sets. Such results can then also
be used to refine the estimates we presented here. Given our
scaling relation, Equation (15) and the large number of confirmed
oscillating subgiants and red giants (e.g., Huber et al., 2014; Yu
et al., 2018) such a study could also help to decide between the
scaling relations for the p-mode frequency shifts by Chaplin et al.
(2007a), Metcalfe et al. (2007), and the one presented here.

So far, only a few dozen solar-like stars, most of them Kepler
targets, have measured p-mode frequency shifts. An extended
sample of seismic detections of stellar activity and activity cycles
will also be useful to determine the fundamental parameters
which govern stellar dynamos and their evolution as stars age.
Benomar et al. (2018) have shown that it is possible to measure
stellar differential rotation with asteroseismology. This can be
connected with photometric measurements of activity and the
temporal variation of p-mode frequencies to learn more about
the intricate connection of rotation, its change through stellar
evolution, and stellar activity cycles.

Carrying out searches for and investigations of stellar
magnetic activity with seismic measures (mode frequencies,
and amplitudes) are greatly enhanced in their reliability by
contemporaneous spectroscopic measurements of magnetic
activity. As, e.g., Karoff et al. (2018) have shown, it is feasible to
employ seismology together with ground-based observation to
study stellar cycles and activity in detail. Stars near the ecliptic
poles, which are observed almost continuously during TESS’s
observation (615 stars in the synthetic sample have 13 sectors of
data; a similar number is expected for the real observations) can
be used for equivalent studies to fill the Prot-Pcyc diagram. Long-
term ground-based spectroscopic measurements of the level of
activity of these targets would be expedient for such studies. The
rationale to optimally select targets for such campaigns was laid
out by Karoff et al. (2009) and Karoff et al. (2013). Furthermore,
the investigation of stellar variability can strengthen the seismic
detection of magnetic activity as, e.g., García et al. (2010) and
Salabert et al. (2016b) have shown.

Our predictions for frequency shifts measured after 4 years
for stars on the main-sequence and early subgiant stars (region
I) agree qualitatively with those found by Kiefer et al. (2017)
and Santos et al. (submitted) for Kepler stars of similar
evolutionary states. The decrease of shifts with decreasing
effective temperature seen by Santos et al. (submitted) is less clear
in our simulations. This is most likely due to a difference in the
underlying sample of stars. We will have to await TESS data from
a hopefully extended mission, calculate models of the observed
stars, measure the frequency shifts, and then compare predictions
from our scaling relation and those of Chaplin et al. (2007a) and
Metcalfe et al. (2007) to these observed shifts. As also mentioned
above, measurements of a spectroscopic activity proxy like R′HK
and reliable measurements of the stellar rotation periods and age
would facilitate this considerably.

We found that it should be possible to reliably measure even
small average frequency shifts between two TESS observations
each with a length of only 1 month. This should also enable
the search for photometric and asteroseismic signatures of short
activity cycles in those young, fast rotating stars which have
many sectors of data in TESS observations (see Vida et al.,
2014; Reinhold et al., 2017 for such studies with Kepler data).
Obviously, long and uninterrupted photometric time series with
high stability are optimal for asteroseismology in general and
specifically for the search for seismic signatures of activity
cycles. Even though most of the targets of TESS only have few
consecutive sectors of observation, time series provided by TESS,
especially by an extended mission, can be used for such searches.
In the future, PLATO (Rauer et al., 2014) will pick up the
torch, observe two target fields for 2–3 years each, and provide
data for asteroseismology. These data will make another major
contribution in the seismic sounding of stellar activity cycles.
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The classical Cepheid Leavitt Law (Period-Luminosity relation) has been known for

100 years, and used in extragalactic distance determination for nearly as long.

Cepheids are particularly important in testing the inferences of asteroseismology, and

the comparison of masses inferred from pulsation calculations, evolutionary calculations,

and observationally measured masses is termed the “Cepheid mass problem.” However,

Cepheids still present us with surprises. Recent results about X-ray behavior of δ Cep

is one example. At minimum radius the pulsation wave from the envelope creates a

disruption in the photosphere and chromosphere. X-ray activity, on the other hand

remains constant at a low level at this phase. Just after maximum radius, however, X-ray

flux increases sharply (4-fold in the case of δ Cep). We summarize here the observational

program to explore parameters involved and theoretical investigations searching for

a basic understanding of this upper atmosphere phenomenon. This results in new

diagnostics of the linkages between the pulsating envelope, the upper atmosphere, and

possible mass-loss in the system.

Keywords: Cepheids, variable stars, X-rays, Leavitt Law, distance scale

1. INTRODUCTION

Classical Cepheid variable stars are reasonably massive stars (typically 5 M⊙) which pulsate radially
with periods of about a week. The classical Cepheid Leavitt Law (Period-Luminosity relation) has
been known for more than 100 years, and it is an important step in determining extragalactic
distances. The Leavitt Law is arguably the first case of asteroseismology, since the relation between
brightness and period was the first indication of the phenomenon. While Cepheids are young
(typically 50 Myr old), they have evolved beyond the main sequence and are burning He in the
core. Along the instability strip, classical Cepheids span a range of periods of 2 to >20 days, masses
of 3 to 8 M⊙ and ages of 30 to at least 130 Myr (Bono et al., 2005; Anderson et al., 2014), with
additional scatter due to pulsation mode, metallicity, and rotation.

Fifty years after the discovery of the Leavitt Law themechanism of pulsation was determined and
hydrodynamic calculations (e.g., Christy, 1966; Cox et al., 1966) led to the derivation of masses.
Comparison of these masses with masses inferred from evolutionary tracks disagreed, with the
evolutionary masses being larger (termed “the Cepheid mass discrepancy”). Recent summarizes
are provided by Neilson et al. (2011) and Anderson et al. (2014). Internal physics which has been
investigated to explain this includes opacity (revisions considerably reduced the discrepancy), core
convective overshoot on the main sequence, mass loss, and rotation. Although this question has
not been fully answered, the discrepancy is now ∼ 10 to 20% (Neilson et al., 2011) and rotation in
models (Anderson et al., 2014, 2016) may reduce it further.
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The Cepheid Leavitt Law is still the foundation of the
extragalactic distance scale. Figure 1 below provides an example
of the extensive observational data set which as been built up,
including photometry and spectroscopy in optical, ultraviolet,
X-ray wavelengths, as well as near and far infrared (IR).
Today, use of the IR version of the Leavitt Law is favored,
particularly because of the decreased sensitivity of this region to
reddening (Freedman and Madore, 2010).

However, there have recently been several features related
to the atmosphere above the photosphere which raise
questions about our understanding of these upper regions.
They pertain to the question of whether Cepheids are losing
mass, which relates to the problem of using evolutionary
tracks to interpret these stars. Specifically, infrared and visible
shells (circumstellar envelopes or CSEs) are observed in
interferometric observations (Mérand et al., 2015; Nardetto et al.,
2016). The present discussion summarizes new observations of
the upper atmosphere in X-rays and ultraviolet which provide
crucial clues to linkages between stellar parameters (mass,
temperature, luminosity) and processes such as subtle mass
loss which may influence our interpretation and calculations.
Furthermore, the CSEs may affect the IR Leavitt Law, and hence
distance calculations.

Mass loss has been notoriously difficult to measure
in Cepheids since it is small and the stars are variable.
Measurements of mass loss have been made from data from
the IRAS and Spitzer satellites in the IR, and the IUE satellite
in the ultraviolet as summarized by Marengo et al. (2010). The
estimates vary widely (10−10 to 10−7 M⊙ yr−1 and higher),
with large uncertainties. One of the goals of understanding
the upper atmosphere using the new diagnostics of CSEs and
X-rays is to quantify their relation to mass loss and ultimately to
determine whether mass loss is an important component of the
Cepheid phase.

Observationally there are now measured masses for several
Milky Way Cepheids (summarized by Evans et al., 2018a). Of
particular importance is the use of interferometry to determine
a very accurate mass for V1334 Cyg (Gallenne et al., 2018),
which is markedly smaller than the evolutionary mass produced
by several codes (Engle, 2019 private communication). In
addition, masses for several Cepheids in eclipsing binaries in
the LMC have been determined (Pilecki et al., 2018), making
comparisons possible at two metallicities. We note that Gaia
observations will provide major contributions to distances as
well as orbits and masses. However, because of the prevelance
of binaries among Cepheids, these improvements will not
be fully realized until the DR3 release which incorporates
orbital solutions.

The continuing development of theoretical and measured
masses is a good example of the effort required to confirm
inferences from asteroseismology. At present, in particular,
long strings of photometry from satellites permit new
insights into the interiors of many variable stars. The
“Cepheid mass problem” is a prime example of the need
for observational confirmation to improve our understanding of
these cornerstone stars.

2. MULTIWAVELENGTH OBSERVATIONS

To understand the outer layers of Cepheids, a series of
multiwavelength observations is underway as part of the program
“The Secret Lives of Cepheids” (Engle, 2015). For the prototype
δ Cep itself these are summarized in Figure 1 (reprinted from
Engle et al., 2017). Far ultraviolet observations starting with the
International Ultraviolet Explorer (IUE) (Schmidt and Parsons,
1982) have shown that many high temperature lines above the
photosphere go into emission at some phases. Because of the
low scattered light background, the Cosmic Origins Spectrograph
(COS) on theHubble Space Telescope (HST) has been particularly
effective in carrying out far ultraviolet observations of Cepheids.
As an example for δ Cep, the emission strengths of two lines
are shown in the top two panels in Figure 1, together with
photometry, radial velocities, and radius variations around the
pulsation cycle. Three separate aspects of theHST-COS data offer
a strong confirmation of the long-held view that pulsation-driven
shock waves propagate through the atmospheres of Cepheids.

First, the rapid increase in emission line flux occurs shortly
after minimum radius (i.e., when the Cepheid photosphere
begins to expand again). This is the phase at which the shock
would emerge from the photosphere and propagate through
the chromosphere.

Second, the line profiles continually broaden during the
phases of increasing and maximum emission (e.g., see Figure 2).
Radial velocity measures at these phases show the photosphere to
be shrinking while the line-emitting chromosphere is expanding.
This compression and thermal excitation of the atmosphere is
responsible for the line broadening. In addition, at pulsation
phase φ = 0.04 for δ Cep, the line intensity is decreasing from
maximum yet the line profile is the broadest of all observations.
This indicates that we are observing a highly turbulent, post-
shock chromosphere at this phase.

Finally, at all phases of increased emission, an additional blue-
shifted component (see Figure 2) becomes visible in the warm far
ultraviolet (FUV) lines. This component indicates the presence of
excited plasmas with a small range in velocity (directly affected by
the passing shock) as compared with the broad profiles from the
turbulent post-shock.

Though the FUV observations point to a consistent picture, X-
ray data tell a different story. Using observations from Chandra
and XMM-Newton, during the period before and after minimum
radius X-ray activity remains at a constant low level. Just after
maximum radius there is a burst (≃ 4-fold increase) of activity,
as shown in the third panel in Figure 1. This activity has been
confirmed in an additional cycle for δ Cep (Engle et al., 2017).
This behavior has also been seen in the 9.8d Cepheid β Dor
(Engle, 2019 private communication). In β Dor the phase is
somewhat different when calculated from the standard ephemeris
(based on maximum light). However, the period of β Dor is
9.8d, within the period range in the Hertzsprung progression
where the pulsation amplitude is decreased by the coincidence
of the primary and secondary humps at maximum light. On the
other hand, if we use phase of increased chromospheric emission
(minimum radius) as a fiducial the phase of X-ray increase has
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FIGURE 1 | Atmospheric variations of δ Cep as a function of pulsation phase. The top 2 panels show FUV emission line fluxes. The middle panel shows X-ray flux:

pink points: XMM data from several cycles; cyan points: Chandra data from the same cycle. The bottom three panels show the V light curve, the radial velocity curve

and the radius curve. Reprinted from the Astrophysical Journal (Kiss, 1998).

the same relation to minimum radius as δ Cep (Evans et al.,
2018b). This implies that the same mechanism is working in
both stars. There is an additional star with a tentative X-ray

increase at the phase of maximum radius. Böhm-Vitense and
Parsons (1983) found a tentative detection of ζ Gem (alone
among the Cepheids they observed) with the Einstein satellite
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FIGURE 2 | The Si IV 1394Å emission line profile of δ Cep is plotted at two

representative phases. The bottom spectrum was taken at φ = 0.86, and the

top spectrum at φ = 0.93. The increased activity level and overall broadening

of the emission line are visible, along with the additional blue-shifted emission

component in the top spectrum.

at the phase expected from the β Dor observations, again at
maximum radius.

We characterize the X-ray variations as possibly being
triggered by the collapse of the atmosphere following maximum
radius, while apparently remaining unaffected by the disturbance
in the photosphere and chromosphere at minimum radius.
Similarly, spectra in visible wavelengths are indistinguishable
from those of non-variable supergiants at the phases of the X-ray
burst. There seem to be two likely possibilities to account for the
X-ray burst. First, a shock wave from the pulsation cycle might
generate velocities high enough to produce X-rays. This would
require velocities higher than typically seen over the pulsation
cycle in the photosphere (Figure 1). The second possibility is a
“flare event” as seen on the sun, regulated by the pulsation cycle.
Flares (reconnection events) require magnetic fields. However,
stars with a convective surface typically have flares, and the
occurrence of low level X-rays outside the phases of the burst
in Cepheids is consistent with a magnetic field. Magnetic fields
have been measured in the Cepheid η Aql and the supergiant α

Per (Grunhut et al., 2010). In the sun, flares are often followed
by a coronal mass ejection (CME), which could be part of the
overall mass-loss scenario that has been helping to sustain an
infrared shell.

We have embarked on a program of X-ray observations to
determine whether the occurrence and strength of an X-ray burst
depends on the amplitude of pulsation, the luminosity (hence
the mass) of the star, the temperature of the star (hence the

importance of convection), and the pulsation mode (hence the
depth of the node in the envelop) using observations of Cepheids
which span a range of these parameters.

The X-ray variations that we have observed remain puzzling.
However, when Cepheids are placed within the broader context
of cool supergiants, X-ray activity may be more common than
originally thought. Recent studies (Ayres, 2017, 2018) have
shown that a number of non-pulsating, cool supergiants also
display FUV emission lines and X-ray activity. Using ratios
of FUV/X-ray to bolometric luminosity, the studies show that
Cepheids behave similarly to their non-pulsating counterparts,
and stand apart from cool dwarf stars. The cool dwarfs
consistently show relatively higher levels of FUV and X-ray
activity, and the magnetic fields of cool dwarfs have also been
well-studied and are considered nearly ubiquitous. So perhaps
the pulsations of Cepheids play no role in generating FUV or
X-ray activity; they simply modulate what would have otherwise
been persistent and steady activity levels.

3. SUMMARY

The emerging picture is a pattern of X-ray bursts regulated
by pulsation, which appear to be triggered by the collapse
of the atmosphere after maximum radius. We are conducting
a series of X-ray observations with Chandra and XMM-
Newton to determine the relation between the strength of X-ray
increases and parameters such as pulsation amplitude and stellar
luminosity (mass). We are investigating theoretical explanations
of either a pulsation shock or a flare event. This pulsation related
X-ray activity appears to be a new ingredient possibly related to
the outer atmosphere CSEs. Insight into the full picture of the
outer atmospheres is important in the question of mass loss in
Cepheids as well as the use of the infrared Cepheid Leavitt Law
(Period-Luminosity relation).

The new diagnostics of the upper atmosphere of these
pulsating stars in the ultraviolet and X-ray region will provide
clues to the conundrum of the “Cepheid mass problem” which
has challenged the interpretation of pulsation calculations (as
well as evolutionary tracks) of Cepheids.
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Axisymmetric magnetic activity on the Sun and sun-like stars increases the frequencies

of the modes of acoustic oscillation. However, it is unclear how a corotating patch of

activity affects the oscillations, since such a perturbation is unsteady in the frame of the

observer. In this paper we qualitatively describe the asteroseismic signature of a large

active region in the power spectrum of the dipole (ℓ = 1) and quadrupole (ℓ = 2) pmodes.

First we calculate the frequencies and the relative amplitudes of the azimuthal modes of

oscillation in a frame that corotates with the active region, using first-order perturbation

theory. For the sake of simplicity, the influence of the active region is approximated by

a near-surface increase in sound speed. In the corotating frame the perturbations due

to (differential) rotation and the active region completely lift the (2ℓ + 1)-fold azimuthal

degeneracy of the frequency spectrum of modes with harmonic degree ℓ. Then we

transform to an inertial frame to obtain the observed power spectrum. In the frame

of the observer, the unsteady nature of the perturbation leads to the appearance of

(2ℓ + 1)2 peaks in the power spectrum of a multiplet. These peaks blend into each

other to form asymmetric line profiles. In the limit of a small active region (angular

diameter less than 30◦), we approximate the power spectrum of a multiplet in terms

of 2× (2ℓ + 1) peaks, whose amplitudes and frequencies depend on the latitude of the

active region and the inclination angle of the star’s rotation axis. In order to check the

results and to explore the non-linear regime, we perform numerical simulations using the

3D time-domain pseudo-spectral linear pulsation code GLASS. For small sound-speed

perturbations, we find a good agreement between the simulations and linear theory.

Larger perturbation amplitudes will induce mode mixing and lead to additional complex

changes in the predicted power spectrum. However linear perturbation theory provides

useful guidance to search for the observational signature of large individual active regions

in stellar oscillation power spectra.

Keywords: asteroseismology, stars: oscillations, stars: activity, stars: rotation, starspots

1. INTRODUCTION

Surface magnetic activity shifts the frequencies of the global modes of acoustic oscillation during
solar and stellar activity cycles (e.g., Pallé et al., 1989; García et al., 2010; Santos et al., 2016; Kiefer
et al., 2017). Asteroseismology can in turn inform us about the strength and the latitude distribution
of a band of magnetic activity on the stellar surface (Gizon, 2002; Chaplin et al., 2007; Gizon et al.,
2016). However, the signature of a single large active region in stellar p-mode oscillation power
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spectra has not been discussed so far in detail. A complication
inherent to this problem comes from the fact that the
perturbation associated with a rotating active region is not steady
in the observer’s frame. Yet, this problem is relevant, since large
starspots are detected in photometric variability (e.g., Mosser
et al., 2009) and using Doppler or Zeeman-Doppler imaging (e.g.,
Strassmeier, 2009).

We build on preliminary work by Gizon (1995, 1998) who
considered the effect of a single sunspot in corotation on the
low-degree modes of solar oscillation. The problem of unsteady
perturbations has been considered in the past in different
contexts. The interaction with acoustic modes with an inclined
magnetic field with respect to the stellar rotation axis was first
studied by Kurtz (1982) to explain the oscillation power spectra
of roAp stars (see also Kurtz, 2008). In the oblique pulsatormodel
the effect of the magnetic field dominates over rotation, and the
pulsation axis is aligned with the magnetic axis of the star. Only
modes of oscillations symmetric with respect to the magnetic
field axis are excited. The oblique pulsatormodel was extended by
Dziembowski and Goode (1985) to include the first-order effects
of the Coriolis and Lorentz forces, and then by Shibahashi and
Takata (1993) to account for the distortion in the eigenfunctions.
In parallel Dziembowski and Goode (1984) and Gough and
Taylor (1984) discussed the combined influence of rotation
and of an inclined magnetic field in corotation on multiplets
of solar acoustic oscillations. They explicitly mentioned that
each multiplet consist of (2ℓ + 1)2 components in the power
spectrum (this was already hinted at by Dicke, 1982).

We focus on stars with a level of activity higher than the
Sun, which may have active regions with larger surface coverage,
and therefore better chances for detection. Following the same
approach of Goode and Thompson (1992), we investigate
the linear changes induced in a nℓ-multiplet by an unsteady
perturbation that mimics an active region (AR) rotating with
the star. In particular we study the power spectra of the dipole
and quadrupole multiplets. For the active region we consider a
simple two-parameter model, where near-surface sound-speed
perturbations have a given amplitude and surface coverage.

As a complement to the linear analysis we also explore the
non-linear regime of the active-region perturbation by means of
3D numerical simulations, by studying the combined effect of
rotation and mode mixing on the observed power spectra using
the wave propagation code GLASS (see Hanasoge and Duvall,
2007; Papini et al., 2015). We note that the non-linear regime was
studied in the context of strong magnetic fields in roAp stars by,
e.g., Cunha and Gough (2000), Bigot and Dziembowski (2002),
Saio and Gautschy (2004), and Cunha (2006).

2. METHODS

2.1. Signature of an Active Region in the

Oscillation Power Spectrum: Linear Theory
2.1.1. Linear Problem in the Corotating Frame
The normal modes of oscillation of a spherically symmetric non-
rotating star are identified by three integer numbers: the radial
order n, the angular degree ℓ, and the azimuthal order m, with

|m| ≤ ℓ. In the absence of attenuation the degenerate mode

frequencies, ω
(0)
nℓ , are real and the displacement eigenvectors

ξ
(0)
nℓm(r) exp(−iω

(0)
nℓ t) solve the linearized equation of motion

L
(0)[ξ

(0)
nℓm] = ω

(0)2
nℓ ξ

(0)
nℓm, (1)

where L
(0) is a linear spatial differential operator (see e.g.,

Unno et al., 1989). Hereafter superscripts “(0)” denote quantities
associated with the non-rotating stellar model. In spherical polar
coordinates r = (r, θ ,φ), the displacement eigenfunctions can be
written as

ξ
(0)
nℓm(r) =

[

ξr,nℓ(r)er + ξh,nℓ(r)

(

eθ∂θ +
1

sin θ
eφ∂φ

)]

Ym
l (θ ,φ),

(2)

where Ym
l
(θ ,φ) are spherical harmonics and ξr,nℓ and ξh,nℓ are

functions of radius only that can be calculated numerically for a
given stellar model (see e.g., Aerts et al., 2010).

We now consider two perturbations, the first perturbation due
to rotation (e.g., Hansen et al., 1977) and the second arising from
the presence of an active region that rotates with the star (see
e.g., Schunker et al., 2013, for the effect of a sunspot on high-
degree modes). The latter perturbation is unsteady in an inertial
frame of reference. Here we aim to study how these two effects
may affect the fine structure of the modes within a fixed multiplet
(n, ℓ). The two perturbations taken together completely remove
the (2ℓ + 1)-fold degeneracy inm.

Provided that there is only one active region, it is much
more convenient to first tackle the problem in a reference
frame that is corotating with the active region, where both
perturbations are steady (e.g., Dziembowski and Goode, 1984;
Goode and Thompson, 1992). In Figure 1 we define three frames
of reference,R,Rβ , and ̂Rβ , all three with the same origin at the
center of the star. FrameR is an inertial frame of reference, with
polar axis z pointing toward the observer. We denote by β the
colatitude of the active region in frame R. The other two frames
are both corotating with the active region at the angular velocity
�β about the rotation axis of the star. The polar axis of Rβ is
directed along the stellar rotation axis and is inclined by an angle i
with respect to z. The polar axis of the frame ̂Rβ is inclined by the
angle β with respect to the rotation axis. In ̂Rβ the center of the
active region is at the north pole. Provided that the starspot has
no proper motion, the angular velocity �β is equal to the surface
rotational angular velocity of the star at colatitude β . We call r =
(r, θ ,φ), rβ = (r, θβ ,φβ ), and r̂β = (r,̂θβ ,̂φβ ) the spherical-polar
coordinates associated withR,Rβ , and ̂Rβ , respectively.

We consider the effects of rotation and the active region
on the acoustic oscillations as small perturbations. In the
frame Rβ each mode is identified by the index M, −ℓ ≤
M ≤ ℓ, and we expand the displacement eigenvectors and
eigenfunctions as

ξnℓM(rβ ) =
ℓ

∑

m=−ℓ

AM
m ξ

(0)
nℓm(rβ )+ δξnℓM(rβ )+ · · · (3)
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FIGURE 1 | Reference frames and angles of the problem. Arrows show the polar axes of the coordinate systems R, Rβ , and ̂Rβ . The frame R is the inertial frame of

the observer. The rotation axis of the star is inclined by an angle i with respect to the line of sight. Both frames Rβ and ̂Rβ corotate with the active region (shaded area)

at a constant angular velocity �β . The polar axis of Rβ is aligned with the rotation axis of the star. In Rβ the active region has a colatitude β and in ̂Rβ it is at the pole.

and

ωnℓM = ω
(0)
nℓ + δωnℓM + · · · , (4)

where δξnℓM is orthogonal to each unperturbed eigenvector ξ
(0)
nℓm

with the same ℓ and n (e.g., Gough and Thompson, 1990), and the
coefficientsAM

m are (real) amplitudes. We write the wave operator
as

L = L
(0) + δL+ · · · , (5)

with

δL = L� + LAR, (6)

where L� accounts for the effects of rotation and LAR for the
effects of the active region.

To first order, the linearized equation of motion reduces to

ℓ
∑

m=−ℓ

AM
m (L� + LAR) [ξ

(0)
nℓm]+ L

(0)[δξnℓM]

= 2ω
(0)
nℓ δωnℓM

ℓ
∑

m=−ℓ

AM
m ξ

(0)
nℓm + ω

(0)2
nℓ δξnℓM . (7)

We define the inner product between two vectors ξ (rβ ) and η(rβ )
on the Hilbert space of displacement vectors as

〈ξ , η〉 =
∫

V
ξ∗ · η ρdV , (8)

where ∗ denotes the complex conjugate and V is the stellar
volume. The unpertubed eigenmodes are normalized such that

〈

ξ
(0)
nℓm′ , ξ

(0)
nℓm

〉

= δm′m.

We take the inner product of Equation (7) with ξ
(0)
nℓm′ to obtain

ℓ
∑

m=−ℓ

AM
m

〈

ξ
(0)
nℓm′ , (L� + LAR)[ξ

(0)
nℓm]

〉

+
〈

ξ
(0)
nℓm′ ,L

(0)[δξnℓM]
〉

= 2ω
(0)
nℓ δωnℓMAM

m′ . (9)

BecauseL(0) is Hermitian symmetric and 〈ξ (0)nℓm′ , δξnℓM〉 = 0, the
second term on the left-hand side of the above equation vanishes

〈

ξ
(0)
nℓm′ ,L

(0)[δξnℓM]
〉

=
〈

L
(0)[ξ

(0)
nℓm′ ], δξnℓM

〉

= 0.

Introducing the perturbation matrix elements

Om′m = O�
m′m + OAR

m′m, (10)

where

O�
m′m =

1

2ω
(0)
nℓ

〈

ξ
(0)
nℓm′ ,L�[ξ

(0)
nℓm]

〉

(11)

OAR
m′m =

1

2ω
(0)
nℓ

〈

ξ
(0)
nℓm′ ,LAR[ξ

(0)
nℓm]

〉

, (12)
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Equation (9) becomes

ℓ
∑

m=−ℓ

Om′mA
M
m = δωMAM

m′ . (13)

To simplify the notation we dropped the indices nℓ on δωM . In
matrix form,

OA
M = δωM A

M , (14)

where AM = [AM
−ℓ AM

−ℓ+1 . . . AM
ℓ ]T is the vector of amplitudes.

To find A
M and δωM we have to solve the above eigenvalue

problem, Equation (14).
The rotation perturbation matrix O� is diagonal in the frame

Rβ . The active region perturbation matrixOAR is not diagonal in
Rβ , but it can be obtained in terms of the diagonal perturbation
matrix ̂OAR expressed in the frame ̂Rβ ,

OAR = R(ℓ)
̂OAR(R(ℓ))−1. (15)

where the matrix R(ℓ) performs a clockwise rotation of β about
the y axis that transforms the frame ̂Rβ into the frameRβ . More
explicitly, the elements of the rotation matrix are given by

R
(ℓ)
mm′ = r

(ℓ)
mm′ (−β) = r

(ℓ)
m′m(β), (16)

where r
(ℓ)
mm′ (β) is given by Messiah (1960).

2.1.2. Frequency Splittings Due to Rotation
In the corotating frame Rβ the rotation perturbation matrix
is diagonal:

O�
m′m = δm′mδω�

m (17)

with

δω�
m = m

∫

V
Knℓm(r, θ)

[

�(r, θ)− �β

]

dV −m�βCnℓ + ηQ2ℓm ω
(0)
nℓ ,

(18)
where �(r, θ) is the internal angular velocity in an inertial frame.
By construction, the angular velocity�β of the frameRβ is�β =
�(R,β), where R is the radius of the star. The first and second
terms on the right-hand side of Equation (18) describe the effect
of differential rotation, where the functions Knℓm(r, θ) are the
rotational sensitivity kernels (Hansen et al., 1977) and Cnℓ are the
Ledoux constants (Ledoux, 1951) that account for the effect of the
Coriolis force. The last term describes the quadrupole distortion
of the star due to the centrifugal forces (e.g., Saio, 1981; Aerts
et al., 2010) and is proportional to the ratio of the centrifugal to
the gravitational forces at the surface η = �2R3/(GM), whereM
is the mass of the star and G is the universal constant of gravity.
The term Q2ℓm accounts for the quadrupolar component of the
centrifugal distorsion

Q2ℓm ≃
2/3

∫ 1
−1 P2(x)

[

P
|m|
ℓ (x)

]2
dx

∫ 1
−1

[

P
|m|
ℓ (x)

]2
dx

=
2ℓ(ℓ + 1)− 6m2

3(2ℓ + 3)(2ℓ − 1)
,

(19)

where Pmℓ (x) are the associated Legendre functions and P2 is the
Legendre polynomial of second order. The centrifugal term is
very small in the case of slow rotators like the Sun (Dziembowski
and Goode, 1992), however it increases rapidly with rotation and
it is not negligible anymore for stars rotating a few times faster
than the Sun (e.g., Gizon and Solanki, 2004).

2.1.3. Frequency Splittings Due to the Active Region
In this section we parametrize the effects of the active region on
the oscillation frequencies in the corotating frame ̂Rβ , where the
active region is at the north pole.

Modeling the complex influence of surface magnetic fields
on acoustic oscillations is challenging (e.g., Gizon et al., 2010;
Schunker et al., 2013). Here we choose to drastically simplify the
physics and to focus on the geometrical aspects of the problem.

Assuming that the area of the active region covers a polar cap
with 0 ≤ ̂θβ ≤ α (see Figure 1) and that the structure of the
active region is separable in r and ̂θβ , we can parametrize the
perturbation matrix as follows:

̂OAR
m′′m′ = δm′′m′δωAR

m′ = δm′′m′ω
(0)
nℓ εnℓ G

m′′
ℓ (α) , (20)

where

Gm′′
ℓ (α) =

(2ℓ + 1)(ℓ − |m′′|)!
2(ℓ + |m′′|)!

∫ 1

cosα

[

P
|m′′|
ℓ (x)

]2
dx (21)

is a geometrical weight factor that accounts for the surface

coverage of the active region. For small values of α, Gm′′
ℓ (α)

decreases fast as |m′′| increases (Figure 2). Since the value of

Gm′′
ℓ (α) does not depend on the sign of m′′, the eigenvalues of

OAR are degenerate in |m| (see also, e.g., Kurtz and Shibahashi,
1986).

The parameter εnℓ is a measure of the relative magnitude of
the active region perturbation and contains all the physics. From
studies of local helioseismology (e.g., Gizon et al., 2009; Moradi
et al., 2010; Schunker et al., 2013), it is known that the net effect of
an active region is to increase the frequencies of acoustic modes,
i.e., waves propagate faster in magnetic regions and thus εnℓ is
positive. Since the active region introduces a perturbation that
is strongly localized near the surface, the value of εnℓ increases
with radial order n. A proper calculation of the value of εnℓ goes
beyond the scope of the present study. Instead, we parametrize
the active region perturbation as an increase in sound speed near
the surface. Following Papini et al. (2015), we write

εnℓ =
∫

AR
1c2(r)

(

1

r
∂r

(

r2ξr,nℓ(r)
)

− ℓ(ℓ + 1)ξh,nℓ(r)

)2

ρ0(r)dr

×
(

2ω
(0)2
nℓ

∫

V
||ξ (0)nℓm||

2ρ0dV

)−1

, (22)

where ρ0(r) is the density of the unperturbed stellar background
and 1c2(r) is the radial change in the squared sound speed.
Here the integral is over the radial extent of the active region.
In section 2.2 we will further specify the effective sound-
speed perturbation.
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FIGURE 2 | (A) Geometrical weight factor Gm′′
ℓ (α) defined by Equation (21) as a function of angular degree ℓ for m = 0, ±1, ±2, at fixed α = 8◦. (B) Gm′′

ℓ (α) as a

function of α for ℓ = 2. The red curves show the parabolic approximations for G0
ℓ (α) in the limit of small α (see section 3.2.3, Equation 59).

Using Equation (15), the perturbation matrix elements in
frameRβ are

OAR
m′m = ω

(0)
nℓ εnℓ

ℓ
∑

m′′=−ℓ

Gm′′
ℓ (α)r

(ℓ)
m′′m′ (β)r

(ℓ)
m′′ m(β). (23)

We note that for ℓ ≤ 3 and α . 30◦, we have G0
ℓ(α)≫ Gm′′

ℓ (α),
where |m′′| 6= 0, and therefore the dominant eigenvalue is

OAR
00 = ω

(0)
nℓ εnℓG

0
ℓ(α), see Equation (20).

2.2. Numerical Setup for the Linear

Problem
We now introduce the internal rotation model and the active
region parameters, used to illustrate the theory. We consider a
star with a rotation period of 8 days, about one third the rotation
period of the Sun. This choice of rotation period ensures that the
azimuthal modes in a multiplet are well separated in frequency
space. For the internal rotation profile, we take

�(r, θ)/2π =
{

(1447− 183 cos2 θ − 253 cos4 θ) nHz r > 0.7R⊙,
1447 nHz r < 0.7R⊙,

(24)

which is a scaled model of solar differential rotation as in Gizon
and Solanki (2004). The centrifugal term has a significant effect.
It shifts the m = 0 mode and introduces an asymmetry in

the shifts for positive and negative azimuthal orders m, with a
maximum frequency shift of more than 100 nHz in the case of
a multiplet near 3 mHz. Therefore this term must be included
when performing the analysis.

From observations of p-mode frequency changes during the
solar cycle, Libbrecht and Woodard (1990) showed that the
(positive) frequency shifts are almost independent of ℓ and
increase with frequency, thus indicating that the effects of
magnetic activity on acoustic oscillations are confined to the
surface. Assuming that the perturbation covers two pressure scale
heights below the photosphere and setting 1c2/c2 ≃ 10% there,
Equation (22) gives εnℓ ≃ 0.003 at frequencies near 3 mHz.
The surface coverage of a stellar active region, as inferred from
Doppler imaging, ranges from a percent up to 10% (Strassmeier,
2009). Here we consider two different surface coverages of either
4% or 7%, corresponding to cosα = 0.92 or 0.86 (α ≃ 23◦ or
30◦). Finally, we consider an active region at a colatitude of either
β = 20◦ (near the pole) or 80◦ (near the equator).

In the following section we focus on two multiplets with
(ℓ, n) = (1, 18) and (2, 18). For each of these modes we solve
the eigenvalue problem (14) by means of Jacobi’s method (Press
et al., 1992). For the calculation of the unperturbed eigenmodes

(ω
(0)
nℓ , ξ

(0)
nℓm) we use the ADIPLS software package (Christensen-

Dalsgaard, 2008) and solar Model S as the reference structure
model (Christensen-Dalsgaard et al., 1996). The unperturbed

frequencies ω
(0)
nℓ /2π of the dipole and quadrupole modes are
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2695.40 and 2756.95 µHz, respectively. We note that the choice
of reference solar model is unimportant for the present study.

2.3. Power Spectrum in the Observer’s

Frame: (2ℓ + 1)2 Peaks
Given particular values for α, β , and εnℓ the eigenvalue problem
(14) is fully specified and can be solved. In this section we use the
solutions (3) and (4) to build a synthetic power spectrum in the
observer’s frame, in order to relate the results to observations.

We need to find an expression that connects the eigenmodes
to the observed intensity fluctuations. For the sake of simplicity,
we assume that the variation I(θβ ,φβ , t) induced by the
acoustic oscillations in the emergent photospheric intensity is
proportional to the Eulerian pressure perturbation p of the
acoustic wavefield (e.g., Toutain and Gouttebroze, 1993), as
measured at the stellar surface r = R. The pressure perturbation
p is related to the wavefield displacement ξ through the linearized
adiabatic equation

p = −ρ0c
2
0∇ · ξ − ξ · ∇P0,

where c0 and P0 are, respectively, the sound speed and
the pressure of the unperturbed stellar model. The pressure
perturbation pnℓM(r, θβ ,φβ ) of the modeM is

pnℓM = −ρ0c
2
0∇ · ξnℓM − ξnℓM · ∇P0, (25)

where ξnℓM is given by Equation (3). To leading order, we have

pnℓM(rβ ) =
ℓ

∑

m=−ℓ

AM
m p

(0)
nℓm(rβ ) (26)

with

p(0)m (R, θβ ,φβ ) = −ρ0c
2
0∇ · ξ (0)m − ξ (0)m · ∇P0,

where we dropped the subscripts nℓ. Acoustic oscillations in stars
are stochastically excited and damped by turbulent convection,
therefore I(θβ ,φβ , t) is a realization of a random process. Since
the perturbation is steady in the frame Rβ , this random process
is stationary in that frame. An expression for the intensity
fluctuations I(θβ ,φβ ,ω) in Fourier space with the required
statistical properties is

I(θβ ,φβ ,ω) ∝
ℓ

∑

M=−ℓ

pM(R, θβ ,φβ )L
1/2
M (ω)NM(ω)

∝
ℓ

∑

M=−ℓ

ℓ
∑

m=−ℓ

AM
mYm

ℓ (θβ ,φβ )L
1/2
M (ω)NM(ω), (27)

where the NM(ω) are independent complex Gaussian random
variables, with zero mean and unit variance:

E
[

NM′∗(ω′)NM(ω)
]

= δM′Mδω′ω. (28)

In Equations (27) and (28) we only consider the positive-
frequency part of the spectrum (ω and ω′ > 0) since I(θβ ,φβ , t)

is real. The negative-frequency part is related to the positive
part by I(θβ ,φβ ,−ω) = I∗(θβ ,φβ ,ω). The function LM(ω)
is a Lorentzian

LM(ω) =

[

1+
(

ω − ωM

Ŵ/2

)2
]−1

, (29)

appropriate for describing the power spectrum of an
exponentially damped oscillator with full width at half maximum
(FWHM) Ŵ (see e.g., Anderson et al., 1990).

We transform Equation (27) back to the time domain
by inverse Fourier transformation to obtain I(θβ ,φβ , t). The
intensity I(θ ,φ, t) as seen by the observer in the inertial frame
R is obtained by applying a passive rotation of Euler angles
(0,−i,�β t) to express Ym

ℓ (θβ ,φβ ) in terms of θ and φ (Messiah,
1960):

Ym
ℓ (θβ ,φβ ) = e−im�β t

ℓ
∑

m′=−ℓ

Ym′
ℓ (θ ,φ)r

(ℓ)
m′m(−i). (30)

In the frequency domain, the intensity fluctuations become

I(θ ,φ,ω) =
ℓ

∑

M=−ℓ

ℓ
∑

m=−ℓ

ℓ
∑

m′=−ℓ

AM
mYm′

ℓ (θ ,φ)r
(ℓ)
m′m(i)

×L
1/2
M (ω −m�β )NM(ω −m�β ), (31)

where we used the property r
(ℓ)
m′m(−i) = r

(ℓ)
mm′ (i). Since LM(ω −

m�β ) peaks at frequencyω = ωM+m�β , the intensity spectrum
observed in the inertial frame has (2ℓ+ 1)2 peaks, corresponding
to all combinations ofm andM.

To obtain the full-disk integrated intensity fluctuations Iobs(ω)
we perform an integration over the visible disk of the star:

Iobs(ω) =
∫ 2π

0
dφ

∫ π/2

0
dθ I(θ ,φ,ω)W(θ) cos θ sin θ ,

where W(θ) is the limb-darkening function. The components
withm′ 6= 0 vanish upon integration over φ, thus

Iobs(ω) =
ℓ

∑

M=−ℓ

ℓ
∑

m=−ℓ

BMmL
1/2
M (ω −m�β )NM(ω −m�β ), (32)

with BMm = AM
m Vℓ r

(ℓ)
m0(i) and

Vℓ =
∫ 2π

0
dφ

∫ π/2

0
dθ Y0

ℓ (θ ,φ)W(θ) cos θ sin θ . (33)

The matrix elements r
(ℓ)
m0(i) are written explicitly in terms of the

associated Legendre polynomials (Messiah, 1960):

r
(ℓ)
m0(i) = (−1)m

√

(ℓ −m)!

(ℓ +m)!
Pmℓ (cos i). (34)
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FIGURE 3 | Perturbations to the mode eigenfrequencies in the frame that is corotating with the active region, for the multiplets with (ℓ, n) = (1, 18) (A) and with

(ℓ, n) = (2, 18) (B). The star is Sun-like and rotates with a scaled solar differential rotation profile (rotation period is approximately 8 days). The active region perturbation

is specified by εnℓ = 0.003, α = 23◦, and β = 80◦. The rotational frequency of the active region at colatitude β is �β/2π is 1.504 µHz. The frequency of the mode

M = 0 is the most shifted. (C,D) The (2ℓ + 1)2 peaks of the power spectrum as seen in the observer’s frame, for an inclination angle i = 80◦. For each m, the

M-components are identified with different colors: red for M = 0, black for M = 1, blue for M = −1, orange for M = 2, and pink for M = −2. The peaks with the same

colors are statistically correlated to each other (according to Equation 66).

A realization of the power spectrum is given by

P(ω) = |Iobs(ω)|2

=

∣

∣

∣

∣

∣

ℓ
∑

M=−ℓ

ℓ
∑

m=−ℓ

BMmL
1/2
M (ω −m�β )NM(ω −m�β )

∣

∣

∣

∣

∣

2

,

(35)

which depends on 2ℓ + 1 independent realizations of complex
Gaussian random variables. The expectation value of P(ω) is

P(ω) = E
[

P(ω)
]

=
ℓ

∑

m=−ℓ

ℓ
∑

M=−ℓ

PMm LM(ω −m�β ). (36)

As mentioned earlier, the power spectrum displays (2ℓ + 1)2

Lorentzian peaks, centered at frequencies
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ωM
m : = ωM +m�β = ω

(0)
nℓ + δωM +m�β , (37)

with peak power

PMm : = (BMm )2 =
(ℓ − |m|)!
(ℓ + |m|)!

[

VℓA
M
mP

|m|
ℓ (cos i)

]2
. (38)

Example power spectra for a dipole and a quadrupole multiplet
are shown in Figure 3. The frequencies and amplitudes of the
(2ℓ + 1)2 peaks are obtained from Equations (37) and (38),
using the limb-darkening function quoted by Pierce (2000) to
calculate Vℓ.

Figure 3 also displays the different contributions to the
frequency splittings due to rotation and to the active region
perturbation in the corotating frameRβ . For both multiplets, the
M = 0 peaks are shifted by the largest amount, they are the most
affected by the AR perturbation and in the frame ̂Rβ (see also
Papini et al., 2015). This feature, which arises from geometrical
considerations only, is preserved in the spectrum as seen in the
observer’s frame, where theM = 0 peaks are clearly visible. With
increasing AR surface coverage the frequency shifts of theM 6= 0
modes increase and the peaks get less clustered.

3. RESULTS

3.1. Dipole and Quadrupole Power Spectra
In this section we describe the changes imprinted by a large active
region in the spectrum of two multiplets with (ℓ, n) = (1, 18) and
(2, 18), for a star rotating with a period of 8 days.

Figure 4 shows the results for the quadrupole multiplet,
for four combinations of the values of α and β selected in
section 2.2: the observed power spectra are plotted for two
angles of observation, i = 30◦ and 80◦, and are normalized
with respect to V2, i.e., with respect to the m = 0 peak of the
pure rotational spectrum seen with i = 0. The corresponding
theoretical Lorentzian envelope (solid line) has been calculated
from Equation (36), by setting a value for the FWHM of Ŵ/2π =
1µHz, typical for this multiplet in the Sun (see e.g., Chaplin et al.,
2005). Due to the finite lifetime of the modes of oscillation, it
is clear that is not possible to resolve all the (2ℓ + 1)2 peaks,
and an observer would identify not many more than (2ℓ + 1)
peaks in a multiplet. In the cases shown here, it is possible to
identify from 5 to 6 peaks for i = 80◦, the additional peak
coming from the uppermost shifted m = 2,M = 0 peak. We
note that the Lorentzian envelope displays an asymmetric profile.
Because of their large shift in frequency, the M = 0 peaks
blend with peaks from different m-quintuplets. This blending
increases with activity level. Figure 4A shows a case for which the
(M,m) = (0, 0) and (M,m) = (1, 1) peaks have close frequencies
and comparable amplitudes, they contribute equally to a single
peak in the power spectrum.

The envelope of the power spectrum is very sensitive to the
latitudinal position of the AR and to the inclination angle: in
Figure 4C the power spectrum is near the standard rotationally-
split spectrum, while the same configuration observed from a

different inclination angle (Figure 4D) shows a more asymmetric
profile with additional peaks. This is better seen in Figure 5,
which shows contours of the acoustic power as a function of
inclination angle, for both the ℓ = 1 and ℓ = 2 multiplets,
for the same active region parameters as in Figure 4. For an
active region at high latitude (middle panels of Figure 5), the
central peak shows a significant shift and overlaps with the
m = 1 peak. For a low-latitude active region (bottom panels)
the envelope of the power spectrum displays more than 2ℓ + 1
peaks. A distinct feature is the presence of two peaks instead
of one when observing an ℓ = 2 multiplet at zero inclination
angle. The sensitivity of the spectrum to the colatitude of the AR,
shown in Figure 6, is due in part to the variation with β of the
non-diagonal elements of the rotation matrix R(ℓ).

An observed power spectrum is, of course, much more
difficult to interpret than its expectation value. The power
spectrum in Figure 7 includes realization noise due to the
stochastic nature of stellar oscillations and to additional shot
noise. At each frequency the observed power is a realization
of an exponential distribution (a chi-squared with two degrees
of freedom) with standard deviation and mean equal to the
expectation value of the power spectrum. Realization noise
considerably degrades the spectrum, however in some cases it is
still possible to distinguish between the pure rotational spectrum
and a spectrum with the active region.

3.2. Asymptotics
3.2.1. Limit of Small Latitudinal Differential Rotation
The examples shown so far suggest that the power spectrum of a
multiplet may be approximated by the sum of 2(2ℓ + 1) peaks,
for two reasons. First, in the corotating frame the splitting due
to rotation is small compared to the shift induced by the AR
perturbation (see e.g., Figure 3). Second, the AR perturbation
induces a shift that is largest for theM = 0 mode. Therefore, for
eachm, all theM 6= 0 peaks are clustered near the pure rotational
frequencies and appear as a single peak, while the M = 0 peaks
are well separated.

Here we wish to find an approximation for the power
spectrum of a multiplet in terms of 2(2ℓ + 1) Lorentzians only.
In the following we assume the rotation perturbation to be
small compared to the active region perturbation, and seek an
approximate solution to the eigenvalue problem (14).

It is convenient to solve the eigenvalue problem in the frame
where the dominant perturbation is diagonal, i.e.,the frame ̂Rβ of
the active region. The following results are similar to section 19.5
of Unno et al. (1989). We rewrite the elements of the full matrix
̂O in ̂Rβ as

̂Om′′m′ = δm′′m′δωAR
m′ +

ℓ
∑

m=−ℓ

r
(ℓ)
m′′m(β)r

(ℓ)
m′m(β)δω

�
m, (39)

where the term with the sum in the right hand side correspond to
̂O�
m′′m′ . We look for solutions of the form

δωM = δωAR
M + δω

(1)
M (40)

Frontiers in Astronomy and Space Sciences | www.frontiersin.org 8 December 2019 | Volume 6 | Article 72161

https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org
https://www.frontiersin.org/journals/astronomy-and-space-sciences#articles


Papini and Gizon Asteroseismic Signature of a Large Active Region

FIGURE 4 | Oscillation power spectra for the (ℓ, n) = (2, 18) multiplet observed at two inclination angles i = 30◦ (A,C) and 80◦ (B,D), for a star with a rotation period of

8 days and for an active region with εnℓ = 0.003, β = 20◦ (A,B) or 80◦ (C,D), and for a surface coverage with α = 23◦. The power spectra are normalized with

respect to V2 (Equation 33). The vertical line segments show the theoretical frequencies and amplitudes for the M = ±1,±2 modes (black) and the M = 0 mode (red).

The envelopes of the power spectra (solid black curves) are obtained by summing over Lorentzians with widths of 1 µHz. The dashed black curve shows the envelope

of the pure rotational power spectrum, which includes the centrifugal distortion (Equation 17).

and

̂A
M = ̂A

M,AR +̂A
M,(1), (41)

where
(

δω
(1)
M ,̂AM,(1)

)

are the perturbations to the (partially

degenerate) eigenvalues δωAR
M and eigenvectors ̂A

M,AR of ̂OAR,
with ̂AM,AR

m = δmM . The eigenvector perturbation is orthogonal
to the reference eigenspace (see e.g., Messiah, 1960, p. 687),

̂A
M,(1) ·̂A±M,AR = 0, (42)

which giveŝA
M,(1)
±M = 0. The eigenvectorsAM in the frameRβ are

given by

A
M = R(ℓ)

̂A
M (43)

via the rotation matrix R(ℓ) (see Equation 16).
To first order, the eigenvalue problem (Equation 14) becomes

(

̂O� − δω
(1)
M I

)

̂A
M,AR +

(

̂OAR − δωAR
M I

)

̂A
M,(1) = 0, (44)
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FIGURE 5 | Expectation value of power spectra of oscillation, as functions of inclination angle i. The left panels are for the dipole multiplet ℓ = 1, n = 18, and the right

panels for the quadrupole multiplet ℓ = 2, n = 18. The top panels are for the pure-rotation case, the middle panels are for an active region at colatitude β = 20◦, and

the bottom panels for β = 80◦. The active region parameters are εnℓ = 0.003, α = 23◦, and the stellar rotation period is 8 days.

where I is the identity matrix. To calculate ̂A
M,(1) and δω

(1)
M we

multiply the above equation on the left by the transpose of̂Am′ ,AR

to obtain:

̂O�
m′M − δω

(1)
M δm′M +

(

δωAR
m′ − δωAR

M

)

̂A
M,(1)
m′ = 0, −ℓ ≤ m′ ≤ ℓ.(45)

We find the perturbed eigenvalues by setting m′ = M in the
above equation

δω
(1)
M =

ℓ
∑

m=−ℓ

[r
(ℓ)
Mm(β)]

2δω�
m. (46)

The non-zero elements ofAM,(1) are obtained from them′ 6= ±M
components of Equation (45):

̂A
M,(1)
m′ =

̂O�
m′M

δωAR
M − δωAR

m′
form′ 6= ±M. (47)

The explicit expressions for the eigenvalues and eigenvectors of
the combined perturbations are

δωM = δωAR
M +

ℓ
∑

m=−ℓ

[r
(ℓ)
Mm(β)]

2δω�
m (48)
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FIGURE 6 | Expectation value of power spectra of oscillation, as functions of active-region colatitude β, at fixed inclination angle i = 80◦. The other physical

parameters are the same as in Figure 5.

FIGURE 7 | A realization of the power spectrum of an ℓ = 2 multiplet (gray) and its expectation value (black solid curve, also shown in Figure 4D). The observation

duration is 6 months and the signal-to-noise ratio is 50. The dashed black curve shows the expectation value of the pure rotational spectrum.

and

̂AM
m′ =



































1 form′ = M,

0 form′ = −M,

ℓ
∑

m=−ℓ

r
(ℓ)
m′m(β)r

(ℓ)
Mm(β)δω

�
m

δωAR
M − δωAM

m′
form′ 6= M.

(49)

The explicit expression for the amplitudes AM
m in the frame Rβ

is then.

AM
m =

ℓ
∑

m′=−ℓ

ÂM
m′ r

(ℓ)
m′m(β) = r

(ℓ)
Mm(β)+

ℓ
∑

m′=−ℓ,m′ 6=±M

r
(ℓ)
m′m(β)

δωAR
M − δωAR

m′

×
ℓ

∑

m′ ′=−ℓ

r
(ℓ)
m′m′ ′ (β)r

(ℓ)
Mm′ ′ (β)δω

�
m′ ′ . (50)

3.2.2. Neglecting Latitudinal Differential Rotation
If we neglect differential rotation then Equation (18) reduces to

δω�
m = −m�βCnℓ + ηQ2ℓm ω

(0)
nℓ . (51)

Then, by using the identities (Unno et al., 1989; Gough and
Thompson, 1990)

ℓ
∑

m′′=−ℓ

[

r
(ℓ)
m′m′′ (β)

]2
m′′ = m′ cosβ (52)
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and

ℓ
∑

m′′=−ℓ

[

r
(ℓ)
m′m′′ (β)

]2
Q2ℓm′′ = P2(cosβ)Q2ℓm′ , (53)

the frequency shifts (Equation 48) simplify to

δωM = δωAR
M −MCnℓ�β cosβ + ηP2(cosβ)Q2ℓM ω

(0)
nℓ . (54)

Note that for moderately fast rotating stars the Coriolis term
in the above equation is much smaller than the centrifugal
distortion term (e.g., Gizon and Solanki, 2004).

Due to the clustering of the M 6= 0 peaks, the power
spectrum in the observer’s frame can be approximately modeled
by 2(2ℓ + 1) Lorentzians, some of which may overlap. Half of
these correspond to the peaks with M = 0. The remaining
2ℓ+ 1 (approximate) Lorentzians are obtained by summing over
the M 6= 0 peaks; their mean frequency shifts are given by a
power weighted average of the M 6= 0 frequency shifts δωm

M =
δωM +m�β . We denote by 〈δω〉m this average:

〈δω〉m = (6m)
−1





∑

1≤|M|≤ℓ

(AM
m )2δωM



 +m�β , (55)

with

6m =
∑

1≤|M|≤ℓ

(AM
m )

2
. (56)

The corresponding averaged power amplitudes 〈P〉m are (see
Equation 38)

〈P〉m =
(ℓ − |m|)!
(ℓ + |m|)!

[

VℓP
|m|
ℓ (cos i)

]2
6m. (57)

Figure 8 shows how good is the 2(2ℓ + 1)-Lorentzian model
in reproducing the expected power spectrum for the case of
Figure 7. The vertical red lines are for the (2ℓ + 1) peaks with
M = 0, while the vertical black lines refer to the (2ℓ + 1) peaks
with power 〈P〉m and frequency shifts 〈δω〉m. The envelope of
power of the 2(2ℓ + 1)-model compares well with the envelope
obtained by summing over all the (2ℓ + 1)2 peaks.

Figure 9 shows the frequency shifts 〈δω〉m (black lines) and
the shifts of the M = 0 peaks (red lines) calculated from the
solution of Equation (14) (solid lines) and from the approximate
solutions (dashed lines), as a function of stellar rotation rate and
for an active region with a surface coverage of 4% (α = 23◦)
and β = 80◦. The linear approximation successfully returns the
frequency shifts of the 2(2ℓ+1) Lorentzians, even for moderately
high rotation rates.

3.2.3. Limit of Small-Size Active Region (α . 15◦)
The above formulae for the frequency shifts simplify further
when the active region has a small surface area. For small values
of α, the integral in Equation (21) can be approximated,

∫ 1

cosα

[

P
|m′′|
ℓ (µ)

]2
dµ ∼

α→0

[

P
|m′′|
ℓ (0)

]2 α2

2
+O(α4) = δm′′0

α2

2
+O(α4),

(58)

such that Gm′′
ℓ (α) becomes

Gm′′
ℓ (α) = δm′′0

α2

4
(2ℓ + 1)+O(α4). (59)

As shown in Figure 2, the above approximation is very good for
α . 15◦ and ℓ ≤ 2. Up to order α2, the active region induces a
shift only in the frequency of theM = 0 mode

δωAR
M = δM0 ω

(0)
nℓ εnℓ

α2

4
(2ℓ + 1)+O(α4). (60)

Perturbed frequency shifts and amplitudes are obtained by
following the calculation described in section 3.2.1, but taking
into account the fact that the eigenfrequencies δωAR

M are now
degenerate for M 6= 0. The frequencies in the observer’s frame
can then be approximated by

ωM
m = ω

(0)
nℓ + δωM +m�β , (61)

where

δωM =δM0 ω
(0)
nℓ εnℓ

α2

4
(2ℓ + 1)+ (1− δM0)ηP2(cosβ)Q2ℓM ω

(0)
nℓ .

(62)

The peak amplitudes in the power spectrum, PMm , are given by
Equation (38), where AM

m is replaced by

AM
m =

ℓ
∑

m′=−ℓ

A
M
m′ r

(ℓ)
m′m(β) (63)

with

A
M
m′ = δMm′ + (δM0 − δm′0)

ηω
(0)
nℓ

δωAR
0

ℓ
∑

m′′=−ℓ

r
(ℓ)
m′m′′ (β)r

(ℓ)
Mm′′ (β)Q2ℓm′′ .

(64)

Figure 10 shows the frequency error in µHz introduced
by the small-α approximation. Dark blue shades indicate
the regions in parameter space (α and �β ) where the
approximation is very good. For an active region with a
surface coverage below 2%, i.e., α < 15◦, the frequency
shift δωM=0 is within ∼ 0.1 µHz of δωM=0, even for fast
rotation rates.

3.3. Correlations in Frequency Space
Due to the fact that the active region perturbation is unsteady
in the observer’s frame, the intensity fluctuations (Equation 32)
are not statistically independent in frequency space. Given two
frequencies ω and ω′, the intensity covariance is

Cov
[

Iobs(ω), Iobs(ω
′)
]

= E
[

I∗obs(ω)Iobs(ω
′)
]
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FIGURE 8 | Acoustic power spectrum for the same case as in Figure 4D, (black solid line) and the power spectrum resulting from neglecting differential rotation and

by assuming a small rotation perturbation with respect to the AR perturbation (black dashed line), as calculated from Equations (50, 51, 54). Vertical red lines denote

the M = 0 peaks, and black lines the averaged M 6= 0 peaks from Equations (55, 57).

=
∑

M,m

∑

M′ ,m′

BMmBM
′

m′ L
1/2
M (ω −m�β )L

1/2
M′ (ω

′ −m′�β )

× E
[

N
∗
M(ω −m�β )NM′ (ω′ −m′�β )

]

=
ℓ

∑

M=−ℓ

ℓ
∑

m=−ℓ

ℓ
∑

m′=−ℓ

BMmBMm′LM(ω −m�β )δm′ ,m+(ω′−ω)/�β
.

(65)

To simplify the analysis we assumed that k = (ω′ − ω)/�β is an
integer (this is not a weakness of the theory though). The above
expression vanishes unless |k| ≤ 2ℓ. The quantities Iobs(ω) and
Iobs(ω

′) are correlated for frequency separations 1ω = ω′−ω =
(m′ −m)�β .

The power spectrum is also correlated for 1ω = (m−m′)�β .
Using the formulae given in appendix C of Fournier et al. (2014),
we find

Cov
[

P(ω), P(ω′)
]

= Cov
[

I∗obs(ω)Iobs(ω), I
∗
obs(ω

′)Iobs(ω
′)
]

= E
[

I∗obs(ω)Iobs(ω
′)
]

E
[

Iobs(ω)I
∗
obs(ω

′)
]

=
∣

∣Cov
[

Iobs(ω), Iobs(ω
′)
]
∣

∣

2
, (66)

where the intensity covariance is given above. We note that
the values of the intensity and power spectrum covariances
(Equations 65 and 66) depend on the parameters of the model.
However the existence of a correlation is a general feature, which
arises from the fact that the active region rotates with the star.
Remarkably, the expectation value of the power spectrum P(ω)
(see Equation 36) is as if all the terms in Equation (32) were
statistically independent.

4. DISCUSSION

4.1. Non-linear Frequency Shifts and

Amplitudes From Numerical Simulations
In order to compare with the perturbation theory, we study the
non-linear regime by means of numerical simulations. We use
the GLASS wave propagation code, with the same numerical
setup employed by Papini et al. (2015).

4.1.1. Rotation in Post-processing
Running different numerical simulations for different values
of β and different perturbation amplitudes is computationally
expensive. Instead we performed simulations for a 3D polar
perturbation to the sound speed and for a star with no rotation,
that is equivalent to solve the numerical problem in the reference
frame ̂Rβ . We introduced the effect of rotation later in processing
the output. This approach has the advantage that, for a given
amplitude of the AR perturbation, we only need to run one
simulation in order to calculate the power spectrum for any given
value of β and rotation period. However we can only reproduce
solid body rotation, and it is not possible to include the effects
of the centrifugal distortion and of the Coriolis force, therefore
in each nℓ-multiplet we expect to find only (2ℓ + 1)(ℓ + 1)
peaks. Nonetheless the results are useful for exploring the non-
linear regime. We note that, as a consequence of neglecting these
rotational effects, M can be identified with the azimuthal degree
of the spherical harmonics YM

ℓ (̂θβ ,̂φβ ) in the frame ̂Rβ (see
section 2.1.1).

4.1.2. Sound-Speed Perturbation
As was done earlier, we approximate the perturbation introduced
by the starspot by a local increase in sound speed. We consider
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FIGURE 9 | Black lines: Averaged frequency shifts 〈δω〉m vs. stellar rotation rate, as given by Equation (55) and calculated using Equation (14) (solid lines) and using

the approximations of Equations (50, 51, 54) (dashed lines). Red lines: Approximate frequency shifts δωM=0 +m�β of the M = 0 peaks as given by Equation (54)

(dashed lines) and first-order shifts (solid lines).

separable perturbations in the square sound speed of the form

1c2(r,̂θβ ) = ǫ c20(r) f (r) g(̂θβ ), (67)

where ǫ > 0 is a positive amplitude, f is a radial profile, and g
a latitudinal profile. Explicitly, g = 1/2 + cos(κθ)/2 is a raised
cosine for 0 ≤ κθ < π and is zero otherwise, where π/(2κ) =
0.65 rad = 37.5◦. The function f = exp(−|r − rc|2/2σ 2)[1/2 +
cos(|r − rc|/σ )/2] is a Gaussian function centered at radius rc =
0.9985 R⊙ with dispersion σ = 0.004 R⊙, multiplied by a raised
cosine. This functional form is the same as the one described by
Papini et al. (2015). The perturbation is thus placed along the
polar axis at a depth of 4 Mm, with a surface coverage of 12%.

4.2. Synthetic Power Spectrum
As in section 2.3, we assume that the intensity fluctuations are
proportional to the Eulerian pressure perturbation measured at
r0 = R + 200 km above the surface (see Papini et al., 2015). To
calculate the expectation value of the observed power spectrum,

we performed a first set of simulations for which all the modes
were excited with the same phase at the initial time.

The approximation that the changes in the eigenfunction of
a mode M are limited to the same angular degree ℓ (Equation
3) does not hold in the non-linear case: the horizontal shape
of an eigenfunction is a combination of spherical harmonics
of different ℓ values. However, since the perturbation is
axisymmetric (see Equation 67), the eigenfunction for a modeM
is a combination of spherical harmonics YM

ℓ (̂θβ ,̂φβ ) of different
angular degree ℓ and sameM. Therefore the intensity fluctuations
IM(̂θβ ,̂φβ , t) due to all the modes with the sameM take the form

IM(̂θβ ,̂φβ , t) ∝
ℓmax
∑

ℓ=|M|
Re

{

pℓM(r0, t)Y
M
ℓ (̂θβ ,̂φβ )

}

, (68)

where pℓM(r0, t) are the coefficients of the spherical harmonic
decomposition of the pressure wavefield p(r0,̂θβ ,̂φβ , t) returned
by the GLASS code in the frame ̂Rβ . The index ℓmax is set by the
spectral resolution of the spherical harmonic transform.
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FIGURE 10 | (Left) Contour plot of the absolute difference |δωM=0 − δωM=0| between the approximate shifts δωM=0 (see Equation 62) and the first-order shifts δωM=0,

as a function of stellar rotation rate and surface coverage of the active region. (Right) Contour plot of the maximum of the absolute difference |〈δω〉m − 〈δω〉m| over all
values of m, as a function of stellar rotation rate and surface coverage of the active region.

To obtain the full-disk integrated intensity in the observer’s
frame we express each YM

ℓ (̂θβ ,̂φβ ) in terms of the spherical
harmonics in the frameR

YM
ℓ (̂θβ ,̂φβ ) =

ℓ
∑

m=−ℓ

r
(ℓ)
mM(β)e−im�β t

ℓ
∑

m′=−ℓ

Ym′
ℓ (θ ,φ) r

(ℓ)
m′m(−i),

(69)

by means of two consecutive rotations of the Euler angles
(0,−i,�β t) and (0,β , 0). Combining this equation with
Equation (68) and integrating over the visible disk, we obtain the
full-disk integrated intensity of eachmM-component:

ImM(t) =
ℓmax
∑

ℓ=max{|m|,|M|}
Vℓ r

(ℓ)
m0(i) r

(ℓ)
mM(β) Re

{

pℓM(r0, t)e
−im�β t

}

.

(70)

We then perform a Fourier transform to calculate the intensity
ImM(ω) in the frequency domain. Finally, we derive the
expression for the expectation value of the power spectrum

P(ω) =
ℓmax
∑

m=−ℓmax

ℓmax
∑

M=−ℓmax

∣

∣ImM(ω)
∣

∣

2
, (71)

that is analogous to Equation (36), but for the entire wavefield.
For the non-linear study we chose three perturbation

amplitudes ǫ = 0.1, 0.2, and 0.3 which, for the multiplet (ℓ, n) =
(2, 18), correspond to ǫnℓ ≃ 0.005, 0.010, and 0.015, i.e.,roughly
twice to six times the value used in the linear analysis. The
simulations run for 80 days (stellar time), in order to reach an
accuracy of ∼ 0.14 µHz in the frequency domain. The wavefield
computed by GLASS includes some numerical damping that
increases with frequency with an exponential dependence. We
took advantage of this damping and selected two ℓ = 2
multiplets: one with n = 18 and a FWHM comparable to the
solar value, the other with n = 12 and a FWHM small enough to
resolve all themM peaks in the multiplet. Model S is convectively
stabilized (Papini et al., 2014), which implies that the unperturbed
frequencies of the quadrupole modes are 1970.50µHz for n = 12
and 2783.62 µHz for n = 18. Figure 11 shows the observed
power spectra of the two selected multiplets in the case β = 80◦

and i = 80◦, normalized with respect to the highestM 6= 0 peak.
In the case ǫ = 0.1, the simulated power spectrum (black curve)
of the (ℓ, n) = (2, 12) multiplet (top left panel) is well reproduced
by the power spectrum computed with linear theory (red dot-
dashed curves), except for the peaks corresponding to M = 0
(vertical red curves show the M = 0 peaks from linear theory),
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FIGURE 11 | Numerical simulations of oscillation power spectra for two quadrupole multiplets with n = 12 (left panels) and n = 18 (right panels), for an inclination

angle i = 80◦ and a stellar rotation period of 8 days (solid body rotation). The active region has a colatitude β = 80◦ and different perturbation amplitudes of ǫ = 0.1

(top), 0.2 (middle), and 0.3 (bottom), with rc = 0.9985 R⊙, σ = 0.004 R⊙, and κ = 2.4 (see Equation 67). The black curves show the power spectra computed with

the GLASS code, the red dot-dashed curves indicate the power spectra computed using linear perturbation theory. Vertical lines show the peaks from linear theory, in

red for M = 0 and in black M 6= 0. The blue curves in the right panels display the contribution of the M = 0 peaks to the simulated power spectrum. The n = 12 peaks

have a FWHM of Ŵ/2π ≃ 0.2 µHz, while for n = 18 the peaks have Ŵ/2π ≃ 1 µHz.

which are less shifted in frequency and have smaller amplitudes
than predicted. For the (ℓ, n) = (2, 18) multiplet (top right panel)
the non-linear effects are less visible, due to the overlapping
Lorentzian profiles. A blue curve, displaying the contribution to
the power spectrum of theM = 0 peaks, shows that also for this
multiplet theM = 0 component of the power spectrum deviates
from the linear behavior, both in frequency and amplitude. This
plot also shows an example of the combined action of mode
mixing and mode visibility, which almost suppresses the m = 0,
M = 0 peak located at a frequency shift of∼ 3.1 µHz.

With increasing ǫ (middle and bottom panels) the interaction
of the wavefield with the active region becomes strongly non-
linear, and for a perturbation with ǫ = 0.3 results in a
massive distortion of the power spectrum with respect to that
one predicted by linear theory. Here two different behaviors are
evident: in the (ℓ, n) = (2, 12) multiplet the m = 0,M = 0
peaks are almost suppressed, while the peak with m = 0,M = 0
in the (ℓ, n) = (2, 18) multiplet, that was suppressed in the
case ǫ = 0.1, increases in amplitude as ǫ increases (middle and

bottom right panels). Moreover the peaks with M = 1 start to
deviate from the linear prediction. This is in agreement with what
found in the non-rotating case by Papini et al. (2015), who also
showed that second-order perturbations would correct most of
the differences.

4.3. Correlations in Synthetic Power

Spectra
In section 3.3 we showed that in presence of an active region
rotating with the star, the power spectrum of a multiplet is
correlated at frequency separations that are multiple of the
rotational frequency of the active region. However, for small
perturbations this correlation is too weak to be observed. Here
we ask whether such a correlation can be measured in presence
of a perturbation of moderate amplitude. For that purpose, we
ran a second set of simulations, in which the acoustic waves
were excited by applying a random forcing function at 150 km
below the surface at each time step, as described by Hanasoge and
Duvall (2007). The duration of the simulation is 80 days (stellar
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FIGURE 12 | Autocorrelation of the intensity power spectrum as defined by Equation (73) for a starspot with ǫ = 0.1 (red curve). A stellar rotation period

2π/�β = 8 days, an inclination angle i = 80◦, and a starspot colatitude β = 80◦ were chosen for the post processing. Vertical dotted lines denote frequency

separations 1ω = j�β where j = 1, 2, 3, 4. For comparison, the black curve is the case with no starspot.

time). In the frequency domain, the observed intensity is

Iobs(ω) =
ℓmax
∑

m=−ℓmax

ℓmax
∑

M=−ℓmax

ImM(ω), (72)

where ImM(ω) is obtained by Fourier transformation of
Equation (70) using the numerical realizations of pℓM(r0, t).

The autocorrelation of the intensity spectrum is

CI(1ω) =
∑25

n=15

∫

[ωnℓ]
I∗
obs

(ω)Iobs(ω + 1ω)dω
∑25

n=15

∫

[ωnℓ]
|Iobs(ω)|2dω

, (73)

where [ωnℓ] denotes an appropriate frequency interval of size
∼ 20 µHz containing the multiplet nℓ but excluding the nearby
l = 0 mode. The average is performed over all ℓ = 2 multiplets
with n ranging from 15 to 25.

Figure 12 shows the real part of CI for the special case
of an inclination angle i = 80◦ and a starspot at colatitude
β = 80◦ with ǫ = 0.1. A correlation is clearly visible at
frequency separations 1ω = 2�β and 4�β . This suggests that
the frequency-domain autocorrelation function could be used as
a diagnostic tool to identify unsteady perturbations in the time
series of stellar oscillation. We note that the imaginary part of CI

contains no visible signal above the noise level.

4.4. Toward a Physical Model for Mode

Interaction With an Active Region
In this paper we replaced the active region by a localized increase
in sound-speed near the stellar surface. We focused on the
geometrical aspects of the problem rather than on the physics.
One may ask, however, what would be the difference in the
obtained results if we had instead considered a realistic model
for the magnetic active region. Although we will not answer this
question here, it is worth listing some of the steps involved.

A typical solar active region consists of a pair of sunspots
surrounded by plage with strong vertical field. Local
helioseismology of the visible disk and the far side indicates that
p modes are strongly scattered by both sunspots and extended
plage (see e.g., Gizon et al., 2009, and references therein).
Some studies of the interaction of high-degree p modes with
magnetostatic sunspots (e.g., Moradi et al., 2010; Cameron et al.,
2011) have been carried out using MHD wave propagation
codes (Cameron et al., 2008; Felipe et al., 2016). Other studies
are based on numerical magneto-convective simulations (e.g.,
Rempel et al., 2009; DeGrave et al., 2014). The main conclusion
of these simulations is that the interaction takes place in the
top few hundred kilometers below the surface, where the
direct effects of the magnetic field and the indirect effects due
to changes in thermodynamic structure with respect to the
reference atmosphere (e.g., the Wilson depression) are large.
Wave simulations indicate that the outgoing p modes are phase
shifted with respect to the incoming p modes in such a way
that the effective wave speed is increased, as observed. The
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physical interaction involves the conversion of p modes into
fast and slow magnetoacoustic modes in the sunspot (e.g.,
Khomenko and Collados, 2006; Cameron et al., 2008). A fraction
of the incoming p-mode energy is tunneled downward in
the form of slow MHD waves, leading to absorption (Braun,
1995; Zhao and Chou, 2016). See also, e.g., Saio and Gautschy
(2004) and Cunha (2006) for mode conversion calculations in
roAp stars.

Using 2D ray tracing, Liang et al. (2013) showed that high-
degree helioseismic waveforms can be reproduced by increasing
the effective wave speed by 10% in the sunspot. This provides
some justification for the values that we have used in the
present paper, although the extension to low-degree p modes
has not been studied. Clearly, much additional work will be
needed to determine the correct active-region perturbation
amplitude from first principles. Until then, a simple calibration
can be obtained from the observational study by Santos et al.
(2016) who estimated empirically the contribution of sunspots
to the low-degree p-mode frequency shifts associated with the
solar cycle. By combining our Equation (20) with Equation
(3) from Santos et al. (2016), we find εnℓ = −1δch/Iℓ,
where 1δch is the integral phase difference introduced in
the mode eigenfunction by a sunspot and Iℓ is related to
mode inertia. Using the value 1δch = −0.44 estimated by
Santos et al. (2016), we have εnℓ ∼ 0.05 for a quadrupole
mode, i.e., a larger value than proposed by Liang et al. (2013)
and used in the present paper. This may suggest that for
large active regions the spectra calculations may have to be
carried out in the non-linear regime. However, only realistic
numerical modeling would help settle this question. The full
problem would also have to include multiple scattering by
collections of flux tubes in plage (see e.g., Hanson and Cally,
2015).

5. CONCLUSIONS

In this paper we investigated the changes in global acoustic
oscillations caused by a localized sound-speed perturbation
on a rotating star mimicking a large active region,
using both linear perturbation theory and 3D numerical
simulations. In an inertial frame, the active region perturbation
is unsteady.

We find that the power spectra of low-degree modes have
a complex structure. The combined effects of the active region
and differential rotation cause each nℓ-multiplet to appear as
(2ℓ+1)2 peaks, each with a different amplitude.Most of the peaks
are clustered near the classical rotationally-split frequencies, and
only 2ℓ + 1 peaks (the M = 0 peaks, which correspond to the
axisymmetric mode in the reference frame of the AR) are shifted
to higher frequencies. This leads to an apparent asymmetry in
the line profiles. However, due to the finite lifetime of acoustic
oscillations, most of the peaks cannot be resolved. For solar-type
stars, the results are not very sensitive to the choice of latitudinal
differential rotation profile.

The structure of the power spectra is sensitive to the latitudinal
position of the active region and to the inclination angle

i of the stellar rotation axis. The latter plays a major role
in determining the relative visibility of the individual peaks.
We find that the envelope of the power spectrum becomes
more complex as the latitude of the active region decreases.
In practice, it would be very difficult to perform a fit of
the (2ℓ + 1)2 peaks in a multiplet, due to peak blending
and noise. However, by neglecting differential rotation it is
possible to derive a simplified formula that approximates the
power spectrum of a multiplet to a sum of only 2(2ℓ + 1)
Lorentzian profiles. For small-area active regions, the formula
further simplifies and directly links the frequencies of the
peaks in the power spectrum to the active region parameters.
Such formula may find applications in the analysis of real
asteroseismic observations.

Numerical simulations were performed to explore the non-
linear regime of the perturbation. We find that the M = 0 peaks
deviate from the linear behavior for active-region perturbation
amplitudes εnℓ & 0.005. Depending on each particular case, the
amplitude of these peaks is either reduced or enhanced compared
to first-order linear theory, due to mixing with modes with other
values of ℓ andm (Papini et al., 2015).

We found that there are correlations in the power spectrum
at frequency separations that are multiples of the active-region
rotation rate. In the linear regime the correlation signal is
too weak to be observed. However the numerical simulations
show that for active-region perturbations of moderate amplitude,
such a correlation might be detectable, provided that the
frequency intervals are carefully selected to increase the signal to
noise ratio.

We note that perturbation theory can easily be extended
to compute the effect of multiple active regions provided
that latitudinal differential rotation is small. The treatment of
several active regions rotating at different rotation rates would
require a different setup, since there is no frame in which
these perturbations are steady. A numerical approach would be
preferable in such a case.

The work presented in this paper uses simplified physics,
but it should provide useful guidance to identify the seismic
signature of a large active region in the power spectrum
of stellar oscillations. Given that the values of ǫnℓ are
uncertain, we believe that it is worth searching for low-degree
multiplets consisting of 2(2ℓ + 1) components in available
asteroseismic observations. Ideal targets are stars that are known
to have high-quality oscillation power spectra (high SNR,
narrow lineprofiles, clear rotational splitting, see e.g., Nielsen
et al., 2014) and show evidence for long-lived starspots (e.g.,
Nielsen et al., 2013, 2019). The catalog of potential targets,
currently limited to CoRoT and Kepler, will increase fast
with TESS (Ricker et al., 2015) and PLATO (Rauer et al.,
2014).
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The Power of Asteroseismology for
Early Stellar Evolution
Konstanze Zwintz*

Institut für Astro- und Teilchenphysik, Universität Innsbruck, Innsbruck, Austria

Stars are the building blocks of planetary systems, clusters, associations, and galaxies.

The evolution of stars is driven by physical processes in their interiors making theory

of stellar interior structure and evolution an important ingredient of contemporary

astrophysics. Despite its importance, this theory contains major shortcomings starting

from the early stages of stellar evolution which significantly impact all subsequent

evolutionary phases. Studying the pulsations of young intermediate-mass stars,

i.e., conducting pre-main sequence (pre-MS) asteroseismology, has the potential to

contribute to a better understanding of the processes acting during the earliest phases

of stellar evolution. With ultra-precise observational data obtained from space and from

ground in combination with improvements of our theoretical models for pre-MS stars,

the field of pre-MS asteroseismology will advance in the future and provide important

constraints for the input physics of early stellar evolution.

Keywords: early stellar evolution, pre-main sequence, p- and g-mode pulsations, δ Scuti, γ Doradus , SPB,

solar-like, space telescopes

1. INTRODUCTION

The earliest phases in the lives of stars determine their whole future fate until their deaths.
Depending on their initial mass and metallicity, stars produce chemical elements during their
further evolution, which can be used to trace the history of Galactic evolution. Massive stars are
particularly important for the chemical enrichment of our Universe. The angular momentum
that stars obtain during their formation may crucially influence their future lives. These examples
illustrate that understanding the physical processes occurring during the earliest stages of stellar
evolution is essential. But although we have a general concept of how stars are formed and evolve,
our current knowledge of these early phases is very limited.

Asteroseismology has been proven to be a successful tool to unravel details of the internal
structure for different types of stars in various stages of evolution. In the mid 1990s it became
evident through first time series observations of Herbig Ae stars that also stars in their earliest
phases of evolution, i.e., before the onset of hydrogen core burning, can become unstable to
pulsations. Therefore, asteroseismology can be successfully applied to pre-main sequence (pre-
MS) stars and will allow us to answer some of the yet open questions of early stellar evolution.
In this context, two main challenges need to be tackled in the coming years: we need precise enough
observational data for pre-MS pulsators (i.e., long and high precision photometric time series and
high-resolution spectroscopy) and improved input physics for the theoretical models of stars before the
onset of hydrogen-core burning.
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1.1. Early Stellar Evolution
Stars are born from the gravitational collapse of molecular
clouds. The formation process is hidden by the obscuring gas
and dust until the proto-star has reached sufficient temperature,
mass and luminosity to be seen. During this time the proto-
star continues to accrete matter from its birth cloud. Once the
young star emerges from its cocoon, it is suggested by stellar
evolution theory to be nearly fully convective and chemically
homogeneous. As the central temperature and density are not yet
high enough to initiate nuclear burning, the early star gains all of
its energy from gravitational contraction. It is in the gas and dust
debris disks surrounding the early stars, that planetary systems—
similar to our own solar system—are formed. The relatively short
time span between the formation of stars from interstellar clouds
and the onset of core hydrogen burning is called the pre-main
sequence (pre-MS) phase.

The distribution of stars in young associations (e.g., in
the Orion nebula or NGC 2264; Stahler and Palla, 2005)
gives the impression that there is an upper boundary in the
Hertzsprung-Russell (HR-) diagram, i.e., that pre-MS stars by
their very nature are restricted to relatively modest luminosities
and that the upper parts are unpopulated. This boundary is
named the birthline. Hence, pre-MS stars are the optically
visible descendents of embedded protostars. At the birthline,
pre-MS stars have protostellar radii that are larger than the
main sequence values but never by more than a factor of
ten (Stahler and Palla, 2005).

The theoretical representation of the birthline is constructed
by calculating sequences of stellar models that represent the
youngest pre-MS stars of their respective masses and connecting
them. Obviously, the location of the theoretically computed
birthline strongly depends on the underlying protostar and
pre-MS models, and, therefore, also on the input physics of
early stellar evolution that are in turn dependent on different
assumptions (e.g., mass accretion rates, angular momentum
transfer or turbulence). Following Stahler and Palla (2005) and
using theoretical models computed with theMESA (Paxton et al.,
2011) or YREC (Demarque et al., 2008) codes, the birthline and
the ZAMS intersect at∼6M⊙. Other stellar evolution codes such
as the CESAM code (Morel and Lebreton, 2008) suggest that
the intersection point lies at ∼15 M⊙. This large discrepancy
demonstrates our shortcomings in the description of early stellar
evolution. If stars more massive than ∼6 M⊙ would indeed
have an optically visible pre-MS phase, it would change the
lifetimes and ages of more massive stars and, hence, have a strong
impact on our concept of how massive stars evolve during their
later stages.

The more massive the star, the faster it completes its evolution
process. Therefore, themost massive protostars evolve so fast that
they do not have an observable pre-MS phase but remain deeply
embedded in the remnants of their birth clouds from which they
still accrete material. Once they become optically visible, massive
stars already burn hydrogen in their cores and, hence, are main
sequence objects.

From the birthline on, the pre-MS star’s interior structure
undergoes several changes as the temperature rises and the
opacities decrease (e.g., Stahler, 1983). As the star heats up

and the opacities drop, a radiative core develops (Hayashi,
1961). Eventually, the star’s central regions become hot enough
for nuclear burning to occur, called the main-sequence phase.
Models predict that for intermediate mass stars just before the
main sequence phase, there is a brief period of nuclear burning
where carbon is burnt by the CNO cycle (a chain of hydrogen
burning reactions catalyzed by the presence of C, N, and O)
until C and N reach nuclear burning equilibrium. During this
time the star’s core briefly becomes convective and the star’s
luminosity increases. Shortly thereafter, nuclear burning stops
and the star resumes its contraction onto the zero-age main
sequence (ZAMS), where upon nuclear burning of hydrogen re-
ignites and becomes the dominant source of energy throughout
most of the rest of the star’s life. These first non-equilibrium
nuclear burning processes are reflected in the bending of the
pre-MS tracks close to the ZAMS.

The ignition of nuclear fusion is the most important phase in
early stellar evolution as it changes the stars’ internal structures
and marks a key point of their evolution.

1.2. Pre-main Sequence Stars
Depending on their masses, pre-MS objects can either belong
to the group of T Tauri stars or show Herbig Ae/Be type
characteristics. Members of both groups show photometric
and spectroscopic variability on time scales from minutes to
years, indicating that stellar activity begins in the earliest
phases of stellar evolution, prior to the arrival on the main
sequence. Investigating pre-MS members of young open clusters
(i.e., younger than 10 million years) improves the a priori
identification of stellar youth because all members of young
clusters have the same formation and early evolution history, and
therefore cannot be confused with more evolved foreground or
background objects.

1.3. T Tauri Stars
Once a low-mass star (0.2M⊙ ≤M≤ 1.5M⊙) becomes optically
visible and contracts along its Hayashi track, it presumably
becomes a T Tauri star. T Tauri stars were discovered by Joy
(1942, 1945, 1949) in the Taurus-Auriga dark cloud and named
after their brightest member. They are primarily of spectral types
from late F to M and possess apparently normal photospheres
with overlying continuum and line-emission characteristics of a
hotter (say 7,000–10,000 K) envelope. Several studies (e.g., Joy,
1945, 1949; Herbig, 1962) established beyond doubt that these
stars are in their pre-MS phase of evolution.

Weak-lined T Tauri stars (WTTSs) do not show evidence
for disk accretion. Their sinusoidal light variability is attributed
to cool magnetic spots on the stellar surface (e.g., Stassun and
Wood, 1999; Cody et al., 2014). Classical T Tauri stars (CTTSs)
are surrounded by often dense circumstellar disks from which
matter is accreted. Consequently, their time domain behavior is
much more complex and can be categorized as being stochastic
(e.g., Rucinski et al., 2008), intermittently fading (e.g., Alencar
et al., 2010), or semi-periodic (e.g., Alencar et al., 2010). The
physical mechanisms causing aperiodic or partially periodic
variability include obscuration by circumstellar matter (e.g.,
Alencar et al., 2010), instabilities in the accration shock at the
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stellar surface (Koldoba et al., 2008), unsteady accretion and hot
spot evolution (e.g., van Boekel et al., 2010), and instabilities in
the accretion disk (e.g., Bouvier et al., 2007). But also magnetic
field strength and shape (e.g., Cody et al., 2014; Stauffer et al.,
2016), disk structure (e.g., Wolk et al., 2013), stellar mass (Herbst
and Shevchenko, 1999), and rotation rate (Grankin et al., 2007)
also appear to influence the variability of CTTSs. A detailed
overview is given in Cody et al. (2014).

Alencar et al. (2010) identified three types of CTTS light
curves using data obtained by the CoRoT satellite (Auvergne
et al., 2009) during the Short Run SRa01 on the young open
cluster NGC 2264: regular spot-like variability, semi-regular AA
Tau like stars and irregular light variations. Their study was
continuedwith the second observing run of CoRoT onNGC 2264
during the CSI2264 project [“Coordinated Synoptic Investigation
of NGC 2264”; Cody et al. (2014)] in 2011/12. Recently,
Stauffer et al. (2016) used these data for a new morphological
classification of the CTTSs into six groups: (i) periodic extinction
variability, (ii) aperiodic extinction variability, (iii) unstable
accretion or accretion bursts, (iv) cold spots, (v) hot spots and
(vi) stochastic variability.

The regular and irregular light variability typical for T Tauri
stars can be measured spectroscopically and photometrically and
is complicating the search for and analysis of the pulsational
signal in these stars. In the effective temperature range covered
by T Tauri objects, pulsational periods are expected to be as long
as a few days in case of γ Doradus type pulsation. Consequently,
variability caused by the disk and caused by pulsations lies in the
same domain and is hard to disentangle. But also stochastic solar
like oscillations are predicted in this region of the HR diagram
which have significantly shorter periods on the order of a few to
few tens of minutes, but have amplitudes on the parts-per-million
level which are observationally hard to detect in light curves that
are dominated by aperiodic variability.

1.4. Herbig Ae/Be Stars
In the case of intermediate-mass stars (1.5 M⊙≤ M ≤10 M⊙)
the imprint of the previous accretion history persists much
longer and their evolution is much closer tied to the protostellar
conditions than for low-mass stars. The star’s surface luminosity
increases sharply early during contraction. Also, the star inherits
a thick, subsurface mantle of deuterium, which must ignite in a
shell and fuse to helium during the subsequent approach to the
ZAMS. The lower mass limit of 1.5 M⊙ corresponds to the mass
above which stars are radiatively stable when they begin their
quasistatic contraction. The upper limit (10 M⊙) corresponds to
the mass above which stars start burning hydrogen before they
emerge from their contracting envelope, i.e., it occurs where the
stellar birthline (Stahler, 1983) intersects the ZAMS.

Intermediate-mass pre-MS stars are attributed to the group of
Herbig Ae/Be stars (Herbig, 1962) which have spectral types A or
B and show emission lines. They possess an IR excess due to hot
or cool circumstellar dust or both, and have luminosity classes
III–V (Waters and Waelkens, 1998). The difference between
Herbig Ae/Be and “normal” main sequence stars is the presence
of emission lines and the complex variability of the emission and
absorption features. Using the shapes of the Hα emission lines,

Reipurth et al. (1996) classified the stars into four groups: Type
I objects show symmetric profiles without absorption features;
the emission lines of Type II stars are double-peaked where the
secondary peak has more than half the strength of the primary; in
the group of Type III objects the profiles are double-peaked, but
the secondary peak has less than half the strength of the primary
peak; Type IV has the classical P Cygni profile (see e.g., Vieira
et al., 2003).

The light variability observed in Herbig Ae/Be stars ranges
from days to weeks (e.g., Oudmaijer et al., 2001) in period
and reaches up to a magnitude in strength. Recent studies
show that within the mass range of Herbig Ae/Be stars
the accretion mechanism changes from being magnetically
controlled as in T Tauri stars (Bouvier et al., 2007) to a currently
unknown mechanism acting in the more massive stars. The
light variability observed in Herbig Ae/Be stars originates from
variable extinction, from rotating circumstellar disks, or from
rotation of cold photospheric spots.

In the effective temperature range of Herbig Ae/Be stars, p-
mode δ Scuti variability with periods ranging from 18 min to 5 h
can be found. As the p-mode periods are on a much shorter time
scale than any other variability seen in Herbig Ae/Be stars, they
can be identified somewhat easier as is illustrated in section 4.2.

2. FIRST STEPS IN ASTEROSEISMOLOGY
OF PRE-MS STARS

The first reference to the presence of pulsations in a pre-
MS star dates back to a light variability study of the young
open cluster NGC2264, where Breger (1972) reported the
two stars V 588Mon (HD261331, NGC2264 2) and V 589Mon
(HD261446, NGC2264 20) to show δ Scuti -like oscillations. The
position of the two stars in the HR-diagram agreed with that
of post-main sequence δ Scuti stars, but given the extremely
young age of NGC2264 of 1–3Myr, Michel Breger concluded
in a visionary statement in his publication that “. . . if they are
members, they would be the first known pre-main sequence
pulsators” (Breger, 1972). Consequently, the membership of
the two stars to the cluster was investigated and discussed in
subsequent years.

Only 20 years later, the next pre-MS pulsator was discovered:
HR 5999 (HD144668, V 856 Sco) is a Herbig A7 III-IVe star that
was intensively studied in connection to its HerbigAe-nature
(e.g., Praderie et al., 1991) until then. None of the studies was
aiming to detect oscillations because at that time it was not clear
if stars in their earliest phases of evolution could indeed show
similar pulsational properties as their more evolved, hydrogen
core burning counterparts. Kurtz and Marang (1995) detected
clear δ Scuti -type variability with a period of about 4.99 h with
an amplitude of only 13mmag in the presence of 0.35mag non-
periodic light variations in HR 5999. The authors also conducted
the first detailed asteroseismic investigation of the oscillations
in a pre-MS star. Hence, this marks the real start of the field of
pre-MS asteroseismology.

In the late 1990ies a few more objects were identified as
being potentially pre-MS pulsators, i.e., HD 104237 (Kurtz and
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Müller, 1999), V 351Ori and HD35929 (Marconi et al., 2000),
NGC6823HP 57 and NGC6823 BL 50 (Pigulski et al., 2000). At
the same time, the first investigation of the theoretical instability
strip for pre-MS δ Scuti stars was published (Marconi and Palla,
1998) illustrating that the main difference between a pre- and a
post-MS star of same mass and location in the HR-diagram lies
in its interior structure. In these early stages of the research area,
pre-MS stars were believed to be purely radial pulsators showing
only few δ Scuti -type pulsationmodes (Marconi and Palla, 1998).

In subsequent years, the number of confirmed detections of
δ Scuti -type pulsations in pre-MS stars increased first using
ground-based observations (e.g., Zwintz et al., 2005; Ripepi et al.,
2006) followed by the first space data obtained from the MOST
satellite (Walker et al., 2003). It soon became evident that pre-
MS pulsators can show both, radial and non-radial pulsation
modes (Ruoppo et al., 2007; Zwintz et al., 2007) and can be as
multi-periodic as their more evolved counterparts showing more
than a handful and up to more than 100 individual pulsation
frequencies (e.g., Kallinger et al., 2008; Zwintz et al., 2009). A
detailed investigation of the pulsation frequency spectra of pre-
and post-MS δ Scuti -type stars clearly illustrated that the excited
frequencies differ between the two evolutionary stages, hence
making it possible to constrain the evolutionary stage of a given
star by its pulsation properties only, if a sufficient number of
oscillations modes was detected observationally (Suran et al.,
2001). Also, the first theoretical pre-MS pulsation models were
successfully applied for the determinination of the pulsational
characteristics of the observed frequencies (e.g., Guenther et al.,
2007, 2009). This also allowed for the first time to constrain
the evolutionary stage of a star only by using its pulsational
properties (Guenther et al., 2007).

3. CURRENT STATE-OF-THE ART IN
PRE-MAIN SEQUENCE
ASTEROSEISMOLOGY

As of January 2019, ∼75 pre-MS stars were discovered to be p-
and g-mode pulsators of three different types.

3.1. Pre-main Sequence δ Scuti Stars
Similar to their hydrogen core burning counterparts, pre-MS
δ Scuti pulsators are intermediate mass stars of spectral types
A–F with pulsation periods between about 18 min and 7 h and
pulsation amplitudes at the millimagnitude level. δ Scuti stars in
all evolutionary stages pulsate with p-modes that are driven by
the κ-mechanism in the H, He I, and He II ionization zones.

Recently, a relation between the oscillatory properties of
δ Scuti -type pre-MS stars and the relative stage in their pre-MS
evolution was revealed (Zwintz et al., 2014). The least evolved
stars that are located close to the birthline and hence have the
largest radii, show the slowest pulsations. The further the pre-
MS stars have progressed in their evolution toward the ZAMS,
and hence the more compact they have become, the faster they
oscillate. A relation like this has so far only been shown for the
stochastically excited solar-like oscillations in red giants (e.g.,
Bedding et al., 2011)—a completely different type of pulsations

in a different evolutionary stage. Being able to link the relative
ages of heat-driven δ Scuti -type pre-MS stars to their pulsational
properties is the first step in using asteroseismic methods to
unravel open questions in early stellar evolution such as the pre-
MS lifetimes, the speed of stellar evolution or the chemical and
rotational evolution of intermediate-mass pre-MS stars.

3.2. Pre-main Sequence Slowly Pulsating B
(SPB) Stars
SPB stars have spectral types from B3 to B9, pulsate with g-modes
excited by the κ-mechanism and show periods between 0.5 and 3
days (Aerts et al., 2010). SPB stars with 2–7M⊙ are more massive
than the δ Scuti stars, and, hence have a significantly shorter
pre-MS phase lasting only a few million years.

Pre-MS SPB stars are already in the crucial transition phase
from gravitational contraction to hydrogen-core burning where
the star undergoes significant structural changes before arrival
on the ZAMS. These changes should be measurable by detecting
regularities in period and their deviations from an equal spacing
similar as it has been recently successful for main sequence SPB
stars (e.g., Pápics et al., 2015). As pre-MS SPB stars have a
much shorter optically visible pre-MS evolutionary phase, they
are statistically less frequent, and hence harder to find.

Gruber et al. (2012) reported the first possible detection of two
pre-MS SPB stars: GSC 00154-00785 and GSC 00154-01871 are
two members of the young open cluster NGC2244. A detailed
analysis of B type members in the young cluster NGC2264,
revealed SPB type pulsations in four stars (HD47469, HD48012,
HD261810, and HD261878), but identified them to be already
on the ZAMS with ages of only ∼1 to 2 million years (Zwintz
et al., 2017). This illustrates the challenges to be met when
searching for SPB type pulsations in pre-MS stars: the time stars
of four to five solarmasses need to start burning hydrogen in their
cores is quite short lasting only a few ten-thousand years. This
makes it hard to detect true pre-MS SPB stars.

3.3. Pre-main Sequence γ Doradus Stars
Pre- and (post-)MS γ Doradus pulsators have periods similar to
the SPB stars, i.e., from 0.3 to 3 days, and also pulsate with g-
modes (e.g., Kaye et al., 1999). Therefore, a reliable value for the
effective temperature is crucial to distinguish between SPB and γ

Doradus pulsation.
The existence of pre-MS γ Doradus type stars that are cooler

than the δ Scuti type stars with early F spectral types and show
pulsations driven by convective blocking (Guzik et al., 2000)
was first predicted theoretically by Bouabid et al. (2011). These
theoretical calculations were conducted without observational
evidence. Bouabid et al. (2011) and showed that the exact location
of the borders of the instability region strongly depends on the
treatment of convection for which mixing length theory (Böhm-
Vitense, 1958) was used. The mixing length parameter, α, is
usually determined by solar models and can have values between
∼1.2 and 2.2. The smaller the value for α, the more the borders
of the pre-MS γ Doradus instability strip will shift toward cooler
temperatures, hence illustrating the importance of the treatment
of convection for stars in this temperature range. Constraints will
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come from observations of a significant number of γ Doradus
type objects in their pre-MS evolutionary stage.

The few currently known g-mode pre-MS γ Doradus type
objects (Zwintz et al., 2013) show pulsation periods between
roughly 0.2 and 3 days and are of particular interest in context
with the formation of planets around young stars due to their
cooler temperatures (Udry and Santos, 2007).

3.4. Theoretical Framework
The theoretical framework of pre-MS asteroseismology is
currently lagging behind the observational findings and so far
only the first steps have been taken.

For δ Scuti type stars, Suran et al. (2001) illustrated for the
first time on a theoretical basis how different pulsation frequency
patterns are expected between pre-MS andmain sequence objects
of same mass. Guenther et al. (2007) provided the first evidence
that the evolutionary stage of a given δ Scuti type star can
indeed be identified through the analysis of its pulsation modes:
for the star NGC6530 ZW278 the p-modes alone allowed to
differentiate between the pre- and the post-MS stages and clearly
illustrated its pre-MS nature.

Other studies focused on fitting theoretical nonradial p-mode
oscillation spectra computed from dense grids of pre-MS models
to the observed oscillation spectra of pre-MS stars. Some of these
fits could nicely yield a mode-identification and asteroseismic
interpretation while others fail to yield a good match between
theoretical model and observational frequencies (e.g., some stars
in NGC2264 can bemodeled well, others cannot; Guenther et al.,
2009). The reasons why for some stars the models do not reach
satisfactory results are manifold and include the lack of a proper
description of accretion or convection in the theoretical models
or incorrect observational parameters that are used to constrain
the stars’ positions in the HR diagram (e.g., luminosity).

4. CHALLENGES FOR PRE-MS
ASTEROSEISMOLOGY

The investigation of pulsating pre-MS stars contains
several challenges:

4.1. Ambiguity in the Evolutionary Stage
Intermediate mass pre-MS stars share the same location in the
HR-diagram as their evolved counterparts in the (post-)MS phase
that already burn hydrogen in their cores in full equilibrium.
Pre- and post-MS stars of same effective temperature (Teff),
luminosity (L⊙) and mass have very similar atmospheric
properties and mostly differ in their interior structures (Marconi
and Palla, 1998). It is therefore not possible to determine the
evolutionary stage of a given star unambiguously only by its
position in the HR-diagram.

In general, the evolutionary stage of a star in this region
of the HR diagram can only be constrained using some
observational features that are important indicators for stellar
youth: emission lines in the spectra, infrared or ultraviolet
excesses, high X-ray fluxes, and membership either to a very
young open cluster (i.e., younger than a few million years)
or to a star forming region. But these features can also be

misleading, as for example the comparatively old, low-mass
asymptotic giant branch (AGB) and post-AGB stars show similar
observational properties (e.g., infrared excess and emission lines)
and populate the same region in the HR diagram as young stellar
objects (e.g., Kamath et al., 2014).

Therefore, the identification of the pre-MS nature of a given
star is not straightforward, and an additional criterion providing
direct evidence for the early evolutionary stage is needed. As the
difference in evolutionary stages of intermediate-mass stars is
reflected in quite different interior structures, asteroseismology
offers such a criterion.

As illustrated by Suran et al. (2001), different frequencies
are excited in a pre- and a post-main sequence star of same
mass, effective temperature and luminosity resulting in a clearly
different frequency pattern in particular for non-radial modes. If
observations provide sufficient pulsation frequencies, they can be
matched to the theoretical models and lead to an identification of
the evolutionary stage of a given star from its observed frequency
pattern (e.g., Guenther et al., 2007).

Hence, with a sufficiently large sample of known pre-MS
pulsators of different types as calibrators, we will be able to clearly
distinguish a young star from its way more evolved counterpart
only from its pulsational properties.

4.2. Activity of Pre-MS Stars
Young stars are known to show periodic and aperiodic variability
caused by inhomogeneities in a circumstellar shell or disk, or
variations caused by magnetic effects (e.g., star spots) in the
stellar photosphere. In many cases, these variations have longer
timescales than the pulsation, but in some cases both types of
variability have similar periods (e.g., for SPB or γ Doradus type
pre-MS stars). For the study of stellar pulsations in the pre-MS
phase it is important to distinguish the variability originating
from the circumstellar environment from the light variations
caused by pulsations. Figure 1 in Zwintz et al. (2009) shows
the light curves of HD 142666 observed by the MOST space
telescope in 2006 and 2007 as an example. This young star is
surrounded by a dense circumstellar disk whose clumpy structure
obscures the star and causes light to change irregularly. In
the present data no signs of binarity or of the presence of a
planet can be seen. But in the circumstellar disk of HD 142666
gaps have been detected which are possibly carved by a young
giant planet of ∼ 0.1 to 0.3 Jupiter masses (Rubinstein et al.,
2018).

Additionally, HD 142666 shows δ Scuti -like pulsations
with amplitudes at the millimagnitude level which are only
partly revealed when calculating a classical Fourier Analysis
of the original light curve (see Figures 2–5 in Zwintz et al.,
2009). As can be seen, the time scale of variations from the
circumstellar shell mostly affects the low-frequency region of the
amplitude spectrum.

Sporadic, rapid effects due to interaction with the shell do not
persist in the frequency spectra. Most of the stars with accretion
bursts, for example, do not show a significant periodic signal.
In their study of young stellar objects in NGC 2264, Stauffer
et al. (2014) report that only four stars have strong periodicities,
which lie between 6 and 7 days, corresponding to frequencies
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between 1.938 and 1.653 µHz. Moreover, in the presence of both,
pulsations and rotation, it is often possible to discriminate the
frequencies from rotation and pulsation in an additional way in
Fourier space: A rotational frequency will sometimes occur with
multiples, while this is not the case for the pulsational frequencies
in the linear regime (e.g., Pápics et al., 2012; Thoul et al., 2013).

In all asteroseismic studies, special care is needed to
disentangle the regular and irregular variability of pre-MS stars
originating from the circumstellar disk or spots on the stellar
surface from the pulsational variabilities (e.g., Zwintz et al.,
2009). In the case of δ Scuti type oscillations the pulsation
frequencies lie in a range well separated from the frequencies
caused by the aperiodic shape of the light curve. However, for
pulsators with frequencies in the lower regime (e.g., γ Doradus
and SPB stars) the pulsational signal gets mixed with the peaks
originating from the irregular variability and the disentangling
of the contributions of the disk and the pulsations gets even
more complex.

4.3. Observational Material
Space photometry has revolutionized our understanding of main
sequence and post-MS pulsators—the best example is the field
of solar like oscillations in main sequence dwarfs and red giants.
Only with the long enough time bases for the photometric time
series as obtained using the space telescopes CoRoT (Auvergne
et al., 2009) and Kepler (Borucki et al., 2010), the probing power
of solar like oscillations became available and enhanced the field
significantly. In the case of pre-MS pulsations, the first space data
were obtained using the MOST satellite (Walker et al., 2003) with
time bases of up to a month (e.g., Zwintz et al., 2009), followed
by two CoRoT Short Runs on the young cluster NGC2264 which
again had a maximum observing length of about 1 month (e.g.,
Zwintz et al., 2013). Only with Kepler K2 (Gilliland et al., 2010),
the time bases for pre-MS observations started to increase to
∼ 78–80 days. The NASA mission TESS (Ricker et al., 2015)
will at least help to increase the observational material for pre-
MS pulsations: Although many of the young regions of the
Milky Way will not be observed during the TESS main mission
(e.g., NGC2264), several of the known pre-MS pulsators and
candidates will be included in at least one, but up to four sectors.
Hence, for a few known pre-MS pulsators, the time bases can
reach∼108 days—which is about the minimum accuracy needed
to search for g-mode period spacings. The immediate hope for
pre-MS asteroseismology lies in an extended TESS mission that
will hopefully also observe the youngest regions of our Milky
Way with sufficiently long photometric time series of ultra-
high precision.

5. FUTURE PERSPECTIVES FOR
PRE-MAIN SEQUENCE
ASTEROSEISMOLOGY

Our current general concept of early stellar evolution is widely
adopted, but we are still facing many open questions that are
connected to missing input physics for our theoretical models

and to a lack of observational constraints. I briefly discuss a few
selected topics below:

Definition of the birthline: One of these open issues is, for
example, the exact location of the birthline as recent studies using
different sets of theoretical models suggest that its intersection
with the ZAMS might lie at significantly higher masses (i.e.,
∼15M⊙ Alecian et al., 2013). In this context, observations of
the youngest objects over the whole pre-MS mass range to be
conducted in the future, will help to test the underlying proto-star
and pre-MS theory and provide crucial input for them.

Angular momentum: We also do not completely understand
how the angular momentum of stars evolves from their births
until they reach the ZAMS and if young stars rotate as solid
bodies or show differential rotation between their cores and their
envelopes as it was already found in main sequence stars (e.g.,
Kurtz et al., 2014). The detection and analysis of g-mode period
spacings in pre-MS pulsators will put constraints on the angular
momentum transport in young stars and connect to the findings
for main sequence and post-MS objects.

Chemical peculiarities: In∼10% of stars on themain sequence,
we find chemical peculiarities in their atmospheres, but we do not
know when these anomalies form, if they are only surface effects
or if they reach into the deep stellar interiors. The investigation
of surface chemical composition together with the information
derived from asteroseismic analyses is expected to contribute to
answer these questions.

Pre-MS ages: Another big topic in stellar astrophysics is the
definition of an indicator that allows precise determinations of
stellar ages, and, in particular the differentiation between pre-
and post-MS stars of same fundamental parameters. Although
age is a fundamental tool to understand different phenomena in
stellar astrophysics, it can currently be constrained to not better
than ∼30–40%. In the pre-MS stages, the errors in age can be
even up to 100%: ages of young clusters are mostly given as,
e.g., 5 ± 5Myr. While the precise definition of the zero point in
the definition of stellar age is insignificant for most evolutionary
phases from the main sequence toward the final stages of stellar
evolution, this is not the case during the pre-MS stages: making
a systematic error of—say—one million years comprises only a
tiny error of ∼0.02% at the current age of our Sun, but would be
more than 100% for a pre-MS late B type star. Hence, one of the
future perspectives of pre-MS asteroseismology is the potential to
provide an independent age calibrator for stars before the onset
of hydrogen burning: If empirical relations like the one found for
pre-MS δ Scuti type stars will exist for the other pre-MS pulsator
types as well, we will be able to use the asteroseismic properties of
pre-MS stars to provide more reliable age references for the early
evolutionary phases.

Pre-main sequence solar like oscillators: All presently known
pre-MS pulsators are more massive than the Sun. But our
Sun shows stochastic oscillations that are successfully used to
constrain its interior structure (Christensen-Dalsgaard, 2002).
This is already an indication that stars could also show solar-like
oscillations before arrival on the ZAMS, hence being examples
for the early Sun. Indeed, theory predicts the existence of these
stochastic pulsations in pre-MS objects with∼1M⊙ (e.g., Samadi
et al., 2005). The observational proof is still missing as such
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low mass pre-MS objects mostly have a high degree of activity
which is reflected in regular and irregular light variability on
relatively large scales (i.e., up to few magnitudes, e.g., Alencar
et al., 2010). Therefore it is not easy to detect the signs of solar
like oscillations that are on the order of a fewmicromagnitudes in
such light curves (Samadi et al., 2005). Discovering a “young Sun”
is important to test stellar evolutionary codes and to study early
planetary evolution, including Earth, with further implications
on our understanding of the habitability of other planets.
So far, we have not been able to discover solar-like oscillations
in pre-MS stars mainly because the available data sets did not
allow to pick up their signal on themicromagnitude level which is
buried by the strong variability caused by the activity phenomena
in young stars.

Tidally induced pulsations: Many pulsating stars are found
in binary systems—two stellar objects that periodically revolve
around their common center of mass. The two stars forming
a binary system should have been born under the same initial
conditions in the molecular cloud, which particularly implies
the same initial chemical composition and age of the individual
stellar components. If the two stars reside in a close binary
orbit, they exert tidal forces similar as the tides exerted by the
Moon on the Earth. The strong tidal forces that are generated
during the stars’ close periastron passages can influence their
pulsation properties in two ways: (i) the stars’ oscillations get
shifted in frequency due to the tidal perturbations, or (ii) tidally
induced gravity mode pulsations get resonantly excited by the
stars’ dynamic tides. Consequently, tidally induced pulsations
should also exist in pre-MS stars, but so far no system has
been discovered.

Theoretical models: The current theoretical framework of pre-
MS asteroseismology lacks, for example, theoretical models for
g-mode pre-MS oscillations in SPB and γ Doradus type stars,
a refined calculation of the instability regions for all presently
known objects and—based on our advanced knowledge of solar-
like oscillations in main sequence and post-main sequence
stars—a corresponding refined theoretical analysis of predicted
solar-like pulsations in pre-MS stars. Work has been already
started to overcome the lack of a solid theoretical framework

for pre-MS oscillators, because this lack is currently one of the
bottlenecks for the future advances of the field.

6. FUTURE OUTLOOK

The field of pre-MS asteroseismology started only about 25 years
ago with the first asteroseismic analysis of a pre-MS δ Scuti
star (Kurtz and Marang, 1995). Hence, it is a relatively new
research area that will definitely grow in the future by upcoming
data from space missions such as TESS in combination with
supplementary ground-based observations and by triggering the
needed improvements of our theoretical models for the pre-
MS stages.

I was personally involved in the development of this field
since my PhD thesis which aimed at finding pre-MS δ Scuti type
pulsators in young open clusters. Since then I am fascinated by
the earliest phases of stellar evolution and am now in the lucky
position to share my passion for pre-MS pulsations with my
students and team members. Consequently, I would definitely
take up this field again if I were a student and was offered this
as a topic for my PhD thesis.

From my personal view, I see the field of pre-MS
asteroseismology advancing in the future, and I am certain when
we learn more about young stars and their evolution, we will face
one or the other surprise as well.
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Recent fully non-adiabatic theoretical studies of M dwarf models show that they have

the potential to excite radial, and low-order, low-degree non-radial modes, as well

as solar-like oscillations, due to models being completely convective or having large

convective envelopes. The observational efforts aiming at discovering pulsating M

dwarfs with photometric ground-based and space observations, and with high-precision

spectroscopy are presented. With periods predicted in the 20 min to 3 h range and

empirically estimated amplitudes of just a few µmag or a few tens of cms−1, a clear

detection of a pulsating M dwarf has not yet been achieved, and the race is still open. The

precision attained by the latest-generation high-resolution spectrographs, of the order of

cms−1, may be the key to unveil the, until today, elusive pulsations in M dwarf stars.

Keywords: low-mass stars, M dwarf stars, stellar pulsations, stellar oscillations, asteroseismology

1. INTRODUCTION

A quick look at the so-called pulsation Hertzsprung-Russell diagram (HRD) seems to show that all
star classes, at a certain point in their evolution, sustain oscillations in their interior. However, a
closer look, reveals certain areas which still lack the presence of intrinsic pulsators. One of them is
the coolest edge of the main sequence, populated by low mass stars, and in particular, by M dwarfs
(≃ 0.10–0.60 M⊙, Teff ≃ 2,500–4,000 K).

M dwarfs are the most abundant class of stars, as it is estimated that they constitute more
than 70% of the stars in our solar neighborhood (Henry et al., 2006). They are favorite targets
of dedicated searches for small planets, both through transits or radial velocities, such as MEarth
(Irwin et al., 2015) or CARMENES (Quirrenbach et al., 2018), due to favoring conditions for
detection, thanks to their small sizes and low luminosities, compared to solar-like stars. The
knowledge that our nearest M dwarf neighbors’, Proxima and Barnard, also host planets (Anglada-
Escudé et al., 2016; Ribas et al., 2018) has also contributed to the recent hype about this star class.
More discoveries will surely be on the way, as statistical estimations derived from the planet yield
of Kepler and K2 missions, point at 2.5 Earth to Neptune size planets per M dwarf in orbits closer
than 200 d (Dressing and Charbonneau, 2015).

However, the physical parameters of M dwarfs are not easy to obtain and there are persistent
discrepancies in theoretical estimations from stellar evolution models and observations regarding
fundamental parameters, such asmass, radius and effective temperature in eclipsing binary systems,
as well as in interferometry of single stars. The radius anomaly (see e.g., Tognelli et al., 2018) has
been related to the effects of enhanced magnetic activity, a spotted stellar surface, or metallicity,
which have been invoked to explain the observational-theoretical disagreement (see e.g., Higl and
Weiss, 2017; Garrido et al., 2019; Kochukhov and Shulyak, 2019, and references therein).
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The observational discovery of pulsating M dwarfs
would make asteroseismology tools available to contribute
to accomplish a better characterization of the fundamental
parameters of M dwarf stars and of any orbiting planets, and
would be the culmination of a search that started in the 1960’s.

2. ASTEROSEISMIC POTENTIAL

The stability of low-mass stars has been theoretically explored
initially by several authors, starting with Gabriel (1964), Gabriel
(1967), Toma (1972), Boury and Noels (1973), Opoien and
Grossman (1974), and Gabriel and Grossman (1977). They all
reach the conclusion, through the evaluation of a vibrational
stability coefficient in the adiabatic approximation, that the
fundamental radial mode of low-mass stars may be excited
by the nuclear burning of deuterium (D) or He3, either in
the pre-main sequence or main sequence stages. The high
dependence of the nuclear reactions on the temperature, which
always has a destabilization effect on the modes, is known as
the ǫ-mechanism. Besides, although neglecting the effects of
convection, some of these studies also suggest that convection
may also play a role in the driving of the modes. Noels et al.
(1974) found that the ǫ-mechanism caused by He3 burning was
at least partially responsible for the excitation of low-degree, low-
order g-modes in 0.5 M⊙ models. However, none of these studies
resolve the complete non-adiabatic pulsation equations, in which
the energy equation is solved to evaluate the energy balance of the
modes in each oscillation cycle.

More recently, the instability of M dwarfs was suggested by
Baran et al. (2011b) based on unpublished theoretical analysis
that found the excitation of the fundamental radial mode, in the
35–45 min period range, due to the ǫ-mechanism produced by
He3 burning.

Rodríguez-López et al. (2012) (hereafter RL12) carried out
the first non-radial, non-adiabatic pulsational study of M dwarf
models in the 0.1–0.5 M⊙ mass range, solving the complete
non-adiabatic pulsation equations, and finding the fundamental
radial mode to be unstable in nearly the whole mass range.
The ǫ-mechanism produced by D burning excited modes in
the ∼4–8 h period range, for young low-mass models of
0.1 and 0.2 M⊙. However, the probability of these modes to
be observable is meager, as the time needed for their initial
unknown amplitude to develop an e factor, known as the e-
folding time τfold, is longer than the age of the model. Somehow
in contradiction with this result, Palla and Baraffe (2005) in
their non-adiabatic pulsating study of brown dwarfs found that
the 0.1 M⊙ models with ages below 1.1 Myr had τfold shorter
than the age of the model and hence being more favorable for
detection. RL12 also found that older and higher mass models
were excited in the∼25–40min period range, with favorable τfold,
being much more promising for detection. The ǫ-mechanism
produced by He3 burning, and the so-called convective flux-
blocking mechanism (Guzik et al., 2000), where the radiative flux
coming from the interior is blocked at the tachocline in partially
convective models, were found responsible for the driving of
these modes.

In a subsequent paper, Rodríguez-López et al. (2014)
(hereafter RL2014) repeated the instability analysis for an
extended grid of models covering a larger and denser range
of masses, 0.10–0.60 M⊙ with 1M = 0.05 M⊙, using OPAL
equation of state (Rogers andNayfonov, 2002), solar and subsolar
metallicities, different values of the mixing length parameter and
models with boundary conditions given by PHOENIX NextGen
atmospheres (Allard et al., 2000). The authors found two islands
of instability (see Figure 1 and Table 1 for a recap):

• The first one, covering the whole range of masses, for models
younger than 2 Myr, with the fundamental radial mode
excited by the ǫ-mechanism fueled by D burning (periods
∼4–11 h) and models younger than 50 Myr excited by the
flux-blocking mechanism (periods ∼1–2 h). The instability
region is approximately enclosed by the ranges Teff = [2,800,
3,500] K, log g = [3.1, 3.6]. The unfavorable τfold, coupled to
the high rotation rates expected for these young, pre-main-
sequence models, still in their contraction phase, probably
with a high flaring rate, make the detection of these oscillations
very challenging.

• The second island of instability is defined by the physical
parameters of models excited by the ǫ-mechanism produced
by the He3 thermonuclear reactions, the flux-blocking
mechanism or a combination of both. The instability region
is coarsely limited by the ranges Teff = [3,300, 4,300] K, log g =
[4.5, 5.1] (see Figure 1). The models cover the 0.20–0.60 M⊙
range in the main sequence, from completely to partially
convective, with periods in the range 20 min to 1 h for the
fundamental and low degree (ℓ = 0–3) low-order (k = 0–3) p-
modes and 1–3 h for low-order low-degree g-modes.

Given that M dwarf models are completely convective for M .

0.30–0.35M⊙ and for higher masses have convective envelopes
that may reach about half of the star in radius, they have the

FIGURE 1 | Evolutionary tracks of the 0.10 and 0.60M⊙ models of the

different grids in RL14. Labels refer to FeH0 = solar metallicity; FeH-0.5 and

FeH-1 subsolar metallicity, α = mixing length parameter, A = model with

atmosphere. Open circles plot the location of the unstable models and define

the instability strip in terms of Teff and log g. Figure from RL14.
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TABLE 1 | Summary of pulsation analysis by RL14 sorted by excitation

mechanism.

Mass (M⊙) Age (Myr)/

mode type

P Mechanism e-fold < Age

0.10–0.40 Age . 2 Myr/ 4–11 h ǫ (D) X

0.20–0.30 20–30 min ǫ (He3) X

0.40–0.60 Age ≤ 50 Myr 1–2 h F-b X

0.35–0.60 p- & g-modes 20–60 min F-b X

0.40–0.60 p- & g-modes 1–3 h ǫ (He3) and F-b X

The second column lists when excited models are very young in a pre-MS phase or

excited modes other than the fundamental mode. The last column gives information on

the likelihood of the observability of a mode: when the e-folding time is shorter than the

age of the model, the observational detection of pulsations is more likely. This is true for

models older than 50 Myr. See the text for details.

potential to show solar-like oscillations, which are stochastically
damped and excited by turbulent convective motions near the
surface of the star. RL14 also presented a concise theoretical
exercise to demonstrate the potential of M dwarfs as stochastic
pulsators. Using a method involving the region of maximum
available energy and location of the last antinode of a scaled radial
eigenfunction, the authors found that solar metallicity models
with a mixing length parameter α = 2, present stochastically
excited modes with periods in the range of 2 min–1 h, for very
young models with ages <50 Myr, while older models show
oscillation periods below 2 min. In the light of these results, to
accomplish an observational detection of solar-like oscillations
in M dwarfs currently seems extremely challenging, due to the
very short periods for M dwarfs in the main sequence, and the
still short periods and complicated observational light-curves
or radial velocity time-series, expected to be populated with
activity effects for very young M dwarfs still in the contracting
phase. However, this may be the perfect science case to gather
new insights into the internal structure of M dwarfs with future
instruments in extremely large telescopes, like HIRES (Marconi
et al., 2018) at ELT.

Rodríguez et al. (2016) calculated, for representative M dwarf
models in RL14, the periods at maximum power and amplitudes
expected for the solar-like oscillations, from Corsaro et al. (2013)
scaling relations, that had not been calibrated for M dwarfs. For
models in the main sequence, periods at maximum power are
in the 1–4 min range and corresponding tiny amplitudes in the
1–7 µmag range. Only for very young models, with ages below
2 Myr, they find periods at maximum power in the 30 min–1 h
range and amplitudes in the 15–130 µmag range, more feasible
from an observational point of view, but, as said above, with
light curves expected to be plagued by other effects. It should be
emphasized the good agreement of the periods with those derived
by RL14 with a completely different method.

3. THE OBSERVATIONAL QUEST

A specific photometric observational survey to look for M dwarf
pulsations from the ground was carried out by Baran et al.
(2011b), Krzesinski et al. (2012), and Baran et al. (2013) mainly

at Mount Suhora Observatory. They surveyed a total of 120 M
dwarfs, with spectral types M0V-M5V, typically for 1 night, that
would cover several cycles of their expected pulsating periods
between about 20 and 45 min. In most cases they reached a
detection threshold of ∼1 ppt, but no confirmed candidate was
reported. Even if it is known from other pulsating stars that
instability strips are not pure, and that rates of pulsating to no
pulsating stars are low, from this ground-based study, should one
pulsator be found, a ratio below 1% would be derived. This study
made obvious that if M dwarf pulsations were to be detected, the
photometric precision had to be increased.

The obvious next step was to take advantage of the extremely
high precision provided by photometric space missions to search
for these pulsations. Baran et al. (2011a) analyzed a sample of
six M0V M dwarfs from Kepler short cadence database, with
roughly 1 min sampling time, reaching detection thresholds of
∼10 ppm and not detecting any pulsating M dwarf. Rodríguez-
López et al. (2015) also analyzed four Kepler short cadence M
dwarfs reaching detection thresholds in the range 2.5–16 ppm,
again with non-positive detections.

Rodríguez et al. (2016) analyzed all 87 M dwarfs present
in Kepler short cadence database, which covered all the cool
and dwarf star list of Dressing and Charbonneau (2013). They
analyzed the sample in search for thermodynamical and solar-
like oscillations, reaching detection limits below 10 µmag for
the brightest objects (∼15%) and below 20 µmag for about 40%
of the sample, while a threshold below 50 µmag was reached
for an 80% of the sample. Again, no significant signal that
could unequivocally be attributed to pulsations was found, and
the yielded ratio of pulsators to non-pulsators, for a putative
detection, still would be below 1%.

There are a plethora of other works in the literature not
specifically searching for oscillations, but analyzing M dwarfs’
photometric variability for the sake of finding planets, eclipsing
binaries, or characterize the M dwarfs’ variability in terms
of rotation coupled to spots, flares or other photospheric or
chromospheric activity. Among others, Hartman et al. (2011)
analyzed the variability of K and M dwarfs from the HATNet
transiting planet survey, Davenport et al. (2012) analyzed a
sample of M dwarfs common to 2MASS and SDSS databases in
search for flares in the NIR, Rappaport et al. (2014) analyzed
high-precision Kepler photometry searching for M dwarfs’ rapid
rotators and just recently Zhan et al. (2019) analyzed TESS
satellite (Ricker et al., 2015) 2-min cadence data to search for
rapidly rotatingM dwarfs; this only to name a very few studies on
M dwarfs photometry. None of them attributed the encountered
variability to pulsations.

Notwithstanding the null results of photometric searches, due
to the low expected amplitudes, examples exists in the literature
of pulsating stars which indicate that a signal of 10 µmag in
photometry can have an equivalent amplitude of 1 m s−1 in
radial velocities (see e.g., Zima et al., 2006), achievable nowadays
by high-precision spectrographs. Despite the volume of radial
velocity (RV) data of M dwarfs in the archives of these kind
of instruments, such as HARPS (Bonfils et al., 2013), that do
consistent searches for exoplanets around several types of stars,
these archive RV time-series have long time baselines with a low
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time cadence, typically a few RVmeasurements permonth, which
are not useful to search for rapid pulsations in the time domain
from around 20min to 3 h, expected formain sequenceMdwarfs.

Berdiñas et al. (2017) carried out the first search for M
dwarfs pulsations using high-cadence, high-precision time-series
spectroscopy obtained with HARPS, for which they derive an
amplitude detection limit of ∼0.5 m s−1 to achieve a confidence
level of 90% for the detection of M dwarfs pulsations. They
present results for the two most long-term stable stars in
their sample, for which they found no signals with false alarm
probability (FAP) below 1% in the expected range of pulsations.
Nonetheless, they report some power excess for the two targets,
which could be due to non-resolved oscillations, one of themwith
a 2 h period and amplitude as low as 0.36 m s−1, compatible with
the theoretical prediction for low-radial, low-order g-modes, for
a model with the same physical parameters as the target.

Berdiñas et al. (2019) reported preliminary results for the
on-going Beating Red Dots (BRD) project, aimed at discovering
pulsating M dwarfs with high-resolution spectrographs HARPS
and HARPS-N (Cosentino et al., 2012). They acquired more
observations for the pulsating candidate in Berdiñas et al. (2017),
but were not able to confirm the oscillations, as the simulations
predicted they would, with the acquisition of the new data in
the carefully programmed observing sequence and cadence. This
may be due to amplitude variability effects, as still some power
remained at the same frequency, showing that the noise is not
white. They reported no positive results for a second target and
a signal at 4.7 h with FAP <1% which still requires further
investigation by the BRD project, which is still on-going.

4. DISCUSSION AND CONCLUSIONS

Fully non-adiabatic theoretical studies predict the excitation of
radial and non-radial modes in M dwarf models. All the non-
adiabatic code of oscillations available in the community, such
as GRACO (Moya and Garrido, 2008) or GYRE (Townsend
and Teitler, 2013) are linear, i.e., the pulsation equations are
linearized, so that the gain is that they are approachable to
resolve, but the drawback is that the amplitude of the oscillations
is unknown. The best we can do is to estimate how long it takes
for an initial unknownmode amplitude to grow an e factor, which
is known as the e-folding time, τfold. When this time is shorter
than the age of the model, the mode has enough time to grow its
initial amplitude and hence it is more favored to be excited.

The τfold for excited young pre-main sequence M dwarf
models, either by the ǫ mechanism (ages< 2Myr, periods 4–11 h)
fueled by D-burning or by the flux-blocking mechanism (ages <

50Myr, periods 1–2 h) is much longer than the age of the models.
It seems natural, as the ǫ-mechanism operates in the center of the
star, where the amplitudes of the modes are expected to be small,
that modes have difficulties in overcoming all other damping
regions throughout the star and show observable amplitudes on
the surface. Up to now, only a few of objects seems to show
oscillations attributed to the ǫ-mechanism (e.g., Moravveji et al.,
2012; Battich et al., 2018), although some debate still exists about
if this attribution is conclusive.

The best potential for M dwarfs to show observable
oscillations, with τfold shorter than the age of themodels, lie in the
theoretical predictions for main sequence models with periods
in the 20 min to 3 h range, due to either the ǫ-mechanism of
He3 nuclear burning, the convective flux-blocking mechanism
or a combination of both. Dedicated photometric searches with
high-precision, high time-cadence Kepler space data, have put
stringent limits to the amplitudes, which should be in the range of
a few µmag (or ppm in flux), while the ratio of pulsators to non-
pulsators would be below∼1%, should the first pulsator be found.
This ratio might somewhat be improved if only targets within the
predicted instability strip were considered.

However, low ratios have also been derived for other pulsating
classes within the instability strip, such under 10% for fast sdBV
(Østensen et al., 2011) or a 40% for δ Sct (Balona, 2018a). This co-
existence of pulsators and non-pulsators within the theoretical
and empirical instability strips is one of the open questions
of asteroseismology. In particular, Balona (2018b) has recently
proposed a yet unknown physical factor which would account
for mode selection, and eventually suppression, in δ Sct and
γ Dor stars, explaining the low pulsators-non pulsators ratio
and coexistence.

The potential for solar-like excitation has also been noted
due to M dwarfs being completely convective or having large
convective envelopes, and it has been explored with Kepler
short cadence data by Rodríguez et al. (2016) with no positive
detection. The short predicted periods, of just a couple of
minutes, and the tiny expected amplitudes, of a fewµmag, render
the observational detection of stochastically excited modes in M
dwarfs, as of today, somewhat challenging.

The exploration of the possibility of finding pulsating M
dwarfs through high-resolution spectroscopic time-series has
been up to now, nearly as scarce as the scanty dedicated
photometric surveys. One of the reasons is the extremely high
time-cadence needed to sample the 20 min to 3 h pulsating
range, coupled to the high competition and cost of observing
nights at medium class telescopes. Berdiñas et al. (2017) derived
that a pulsating signal with a 0.5 m/s RV amplitude could be
detected with a 90% confidence with four continuous nights
of observations. Unfortunately, these amount of nights are not
easily awarded for exploratory programs.

However, although the photometric detection is still worth
pursuing with the present and forthcoming wealth and quality
of data from TESS space mission, the chase of pulsating M
dwarfs seems to be more promising with the recently available
and future high-resolution high-precision spectrographs, such as
ESPRESSO (Pepe et al., 2014) and HIRES (Marconi et al., 2018).
ESPRESSO promises an intrinsic RV precision of just 10 cm s−1,
so the precision needed for a detection of a pulsatingM dwarf will
no longer be determined by the spectrograph, but by the intrinsic
activity of the star, so a putative detection would benefit from a
careful selection of the quietest targets.

The fact that non-unambiguous detection of pulsating M
dwarfs has not yet been made, may be due to different reasons
that have been discussed, e.g., in Rodríguez et al. (2016), namely:
(i) the surveyed sample is not statistically significant, especially
in the spectroscopic search, and considering that instability strips
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are not pure, (ii) the low amplitude of the oscillations have
prevented a detection, and the pulsating signal may be embedded
in the noise, (iii) we also should bear in mind the possibility that
M dwarfs, after all, do not pulsate. However, despite limitations
in the physics of the models and in the codes of oscillations,
theoretical predictions made with the same codes and physics
have proven correct for other stellar types.

A lot remains to be gained from the observational discovery of
pulsations in M dwarfs: a precise an independent determination
of their fundamental parameters and size of the convection
zone will help to refine stellar evolution models and to solve
radii and temperature discrepancies in theory and observations.
Moreover, the refinement in stellar parameters will also increase
the precision of fundamental parameters of accompanying
exoplanets of M dwarf hosts. Other exciting possibilities if solar-
like pulsations are detected is that they could help to constrain

the nature of dark matter (Casanellas, 2015) or contribute to
the detection of gravitational waves (Lopes and Silk, 2015) with
future instrumentation.
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Traditionally, stellar structure and evolution have beenmodeled with a series of concentric

spherical shells. This description allows the star to be modeled in 1 dimension, greatly

simplifying the calculations. However, as our understanding of stars becomes more

advanced, the effects of non-symmetric effects must be included, which necessitates

2 or even 3 dimensional simulations. In this work, I discuss how 2D stellar models can

help understand stars, improving our models of their pulsation frequencies, and allow us

to place better constraints on their internal convection.

Keywords: stars: evolution, stars: interiors, stars: mass-loss, stars: oscillations, stars: rotation, stars: variables:

general, stars: magnetic

1. INTRODUCTION

The standard technique for modeling stars takes a 1-dimensional approach, and assumes the stars
are relatively close to spherical. However, a large number of stars, especially high mass stars, are
known to be rapid rotators (Huang and Gies, 2006; Huang et al., 2010), which breaks the spherical
symmetry. In addition, a large fraction of stars are members of binary or multiple star systems,
which can introduce tidal distortion. This distortion in surface shape and resulting variation in
effective temperature has now been measured interferometrically for a number of stars (van Belle
et al., 2001, 2006; Domiciano de Souza et al., 2003; Aufdenberg et al., 2006; Peterson et al., 2006;
Monnier et al., 2007; Zhao et al., 2009; Che et al., 2011). To reproduce the observations requires 2D
models of stars.

The effects of distortion are also becoming important as recent space missions like Kepler,
CoRoT, MOST, BRITE, and TESS allow us to measure pulsation frequencies with very high
precision over long times. These more precise frequencies make it easier to measure the effects
of rotation and other distorting effects on the pulsation frequencies of the stars. Advances in
spectropolarimetry have also given us a wealth of information on the magnetic fields of stars other
than the Sun (Grunhut et al., 2017), which has triggered a number of new studies on the effects
of magnetic fields on stellar evolution (Keszthelyi et al., 2018). As a result of these advances, it
is becoming ever more important to improve our stellar models to be able to account for these
multi-dimensional effects.

In the most general case, a static stellar structure model must obey four basic equations:
Poisson’s equation:

∇2φ = 4πGρ (1)

where φ is the gravitational potential and ρ is the density; mass conservation:

∇ · (ρv) = 0 (2)

where v is the fluid velocity; the momentum equation:

ρv · ∇v = −∇P − ρ∇φ + Fv (3)
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where P is the pressure and Fv is the viscous force; and an entropy
(or energy) equation:

ρTv · ∇S = −∇F+ ǫ∗ (4)

where S is the entropy, T is the temperature, F is the heat flux, and
ǫ∗ is the energy generation rate. This set of equations, combined
with an equation of state and prescriptions for F and Fv fully
define the behavior of the gas in the stellar interior, and are
applicable for any rotation law.

Rather than use the full equations of fluid dynamics above,
another approach uses the Roche approximation to get the
pressure gradient:

1

ρ
∇P = −∇φ +

1

2
�2 (r sin θ)2 (5)

where φ is the gravitational potential, unmodified by rotation.
This gives a purely radial gravitational acceleration g = ∇φ.
Very little is known about the internal rotation profiles of stars,
but arguments are often in favor of either cylindrical or shellular
rotation laws. For conservative rotation laws like these, where �

depends only on the distance from the rotation axis (cylinderical)
or center of the star (shellular), the centrifugal acceleration can be
derived from an effective potentialV . Indeed, if the rotation is not
conservative, it is impossible to define an effective potential, and
it is not clear how the total potential should be determined. For
conservative rotation laws, the centrifugal acceleration, potential,
and rotation rate are all functions of the distance from the
rotation axis, ̟ = r sin θ and the total potential is given by
8 = φ + V . This potential still follows Poisson’s equation, so
∇28 = ∇2φ + ∇2V . For conservative rotation laws, ∇2V =
−2�2, so the total potential is given by ∇28 = 4πGρ − 2�2,
and the equation of hydrostatic equilibrium becomes:

1

ρ
∇P = −∇8 = geff. (6)

The other equations of stellar structure must be written in 2D
in the presence of rotation or other distortion, but the equations
themselves take the same form as in the 1D case.

In 1D models, the equations can easily be written in terms
of mass instead of radius. In 2D models, this is not generally
possible. In the case of shellular rotation (Zahn, 1992), the radius
is associated with isobars, and since most quantities are constant
on isobars, the problem becomes a pseudo-1D calculation, and
the equations can be written in terms of the mass as for the
non-rotating case. For a fully 2D calculation, the mass inside a
spherical shell of radius r is difficult to define, and is less useful
as a coordinate. In general, 2D calculations either use the radius
r and colatitude θ as coordinates, or map these coordinates to
spheroidal coordinates r(ζ , θ).

As in the 1D problem, 2D models of stellar structure must
apply boundary conditions at the surface, but in 2D, it is more
difficult to determine what the appropriate conditions are. In 1D,
the mass is used as the coordinate, and the surface is given by the
radius where the enclosed mass is equal to the total mass of the
star. As discussed above, in 2D the radius and colatitude (or some

mapping of these variables) is used, and it is difficult to define the
mass inside a radius r since the density is a function of colatitude
θ as well. Some other method must be used to determine the
radius at the surface of the star. Generally it is assumed that the
surface of the star is an equipotential (Deupree, 1990; Maeder
and Meynet, 2012; Espinosa Lara and Rieutord, 2013), but this
still leaves the problem of how the location of the equipotential
is determined.

When stars are not spherically symmetric the surface becomes
distorted, the temperature varies with colatitude (discussed
below) and this introduces large-scale meridional currents. The
best-known of these is the meridional circulation introduced by
rotation, but tidal or magnetic distortions can also introduce
flows (Tassoul, 1978). These currents are expected to be slow,
with theoretical velocities on the order of 3 × 10−10 cm s−1

(Sweet, 1950). Despite the slow velocities, they are a significant
source of mixing within the star. For shellular rotation laws, the
effective chemical diffusion depends on the square of the velocity
of the meridional circulation, so the contribution to chemical
mixing is expected to be small in most cases (Zahn, 1992).
The angular momentum transport is governed by an advection
diffusion equation which can be horizontally averaged in the case
of shellular rotation to give:

ρ
d

dt

(

ρr2�̄
)

=
1

5r2
∂

∂r

(

ρr4U(r)
∂�̄

∂r

)

+
1

r2
∂

∂r

(

ρDr4
∂�̄

∂r

)

(7)

where �̄ is the horizontally averaged angular rotation rate, U(r)
is the radial velocity of the meridional circulation, and D is the
total vertical diffusion due to all transport mechanisms (Zahn,
1992; Ekström et al., 2012). However, because the velocity of the
meridional circulation is so slow, it is very difficult to model these
flows self-consistently on an evolutionary time scale.

Indeed, one of the biggest challenges to 2D modeling is the
variety of timescales involved. To model the meridional flows
or the details of internal convection requires high resolution
simulations with short time steps, but these requirements are
not possible with the computational power currently available.
Modeling of multidimensional stars has so far taken two
approaches: either to model the detailed structure and ignore the
longer evolution timescales; or to neglect many of the internal
processes and model the evolutionary timescales. However,
unless we can find good models for the internal processes,
the evolution problem is not completely separable from the
short timescale simulations. To fully understand the evolution
of distorted stars, we will need to understand how both angular
momentum and internal composition gradients are transported
through convection and turbulence, how the distortion affects
radiatively driven winds and subsequent angular momentum
loss, and the influence of magnetic fields.

In this review, I discuss some of the recent progress in
modeling the structure, evolution, and pulsation frequencies of
stars in 2D in section 2. In section 3 I summarize the effects of
rotation on stellar evolution, highlighting the importance of 2D
modeling. In section 4 I briefly discuss 2D modeling of binary
stars, and in section 5 I discuss the challenges that 2D modeling
still faces. A brief summary is presented in section 6.
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2. A BRIEF HISTORY OF 2D MODELING

2.1. Stellar Modeling
The first attempts to model stellar structure in 2D were
performed by Sweet and Roy (1953), using first order
perturbations to Cowling models. They assume that the stars
were uniformly rotating, so that the total effective potential
is given by ∇28 = −4πGρ + 2�2. They then introduce
the dimensionless variable λ = �2/2πGρc(0), where ρc(0)
is the central density of the non-rotating star. All of the
structure equations can then be expanded as a power series in
λ. This method only worked for slowly rotating stars, or the
perturbations become too large for the method to apply.

More realistic models were developed by Roxburgh et al.
(1965), which divided the star into two regions. The innermost
region, which contained most of the mass, was treated as
spherical, while the outer, low density region is allowed to
deform. This works since the innermost region is relatively
unaffected by rotation, while the gravitational potential in the
low density region depends primarily on the potential due to the
inner region, which is approximately a Roche potential. Once
the potential is known, the other structure equations can be
integrated as for 1D stars. This method was found to work best
for uniformly rotating stars.

Two dimensional static models have also been produced using
the self-consistent field (SCF) method (Ostriker andMark, 1968),
later extended by Jackson (1970). This method uses an iterative

approach to solve the equations of hydrostatic equilibrium and

the gravitational potential to determine the stellar structure. Early

implementations encountered convergence problems for stars
below 9 M⊙, limiting the applicability. Later implementations
reformulated the method, and were able to avoid this problem
(Jackson et al., 2005; MacGregor et al., 2007).

Eriguchi (1978) calculated the structure of rotating polytropes
by transforming the equations of stellar structure to a complex
plane. This work was expanded to include relativistic polytropes

(Eriguchi, 1980), non-axisymmetric polytropes (Hachisu et al.,
1982) and binary systems (Hachisu and Eriguchi, 1984a,b).
However, this method still faced many limitations. In particular,
the method breaks down if there are any discontinuities in the
physical properties inside the star. Such discontinuities can be
caused by a change in the composition or ionization state, which
means this method cannot be used to study evolution.

However, Eriguchi and Sugimoto (1981) came up with
another method, this time mapping the equation of hydrostatic
equilibrium and Poisson’s equation onto a 2D grid such that

rij = ri(θj). This allows the radial grid to adjust to the shape of

the star at each angle. Using this method, it is possible to calculate
the structure for a number of rapidly rotating, axisymmetric
polytropes (Eriguchi and Sugimoto, 1981; Eriguchi and Mueller,
1985). Themethod can also be extended to piece-wise polytropes,
which can then be used to approximate the structure of real stars.

A different approach to solving the equations of stellar
structure used a 2D finite difference technique (Clement, 1974,
1978, 1979, 1994) on a 2D grid in colatitude θ and total potential.
Rather than radius, the equations are rewritten to relate the mass

and volume of the star, with the constraint that in the outermost

zone, the enclosedmass must equal the total mass of the star. This
technique was still limited to relatively slowly rotating stars, and
is restricted to equilibrium models.

In recent years, 2D hydrostatic models have been calculated
for use in asteroseismology (Roxburgh, 2004, 2006). These
models use spectral methods to model the angular dependence of
the physical quantities, and depend on knowing the density along
one particular angle as a reference point. In this way, the density
profile produced by 1D models that assumes shellular rotation
can be expanded to provide a 2D hydrostatic model as input to
stellar pulsation codes. This technique is important since several
2D codes have been developed in recent years to calculate stellar
pulsation frequencies (Lignières et al., 2006; Reese et al., 2006;
Ouazzani et al., 2012).

The first 2D evolution calculations with no theoretical rotation
limit were performed by Deupree using ROTORC (Deupree,
1990, 1995, 1998). This code uses the fractional radius and
the colatitude θ as the independent variables. One colatitude
(typically the equator) is chosen to be a reference colatitude,
and the surface location there has a fractional radius of 1. This
defines the potential at the surface, and at each angle, the surface
is defined to be the radial zone with the total potential closest
to the value of the reference potential. Once the structure of the
star is determined, the radius at the equator is determined by
integrating over the density and requiring the total to equal the
total mass of the star. In this way, the surface deformation caused
by rotation can be modeled without including assumptions like
von Zeipel’s law (von Zeipel, 1924).

The ESTER code (Espinosa Lara and Rieutord, 2013; Rieutord
et al., 2016) has been developed to model the internal processes
of a rapidly rotating star in two dimensions. They use a modified
coordinate system which can adapt to the shape of the star. These
spheroidal coordinates (ζ , θ) are scaled such that ζ = 1 at
the stellar surface, and then divide the star into several discrete
radial domains. The transformation from spherical to spheroidal
coordinates is given by:

r = aiζ + Ai (ζ )
[

Ri+1(θ)− aiηi+1

]

+ Bi(ζ )
[

Ri(θ)− aiηi
]

ηi ≤ ζ ≤ ηi+1 (8)

where Bi(ζ ) = 1−Ai(ζ ), and Ri+1 and Ri are the inner and outer
boundaries of the domain. The functions Ai(ζ ) and ai are chosen
to satisfy properties at the boundaries between the domains.
Each of the radial domains is discretized into a spectral grid,
so the horizontal dependence is expanded in terms of spherical
harmonics. However, this code focuses on the shorter time-scale
processes like meridonial circulation, rather than attempting to
model the long-term evolution of a star.

A new code under development, 2DStars (Halabi et al.,
2017) is intended to solve the stellar structure equations in
2D, assuming an axisymmetric geometry. Development of this
code is still in the very preliminary stages, but if successful,
it will be able to model the evolution of stars in a variety of
axisymmetric environments, including the effects of binarity,
disks, and rotation.
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2.2. Pulsation Modeling
Fewer attempts have been made at modeling pulsation
frequencies in 2 dimensions and these attempts have focused on
the effects of rotation. Normally, eigenfrequencies of rotating
stars are calculated using perturbation theory (Dziembowski
and Goode, 1992; Soufi et al., 1998), but this is generally limited
to slow rotation rates (see, for example Soufi et al., 1998, and
references therein). Exactly how slow rotation is defined depends
on the application, but it has been found that rotation rates as
small as 50–75 km/s require more realistic calculations (Reese
et al., 2006). Few people would argue that perturbation theory
remains valid above rotation rates of 200–300 km/s.

The earliest attempts at 2D calculations were done by Clement
(1981, 1989, 1998), and involved solving the linear pulsation
equations on a 2D grid. This program, Non-Radial Oscillations
(NRO) uses the degree ℓ to determine the parity of the mode,
and odd modes are scaled by a factor of cos θ to make them
symmetric. This allows the same method of solution to be used
for both even and odd modes. The pressure perturbation is then
described as expansion of k spherical harmonics, where k is the
number of angular points in the grid. All other components of
the eigenfunction can be expressed the same way, and the final
solution is scaled to some fixed value at the surface, typically
δr/r = 1 at the equator. While the initial attempts were limited
to slow rotation, NRO (Clement, 1998) was able to solve the
pulsation equations for very rapidly rotating stars. As initially
developed, this method was restricted to uniform rotation but
was later extended to include the effects of differential rotation
(Lovekin et al., 2009).

Another approach uses spectral methods to calculate the
eigenfunctions in 2D, including the effects of the Coriolis force
and centrifugal distortion (Lignières et al., 2006; Reese et al.,
2006). Using acoustic ray tracing of the frequencies calculated
using this method, the resulting modes can be classified into
chaotic modes, island modes, and whispering gallery modes
based on their behavior in phase space (Lignières and Georgeot,
2009). Initially, this code was only applicable to polytropic
models, but has since been expanded to more realistic stellar
models (Reese et al., 2009). ACOR (Adiabatic Code of Oscillation
including Rotation) (Ouazzani et al., 2012) has been developed
using similar techniques, but has been designed to work with
realistic stellar models.

For post-main sequence models, a number of attempts have
been made to use full hydrodynamics to model the convection-
pulsation interactions. This interaction is particularly important
for classical pulsators, as the red edge of the instability strip
is determined by the interaction between convection and
pulsation (Tuggle and Iben, 1973). Early attempts focused on
the interaction in one dimension, as was done in DYNSTAR
(Ostlie, 1990). DYNSTAR has been used to model outbursts in
Luminous Blue Variables (Guzik and Lovekin, 2014; Lovekin
and Guzik, 2014). However, convection is inherently a multi-
dimensional process, and the applicability of 1D models is
limited. For this reason, a number of groups have developed 2
and 3D codes to model convective processes in pulsating stars.
Cepheids have been modeled in 2D using the ANTARES (A
Numerical Tool for Astrophysical RESearch) code (Mundprecht

et al., 2013, 2015), focusing on the energetics of the convective
zone and the possibility of developing descriptions that can
be implemented in 1D models. Similarly, RR Lyrae have been
modeled using SPHERLS (Stellar Pulsation with a Horizontal
Eulerian Radial Lagrangian Scheme) (Geroux andDeupree, 2011,
2013, 2014, 2015). SPHERLS is able to model stars in either 2
or 3 dimensions, and has been used to calculate full pulsation
amplitude models. The results agree well with observed RR
Lyrae light curves. Although both ANTARES and SPHERLS are
promising, calculations are time consuming, and neither has been
widely used for modeling stellar pulsation.

3. EFFECTS OF ROTATION

3.1. Effects on Evolution
The most pronounced effect of rapid rotation is the deformation
of the stellar surface. The centrifugal force causes the star to
become oblate in shape, and both temperature and emitted flux
vary from pole to equator as a result. The first calculations of
this effect found that the effective temperature is related to the
effective gravity by:

Teff ∝ g
β

eff
(9)

where β is theoretically predicted to be 0.25 for purely radiative
stars (von Zeipel, 1924). As a result of the rapid rotation, this
gravity darkening will cause the equatorial regions to be cooler,
and hence appear dimmer than the polar regions of the star.
This effect has been directly measured using interferometry
in several stars, including Achernar, Alderamin, Altair, Vega,
Regulus, Rasselhague, α Cephei, α Leonis, α Ophiuchi, and β

Cassiopeia (van Belle et al., 2001, 2006; Domiciano de Souza et al.,
2003; Aufdenberg et al., 2006; Peterson et al., 2006; Monnier
et al., 2007; Zhao et al., 2009; Che et al., 2011). All of these
studies have found that gravity darkening does occur, but the
observed temperature variation is inconsistent with β = 0.25.
For example, a best fit value of β = 0.22 was found for α Cephei
(Zhao et al., 2009). Values derived for other stars are similarly
lower than the traditional β = 0.25 value given in von Zeipel’s
law (von Zeipel, 1924). One explanation for this difference is that
these stars have thin surface convection zones, where the value of
β is expected to be much lower, β ≈ 0.08 (Lucy, 1967).

The original gravity darkeningmodel required the assumption
of barotropicity, and is actually incompatible with solid body
rotation in a radiative zone. To address these problems, a more
realistic model for gravity darkening was derived (Espinosa Lara
and Rieutord, 2011). This model relaxes von Zeipel’s assumption
of barotopicity, and is thought to be more applicable to real stars,
particularly in cases of extremely rapid rotation. This new model
was compared to calculations using 2D models constructed with
ESTER (Espinosa Lara and Rieutord, 2011) which calculates the
gravity darkening naturally as a result of the stellar structure
equations, and the results were in good agreement with the new
theoretical model. These results were later extended to include
differential rotation (Zorec et al., 2017).

As a consequence of the flux variation, the flux seen by
an observer varies with the inclination angle i, between the
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rotation axis and the line of sight to the observer. Inclination is
very difficult to measure directly. Spectroscopic measurements
give the Doppler broadening of spectral lines, which gives the
component of the rotational velocity along the line of sight,
v sin i. It is possible to decouple v and i (Stoeckley, 1968;
Stoeckley and Buscombe, 1987; Reiners and Schmitt, 2003), but
these methods depend on high-precision spectroscopy and very
accurate synthetic line profiles. However, these techniques do not
work well for slowly rotating stars (veq ≤ 200 km/s). As a result
of the large quantity of high resolution photometric data from
space missions including Kepler, CoRoT, and TESS, techniques
have been developed to measure stellar rotation periods using
asteroseismology, as discussed in more detail below.

The variation in observed flux as a function of inclination
makes it difficult to assign an exact effective temperature and
luminosity to a rapidly rotating star. The observed magnitude is
a function of inclination, and the star is observed as a single point
on a curve in the HR diagram, parameterized by the inclination.
This effect is well known (Collins, 1963, 1966; Hardorp and
Strittmatter, 1968; Maeder and Peytremann, 1970), but has
recently been improved using more realistic stellar structure and
atmosphere models (Lovekin et al., 2006; Gillich et al., 2008).

Rotation increases mixing through shear-layer instabilities,
likely driven by differential rotation (e.g., Mathis et al., 2004).
This mixing is likely to be latitude dependent, an effect that is not
modeled by 1D parameterizations. The extra mixing introduced
by these instabilities results in changes in the evolutionary tracks.
Close to the Zero Age Main Sequence (ZAMS), rotation makes a
star appear cooler and less luminous than a non-rotating star of
the samemass. On the later main sequence, the behavior depends
on how angular momentum transport is treated in the star, with
some models finding that the rotating star remains cooler and
dimmer (Deupree, 1995) while others find the rotating models
become brighter (Ekström et al., 2012). In stars with M > 2M⊙,
rotation has also been found to extend themain sequence lifetime
by about 25%, which in turn increases the observed width of
the main sequence. This effect is illustrated in Figure 1 for 2.0
M⊙ 1D-models calculated with MESA. Models with moderate
amounts of rotation show good agreement with the observed
width of the main sequence (Ekström et al., 2012). The rotation
provides a source of extra mixing inside the star, increasing the
amount of hydrogen available, and also potentially changing the
surface abundances of other elements. In extreme cases, models
suggest that high levels of rotation can produce so much mixing
that the star evolves in a chemically homogeneous fashion (Szécsi
et al., 2015; Song et al., 2016).

Although stars generally spin down as they evolve, the effects
of rotation can persist into later phases of evolution (Anderson
et al., 2014). This is particularly evident for Cepheids, which
have main sequence progenitors that typically rotate at v/vcrit =
0.3 − 0.4 (Huang et al., 2010). During the post main sequence
evolution, the effects of rotation give these stars a luminosity that
corresponds to that of a non-rotating model of higher mass. As
a result, rotating stellar models have been used to resolve the
Cepheid mass discrepancy (Anderson et al., 2014, 2016). Models
indicate that rotating Cepheids are also older than non-rotating
Cepheids, as rotation increases the main sequence lifetime of a

FIGURE 1 | Evolution tracks along the main sequence for 2.0 M⊙ models

calculated with MESA. Shown are non-rotating models (blue) and models

rotating at 0.3 vcrit (orange) and 0.5 vcrit (green). Initially, rotating models appear

cooler and dimmer than non-rotating counterparts. As the star evolves, the

rotating models become brighter, and spend a longer time on the main

sequence.

star. This affects the period-age relationship, which in turn has
implications for the use of Cepheids in Galactic archaeology.
Finally, rotation extends the blue loop, and so rotating Cepheids
traverse the instability strip more slowly than their non-rotating
counterparts (Anderson et al., 2014).

The effects of rotation can be detected observationally via
surface abundances. Models predict that the surface abundances
of certain isotopes of nitrogen (14N) and helium (4He) should be
enhanced, while light elements like lithium and boron should be
depleted (Heger and Langer, 2000). Rotationally-induced mixing
brings the lighter elements down to layers that are hot enough
for these elements to be destroyed. These layers are also hot
enough for the first steps in the CNO cycle to occur, converting
the 12C and 16O to be converted into 14N, which is then
brought to the surface. The theoretical predictions are generally
in good agreement with the observations. For example, in this
model, stars that have enhanced nitrogen abundances should also
show depleted boron abundances, as was found by Venn et al.
(1996). This model was also tested by comparing the surface
abundance of 14N to the projected rotational velocity (v sin i)
of stars observed as part of the VLT-FLAMES survey (Hunter
et al., 2008). These results (see Figure 2) show that the nitrogen
enhancement does correspond well with rotation velocity for
most stars. Two populations, one with low rotation velocity and
high nitrogen enhancement, and one with high rotation velocity
and low nitrogen enhancement are thought to be the result of
binary evolution, or possibly the presence of magnetic fields
(Hunter et al., 2008).

The nucleosynthetic yields of a rotating star are also expected
to differ from that of a non-rotating star, increasing the amount
of metals produced. This effect is especially pronounced for
carbon and oxygen, which increase by a factor of 1.5–2.5 for
models with M . 60M⊙ (Maeder and Meynet, 2012). As
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FIGURE 2 | The observed nitrogen enhancement plotted as a function of

v sin i. The background density contours are predicted enhancements from

population synthesis models, with individual stars plotted as either circles or

triangles. The evolution tracks are for 13 M⊙ stars at various initial velocities.

Taken from Brott et al. (2011). Reproduced with permission.

discussed above, rotation provides a source of extra mixing,
which increases the size of the convective core, so a rapidly
rotating model will have yields similar to a more massive star.
Above 60M⊙, the total mass lost is the same in both rotating
and non-rotating models, and this effect disappears (Maeder and
Meynet, 2012).

3.2. Effects on Mass Loss
Stars with initial masses above ∼ 10M⊙ lose significant
amounts of mass through radiatively driven winds. However,
mass loss rates are highly uncertain, even when rotation is not
considered. Mass loss rates can be derived from spectroscopic
observations of wind speeds, can as high as 10−5M⊙/yr
in hot OB stars. These derivations often assume the winds
are smooth, and detailed observations and simulations now
suggest that the mass loss may be clumpy, which lowers
the mass loss rates significantly. Mass loss rates calculated
using Monte Carlo simulations (Vink et al., 2001) have
been found to be in good agreement with observations
(Mokiem et al., 2006). However, there are many indications
that radiatively driven winds are clumpy rather than smooth,
and this can reduce mass loss rates by a factor of 2 or 3
(Maeder and Meynet, 2012).

Many massive stars are rapid rotators, and so rotation is
expected to have a significant impact on the way mass and
angular momentum are lost from a star. Theoretical mass
loss rates are sensitive functions of luminosity and effective
temperature (Castor et al., 1975; Vink et al., 2001; Kudritzki,
2002), and so the variation in surface effective temperature
and flux discussed above can be expected to cause variations
in mass loss rates as a function of colatitude. Investigations
into rotating winds have shown that there are two solutions:
a classic Castor, Abbott & Klein (CAK) model (Castor et al.,

1975) or fast wind solution (FWS) and a slow wind solution
(SWS) which exist when the rotation speed is a significant
fraction of the critical velocity (Curé et al., 2011). However, these
models still assume that the mass loss from the star can be
effectively described in 1D. Much work has been done on the 2D
hydrodynamics of rotating stellar winds (e. g., Müller and Vink,
2014), but here I will discuss the effects on the star rather than the
circumstellar environment.

The effect of gravity darkening on wind-driven mass loss
has been investigated using stellar evolution codes in both 1D
(Maeder, 2002; Georgy et al., 2011) and 2D (Lovekin, 2011).
Initial investigations showed that rotating stars could be expected
to produce a bipolar nebula, as the increased temperature near
the poles enhances the mass loss rate in this region (Maeder,
2002). These models use a mass loss prescription that is based
on the standard radiatively driven wind model of Castor et al.
(1975) and Kudritzki (2002). An updated version of this model
found an increase in the global mass loss rate as the rotation
rate increased, and as expected, more mass was lost from the
polar regions than the equatorial regions. This effect increased
with the rotation rate (Georgy et al., 2011). Lovekin (2011) used
fully 2D stellar structure models and mass loss rates calculated
using Castor et al. (1975), Vink et al. (2001), Kudritzki (2002). In
these 2D models, the surface is assumed to be an equipotential
surface rather than relying on the Roche approximation, as is
done in the Geneva models (Georgy et al., 2011). In the 2D
models, the global mass loss rate actually decreased slightly
as the rotation rate increased, as the increase in mass loss
at the pole was offset by the decrease in mass loss from the
equator. This ran counter to the conventional scaling relations
for mass loss as a function of rotation rate (Bjorkman and
Cassinelli, 1993). However these scaling relations are for stars
at constant temperature and luminosity, while Lovekin (2011)
used a fixed mass and allowed the temperature and luminosity
to vary.

The differential mass loss can also affect the evolution of
the angular momentum of the star. Georgy et al. (2011) and
Lovekin (2011) found that the majority of the mass is lost
from the polar regions of the star, however, the majority of
the angular momentum is in the equatorial regions. The mass
loss rates at the equator will have a significant effect on the
angular momentum evolution. According to the 1D models,
the majority of the angular momentum is lost from regions
close to the equator, ranging from θ = 0 in the non-
rotating models to θ ∼ 70◦ at critical rotation (Georgy
et al., 2011). As a result, they find that rotating models with
anisotropic mass loss lose less angular momentum than those
with uniform mass loss. They were able to evolve their models
until the surface reached critical rotation, and found small
differences in the evolution, with rotating models generally
slightly cooler than their non-rotating counterparts. Lovekin
(2011) also found that the angular momentum loss peaks near
∼ 70◦ in the most rapidly rotating models, and that the rate
of angular momentum loss increases overall as the rotation
rate increases. In general, the 2D models lose less angular
momentum than those with isotropic mass loss, as was found by
Georgy et al. (2011).
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3.3. Effects on Pulsation Frequencies
In non-rotating models, pulsation frequencies are described by
two quantum numbers, n and ℓ. The first identifies the number
of radial nodes in a particular eigenfunction, and ℓ determines
the number of horizontal nodes in the latitudinal direction. The
modes can be modeled as spherical harmonics, which have a
third (azimuthal) quantum number, m, where m ≤ ℓ. For non-
rotating models, the pulsation frequencies are independent of m
for a given (ℓ, n) combination. In rotating stars, the degeneracy
between modes of different m is lifted, and the modes are visible
as multiplets in the pulsation spectrum. In the simplest case, the
splitting is expected to follow:

νnℓm = νnℓ +m1ν (10)

where 1ν is given by:

1ν =
1

2π

∫ R

0
Knℓ(r)�(r)dr (11)

where � is the angular rotation velocity of the star and Knℓ(r)
is a rotation kernel, which depends on the real and imaginary
components of the eigenfunction. Since the azimuthal number
m can range from ℓ to −ℓ, the splitting should be uniformly
spaced to first order. However, rapid rotation can complicate
the spectrum by introducing non-uniform mode splitting (Reese
et al., 2006). In extreme cases, the difference in frequency between
members of a rotational multiplet can become larger than the
difference in frequency between successive degrees ℓ, further
complicating the interpretation of the spectrum. In cases where
a rotational multiplet can be identified, the rotation frequency of
the star can be determined, independent of the inclination. This
type of analysis has been done for stars across the HR diagram
(Charpinet et al., 2018; Paparó et al., 2018). If multiple triplets are
detected, they can be expected to probe different radii inside the
star, and it may be possible to probe the rotation profile (Aerts
et al., 2003; Suárez et al., 2010).

Rotation is also known to decrease pulsation frequencies
overall (Lignières et al., 2006; Reese et al., 2006; Lovekin
and Deupree, 2008; Lovekin et al., 2009). As this difference
depends on the order and harmonic degree (ℓ) of the mode, the
rotation also changes the large and small frequency separation.
However, one of the biggest challenges lies in identifying the
correspondence between observed and theoretical modes for use
in asteroseismology (Deupree, 2011).

A further challenge to interpretation of observed frequencies
in rotating stars is the destruction of the regular frequency
patterns expected for both p-mode and g-mode pulsators. For p
modes, the frequencies are predicted to be regularly spaced, with
a large separation that is approximately constant (Tassoul, 1980):

1ν = νn+1,ℓ,m − νn,ℓ,m. (12)

According to the ray-tracing 2D models developed by
Lignières et al. (2006), the regular patterns seen in the p-modes of
non-rotating stars disappear, and modes are instead divided into
three categories: island modes, chaotic modes, and whispering

gallery modes. Regular patterns do seem to exist for the island
modes (Lignières et al., 2006), and these patterns have been
successfully tested for more realistic models (Ouazzani et al.,
2015).

Similarly, for g−modes, it is predicted that the periods will
show regular spacings (Miglio et al., 2008). The g-mode patterns
are less affected by rotation, but some new patterns do appear
(Ballot et al., 2012). The regular period spacings in the g-modes
do show the effects of rotation quite clearly, as shown in Figure 3.
While the m = 0 modes are expected to have completely
regular period spacings, the slope of the pattern is affected by
the rotation rate. Retrograde modes (m = −1) show an upward
slope, as shown in Figure 3, while prograde modes (m = +1)
show a downward slope. In both cases, the effects are increased
by rotation (Van Reeth et al., 2016; Lovekin and Guzik, 2017;
Ouazzani et al., 2017). These patterns can bematched to observed
g-mode spacings to determine stellar rotation rates, as has been
done for many of the Kepler γ Doradus stars (Li et al., 2019).

4. BINARY SYSTEMS

In close binary systems, the stars are distorted as a result of the
gravitational pull of the companion, and this is not currently
accounted for in most work on the evolution of binary stars.
For example, de Vries et al. (2014) use 1D stellar models up
to the point of Roche Lobe Overflow, and then convert to
a 3D hydrodynamics simulation. Using a 2D stellar structure
code, Deupree and Karakas (2005) have shown that the shape
of both the surface and the convective core are distorted in a
binary system, although the total mass of the convective core is
essentially unchanged. For the closest binaries, they found that
the shape of the surface differs slightly from the Roche potential
usually used in 1Dmodels. However, this assumes that the binary
star system is coplanar and tidally locked. To fully simulate the
distortion in a binary star system is a 3D problem.

FIGURE 3 | Period difference as a function of period for ℓ = 1, m = −1

g−modes in a 1.6 M⊙ model. As the rotation rate increases, the upward slope

in the period spacing becomes more pronounced. Taken from Lovekin and

Guzik (2017) ©AAS. Reproduced with permission.
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Indeed, observations of heartbeat stars with the Kepler
telescope have shown that even in close eccentric binaries,
the rotation period can be different from the orbital period
(Hambleton et al., 2018). In close systems like this, the
gravitational field can even produce tidally excited oscillations,
and pulsations have also recently been detected in η Carinae,
which have been proposed to be tidally excited (Richardson et al.,
2018). Tidally excited oscillations were first suggested in binary
stars where the rotation period of the components is different
from the orbital period of the system (Cowling, 1941), so these
systems will necessarily be at least spheroidal, and are highly
likely to be triaxial.

5. THE FUTURE: CHALLENGES AND
NEEDS

Multi-dimensional models are common in simulations of short-
timescale events inside stars. Several groups have modeled the
internal convection of stars (Woodward et al., 2018; Arnett et al.,
2019), but even these simulations often don’t include rotation.
Typically, convection simulations model a part of a star, either
a wedge or a shell. In either case, these simulations are much
shorter in timescale than evolution calculations, and the base
structure is effectively static. Rotation also breaks the symmetry
between the latitudinal an azimuthal (θ and φ) directions, so
the simulations must be 3D to capture all the details (Viallet
et al., 2013). The rotation also changes the way the composition
of the star changes, introducing non-local effects (Arnett and
Meakin, 2010). Although great progress is being made in these
3D convection simulations, the computational power required to
model both short and long timescales in a single simulation does
not exist. Much work is being done on determining algorithms
that can be used to replace the standard Mixing Length Theory
(MLT) (Böhm-Vitense, 1958), in 1D stellar models, but this will
still only approximate some of the effects.

In most 1D stellar evolution codes, rotation is included using
a shellular approximation, which essentially reduces the problem
to 1D (Zahn, 1992). This type of rotation law is thought to arise
from strong horizontal turbulence, which forces the rotation rate
to be constant along isobars. Transport of material and angular
momentum via the meridional circulation can be modeled as an
effective diffusion in this model. Models suggest that shellular
rotation is probably a good approximation at low rotation
rates, while at higher rotation rates, models produce rotation
profiles that do depend on latitude (Kitchatinov and Rüdiger,
1999; Espinosa Lara and Rieutord, 2013; Rieutord et al., 2016).
Nevertheless, this is the approximation made by the vast majority
of stellar evolution codes in use today. The exceptions are ESTER
(Espinosa Lara and Rieutord, 2013; Rieutord et al., 2016), which
fixes a surface velocity Veq and allows the angular momentum to
evolve, and ROTORC (Deupree, 1990, 1995, 1998), which accepts
an initial rotation profile, and then evolves the star with local
conservation of angular momentum.

It is reasonable to expect that stars are uniformly rotating,
at least initially, but as they evolve, angular momentum will
be transported inside the star. Models that are created with a

uniform rotation profile on the ZAMS will quickly evolve to a
differential rotation profile with the core rotating more rapidly
than the surface (Denissenkov et al., 1999). This profile is in
good agreement with the few stars that have had core to surface
rotation rates measured using asteroseismology (Aerts et al.,
2003; Lovekin and Goupil, 2010). Internal transport mechanisms
like meridional circulation tend to bring angular momentum
from the core to the surface, where it can be carried away with the
stellar winds (Ekström et al., 2012). Since themass loss is so much
more efficient in more massive stars, these models spin down
more rapidly, which in turn affects the size of the core, effective
temperature, and luminosity of the star. In order to accurately
model these properties, the details of internal transport must be
correctly included.

In massive stars, many observed magnetic fields are
approximately dipolar, the magnetic axis is frequently offset from
the rotation axis of the star, making this a 3D problem (Grunhut
et al., 2017). In lower mass stars, magnetic fields are produced
by a dynamo, which is also a 3D problem, and needs to be
parameterized to include the effects in 1 or 2D models. This
remains challenging to implement, and at present can only be
done for simplified systems (Jennings et al., 1990). Nevertheless,
magnetic fields have been included in a few 1D codes (see, for
example Feiden, 2016; Keszthelyi et al., 2018).

The effects of magnetic fields on stellar evolution can be
significant. Magnetic fields couple with the rotation of a star,
and so affect the internal transport and mass loss of a star. The
effects on internal energy transport are particularly pronounced
in the convective regions, and this has been suggested to be
the origin of the radius inflation problem in M dwarfs (Jackson
et al., 2018). One promising line of inquiry uses post-common-
envelope binaries as probes of the magnetic field (Navarrete et al.,
2019). In this case, it appears that the magnetic field can have
a measurable effect on the stellar structure. Clearly, magnetic
fields are an important part of stellar evolution and need to be
accounted for in the models. This remains a challenging problem
though, as magnetic fields are intrinsically 3D and act and evolve
on timescales much shorter than typical stellar evolution.

Magnetic fields are also responsible for the roAp stars,
where the oscillations arise from magneto-acoustic waves (Elkin
et al., 2008) which will require both 2D structure and pulsation
calculations to understand fully. In addition, a number of
chemically peculiar stars show horizontal inhomogeneities in
the surface abundance patterns (Khokhlova, 1976). Some work
has been done on the effect of magnetic fields on the pulsation
frequencies in roAp stars (Saio, 2014), but the 2D effects of
magnetic fields on rotation have not been investigated in detail.

Of course, many groups are working on the 2D and 3D
properties of stellar convection and turbulence (Davis et al.,
2018; Arnett et al., 2019), but these simulations usually cover
only a small fraction of the star, and cover a timescale that is
short compared to the evolutionary timescale. The ESTER code
described above (Espinosa Lara and Rieutord, 2013; Rieutord
et al., 2016) models the stellar structure in 2D, and includes
the effects of meridional circulation and rotation, but is not
capable of modeling the longer timescales required to describe
the evolution in 2D.

Frontiers in Astronomy and Space Sciences | www.frontiersin.org 8 January 2020 | Volume 6 | Article 77196

https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org
https://www.frontiersin.org/journals/astronomy-and-space-sciences#articles


Lovekin 2D Modeling

To date, there is no code capable of modeling the evolution
of a star in 2D, while also taking into account the effects of short
term processes likemeridional circulation and convection. This is
a serious gap in our abilities, and limits our ability to model stars
with strong magnetic fields, in tidally distorted systems, or with
rapid rotation. In order to progress, models for the short term
processes that can be included in the evolutionary calculations
need to be developed. Since 2D calculations will intrinsically take
longer than their 1D counterparts, it would be appropriate to
develop scaling laws that can be used in 1D, as has been done
for pulsations in rotating stars (Castañeda and Deupree, 2016).

6. CONCLUSIONS

The equations of stellar structure in 1D have been well
understood for nearly 100 years, but almost immediately, it was
realized that the effects of rotation, binarity, and magnetic fields
would introduce 2D or 3D effects that needed to be taken into
account. The first attempts were made in the 1950s (Sweet and
Roy, 1953), yet 70 years later, we still do not have a way of
realistically modeling the evolution of a star in 2D. This remains
a challenging problem, and trade-offs must be made between the
ability to model detailed internal processes and the long-term
evolution of the star. This multi-dimensional structure becomes
ever more important as improved observations give us more
details about the surface properties, binary interactions, magnetic
field strengths, and pulsation frequencies. In order to accurately
reproduce these observations, our models must be able to take
into account the multi-D effects in a self-consistent fashion.

From a variety of box-in-star simulations, as well as structure
simulations with ESTER (Espinosa Lara and Rieutord, 2013;
Rieutord et al., 2016) we know that convection and rotation
produce 2D effects, and that these will in turn change the
evolution of the rotating stars when compared to non-rotating
stars. From the nucleosynthesis in the core to the mass loss
from the surface, these multidimensional processes influence the
evolution of the star. A good understanding the process of stellar
nucleosynthesis and the nature of supernova progenitors are the
building blocks for Galactic archaeology, as well as the history
of the universe. Previous studies have shown that the details of
stellar evolution can influence stellar population synthesis and
the derived masses of galaxies, affecting the way we understand
the history of our universe (Conroy, 2013).

The evolution of a star in 2D is a very challenging problem,
and requires improvements in both theoretical underpinnings

and computational resources. At the same time, the disparity
in size and time scales required to calculate the internal
processes and the evolution suggests that no improvement in
computational resources is going to make it possible to include
all aspects of themulti-D structure in a single calculation. Further
complicating the problem, convection, rotation, and magnetic
fields are all coupled, and will interact in ways that are likely non-
linear. Rather than hoping to create an ideal multi-D calculation,
we must focus on finding better models for these internal
processes that can be incorporated into models that include
their 2D effects on evolutionary timescales. In particular, a better
model for convection is needed to replace the current MLT
theory, as well as a better understanding of angular momentum
transport inside stars. This is an active area of research, and
several groups are working on an updated convection model to
replace MLT in 1D models (Garaud et al., 2010; Canuto, 2011;
Arnett et al., 2019). Magnetic fields have been included in 1D
models, but the details of their 2D influence on chemical mixing
and angular momentum transport cannot be ignored. Many
groups are working on large-scale simulations of these processes,
with a goal of better understanding how they work, and how
they can be modeled in evolution simulations. We are starting
to progress in all of these areas, and computational resources are
becoming faster, and more widely available (more cores), which
will make it feasible to run 2D or 3D evolution simulations in the
near future.
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The scaling relations for solar-like oscillations provide a translation of the features of

the stochastic low-degree modes of oscillation in the Sun to predict the features of

solar-like oscillations in other stars with convective outer layers. This prediction is based

on their stellar mass, radius, and effective temperature. Over time, the original scaling

relations have been reversed in their use from predicting features of solar-like oscillations

to deriving stellar parameters. Updates to the scaling relations as well as their reference

values have been proposed to accommodate for the different requirements set by the

change in their use. In this review the suggestions for improving the accuracy of the

estimates of stellar parameters through the scaling relations for solar-like oscillations are

presented together with a discussion of pros and cons of different approaches.

Keywords: stellar pulsations, stellar parameters, solar-like oscillations, scaling relations, stellar mass,

stellar radius

1. INTRODUCTION

With the advent of high resolution spectrographs [e.g., UCLES (Diego et al., 1990), CORALIE
(Queloz et al., 1999), HARPS (Pepe et al., 2000), UVES (Dekker et al., 2000), and SONG (Grundahl
et al., 2007)] and dedicated space-based photometric missions [CoRoT (Michel et al., 1998), Kepler
(Borucki et al., 2009), TESS (Ricker et al., 2014)] the number of stars for which solar-like oscillations
have been observed has increased by several orders of magnitude from the single case of the
Sun (Leighton et al., 1962) to several hundreds to thousands (e.g., Hekker et al., 2009; Chaplin
et al., 2011; Yu et al., 2018) over the last few decades. Solar-like oscillations are stochastically
excited by the turbulent convection in stars (e.g., Goldreich and Keeley, 1977; Goldreich and
Kumar, 1988) with convective envelopes, i.e., in stars with effective temperatures below∼ 6, 700 K.
Effectively, some of the convective energy is transferred into energy of global oscillations, which
reveal themselves as small amplitude oscillations at the stellar surface. As essentially all modes are
excited the oscillation spectrum generally shows a clear pattern of overtones, with as a dominant
feature the large frequency separation between modes of the same degree and consecutive radial
order 1ν. The oscillations are centered around a specific frequency (also called frequency of
maximum oscillation power νmax) with the (small) amplitudes of the oscillations decreasing away
from this specific frequency.

In the 1980’s and early 1990’s, several groups attempted to observe solar-like oscillations in
our brightest neighboring stars such as Procyon, α Cen A, β Hyi, and ǫ Eri (Noyes et al., 1984;
Gelly et al., 1986; Frandsen, 1987; Brown and Gilliland, 1990; Brown et al., 1991; Innis et al., 1991;
Pottasch et al., 1992; Bedford et al., 1993) to name a few. It was also at these times that the scaling
relations (or asteroseismic scaling relations) for solar-like oscillations were first introduced. The
main purpose of these relations was to predict the frequencies and amplitudes of the solar-like
oscillations based on the known mass, radius, surface gravity, and effective temperature of the

201
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target. This allowed for investigations as to whether the
(null-)detections were genuine or due to limitations of the
observations in terms of for instance signal-to-noise ratio and/or
frequency resolution.

An early suggestion for a scaling relation was presented by
Brown et al. (1991). This scaling relation was based on the
acoustic cut-off frequency (νac), which is expected to scale as:

νac ∝ gT
− 1

2

eff
(1)

with g the surface gravity and Teff the effective temperature. The
predictions by Brown et al. (1991) were based on the fact that
the acoustic cut-off frequency is about 1.8 times the frequency
at which the oscillation amplitudes in the Sun are largest. From
this Brown et al. (1991) predicted the location of the frequency of
maximum oscillation power for Procyon to be around 1.0 mHz.

Kjeldsen and Bedding (1995) presented a dedicated study in
which they predicted the amplitude [both velocity amplitude vosc
and luminosity amplitude (δL/L)λ at wavelength λ], frequency
of maximum oscillation power (νmax) and large frequency
separation (1ν) of other stars from scaling to the Sun, based
on a linear adiabatic derivation. Kjeldsen and Bedding (1995)
formulated the scaling relations as follows:

vosc =
L/L⊙
M/M⊙

(23.4± 1.4)cm s−1 (2)

(δL/L)λ =
L/L⊙(4.7± 0.3) ppm

(λ/550 nm)(Teff/5777 K)2(M/M⊙)
(3)

1ν0 = (M/M⊙)
1
2 (R/R⊙)

− 3
2 1ν⊙ (4)

νmax =
M/M⊙

(R/R⊙)2
√
Teff/5777 K

νmax,⊙ (5)

with 1ν0 the value of 1ν for radial (degree = 0) modes, L
luminosity, M mass, and R radius. The ⊙ symbol indicates solar
values, with1ν⊙ = 134.9µHz and νmax,⊙ = 3.05 mHz. Over the
years, several authors have adopted different solar values based
on internal calibrations from the analysis of a solar oscillation
spectrum with the same method as applied to asteroseismic
oscillation spectra. An overview of these values with references
is provided in Table 1.

The scaling relations provide decent estimates of the observed
oscillations for a large range of stars. However, with the increase
in the accuracy with which solar-like oscillations have been
detected for a range of stars with different masses, metallicities,
and effective temperatures, the inherent shortcomings of such
relations, i.e., they rely on a homologous stellar structure
between the target star and the reference, have been apparent.
Additionally, the use of the scaling relations has reversed from
predicting oscillation features from known stellar parameters
(e.g., Brown et al., 1991; Kjeldsen and Bedding, 1995) to
estimating stellar parameters from the observed oscillations as
per Equations (6) and (7) (Stello et al., 2009b; Kallinger et al.,

TABLE 1 | Overview of observed 1ν⊙ and νmax,⊙ values as adopted in the

literature.

1ν⊙ [µHz] νmax,⊙ [µHz] References

134.9 3050 Kjeldsen and Bedding, 1995

134.88 ± 0.04 3120 ± 5 Kallinger et al., 2010a

134.9 3150 Chaplin et al., 2011

135.1 ± 0.1 3090 ± 30 Huber et al., 2011

135.5 3050 Mosser et al., 2013a

134.9 ± 0.1 3060 ±10 Hekker et al., 2013b (COR/EACF method)

135.03 ± 0.07 3140 ±13 Hekker et al., 2013b (OCT method)

134.88 ± 0.04 3140 ± 5 Kallinger et al., 2014

135.4 ± 0.3 3166 ± 6 Themeßl et al., 2018

2010b, were the first to apply this, to solar-type stars and red-
giant stars, respectively). This changed use of the scaling relations
and our desire to obtain always more precise and accurate stellar
parameters changed the accuracy and precision that we aim to
reach with the scaling relations.

M

M⊙
≃

(

νmax

νmax,⊙

)3 (

1ν

1ν⊙

)−4 (

Teff

Teff,⊙

)3/2

(6)

R

R⊙
≃

(

νmax

νmax,⊙

) (

1ν

1ν⊙

)−2 (

Teff

Teff,⊙

)1/2

(7)

The amplitudes of the oscillations are related to the excitation
and damping processes of the oscillations, which are still
debated in the literature. Hence, the amplitude scaling relations
(Equations 2, 3) are not yet widely used to derive stellar
parameters. On the other hand, the 1ν and νmax scaling
relations (Equations 4, 5) are now frequently used to determine
stellar masses and radii (Equations 6, 7) and from these derive
stellar ages. For this reason I focus here on the 1ν and νmax

scaling relations.

2. THE 1ν AND νmax SCALING RELATIONS

Here I first discuss the physical relation between stellar
parameters and1ν and νmax, respectively. I subsequently present
an overview of many of the validity tests and suggestions to
adapt the scaling relations and/or the reference values which
aim to improve the accuracy of the derived stellar parameters in
chronological order.

2.1. Relation of 1ν and νmax With Stellar
Parameters
The 1ν scaling relation is physically justified as 1ν is in an
asymptotic approximation equal to the inverse of the sound travel
time through the star:

1ν =
(

2

∫ R

0

dr

cs

)−1

, (8)
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with cs the adiabatic sound speed. Kjeldsen and Bedding (1995)
showed that with estimates for internal values of the pressure and
the temperature this results in 1ν ∝

√

M/R3, i.e., that the large
frequency separation is directly proportional to the square root
of the mean density of the star.

The νmax scaling relation has been defined empirically
based on homology arguments with another typical dynamical
timescale of the atmosphere, i.e., the acoustic cut-off frequency
(νac, see Equation 1). Belkacem et al. (2011) aimed to provide
a theoretical basis for the scaling between νmax and νac. These
authors indeed confirmed for stars other than the Sun that νmax

corresponds to the plateau (depression) of the damping rates, as
was already pointed out for the solar case by Chaplin et al. (2008).
This combined with the suggestion by Balmforth (1992) that the
plateau of the damping rate occurs when there is a resonance
between the thermal time scale (τ ) and the modal frequency,
Belkacem et al. (2011) derived the resonance condition to be:

νmax ≃
1

2πτ
. (9)

For a grid of models Belkacem et al. (2011) found a close to
linear relation between the thermal frequency τ−1 and νac with
some dispersion related to the dispersion in mass. Hence, they
concluded that the observed relation between νmax and νac is
indeed the result of the resonance between νmax and τ−1, as well
as the relation between τ−1 and νac. Belkacem et al. (2011) took
this one step further to express this in thermodynamic quantities
and found:

νmax ∝
1

τ
∝

(

Ŵ2
1

χρ6

) (

M
3
a

αMLT

)

νac, (10)

with Ma the Mach number, i.e., the ratio of the convective
rms velocity vconv to sound speed cs, αMLT the mixing-length
parameter, χρ = (∂ lnP/∂ ln ρ)T , 6 = (∂ ln ρ/∂ lnT)µ,P,
and Ŵ1 = (∂ ln P/∂ ln ρ)ad with P, T, ρ, and µ the pressure,
temperature, density, and mean molecular weight, respectively.
Finally, Belkacem et al. (2011) stated that although the observed
scaling between νmax and νac may not be obvious at first
glance as νmax depends on the dynamical properties of the
convective region while νac is a statistical property of the surface
layers, the additional dependence on the Mach number resolves
this paradox.

Together the 1ν and νmax scaling relations (Equations 4, 5)
can be rewritten to provide stellar masses and radii (Equations 6,
7). This path way of deriving stellar masses and radii is now
widely in use. Hence, the 1ν and νmax scaling relations are
discussed here together.

2.2. Validity Tests and Suggested
Improvements
After some initial general investigations in the validity of the 1ν

scaling relation by Stello et al. (2009a), Bruntt et al. (2010), Basu
et al. (2010), and White et al. (2011) were the first to carry out an
in depth study on how accurately the relation in Equation (11) is

followed by models:

ρ ≈
(

1ν

1ν⊙

)2

ρ⊙, (11)

with ρ and ρ⊙ the mean density of the star and the Sun,
respectively. In their work,White et al. (2011) computed1ν from
a linear (Gaussian-weighted) least squares fit to the frequencies of
radial modes. Throughout the paper, I will refer to 1ν derived
in a similar way as 1νfreq. Using the same approach White
et al. (2011) computed 1ν⊙ = 135.99 µHz derived from a fit to
frequencies of the standard solar model, model S of Christensen-
Dalsgaard et al. (1996).

White et al. (2011) showed that deviations from the scaling
relation exist in models and that these are predominantly a
function of effective temperature. For stars with temperatures in
the range 4,700–6,700 K and masses larger than ∼ 1.2 M⊙, these
authors suggested a variation of the scaling relation of the form:

ρ

ρ⊙
=

(

1ν

1ν⊙

)2

(f (Teff))
−2, (12)

where

f (Teff) = −4.29

(

Teff

104 K

)2

+ 4.84

(

Teff

104 K

)

− 0.35. (13)

According to White et al. (2011), metallicity has little effect
except for red giants, for which there is a slight dependence.
Furthermore, they noted that their function (Equations 12,
13) is based on models and the so-called surface effect (a
frequency-dependent offset between observed and modeled
frequencies that affects 1ν) is not accounted for. Nevertheless,
they recommended (Equation 12 or Equation 11) to be used with
the observed value of 1ν⊙ = 135.0 µHz.

Subsequently, Huber et al. (2012) compared the radii of
stars measured from asteroseismic scaling relations with
radii measured from interferometry. They obtained excellent
agreement within the observational uncertainties. They
furthermore showed that asteroseismic radii of main-sequence
stars are accurate to ≤4 per cent. At about the same time (Silva
Aguirre et al., 2012) used the oscillation data and multi-band
photometry to derive stellar parameters in a self-consistent
manner coupling asteroseismic analysis with the Infra Red Flux
Method (IRFM). They showed an overall agreement of 4 per
cent with Hipparcos parallaxes, a mean difference in Teff of less
than 1 per cent and agreement within 5 per cent for the angular
diameters. Despite these encouraging results, Silva Aguirre
et al. (2012) warned for systematics either due to reddening or
metallicity, or due to observational uncertainties.

Following Stello et al. (2009a) and Kallinger et al. (2010b),
there have been many attempts to use the scaling relations to
determine stellar masses and radii, either directly or from grid-
based modeling (e.g., Gai et al., 2011). In one of these works
Miglio et al. (2012) explicitly addressed the fact that stars on
the red-giant branch (RGB) have an internal temperature (hence
sound speed) distribution different from that of stars in the core
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helium burning phase (CHeB). They found that an CHeB model
has a mean 1ν that is about 3.3 per cent larger than an RGB
model, despite having the same mean density. This difference
is due to the fact that the sound speed in the CHeB model is
on average higher (at a given fractional radius) than that of the
RGB model, mostly due to the different temperature profiles.
This effect is largest in the region below the boundary of the
helium core in the RGB model, though the near-surface regions
(r/R ≥ 0.9) also contribute about 0.8 per cent. Based on this
findingMiglio et al. (2012) suggested that a relative correction has
to be considered when dealing with CHeB stars and RGB stars.
This relative correction is expected to be mass-dependent and
to be larger for low-mass stars, which have significantly different
internal structures when ascending the RGB compared to when
they are in the CHeB.

Mosser et al. (2013a, see also Mosser, 2013, Mosser et al.,
2013b) made an explicit link between the asymptotic spacing
(1νas, the value of1ν as defined in Equation 8) and the observed
spacing (1νobs), where 1νobs is defined as the difference in
observed frequencies of radial modes.Mosser et al. (2013a) linked
1νas with 1νobs in the following way:

1νas = 1νobs

(

1+
nmaxαobs

2

)

, (14)

with αobs the curvature and nmax a dimensionless value of νmax

defined as nmax = νmax/1νobs. By taking into account the
curvature, it is possible to correct the observed value of 1ν and
derive its asymptotic counter part, which leads to more accurate
asteroseismic estimates of the stellar mass and radius (see also
Belkacem et al., 2013). Mosser et al. (2013a) stated that in case the
asymptotic values are used (together with the solar values as listed
in Table 1) no correction has to be applied. If the observed values
are used, then corrections up to 7.5 and 2.5 per cent in mass
and radius should be applied. Alternatively, Mosser et al. (2013a)
suggested to use in combination with the observed 1ν and νmax

more general reference values, i.e., 1νref, instead of the solar
reference values. So for stars other than the Sun, they suggested
these new calibrated references to be 1νref = 138.8 µHz and
νmax, ref = 3, 104 µHz.

In response to the work by Mosser et al. (2013a), Hekker et al.
(2013a) investigated whether the differences between observable
oscillation parameters and their asymptotic estimates are indeed
significant. Based on stellar models they found that the extent to
which the atmosphere is included in themodel is a key parameter.
Considering a larger extension of the atmosphere beyond the
photosphere reduces the difference between the asymptotic and
observable values of the large frequency separation. Hence,
Hekker et al. (2013a) cautioned that the corrections proposed by
Mosser et al. (2013a) may be overestimated.

Epstein et al. (2014) testedmasses obtained from asteroseismic
scaling relations against masses of metal-poor ([Fe/H] < −1)
stars. Based on the fact that the nine stars (6 halo stars and 3 thick
disc stars) in their study can not be younger than 8 Gyr combined
with models with a normal (near-primordial) helium abundance
provided a range of theoretically allowed masses of between
roughly 0.8 and 0.9 M⊙. The masses obtained by (uncorrected)
scaling relations are overestimated by about 16 per cent. This

overestimate reduced by including corrections to the reference
values of the scaling relations fromKallinger et al. (2010b), White
et al. (2011), and Mosser et al. (2013a), though they did not
mitigate the problem fully. This prompted Epstein et al. (2014) to
call for further investigations into the metallicity dependence of
the1ν scaling relation and the impact of the νmax scaling relation
on mass estimates.

Coelho et al. (2015) performed tests on how well the
oscillations of cool main-sequence and subgiant stars adhere to
the relation between νmax and the cut-off frequency for acoustic
waves in an isothermal atmosphere. The results by Coelho et al.
(2015) based on a grid-based modeling approach ruled out
departures from the classic νmax scaling relation at the level of
∼1.5 per cent over the full range in Teff (5,600 K < Teff <

6, 900 K) that they tested for. Coelho et al. (2015) stated that there
is some uncertainty concerning the absolute calibration of the
scaling relation, though any variation with Teff is small, resulting
in a limit similar to the∼1.5 per cent level.

Brogaard et al. (2016) concluded in their ongoing
investigations of the asteroseismic scaling relations in open
cluster stars and binaries that they are accurate to within their
uncertainties for giant stars. They stated that this is the case as
long as corrections to the reference values of the 1ν scaling
relation are calculated and applied along the lines of Miglio et al.
(2013) whom considered a 5 per cent systematic uncertainty
on the radius determination to account for inaccuracies in the
scaling relations. Brogaard et al. (2016) noted that asteroseismic
log g values are extremely consistent with their independent
measurements which implies that the scaling for νmax is reliable.

Sharma et al. (2016) proposed a correction factor f1ν

defined as:

f1ν =
(

1ν

1ν⊙

) (

ρ

ρ⊙

)−0.5

, (15)

with 1ν⊙ = 135.1 µHz. The value of f1ν was determined
for a grid of models with −3.0 dex < [Fe/H] < 0.4 dex and
0.8 M⊙ < M < 4.0 M⊙ following the same approach as White
et al. (2011) to derive 1νfreq for each model in a way to mimic
the way 1ν is measured from data. The value of f1ν was
obtained by Sharma et al. (2016) along each stellar track ranging
from the zero-age main sequence until the end of helium-core
burning. These results were combined in a grid, for which they
computed the correction factor for each synthetic star through
an interpolation and they corrected 1ν based on this factor.
Additionally, Sharma et al. (2016) also applied a correction to the
νmax scaling relation of fνmax = 1.02 to improve the agreement
between the models and observations.

Guggenberger et al. (2016) tackled the issue of the dependence
of the 1ν reference on both effective temperature and [Fe/H]
by fitting a Teff - [Fe/H] dependent reference function through
a set of models spanning −1.0 dex < [Fe/H] < 0.5 dex and
0.8 M⊙ < M < 2.0 M⊙. Based on the variations in the ratio
of the value of 1ν from scaling relations with solar values to
values of 1νfreq obtained from the differences between radial
oscillation modes as a function of Teff in stellar models, this
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reference function has the following shape:

1νref = AeλTeff/10
4K(cos(ωTeff/10

4K+ φ))+ B, (16)

with

A = 0.64[Fe/H]+ 1.78 µHz, (17)

λ = −0.55[Fe/H]+ 1.23, (18)

ω = 22.12 radK−1, (19)

φ = 0.48[Fe/H]+ 0.12, (20)

B = 0.66[Fe/H]+ 134.92 µHz, (21)

and was calibrated for stars in different evolutionary states
including (end of) main-sequence stars, subgiants and cool red
giants down to νmax = 6 µHz. Similar to White et al. (2011)
this reference function was developed on models and does not
include the surface correction. Nevertheless, Guggenberger et al.
(2016) showed that this reference function allows masses and
radii to be recovered through asteroseismic scaling relations with
an accuracy of 5 and 2 per cent, respectively. For this they used
νmax, ref = νmax,⊙ = 3, 050 µHz.

Gaulme et al. (2016) subsequently tested for 10 red-giant stars
the masses and radii obtained from the asteroseismic scaling
relations against masses and radii obtained from the orbital
solutions of spectroscopic eclipsing binaries. These authors
found that the asteroseismic scaling relations overestimate the
radii by about 5 per cent on average and the masses by about
15 per cent on average, while using the 1ν scaling relation
where the curvature was included as proposed by Mosser et al.
(2013a). Gaulme et al. (2016) also tested both the original
scaling relations (Kjeldsen and Bedding, 1995) as well as other
reference values (Kallinger et al., 2010a; Chaplin et al., 2011;
Guggenberger et al., 2016) and corrections to the scaling relations
(Sharma et al., 2016), with similar or worse results. Gaulme et al.
(2016) noted that another culprit in the scaling relations is the
effective temperature, i.e., overestimated temperatures can lead to
overestimated values for the scaling lawmasses and radii. Indeed,
when Gaulme et al. (2016) decreased their effective temperatures
by 100 K the asteroseismic masses and radii decreased by 3.1 and
1.0 per cent, respectively.

Yıldız et al. (2016) investigated the impact of the assumption
that the first adiabatic exponent (Ŵ1) and mean molecular
weight (µ) are assumed to be constant at the stellar surface
for the purpose of deriving the scaling relations. Yıldız et al.
(2016) found that depending on the effective temperature, Ŵ1

changes significantly in the near surface layers of solar-like stars.
Henceforth, they found that the ratio of the mean large frequency
separation to square root of mean density is a linear function of
Ŵ1. Additionally, they also included the Ŵ1 dependence into the
νmax scaling relation. The relations to determine stellar mass and
radius as proposed by Yıldız et al. (2016) are as follows:

M

M⊙
=

(νmax/νmax⊙)3

(1ν/1ν⊙)4

(

Teff

Teff⊙

Ŵ1⊙
Ŵ1

)
3
2 f 41ν

f 3ν
, (22)

R

R⊙
=

(νmax/νmax⊙)

(1ν/1ν⊙)2

(

Teff

Teff⊙

Ŵ1⊙
Ŵ1

)
1
2 f 21ν

fν
, (23)

with

f1ν = 0.430
Ŵ1

Ŵ1⊙
+ 0.570, (24)

fν = 0.470
Ŵ1⊙
Ŵ1

+ 0.530. (25)

Following Yıldız et al. (2016) and Viani et al. (2017) examined the
νmax scaling relation taking into account that the first adiabatic
exponent (Ŵ1) and mean molecular weight (µ) are not constant
at the stellar surface. Based on models they found that the
largest source of the deviation in the νmax scaling relation is the
neglect of the mean molecular weight (µ) and Ŵ1 terms when
approximating the acoustic cut-off frequency. Viani et al. (2017)
proposed the following relation to be used:

νmax

νmax,⊙
=

(

M

M⊙

) (

R

R⊙

)−2 (

Teff

Teff,⊙

)− 1
2
(

µ

µ⊙

)
1
2
(

Ŵ1

Ŵ1,⊙

)
1
2

.

(26)
Viani et al. (2017) noted that the deviations in the scaling
relations cause systematic errors in estimates of log g, mass and
radius. The errors in log g are however well within errors caused
by data uncertainties and are therefore not a big cause for
concern, except at extreme metallicities.

Following on from the Teff - [Fe/H] dependent reference
function, Guggenberger et al. (2017) performed symbolic
regression, i.e., they let both the functional form as well as
the parameters vary to obtain a best fit, to mitigate the mass
dependence of 1νref for stars with 5 µHz < νmax < 170 µHz.
Essentially, two functions were presented: one based directly
on the 1ν derived from the models in a way to mimic the
observations and one after applying the reference function of
Guggenberger et al. (2016) (see Equation 16). These functions
take the following from:

1νref = A1+A2×M+
A3

νmax
+A4×

√
νmax−A5×νmax−A6×[Fe/H],

(27)
and for the residuals of Equation (16):

1νref,residuals = B1 ×M + B2 × νmax +
B3 ×M − B4 × [Fe/H]

νmax

− B5 − B6 ×M × νmax, (28)

where the values of the parameters and units are listed in
Table 2. As the mass M is included in these functions, they
have to be applied in an iterative manner. In the range
5 µHz < νmax < 170 µHz the reference functions Equations (27)
and (28) improve mass and radius determinations by 10 per
cent and 5 per cent respectively (compared to using a solar
reference). This is true in the limit of ideal data obtained from
canonical stellar models and without including a surface effect.
Guggenberger et al. (2017) noted that Equations (27, 28) as
well as (16) do not have a physical meaning. However, they do
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TABLE 2 | Parameters with their units of the functions in Equations (27) and (28).

A1 124.72 µHz B1 1.88 µHz/M⊙

A2 2.23 µHz/M⊙ B2 0.02 -

A3 17.61 µHz2 B3 5.14 µHz2/M⊙

A4 0.73
√

µHz B4 10.90 µHz2

A5 0.02 - B5 3.69 µHz

A6 0.93 µHz B6 0.01 M−1
⊙

represent an empirical fit optimized to the data obtained from
stellar models that include canonical stellar physics.

Serenelli et al. (2017) formulated a calibration factor to
account for the surface effects in cases where 1ν in stellar
models is computed from theoretical frequencies (e.g., Sharma
et al., 2016; Rodrigues et al., 2017). The advantage of relying
on 1νfreq computed from theoretical frequencies is that it
captures deviations from the pure scaling relation due to the
detailed structure of stellar models (e.g., Belkacem et al., 2013).
However, the underlying theoretical frequencies are affected by
poor modeling of stellar atmospheres and the neglect of non-
adiabatic effects in the outer most layers (Rosenthal et al., 1999),
i.e., the surface effect. Therefore, the 1νfreq from solar models is
about 1 per cent larger than the observed 1ν⊙. This difference
implies that stellar model grids that rely on 1νfreq computed
from theoretical frequencies will not be able to reproduce a solar
model unless it is rescaled to match 1ν⊙. The calibration factor
fcal to rescale 1νfreq to 1ν⊙ suggested by Serenelli et al. (2017) is
as follows:

fcal =
1ν⊙

1νfreq,SM
, (29)

where SM means solar model. Such a rescale has been applied
by Serenelli et al. (2017) to the full grid of stellar models used to
compute stellar parameters.

In a similar approach as Gaulme et al. (2016), Brogaard
et al. (2018), and Themeßl et al. (2018) tested the asteroseismic
masses and radii against masses and radii obtained from
binary orbits for three eclipsing binary systems each (one
system in overlap). Both studies found that asteroseismic scaling
relations without corrections to the 1ν scaling relations would
overestimate the masses and radii. However, by including the
theoretical correction factors (f1ν) according to Rodrigues et al.
(2017)1, Brogaard et al. (2018) reached general agreement
between dynamical and asteroseismic mass estimates, and no
indications of systemic differences at the level of precision of the
asteroseismic measurements. In the same vein, Themeßl et al.
(2018) proposed an empirical reference value for 1ν (1νref,emp)
that is consistent with the corrections by Guggenberger et al.
(2016) while also including surface effects as computed for the
same set of stars by Ball et al. (2018). Themeßl et al. (2018)

1Rodrigues et al. (2017) implemented a similar interpolation scheme in their

models as Sharma et al. (2016). They also experimented with the impact of the

period spacing 1P on the mass and radius determination, though that is beyond

the scope of this review.

presented the following value:

1νref,emp = 130.8± 0.9 µHz, (30)

with a consistent solar reference for νmax of 3137± 45µHz. Both
the studies by Brogaard et al. (2018) and Themeßl et al. (2018)
indicated that this is just a start and that there is a need for a
large high-precision sample of eclipsing spectroscopic binaries
(eSB2) covering a range in mass, metallicity and stellar evolution
to further test the masses and radii of solar-like oscillators
determined through scaling relations.

Kallinger et al. (2018) devised non-linear seismic scaling
relations based on six known eSB2 systems selected from Gaulme
et al. (2016), Themeßl et al. (2018), and Brogaard et al. (2018).
By comparing νmax to gdyn/

√
Teff, where gdyn is the surface

gravity derived from the dynamical solution of the red-giant
components in the eSB2 systems, they obtained a reference value
for νmax for RGB stars with 20 µHz < νmax < 80 µHz of
νmax,ref,RGB = 3245 ± 50 µHz. For a more general approach
Kallinger et al. (2018) fitted

gdyn√
Teff

=
(

νmax

νmax,⊙

)κ

, (31)

in which νmax,⊙ = 3140± 5µHz (Kallinger et al., 2014). Kallinger
et al. (2018) found κ = 1.0080 ± 0.0024. For the large frequency
separation, Kallinger et al. (2018) found a similar situation. The
average of the six stars provides a reference value 1νref,RGB of
133.1 ± 1.3 µHz. However, they found more statistical evidence
for the function:

1ν = 1νref ·
√

ρdyn = 1ν⊙[1−γ log2(1ν/1ν⊙)]·
√

ρdyn, (32)

with γ = 0.0043 ± 0.0025 when using the average frequency
spacing of the three central radial orders (local 1ν or 1νc)
and a local solar value 1νc,⊙ = 134.89 ± 0.04 µHz, or γ =
0.0085±0.0025 when including a curvature and glitch correction
(indicated with 1νcor) and a corrected solar value 1νcor,⊙ =
135.08 ± 0.04 µHz. Kallinger et al. (2018) noted that the latter
solution should be preferred over the local or average value of 1ν.

Ong and Basu (2019) derived an asymptotic estimator for the
large frequency separation that captures most of the variations in
the scaling relation with a single expression and thereby return
estimates of 1ν that are considerably closer to the observed
value than the traditional estimator, without any ambiguity as
to the outer turning point of the relevant integral (see Hekker
et al., 2013a). They derived a new expression for 1ν by using a
more accurate description of the WKB2 expression of the first-
order asymptotic theory of p modes in which a more detailed
asymptotic analysis (i.e., not setting terms to zero prematurely
before performing the WKB analysis) was used (Deubner and

2One of the most useful techniques for studying wave-like solutions of ordinary

linear differential equations of second order: namely the so-called Liouville-Green

expansion combined with the method of Jeffreys for connecting solutions across

turning points. See Gough (2007) for more details.
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Gough, 1984). Following a Taylor expansion Ong and Basu
(2019) derived:

1ν ∼



2

∫ r2

r1

dr

cs

1
√

1− ω2
ac

ω2





−1

, (33)

in which ω = 2πν is the angular frequency and ωac the angular
acoustic cut-off frequency:

ω2
ac =

c2s
4H2

(

1− 2
dH

dr

)

, (34)

with H the density scale height. Ong and Basu (2019) showed
that in this prescription the turning points of the integral
emerge naturally from the theoretical formulation and do not
suffer any ambiguity independent of the choice of model
atmosphere or modifications to the model metallicity. The
only precaution is that the integral expression (Equation 33)
becomes singular at some point during the main-sequence
turn-off, which is ultimately a consequence of the failure of
the WKB regime. Ong and Basu (2019) showed that these
singular points occur during a transition between two extreme
regimes of asymptotic behavior providing theoretical justification
for separately calibrated scaling relations for stars at different
evolutionary stages.

Finally, Bellinger (2019) used the Kepler Ages (Silva Aguirre
et al., 2015; Davies et al., 2016) and LEGACY samples (Lund et al.,
2017; Silva Aguirre et al., 2017) to investigate the scaling relations
for main-sequence stars. Bellinger (2019) used the masses and
radii from the Stellar Parameters in an Instant (SPI) method
(Bellinger et al., 2016) as provided by Bellinger et al. (2019) to
provide the following functions:

M

M⊙
=

(

νmax

νmax,⊙

)0.975 (

1ν

1ν⊙

)−1.435 (

Teff

Teff,⊙

)1.216

exp ([Fe/H])0.270 , (35)

R

R⊙
=

(

νmax

νmax,⊙

)0.305 (

1ν

1ν⊙

)−1.129 (

Teff

Teff,⊙

)0.312

exp ([Fe/H])0.100 , (36)

τ

τ⊙
=

(

νmax

νmax,⊙

)−6.556(
1ν

1ν⊙

)9.059(
δν

δν⊙

)−1.292( Teff

Teff,⊙

)−4.245

exp ([Fe/H])−0.426 ,

(37)
with νmax,⊙ = 3090± 30 µHz, 1ν⊙ = 135.1± 0.1 µHz (Huber
et al., 2011), Teff,⊙ = 5772.0 ± 0.8 K (Prša et al., 2016); δν is
the small frequency separation between modes of degree 0 and
2 with δν⊙ = 8.957 ± 0.059 µHz (based on data from Davies
et al., 2014) and τ is age with τ⊙ = 4.569± 0.006 Gyr (Bonanno
and Fröhlich, 2015). Bellinger (2019) stated that Equations (35,
36, 37) yield uncertainties of 0.032 M⊙ (3.3 per cent), 0.011 R⊙
(1.1 per cent), and 0.56 Gyr (12 per cent) for mass, radius, and
age, respectively.

3. DISCUSSION

The suggestions to improve the accuracy of the stellar
parameters derived from the 1ν and νmax scaling relations

TABLE 3 | Overview of the parameter space of different corrections to the

asteroseismic scaling relations as presented in the literature.

References Evolutionary phasea Mass [M⊙] Metallicity (dex)

White et al. (2011) MS & RGB 0.7–2.0 −0.1 to 0.1

Mosser et al. (2013a) RGB 0.8–1.8

Guggenberger et al. (2016) MS & RGB 0.8–2.0 −1.0 to 0.5

Sharma et al. (2016) RGB & CHeB 0.5–3.5 −1.5 to 0.5

Yıldız et al. (2016) MS 0.8–1.8

Guggenberger et al. (2017) RGB 0.8–2.0 −1.0 to 0.5

Rodrigues et al. (2017) RGB & CHeB 0.6–2.5 −1.0 to 0.5

Serenelli et al. (2017) MS & subgiants 1.0–1.6 −0.5 to 0.5

Viani et al. (2017) MS & RGB 0.8–2.0 −1.5 to 0.5

Kallinger et al. (2018) RGB 1.1–1.5 0.0 to 0.3

Themeßl et al. (2018) RGB 1.1–1.5 −0.3 to 0.0

Bellinger (2019) MS 0.6–1.5 −0.4 to 0.4

aMS, main sequence; RGB, red-giant branch; CHeB, core helium burning.

as presented above focus on different aspects and follow
different approaches, which all have pros and cons. The
determination of alternative reference values (Mosser et al.,
2013a; Themeßl et al., 2018) or reference functions (White
et al., 2011; Guggenberger et al., 2016, 2017) have the advantage
of direct applicability to observed data without any use of
models. The drawback is that the values or functions may not
capture all dispersions in, for instance, mass, metallicity, or
temperature. Furthermore, the reference values and functions are
derived for a certain parameter space or on stars in a certain
parameter space, and hence, they will be most reliable in that
parameter space.

When using models, a correction factor implemented
throughout a grid (Sharma et al., 2016; Rodrigues et al., 2017;
Serenelli et al., 2017) or the inclusion of Ŵ1 and µ (Yıldız et al.,
2016; Viani et al., 2017) will allow to mitigate such dispersions.
However, one has to rely on stellar models, and the physics
included in the models. Additionally, the surface effect has to be
accounted for in any comparison between models and observed
data (Serenelli et al., 2017).

The approach of altering the shape of the scaling relations by
including alternative exponents or non-linear terms (Kallinger
et al., 2018; Bellinger, 2019) provides accurate stellar parameters
in the parameter ranges they are calibrated for. However, the
direct relation to the mean density and surface gravity of
the 1ν and νmax scaling relations are lost in this approach
(see section 2).

Depending on the star(s) and observations of these star(s)
at hand and the purpose of the stellar parameters derived
using the scaling relations, the exact relation or reference
function should be chosen. Table 3 provides an overview of
the parameter space that reference functions are tested for.
Certainly, one also has to be aware that both 1ν and νmax

can be measured in different ways, which results in different
values (see e.g., Hekker et al., 2011; Verner et al., 2011; Stello
et al., 2017, and references therein), and that this should
be taken into consideration when choosing a specific version
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of reference values or scaling relations. Further corrections
and calibration of the scaling relations are expected based
on forthcoming large datasets, such as the next APOKASC
catalog, which contains stars spanning a larger parameter space
in terms of surface gravity; TESS results, which span a wider
range in metallicity, and are more accessible to interferometric
measurements; and Gaia data (Gaia Collaboration et al.,
2018), which can be used for comparisons of the stellar radii
(e.g., Huber et al., 2017; Zinn et al., 2019).

The fact that so much effort has gone into calibrating
the scaling relations is testimony to the power of the 1ν

and νmax scaling relations as both a simple and precise
method to determine stellar parameters. With the many
stars with solar-like oscillations now detected with CoROT,
Kepler, K2 and TESS, and PLATO (PLanetary Transits and
Oscillations, Rauer et al., 2014) in the future, the scaling
relations will provide stellar parameters for thousands of
stars used in both Galactic archaeology as well as exoplanet

studies, which makes the efforts discussed above worthwhile
and necessary.
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This paper aims at being a provocative guide to the future of asteroseismology from the

perspective of the analysis of time series, where the fundamentals of harmonic analysis

are subjected to stress tests. In this context, we give an annotated summary of our

research over the last decades on harmonic analysis of A-F stars. We discuss and explore

the consequences of our findings, which may extend to any kind of pulsators. As well, we

analyse the impact of this reconsideration on future asteroseismic studies, which would

entail a paradigm shift. This includes a discussion on the presence of fractal behavior in

δ Sct stars, and how this can be used to develop a stopping criterion of the pre-whitening

process, as an alternative to SNR (or significance) criterion. Drilling a scientific paradigm

has its natural resilience, hence the path described here is being arduous, although fruitful

at the same time.

Keywords: asteroseismology, timeseries analysis, harmonic analysis, stars, pulsations, stellar evolution, stellar

structure, fractal analysis

1. INTRODUCTION

Nowadays, the paradigm of the asteroseismic analysis establishes that the lightcurve of any
pulsating star is the result of the convolution of the actual harmonic components (associated to
stellar oscillations with an observation window Deeming, 1975), and the response function of the
instrument. This implies the assumption that the necessary conditions to obtain the correct solution
by applying the usual harmonic analysis techniques are guaranteed.

Before the space era, many of the spurious peaks in the power spectra were attributed to
the day/night window from a single observatory. Here, spurious peaks are significant and non-
significant peaks in the frequency spectrum that do not correspond to any oscillation mode1.
This problem was partially overcome by performing multi-site observations where telescopes
were distributed in different longitudes along the globe. The Delta Scuti Network2 (DSN Breger
and Pamyatnykh, 1998) was the first to be established (1983), which observed numerous δ Sct
stars through 37 campaigns until 2008. This network delivered, among many other data, the first
asteroseismic analysis of the δ Scuti star FG Vir, and showed how non-radial modes are grouped
around the radial ones (Breger et al., 1998).

1Actually, the correct identification of spurious peaks is one of the most relevant problems now in Asteroseismology.
2https://www.univie.ac.at/tops/dsn/map.html
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However, such observations neither could be as long as
desired nor solved the problem of scintillation due to the
atmosphere, which limited the amplitudes of the detected modes.
The solution was to observe from space (e.g., MOST, CoRoT,
Kepler; Baglin et al., 2006; Matthews, 2007; Gilliland et al.,
2010, respectively). The ultra-high quality of the data and the
long continuous observations guarantees—in principle—that
spurious peaks in the powerspectra were marginal (or at least
fully controlled). Indeed, those space observations convoluted the
signal from the star with an observation window which is not
a box (due to gaps and outliers). Applying Deeming’s method
we should obtain a signal without any interference. However,
other obstacles came up. An illustrative example is the periodic
character of the window associated with the passage of the CoRoT
satellite through the South Atlantic Anomaly (SAA)3. This was
the origin of periodic gaps in the satellite’s lightcurves, which
potentially could affect the Fourier analysis as explained above.
This was solved by the community by filling the gaps with linear
interpolations (see section 2.1). In any case, an iterative spectral
deconvolution (pre-whitening) was necessary (see section 2.2).
That process, in turn, even in the best conditions, could still
introduce new frequencies in the signal, responsible of the
observed plateau of frequencies over the minimum noise level
(see e.g., Poretti et al., 2009; Chapellier et al., 2011). Moreover, to
distinguish the peaks coming from oscillations of those coming
from non-linear interactions caused by the highest-amplitude
frequencies, several techniques have been applied (e.g., Garrido
and Rodríguez, 1996; Balona, 2012).

In addition to all these difficulties, new data from the satellites
revealed the existence of the so-called hybrid pulsators, i.e., A-F
exhibiting both g and p modes, respectively (see e.g., Grigahcène
et al., 2010; Catanzaro et al., 2011; Balona et al., 2015, to name
a few), which has called into question the theory of excitation
mechanism of these stars (Uytterhoeven et al., 2011).

This work intends to synthesize decades of research of our
team devoted to try to understand the pulsation content of A-F,
intermediate-mass stars following a holistic approach, in which
both observations (and their analysis) and numerical modeling
have been studied. This include non-adiabatic pulsations, their
interaction with convection (Moya et al., 2004; Dupret et al.,
2005; Grigahcène et al., 2005), as well as rotation-pulsation effects
(e.g., Suárez et al., 2005, 2006, 2007; Suárez and Goupil, 2008,
to name a few). The present paper intentionally focuses on the
harmonic analysis, since we have found that a major revision, at
least for this kind of pulsators, was necessary.

2. DO SPACE SATELLITES SOLVED THE

PROBLEM OF SPURIOUS PEAKS IN

CLASSICAL PULSATORS?

Analysis of CoRoT’s data revealed an unexpected large number
of frequencies in δ Sct stars (Poretti et al., 2009) together
with ubiquitous correlated noise in the residuals of their

3A region of space above Brazil where a high amount of charged particles impact

the CCD cameras.

lightcurves’ fitting. Balona and Dziembowski (2011) evidenced
a large disparity between the expected distribution of stars with
maximum amplitudes below 100 ppm (∼7%) and the abundance
of constant stars (∼50%). In addition, the detection limit of
CoRoT and Kepler satellites is far below 100 ppm. As an example,
a grass level of 4 ppm is estimated for HD50844 (Balona,
2014), which means that frequencies exceeding 16 ppm might be
detected. These results suggest that there are no pulsations below
the detection limit.

Since we could be confident with the quality and precision of
space data, we wondered at that time if the only possible cause of
those yet fully unexplained effects were the systematics. Among
which, gaps in lightcurves are one of the most delicate, and as we
show in this section, their treatment cannot be avoided.

2.1. To Fill or Not to Fill. That’s Not the

Question Anymore
Gaps in lightcurves can be caused by different reasons:
instrumental, e.g., Kepler’s data downlink to Earth every
32 d introducing gaps of 1 day in length (see Kepler Data
Characteristics Handbook, Van Cleve et al., 2016), or
environmental, e.g., CoRoT satellite’s passage through the
SAA. These make the spectral window function different from a
sinc and it can be hard to perform the spectral deconvolution to
obtain the original frequency content of the signal.

Considering thus the importance of gaps, our team decided
to make a considerable effort to tackle this problem with the
objective of better preserving the frequency content. In Pascual-
Granado et al. (2015b) we evaluated the most widespread
treatment of gaps for CoRoT data, originally implemented in
the correction pipeline, i.e., linear interpolation. We showed
that it does not preserve the original frequency content. To
be more precise, we showed that this happens for any gap-
filling method using analytic functions. Indeed, under certain
circumstances, analytic interpolation may mimic the spectral
window caused by zero-filling (see Appendix A in Pascual-
Granado et al., 2018, for more details), i.e., no interpolation
at all as often is the case of Kepler/K2 data (see Figure 1,
left panel).

While Fourier analysis can be especially suitable for purely
harmonic signals, where Fourier coefficients provide a sparse
representation, it can be inappropriate for non-analytic signals,
e.g., stochastic or auto-regressive (AR) processes.

Our approach to gap-filling thus was to assume that the
observed signal contains analytic (harmonics) and non-analytic
components. This can be done by fitting the lightcurves with
auto-regressive, moving-average (ARMA)models. These models,
their variations, e.g., auto-regressive, integrated, moving-average
(ARIMA), auto-regressive, fractionally-integrated, moving-
average (ARFIMA), etc., or their continuous versions, can
represent almost any kind of signal, whether it is analytic or
not. ARMA models have been used extensively in statistics but
they are less popular in astronomy (Scargle, 1981). In addition,
contrary to what some authors claim (Feigelson et al., 2019),
these models are not only extensible to situations involving
combinations of deterministic and stochastic behaviors but
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FIGURE 1 | (Left) A short segment of the CoRoT lightcurve of HD49933, the first solar-like star observed by CoRoT. The figure shows a gap filled using linear (upper

panel in green) and MIARMA (lower panel in red) interpolation, respectively. (Right) A short segment of the CoRoT lightcurve of HD181555 (blue points) showing the

connectivities of the data points (green points). Notice the correlation with the original time series.

are also able to represent strictly periodic variations (Roth and
Zhugzhda, 2010).

The only possible concern in using ARMA models might
be that stationarity is assumed. To overcome this problem, we
developed MIARMA algorithm (Pascual-Granado et al., 2015b),
which makes use of local ARMA models (see examples of
AR global models in Fahlman and Ulrych, 1982) of data
segments bracketing the gaps. ARIMA models could also solve
this problem but we preferred ARMA for the sake of simplicity.

MIARMA performs an optimal interpolation of gaps
compared to polynomial interpolation, often used in the field
(Figure 1, left panel). We thus conclude that : (1) gap-filling
yields substantial improvements when the number of data points
before and after the gap is of the size of the gaps, i.e., duty-cycle
≥60% (conservative criterion); (2) the method to fill the gaps
must preserve the original frequency content. That is, to fill or
not to fill is not the question anymore.

2.2. Pre-whitening
Since regular sampling is recovered by gap-filling, the spectral
window is just the sinc function related with the observation
time span (boxcar function). In this case FFT is a more efficient
estimate of the powerspectrum. Then, the spectral deconvolution
problem mentioned above could be directly solved. We might
wonder if the pre-whitening procedure would then be necessary,
since sidelobes located next to each frequency might be easily
identified with the sinc. Although this claim is plausible in theory,
things are quite different in practice. For instance, δ Sct stars
exhibit a very high density of significant frequencies and thereby,
sidelobes may be confused with actual frequencies due to the
leakage of power from near frequencies, making them appear
significantly higher above the noise.

It is necessary thus to check the consistency of the pre-
whitening process between gapped (non-regular sampling) and
filled (regular sampling) lightcurves. We performed such a test
in the pre-whitening frequency sets obtained for 15 δ Sct stars

observed by CoRoT (Pascual-Granado et al., 2018). In that paper
we found significantly different frequency distributions, which
indicates that pre-whitening is not an unbiased procedure. This
put into question the feasibility of this widespread technique for
the extraction of pulsation content from stellar lightcurves.

Some alternatives to pre-whitening or the clean method for
the deconvolution of the spectral window have been proposed in
the literature. One promising solution is the use of the so-called
direct deconvolution which was applied successfully in Scargle
et al. (2017) for the estimated galaxy transform derived from
redshift surveys.

3. REVISITING THE GROUNDS FOR

HARMONIC ANALYSIS APPLICATION

In the light of the issues mentioned in the precedent section, it is
reasonable to raise the following question.

3.1. Is the Signal Underlying the

Lightcurves Mathematically Eligible for

Periodogram Analyses?
Wiener (1930) established the most general form of the Fourier
theorem. It states, among other things, that even some functions
which are neither periodic nor absolutely integrable (see an
example of this in Priestley, 1981) can be represented by a
Fourier-Stieltjes Transform (FT). Thus, the signal underlying a
given observed data sample could be most probably represented
in Fourier terms. The only condition is that the corresponding
function is of the “steady-state” type, i.e., it does not become
arbitrarily large or small as t → ±∞. However, the frequency
content that can be obtained through a FT is not necessarily
equivalent to the estimates obtained through periodogram
analysis of our data sample.

Periodogram analyses like the classical Schuster (Schuster,
1898) or the most widespread Lomb-scargle periodogram
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(Scargle, 1982) for unevenly spaced data, rely on the assumption
that the frequency content estimated converges to the original
frequency content of the underlying signal. Otherwise, this
discrete transform has no physical sense. Nevertheless, as pointed
out by Wiener (1930): “The periodogram of a function contains
but a small amount of the information which the complete
graph of the original function is able to yield. Not only we
deliberately discard all phase relations, but a large part of the
original function—often the most interesting and important
part—is thrown away as the aperiodic residue.”

It is thus well-justified to check for the eligibility of the signal
underlying the lightcurve. Indeed, this should be a prerequisite
for a data analysis procedure to qualify as scientific methodology
to try to answer this question. In order to do that we need to
define first the eligibility criteria. It is worth recalling that DFT
is formally similar to FT but it is not the same mathematical
concept (Deeming, 1975), it has not even the same units. So
the question might be rephrased in this way: when do DFT of
a time series provide an analogous description to the FT of the
underlying function?

The usual test to check the convergence of the Fourier
expansion of a function (and almost the only one that can
be performed in practice) is the Dirichlet criterion. It is
known that any analytic function always satisfies that criterion,
hence the importance of the analyticity for Fourier analysis.
Intuitively, analytic functions are the smoothest of all the
families since all their derivatives are continuous everywhere.
On the opposite side we have the Weierstrass function, which
is continuous everywhere but differentiable nowhere. This so-
called pathological function has a Fourier expansion, although
it cannot be described with a DFT since it requires an infinite
sum of frequency components. It worth here evoking Charles
Hermitte’s words in 1893: “I turn away with fear and horror
from the lamentable plague of continuous functions which do not
have derivatives.”

3.2. Connectivity of Measure Points: An Old

Concept for a Paradigm-Changing Test
In Pascual-Granado et al. (2015a) we introduced a new parameter
known as connectivity to characterize the differentiability of
the underlying signal in order to evaluate the question in
the previous section. Indeed, the correspondence between the
frequency content obtained by means of a periodogram analysis
and the original frequency content (i.e., obtained by means of
harmonic analysis) has not so far been addressed4.

This connectivity concept, which comes from the analysis of
continuous functions, can also be applied to signals underlying
time series5.

The connectivity parameter can be understood as the
deviation of a fitted analytic model on the observed value of

4Notice, however, that the study of continuum properties from independent

measurements is similar to that introduced in Wiener (1923) through the non-

differentiability coefficient, which is used to demonstrate that Brownian processes

are not differentiable.
5That is, measurements are considered as numerical realizations of the physical

process described by the underlying signal.

the underlying signal. The arrow of time is taken into account
here by fitting the analytic model both in forward and backward
directions to find their difference.

Connectivities Cn can also be defined implicitly through
numerical derivatives Dn in this way:

Dn =
ξn + yn+1 − yn−1

21t
, Cn = C(ξn)+ ǫn (1)

where yn+1, yn−1 are values of the sequence yn corresponding
to the sampled underlying signal y(t), 1t is the sampling rate,
ξn is the non-differentiable component of the sequence and
ǫn accounts for the numerical error. An additional condition
is introduced in order to make this implicit definition of
connectivities self-consistent. The first term in the definition
C(ξn) is zero for ξn = 0. When this happens the connectivities
reduce to the uncorrelated normal stochastic sequence ǫn and the
equation of Dn is just the typical point derivative expression.

When ξn is non-negligible connectivities show a correlation
with the signal (see e.g., right panel of Figure 1). Therefore,
correlation with the original time series means that an analytic
model is insufficient to account for the underlying signal.

In practice, it is the quadratic sum of the connectivity
(global connectivity coefficient) for each data point in the time
series what provides a measure of the non-differentiability of
the underlying signal in a similar way as the Wiener non-
differentiability coefficient does.

We found that the global connectivity coefficient is
significantly >0 for some δ Sct stars observed by CoRoT
and Kepler. This implies that, at least in those cases, the
underlying signal is a non-differentiable function and, therefore,
not mathematically eligible for periodogram analyses. This is
what we called an inconsistency in the application of harmonic
analysis to the lightcurves of pulsating stars.

4. TOWARD A NEW PARADIGM

Considering that non-analyticity might play an important role
in the measurement of stellar lightcurves, this new frame should
contain mathematical techniques able to deal with such non-
analytic objects. One of the first attempts to define fractals
as mathematical objects was by mean of recursive continuous
but non-differentiable functions, like the Weierstrass function
studied by Pascual-Granado (2011). In this context, the fractal
analysis, i.e., the study of them by mean of tools derived from the
self-affine functions framework (see details in De Franciscis et al.,
2018, and references therein), of time series comes up naturally.
Indeed, it has also been used to study the rotational periods and
flicker noise amplitudes of solar-like stars (De Freitas et al., 2013;
de Freitas et al., 2016), and the magnetic activity of M dwarfs
(de Freitas et al., 2017), although it is the first time that such
an analysis was performed to classical pulsators, for which non-
fractal fingerprints was expected to be found. Here fingerprint is
any evidence that the studied signal is self-affine, i.e., it exhibits
similar structures in different flux and time scales (e.g., the typical
zig-zags observed in the stellar energy spectrum).

In this section we explain how we conceive the fractal analysis
as key factor in the new paradigm that we propose.
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4.1. Fractal Analysis in Delta Scuti Stars
We considered that most of the physical phenomena proposed to
explain the complex oscillation spectrum of A-F type stars (see
section 1) might be related with a specific fractal fingerprint. This
hypothesis was confirmed by our study on the lightcurves of 15
CoRoT δ Sct stars (De Franciscis et al., 2018), for which different
fractal fingerprints were found. Those fingerprints might provide
clues for a better description of non-harmonic components of the
lightcurve, such as turbulence, convection, or magnetic activity.
However, such a decomposition of physical phenomena required
to accurately isolate the harmonic component. To do we studied
the fractal analysis on the pre-whitening process.

The pre-whitening process applies a Fourier technique to
determine the highest-amplitude frequency. A χ2 minimization
fits the free parameters in a sinusoidal function (frequency,
amplitude, and phase). The fit then is subtracted to the original
signal and the residuals are used to get the following highest
frequency, and so forth. This iterative process usually stops when
the SNR ratio drops below 4, which is an arbitrary conservative
threshold (Breger et al., 1993).

4.2. Decompose and Identify Physical

Sources With Fractal Analysis
We applied a Coarse Graining Spectral Analysis (hereafter,
CGSA) test to a sample of CoRoT δ Sct, γ Dor and hybrids
stars (Franciscis et al., 2019). This test can discriminate the
stochastic fractal power spectra from the harmonic one in a
time series. Here, the CGSA test accounts for the proportion of
fractal signature in the signal within the residuals at each pre-
whitened step. We applied the test to each and every one of
the pre-whitening steps (see Figure 2). As expected, all the stars
begin with a low fractal index, i.e., CGSA close to 0, since the
principal components of the signal correspond to the harmonic
function. The more frequencies are pre-whitened, the closer to
a pure fractal the residuals will be. Two distinct behaviors are
observed. For some stars, the fraction of CGSA grows until
it reaches a maximum and then it decreases (see GSC00144-
0301, HD172189, HD181555, and HD51359 in lower panel of
Figure 2). This indicates that the pre-whitening extracts properly
the harmonic signal up to critical step from which new spurious
harmonic components are injected. Here, the stop criterion for
the pre-whitening cascade is obvious. In the second case, the
CGSA fraction grows until it reaches a kind of saturation (see
upper panel in Figure 2). Here, the harmonic signal is rapidly
extracted up to the asymptotic point.

The number of frequencies found here is significantly different
compared to the literature (see Franciscis et al., 2019, for a
full table showing the number of frequencies in each case).
For example, for HD50870 the CGSA algorithm stop at 400
frequencies (CGSA∼ 0.84), in contrast to the 734 frequencies
found in the literature following standard pre-whitening process.
On the other hand, for HD174966, the number of frequencies
found using CGSA criterion is higher than the standard pre-
whitening (400 vs. 185).

Also, the change of sign of the CGSA slope found in some
stars (e.g., HD181555) might be a consequence of the presence
of another kind of signal hidden in the lightcurve; maybe not

only white noise but e.g., rotation modulation effects, binarity or
modes not coherently excited (Antoci et al., 2011).

In general, we found the variation of the CGSA slope as
a robust (and physical) stop criterion for the pre-whitening
cascade, in contrast to the ad-hoc SNR criterion used up to now.

5. DISCUSSION

We have gathered here the main results of our research in the
quest for better understanding the intermediate-mass pulsating
stars during the last decades. These are in line with most of
the results in the field, where the number of important open
questions about δ Sct stars has increased with time at a faster rate
than those that have been resolved. This has lead us to suspect
that we are on the verge of a paradigm shift.

We have found that ultra-high quality data from space
do not solve the problem of finding spurious peaks in the
powerspectra of δ Sct stars. The team have been developing
a self-consistent method to extract non-linearities, considered
spurious in these stars (Lares-Martiz et al., inpress). Another
part of the problem has been to systematically neglect the gaps
in space photometric lightcurves, or to fill them with a linear
interpolation.We have developed theMIARMA algorithm, based
on auto-regressive, moving -average models, to maximize the
recovery of the frequency content in harmonic analysis. This
algorithm has allowed us to improve the asteroseismic studies
based on the global behavior of the modes, as attested by different
publications on the subject, even in the search for planetary
transits (see e.g., Caceres et al., 2019; Handler et al., 2019;
Stuhr et al., 2019). Thanks to this improvement our group has
confirmed the presence of a low-order large separation and its
proportionality to the stellar mean density (Suárez et al., 2014;
García Hernández et al., 2015). Thismakes this seismic parameter
a valuable observable6, thanks to which we have been able to
determine the surface gravity of δ Sct stars (García Hernández
et al., 2017). All the above has allowed us to use machine learning
to find some hidden relations between seismic variables in a
sample of δ Sct stars observed by the CoRoT satellite. This
constitutes a first step in the search for scale relationships similar
to those found in solar type stars (Moya et al., 2017).

Gaussian Process modeling have proved to be a promising
technique for the study of stochastic oscillations under a non-
white noise background, e.g., solar-like and red giant stars Brewer
and Stello (2009), White (2010), Foreman-Mackey et al. (2017).
This technique can be more suitable than traditional frequency
analysis methods in these cases since gaussian models fit properly
stochastic processes showing a power-law distribution.

Despite all these results, further progress on this field will
require to understand the γ Dor/δ Sct-hybrid phenomenon,
as well as the forest of low-amplitude, high-frequency modes
in certain observed spectra. Our group has addressed this
issue by studying the Connectivity of the measure points. We
have found non-analytic lightcurves among CoRoT data, for
which harmonic analysis cannot ensure to provide the correct
oscillation spectrum. What does this mean? Is harmonic analysis

6Similar to the classical asymptotic large separation observed in solar-type stars.
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FIGURE 2 | Illustration of the variation of the fractal component of the signal as a function of the pre-whitening step for sample of well-known δ Sct stars observed

with the CoRoT satellite. Points are separated by 50 pre-whitening steps. The test always starts at 0 and grows until it reaches an asymptotic behavior (Upper Panel)

or a maximum (Lower Panel) close to 1. Figures from Franciscis et al. (2019).

wrong? Or, is it properly applied? This puts into question the
whole concept of the current paradigm (see section 1).

We addressed this problem using fractal analysis of time
series. First, we have detected δ Sct stars different fractal

footprints in the lightcurves of δ Sct stars. Moreover, we
have demonstrated that the fractal character of the lightcurve
varies with the pre-whitening iteration step. This has allowed
us to find a new stop criterion that does not depend on
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any arbitrary criteria, such as the signal-to-noise ratio.
A question naturally arises: how does fractality relates to
the connectivity of the lightcurves? (work in progress).
More interestingly, this opens up the possibility to better
describe/understand the non-harmonic components, like,
turbulence, convection, activity, etc. We foresee this will have
a significant impact on the asteroseismic studies of A-F stars
in the near future, where a huge amount of data from TESS
(Ricker et al., 2009) and PLATO (Rauer et al., 2014) will be
available, together with MOST, CoRoT, and Kepler legacy
data. Currently we analyse the impact of using photometric
time series from different instruments (namely Kepler and
TESS) on the results, for which we expect to find a similar
fractal behavior.

This also opens up new questions: Can we translate
these results to all pulsating stars? Should we review
some physical processes that are currently being studied
with harmonic analysis? Could this new paradigm affect
to other disciplines in time domain astrophysics, like
exo-planetary science?
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Daszyńska-Daszkiewicz, J., et al. (2010). Kepler observations: Light shed on the

hybrid γ Doradus-δ Scuti pulsation phenomenon.Astron. Nachr. 331, 989–992.

doi: 10.1002/asna.201011443
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Large-scale convective motions are an integral part of stellar interior dynamics and might

play a relevant role in stellar dynamo processes. However, they are difficult to detect

or characterize. Stellar oscillations are affected by convective flows due to advection.

For the Sun, forward calculations of the advective effect of flows on oscillation modes

have already been conducted, but the effect has not yet been examined for other

types of stars. Suitable candidates are subgiant or red giant stars, since they possess

extensive outer convection zones, which likely feature large-scale flow cells with strong

flow velocities. We investigate the effects of large-scale flows on oscillation modes of

subgiant stars by means of forward calculations based on an exemplary subgiant stellar

model. We focus in particular on non-axisymmetric cell formations, also referred to

as giant cells. The effects are described in the non-rotating and the rotating case. By

solving the forward problem, we evaluate, if large-scale flow cells lead to signatures in

asteroseismic data that are suitable for the detection of such flows. The influence of flows

is calculated by employing perturbation theory as proposed by Lavely and Ritzwoller

(1992), where the flow is treated as a perturbation of a 1D equilibrium stellar model. The

presence of a flow leads to a coupling of the modes, which results in frequency shifts and

amixing of themode eigenfunctions. For a non-rotating star, non-axisymmetric flows lead

to degeneracies between coupling modes, which cause an asymmetry in the frequency

shifts of modes of opposite azimuthal order. If rotation is included, the degeneracy is

lifted in first order, but residual degenerate coupling and third order effects can still lead to

asymmetries, depending on whether the modes are of p- or of g-type. For rotating stars,

the mode mixing induced by non-axisymmetric flows causes the observational signal of

a perturbed mode to be multiperiodic, which becomes visible in the power spectrum. An

expression for the amplitudes of the signal’s different components is derived.

Keywords: asteroseismology, convection, stars: interiors, stars: oscillations, theory

1. INTRODUCTION

Large-scale convective motions fundamentally influence stellar structure and evolution. They
redistribute angular momentum and energy in the stellar interior, resulting in the generation
of differential rotation and meridional circulation (e.g., Ruediger, 1989). Therefore, large-scale
convection also represents one of the key ingredients to stellar dynamos, which create magnetic
field and thereby activity cycles in stars (e.g., Miesch, 2005). Many stars feature an extensive outer
convection zone, but not much is known about the more detailed organization of convection, in
particular concerning dominant cell formations or cell sizes, as well as the corresponding flow
velocities, which are related to the energy transport. This lack of knowledge is due to the fact
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that stellar surfaces are typically not spatially resolved by
observations. Here asteroseismology represents a unique
opportunity to obtain information from observations even in the
absence of spatial resolution.

For the Sun, the most prominent convective feature on
the surface are the small-scale granules. Large-scale convection
is also believed to operate throughout the solar convection
zone. Based on measurements of the Doppler velocity on the
solar surface Hathaway et al. (2013) found evidence for giant
convection cells, but its internal structure is controversially
discussed (Hanasoge et al., 2012; Hanasoge and Sreenivasan,
2014; Greer et al., 2015). For more evolved stars, such as
subgiant stars and red giants, modeling suggests that surface
convection organizes into larger cells with higher flow velocities
(e.g., Trampedach et al., 2013; Tremblay et al., 2013), rendering
these stars ideal candidates for the investigation of large-scale
convective flows. Imaging the details of large-scale flows on
supergiants supports these findings (López Ariste et al., 2018;
Montargès et al., 2018). In this work, we will focus on the effect
of large-scale flows on the observed asteroseismic signal.

In this article, we describe the influence of large-scale poloidal
flow cells on global stellar oscillation modes. Our aim is to
determine the signatures of flows in seismic data that could
be used to detect or characterize flows from observations. The
investigation is carried out by means of forward calculations,
where we employ perturbation theory as proposed by Lavely
and Ritzwoller (1992). For this, the vector flow field inside the
star is decomposed into its poloidal and toroidal components.
The poloidal component is used to describe the giant cells as it
has all three vector components. The toroidal component has
a vanishing radial component, i.e., it describes flows on the
surface of a torus, i.e., in our context on a spherical surface. In
this framework, the presence of a flow leads to a coupling of
the global stellar oscillation modes, which results in frequency
shifts and a mixing of the mode eigenfunctions. For the Sun,
forward calculations employing this method have already been
performed by Roth and Stix (2008), Chatterjee and Antia (2009),
and Schad (2013), who studied the axisymmetricmeridional flow,
and by Roth and Stix (1999), Roth et al. (2002), and Chatterjee
and Antia (2009), examining certain non-axisymmetric cell
formations. In this contribution we explore mode coupling in
an asteroseismic context. For this purpose we examine the
effects of flows on low-degree modes and estimate potentially
observable signatures. We put particular focus on axisymmetric
and non-axisymmetric poloidal cell formations, which, in the
solar context, are also referred to as merdidional flows and giant
cells, resp. The calculations presented here cover the non-rotating
and the rotating case. In an exemplary application we derive these
signatures for a subgiant stellar model.

2. METHODS

We calculate the effect of convective flows on oscillation modes
of stars by employing quasi-degenerate perturbation theory
applied to stars and their oscillations, as presented in Lavely
and Ritzwoller (1992). Complementary, the results from the

quasi-degenerate calculations are approximated by perturbation
expansions, where we utilize an ansatz presented in Schad (2011).

2.1. Equilibrium Model
Starting point of our calculations is a 1D static and non-
rotating equilibrium stellar model with oscillation modes ξ k and
corresponding frequencies ωk. Here k = (n, l,m) is a multiindex,
which consists of three indices that characterize each oscillation
mode. By considering small perturbations of the equilibrium
model due to a displacement ξ of a parcel of gas, it can be shown
(e.g., Aerts et al., 2010) that the oscillation modes ξ k of the model
are governed by the momentum equation

ω2
k ξ k = L0 ξ k, (1)

where the linear operator L0 is defined by

L0 ξ =
1

ρ0
∇p′ − g

′ −
ρ′

ρ0
g0. (2)

Here p′, ρ′, and g
′ denote Eulerian perturbations of pressure,

density, and gravitational acceleration, respectively. The
subscript 0 indicates equilibrium quantities. Equation (1)
represents an eigenvalue problem for L0, which is solved
by eigenfunctions

ξ (r, θ ,φ) = ξ r(r)Ym
l (θ ,φ)er + ξh(r)∇hY

m
l (θ ,φ), (3)

where Ym
l

is a spherical harmonic of harmonic degree l and

azimuthal order |m| ≤ l, ξ r , and ξh are radial eigenfunctions
of the radial and horizontal component of ξ , er denotes the
unit vector in radial direction, and the horizontal gradient ∇h is
given by

∇h =
∂

∂θ
eθ +

1

sin θ

∂

∂φ
eφ . (4)

We normalize the eigenfunctions such that

∫ R

0
ρ0

(

|ξ r|2 + l(l+ 1) |ξh|2
)

r2dr = 1, (5)

with R as stellar radius. For the equilibrium model, which
we assume to be spherically symmetric, modes of the same
radial order n and harmonic degree l form multiplets (n, l) that
consist of modes with different azimuthal orders m but identical
frequencies ωnl, i.e., the frequencies of the modes are degenerate
inm.

2.2. Perturbation by a Global Velocity Field
A flow inside a star, such as rotation or convection, represents
a velocity field that can be treated as a perturbation of the
equilibrium model, provided the flow velocity is small compared
to the speed of sound. The velocity field moves the stellar plasma
and therefore advects waves traveling in this plasma. Hence, the
oscillation modes have to fulfill a perturbed momentum equation

ω2
k ξ k = L0 ξ k + L1ξ k, (6)

Frontiers in Astronomy and Space Sciences | www.frontiersin.org 2 October 2020 | Volume 7 | Article 515227220

https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org
https://www.frontiersin.org/journals/astronomy-and-space-sciences#articles


Roth and Herzberg Asteroseismology of Large-Scale Flows

where L1 represents the advective effect of a velocity field u,
given by

L1ξ k = −2iω(u · ∇)ξ k − 2iω� × ξ k. (7)

The second term on the right hand side of Equation (7) accounts
for the effect of the Coriolis force and only needs to be taken
into account when working in a rotating (with constant angular
velocity �) reference frame.

Following the approach of Lavely and Ritzwoller (1992), we
utilize a spherical harmonic decomposition of the velocity field
u, consisting of a poloidal part P and a toroidal part T:

u(r) =
∞
∑

s=0

s
∑

t=−s

P
t
s(r, θ ,φ)+ T

t
s(r, θ ,φ), (8)

with

P
t
s(r, θ ,φ) = uts(r)Y

t
s (θ ,φ)er + vts(r)∇hY

t
s (θ ,φ), (9)

T
t
s(r, θ ,φ) = −wt

s(r)er ×∇hY
t
s (θ ,φ). (10)

The components of expansion (8) are characterized by the radius
dependent expansion coefficients uts(r), v

t
s(r) and wt

s(r). We only
consider flows that are stationary in time and anelastic

∇ · (ρ0u) = 0. (11)

Therefore, the coefficients uts(r) and vts(r) of the poloidal
components are not independent but connected by
mass conservation

∂

∂r
(r2ρ0u

t
s) = ρ0rs(s+ 1)vts. (12)

The conditions of stationarity and anelasticity are used as an
approximation for a flow that varies on time scales longer than
the stellar oscillation periods. To construct a real valued velocity
field the conditions

u−t
s = (−1)tuts

∗
, v−t

s = (−1)tvts
∗
, and w−t

s = (−1)twt
s
∗

(13)
have to be satisfied by the expansion coefficients (Dahlen and
Tromp, 1998), which implies specifically for non-axisymmetric
flows (t 6= 0) that both, the positive and the negative t-
component are to be included in expansion (8).

2.3. Quasi-Degenerate Perturbation Theory
In the following, we briefly outline the approach of
quasi-degenerate perturbation theory as used in this
context. For details we refer to the original description by
Lavely and Ritzwoller (1992).

As shown above advection leads to a perturbation of the
oscillation equation (6). In first-order perturbation theory the
perturbed oscillation eigenfunction is described in terms of
the unperturbed eigenfunctions. To calculate the respective
expansion coefficients and the perturbed eigenfrequencies, which
mirror the perturbing effect of the velocity field on the oscillation
modes of a star, a matrix representation of the perturbation has

to be constructed. Lavely and Ritzwoller (1992) apply quasi-
degenerate perturbation theory, which can be regarded as a local
approach, since the perturbation is calculated by considering only
a limited range 1ω2 around the oscillation frequency of interest
ωref. This is expressed in the quasi-degeneracy condition

∣

∣ω2
k − ω

2
ref

∣

∣ < 1ω2. (14)

Thereby, the choice of the range 1ω2 defines a subset K of
modes contributing to the calculation. The matrix representation
of the perturbation within quasi-degenerate perturbation theory
is given by a so-called supermatrix Z, the matrix elements of
which can be calculated by

Zk′k = Hk′k + (ω2
k − ω

2
ref)δk′k, (15)

where the matrix elements Hk′k compose the matrix
representation of the perturbation operator L1, which is
called the general matrix H:

Hk′k =
∫

V
ρ0ξ

∗
k′ · (L1)ξ kdV . (16)

These general matrix elements can be calculated by
(cf. Lavely and Ritzwoller, 1992)

Hk′k = Bk′k + Ck′k. (17)

The Coriolis contribution Bk′k is given by

Bk′k = −δm′m δl′l 2ωrefm�

∫ R⊙

0
ρ0

(

ξ rξh
′ + ξ r ′ξh + ξhξh′

)

r2dr,

(18)
where � = |�| is the angular velocity of the frame of reference
in which the calculations are performed. The contribution from
advection is

Ck′k =− 8πωrefγl′γl(−1)m
′
∞
∑

s=0

s
∑

t=−s

γs

(

s l l′

t m −m′

)

·
∫ R⊙

0
ρ0
[

iuts(r)Rs(r)+ ivts(r)Hs(r)+ wt
s(r)Ts(r)

]

r2dr,

(19)

where γx =
√

(2x+ 1)/(4π) with x = s, l, l′. For the
expressions of the kernels Rs(r),Hs(r), and Ts(r), seeAppendix 1.
The symbol

(

s l l′

t m −m′

)

, (20)

occurring in Equation (19), denotes theWigner-3j symbol, which
expresses an integration over angular components, i.e., spherical
harmonics, that appears implicitly in Equation (16). TheWigner-
3j symbol determines the coupling of the angular part of two
modes via the flow. For a more detailed description of the
properties of the Wigner-3j symbol see, e.g., Edmonds (1960)
or Lavely and Ritzwoller (1992). Two modes k, k′ couple, if the
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element Hk′k of the general matrix is non-zero. Two selection
rules of mode coupling result from the Wigner-3j symbols: the
harmonic degrees have to fulfill the triangle inequality

|s− l| ≤ l′, |l− l′| ≤ s, |l′ − s| ≤ l, (21)

and the azimuthal orders have to satisfy

t +m−m′ = 0. (22)

For non-axisymmetric flows (t 6= 0), which have to be composed
of a positive and negative component of azimuthal order ±t,
selection rule (Equation 22) leads to sets of coupling modes in
which degeneracy occurs, since a mode with azimuthal order
m has two direct coupling partners m′ = m ± t from each
multiplet fulfilling Equation (21). Generally, the supermatrix for
a given reference multiplet (n, l) can be decomposed into several
independent, irreducible submatrices, where number and sizes of
the submatrices depend on the flow configuration. If two modes
of different azimuthal order m from the reference multiplet are
part of the same irreducible submatrix, we speak of a degenerate
coupling set.

To obtain the new perturbed quantities, i.e., perturbed
eigenfunctions and frequencies of oscillation modes, we solve
the eigenvalue problem for the supermatrix Z (or equivalently
for the irreducible submatrices, which is computationally
less demanding)

ZA = A3. (23)

The matrix 3 contains the eigenvalues (ω2
z )k in its diagonal and

the matrix A contains the eigenvectors in its columns, which
are composed of expansion coefficients ak

k′ that form the new

eigenfunctions ξ̃ via

ξ̃ k =
∑

k′∈K
akk′ξ k′ . (24)

From the eigenvalues (ω2
z )k, which represent squared frequency

corrections, the new frequencies ω̃k and consequently the
frequency shifts δωk can be determined. We have

ω̃2
k = ω2

ref + (ω2
z )k, (25)

therefore we obtain for the frequency shifts

δωk = ω̃k − ωk =
√

ω2
ref

+ (ω2
z )k − ωref, (26)

where we have used the fact that ωk = ωref, when calculating the
frequency shift for the frequency of interest ωk.

We refer to the method of obtaining perturbed quantities
directly from the solution of the eigenvalue problem of Z as the
quasi-degenerate method, or in short the QD method.

2.4. Approximation by Perturbation
Expansions
As the computational effort of the eigenvalue calculation of the
matrix Z increases with the dimensions of the matrix, Schad
(2011) and Roth and Stix (1999) describe an alternative approach
for solving the eigenvalue problem in the non-degenerate case:
Not all modes k′ contribute to the perturbation of the reference
mode k. The coupling of the modes is determined by the Wigner
3j symbols and the kernels, meaning that many matrix elements
of Z vanish. Hence, the eigenvalues and eigenvectors of Z can be
approximated by perturbation expansions. We make use of their
approach and briefly summarize this procedure, which we refer
to as the PE method.

To shorten the expressions we utilize the abstract bra-
ket notation and therefore denote eigenstates as |k〉. The
eigenfunctions ξ k introduced earlier are the corresponding
representation in position space of the eigenstates |k〉.

Following Schad (2011), the perturbation expansion for the
eigenvalues of Z up to second order is of the form

(ω2
z )k ≈ E

(0)
k

+ E
(1)
k

+ E
(2)
k
, (27)

where the Ek denote eigenvalue corrections and the zeroth order

correction is given by E
(0)
k

= ω2
k
− ω2

ref
. Since we generally work

with ωk = ωref, this term is equal to zero. For the first and second
order corrections, one has to distinguish between three different
cases: non-degenerate, degenerate and second order degenerate.

Due to the triangle inequality (Equation 21) and the
dependency of the kernels Rs, and Hs on l, l′ and s the non-
degenerate case occurs e.g., for any poloidal axisymmetric flow
(t = 0), but for non-axisymmetric poloidal flows only in case of
certain combinations of flow configuration and modes, namely

||m| − 2t| > l for s odd, (28)

||m| − t| > l for s even. (29)

In the non-degenerate case the first and second order eigenvalue
corrections are given by (compare with Schad, 2011, Equations
30 and 31)

E
(1)
k

= Hkk E
(2)
k

=
∑

j 6=k

|Hjk|2

ω2
ref

− ω2
j

. (30)

Extending the approach just described to the degenerate case,
let D ⊂ K be the set of degenerate oscillation modes. If the
degeneracy is lifted in first order (e.g., if a non-axisymmetric
poloidal flow is combined with rotation) we obtain

E
(1)
k

= HDd
kk , E

(2)
k

=
∑

j/∈D

∣

∣

∣

∑

n∈D cknHjn

∣

∣

∣

2

ω2
ref

− ω2
j

, (31)

whereHDd
kk

denote the eigenvalues of the matrixHD, which is the
subsection of the matrix H spanned by degenerate modes n ∈ D.
The coefficients ckn, which occur in the second order eigenvalue
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correction are determined by the components of the eigenvectors
|k〉D of HD with

|k〉D =
∑

n∈D
ckn|n

0〉, (32)

where the superscript 0 denotes unperturbed states.
If degeneracy is present, but the first order correction is zero

(e.g., non-axisymmetric flows, no rotation) the degeneracy is not
lifted in first order and degeneracy of second order occurs. One
then has

E
(1)
k

= 0, E
(2)
k

= WDd
kk , (33)

where WDd
kk

denote the eigenvalues of a perturbation matrix of

second orderWD (cf., e.g., Schiff, 1968).
The perturbation expansion for the eigenvectors of Z up to

first order is of the form

|k〉z ≈
∑

n∈D
ckn|n

0〉 +
∑

j/∈D
|j0〉

∑

n∈D ckn〈j0|H|n0〉
ω2
n − ω2

j

. (34)

In the non-degenerate case, the coefficients ckn are given
by Kronecker delta functions ckn = δnk. In the degenerate
cases the coefficients ckn are determined either from
the eigenvectors of the matrix HD or WD respectively,
depending on whether the degeneracy is lifted in first or in
second order.

TABLE 1 | Subgiant model parameters.

M/M⊙ Age (Gyr) Z Y αMLT Teff (K) log g

1.25 4.6 0.02 0.28 1.8 5664 3.85

3. MODELS

3.1. Stellar Models
For our exemplary calculations we focus on a subgiant star.
The model for this star was calculated with the MESA stellar
evolution code (Paxton, 2011), and has a mass of 1.25M⊙. We
started with an initial metallicity of Z = 0.02 and an initial
He abundance of Y = 0.28 and evolved the star for 4.6 Gyr
to a stage where a substantial helium core has developed, which
is not ignited yet but surrounded by a hydrogen burning shell.
At this stage, the convection zone extends roughly through the
outer 29% of the stellar radius and is quickly expanding with age.
The convective regions were determined by the Schwarzschild
criterion and—for simplicity—no overshoot was added. Table 1
summarizes the parameters of the stellar model. The unperturbed
oscillation modes of the subgiant model were computed with
ADIPLS (Christensen-Dalsgaard, 2008).

We note that in contrast to a main-sequence star such as the
Sun, which features pure p- and g-modes, a subgiant star harbors
mixed modes, which however can also be mainly of p-type or of
g-type. To distinguish between p-type and g-type mixed modes,
we calculate the mode inertia (e.g., Dupret et al., 2009) in the
convection zone

Ecz =
∫ R

rmin

(

|ξ r(r)|2 + l(l+ 1)|ξh(r)|2
)

ρ0r
2dr, (35)

with rmin being the radius of the bottom of the convection zone.
Since the eigenfunctions are normalized such that the total mode
inertia is equal to unity (cf. Equation 5), Equation (35) also
represents the relative inertia in the convection zone. Figure 1
displays Ecz for the modes of the subgiant up to harmonic degree
l = 7, including all radial orders n in the frequency range from
400 to 900µHz. For the l = 0modes, which are pure pmodes, the
inertia in the convection zone amounts to about 65% of the total
inertia. For l = 1 themodes start to separate in their inertia values
dropping to lower values when becoming increasingly mixed.

FIGURE 1 | Mode inertia in the convection zone of the subgiant for modes of harmonic degree l = 0, . . . , 7 and all radial orders n occurring in the frequency range

400− 900µHz.
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FIGURE 2 | Profiles of the poloidal flow components uts and vts (for s = 9) as a function of stellar radius. The MLT velocity profile of the stellar model is shown

for comparison.

The modes have still a significant inertia in the convection zone
and can be affected by the flow. For higher l, the modes settle to
form two clusters, one with high (p-type modes) and one with
low inertia (g-type modes) in the convection zone, where the
low inertia modes will have little to no sensitivity to convective
poloidal flow cells.

3.2. Poloidal Flow Model
To describe the fundamental effect of a flow on oscillations it
is instructive to consider different harmonic components of the
harmonic expansion (8) of the flow individually. The poloidal
flow fields we use in our calculations will therefore read

u
t
s(r, θ ,φ) =

∑

t′=±t

ut
′
s (r)Y

t′
s (θ ,φ)er + vt

′
s (r)∇hY

t′
s (θ ,φ), (36)

where as mentioned above, both, the positive and negative
values of t appear to guarantee a real-valued flow field. The
expansion coefficients uts(r) and vts(r) of the radial and horizontal
component of the vector field represent depth dependent flow
strengths. Since the coefficients are connected by Equation (12),
only one of them has to be prescribed. We choose uts(r) to have a
sinusoidal shape, analogously to Roth and Stix (2008)

uts = ua sin

(

π
r − rmin

rmax − rmin

)

, (37)

where rmin and rmax denote the inner and outer boundary of the
convection zone, respectively. At those boundaries this simple
model ensures that the radial flow component vanishes. For the
amplitude ua = 150m/s we use for our purposes of deriving a
first estimate of the expected effect the velocities obtained from
themixing-length theory (MLT), which is used to treat convection
in the computation of the stellar model (Böhm-Vitense, 1958).

Figure 2 shows the flow profile uts(r) entering our calculations,
together with the resulting vts(r) for an example harmonic degree
s = 9. Additionally, the velocity profile obtained from the MLT is
displayed for comparison.

3.3. Rotational Flow Model
Rotation can be modeled by a toroidal velocity field (cf.
Equation 10). For simplicity we employ here only radial
differential rotation and no latitudinal variation of rotation,
which can bemodeled with a single coefficientw0

1(r) in expansion
(8). We prescribe a rotational configuration where the core of the
star, which is separated from the stellar envelope by the hydrogen
burning shell, rotates faster than the envelope. This configuration
is typical for subgiant stars (cf. e.g., Deheuvels et al., 2014). For
the subgiant model employed here, the hydrogen burning shell is
located at about r/R ≈ 0.029. Based on the results of Deheuvels
et al. (2014), we set the envelope rotation rate to 250 nHz and the
core rotation rate to 620 nHz, hence

�(r) =

{

620 · 2π for r ≤ 0.029 · R
250 · 2π for r > 0.029 · R

. (38)

The resulting depth dependent velocity profile w0
1(r) is then

obtained via (cf. Ritzwoller and Lavely, 1991)

w0
1(r) = 2

√

π

3
r�(r). (39)

In case of a rotating star, we assume that the poloidal flow cells
rotate with the envelope angular velocity. Hence, the poloidal
flow cells will be stationary in a reference frame co-rotating
with the envelope at �sys/(2π) = 250 nHz. Since the method
described in section 2 is only valid for stationary flows, the
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FIGURE 3 | Frequency shifts for three l = 1 multiplets of the subgiant star for a flow configuration with s = 9 and |t| = 0, 2, . . . , 9. Shifts of the m = 0 mode are

connected by a solid line, shifts of the m = +1 and m = −1 modes are of equal value and connected by a dashed line.

calculations have to be carried out in this co-rotating frame. The
results can then be transformed into an inertial frame of reference
to model observations carried out from Earth.

4. RESULTS FOR PURELY POLOIDAL
FLOWS (NON-ROTATING STAR)

When observing stars other than the Sun photometrically, only
modes of low degree l ≤ 3 can be detected. Modes of higher
degree are subject to canceling effects (cf. e.g., Dziembowski,
1977), since observations, up to now, generally do not resolve
the stellar surface. In this section, where a non-rotating star is
considered, we present results for dipole (l = 1) modes, since
they show, together with the l = 0 modes, the highest amplitudes
in stellar oscillation spectra. In section 5, where the more general
case of a rotating star is examined, we also present results for
exemplary l = 0 and l = 2 modes.

4.1. Frequency Shifts, Non-degenerate
Case
In Figure 3 exemplary frequency shifts δν = δω/2π for three
different dipole multiplets in a frequency range typical for
subgiant stars are presented. For these results a configuration

with s = 9 for the poloidal flow cells was used and the azimuthal
order t of the flow was varied through all corresponding values
|t| = 0, 2, . . . , 9, for which the reference modes are non-
degenerate in the coupling set of modes. The case |t| =
1 is not considered since a degenerate coupling set occurs.
From Figure 3, it is evident that the flow causes the originally
degenerate triplets consisting of three modes with m = −1, 0, 1
to split up into two components, an m = 0 and an m =
±1 component. This shows that poloidal flows shift modes of
opposite azimuthal order ±m equally, provided they are not
connected through the perturbation by the flow, i.e., they are
part of non-degenerate coupling sets. Figure 3 also shows that the
shifts exhibit a distinct pattern depending on t. For eachmultiplet
the two components cross between the flow configurations with
t = 5 and t = 6. This behavior is induced by the Wigner-3j
symbols entering the general matrix elements (cf. Equation 19).
The magnitude of the shifts varies for the different multiplets, but
in general the shift is of the order of 10−1 nHz to 1 nHz, which is
challenging with today’s observational capabilities.

To explore the dependence of the frequency shifts on the
harmonic degree s of the flow, we calculated the shifts for
different values of s for one reference multiplet at 675.6µHz.
In Figure 4, the frequency shifts for various flow degrees s =
3, . . . , 9 and the corresponding values of t are displayed. For
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FIGURE 4 | Frequency shifts for different flow degrees s and the corresponding azimuthal orders t for a dipole multiplet at ν = 675.6µHz. (Top) shifts of the m = 0

component. (Bottom) shifts of the m = ±1 component.

better visibility, shifts for the m = 0 and the m = ±1
component are plotted in separate panels. The magnitude of the
shifts fluctuates for different s values, but there is no definite trend
with s visible.

4.2. Frequency Shifts, Degenerate Case
In case of degenerate coupling sets, two or more modes of the
reference multiplet are connected by the perturbation. In this
case, the modes that experience the frequency shift are generally
not oscillation eigenstates inasmuch as they have no well-defined
azimuthal order. As an example, the frequency shifts for the
dipole multiplet at 675.6µHz for a flow configuration with s = 5
and t = 1 are displayed in Figure 5. For this flow configuration,
degeneracy occurs between the m = 1 and m = −1 oscillation
states, since they are part of the same coupling set. The two states
that the flow acts on, are here orthogonal linear combinations of
the two degenerate states with equal mixing coefficients

State 1:
1
√
2
|m = −1〉 +

1
√
2
|m = +1〉 (40)

State 2:
1
√
2
|m = −1〉 −

1
√
2
|m = +1〉. (41)

As is also evident from Figure 5, the frequency shifts of these
states are not equal, so the multiplet will split up into three
components of different frequency. The magnitude of the shifts
is comparable to the non-degenerate cases.

5. RESULTS FOR POLOIDAL FLOWS IN
ROTATING STARS

When rotation is included in the calculation, the degeneracy of
the multiplets is lifted by the effect of rotation in first order.

Since the general matrix of rotation is diagonal in the degenerate
subspaces of the multiplets, the eigenstates that the perturbation
acts on are pure oscillation eigenstates with a well-defined
azimuthal order.

As noted in section 3.3, for rotating stars, we carry out the
perturbation calculation in a frame of reference co-rotating with
the poloidal flow cells, to adhere to the required stationarity of
the flow. Therefore we will present the results for frequency shifts
in the co-rotating frame (section 5.1). In the frame of a stationary
observer, all frequencies would appear shifted by an additional
m�sys, which is but of no consequence to the discussion here.

The additional frequency shift, however, is not the only effect
that has to be considered when changing from a co-rotating
to an inertial system. Taking into account the eigenfunction
perturbations, a switch of reference frames will actually lead to
a multiperiodic signal for each perturbed mode in the inertial
frame, which is discussed in section 5.2.

5.1. Frequency Shifts in the Co-rotating
Frame
When poloidal flows occur in combination with rotation, the
resulting frequency shifts will be asymmetric for modes of
opposite azimuthal order ±m. Therefore we start the discussion
of frequency shifts by elaborating on the different origins of
asymmetries in section 5.1.1. In the following sections 5.1.2–
5.1.4, the effect of the flow on modes of harmonic degree
l = 0, 1, 2 is investigated, since these modes typically exhibit
observable amplitudes in stellar oscillation spectra. The results
are summarized in section 5.1.5.

For the calculations, we adopt for the poloidal flow a cell
configuration with s = 8 and the possible corresponding values
of t, ranging from meridional (t = 0) to sectoral (t = s)
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FIGURE 5 | Frequency shifts for the dipole multiplet at ν = 675.6µHz for a flow configuration with s = 5 and t = 1, for which a degenerate coupling set occurs. The

shifts have to be assigned to mixed states instead of oscillation eigenstates.

cells. For better visibility of the effects, the amplitude ua of
the velocity profile (Equation 37) of the flow is amplified by a
factor of five. The main calculation is performed with the QD
method (section 2.3), but the PE method (section 2.4) is used as
comparison to distinguish different effects in the results.

5.1.1. Frequency Shift Asymmetries
If the frequency shift for modes of opposite azimuthal order ±m
is of equal value, we speak of a symmetric frequency shift. In
contrast, if the shift has opposite value for modes of opposite
azimuthal order, we speak of an antisymmetric frequency shift.
For a poloidal flow combined with rotation, the occurring
frequency shifts will be asymmetric for modes of opposite
azimuthal order ±m. This is due to the fact that the first order
eigenvalue corrections are antisymmetric in m (they are given
by the diagonal elements of the general matrix (cf. Equation 31)
which originate from rotation) and the second order corrections,
which are generated by squared matrix elements of the poloidal
flow, are symmetric in m. There are, however, two additional
small effects that can lead to asymmetries in the frequency
shifts. First, the third order eigenvalue correction can gain a
notable magnitude, in particular for a rotational configuration
with a faster rotating core, as prescribed here. The third order
eigenvalue correction adapted from Sakurai and Napolitano
(2011) for a perturbation composed of rotation and a poloidal
flow, is given by

E
(3)
k

=
∑

j/∈D

∑

i/∈D

HkiHijHjk

(ω2
i − ω2

k
)(ω2

j − ω2
k
)
−Hkk

∑

i/∈D

|Hki|2

(ω2
i − ω2

k
)2
.

(42)
The second effect causing an asymmetry originates from the
fact, that rotation combined with a poloidal flow leads (in most
cases), just as a purely poloidal flow, to degenerate coupling sets.
Rotation lifts this degeneracy in first order, but the coupling of
modes by the poloidal flow within a degenerate coupling set
occurs in second order, which can lead to a notable asymmetry
in the frequency shifts for ±m, and a mixing of the eigenvectors
of zeroth order, analogously to the results presented for the
degenerate case in section 4.2. This type of asymmetry, caused by

degenerate coupling, cannot be reproduced by an approximation
with a perturbation expansion.

5.1.2. Modes of Degree l = 0
Modes of harmonic degree l = 0 are pure p modes. They
do not occur in multiplets, therefore no degeneracy can arise.
Additionally l = 0 modes are not affected by rotation. Poloidal
flows on the other hand will cause a frequency shift for l = 0
modes. This shift however does not depend on the azimuthal
order t of the flow, since theWigner-3j symbol combined with the

factor (−1)m
′
(see Equation 19) has the value (−1)s

√

1/(2s+ 1)
for all t. For an example l = 0 mode with an original frequency
of 705.6µHz and the amplified flow velocity profile and cell
configurations described above, we obtain a constant frequency
shift of about δν = 9.87 nHz.

5.1.3. Modes of Degree l = 1
Figure 6 displays the frequency shift in the co-rotating frame of
the almost pure p-type l = 1 multiplet with an original frequency
of νref = 675.6µHz for the different flow cell configurations.
Results for the individual modes, making up the multiplet, are
connected by lines to guide the eye. The upper panel shows the
frequency shifts resulting from the combined effect of rotation
and the poloidal flow

δν =
1

2π

(√

ω2
ref

+ ω2
z,polrot

− ωref

)

, (43)

where ω2
z,polrot

denotes eigenvalues of the combined supermatrix,

while the lower panel shows frequency shifts where the effect of
pure rotation has been subtracted to isolate the shifts caused by
the poloidal flow

δνisopol =
1

2π

(√

ω2
ref

+ ω2
z,polrot

− ω2
z,rot − ωref

)

. (44)

Here, ω2
z,rot denotes the eigenvalues obtained from a supermatrix

for pure rotation. The upper panel illustrates that the originally
degenerate multiplet is split by the perturbation into its three
components of different azimuthal order m. The resulting triplet
exhibits a notable asymmetry that changes in form for different
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FIGURE 6 | Frequency shifts in the co-rotating frame for the almost pure p-type l = 1 multiplet at 675.6µHz. (Upper) Shifts resulting from rotation combined with a

poloidal flow of s = 8 and different values of t. (Lower) Isolated frequency shifts due to the poloidal flow.

values of t. In the lower panel, where the effect of rotation is
subtracted, the pattern of the two crossing components, familiar
from the results presented in section 4.1 for a non-rotating
star, is recovered, meaning the shift due to the poloidal flow
is symmetric in ±m. Only a very small asymmetry results for
a poloidal flow configuration with t = 1 and the modes with
m = ±1, which is far beyond observational capabilities. For this
particular configuration, the modes with m = ±1 are part of the
samemode coupling set and the asymmetry in the shift is actually
caused by a residual degenerate coupling between the modes,
even though the degeneracy was lifted in first order by rotation
(as visible in the upper panel). Also shown in Figure 6 are the
shifts calculated with the PE method, where the perturbation
expansion for the eigenvalues was evaluated up to third order.
The results are indicated by black crosses. Apart from the small
asymmetry at t = 1, the frequency shifts obtained with the QD
method are very well-reproduced by the PE method.

5.1.4. Modes of Degree l = 2
For modes of harmonic degree l = 2 distinguishing between p-
type and g-type modes becomes necessary, since the results differ
substantially.

Figure 7 displays the frequency shifts in the co-rotating frame
for an l = 2 multiplet of g-type with an original frequency of
659.3µHz for different poloidal flow configurations. From the
upper panel, showing the shifts due to the combined effect of
rotation and the poloidal flow, it is evident that the multiplet
is strongly affected by the fast rotating core, leading to a clearly
antisymmetric splitting of the modes of different azimuthal order
m. Even in the frame of reference that is co-rotating with the
envelope angular velocity, the splitting of the multiplet is very
strong, amounting up to several hundred nHz. This causes the
contribution of the poloidal flow to be not discernible at all in

the upper panel, which is evident from the fact that the shifts
do not seem to change for different cell configurations t. In the
lower panel of Figure 7, where the effect of rotation is subtracted
(cf. Equation 44), the t-dependence of the shifts becomes visible.
The remaining frequency shifts, which are only of the order of
a few nHz, show a notable asymmetry in ±m that persists for
all configurations t. This asymmetry is well-reproduced by the
results obtained with the PEmethod and originates from a strong
third order contribution.

In Figure 8, frequency shifts in the co-rotating frame for a p-
type l = 2 multiplet with an original frequency of 701.3µHz
are displayed. In contrast to the g-type multiplet, the combined
splitting of rotation and poloidal flow is much weaker (upper
panel) and the different azimuthal order components are not
clearly separated for every t. This is due to the fact, that for
the p-type multiplet, the effect of rotation does not outperform
the effect of the poloidal flow, but instead they are of similar
magnitude, since the p-type multiplet has only a low sensitivity
to the fast rotating core. The weak rotational influence leads
to asymmetries in the frequency shifts caused by degenerate
coupling, which are best visible in the lower panel of Figure 7,
where the isolated frequency shifts due to the poloidal flow are
displayed. For most of the flow configurations t, the shifts are
symmetric in±m, but for t = 1 and t = 2 there are asymmetries
in the shifts for modes with m = ±1 and m = ±2, respectively,
which are not reproduced by the PE method. From the lower
panel it is also evident that, compared to the g-type multiplet, the
third order contribution for the p-type multiplet is small enough
to not cause any notable asymmetry.

5.1.5. Summary of the Results on Frequency Shifts
Subgiant stars harbor mixed modes that can be of p- or of g-type.
Modes with l = 0 are pure p modes, and in the subgiant model
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FIGURE 7 | Frequency shifts for the g-type l = 2 multiplet at 659.3µHz in the co-rotating frame. (Upper) Shifts resulting from rotation combined with a poloidal flow

of s = 8 and different values of t. (Lower) Isolated frequency shifts of the poloidal flow.

FIGURE 8 | Frequency shifts for the p-type l = 2 multiplet at 701.3µHz in the co-rotating frame. (Upper) Shifts resulting from rotation combined with a poloidal flow

of s = 8 and different values of t. (Lower) Isolated frequency shifts of the poloidal flow.

selected here, modes with l = 1 have sensitivity in the convection
zone. The first pronounced g-type modes start to appear at l = 2
(cf. Figure 1). From an observational point of view, however, they
might have low amplitudes. Different mode types are prone to
different causes of asymmetry in the frequency shifts for modes
of opposite azimuthal order ±m. Modes of g-type have a high
sensitivity to the conditions in the core region. For models with a
fast rotating core and a poloidal flow in the convection zone, this

leads to a significant third order eigenvalue correction, causing
an asymmetry in the shifts.

Modes of p-type are less sensitive to the core region, leading to
a smaller effect of rotation formodels wheremerely a fast rotating
core is prescribed. A small rotational effect yields an insufficient
lifting of the degeneracy in first order, so that the degenerate
coupling occurring in second order (due to the poloidal flow)
retains a notable influence and causes an asymmetry in the
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frequency shifts. This effect can only occur for modes that are
part of degenerate coupling sets.

From the examples shown in the preceding sections it is
evident that both discussed types of asymmetries are significantly
smaller than the actual frequency shifts induced by the
poloidal flow.

In general we note, that the frequency shifts calculated for
the models above are small and difficult to detect. Therefore, in
addition to the frequency shift, we take the perturbation of the
eigenfunctions in the following sections into account.

5.2. The Multiperiodic Signal in an Inertial
Frame
Since observations are typically carried out from a stationary
observer’s frame of reference, the results obtained in the co-
rotating frame have to be transformed into an inertial reference
frame. This transformation and its effect on the eigenfunctions
is discussed in section 5.2.1. The transformation of coordinate
systems will result in a multiperiodic observational signal for
each perturbed mode in the inertial frame, which is derived in
section 5.2.2. In section 5.2.3 exemplary results for this signal
are presented.

For the calculation of multiperiodic signals the amplified flow
velocity profile is adopted that was also used for the calculation of
frequency shifts (cf. section 5.1). For the cell configuration of the
poloidal flow we adopt a configuration with s = 8 and different
values of t, includingmeridional (t = 0) and sectoral (t = s) cells.

5.2.1. Transformation From a Co-rotating to an

Inertial Frame
We employ a transformation from a co-rotating reference frame
to an inertial frame as discussed in Lavely and Ritzwoller (1992).
Given a star rotating with uniform angular velocity �, we define
two sets of spherical polar coordinates, coordinates (rR, θR,φR) in
the frame co-rotating with the star and coordinates (rI , θI ,φI) in
an inertial frame. The two sets of coordinates are related by

(rR, θR,φR) = (rI , θI ,φI −�t). (45)

We now wish to transform a perturbed mode of oscillation ξ̃
R

k

from the co-rotating frame to the inertial frame

ξ̃
R

k (rR, θR,φR, t) = ξ̃
R

k (rI , θI ,φI −�t, t) = ξ̃
I

k(rI , θI ,φI , t). (46)

Perturbation theory yields perturbed modes that can be
expressed as linear combinations of the unperturbed modes
(cf. Equation 24)

ξ̃
R

k (rR, θR,φR, t) =





∑

j∈K
akj ξ

R
j (rR, θR,φR)



 e−iω̃kt , (47)

where we have assumed the simple time dependence of a
harmonic oscillation. The quantity in square brackets, which
represents the eigenfunction of the perturbed mode k, is time-
independent in the co-rotating frame,meaning the spatial pattern
oscillating with perturbed frequency ω̃k remains the same for all

time, when observed while co-rotating with the star. Inserting
Equation (46) into Equation (47) yields the expression for the
mode in the inertial frame

ξ̃
R

k (rI , θI ,φI −�t, t) =





∑

j∈K
akj ξ

R
j (rI , θI ,φI −�t)



 e−iω̃kt (48)

=





∑

j∈K
akj ξ

R
j (rI , θI ,φI)e

−imj�t



 e−iω̃kt

(49)

=
∑

j∈K
akj ξ

R
j (rI , θI ,φI)e

−i(ω̃k+mj�)t , (50)

where we have used the fact that the azimuthal dependence of
the eigenfunctions is given by eimφ , stemming from spherical
harmonics (cf. Equation 3). We added the subscript j at the
azimuthal order to indicate the corresponding multiplet. The
expressions above show that, in the inertial frame, the spatial
pattern that oscillates with frequency ω̃k actually changes with
time, since the eigenfunctions have acquired a time dependence
(Equation 49). In other words, the oscillation originating from
one perturbed mode in the co-rotating frame, is multiply
periodic in the inertial frame (Equation 50), whereby the
number of different frequencies depends on the number of
different azimuthal orders m contributing to the coupling of the
perturbed mode.

5.2.2. The Signal to Be Observed in an Inertial Frame
In the co-rotating frame, the velocity field generated by

a perturbed mode k, with eigenfunction ξ̃ k(r, θ ,φ) and
eigenfrequency ω̃k, can be written as

vk(r, θ ,φ, t) = αk(t)e
−iω̃kt ξ̃ k = αk(t)e

−iω̃kt
∑

j∈K
akj ξ j, (51)

where αk(t) is a time dependent amplitude of the oscillatory
velocity field, incorporating excitation and damping effects, and
the ξ j denote the unperturbed eigenfunctions (cf. Equation 3) of
the oscillation modes in set K. For low to intermediate harmonic
degrees l, the horizontal component of the vector field (3) at the
surface is much smaller than the radial component, ξh(R)≪ξ r(R)
(e.g., for the solar 5-min oscillations ξh(R)/ξ r(R) ∼ 0.001, Aerts
et al., 2010), so the motion is predominantly vertical. Therefore,
the velocity field at the surface is approximately given by

vk(R, θ ,φ, t) = αk(t)e
−iω̃kt

∑

j∈K
akj ξ

r
j (R)Y

m
l (θ ,φ)er . (52)

This is valid in the co-rotating frame, where the poloidal flow
cells are stationary. To calculate the signal of the velocity field
observed in a stationary reference frame, we need to employ the
transformation (Equation 46); thereby the velocity field in the
inertial frame becomes
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v
I
k(RI , θI ,φI , t) = vk(RI , θI ,φI −�t, t) (53)

= αk(t)e
−iω̃kt

∑

j∈K
akj ξ

r
j (R)Y

m
l (θI ,φI −�t)er

(54)

= αk(t)e
−iω̃kt

∑

j∈K
akj ξ

r
j (R)Y

m
l (θI ,φI)e

−im�t
er .

(55)

We now discard the unit vector er and further examine merely
the scalar value of the velocity field, which is tantamount to ideal
observation conditions, where the full stellar surface would be
observed. For realistic observation conditions, further projection
effects and consideration of mode visibilities have to be taken into
account (cf. Dziembowski, 1977; Schad, 2011). Additionally, we
merge the exponential time dependences. This yields

vIk(RI , θI ,φI , t) = αk(t)
∑

j∈K
akj ξ

r
j (R)Y

m
l (θI ,φI)e

−i(ω̃k+m�)t . (56)

Projecting the velocity field vI
k
(RI , θI ,φI , t) onto the different

occurring Ym
l
, by multiplying Equation (56) with the

corresponding complex conjugate spherical harmonic (Ym
l
)∗

and integrating over the full solid angle, we obtain the signal
component of each spherical harmonic comprising the surface
velocity signal in the observer’s frame

yklm(t) = αk(t)
∑

j∈Klm

akj ξ
r
j (R) e

−i(ω̃k+m�)t . (57)

Here, the set Klm ⊂ K now consists only of modes that
have the same harmonic degree l and azimuthal order m, but
different radial orders n. Each spherical harmonic component
of the velocity signal, as given by Equation (57), essentially
consists of an amplitude and frequency. Since the time dependent
amplitude αk(t) in general might not be known, it is more
convenient to work with relative, instead of absolute amplitudes
for the different components. Therefore, we define a new
quantity ψk

lm
(t) that is obtained by dividing Equation (57) by the

amplitude αk(t) a
k
k
ξ r
k
(R) of the reference mode component of the

signal, yielding

ψk
lm(t) =

∑

j∈Klm

Akj

ξ rj (R)

ξ r
k
(R)

e−i(ω̃k+m�)t , (58)

where the Akj are so-called coupling ratios as introduced by Schad
(2011), which are defined as

Akj =
akj

ak
k

. (59)

Applying a Fourier transform to Equation (58), we obtain explicit
frequency positions and corresponding relative amplitudes of the
different signal components:

ψ̂k
lm(ω) =

∑

j∈Klm

Akj

ξ rj (R)

ξ r
k
(R)

δ(ω − (ω̃k +m�)). (60)

Here, δ(ω) denotes the Dirac delta function, which is non-zero
only at ω = 0. We will use the quantities in the equation above,
to showcase the effect of the flow which is to be observed in an
inertial frame. Specifically, we will display the absolute value of
the complex relative amplitude

ηklm : =

∣

∣

∣

∣

∣

∣

∑

j∈Klm

Akj

ξ rj (R)

ξ r
k
(R)

∣

∣

∣

∣

∣

∣

(61)

for the different spherical harmonics and frequencies that
compose the multiperiodic signal in the observer’s frame.

5.2.3. Multiperiodic Signal of an l = 1 Multiplet
The multiperiodic signal, or more specifically the frequencies
and relative amplitudes ηk

lm
of the different spherical harmonic

components of the multiperiodic signal, which are generated by
a perturbed multiplet of harmonic degree l = 1 in a stationary
observer’s frame, are shown in Figure 9. Each panel shows the
result for a different flow cell configuration t, including also a
meridional flow (t = 0, top panel) and sectoral cells (t = s =
8, bottom panel). The signal components (dots) are separated
by harmonic degree l, which is given on the ordinate, and by
frequency given on the abscissa. The dot size (area) expresses
the modulus of the complex amplitude ηk

lm
(cf. Equation 61) of

the different signal components relative to the reference modes.
The three largest dots represent the reference mode components
of the signal with l = 1 and m = −1, 0,+1, plus three further
coupling modes of the same l and m but different radial order n
that are part of the coupling set. The azimuthal order m, which
causes the multiperiodicity of the signal, is indicated by the dot
color. The frequency of the unperturbed multiplet is marked by a
vertical dotted line.

For an axisymmetric (meridional) flow, given in the top panel
of Figure 9, we see that the originally degenerate multiplet is split
into its three azimuthal order components m = −1, m = 0,
and m = +1 in frequency. Note, that this frequency splitting
is not equal to the splitting shown for t = 0 in the upper panel
of Figure 6, but is much stronger, since the transformation into
the observer’s frame adds an additional m�sys to the frequency
shift of each mode. The asymmetry induced by the poloidal
flow, which is visible in the co-rotating frame (cf. Figure 6,
upper panel), is almost undetectable in the observer’s frame.
There, the frequency shifts are dominated by the contribution
to the shift arising from the switch of reference frames, which is
antisymmetric in±m.

As s = 8 and because of Equation (21), apart from the
dominant referencemode component, the signal in the observer’s
frame of each of the three perturbed modes contains additional
components with harmonic degree l = 7 and l = 9, which are of
lower amplitude. For t = 0, these components oscillate with the
same frequency as their respective reference mode component
(cf. Figure 9, top panel). This is due to the fact that axisymmetric
flows couple only modes of the same azimuthal order m, and m
determines the frequencies observed in the stationary observer’s
frame (cf. Equation 60). So, even though the multiplet splits into
three modes of different azimuthal order due to the perturbation
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FIGURE 9 | Frequencies and relative amplitudes ηklm (dot size) of the multiperiodic signal for the perturbed l = 1 multiplet in a stationary observer’s frame for a poloidal

flow with s = 8, t = 0, 2, 4, 6, 8 and an amplified flow profile. Dot colors indicate different values of m. The dotted line marks the unperturbed multiplet frequency

νref = 675.6µHz.

and the frame switch, each of these three individual perturbed
modes remains monoperiodic in the observer’s frame for t = 0.

For non-axisymmetric flows (t 6= 0), shown in the remaining
panels of Figure 9, the additional l = 7 and l = 9
components acquire frequencies different from the reference
mode components, so the signal of each reference mode becomes
multiperiodic. For each reference mode, there are two dominant
ancillary signal components per harmonic degree l, and several

minuscule components. The two dominant components, one
of which has a higher frequency than the reference mode
component and one has a lower frequency, correspond to modes
of azimuthal order m = mref ± t, which couple directly to
the reference mode. The minuscule components result from
secondary and higher order couplings. With increasing t, the
dominant ancillary components migrate away from the reference
mode components, to higher and lower frequencies, respectively.
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This migration is due to the fact that, with increasing t, the
poloidal flow couples the reference mode to modes whose
azimuthal order m differs more strongly from the azimuthal
order of the reference mode [cf. selection rule (22)].

Overall we find, that due to mode coupling the individual
perturbed modes have frequency contributions from all modes
in the coupling set. Hence, high-degree modes add frequency
contributions to the signal of low degree modes and vice versa
in the presence of a suitable velocity field. As a result, the
perturbed oscillation will be a beating. This leads to sidelobes
in the respective power spectrum. Those sidelobes, which are
then appearing due to mode coupling to high-degree modes
are potentially measurable signatures in the power spectra
obtained from asteroseismic time series. These sidelobes carry
characteristic information about the large-scale flow components
present inside a star.

6. SUMMARY AND DISCUSSION

By means of forward calculations we investigated the effects of
large-scale poloidal flows on the frequencies and eigenfunctions
of stellar oscillation modes for a subgiant star, in the non-
rotating and the rotating case. The work focused in particular
on axisymmetric (t = 0) and non-axisymmetric (t 6= 0) flow
configurations, associated with meridional flows and giant cells,
respectively. The results were obtained by applying perturbation
theory based on Lavely and Ritzwoller (1992), where the flow is
treated as a perturbation of an equilibrium stellar model, which
leads to a coupling of the oscillation modes, which in turn results
in frequency shifts and a mixing of the mode eigenfunctions.

6.1. Non-rotating Case
For the non-rotating case, we find that the frequency shifts
caused by any poloidal flow (axi- and non-axisymmetric) are
symmetric for modes of opposite azimuthal order ±m, provided
no degeneracy occurs, i.e., the modes in the reference multiplet
form non-degenerate coupling sets. If the reference modes form
degenerate coupling sets, a circumstance which can only arise
for non-axisymmetric flow configurations, the frequency shifts of
modes of opposite azimuthal order ±m are asymmetric, and the
modes that experience the shifts are mixtures of oscillation states
that do not possess a well-defined azimuthal order.

We investigated the behavior of the frequency shift depending
on the flow’s azimuthal order t and harmonic degree s. The
parameter t changes the position of the shifted modes within the
multiplet relative to each other, a behavior which is governed by
the Wigner-3j symbols. The parameter s causes an overall change
in the frequency shift for the entire multiplet, but there is no
distinct trend of the shift with s visible.

For the low degree modes considered here, the frequency
shifts caused by the flows are predominantly positive. The
magnitude of the shifts is of the order of 10−1 nHz to 1 nHz,
varying for different frequencies. Unfortunately, this magnitude
is one to two orders of magnitude lower than typical errors on
measured oscillation frequencies. For example, the frequency
errors obtained from Kepler data for several subgiant and
young red giant stars (Deheuvels et al., 2014) are of the order
of 10−2 µHz. We therefore could conclude that the small

shifts induced by purely poloidal flows will not be detectable
in subgiant stars, considering current analysis methods and
assuming flow velocities comparable to the ones prescribed in
this work. Nevertheless, considering modes in subgiants with
partial g-mode behavior, that therefore have a narrower peak in
the power spectrum and smaller errors of frequencies might be
close to the detection of the frequency shifts.

6.2. Rotating Case
In the rotating case, it is possible for the frequency shifts of
modes of opposite azimuthal order ±m to show two different
types of asymmetries of different origin. If the star possesses a
fast rotating core, the frequency shift of g-type modes acquires a
significant third order contribution, causing an asymmetry. For
p-type modes, on the other hand, substantial residual degenerate
coupling can lead to an asymmetry, which occurs when rotation
is not able to lift an existing degeneracy sufficiently. The
frequency shifts remain of the same order of magnitude as in
the non-rotating case and are therefore not a suitable measure
to detect large-scale flows.

However, in a stationary observer’s frame, the mode mixing
induced specifically by non-axisymmetric poloidal flows causes
each perturbed mode to appear as a multiperiodic observational
signal. We derived an expression for the amplitudes of the
different signal components and presented the pattern of
the signal as a function of frequency and harmonic degree.
Apart from the reference mode component of the signal,
which possesses the highest amplitudes, several low-amplitude
ancillary signal components with different frequencies appear
(two dominant ancillary components per reference mode and
coupling harmonic degree). The amplitudes of these ancillary
components are sensitive to the flow. For distant stars, only low-
degree modes (l ≤ 3) can be observed in oscillation spectra.
The ancillary components of low-degreemodes are, for most flow
configurations, of harmonic degree l′ > 3 [cf. selection rule (21)]
and are therefore, due to unresolved stellar surfaces, most likely
undetectable in current stellar data. However, the problem can
be considered the other way around: Due to mode coupling the
higher degree modes leave their imprint in the lowest degree
modes, too. The degrees best visible in stellar data are l = 0
and l = 1. For a poloidal flow of given degree s, the triangle
inequality (Equation 21) yields that the perturbed multiplets of
degrees l′ = s, l′ = s − 1, and l′ = s + 1 will create ancillary
signal components in the time series of the modes with degrees
l = 0 or l = 1. Therefore, the most promising procedure to detect
signatures of a specific poloidal flow field in stellar oscillation
spectra would be to search for unidentified peaks (ancillary signal
components) at frequencies belonging to the aforementioned
modes of degrees l′ = s, s− 1, s+ 1.

Generally, this study could be expanded to other stars of
different masses and evolutionary stages. Obviously, real large-
scale stellar velocity fields are a superposition of several flow
components, which therefore all of them would lead to side lobes
in the power spectrum of low-degree modes. Supported by more
realistic models of stellar convection, actual potential detection
limits of large-scale flows in stars by asteroseismology could be
derived. We defer such studies to later investigations.
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We would also like to note that in turn, if such side lobes in
the power spectrum could be detected, they would provide hints
on the frequencies of the high-degree modes, too. This would
therefore support the modeling of the respective star.
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7. APPENDIX

7.1. Flow Kernels
Expressions for the flow kernels as given by Lavely and Ritzwoller
(1992):
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where the coefficients B
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are defined by Woodhouse (1980):
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The coefficients B
(N)±
ijk

satisfy several useful identities, in

particular we employed
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with6 = i+ j+ k.
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Convection Theory and Related
Problems in Stellar Structure,
Evolution, and Pulsational Stability II.
Turbulent Convection and Pulsational
Stability of Stars
Da-run Xiong*

Purple Mountain Observatory, Chinese Academy of Sciences, Nanjing, China

Using our non-local and time-dependent theory of convection and a fixed set of convective
parameters (C1, C2/C1, C3) � (0.70, 0.50, 3.0) calibrated against the Sun, the linear
non-adiabatic oscillations for evolutionary models with masses 1–20 M⊙ are calculated.
The results show that almost all the classical instability strips can be reproduced. The
theoretical instability strips of δ Scuti and c Doradusvariables agree well with Kepler
spacecraft observations. There is no essential difference in the excitation mechanism
for δ Scuti and c Doradus stars. They are excited by the combined effects of the radiative
κ-mechanism and coupling between convection and oscillations. They represent two
subgroups of a broader type of δ Scuti and c Doradus stars, located in the lower part of the
Cepheid instability strip. δ Scuti is the p-mode subgroup and c Doradus is the g-mode
subgroup. The luminous variable red giants observed by MACHO and OGLE are low-order
radial pulsators among low-mass red giant and asymptotic giant branch stars. The
excitation and damping mechanism of oscillations for low-temperature stars is studied
in detail. Convective flux and turbulent viscosity are consistent damping mechanisms. The
damping effect of the convective enthalpy flux is inversely proportional to the frequency of
the modes, so it plays an important role in stabilizing the low-order modes and defining the
red edge of the Cepheid instability strip. The damping effect of turbulent viscosity reaches
its maximum at 3ωτc/16 ∼ 1, where τc is the dynamic time scale of turbulent convection and
ω is the angular frequency of the modes. Turbulent viscosity is the main damping
mechanism for stabilizing the high-order modes of low-temperature variables. The
turbulent pressure is, in general, an excitation mechanism; it reaches maximum at
3ωτc/4 ∼ 1, and it plays an important role for the excitation of red variables. Convection
is not, in fact, a pure damping effect for stellar oscillations. The relative contributions of
turbulent pressure, turbulent viscosity, and convective enthalpy flux for excitation and
damping effects change with stellar parameters (mass, luminosity, effective temperature)
and with the radial order and spherical harmonic degree of the oscillation mode; therefore,
the combined effect of convection is sometimes damping, and sometimes the excitation of
oscillations. Our research shows that, for low-luminosity red giants, the low-order modes
are pulsationally stable, while the intermediate- and high-order modes are unstable.
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Toward higher luminosity, the range of unstable modes shifts gradually toward the lower
order. All of the intermediate- and high-order modes become stable, and a few low-order
modes become unstable for high-luminosity red giants. They show the typical pulsational
characteristics of Mira-like variables. The variable red giants are, at least for the high-
luminosity RGs, self-excited. For red giants, the frequency of the maximally unstable
modes predicted by our theory is similar to that given by the semi-empirical scaling relation.

Keywords: variables, interior-stars, convection-stars, oscillations-stars, evolution-stars

INTRODUCTION

Convection occurs within most stars. Convection brings
about the transport and exchange of energy and
momentum, and the mixing of matter in the stellar
interior. Therefore, it strongly influences the structure,
evolution, and pulsational stability of stars. Unfortunately,
up to now no perfect convection theory has been accepted by
the community. The most popularly applied convection
theory is still the mixing-length theory (MLT, Bohm-
Vitense, 1958). The most obvious advantage of MLT is its
straightforwardness in physical picture and simplicity of use.
However, the MLT is not a dynamic theory following the
hydrodynamic equations and turbulence theory, but is a
phenomenological theory based on a simple analogy of
turbulence with the kinetic theory of gas molecules. As
such, it cannot give an exact description for turbulent
convection, particularly for non-local and time-dependent
convection. We developed a non-local and time-dependent
theory of convection (Xiong et al., 1980; Xiong, 1981; Xiong,
1989; Xiong et al., 1997; Deng et al., 2006) based on
hydrodynamic equations and turbulence theory in order to
improve the treatment of overshooting in the calculation of
stellar structure and evolution, and the treatment of coupling
between convection and oscillations in the calculations of
stellar oscillations. In Part Ⅰ of this article, a non-local and
time-dependent theory of convection developed by us was
briefly described, and its applications in theoretical
calculations of the structure of the solar convection zone,
of massive star evolution, and of the lithium depletion in the
atmospheres of late-type dwarfs were presented. Here in Part
Ⅱ, we illustrate its applications in the calculations of stellar
oscillations. These applications are not only the primary
motivation of our research on convective theory, but also
the means for testing convection theory.

Stellar pulsation theory is being perfected thanks to the
continuous work of generations of researchers for over
7 decades. Among others, we name four classical books by
Ledoux and Walreven (1958), Cox (1980), Unno et al. (1989),
and Aerts et al. (2011). They review the major research completed
during that period of time. The remaining problems in stellar
pulsation theory are almost all related to convection or non-linear
theory. This paper is limited to the subjects of turbulent
convection and the pulsational stability of stars.

Convection theory is still the most uncertain factor which
prevents a clear understanding of oscillations in low-

temperature stars. For low-temperature stars, dynamic
coupling between convection and oscillations (through the
exchange of momentum, i.e., turbulent pressure and
turbulent viscosity) has at least as much, or possibly a
larger effect than thermodynamic coupling (through the
exchange of energy, i.e., convective enthalpy flux) on
pulsational stability. The local description of convection
has to be abandoned when turbulent pressure is taken
into account in the equations of stellar structure,
otherwise numerical calculations become unstable (Xiong,
1980). Our non-local and time-dependent theory of
convection (Xiong, 1980; Xiong, 1981; Xiong, 1989; Xiong
et al., 1997; Deng et al., 2006) is based on hydrodynamic
equations and turbulence theory (Hinze, 1975); therefore, it
has a more solid foundation in hydrodynamics, and provides
a more precise description for the dynamic behavior of
turbulent convection. Our formulation has the following
advantages in the calculations of stellar oscillations:

(1) Our theory can be used for the treatment of both the
thermodynamic (through the turbulent enthalpy flux) and
dynamic coupling (through turbulent Reynolds stress,
i.e., turbulent pressure and turbulent viscosity) between
convection and oscillations in a self-consistent way.

(2) Our theory applies not only to radial oscillations but also to
non-radial oscillations of stars in a self-consistent way,
because our radiation-hydrodynamic equations are written
in a general tensor format, which can deal not only with the
exchange of energy and momentum in the radial direction,
but also in the horizontal direction.

(3) In most calculations of non-adiabatic oscillations, the
problematic rapidly oscillatory solutions are due to the local
treatment method (Keeley, 1977; Baker and Gough, 1979;
Gonczi and Osaki, 1980). Our time-dependent convection
theory is non-local, so they have been effectively suppressed,
and even completely removed (Xiong et al., 1998b; see also
Figures 1–3 in the present paper).

(4) The pulsation stability is insensitive to convective parameters
used. It is almost independent of the choice of convective
parameters within a rather wide range (Xiong et al., 2015).

Linearizing our system of radiation-hydrodynamic equations
for the calculation of stellar structure and oscillations in Eqs. (2),
(3′), (4′), (5) and Eqs. 18-21 in Part I, we produce the non-
adiabatic radial and non-radial pulsation equations. They are
more complex than other theories, they are a system of
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differential equations of orders 10 and 16, respectively. For the
adiabatic oscillation, the equations of energy conservation in Eq.
(4′), and auto-correlation and cross-correlation for turbulent
velocity and temperature in Eqs. 18-21 can be removed, the
adiabatic radial and non-radial pulsation equations will be
simplified to orders 2 and 6. Therefore, the complexity and

all the advantages mentioned above are due to our more
accurate treatment of the convection problem. This should be
the price for a more accurate convection theory, and it is worth
it. The wave-scattering by inhomogeneous turbulent medium
was neglected in the pulsation equations. Further investigation
is needed.

FIGURE 1 | Cumulative work (W) and its gas pressure (Wpg), turbulent pressure (WPt), and turbulent viscosity (Wvis) components as functions of log T for a low-
luminosity red giant. W � Wpg +Wpt + Wvis (see Eqs. 5–8). (A) P0-mode; (B) P9-mode.

FIGURE 2 | The same as Figure 1, but for a high-luminosity red giant.
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In Theoretical Instability Strips, we present our theoretical
instability strips in the H-R diagram. Recent progress in research
of δ Scuti and c Doradus stars and luminous red variables is
illustrated, respectively, in δ Scuti and γ Doradus Stars and
Luminous Variable Red Giants. In Cumulative Work Analysis
for the Excitation and Damping Mechanism, an analysis of the
cumulative work for excitation and damping mechanisms is
described in detail. In Excitation Mechanism for Variable Red
Giants, the excitation mechanism of red variables is studied. A
summary and discussion are found in Summary and Discussion.

THEORETICAL INSTABILITY STRIPS

By using our non-local and time-dependent theory of convection
and a fixed set of convective parameters (C1, C2/C1 , C3) �
(0.70, 0.50, 3.0) calibrated against the Sun (Deng et al., 2006),
we calculated the radial and non-radial non-adiabatic oscillations
of evolutionary models with masses 1–20 M⊙ and the solar
abundance (Y � 0.26, Z � 0.017). In part Ⅱ, all the
evolutionary tracks (L and Te) are taken from Padova Tables
by Bertelli et al. (2008, 2009). First, we calculated non-local
convection envelope models along the Padova evolutionary
tracks (M, L, Te, Y, Z), and then calculated non-adiabatic
oscillations of the non-local convection envelope models. The
surface boundary was located at optical depth τ0 � 10− 3, and the
bottom boundary was set deep enough for pulsational
calculations, i.e., where the bottom temperature Tb > 6 × 106K
or the fractional radius rb/R0 < 0.01 is reached. A slightly
modified version (Deng and Xiong, 2001) of the MHD

equation of state (Däppen et al., 1988; Hummer and Mihalas,
1988; Mihalas et al., 1988) and OPAL opacity tables (Rogers and
Iglesias, 1992) complemented by the low temperature opacity
tables by Alexander and Ferguson (1994) were used.

Figure 4 shows the pulsationally unstable low-order non-radial
(l � 2) p- (panel A) and g-modes (panel B) in the H-R diagram.
Our research shows that the amplitude growth rate depends only
on the frequency of the modes, and does not depend on the
spherical harmonic degree (Xiong and Deng, 2010; Xiong et al.,
2016). Figure 5 shows the pulsationally unstable low-order radial
modes (colored, filled circles) in the H-R diagram. Each color is
shifted a line-width in the x-/y-direction, in order to be able to see
each color. It can be seen from Figures 4, 5 that, by using a fixed set
of convection parameters, almost all the classical instability strips,
including the δ Cephei, δ Scuti and c Doradus (Xiong et al., 2016),
β Cephei (Deng and Xiong, 2001), slowly pulsating B-stars (SPB,
Xiong and Deng, 2011), and LPV (Xiong et al., 1998a; Xiong et al.,
2007; Xiong et al., 2018), can be reproduced. Their locations are
marked in Figures 4, 5. β Cephei and SPB stars are excited by the
κ-mechanism from absorption by ions, peaking at T ∼ 2 × 105 K ,
so the width of these two instability strips depends sensitively on
the metal abundance. β Cephei and SPB stars in our Galaxy belong
to the extreme population Ⅰ, which have metal abundance higher
than that of the Sun. This may explain why the widths of the
theoretical instability strips of β Cephei and SPB stars of the solar
abundance in Figures 4, 5 are narrower than the observed ones in
our Galaxy (belonging to extreme population Ⅰ). Our theoretical
instability strips, in fact, would agree well with the observations if
the metal abundance is taken into account (Deng and Xiong,
2001; Tian et al., 2003). The blue dashed line and red solid line in

FIGURE 3 | Gas pressure (Wpg), radiative flux (WLr), convective flux (WLc), and buoyancy work and turbulent dissipation components (Wth) of cumulative work
as functions of log T for a low-luminosity red giant. Wpg �WLr +WLc +Wth (see Eqs. 10–13). (A) The same as in Figure 1A: P0-mode, (B) The same as in Figure 1B:
P9-mode.
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Figures 4, 5 are, respectively, the blue and red edges of the
Cepheid instability strip. The upper area of this instability strip is
occupied by the classical Cepheids, and the lower area is occupied
by the δ Scuti and c Doradus stars. The Cepheids and Cepheid-
like stars are excited by the κ-mechanism in the hydrogen and
helium ionization regions. The existence of the red edge (the red
solid lines) is due to the convective damping through the convective
enthalpy flux (see Cumulative Work Analysis for the Excitation and
Damping Mechanism). There are many unstable stars in the low-
temperature region on the right-hand side of the red edge of the
instability strip. They are pulsating red variables. They constitute the
most abundant known population of variable stars, and yet we know
little about them. Eggen (1973b) pointed out that all old disc
population red giants with (R-I) >0.9 are variables. The visual
amplitudes range from 0.01 (or less) to 10 magnitudes. The
typical time-scale (period) goes from several hours to a few
hundred days. Classification of these red variables based on the
period, luminosity, and population data were made by Eggen
(1972a); Eggen (1972b); Eggen 1973a; Eggen (1973b); Eggen
(1975); Eggen (1977). Only the LRVs (luminous red variables,
including Miras, irregular, semi-regular, and OGLE small
amplitude variable red giants), were marked which are the best
studied types among all the red variables. Comparing Figure 6 and
Figure 7Awith Figures 4A,B, 7B, it can be seen that the LRVs seem
to favor radial oscillations. According to our theoretical calculations,
the non-radial modes of low-mass (M< 2M⊙) LRV luminous giants
(logL/L⊙ > ∼ 2.7) are stable (see Figure 7). This is only a theoretical
prediction, the reality of which still needs to be confirmed. The
details about the instability strips can be found by referring to our

previousworks cited in the parentheses following each of the variable
types above and the related references cited in these papers. Studies
of the excitation and dampingmechanism of red variables are amain
part of the present paper.

δ SCUTI AND γ DORADUS STARS

Studies of δ Scuti and c Doradus stars have made significant
progress in the past 2 decades thanks to the Kepler mission which
has provided high-precision photometry in a continuous long-
time series baseline for over 100,000 stars, among which about
1,500 new δ Scuti and cDoradus stars were discovered. This high-
precision sample greatly enhanced our knowledge and offered
opportunities for leaps in understanding of these two types of
variables (Balona and Dziembowski, 2011; Balona et al., 2011).
We calculated non-adiabatic oscillations of radial and low-degree
non-radial modes for stellar evolutionary models withM � 1.4 −
3.0M⊙ and the solar abundance (Xiong et al., 2016). It can be seen
from Figures 4, 5 that there is an obvious red edge for the low-
order modes. The temperatures of the red edges in order from
high to low are for radial modes, non-radial p-modes, and
g-modes. Figure 6 shows the pulsationally stable (small, filled
circles) and unstable modes (open circles) on the n − logTe plane
for the evolutionary models of a 2.0M⊙ star, where n is the radial
order of the oscillation modes. n> 0 are the p-modes and n< 0 are
the g-modes (Unno et al., 1989). It can be seen from Figure 6 that
the instability strip changes with the radial order n. There are no
red edges for intermediate-order (20≥ n≥ 6) radial and non-

FIGURE 4 | Pulsationally unstable (colored, filled circles) low-degree (l � 2) non-radial low-order p-modes (panel a) and g-modes (panel b) in the H-R diagram for
evolutionary models of 1–20 M⊙ stars. Each color is shifted a line-width in the x-/y-direction, in order to be able to see each color. The blue dashed line and red solid line
are, respectively, our theoretical blue and red edges of the Cepheid instability strip. The locations of the main types of variable stars are indicated.
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radial p-modes. This theoretical expectation of the existence of
unstable intermediate-order modes in low-luminosity red giants
still needs to be confirmed. This is because, in our theoretical

calculations of the oscillations, the loss of coherence due to the
scattering and refraction of acoustic waves caused by the
inhomogeneous turbulent element, has been neglected;

FIGURE 6 | Stable (small filled circles) and unstable (open circles) low-degree (l � 2) non-radial modes in the (n − log Te ) plane for evolutionary models of a
M � 2.0M⊙ star, where n � np − ng is the radial order of modes, and np , ng are, respectively, the node number of p- and g-modes (Unno et al., 1989). The size of the open
circles is proportional to the logarithm of the amplitude growth rate of the modes.

FIGURE 5 | Pulsationally unstable radial low-order modes (colored, filled circles as labeled in the figure) in the H-R diagram for evolutionary models of 1–20M⊙ stars.
Each color is shifted a line-width in the x-/y-direction. The blue dashed line and red solid line are, respectively, our theoretical blue and red edges of the Cepheid instability
strip. The locations of the main types of variable stars are indicated.
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therefore, the amplitude growth rate in our theory may be
overestimated for the high-frequency modes.

c Doradus stars have long been thought to be a new type of
variable, different from the classical Cepheid-like variables. They
are excited by the so-called convective blocking mechanism
(Guzik et al., 2000). This mechanism operates at the bottom
of the convection zone. Therefore, it depends sensitively on the
convection parameters used (Dupret et al., 2005; Pamyatnykh,
2000; Houdek, 2000; Grigahcene et al., 2010; Uytterhoeven et al.,
2011; Hareter, 2012; Sarro et al., 2013). Our research (Xiong et al.,
2016) shows that the excitation of c Doradus stars does not
usually occur at the bottom of the convection zone, but rather in
the outer layers of the star, in the ionization regions of hydrogen
and helium. There is no essential difference between the
excitation mechanisms of δ Scuti and c Doradus stars. Both
result from the combined effects of the radiative κ-mechanism
and coupling between convection and oscillations. The former
plays a major role for the excitation of warm δ Scuti and c

Doradus stars, while the latter is the main excitation and damping
mechanism of cooler δ Scuti and c Doradus stars. We suggested
that δ Scuti and c Doradus stars are two subgroups of a broader
type of δ Scuti and cDoradus stars, located in the lower part of the
Cepheid instability strip. δ Scuti stars form the p-mode subgroup,
while c Doradus stars form the g-mode subgroup. It can be seen
from Figures 4–6 that the δ Scuti and c Doradus instability strips
overlap partially in the H-R diagram, with the latter being slightly
redder. The stars located in the overlap region are mostly δ Scuti/c
Doradus hybrids. The connections among cDoradus, δ Scuti, and
δ Scuti/c Doradus hybrids are very similar to those among RRab,
RRc, and RRd stars (Xiong et al., 2016).

LUMINOUS VARIABLE RED GIANTS

Studies of luminous variable red giants have progressed
significantly in the past 2 decades thanks to OGLE (Soszynski
et al., 2004; Soszynski et al., 2005; Soszynski et al., 2007; Soszynski
et al., 2009), MACHO (Wood, 2000), and similar projects. The
existence of the red edge of the Cepheid instability strip is due to
damping from thermodynamic coupling between convection and
oscillations (through thermal energy exchange, namely convective
enthalpy flux). Therefore, fora long time, convection was
understood as a pure damping mechanism for the oscillations
of stars.Why are there various red variables in the low-temperature
area beyond the Cepheid instability strip? This is still an
outstanding and disputed subject. Xiong et al. (1998a); Xiong
and Deng, (2007) studied in detail the coupling between
convection and oscillations, and showed that there is a Mira
instability strip in the low-temperature and high-luminosity
area of the H-R diagram. Turbulent pressure plays an
important role in the excitation of luminous red variables.
OGLE and MACHO observations not only greatly enhanced
the database, but also offered the best opportunity for studies of
the luminous variable stars. By using our non-local and time-
dependent theory of convection and the same set of convection
parameters (C1 , C2/C1, C3) � (0.70, 0.50, 3.0) as in
Theoretical Instability Strips and δ Scuti and γ Doradus Stars,
we carried out calculations of radial and non-radial non-
adiabatic oscillations for evolutionary models of RGs and AGBs
with M � 0.8 − 2.0M⊙ (Xiong et al., 2018). The evolutionary
models, EOS, and OPAL opacities used are the same as in
Theoretical Instability Strips and δ Scuti and γ Doradus Stars.

FIGURE 7 | (A) Pulsationally stable (small filled circles) and unstable (open circles) radial modes on the log L/L⊙ − nr plane for evolutionary AGB models of
M � 1.0M⊙. The size of the open circles are proportional to the logarithm of amplitude growth rate. (B) The same as (A) but for low-degree (l � 1) non-radial modes. The
abscissa nr � np − ng is the radial order; np and ng are, respectively, the node number for p- and g-modes.
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We chose an initial chemical abundance for the LMC of
Y � 0.26, Z � 0.008. Figure 8A shows our theoretical period-
luminosity diagram for low-order radial modes. It can be seen
that the theoretical fundamental through fourth overtone modes
fall approximately on the observed sequences C-A’ of the OGLE
luminous variable red giants (Soszynski et al., 2004; Soszynski et al.,
2005). The abscissa of Figure 8A is the logarithmic period log P
and the ordinate is the reddening-free Wessenheit index WI

(Madore, 1982) defined as

WI � I − 1.55(V − I). (1)

The observed sequences A′, A, B, C′, and C of luminous red
variables in the LMC are shown by magenta, blue, green, cyan,
and red points in Figure 8A using data from the OGLE-Ⅲ catalog
of LPVs in the LMC (Soszynski et al., 2004; Soszynski et al., 2005;
Soszynski et al., 2009).

The sequences C-A′ are commonly interpreted as different
pulsation modes. But there is disagreement on the modal
assignment. Based on the period ratios, Takayama et al. (2013)
suggested that they can be explained by radial and low-degree non-
radial (l � 1 and 2) low-order p-modes (n � 0–4). Wood (2015),
Wood (2019) reached a similar conclusion in order to explain the
closely spaced periods within a sequence in the Petersen diagram.
Trabucchi et al. (2017) re-examined this problem. This is a
somewhat complex subject. Wood (2015) found obvious
evidence of mass variations within a sequence and from one
sequence to another, and a sequence may also contain more
than one type of mode. Figure 8B shows our theoretical
period-luminosity diagram for l � 2 non-radial modes (p0
through p4 modes). It can be seen that they locate the short-
period region far from the observations of the OGLE luminous
variable red giants, and all the non-radial modes of luminous red
giants (WI < ∼ 14.5) are stable. The theoretical period-luminosity
relations for l � 1 non-radial modes are similar. Therefore, we
believe that the sequences C- A′ represent the period-luminosity
(P-L) relations of the low-order radial modes of low-mass RGB and
AGB stars rather than the non-radial ones. Comparing theoretical
P-L relations (Figure 8A) and period ratios with the observed ones,
we suggest a possible mode identification that the sequences C, C′,
B, A, and A′ are, respectively, the radial fundamental to fourth
overtone. This identification is identical with that of Wood. It
seems to agree well with the observed P-L relation in Figure 8A,
but the period ratios do not entirely agree with the observations.
Another possible identification is as follows: sequences C and C′
are still the radial fundamental and first overtone; sequence B is not
the P-L relation of a single mode type, but represents the P-L
relations of the second and first overtones; sequences A and A′ are,
respectively, the second and third overtones. The theoretical period
ratios of the latter identification are more consistent with the
observations than those of the former identification. However, they
do not entirely agree with the observations. The insufficiency of
observations may be, in my opinion, an important reason. The
OGLE data used for frequency analysis spanned 10 years, but
typically there were only 700–900 points for each star
(Soszynski et al., 2004). This time coverage, obviously, cannot
ensure a perfect frequency analysis for LPVs, which are, in general,

semi-regular and multiperiodic. This problem needs further
investigation.

Studies for luminous red variables have greatly advanced our
understanding, but there are still many outstanding problems:

(1) What kinds of variables are the OGLE small amplitude
variable red giants (OSARGs)? Why are they so different
from Miras and semi-regular variables located in the
sequences of C and C’ (Soszynski et al., 2004)?

(2) Are there true oscillation modes with period ratios ∼1 and ∼0
in the observed Petersen diagram, or are these spuriousmodes
due to insufficient observations (Soszynski et al., 2004)?

(3) It can be seen from Figures 4A,B, 8A,B, 7A,B,, that all
the non-radial modes are stable for low-mass (M< 2M⊙)
luminous (logL/L⊙ > ∼ 2.7) giants. If this theoretical
prediction is correct, this means that the luminous
red giants prefer to oscillate radially. This needs to be
verified.

CUMULATIVE WORK ANALYSIS FOR THE
EXCITATION AND DAMPING MECHANISM

Cumulative work is a convenient and efficient way to investigate
the excitation and damping mechanism. Not only can the
magnitude be estimated quantitatively for each component of
excitation and damping, but also the location of these
components can be identified. We give a simple derivation of
cumulative work. Linearizing the average equation of momentum
conservation in Eq. 3 in part I and neglecting the molecular
viscous term (it is far smaller than any other terms in the
equation), we have,

ω2δri � 1
ρ
∇k[gik(P + ρx2)′ + (ρχik)′] + gik∇kΦ′, (2)

δri here and δri below are, respectively, the i th inverse-variant
(superscript) and covariant (subscript) components of the
displacement vector. Multiplying Eq. 2 by δr*i dMr (δr*i is the
conjugate value of δri), summing i from 1 to 3, and then
integrating with respect to dMr for the whole star, the
integration of the left-hand side of Eq. 2 becomes

∫M0

0
ω2δriδr*i dMr � 2(1 − ω2

i

ω2
r

+ 2i
ωi

ωr
)Ek, (3)

where ωi, ωr are, respectively, the imaginary and real part of the
complex angular frequency ω � iωi + ωr , and Ek is the total kinetic
energy of an oscillation mode,

Ek � ω2
r

2
∫M0

0
dδriδr*i Mr � ω2

r

2
∫M0

0
[δr2 + l(l + 1)δrhδr*h]dMr ,

(4)

where δr and δrh are, respectively, the radial and horizontal
components of the shift vector. η � −2πωi/ωr is the amplitude
growth rate per period. From the integration of the right-hand
side of Eq. 2, we find the normalized cumulative work W:
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W(Mr ) �
π

2Ek
∫Mr

0
Im{ − [δP

ρ
+ 2x2

δx
x
] δ ρp

ρ

+ δχ11
d

d ln r
(δrp

r
)}dMr

� Wpg(Mr ) +Wpt(Mr) +Wvis(Mr ) . (5)

The value ofW(Mr) at the surface of stars,W(M0), is equal to the
amplitude growth rate per period η � −2πωi/ωr , these agree with
each other to within several percent in general. HereW(Mr) is the
total cumulative work, and Wpg(Mr), Wpt(Mr), and Wvis(Mr) are,
respectively, the gas pressure, turbulent pressure, and turbulent
viscosity components of the cumulative work,

Wpg(Mr ) � − π

2Ek
∫Mr

0
Im{P

ρ

δP

P

δ ρp

ρ
}dMr , (6)

Wpt(Mr ) � − π

Ek
∫Mr

0
Im{x2δxx

δ ρp

ρ
}dMr , (7)

Wvis(Mr) �
π

2Ek
∫Mr

0
Im{δχ11 d

d ln r
(δrp

r
)}dMr , (8)

where δP, δρ, δx, and δχ11 are, respectively, the Lagrangian
perturbations of P, ρ, x, and χ11. ρx

2 and ρχij are, respectively, the
isotropic (namely turbulent pressure) and anisotropic components
of turbulent Reynolds stress. The variation of turbulent pressure
ρx2 in the process of stellar oscillations always lags slightly behind
the variation of density due to the inertia of turbulent kinetics. As a
result, a positive Carnot cycle is formed in the Pt − V � (1/ρ)
diagram during oscillations of a star, so the stochastic turbulent

kinetic energy is converted into the coherent kinetic energy of
stellar oscillations. Therefore, the turbulent pressure is, in general,
an excitation mechanism of oscillations. The anisotropic
component of Reynolds stress (see Eq. 15 below), ρχij, on the
other hand, converts the coherent pulsation kinetic energy into
stochastic turbulent kinetic energy due to the shear effects of fluid
motion, so the turbulent viscosity always has a damping effect on
stellar oscillations. The gas pressure component Wpg includes the
contribution of both radiative and convective fluxes. Linearizing
the thermal energy conservation equation in Eq. 4′ in Part Ⅰ, it is not
difficult to obtain

δP

P
− Γ1

δρ

ρ
� Γ3 − 1

iωP
{αV GMr

r2
[(2 + r3ω2

GMr
) δr

r
− δV

V
]

+ δ(4
�
3

√
ηeGMrρ

3C1r2P
x3) − 1

4πr2ρ
d
dr

(δLr + δLc

+ δLt) + l(l + 1)
rρ

(F ’
r,h + F ’

c,h + F ’
t,h)}, (9)

where Γ1 − Γ3 are the adiabatic indexes introduced byChandrasekhar
(1939). (δLr ,F ’

r,h), (δLc,F
’
c,h), and (δLt ,F

’
t,h), are, respectively, the radial

Lagrange and horizontal Euler components of the radiative flux,
convective enthalpy flux, and turbulent kinetic energy flux vector.
The terms on the right side of Eq. 9 are the contribution of non-
adiabatic effects. The first term in square brackets is the net loss of
thermal energy due to buoyancy work, the second term is the gain of
thermal energy due to turbulent dissipation, and the third and fourth
terms are the net gain of thermal energy from the radiative and

FIGURE 8 | Period-luminosity diagram of low-order radial (panel a) and non-radial (panel b) modes for evolutionary models of RGs (black) and AGBs (red) with mass
M � 1.0M⊙. The open and filled circles, triangles, pluses, squares, and inverse triangles are, respectively, the unstable and stable fundamental through fourth overtone
modes. The observed P-L sequences A, A′, B, C′, and C are shown by magenta, blue, green, cyan, and red small points.
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convective enthalpy fluxes, and turbulent kinetic energy flux.
Substituting Eq. 9 into Eq. 6, the contributions of radiative flux
(WLr(Mr)), convective flux (WLc(Mr)), and buoyancy work and
turbulent dissipation (Wth(Mr)) can be separated:

Wpg(Mr ) � WLr(r) +WLc(r) +Wth(r), (10)

where

WLr(Mr ) � − π

2Ekω
∫Mr

0
(Γ3 − 1)Re{[ 1

4πr2ρ
dδLr

dr

− l(l + 1)L’
r,h

4πr3ρ
] δ ρp

ρ
}dMr , (11)

WLc(Mr ) � − π

2Ekω
∫Mr

0
(Γ3 − 1)Re{[ 1

4πr2ρ
dδLc

dr

− l(l + 1)L’
c,h

4πr3ρ
] δ ρp

ρ
}dMr , (12)

Wth(Mr) �
π

2Ekω
∫Mr

0
(Γ3 − 1)Re{(GMr

r2
αV[(2 + r3ω2

GMr
) δr

r

− δV
V
] + δ(4

�
3

√
ηeGMrρ

C1r2P
x3)) δ ρp

ρ
}dMr .

(13)

The first term in the brackets of Eq. 13 is the buoyancy work,
that is, the conversion rate from thermal energy into turbulent
kinetic energy, so its contribution for Wth(Mr) is negative. This
process occurs in the region of the low wave-number of
turbulent spectrum. The second term represents the

dissipation rate of turbulent kinetic energy, that is, the
conversion rate from turbulent kinetic energy into thermal
energy, so its contribution for Wth(Mr) is positive. This
process occurs in the region of the high wave-number of
turbulent spectrum. For a static star, these contrary transfer
processes between thermal energy and turbulent energy will
bring the turbulence to an equilibrium state. It can be known
from Eq. 18 (in Part I) that the sum of these two terms is
approximately zero for a static star. For a pulsating star, it is not
zero, but it is still small in comparison withWLr(Mr) andWLc(Mr).
After analysis, it is easy to understand the behavior of Wpg(Mr)
and its components WLr(r),WLc(r), and Wth(r) as illustrated in
Figure 3.

Linearizing Eqs. (18) and (19) in Part Ⅰ and neglecting the
third-order correlation terms, we have

δx2 ≈
2
3

1
1 + iωτc1

{iωτc1[x2δρ
ρ
− χ11

d
d ln r

(δr
r
)]

+ GMrαVτc1
r2

[δV
V

− (2 + r3ω2

GMr
) δr

r
]},

(14)

δχ11 ≈
4
3

1
1 + iωτc2

{ − iωτc2[(x2 + χ11) d
d ln r

(δr
r
) + 3

2
χ11
δr
r
]

+ GMrαVτc2
r2

[δV
V

− (2 + r3ω2

GMr
) δr

r
]}, (15)

where τc � C1r2P�
3

√
ηeGMrρx

, τc1 � 3
4
τc,

τc2 � 3
4(1 + C3)τc.

(16)

Eqs. 4–16 are our expressions for cumulative work in the
general case of non-radial oscillations. They will reduce to the
radial expression for l � 0. It can be found from Eqs. 14–16 that
the turbulent pressure and turbulent viscous components Wpt

and Wvis reach their maxima, respectively, at ωτc1 � 1 and
ω τc2 � 1. It can be found from Eq. 11 that the convective flux
component WLc always dampens stellar oscillations and is
inversely proportional to the oscillation frequency of the
modes; it plays an important role in stabilizing the low-order
modes of low-temperature stars and defines the red edge of the
instability strip.

Figure 9 shows the frequency dependences of the excitation
and damping effects of turbulent pressure, viscosity, and
convective enthalpy flux.

EXCITATION MECHANISM FOR VARIABLE
RED GIANTS

There is a red edge for the Cepheid (and Cepheid-like) instability
strip in the H-R diagram due to convective damping, as
mentioned in the previous section. Therefore, convection for a
long time was thought of as a purely damping mechanism for
stellar oscillations. Convection is not, in fact, a pure damping
effect for stellar oscillations, as described in Cumulative Work
Analysis for the Excitation and Damping Mechanism. The relative

FIGURE 9 | Frequency dependence of the excitation and damping
effects of turbulent pressure (solid line), turbulent viscosity (dotted line), and
convective enthalpy flux (dashed line) on stellar oscillations. The ordinate is
used in any unit.
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contributions of turbulent pressure, turbulent viscosity, and
convective enthalpy flux for excitation and damping of modes
change with stellar parameters (mass, luminosity, and effective
temperature) and the pulsation frequency (or, alternatively, the
radial order and spherical harmonic degree) of the mode.
Therefore, the net effect of convection is sometimes to
dampen, and sometimes to excite an oscillation mode.
Figure 7 shows the pulsationally stable and unstable modes in
the logL/L⊙ − nr plane for the evolutionary models of red giants
with M � 1.0M⊙(logTe < 3.70), where nr is the radial order of
the modes (Xiong et al., 2018). It can be seen that for low-
luminosity red giants, the low-order modes are pulsationally
stable, while the intermediate- and high-order modes are
unstable. Toward high luminosity, the unstable modes move
gradually toward the lower order. All of the intermediate- and
high-order modes become stable, while a few low-order modes
become unstable for high-luminosity red giants. Their pulsational
characteristics are typical of Mira-like stars. The turbulent
pressure plays an important role for the excitation of variable
red giants. The excitation effect of turbulent pressure reaches its
maximum at ωτC1 ∼ 1. From Eq. 16, the frequency of the
maximally unstable mode is

]max ∼
Mρx
C1r2P

∼
MT3.5Cs

Lx
(17)

where Cs ∼ T1/2 is the adiabatic acoustic velocity, and Cs/x is the
Mach number of turbulence, which changes little from one star to
another. Eq. 17 is, in fact, similar to the scaling relation. Figure 10
shows a comparison of the frequency of the maximally unstable
mode predicted by our non-adiabatic oscillation calculations
]Xiong (coherent excitation, abscissa) with ]Bedding (ordinate)
predicted by the scaling relation of stochastic excitation theory
(Kjeldsen and Bedding, 1995; Stello et al., 2007). It can be seen
that they agree well with each other. This means that it is
impossible to distinguish these two excitation mechanisms
based only on the frequency of the highest mode amplitude.

In the cumulative work analysis (Cumulative Work Analysis
for the Excitation and Damping Mechanism) and in our
theoretical calculations of non-adiabatic oscillations
(Theoretical Instability Strips, δ Scuti and γ Doradus Stars,
Luminous Variable Red Giants), the radiative flux, convective
thermodynamic (via the convective enthalpy flux), and dynamic
coupling (via the turbulent Reynolds stress, i.e., turbulent
pressure and turbulent viscosity) are taken into account in a
self-consistent way. Our convection theory is a dynamic theory
based on the hydrodynamic equations and turbulence theory.
Compared with MLT, it has a more solid theoretical foundation
in hydrodynamics. Therefore, it is expected to more accurately
describe the dynamic behavior of turbulent convection, and it can
produce more reliable results than MLT for classic variables and
luminous red variables. However, for low-luminosity low-
temperature stars, such as the solar-like oscillators, the modes
are high-degree and high-order radial and non-radial p-modes
are trapped in the surface region of the stars. The effects of
scattering and the refraction of sound waves by inhomogeneous
turbulence elements (granules) cause serious energy loss and the
additional phase shift of resonant sound waves, thus destroying

the coherence of resonant sound waves, and limiting the
coherence time of high-frequency p-modes (Gough, 1979).
Until now we have had no reliable theory to treat and to
estimate these damping effects due to the scattering and
refraction of sound waves by turbulent elements, so they have
been neglected in our theoretical calculations of non-adiabatic
oscillations. The pulsation amplitude growth rate of high-
frequency p-modes is overestimated by us, so our results for
non-adiabatic oscillations are not as reliable for high-frequency
modes, and we should be very cautious about them. For example,
our theoretical calculation predicts that all solar p-modes with
periods from 3 to 16 min (or frequencies from 1,050 to 5,500 μHz)
are unstable. Our theory cannot explain the observed extreme
linewidths of the high-frequency modes. So, we think that the
high-frequency modes of the Sun should be stable. Toward high
luminosity, the unstable modes shift to low-order modes which
are trapped in the deeper interior region of stars. In comparison
with excitation and damping due to the radiative κ-mechanism
and convective coupling in the deep interior, the damping effects
due to the scattering and refraction of sound waves, which mainly
occur in the surface region, will weaken, and can even be
negligible. Our theoretical results for non-adiabatic oscillations
are in good agreement with observed mode instability from
classic variables to high-luminosity red-giants (Figures 4–6,
8). However, our non-adiabatic oscillation equations are not
applicable to the study of solar-like oscillators, because
damping due to the scattering and refraction of sound waves
by inhomogeneous turbulent elements has been neglected in our
non-adiabatic pulsation equations. Expanding the applicable
range of our non-adiabatic pulsation equations to cover solar-
like oscillators and low-luminosity red giants would require the
development of a theory for treating this damping effect of wave
scattering and refraction by inhomogeneous turbulent elements.

Figure 1 shows the cumulative workW and its components of
the gas pressure (Wpg), turbulent pressure (Wpt), and turbulent
viscosity (Wvis), as functions of depth (logT) for a low-luminosity
1.8M⊙ red giant located at the lower part of the red-giant branch
in the H-R diagram. Its low-order modes (panel a) are stable, while
its high-order modes are unstable (panel b). Figure 2 is the
cumulative work diagram, and is the same as Figure 1, but for
a high-luminosity 1.8M⊙ red giant. A few low-order modes are
unstable (panel a), while all of the high-order modes (n > 4) are
stable (panel b), as is typical for a Mira-like star. The component of
gas pressure Wpg includes the contributions of both the radiative
and the convective fluxes. Using Eqs. 9–13, these two contributions
can be separated. Figure 3 shows Wpg and its components (WLr ,
WLc, and Wth) as functions of logT . It can be seen that the
component of convective enthalpy flux WLc is indeed a damping
mechanism, which is the main factor for stabilizing low-order
modes and defining the red edge of the Cepheid and Cepheid-like
instability strips. Turbulent viscosity is the main mechanism
stabilizing high-order modes.

Therefore, it can be found from the above analysis that the
variable red giants of high luminosity are self-exciting. The
excitation and stabilization of the oscillations result from the
combined effects of the radiative κ-mechanism and the coupling
between convection and oscillations. Turbulent pressure plays a
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significant role in the excitation of variable red giants. This may
also be true for the intermediate-luminosity red giants.

SUMMARY AND DISCUSSION

Convection is an important and outstanding problem in
astrophysics. Collectively, we have studied this subject for over
fifty years. Our goal is to develop a stellar convection theory that
is exact enough and simple enough in order to improve the
treatment of overshooting in the calculations of stellar structure
and evolution as well as the treatment of coupling between
convection and oscillations in the theoretical calculations of
stellar oscillations. In the present papers (including Parts Ⅰ and
Ⅱ), a brief description of a time-dependent theory of convection
developed by us (in Part Ⅰ) was presented, and the progress of its
application in the theoretical calculations of stellar structure and
evolution (in Part Ⅰ) and of stellar oscillations (in Part Ⅱ) was
reviewed. Our theoretical results achieve obvious improvements
over the MLT formulation, which can be summarized as follows:

(1) Structure of the solar convection zone: Using our non-local
convection theory, we calculated a model of the entire
convective envelope of the Sun and studied the structure
of both the upper and lower overshooting zones in detail (in
Part Ⅰ; Unno et al., 1985; Xiong and Cheng, 1992; Xiong and
Deng, 2001; Deng et al., 2006). The results show that
turbulent velocity and temperature fluctuations penetrate
deeply into the convectively stable zone and decrease
exponentially with ln P (Figure 4 in Part Ⅰ). The e-folding
length is about 1.4

�����
C1C2

√
times the pressure scale height.

Compared to the auto-correlations of turbulent velocity and
temperature (x2 and Z), the penetration of convective flux Fc
is smaller, because the convective energy transport is
inefficient (the Peclet number Pe � x/xc<∼1) in the upper
convective and overshooting zones, and the correlation
coefficient of turbulent velocity and temperature decreases
quickly (Re � V/xZ1/2 ≪ 1) toward the bottom of the
convective zone. Passing through the boundary into the
convectively stable zone, the convective flux changes its
sign. These theoretical expectations agree well with the
observations of the turbulent velocity temperature fields in
the solar atmosphere (Leighton et al., 1962; Kell and Canfield,
1978; Nasis and Mattig, 1989; Komm et al., 1991). An
obvious difference of our non-local model from the
standard solar model (namely the local MLT) or non-local
MLT models (Spiegel, 1963; Ulrich, 1970; Travis and
Matsushima, 1973) is the presence of a larger temperature
gradient at the top of the convective envelope compared to
the other versions of MLT, because the convective flux
becomes smaller at the top of the convective zone and
becomes negative in the overshooting zone due to non-
local convective diffusion. This steeper temperature profile
agrees very well with the Harvard-Smithsonian reference
atmosphere (Gingerich et al., 1971). The structure of the
bottom convective-overshooting zone in our non-local
convection theory also differs greatly from those of the

other local or non-local MLT models. The temperature
gradient has already become sub-adiabatic (∇<∇ad) in
the convectively unstable zone before arriving at the
bottom boundary of the convection zone. In the
overshooting zone, the temperature gradient is sub-
adiabatic and super-radiative (∇rad <∇<∇ad), because the
convective flux is negative in the overshooting zone. Below
the overshooting zone, the temperature gradient gradually
approaches the radiative one (Figure 10B in Part Ⅰ).
Therefore, we concluded that the sudden increase of
sound speed at the bottom of the convective zone in the
helioseismic sound-speed inversion (Christensen-Dalsgaard
et al., 1996) is overestimated. This increase is not due to
gravitational diffusion (Richard et al., 1996; Brun et al., 1999;
Christensen-Dalsgaard and Di Mauro, 2007), but is an
indication of non-local convective overshooting. Our
theoretical predictions for the structure of the bottom
convection and overshooting zones of the Sun outlined
above (Xiong and Deng, 2001; Deng et al., 2006) agree
well with the helioseismic sound-speed inversion. The
relative differences in squared sound speed between our
non-local model and the Sun are reduced greatly in
comparison with the MLT model (Figure 5 in Part Ⅰ;
Zhang and Li, 2012; Zhang et al., 2012).

(2) Overshooting mixing and the evolution of massive stars: By
using our non-local convection theory in chemically
inhomogeneous stars (Xiong, 1981), we calculated the
evolution of massive stars through the hydrogen burning
stage (Xiong, 1986). The so-called semi-convection
contradiction (Schwarzchild and Harm, 1958) is removed
automatically, as predicted by us. The convectively neutral
stability follows neither the Schwarzschild criterion nor that
of Ledoux. FC � 0 is a more convenient and reasonable
definition for the boundary of the convectively unstable
zone. A molecular-weight gradient region adjacent to the
convective core is formed automatically. Uncertainty of the
semi-convection zone structure Stothers (1991), therefore of
the evolution of massive stars, is removed automatically. The
convective core increases due to non-local overshooting
mixing, so the evolutionary track runs at a higher
luminosity for a star with fixed mass, the main sequence
band becomes noticeably wider and the main sequence
lifetimes become longer in comparison with those
calculated using the local MLT (Maeder, 1981). These
influences of non-local convective mixing on the structure
and evolution of stars increase toward lower mass, because
the relative increase of convective core size increases with the
decreasing mass of the star. These theoretical predictions
have been confirmed by later theoretical studies (Stothers,
1991; Chiosi et al., 1992; Schootemeijer et al., 2019; Higgins
and Vink, 2020). This means that the evolution masses for
given luminosity is reduced in comparison with those
calculated using the local MLT, for which the convective
overshooting mixing has been neglected. This might be one
of the important causes for the Cepheid mass discrepancy
(Christy, 1968; Stobie, 1969; Cogan, 1970; Rodgers, 1970)
and the contradiction between the theoretical and observed

Frontiers in Astronomy and Space Sciences | www.frontiersin.org March 2021 | Volume 7 | Article 43887012

Xiong Convection Theory in Stellar Structure

247

https://www.frontiersin.org/journals/astronomy-and-space-sciences
www.frontiersin.org
https://www.frontiersin.org/journals/astronomy-and-space-sciences#articles


distribution of luminous stars in the H-R diagram
(Humphreys, 1978; Humphreys and Davidson, 1979). The
Cepheid mass discrepancy between the new evolutionary
masses calculated by an improve treatment of overshooting
mixing, and the pulsation masses was resolved partially
through improvements in the Baade-Wesselink method, as
well as through better calibrations of the luminosities and of
the effective temperatures (Chiosi et al., 1992; Gieren, 1988;
Guzik et al., 2020). The theoretical calculations using the
new, improved equation of state (Däppen et al., 1988;
Hummer and Mihalas, 1988; Mihalas et al., 1988) and the
new opacities (Rogers and Iglesias, 1992) show that the
period ratios P1/P (and P2/P0) of beat Cepheids are, in
general, reduced compared to those with the old Los
Alamos Opacities (Cox and Tabor, 1976). This implies
that the bump and beat Cepheid masses are increased.
The inconsistency of the Cepheid bump-, and beat-mass
with the evolutionary masses are also alleviated (Moskalik
et al., 1992; Petersen, 1992; Simon, 1995; Keller and Wood,
2002; Buchler and Szabo, 2007). Therefore, the Cepheid mass
discrepancies are partially resolved.

(3) Lithium depletion in stellar atmospheres: By using our non-
local convection theory in chemically inhomogeneous stars
(Xiong, 1981), we calculated the lithium depletion in the
atmosphere of the Sun and late-type dwarfs (in Part Ⅰ). The
theoretical predictions agree well with observations of
lithium abundances in the atmosphere of the Sun (Figures
9, 11 in Part Ⅰ; Xiong and Deng, 2002) and of member stars of
Galactic open clusters of different ages (Figure 11 in Part Ⅰ;
Xiong and Deng, 2009).

(4) Pulsational stability of stars: Linearizing the radiation-
hydrodynamic equations for the calculation of stellar
structure and oscillations in Eqs. (2), (3′), (4′), (5), and
(18–21) in Part Ⅰ, we can obtain a set of linear equations
for radial and non-radial non-adiabatic oscillations. The
radiative κ-mechanism and the thermodynamic- (through
the convective enthalpy flux) and dynamic- (through the
turbulent Reynolds Stress, i.e., turbulent pressure and
turbulent viscosity) coupling between convection and
oscillations have been taken into account in a self-
consistent way. With a slight modification, the
ε-mechanism can be also included, if it is needed. Apart
from damping due to the scattering and refraction of sound
waves by inhomogeneous turbulent elements and stochastic
excitation, they cover almost all the excitation and damping
mechanisms for classical variables and variable red giants. By
using our non-adiabatic oscillation equations and a fixed
set of convective parameters (C1, C2/C1, C3) �
(0.70, 0.50, 3.0) calibrated against the Sun, we carried out
a linear stability analysis of radial and non-radial non-
adiabatic oscillations for evolutionary models from the MS
to RG phase for 1 − 20M⊙ stars with solar abundance (Y �
0.26, Z � 0.017). Almost all of the instability strips of the
classical pulsating variables and variable red giants (Figures
4, 5), including the Cepheid, δ Scuti, c Doradus (Xiong et al.,
2016), β Cephei (Deng and Xiong, 2001), SPB, (Xiong and
Deng, 2011), LPV, and OSARG (2018) were reproduced.

(5) Excitation and damping mechanisms of red giants were
studied in detail: They are excited by the combined effects
of the κ-mechanism and coupling between convection and
oscillations. Convective flux and turbulent viscosity are found
to always have a damping effect. The damping effect of the
convective flux is inversely proportional to the mode
frequency, so it plays an important role in stabilizing the
low-ordermodes and in defining the red edge of the instability
strip. The damping effect of turbulent viscosity reaches its
maximum at the point in the star where 3ωτc/16 ∼ 1; τc is the
time scale of turbulent convection and ω is the angular
frequency of the modes. Therefore, turbulent viscosity is
the main damping mechanism for stabilizing the high-
order modes of low-temperature stars. The turbulent
pressure is, in general, an excitation mechanism; it reaches
maximum at 3ωτc/4 ∼ 1. It plays an important role in the
excitation of variable red giants (Figures 4–6, 8). The relative
importance of the excitation and damping effects of turbulent
pressure, turbulent viscosity, and convective enthalpy flux
changes with the variation of stellar parameters, M, L, and Te,
and the frequency (or the order/degree) of the mode. Our
theory predicts that the low-order modes are stable, while the
high-order modes are unstable for low-luminosity RGs.
Toward high-luminosity, the unstable modes move
gradually toward low-order, and all the intermediate- and
high-order modes become stable, while a few low-order
modes become unstable for high-luminosity red giants.
These correspond to Mira-like stars (Figure 7). The
frequency of the maximally unstable mode predicted by
our theory is similar to that found using the scaling
relation for the frequency of maximum amplitude of
stochastically excited modes (Figure 10). So, it is
impossible to distinguish these two excitation mechanisms
using only the frequency of the maximum mode amplitude.

(6) The pulsation amplitude growth rates of high-frequency
p-modes, which are high-order radial/non-radial modes
trapped in the surface region of a star, are overestimated by
our theory for low-luminosity low-temperature stars, because
up to now we have had no reliable theory to treat and estimate
the damping effect due to the scattering and refraction of sound
waves by inhomogeneous turbulent elements and neglected it in
our theoretical calculations of non-adiabatic oscillations. Our
theoretical results for non-adiabatic oscillations are not as
reliable for high-frequency p-modes of low-luminosity low-
temperature stars, so we should be very cautious about
interpreting them. However, our theoretical results for non-
adiabatic oscillations are reliable for the classical variables and
high-luminosity red giants, because these have low-ordermodes
trapped in the deep interior of the stars that are only lightly
influenced by this damping. This inference has been supported
by the fact that our theoretical results of non-adiabatic
oscillations are in good agreement with observed mode
instability from classic variables to high-luminosity red giants
(Figures 4–6, 8). This may be also true for intermediate-
luminosity red giants. Our prediction that low-luminosity red
giants might exhibit unstable intermediate-order modes still
needs confirmation. It is also an uncertain prediction since we
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have not yet determined the range of stellar parameters for
which our approach (neglecting the damping effects due towave
scattering and refraction by inhomogeneous turbulent
elements) is valid. The ultimate solution to this problem
depends on developing a theory for treating the damping
effects due to the scattering and refraction of sound waves
by inhomogeneous turbulent elements. This problem can be
resolved in the not-too-distant future.

It is necessary to emphasize the following two points:

(1) The successes mentioned above do not only apply to an
individual problem, but our theory is successful for many
important problems in a wide field of stellar structure,
evolution, and oscillations.

(2) Our non-local and time-dependent theory of convection
includes three adjustable parameters of convection
(C1, C2/C1, C3), which are introduced in the modeling of
the turbulent dissipation, turbulent diffusion, and turbulent
anisotropy. They were calibrated by using the comparison
between observations and the theoretical prediction for the
depth and T-P structure of the solar convection zone, for the
turbulence velocity-temperature fields in the atmosphere of the
Sun, stellar evolution, lithiumdepletion in the atmosphere of the
Sun and late-type dwarfs, and 3D simulations (Deng et al.,
2006). The successes in the theoretical calculations of stellar
structure, evolution, and oscillations mentioned above do not
rely on the method of parameter adjustment. Our theoretical
results, in general, are not sensitive to the convective parameters
used. Except for the lithium depletion in the atmosphere of late-

type dwarfs, all of the theoretical results for stellar structure,
evolution, and oscillations are obtained using the same set of
convective parameters calibrated against the Sun. The
overshooting mixing is only slightly sensitive to the
convective parameters used. It is necessary to make a small
adjustment to the convective parameters with variation of the
fundamental parameters of stars in the theoretical calculations
of lithium depletion in atmospheres of late-type dwarfs.

All the successes mentioned above show that our dynamic
theory of convection is roughly correct. It describes the dynamic
behavior of turbulent convection more accurately than the MLT
calculations. However, there are some difficulties in the
calculations of the structure of the convective envelope for
yellow giants and supergiants with Te∼6000–7000 K and for
high-luminosity red giants. The evolutionary calculations with
our non-local convection theory have been successful only for the
hydrogen-burning stage of massive stars with initial mass M >
5M⊙. However, the evolutionary calculations cannot reach
convergence for intermediate-mass stars with initial mass M <
5M⊙ or for late stages of stellar evolution. The causes are not
completely clear. These problems may result from the following
two factors:

(1) An inadequate numerical method for converging the
calculations

(2) Inadequacies of the convection theory

In the derivation of our convection theory, it was assumed
that the turbulence is quasi-isotropic and the relative
fluctuations of temperature and density are much less than 1.
So, our convection theory is applicable only for extensive (the
scale of the convection zone is much larger than one pressure
scale height) and subsonic convection. The convection zone
becomes somewhat narrow in the surface convection zone of
yellow giants and in the convective cores of intermediate-mass
stars as well as at late evolutionary stages. In surface convection
zones, the convective velocity increases with increasing stellar
luminosity. Convection becomes nearly sonic or even locally
supersonic for luminous red giants and supergiants. So, it is not
difficult to understand why the convergence of numerical
calculations would become difficult in the cases mentioned
above, in which convection conditions deviate from quasi-
isotropic or become locally supersonic.

In comparison with MLT, our theory has obvious advantages for
the treatment of the dynamic problems of non-local and time-
dependent convection. Its weaknesses are a lack of
straightforwardness in the physical picture and the fact that the
application becomes more complex in comparison with MLT. So, it
is difficult to popularize. Up to now, it was only used by a small
number of members within our own group and collaborators. There
are many remaining problems to be addressed in the theory itself
and its practicality. It is impossible to have a perfect convection
theory until a better understanding of turbulence has been achieved.
Our non-local and time-dependent theory is only one among
numerous theoretical approaches for turbulent convection. The
existence of different viewpoints and contention are very normal

FIGURE 10 | Comparison of our theoretical prediction of the maximally
unstable mode based on pulsation calculations (abscissa) with the semi-
empirical scaling relation (ordinate) for the p-mode peak of stochastically
excited modes (Kjeldsen and Bedding, 1995).
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and helpful for the development of science. The applications of our
theory in calculations of stellar convective envelope structure and
oscillations have achieved some progress. However, more advances
are necessary for the treatment of overshooting mixing in the late
stages of stellar evolution using a completely non-local convection
theory. We expect that more astronomers, hydrodynamicists, and
applied mathematicians will join the collaborations for the research
of convection theory and relevant problems.
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Convection Theory and Relevant
Problems in Stellar Structure,
Evolution, and Pulsational Stability I
Convection Theory and Structure of
Convection Zone and Stellar Evolution
Da-run Xiong*

Purple Mountain Observatory, Chinese Academy of Sciences, Nanjing, China

A non-local and time-dependent theory of convection was briefly described. This theory
was used to calculate the structure of solar convection zones, the evolution of massive
stars, lithium depletion in the atmosphere of the Sun and late-type dwarfs, and stellar
oscillations (in Part Ⅱ). The results show that: 1) the theoretical turbulent velocity and
temperature fields in the atmosphere and the thermal structure of the convective envelope
of the Sun agree with the observations and inferences from helioseismic inversion very well.
2) The so-called semi-convection contradiction in the evolutionary calculations of massive
stars was removed automatically, as predicted by us. The theoretical evolution tracks of
massive stars run at higher luminosity and the main sequence band becomes noticeably
wider in comparison with those calculated using the local mixing-length theory (MLT). This
means that the evolutionary mass for a given luminosity was overestimated and the width
of themain sequence bandwas underestimated by the local MLT, whichmay be part of the
reason for the contradiction between the evolutionary and pulsational masses of Cepheid
variables and the contradiction between theoretical and observed distributions of luminous
stars in the H-R diagram. 3) The predicted lithium depletion, in general, agrees well with the
observation of the Sun and Galactic open clusters of different ages. 4) Our theoretical
results for non-adiabatic oscillations are in good agreement with the observed mode
instability from classic variables of high-luminosity red giants. Almost all the instability strips
of the classical pulsating variables (including the Cepheid, δ Scuti, cDoradus, βCephei, and
SPB strips) were reproduced (Part Ⅱ).

Keywords: convection-stars, evolution-stars, interior-stars, oscillations-stars, variables

INTRODUCTION

Convection occurs within most stars. Convection causes the transfer of energy and momentum, and the
mixing of matter in stellar interiors. Therefore, it strongly influences the internal structure, evolution, and
pulsational stability of stars. Stellar convection is always turbulent due to its large scale. It is impossible to
expect to have a perfect convection theory until a better understanding of turbulence has been achieved. Up
to now the most popularly applied convection theory is still the MLT developed by Bohm-Vitense (1958),
and its many versions. The most obvious advantages of the MLT are its straightforwardness in physical
picture and simplicity of use. However, the MLT is not a dynamic theory following the hydrodynamic
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equations and turbulence theory, but is a phenomenological theory
based on a simple analogy of turbulence with the kinetic theory of gas
molecules. In fact, turbulence is more complex than the kinetic theory
of gas molecules. The fundamental shortcoming of the MLT is that it
cannot give a correct description for the dynamic behaviors of
turbulent convection. When dealing with the dynamic problems of
turbulent convection, such as time-dependent and non-local
convection, this shortcoming becomes prominent. A possible
approach to turbulent convection is direct hydrodynamic
numerical simulation. Taking into account the fact that both the
time and space scales of turbulence are more than ten orders of
magnitude less than the stellar ones, a direct hydrodynamic numerical
simulation of stellar convection would be impossible for the
calculation of stellar structure and evolution in the foreseeable
future. Therefore, it is a reasonable choice to develop a theoretical
approach exact enough and simple enough for treating turbulent
convection in the calculation of stellar evolution and oscillations.
Helio- and astero-seismology have made significant progress in the
past two decades thanks to the GONG, SOHO, OGLE, MACHO,
2MASS, CoRoT, and Kepler ground-based and space projects. They
offer the best opportunity to test stellar evolution and convection
theories. In the present paper we pay close attention to convection
theory and the relevant problems in stellar structure, evolution, and
pulsational stability. Based on the reflections above, we decided to
abandon the phenomenological MLT, and to develop a non-local and
time-dependent theory of convection based on hydrodynamic
equations and turbulence theory (Xiong, 1978; Xiong, 1980; Xiong,
1981; Xiong, 1989; Xiong et al., 1997; Deng et al., 2006). In contrast to
the MLT, it is a dynamic theory of correlation functions of turbulent
velocity and temperature (and, in addition, of the element abundance
for chemically inhomogeneous stars) following the hydrodynamic
equations and turbulence theory. So, it can be expected that our theory
has a more solid hydrodynamic foundation and can give a more exact
description of the hydrodynamic behavior of turbulent convection
than the MLT does. Our purpose is to improve the treatment of
overshooting mixing in calculations of stellar evolution and the
treatment of dynamic and thermodynamic coupling between
convection and oscillations in calculations of stellar oscillations.
Canuto (1993, 1997, 1999) and Li of the Yunnan group of China
(Zhang, 2012a; Zhang and Li, 2012a; Zhang, 2012b; Zhang and Li,
2012b; Zhang, 2013) proposed a similar theory. In the present paper,
we do not attempt to make a comprehensive review and comparison
for convection theories and relevant problems, which would be a large
and difficult amount of work. In A Non-Local and Time-Dependent
Theory of Convection section, a brief description of our non-local and
time-dependent convection theory is given. The following sections
review the progress of its applications in theoretical calculations of the
structure of the solar convection zone (Structure of the Solar
Convection Zone section), of stellar evolution and lithium depletion
in the atmosphere of the Sun and late-type dwarfs (Overshooting
Mixing and Stellar Evolution section), and of stellar oscillations (in
PartⅡ). These applications are not only the primarymotivations of our
research on the theory of stellar convection, but also an important
means for testing convection theory. A summary and discussion
follow in section 7 of PartⅡ, where we try to evaluate the successes and
failures of our theory, analyze their reasons and identify direction for
improvement. It is known that this paper will contain strong personal

bias. Our viewpoint on the excitation mechanism for red giants may
not gain widespread approval. Nowadays, our understanding of many
problems is still inconclusive, and will need more time to verify.
Disputes over different academic viewpoints will contribute to the
development of science. Our theory is far from perfect, however it has
shown obvious improvements in comparison with MLT.

This article is divided into two parts. Convection theory and its
applications in theoretical calculations of the structure of the solar
convection zone and for stellar evolution are contained in PartⅠ;
the applications of the theory in calculations of stellar oscillations,
and summary and discussions are contained in PartⅡ.

A NON-LOCAL AND TIME-DEPENDENT
THEORY OF CONVECTION

In order to overcome the defects of theMLT, we developed a non-
local and time-dependent theory of convection based on the
hydrodynamic equations and turbulence theory (Xiong, 1978;
Xiong, 1980; Xiong, 1981; Xiong, 1989; Xiong et al., 1997; Deng
et al., 2006). In our theory, the classical Reynolds decomposition
is used. Each of the physical variables X is expressed as the sum of
its average value X and (Eulerian) turbulent fluctuation X′,

X � X + X′, (1)

substituting Eq. 1 into the hydrodynamic equations and the
radiation transfer equation, and making a Taylor expansion
for X′, retaining only its first-order terms, ignoring all the
second and higher-order terms, then averaging for each of the
equations, we can obtain the following average hydrodynamic
equations and the radiation transfer equation,

Dρ
Dt

+ ρ∇ku
k � 0, (2)

Dui

Dt
+ 1
ρ
∇k

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝gikP + ρu′iu′k
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ + gik∇kΦ � 1

ρ
∇kσ

ik
(u), (3)

ρCp
DT
Dt

− α
DP
Dt

+ ∇k
⎛⎜⎜⎜⎜⎜⎝Cpρu′kT′⎞⎟⎟⎟⎟⎟⎠ + ∇kFk

r � ρεN + σ ik
(u′)∇ku′i ,

(4)

Fi
r � −4acT

3

3ρκ
gik∇kT , (5)

where
D
Dt

� z

zt
+ uk∇k . (6)

is the comoving differential, and T, P, ρ are, respectively, the
temperature, pressure, and density of gas, CP is the specific heat at
constant pressure, α � −(zln ρ/zlnT)P the expansion coefficient, εN
the effective nuclear energy-generation rate per gram, σ ik the viscosity
tensor,Φ the gravitational potential, κ the radiative opacity, and Fi

r the
radiation flux vector. It can be seen that, when convection sets in, an
extra term ρu′iu′k in the average equation of momentum
conservation and another extra term Cp ρu′iT ′ in the average
equation of energy conservation will emerge. They are, respectively,
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the well-known Reynolds stress and convective enthalpy flux. In the
present paper, all the equations are expressed in the tensor format. gik

is the metric tensor for the current framework. The implicit
summation rule of tensors is used, i.e., a summation should be
performed for an index k running from 1 to 3 if both the
subscript and superscript k appear in a term. Subtracting the
average equations, Eqs. 3, 4, from the corresponding original
equations of momentum and energy conservation, after a long
derivation, it is not difficult to obtain the following dynamic
equations of turbulent velocity and temperature:

Dw′i
Dt

+ w′k∇kui − 1
ρ
∇k(gikP′ + ρu′iu′k − ρu′iu′k )

−αT′
T

⎛⎜⎜⎜⎝gik∇kΦ + Dui

Dt
⎞⎟⎟⎟⎠ � 1

ρ
∇kσ

ik
(u′), (7)

D
Dt

⎛⎜⎜⎜⎜⎜⎜⎜⎝T′
T

⎞⎟⎟⎟⎟⎟⎟⎟⎠ + T′
T

{[1 − α + CP,T]D lnT
Dt

+ [CP,P

+ (1 − α)∇ad]D lnP
Dt

} + w′k(∇k lnT − ∇ad∇k lnP)

+ 1

ρCPT
∇k

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ρCPT
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝w′k

T′
T

− w′k
T′
T

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

� 1

ρCPT

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣(ρεN)′ + σ ik
(u′)∇ku′i − σ ik

(u′)∇ku′i − ∇kF′
k
r

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, (8)

where w′i � ρu′i/ρ is the density-weighted turbulent velocity, ∇ad �
αP/ρCpT � (Γ2 − 1)/Γ2 is the adiabatic temperature gradient,
CP,T � (zlnCp/zlnT)p and CP,P � (zlnCp/zln P)T are,
respectively, the partial derivative of Cp with respect to T and P,
and Γ2 (along with Γ1 and Γ3 below) are the adiabatic exponents
introduced by Chandrasekhar (1939). Starting from Eqs. 7, 8, it is
not difficult to constitute the dynamic equations of auto- and cross-
correlations for turbulent velocity and temperature. For example, we
have the equation of velocity correlations as,

D
Dt

w′iw′j + w′iw′k∇kuj + w′jw′k∇kui

+1
ρ
∇k

⎛⎝ρu′ku′iu′j⎞⎠ − w′i
T ′

T
⎛⎜⎜⎜⎝Duj

Dt
+ gjk∇kΦ⎞⎟⎟⎟⎠

−w′jT ′

T
⎛⎜⎜⎜⎝Dui

Dt
+ gik∇kΦ⎞⎟⎟⎟⎠ + 1

ρ
∇k

⎡⎢⎢⎢⎢⎢⎣gikw′jP′ + gjk′iP′ + w′jσ ik
(u’)

+ w′iσ jk

(u′)
⎤⎥⎥⎥⎥⎥⎦ − 1

ρ
⎛⎝gikP′∇kw′j + gjkP′∇kw′i⎞⎠

� −1
ρ

[σ ik(u′)∇kw′j + σ jk(u′)∇kw′i]. (9)

The terms in square brackets on the left-hand side of Eq. 9 are
the energy fluxes of pressure and viscous stress. They are
negligible in comparison with the next two terms when it is
assumed that the size scale of turbulent elements is far smaller
than the characteristic length of themean fluid fields. This implies
that the turbulence is near quasi-isotropic. The terms on the
right-hand side of Eq. 9 are the turbulent dissipation due to
molecular viscosity. Based on isotropic turbulence theory, this
dissipation can be expressed as (Hinze, 1975)

1
ρ

⎡⎢⎢⎣σ ik(u′)∇kw′j + σ jk

(u′)∇kw′i⎤⎥⎥⎦ � 2
�
3

√
ηexw′iw′j
le

, (10)

where ηe is the Heisenberg eddy coupling constant, le is the
characteristic length of energy-containing eddies of turbulence,
and x is the rms turbulent velocity,

x �
�������
gijw′iw′j

3

√
. (11)

In the dynamic equations for second-order correlations, the
third-order correlations must appear due to nonlinearity of the
hydrodynamic equations. The fourth-order correlations will appear
if we constitute the dynamic equation for the third-order
correlations. The equations of the correlation functions are never
closed, as is well-known in turbulence theory (Hinze, 1975). In order
to close the equation of second-order correlations, we use the
gradient-type diffusion approximation for treatment of the third-
order correlations (Xiong, 1980; Xiong, 1981; Xiong, 1989)

u′kw′iw′j � −w′kw′dτc∇αw′iw′j , (12)

where

τc � ∧
x
. (13)

is the lifetime of turbulence and ∧ is the diffusion length of
turbulence. We then further assume that both le and ∧ are
proportional to the local pressure scale height Hp,

le � C1Hp � C1
r2P
GMrρ

, (14)

∧ �
�
3

√
4
C2Hp � C2

�
3

√
r2P

4GMrρ
. (15)

The third-order correlations represent the non-local
transport of turbulent convection. ρu′kw′iw′j is the energy
flux of turbulent stress. The gradient-type diffusion
approximation means that turbulence diffuses from one
location where it is strong to another location where it is
weak. This is a very simple but reasonable physical
assumption. Another closure scheme is to construct
dynamic equations of third-order correlations (Canuto,
1993; Xiong et al., 1997). The fourth-order correlations will
appear; they are expressed as three products of two second-
order correlations of turbulent fluctuations in terms of the
fourth-order correlation (Orszag, 1977; Lesieur, 1987). This
standard normal approximation seems to have a more solid
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basis in stochastic theory. However, the physically positive
quantities, such as the auto-correlations of turbulent velocity
and temperature (namely x2 and Z in the present paper),
sometimes become negative. The numerical calculations will
eventually fail to converge. Grossman (1996) compares in
detail these two closure schemes (namely, our gradient-type
diffusion approximation for third-order correlations and the
quasi-normal approximations for fourth-order correlations). He
concluded “. . . the Xiong solution predicts second moments
better, with third-moment agreement not as good. The Full
solution [namely with the quasi-normal approximation] predicts
thirdmoments better, but the secondmoments [namely x2, Z, andV
in present paper] show inferior agreement. . . . Since the second
moments are most important for constructing stellar models, we
conclude that the Xiong closures perform impressively well.”
Therefore, we abandoned the closure schemes of the quasi-
normal approximations, and adopted the gradient-type diffusion
approximation for the closure of the dynamic equations of turbulent
correlations, because it is a simpler and more practical scheme than
the quasi-normal approximation for calculations of stellar evolution
and oscillations (Xiong et al., 1997).

Convection results from the thermal instability of a fluid
medium. In a gravitationally stratified fluid medium, a
perturbed fluid element will be accelerated by buoyant
forces along the direction of gravity, when the local
temperature gradient exceeds the adiabatic one. The
original direction of convective motion is along with
gravity, i.e., along the radial direction of the star.
Therefore, convection is highly anisotropic in the low
wave number range of the turbulent spectrum. Due to the
continuity and nonlinearity of hydrodynamics, a part of the
kinetic energy of convective elements will be converted into
horizontal motion. Turbulence becomes more and more
isotropic in the high wave-number range. Rotta (1951)
pointed out that the correlation of the pressure and
velocity gradients tends to make turbulence isotropic.
Therefore, we assume (Deng et al., 2006)

1
ρ
P′(gik∇kw′i + gjk∇kw′i − 2

3
gij∇k′k) � −C3

4
�
3

√
ηeGMrρx

3C1r2P
χij, (16)

where x2 and χij are, respectively, the isotropic and anisotropic
component of the velocity correlation.

w′iw′j � gijx2 + χij. (17)

Substituting Eq. 17 into Eq. 9 and contracting with respect to
indices i and j and noting Eqs. 10–16, we have

3
2
Dx2

Dt
− x2

D lnρ
Dt

+ χij∇iuj − 3
2ρ
∇k(Qαk∇αx

2)
−αVk⎛⎝Duk

Dt
+ ∇kΦ⎞⎠ � −2

�
3

√
ηeGMr

C1r2P
x3. (18)

Subtracting the product of gik and Eq. 18 from Eq. 9 and
noting Eq. 16, we can obtain the dynamic equation of the
anisotropic component of the velocity correlation χij,

Dχij

Dt
+ x2(gik∇kuj + gjk∇kui − 2

3
gij∇kuk) + χik∇kuj + χjk∇kui

−2
3
gijxαβ∇αuβ − α(gikVj + gjkVi − 2

3
gijVk)⎛⎝Duk

Dt
+ ∇kΦ⎞⎠

−1
ρ
∇k(Qkα∇αχ

ij) � −4
�
3

√
ηe(1 + C3)GMr

3C1r2P
χij.

(19)

In the same way, we can derive the dynamic equations of
the temperature auto-correlation and cross-correlation of
velocity and temperature from Eqs. 7, 8:

DZ
Dt

+ Z{[1 − α + CP,T]D lnT
Dt

+ [CP,P + (1 − α)∇ad]D lnP
Dt

}
+ 2∨k(∇k lnT − ∇ad∇k lnP) − 1

ρ2C2
p

∇k(ρC2
pQ

αk∇αZ)
� −2

�
3

√
ηeGMrρ

C1r2P
(x + xc)Z ,

(20)

DVi

Dt
+ Vk + Vi{[1 − α + CP,T]D lnT

Dt
+ [CP,P

+ (1 − α)∇ad]D lnP
Dt

} − αZ⎛⎜⎜⎜⎝Dui

Dt
+ gik∇kΦ⎞⎟⎟⎟⎠ + (gikx2 + χik)

× (∇k lnT − ∇ad∇k lnP) − 1
ρCp

∇k(CpQ
αk∇αV

i)
� −

�
3

√
ηeGMrρ

C1r2P
(3x + xc)Vi,

(21)

where

Z � (T ′

T
)2

, (22)

Vi � u′i
T ′

T
, (23)

Qij �
�
3

√
C2r2P

4GMrρ
(gijx + χij

x
), (24)

xc � 3acGMrT
3

C1ρCPκr2P
. (25)

Pe � x/xc is the effective Peclet number of turbulent convection.
Eqs. 3, 4 can be rewritten as

Dui

Dt
+ 1
ρ
∇k[gik(P + ρx2) + ρχik] + gik∇kΦ � 0, (3′)

D lnT
Dt

+ ∇ad
D lnP
Dt

+ 1

ρCpT
[ρx2(3D ln x

Dt
− D lnρ

Dt
) + ρχik∇kui

+∇k(Fk
r + Fk

c + Fk
t )] � 0, (4′)
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where Fk
r , Fk

c , Fk
t are, respectively, the radiative, convective

enthalpy, and turbulent kinetic energy fluxes,

Fk
c � ρCPTV

k, (26)

Fk
t � −3ρxQkα∇αx. (27)

The contribution of pressure fluctuations to the enthalpy
flux Eq. 26 has been neglected, because it is much less than the
contribution of the temperature fluctuation. The combination
of the average hydrodynamic equations Eqs. 2, 39, 49, 5, and
the dynamic equations of auto- and cross-correlations for
turbulent velocity and temperature Eqs. 18–21 form a
complete and closed system of radiation-hydrodynamic
equations for the calculation of stellar structure and
oscillations.

The details of the derivation and main simplifications can
be found in our original works (Xiong, 1978; Xiong, 1980;
Xiong, 1981; Xiong, 1989; Xiong et al., 1997; Deng et al., 2006).
The main simplifications and assumptions can be summarized
as follows:

1) Turbulence is near quasi-isotropic; the characteristic
linear size of turbulent elements is far less than the
characteristic length of the average fields.

2) The relative fluctuations of temperature T′/T and density
ρ′/ρ are much less than 1, so our theory is applicable only
for subsonic convection.

3) The anelastic approximation (Gough, 1969; Xiong et al.,
1997) is adopted. We assume that the only effect of
pressure fluctuations is to make turbulence more
isotropic (Eq. 16), and all of the other dynamic effects
of pressure fluctuations were neglected. These
assumptions are slightly weaker than the Boussinesq
approximation. In our theory, the density-weighted
turbulent velocity is used, so the compressibility is
partially taken into account. However, noise sound waves
are filtered due to the assumption that D(ρ′/ρ)/Dt � 0

4) The turbulent fluctuations of the gravitational potentialΦ′
have been neglected because they cancel out between each
other, so gravity waves are also filtered.

5) The gradient-type diffusion approximation for the
treatment of the third-order correlations is adopted
(Xiong, 1980; Xiong, 1981; Xiong, 1989).

The turbulent dissipation, diffusion, and anisotropy are
carefully taken into account. Based on the turbulence theory,
they are expressed, respectively, by Eqs. 10, 12, 16, 19. There
are three convective parameters (C1, C2, C3) in our convection
theory. They are associated, respectively, with turbulent
dissipation, diffusion, and anisotropy. They can be
calibrated by using the comparison between the observed
and theoretical depth and T-P structure of the solar
convection zone, the turbulence velocity-temperature fields
in the solar atmosphere, the lithium depletion in the
atmosphere of the Sun and late-type dwarfs, and 3D
simulations (Deng et al., 2006). The calibration of the

convective parameters (C1, C2, C3) is somewhat complex.
First, the convective parameters (C1, C2, C3) are not a set
of constants, but they vary slowly as a function of stellar
parameters such as mass M, luminosity L, effective
temperature Te (Ludwig et al., 1999); even in the interior of
the same star they vary with radius r. Fortunately, in the deep
interior of stars, apart from the surface layer, convective
transport of energy is very effective (Pe � x/xc ≫ 1).
Therefore, the temperature gradient is very close to the
adiabatic one, independent of the choice of convective
parameters. The depth of the convection zone is almost
defined by the structure of the surface super-adiabatic
convection zone, where convective energy transport is
inefficient (Pe � x/xc ≤ 1). Our research shows that, if only
the pulsational stability is of concern, by using a fixed set of
(C1, C2, C3) calibrated to the Sun, all of the pulsational
instability strips in the H-R diagram, such as the RR Lyrae
(Xiong et al., 1998b), δ Scuti − cDoradus (Xiong et al., 2016),
Mira (Xiong et al., 1998a), and LPV (Xiong et al., 2018)
instability strips, can be defined. The effects of (C1, C2, C3)
on convection are not completely independent and the
available observations for calibration are too rare, so it is
difficult to calibrate (C1, C2, C3) independently. After
theoretical considerations, these entanglements for
calibration of (C1, C2, C3) can be removed, at least
partially. C3, unlike C1 and C2, is a rather independent
convective parameter. It is related to the anisotropy of
turbulent convection. In the deep interior of a convectively
unstable zone, the ratio of the squared radial component of
turbulent velocity to the horizontal one
w2
r / w2

h ≈ (3 + C3)/ 2 C3 . Anisotropy increases and
convective overshooting decreases with decreasing C3. C3 �
3 is a reasonable value, which agrees well with the
observations of turbulent velocity in the solar atmosphere,
the lithium depletion of the Sun and late-type main-sequence
stars, and hydrodynamic simulations (Deng et al., 2006; Deng
and Xiong, 2008). C1 and C2 are two convective parameters
related to turbulent dissipation and diffusion. It can be seen
from Eqs. 14, 15 that le and ∧ are, respectively, the dissipation
and diffusion length of turbulence. So, one can expect that C2/
C1 is approximately a constant independent of the stellar
parameters M, L, and Te. C2/C1 � 1/2 is a good choice. Once
C2/C1 and C3 are identified, C1 becomes the only adjustable
convective parameter. Our research shows that a non-local
and anisotropic convective model of the Sun with (C1, C2, C3)
� (0.64, 0.50, 3.0) can reproduce almost all of the observed
characteristics of the solar convection zone very well (Deng
et al., 2006; Xiong and Deng, 2001).

STRUCTUREOF THE SOLARCONVECTION
ZONE

Astronomy is a science based on the observations of
astronomical objects. Stellar convection theory originated
from the requirement for a treatment of convective
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transport of energy and momentum, and of convective
mixing of materials in the stellar interior. In the previous
section, we described a non-local and time-dependent theory
of convection. In this section we will present its application in
studies of the solar convection zone.

The Sun is the closest star to us, and is the only star that
can provide high spatial resolution observations. Therefore,
the Sun is an ideal natural laboratory for testing convection
theory. By using our non-local and anisotropic convection
theory described in the previous section, we calculated a
model of the solar convective envelope (Unno, et al., 1985;
Xiong and Cheng, 1992; Xiong and Deng, 2001). The MHD
equation of state (Däppen et al., 1988; Hummer and Mihalas,
1988; Mihalas et al., 1988) and OPAL opacity (Rogers and
lglesias, 1992) supplemented by low-temperature opacities
(Alexander and Ferguson, 1994) were used. The chemical
abundance is X � 0.70 and Z � 0.02. The surface boundary was
located at optical depth τ � 10−3. By choosing a first trial set of
T and r at the surface boundary T �T0, r �R0, and P � aT4

0 , by
using a relaxation procedure, it is not difficult to obtain that
T � Te, r � R⊙, and L � 4πR2

⊙T
4
e , at τ � 2/3. The original

fundamental equations are our radiation-hydrodynamic
equations for the calculation of stellar structure and
oscillations, Eqs. 2, 39, 49, 5, 18–21. The Henyey method
(Henyey et al., 1964) for the integration of differential
equations was used. The details of the working equations

and boundary conditions can be found by referring to the
original works of the author cited above.

Structure of Turbulent Velocity and
Temperature Fields
Convection stops suddenly at the boundary of the convection zone
in the local convection theory; however, convection penetrates
deeply into the convectively stable zone in the non-local
convection model. Figure 1 shows the variation of x, Z,
|V |, and ∣∣∣∣χ11∣∣∣∣ vs. logP in our non-local convection model.
V and χ11 change their sign passing through the boundary of the
convection zone. In the convectively unstable zone, V and χ11 are
greater than zero. Convective flux FC > 0 and the ratio of the
squared radial component of turbulent velocity to the horizontal
one w2

r / w
2
h � (x2 + χ11)/(x2 − χ11) ≈ (3 + C3)/2C3 > 1/2, when

C3 < 3. Turbulent motions dominate in the radial direction. In the
overshooting zones, V and χ11 become negative, (V < 0, χ11 < 0),
convective flux Fc < 0 and w2

r / w
2
h � (x2 + χ11)/(x2 − χ11) < 1/2,

and turbulentmotions become dominant in the horizontal direction.
In the surface overshooting zone, the correlation coefficient of
turbulent velocity with temperature RVT � V/xZ

1
2 ≈ − 1. Passing

through the boundary of the convection zone, RVT changes abruptly
from -1 to +1. In most of the convection zone, far from the
boundary, RVT is very near to 1, and decreases rapidly to zero
toward the bottom boundary of the convection zone. This

FIGURE 1 | Auto- and cross-correlations of turbulent velocity and
temperature, x, χ ij (Eq. 17), Z (Eq. 22), and V (Eq. 23) versus logP for the local
(dotted-lines) and non-local (dashed-lines) convective models of the Sun
having the same convection zone depth.

FIGURE 2 | Fractional convective flux Lc/L, turbulent kinetic energy flux
Lt/L, super-adiabatic temperature gradient ∇ − ∇ad , and the ratio of turbulent
pressure to gas pressure Pt/P vs. logP for the local (dotted-line) and non-local
(solid-line) convective models.
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asymmetry of RVT at the surface and bottom boundaries of the
convection zone results from the fact that, in the surface zone, the
effective Peclet number Pe � xe/xC ≪ 1, and convective energy
transport is very inefficient; however, in the deep interior of stars,
Pe ≫ 1, and convective energy transport is very efficient.

Convective overshooting is different for the different physical
variables. It can be seen that turbulent velocity and temperature
penetrate deeply into the convectively stable zone. x, Z, and V
decrease exponentially with lnP in the overshooting zone, and the
e-folding length of turbulent velocity is about 1.4

�����
C1C2

√
times the

pressure scale height. However, overshooting of the convective flux is
negligible because the convective energy transport is inefficient
(x/ xC ≪ 1) in the surface overshooting zone and the
correlation coefficient of turbulent velocity and temperature is far
less than 1 (RVT � V/xZ (1/2) in the bottom overshooting zone). The
overshooting distance decreases with decreasing C3 and x/ xC . It
can be seen that x, Z, and V decline more rapidly in the surface
overshooting zone, where x/xC ≤ 1, than that in the bottom
overshooting zone, where x/xC ≫ 1.

Remarks About MLT
The local MLT is still a good first approximation for the treatment of
convection in the calculation of the thermal structure of stars, when
the non-locality and time dependence of convection are not important
for the problem concerned. Figure 3 illustrates logT vs. log P for the
local and non-local models of the solar convective envelope, with the
same convection zone depth. It can be seen that they agree with each
other very well. Figure 4 illustrates the relative differences in the
squared sound speed and density between the non-local and local

convection models. Except for the regions closest to the surface, the
relative differences are within approximately one percent.

Figure 2 illustrates the fractional convective enthalpy and
turbulent kinetic fluxes LC/L, Lt/L (LC � 4πr2Fc ,
Lt � 4πr2Ft and L � Lr + LC + Lt), the ratio of turbulent
pressure to gas pressure Pt/ P, and the super-adiabatic temperature
gradient ∇ − ∇ad versus depth (logP). It can be seen that in the
convectively unstable zone, away from the convection zone
boundaries, these quantities are very nearly the same for the local
and the non-local models, and the turbulent pressure and turbulent
kinetic energy flux are negligible in comparison with the gas pressure
and convective enthalpy flux. It is not difficult to prove that, neglecting
turbulent pressure and the third-order correlation (i.e., turbulent
kinetic energy flux), the dynamic equations of correlation functions
Eqs. 18, 20, 21 will return to a form analogous to the local MLT
formulae (Xiong, 1978; Xiong, 1989). It is not difficult to prove that
∇ ≈ ∇ad + (∇rad − ∇ad)4xc/9x when x/xC ≫ 1, and ∇ ≈ ∇rad −
(∇rad − ∇ad)(x/xc)29/4 when x/xC ≪ 1. In the deep convection
zone, where Pe � x/xC ≫ 1, convective energy transport is
effective, and the temperature gradient is near the adiabatic one
independent of the convection theory used. So, it is not difficult to
understand why the T-P structures are so close to each other for the
local and non-local convective envelope models in Figures 3, 4.

Structure of the Convective Overshooting
Zone
Overshooting is a very natural phenomenon from the viewpoint
of hydrodynamics. However, it was an outstanding problem for a

FIGURE 3 | log T as a function of logP in the solar atmosphere for the
non-local (dashed-line) and local convection models of the Sun (dotted-line).
The inverse triangles are the Harvard-Smithsonian reference atmosphere
(Gingerich et al., 1971).

FIGURE 4 | Relative difference in the squared sound speed δC2/ C2

(solid-line) and density δρ/ρ (dotted-line) between the non-local and local
convection models of the Sun versus fractional radius r/R⊙.
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long time in the astronomical community. Up to now, the
community still cannot cast off the influence of the MLT. The
first non-local MLT is the generalized mixing-length theory by
Spiegel (Spiegel, 1963). Ulrich (1970) proposed an analogous
non-local MLT. Their theories were used to construct a model of
the Sun (Ulrich, 1970; Travis and Matsushima, 1973).
Observations show that the temperature gradient of their
theoretical models were too gentle in the atmosphere of the
Sun, because the efficiency of convective energy transport was
overestimated by their theory. Figure 3 shows logT as a function
of logP for our non-local and local convection models of the Sun.
The inverse triangles mark the Harvard-Smithsonian reference
atmosphere (Gingerich et al., 1971). The obvious feature of our
non-local model is a larger temperature gradient at the top of the
convection zone, which agrees with the Harvard-Smithsonian
reference atmosphere very well. Helioseismology provides a
direct method for probing solar interior structure. Figure 5
shows the results of the sound-speed inversion (Zhang et al.,
2012). The open circles are relative differences in squared sound
speed between the Sun and the standard solar model S
(Christensen-Dalsgaard et al., 1996), which is a local MLT
model. It can be seen that the relative difference of squared
sound speed between the Sun and the reference model has a
bump below the bottom boundary of the convection zone. This
bump was understood as an indication of gravitational diffusion
(Richard et al., 1996; Brun et al., 1999; Christensen-Dalsgaard,
et al., 2007) for a long time. However, we already indicated long
ago that this bump was not a result of gravitational diffusion, but
was an indication of non-local convective overshooting (Xiong
and Deng, 2001). We can see from Figure 2 that, in our non-local
convection theory, the convective flux LC / L becomes negative
and the fractional radiative flux Lr / L � ∇/∇rad becomes slightly
larger than 1, and the temperature gradient (∇) will be greater
than the radiative one (∇rad) in the bottom overshooting zone.
Therefore, the temperature in the overshooting zone will be

higher than that predicted by the local theory of convection as
shown in Figure 4. So, we predicted that this bump will be
removed, or at least reduced to a great extent, if the reference
model of inversion is replaced by our non-local model for the Sun
(Xiong and Deng, 2001). This theoretical prediction has been
confirmed by sound-speed inversion. In Figure 5 the filled circles
are for our non-local model for the Sun as the reference model for
inversion. The relative difference in squared sound speed is
indeed reduced greatly in comparison with the standard solar
model S (open circles).

Up to now theMLT is still a dominant idea in the astronomical
community. All of the non-local MLT (Spiegel, 1963; Ulrich,
1970; Shaviv and Salpeter, 1973; Maeder, 1975; Bressan et al.,
1981; Zahn, 1991) models still use a ballistic-type
phenomenological theory. Figure 6A illustrates a sketch of the
structure for the bottom overshooting zone of the Sun in the non-
local MLT (Monteiro et al., 2000). In the convection zone, the
temperature gradient is close to and slightly higher than the
adiabatic gradient (∇ − ∇ad ≥ 0). There is an overshooting zone
under the convection zone, where the temperature gradient is
near to and slightly lower than the adiabatic gradient. Passing
through a very thin transition layer, the temperature gradient
jumps from the adiabatic value to the radiative one. So, there is a
near discontinuity of the second derivative of sound speed at the
bottom boundary of the solar convection zone. This discontinuity
will reflect incident acoustic waves and induce an oscillation
component in the frequencies of p-modes as a function of radial
order n (Gough, 1990). However, helioseismology observations
show that the Sun has a mostly smooth stratification (Gough and
Sekii, 1993), or the discontinuity is very small (Basu and Antia,
1994; Monteiro et al., 1994; Roxburgh and Vorontsov, 1994).
Figure 6B shows the temperature gradient as a function of
fractional radius around the bottom boundary of the
convection zone predicted by our non-local convection theory
(Xiong and Deng, 2001). There is not any discontinuity in the
temperature gradient, and it transforms smoothly from the
adiabatic one in the convectively unstable zone into the
radiative one in the convectively stable zone. In our non-local
convection theory, the temperature gradient has already become
sub-adiabatic (∇<∇ad) in the convectively unstable zone before
reaching the bottom boundary of the convection zone. It becomes
sub-adiabatic and super-radiative (∇rad <∇<∇ad) in the
overshooting zone below, until it approaches the radiative
value (∇ � ∇rad) in the deep radiative zone. It can be seen
from Figures 6A,B that the structure of the transition zone
around the boundary of the convection zone is very different
between our non-local convection theory and MLT, which
reflects the profound difference between two convection
theories in the understanding and treatment of convection.
Recently, Christensen-Dalsgaard et al. (2011) revisited this
problem. They support our viewpoint of a smoothly stratified
bridge from the region of the lower convection zone to the
radiative interior, such as shown in Figure 6B, and believe
that it will be in better agreement with helioseismic data than
that of the standard solar model.

Eq. 18 is the dynamic equation for the isotropic component of
the auto-correlation of turbulent velocity; it can be also

FIGURE 5 | Relative differences in squared sound speed between the
Sun and the reference model from the sound-speed inversion (Zhang et al.,
2012). The open and filled circles are, respectively, for the standard model S
(Christensen-Dalsgaard et al., 1996) and our non-local model of the Sun
(Xiong and Deng, 2001) as the reference model.
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understood as the conservation equation of turbulent kinetic
energy. The first term is the growth rate of turbulent kinetic
energy, which could be set equal to (taking into account minus
signs) the sum of the rest of the terms in the equation. The second
and third terms are the transformation rate between the average
motion and the turbulent kinetic energy. The fourth term is the
net gain from the non-local transport of turbulent kinetic energy,
which is the key term distinguishing our non-local convection
theory from the local theory. The fifth term is the boundary work
Wb, which is directly proportional to the convective flux FC (�
ρCPTV) and represents the transformation rate between
turbulent kinetic energy and thermal energy. The convectively
unstable zone, where FC and Wb > 0, is the driving region for
turbulent convection, where the thermal energy is transformed
into turbulent kinetic energy by buoyancy work. On the other
hand, the convectively stable (including overshooting) zone is the
damping zone for turbulent convection, where the turbulent
kinetic energy is transformed into thermal energy due to
buoyancy work. Therefore, it is reasonable to define FC � 0 as
the boundary of the convection zone (Xiong and Deng, 2001;
Deng and Xiong, 2008).

During the past 20 years, rapid progress has been made in
numerical simulations, and these have become an important
means to study stellar convection. We have tried to use 2D or
3D simulations to test some basic assumptions of our non-local
and time-dependent theory of convection and to calibrate the
convection parameters (Kupka, 2002; Deng et al., 2006; Kupka
and Muthsam, 2007; Kupka, 2007a; Kupka, 2007b; Kupka, 2007c;
Cai, 2008; Tian et al., 2009; Chan et al., 2008; Chan et al., 2011; Cai
and Chan, 2012; Cai, 2014; Kupka, 2017; Cai, 2018; Cai, 2020a;
Cai, 2020b; Cai, 2020c). Some meaningful results were obtained.
Because of limitations on the number of figures, these results
cannot be described in detail. Interested readers can refer to the
original texts, as well as to extensive reviews by Asplund et al.
(2009) and Nordlund et al. (2009).

OVERSHOOTING MIXING AND STELLAR
EVOLUTION

We know from the theory of stellar structure and evolution that
the stellar structure should be defined once the mass and element
abundances of a star are assigned. Therefore, stellar evolution in
the H-R diagram is, in fact, a reflection of nuclear evolution in the
stellar interior. Convection (including overshooting) is the most
important means of element mixing in the stellar interior. Our
non-local convection theory has been successfully used to treat
non-local convective mixing of elements in the evolution of
massive stars (Xiong, 1986) and to calculate lithium depletion
in the atmosphere of the Sun (Xiong and Deng, 2002) and late-
type main sequence stars (Xiong and Deng, 2009).

Evolution of Massive Stars
Schwarzschild and Härm (1958) have shown that the hydrogen-
rich radiative envelope adjacent to the helium-rich convective
core cannot be stable against convection for massive stars
(M ≥ 9 M⊙). This is the familiar so-called semi-convection
contradiction. Schwarzchild and Härm continued the local
treatment of convection and introduced a so-called semi-
convective zone in order to overcome this contradiction.
However, there is not a self-consistent method for the
construction of this semi-convection zone. Various researchers
constructed their respective models of the semi-convection zone
using their own methods. A review of these methods was given by
Stothers (1970). He shows that at least ten schemes are available
in the literature to treat this unstable intermediate zone. The
different treatments of semi-convection resulted in some
discrepancies in the evolution of massive stars. The semi-
convection contradiction, in our opinion, results from the
local treatment of convection; it will be removed automatically
if a non-local treatment of convection is applied. In order to treat
non-local mixing of nuclear fuels in stellar evolution, we need to

FIGURE 6 | The temperature gradient (∇), the radiative gradient (∇rad), and the adiabatic gradient (∇ad) versus the fractional radius r/R⊙ near the bottom boundary
of the solar convection zone. Panel (A): a sketch for the non-local MLTmodel; Panel (B): the same as for panel (A), but for our non-local convection model. The horizontal
black line shows the range of the convectively unstable zone.
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develop a non-local theory of convection for chemically
inhomogeneous stars (Xiong, 1981). An advantage of our
dynamic theory of correlation functions is its convenience for
generalization. For a chemically inhomogeneous star, apart from
the conservation of total mass, Eq. 2, the conservation equation
for each type of nuclear fuel should be added,

z(ρCn)
zt

+ ∇k(ρCnu
k + Jk) � −ρqn, (28)

where Cn is the content per gram of the nth nuclear fuel, qn and Jkn
are, respectively, its destruction rate and the molecular diffusion
flux for the nth nuclear fuel. By using the same method of
Reynolds decomposition and after an averaging procedure,
mentioned in A Non-Local and Time-Dependent Theory of
Convection section, it is not difficult to obtain the average
conservation equation of fractional mass,

DCn

Dt
+ 1
ρ
∇k(ρu′kC′n + Jkn) � −qn, (29)

and the corresponding dynamic equations of auto- and cross-
correlations C′2

n ,u′kC′n and C′nT′/T . Eqs. 2, 39, 49, 18, 19, 20,
21, 29, and the dynamic equations for C′2

n ,u′kC′n and C′nT′/T
form a set of equations for the calculation of stellar evolution
(Xiong, 1981; Xiong, 1986).

By using our non-local theory of convection for chemically
inhomogeneous stars mentioned above (Xiong, 1981), we
calculated the evolution of massive stars in the hydrogen-
burning stages (Xiong, 1986). The semi-convection
contradiction was indeed removed automatically, as predicted
by us. Figure 7 shows the outline of the hydrogen content at
various evolution ages for a 60M⊙ star. It can be seen that

non-local mixing of helium penetrates deeply into the
convectively stable zone beyond the boundary of the
convectively unstable core marked by the dashed line. A
molecular-weight gradient region adjacent to the convective
core formed automatically. The convective core size increases
due to non-local overshooting mixing, so the evolutionary track
runs at a higher luminosity for a star with fixed mass, and the
main sequence band becomes noticeably wider and main
sequence lifetimes become longer in comparison with those
calculated using the local MLT (the dotted lines, Maeder,
1981). It can be seen from Figure 8 that these influences of
non-local convective mixing on the structure and evolution of
stars increase toward lower mass, because the relative increase of
convective core size increases with the decreasing mass of the star.
These theoretical predictions have been confirmed by subsequent
research (Stothers, 1991; Chiosi, et al., 1992; Schootemeijer, et al.,
2019; Higgins and Vink, 2020). This means that the evolution
masses for a given luminosity were overestimated and the width
of the main sequence band was underestimated when convective
overshooting mixing was neglected. This might be one of the
important causes for the Cepheid mass discrepancy (Christy,
1968; Stobie, 1969; Cogan, 1970; Rodgers, 1970) and the
contradiction between the theoretical and observed
distribution of luminous stars in the H-R diagram
(Humphreys, 1979; Humphreys and Davidson, 1979). The
MLT models can be made to agree with observations by
adjusting core overshooting and semi-convection parameters,

FIGURE 7 | Outlines of hydrogen content at various evolution ages for a
60M⊙ star. The dashed line is the boundary of the convectively unstable core,
and the dotted line indicates the location of the nuclear energy generation rate
ε � 1000 erg/s (Xiong, 1986).

FIGURE 8 | Theoretical evolutionary tracks in the H-R diagram for
7–60M⊙ stars (Xiong, 1986). The solid and dashed lines are for our non-local
convection theory with two different convective parameters, and the dotted
lines are for the local MLT theory (Maeder, 1981).
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which makes such models less predictive, in contrast to our
models.

How one defines the boundary of convective zone is another
contributor to the uncertainty in the treatment of non-local
convection overshooting, and therefore to the uncertainty in
the evolution. For a long time, a disputed question has been
whether the criterion for convective instability should follow the
Schwarzschild criteria or the Ledoux criteria. Our research shows
that the Schwarzschild and Ledoux criteria are only applicable for
local convective instability. In our non-local convection theory,
the convective instability criterion follows neither Schwarzschild
nor Ledoux. FC � 0 is a more convenient and reasonable

definition for the boundary of the convection zone, as
described in Structure of the Convective Overshooting Zone
section, and the details can be found in our earlier works
(Xiong, 1986; Xiong and Deng, 2001; Deng and Xiong, 2008).
The difficulty in determining the boundary of the convective
core results from the local treatment of convection. This
difficulty is also removed automatically. There is no longer
any ambiguity in defining the convective core and
constructing the overshooting zone in our non-local
convection theory. Therefore, the uncertainties in massive
star evolution due to ambiguous semi-convection and
overshooting do not arise.

FIGURE 9 | (A) Evolution of the surface lithium abundance with age for stars of different masses. The dotted and solid lines, respectively, are for models with only
convective overshooting mixing, and for which both gravitational settling and convective overshooting mixing are taken into account. (B) The e-folding time of lithium
depletion as a function of stellar mass. The dotted lines are the models for which only the overshooting mixing are taken into account; the solid lines are models in which
both overshooting mixing and gravitational setting are taken into account.

FIGURE 10 | Lithium abundances as a function of depth log(ΔMr /M) at the ages indicated on the curves for 1.5M⊙ (A), and 1.0M⊙(B) stars, where ΔMr � M −Mr ,
andM andMr are, respectively, the total mass and mass within radius r.M⊙ is the solar mass. The shaded areas mark the overshooting zone in each panel, bounded by
the dashed line (left) and long dashed line (right). The dotted lines are for the theoretical model with only overshooting mixing, and the solid lines are for the theoretical
model with both overshooting mixing and gravitational settling.

Frontiers in Astronomy and Space Sciences | www.frontiersin.org May 2021 | Volume 7 | Article 43886411

Xiong Convection Theory in Stellar Structure

263

https://www.frontiersin.org/journals/astronomy-and-space-sciences
www.frontiersin.org
https://www.frontiersin.org/journals/astronomy-and-space-sciences#articles


Chiosi et al. studied the mass discrepancy of the Cepheids. They
found that “the mass discrepancy problem likely originates from the
adoption of semi-convective models and insufficient accuracy in the
determination of the mass by one of the two methods. When this is
feasible, as in the ideal laboratory given by the young LMC clusters
with Cepheids, the discrepancy no longer exists” (Chiosi, et al., 1992).
By using the new and improved equation of state (Däppen, et al., 1988;
Hummer and Mihalas, 1988; Mihalas et al., 1988) and opacity (Roger
and Iglesias, 1992), not only were the excitation mechanism of β
Cephei and SPB stars explained (Cox et al., 1992; Moskalik and
Dziembowski, 1992; Dziembowski and Pamyatnykh, 1993), but also
the mass discrepancy between the evolutionary mass and the “bump”
and “beat” masses of the Cepheids was reduced further (Carson and
Stothers, 1988; Moskalik and Dziembowski, 1992; Petersen, 1992;
Simon, 1995; Guzik et al., 2020).

Lithium Depletion in Late-Type Main
Sequence Stars
Lithium abundance was a very important problem for
nucleosynthesis during the Big Bang. In addition, lithium and
beryllium are both very fragile elements, which are destroyed

quickly due to nuclear reaction at T∼2.5 and 4.0 million K in the
stellar interior, whichmakes them ideal trace elements formeasuring
the depth of the surface convection zone during stellar evolution.
Since the original observational detection of the lithium abundance
in solar-type stars by Herbig (1965), rich observational data have
been accumulated. Observations of the lithium abundance of
Galactic open clusters of various ages and metallicities provide
very conclusive constraints on the depletion mechanism of
lithium. Up to now, the depletion mechanism of lithium in the
Sun and stars is still not fully understood. Various depletion
mechanisms have been proposed, including mass loss (Weymann
and Sears, 1965; Hobbs, et al., 1989; Schramm et al., 1990) and wave-
driven mixing (Garcia Lopez and Spruit, 1991; Montalban and
Schatzman, 1996), among which rotationally induced mixing
(Pinsonneault et al., 1989; Charbonnel et al., 1992; Chaboyer
et al., 1995) has been a dominant viewpoint. In our view,
convective overshooting mixing and gravitational settling seems
to be the most reasonable mechanism for lithium depletion.

By using our non-local theory of convection in chemically
inhomogeneous stars described in A Non-Local and Time-
Dependent Theory of Convection section and the previous
subsection, we calculated the lithium depletion in the atmosphere

FIGURE 11 | Lithium abundance as a function of log Te for the member stars in Galactic open clusters: (A) Pleiades (filled circles and stars) and α Per (open circles),
(B) Hyades (filled circles and inverse triangles), Praesepe (open circles and inverse triangles) and Coma Berenices (open squares and triangles), (C) NGC752, and (D)
M67, where ⊙ is the position of the Sun. The solid and dotted lines are, respectively, the theoretical isochrones with and without gravitational settling for the ages marked.
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of the Sun (Xiong and Deng, 2002) and late-type dwarfs (Xiong and
Deng, 2009). Apart from convective overshooting, the gravitational
settling has been taken into account, because the timescale for
gravitational settling in the atmosphere of warm stars becomes
comparable to and even shorter than the evolutionary timescale.
Referring to Chapman and Cowling (1970), the micro-diffusion
flux J of lithium can be expressed as (Xiong and Deng, 2009)

J � −CD[zlnC
zr

+ (7 − 4μo
1 + φ

) GMr

RTr2
+ KT

zlnT
zr

], (30)

where D and KT are, respectively, the diffusion and thermal diffusion
coefficients, μo the meanmolecular weight and φ the mean ionization
degree per ion. The first, second, and third terms in Eq. 30 are,
respectively, pressure, gravitational, and thermal diffusion.

Figure 9A shows the evolution of surface lithium abundance
with age for stars of different masses. We can see that lithium
abundance tends to decrease exponentially with time. Figure 9B
shows the e-folding time of lithium depletion as a function of stellar
mass. The dotted lines are for the models in which only convective
overshooting mixing is taken into account and the gravitational
settling is neglected; the solid lines are for models with both
convective overshooting mixing and gravitational settling. It can
be seen that, for larger stars (M ≥ 1.1M⊙), lithium depletion mainly
results from gravitational settling, because their surface convection
zones are too shallow for the overshootingmixing to be efficient. The
mass of surface convection zone and the timescale of gravitational
settling increases with decreasing stellar mass. The effect of
convective overshooting mixing on lithium depletion increases
rapidly with decreasing stellar mass (Figure 9B), and convective
overshooting mixing becomes the main mechanism of lithium
depletion for low-mass stars (M < 1.1M⊙)

Figure 10 shows the lithium abundance versus depth
(logΔMr/M⊙) at different ages (indicated on the curves) for
1.5 M⊙ and 1.0M⊙ stars, clearly showing the physical picture for
lithium depletion induced by overshooting mixing and gravitational
settling. For moderately high-mass warm (Te ≥ 6200K) stars, which
have a shallow surface convection zone, surface lithium is drawn into
the deeper radiative interior by gravitational settling and stays there,
and the surface lithium abundance decreases with time
(Figure 10A). For low-mass stars (M ≤ 1.0M⊙ ), which have an
extensive convective envelope, the surface lithium is brought into
high-temperature interior regions by convective overshooting and
destroyed by nuclear reactions there, and the surface lithium

abundance decreases with time (Figure 10B). Therefore, the
mechanism of lithium depletion is very different for warm
(M ≥ 1.1M⊙) and cool (M ≤ 1.0M⊙ ) main sequence stars.
Lithium depletion is very sensitive to the treatment of convection,
because lithium depletion increases exponentially with time. A small
error will be enlarged exponentially with time. Therefore, observations
of lithium depletion provide the most rigorous constraint for stellar
convection theory. Figures 11A–D show the distribution of lithium
abundance with effective temperatures for the member stars of several
Galactic open clusters with different ages; the theoretical isochrones
are also drawn on the figures. It can be seen that the theoretical
predictions, in general, agree well with the observations for Galactic
open clusters over a very wide range of ages. This means that our
convection theory and the assumption of the convective overshooting
mechanism for lithium depletion seem to be true.
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