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Editorial on the Research Topic
Disorder and superconductivity: a 21st-century update

Studying defects and imperfections in superconductors is paramount for fundamental
and applied research. Defects play a multifaceted role, from decreasing quality and
performance in some situations to enhancing desired properties in others. Disorder is
also a unique probe to study the fundamental aspects of superconductivity. In classical
s-wave isotropic superconductors, only pair-breaking (magnetic) scattering suppresses the
order parameter, hence the transition temperature, T.. In superconductors with an
anisotropic gap, both potential and pair-breaking scattering suppress T. and in
unconventional  superconductors, the non-magnetic disorder can  suppress
superconductivity completely. Understanding the mechanisms through which defects
influence the properties of superconductors is key to advancing the development and
optimization of high-performance superconducting materials for modern technologies.

This Frontiers of Physics Research Topic—“Disorder and superconductivity: a 21st-
century update”-contains an open-access Research Topic of three review articles and five
original research articles highlighting several aspects of this broad area of modern research.

Alloul reviews the paramount role of disorder in determining some normal- and
superconducting-state properties of high-T. cuprate superconductors, in particular its effect
on the T-doping phase diagram. Focusing on YBa,Cu;0;_, as the least disordered cuprate in
the pristine state, controlled defects were introduced by spinless (Zn, Li) impurities
substituted on the planar Cu sites. Another type of atomic disorder was introduced by
electron irradiation. The review focuses on the Kondo-like physics emerging due to disorder
and its connection to pseudogap and strange metal phases, and the use of isolated impurities
to probe the correlations in the surrounding pure host.

Andersen et al. review spontaneous time-reversal symmetry breaking (TRSB) by
disorder in superconductors. They discuss the possible nature of the superconducting
ground state in materials where such TRSB was observed. While the most straightforward
explanation comes from considering at least two different superconducting order
parameters, it is shown that even in the case of a single order parameter TRSB may
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occur locally due to localized orbital current patterns or spin-
polarization near atomic-scale impurities, twin boundaries and
other defects.

Mishra et al. both present new data and review existing data on
the thermal conductivity of nonunitary triplet superconductors with
specific application to UTe,. Thermal conductivity is a unique bulk
probe of nodal quasiparticles and in this paper the authors derive a
general expression for the thermal conductivity of a spin triplet
superconductor. By varying the direction of the heat flow it is
possible to map out the structure of the order parameter, and
particularly distinguish between line and point nodes. Their
analysis is assisted by comparing theory to samples with varying
levels of disorder.

Juskus et al. highlight the apparent insensitivity of T, to residual
resistivity in various single-layered cuprates. By analyzing the results
of T, suppression in Bi2201, LSCO and TI2201, the authors suggest
that either we do not understand the origins of residual resistivity in
cuprates or that the accepted paradigm of dirty d-wave theory may
be invalid. The authors then present an alternative, non-BCS
interpretation for the different extents of the superconducting
dome in the three cuprate families.

Curro et al. study critical dynamics near the quantum phase
transition in TmVO, where ferroquadrupolar order is suppressed by
amagnetic field and identify a unique form of the hyperfine coupling
that exclusively probes the transverse field susceptibility. The results
show that this quantity diverges at the critical field, in contrast to the
mean-field prediction. Further analysis suggests the presence of
quantum Griffiths phases. This form of inhomogeneous and
correlated disorder is largely absent from theories of disordered
superconductivity, except for superfluidity of *He in dilute random
solids like silica aerogels.

Ngampruetikorn and Sauls develop a theory of thermal
transport and anomalous thermal Hall effect as well as electrical
conductivity for chiral superconductors belonging to even or odd-
parity E; and E, representations of the tetragonal and hexagonal
point groups. Chiral superconductors exhibit novel properties that
depend on the topology of the order parameter and Fermi surface,
and, importantly for our Research Topic, the structure of the
impurity potential. An anomalous thermal Hall effect is predicted
and shown to be sensitive to the winding number, v, of the chiral
order parameter via Andreev scattering. For heat transport in a
chiral superconductor with point-like impurities, a transverse heat
current is obtained for v = +1, but vanishes for |v| > 1. Their theory
provides quantitative formulae for analyzing and interpreting
thermal transport measurements for superconductors with
broken time-reversal and mirror symmetries.

Wang et al. present their experimental results on zinc-doped
Bi,Sr,CaCu, 04, high-T. cuprate superconductor. Zinc exchanged
for copper strongly suppresses superconductivity and acts as
impurities with a strong quasiparticle scattering resonance. Using
scanning tunneling microscopy, they investigate the electronic
structure on the atomic scale around a Zn impurity. They
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conclude that the measured impurity-induced bound state
pattern is strongly influenced by Bi atoms on the surface and
therefore supports the “filter” theoretical model of the nonlocal
interlayer tunneling effect from the CuO, layer to the BiO layer on
the surface.

Finally, Torsello et al. report unusually weak proton irradiation
effects in the anisotropic superconductor RbCa,Fe,As,F, with
unusual properties in between those of the iron-based pnictides
and the high-T. cuprates. Combining a coplanar waveguide
resonator technique with electrical transport and point-contact
Andreev reflection spectroscopy, they study the effect of
structural disorder on the critical temperature, the superfluid
density and the superconducting gap. They find an unusually
weak dependence of the superconducting properties on the
amount of disorder in this material when compared to other
iron-based under irradiation

superconductors comparable

conditions. ~ Surprisingly, the nodal order parameter of
RbCa,Fe As F, is also robust against proton irradiation, with a
two-band d-d model being the one that best fits the

experimental data.
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Absence of the
Impurity-resonance spot at a Bi
defect located near the Zn
Impurity in
BiZSrZCa(Cul_XZnX)208+5

Zhaohui Wang, Shengtai Fan, Han Li, Huazhou Li, Huan Yang*
and Hai-Hu Wen*

National Laboratory of Solid State Microstructures and Department of Physics, Center for
Superconducting Physics and Materials, Collaborative Innovation Center for Advanced Microstructures,
Nanjing University, Nanjing, China

Zn dopants to Cu sites in high-T. cuprates strongly suppress superconductivity
and act as impurities with a strong quasiparticle scattering resonance. Using the
scanning tunneling microscope, we investigate the electronic structure in the
atomic scale around Zn impurities in BiySroCa(Cu;_,Zn,)>0g.5. The intense
scattering resonance of the Zn impurity in the CuO, layer strongly affects the
measured local density of states of the BiO layer on the surface. The pattern of the
bound state induced by a Zn impurity consists of a central spot at the Bi atom just
above the Zn impurity and eight symmetric spots at the next nearest neighboring
(NNN) and the third nearest neighboring (3NN) sites of Bi atoms. When the Bi
atom above the NNN Cu atom is missing, the corresponding scattering spot is
absent simultaneously. Our results indicate that the measured impurity-induced
bound state pattern is strongly influenced by Bi atoms on the surface and
therefore supports the “filter" theoretical model of the nonlocal interlayer
tunneling effect from the CuQO, layer to the BiO layer on the surface. Our
research provides extra information about the impurity-induced bound state
by Zn impuirities.

unconventional high-temperature superconductors, cuprates, Bi2212, nonmagnetic
impurity, impurity state, Bi defect

Introduction

High-T, cuprates have been the focus of investigation in condensed matter physics for
decades because of the potential application and underlying mechanism of unconventional
high-T. superconductivity. The parent compound of cuprates is a Mott insulator, and
superconductivity is induced by the hole or electron doping [1]. The chemical doping is
usually carried out to the ‘charge-reservoir’ layers in cuprates, while the charge carriers are
transferred to the conducting and superconducting CuO, planes. However, substituting Cu
atoms in the CuO, plane usually breaks the superconductivity and lowers T.; meanwhile, the
impurity bound state is induced at the substitution site [2-4]. This impurity effect provides
critical insights into the underlying physics of high-T. superconductivity. For instance,
according to Anderson’s theorem [5], the non-magnetic impurity does not influence
superconductivity in an s-wave superconductor, however, it has a strong pair-breaking

6 frontiersin.org
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effect in a d-wave superconductor with a gap sign change [6-8]. As a
result, in a d-wave superconductor, T. decreases rapidly with the
increase in nonmagnetic impurities following the well-known
Abrikosov-Gor’kov formula [9, 10]. This formula can apply to other
superconductors with a sign-change order parameter like the s+ or the p
wave. Moreover, impurities in a d-wave superconductor can give rise to
the so-called gapless superconductivity [11] and the phase transition to
this state is proved to be a Lifshitz type of the 2.5 order [12, 13].

Among the various impurity substitutions into CuO, planes, Zn
dopants have attracted much experimental and theoretical attention.
Experimentally, a dramatic decrease of T is observed in Zn-doped
cuprates, which is evidence of a d-wave gap if Zn dopants are
regarded as non-magnetic impurities [14, 15]. Doping Zn impurities
reduces the superfluid density [16, 17] and increases the residual
specific heat coefficient [18], which can be explained by the non-
superconducting regions induced by Zn dopants with the effective
size of the coherence length [16]. The scanning tunneling
microscopy/spectroscopy (STM/STS) experiments confirm the
local effect of Zn impurities within a few nanometers [3], and
the impurity-induced resonance behaves as a strong in-gap peak
of density of states (DOS) located at about —2 meV near the Fermi
energy. The hole doping level can influence the impurity resonance,
and the bound state peak disappears in the underdoped sample with
a larger gap [19, 20]. Zn dopants are usually regarded as
nonmagnetic impurities. However, the staggered
antiferromagnetic spin structure is observed near the Zn dopant
[21-25], which may be due to the exposure of the antiferromagnetic
background after the superconductivity is killed by the Zn
impurities. These fascinating experimental findings demonstrate
how Zn impurities locally disturb the surrounding electronic and
spin structures. There are also theoretical interpretations to describe
the scattering resonance pattern. It is calculated that impurity bound
states are located at the four nearest Cu sites to the Zn impurity, and
the complex interlayer tunneling effect makes the surface pattern on
the BiO layer different from that on the CuO, layer [26, 27]. Based
on the so-called ‘filter’ model, tunneling from the STM tip into the
CuO, layer requires tunneling through the insulating BiO surface,
effectively filtering the signal [26, 27]. The subsequently developed
BdG-Wannier approach [28] further improves the model, and the
theoretical result shows excellent agreement with the experiment.

Recently, the charge-reservoir layer has been argued to play an
essential role in the unconventional superconductivity in cuprates.
For example, the obtained gap feature on the exposed surface of the
charge-reservoir layer is different from that on the CuO, plane [29,
30]. These experiment results provide another angle of view showing
that the charge-reservoir layer may influence the detected local
density of states (LDOS) on the surface.

Using STM/STS, we investigate the influence to the impurity-
bound-state by Bi vacancies on the surface near the Zn impurity on
the CuO, plane in Bi,Sr,Ca(Cu;_Zn,),0s,s (Zn-Bi2212).A Bi
vacancy above the next nearest neighboring Cu atom near the Zn
impurity leads to the missing of the corresponding scattering
resonance spot at the Bi vacancy. This result indicates that the
measured impurity-induced bound state on the surface is
significantly affected by the Bi atom in the BiO layer. Our
observation provides a crucial clue for understanding the
interaction between different layers in cuprates and facilitates the
comprehension of the tunneling path in STM experiments.
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Material and methods

Bi,Sr,Ca(Cu, ,Zn,),0s,5 single crystals with a nominal
doping level of x = 2% were grown by the self-flux method
[31]. Stoichiometric proportional powders of Bi,O;, SrCOs,
CuO, CaCO;, and ZnO compounds were used as starting
material for growth. The mixed powder was calcined at 860°C
for 48 h and ground to fine powder again. To ensure a complete
solid-state reaction, the grinding and calcining procedure were
repeated three times [32]. The obtained polycrystalline powder is a
pure single phase examined by the powder x-ray diffraction. The
polycrystalline powder was calcined at 1,020°C for 2 hours; it was
cooled to 940°C at a rate of 2°C/h, then 840°C at a rate of 1°C/h, to
500°C at a rate of 1°C/min, and finally it is cooled to the room
temperature with the furnace. The superconducting property was
characterized by the magnetization measurement, and the
transition is sharp, with a T. of about 86 K. The STM/STS
measurements were carried out in a scanning tunneling
microscope (USM-1300, Unisoku Co., Ltd.). The Zn-Bi2212
samples were cleaved at room temperature in an ultra-high
vacuum with a base pressure of about 2 x 107'° torr and then
transferred into the STM system working at 1.5 K. All the STM/
STS measurements used the electrochemically etched chromium
tips. The Cr tip was electrochemically etched by 3 mol/L
NaOH covered by a
polytetrafluoroethylene tube with a specific length [33]. The

solution with the immersed end
differential conductance is measured using the lock-in method
with an AC modulation amplitude of 2mV and frequency of
987.5Hz. All the STM/STS data were taken at 1.5K in this
work. The setpoint conditions are Vi = —100 mV and I =
100pA for all measurements of topographies and
tunneling spectra.

Results and discussion

Figure 1A shows the crystal structure of the Bi,Sr,CaCu,Os,4
(Bi2212) unit cell. STM measurement is carried out after cleavage,
and the exposed surface is universally the BiO layer because of the
weak interaction between adjacent BiO planes. Cu atoms reside
directly beneath the Bi atoms based on the crystal structure. When
Zn impurities are doped into Bi2212, they replace the Cu atoms, and
the situation of the BiO surface with an individual Zn impurity is
shown in Figure 1B. To facilitate the discussion, we label the Bi atom
positions as Bi0, Bil, Bi2, and Bi3, representing the Bi atom directly
above the Zn impurity, the nearest neighboring (NN) Cu atom, the
next nearest neighboring (NNN) Cu atom, and the third nearest
neighboring (3NN) Cu atom, respectively. Figure 1C shows the
topography of the cleaved surface of Zn-Bi2212, and the atoms are Bi
atoms. There are supermodulations on the surface along the
diagonal direction. The Cu atoms are supposed to be just below
the Bi atoms on the surface, even considering the impact of
supermodulation [34]. Due to the supermodulation, the Zn
impurity is unclear on the topographic image. Following a
previous study [3], the bound-state pattern induced by a Zn
impurity can be recognized by the differential conductance
mapping at —2 mV, and the result is shown in Figure 1D. Here,
the differential conductance is proportional to the LDOS, and the
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(A) Crystal structure of Bi2212 shown in a unit cell. (B) Schematic diagram of the BiO plane with a single Zn impurity (denoted by a red spot). The
impurity bound state is also illustrated in the figure as yellow patterns, and different colors plot the neighbored Cu atoms in the central effective area by
the Zn. (C) Atomically resolved topographic image near a Zn impurity. (D) Differential conductance mapping recorded at -2 mV in the same field of view
of (C). Locations of the Zn impurity and neighbored Cu atoms are shown in (C) and (D) by using some symbols in (B). (E) Several tunneling spectra
measured at specific positions. The shown spectra for Bil, Bi2, and Bi3 sites are the average one of four spectra measured above the four corresponding

Bil, Bi2, and Bi3 sites.

brightest spot corresponds to the strongest in-gap density of states
at —2mV. Compared to a previous study [3], the center of the
brightest spot is just above the Zn site. Eight bright spots also
surround the Zn impurity symmetrically: four second-brightest
spots near the NNN Cu atoms and four third-brightest spots
near the 3NN Cu atoms. In contrast, no prominent spot is near
the NN Cu atoms. Tunneling spectra are measured at Bi0 sites just
above the Zn impurity, and the Bi atoms above the Cu atoms
surrounding the Zn impurity; they are displayed in Figure 1E. The
spectrum measured far away from the Zn impurity is also shown in
the figure, and the superconducting coherence peaks are indicated
by arrows at about +37 meV. The finite zero-bias differential
conductance is due to the impurity scattering in the d-wave
superconductor [35-37]. On the spectrum measured at the Zn
impurity, one can see the significant suppression of the
coherence peak. Meanwhile, there is a solid bound state peak at
Q = -1.7mV, similar to the value from the previous report [3]. It
should be noted that Q slightly changes from -5 to 0 meV for
different Zn impurities, and the peak amplitude also changes. This is
possibly due to the slight difference in impurity scattering potential
or the local superconducting gap [37, 38]. Nevertheless, a relatively
small value of QO compared to the superconducting gap suggests a
strong scattering close to the unitary limit [7, 8]. The impurity
bound state is weakened at the NNN and the 3NN Cu sites, and the
peak is negligible at the NN Cu site. Meanwhile, the recovery of the
coherence peak energy and the peak amplitude only correlates to the
distance between the site and the Zn impurity.

The supermodulation structure in Bi2212 can spontaneously
introduce lattice defects, particularly Bi defects, and it is interesting
to investigate the influence on the Zn impurity by the missing Bi

Frontiers in Physics

atoms. One example in the presence of Bi vacancies is shown in
Figure 2, and the topography is shown in Figure 2A. Two Bil atoms
are missing above two NN Cu sites around the Zn impurity, as
illustrated in Figure 2D. This feature is more evident in the inverse
Fourier transform result to the Bragg peaks and the vectors around
(+ a—’f), + a—’f)), where ay is the lattice constant of Zn-Bi2212. The inverse
Fourier transform image is shown in Figure 2B. Figure 2C shows the
differential conductance mapping measured at -2 mV, similar to the
one measured in the typical case of the Zn impurity without Bi
vacancies (Figure 1D). We also measure the tunneling spectra at the
Zn and Bil sites or vacancies above the NN Cu atom. The results are
shown in Figure 2E. The spectrum measured at the Zn impurity
shows a strong resonance peak at about —2.3 mV. It should be noted
that impurity resonance peaks have different energies and
amplitudes for different impurities. Therefore, the slight shift of
the bound state energy and the decrease of the bound state peak is
unlikely due to the B1 vacancies. For spectra measured at the
Bil sites and Bil vacancies just above NN Cu sites, the impurity
bound state peaks are weak at these two positions.

Although Bil vacancies have negligible influence on the bound
state pattern on the surface, Bi2 vacancies seem to have a significant
impact on the pattern. One example is shown in Figure 3. The
Bi2 atom is missing from the topography shown in Figure 3A, while
the resonance spot of the bound state pattern is missing
simultaneously (Figure 3B). Figure 3D shows tunneling spectra
measured at the Zn impurity, the Bi2 site above the NNN Cu
atom, and the Bi2 vacancy above the NNN Cu atom. The resonance
peak on the spectrum measured at the Bi2 site is similar to that
shown in Figure 1E. However, the resonance peak is significantly
weakened on the spectrum measure at the Bi2 vacancy. To
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sites. (E) Tunneling spectra measured at Zn impurity and B1 sites or vacancies. The spectrum for Bil sites (or Bil vacancies) is the average of two
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(A) Topographic image near a Zn impurity with a Bi2 vacancy on the surface. (B) Differential conductance mapping measured at =2 mV measured in

the same area of (A). The resonance spot of the bound state pattern is missing at the B2 vacancy site. (C) Schematic illustration of the Zn impurity with a
Bi2 vacancy nearby. (D) Spectra measured at the Zn impurity, Bi2 sites above the NNN Cu atoms, and Bi2 vacancy above the NNN Cu atom. The spectrum
of Bi2 sites is the average one of three spectra measured above three NNN Cu sites. The bound state peak behaves differently at the Bi2 vacancy and

at Bi2 sites. (E) Height profile along the arrowed line in (A) or (B). (F) A set of tunneling spectra measured along the arrowed line in (A) or (B). The bound
state peak is missing from the spectra measured near the Bi2 vacancy.
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(A) Schematic illustration of CuO, plane with one Zn impuirity. (B)
Schematic illustration of the tunneling process when the STM tip is
directly above the BiO site. (C) Schematic illustration of BiO plane
corresponding to the case of one Zn impurity with one

Bi2 defect. (D) Schematic illustration of the tunneling process when
the STM tip is directly above the Bi2 vacancy. The dotted arrows
indicate that the missing Bi atom will lead to the failure of the tunneling
from the neighboring Cu-3d,>.,, to the surface and then to the
STM tip.

investigate the electronic property of the Bi2 vacancy, we measure
a set of tunneling spectra along an arrowed line in Figure 3A across
a Bi2 site, a Zn impurity, and the Bi2 vacancy, and the result is
shown in Figure 3F. Meanwhile, the corresponding height profile
along the arrowed line is shown in Figure 3E, and the Bi2 vacancy
can be observed as a valley. The superconducting gapped feature
can be identified on spectra measured at the terminus of the
arrowed line, indicating that the impurity scattering from the
Zn dopant is localized. Above the Zn impurity, the bound state
peak can be seen on the spectra measured at positions within the
range with a diameter approximately equaling the size of a Bi atom.
The bound state peak with a weakened amplitude can be seen on
the spectra near the Bi2 atom. However, the bound state peak is
absent on the spectra measured near the Bi2 vacancy.
Consequently, one can robustly conclude that the Bi2 vacancy
will strongly affect the Zn impurity-induced bound state pattern
on the surface and cause the absence of the scattering resonance
spot at the Bi vacancy.

Here we report the influence on the Zn impurity-induced
bound states by the out-of-plane Bi defects on the surface, which
has not been reported in previous works [3, 19, 20]. The detailed
STM/STS measurement shows that the Bi2 vacancy significantly
weakens the bound-state peak and the resonance spot measured
at the impurity bound state energy. Besides, a similar
phenomenon can also be observed in the case of the
Bi3 vacancy, and the corresponding resonance spot also
disappears in the presence of the Bi3 vacancy. In contrast, the
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Bil vacancy does not affect the bound state pattern at the bound
state energy. However, it should be noted that the impurity
bound state peak is negligible at the Bil site. Therefore, it is
understandable that the Bil vacancy does not influence the
impurity bound state pattern. Bi atoms are located in the
charge-reservoir layer, and the Bi vacancy may induce a slight
hole doping. Meanwhile, the Bi vacancy may increase the
distance between the apical oxygen and the Cu atom
underneath, which may be related to the superconductivity in
the CuO, layer [39-41] and further modify the impurity bound
state. These are the possible ways that the Bi vacancy in the
charge-reservoir layer affects the impurity bound state in the
CuO, layer. However, the resonance peak recorded just above the
Zn impurity seems to be not affected by any Bi vacancies. In
addition, the Bil site is closer to the Zn impurity than the Bi2 site,
but the Bil vacancy has negligible influence on the impurity-
bound-state peak or the bound-state pattern at the peak energy.
Therefore, it is unlikely that the Bi vacancies will directly
influence the Zn impurity state on the CuO, plane.

Based on theoretical calculations [26-28], the impurity bound
state pattern behaves differently on the CuO, plane and the
surface BiO layer because the measured pattern on the surface
is affected by the interlayer tunneling matrix elements with the
so-called “filter effects”. In this picture, the hybridization of the
in-plane 3d,._,» orbital of the metal atom (Zn or Cu) with p
orbitals of apical O and Bi right above is forbidden by symmetry.
Specifically, the strongest impurity bound state is located at four
NN Cu atoms from the calculation [26-28], and the result is
shown in Figure 4A. Figure 4B shows the tunneling process
proposed by the theory, and the tunneling to the Bi atom
through 6p, orbital on the surface is from the in-plane 3d,._,»
orbital of neighboring metal atoms (Zn or Cu) instead of the one
right underneath. Additionally, the tunneling is assisted by the p
orbital of apical O just below the surface Bi atom [28]. Based on
this model, the obtained resonance pattern (Figure 4C) on the
surface is very similar to the experimental result (Figure 3B) in
the presence of a Bi2 vacancy since the impurity bound state in
the CuO, plane cannot show up without the Bi2 atom
(Figure 4D). Therefore, our experiment strongly supports the
theoretical calculation results of the “filter effects” in the
interlayer tunneling process.

Conclusion

In summary, we have carried out the studies on the influence of
Bi defects on Zn impurity scattering resonance states in Zn-Bi2212
using STM/STS. Our
characteristics: i) In the case of Bil defects, we observed no

findings reveal several intriguing
significant deviations compared to normal resonance states. ii)
for the Bi2 defects situation, we detected a notable absence of
LDOS at the corresponding Cu sites beneath these Bi defects.
These observations collectively indicate that the BiO plane plays
a crucial role in the impurity-induced bound state formation from a
different perspective. Our research underscores how structural
distortions and defects, even outside the CuO, plane, significantly
impact resonance states we measured through STM/STS. These

results shed new light on understanding the interaction between
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different layers in cuprate and facilitate the comprehension of the
tunneling process.
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Unusually weak irradiation effects
In anisotropic iron-based
superconductor RbCasFe As,F;

Daniele Torsello'?*, Erik Piatti’, Michela Fracasso?,
Roberto Gerbaldo?, Laura Gozzelino?, Xiaolei Yi?,
Xiangzhuo Xing*, Zhixiang Shi®, Dario Daghero* and
Gianluca Ghigo*?

‘Department of Applied Science and Technology, Politecnico di Torino, Torino, Italy, Istituto Nazionale
di Fisica Nucleare, Sezione di Torino, Torino, Italy, *School of Physics, Southeast University, Nanjing,
China, “School of Physics and Physical Engineering, Qufu Normal University, Qufu, China

We report on the effects of 3.5 MeV proton irradiation in RbCa,Fe4As,F», aniron-
based superconductor with unusual properties in between those of the pnictides
and of the cuprate high-temperature superconductors. We studied how
structural disorder introduced by ion bombardment affects the critical
temperature, superfluid density and gap values by combining a coplanar
waveguide resonator technique, electric transport measurements and point-
contact Andreev-reflection spectroscopy. We find an unusually weak
dependence of the superconducting properties on the amount of disorder in
this material when compared to other iron-based superconductors under
comparable irradiation conditions. The nodal multigap state exhibited by
pristine RbCasFe As4F, is also robust against proton irradiation, with a two-
band d-d model being the one that best fits the experimental data.

KEYWORDS

12442 iron-based superconductors, proton irradiation, superfluid density, order
parameter symmetry, point-contact spectroscopy

1 Introduction

Ion irradiation has proven to be an extremely useful tool for the investigation of
fundamental properties of superconductors [1-3]. In recent years, significant efforts have
been devoted to the study of iron-based superconductors (IBSs) [4-7], hoping that
understanding their pairing mechanism could lead to a comprehensive understanding
of unconventional superconductivity [8]. Although this high goal is still far from being
achieved, several interesting findings were reported on these intriguing materials,
contributing to deepen the knowledge of the effects of disorder on the superconducting
condensate and related phenomena. In particular, besides the more standard result of
enhancing the vortex pinning capability [7], an irradiation-disorder-induced transition was
observed between s, and s, , states in two-band IBSs of the 122 family [3], that contributed
to confirm the s, state for the pristine compound, as predicted theoretically [1].

In the last few years, the attention moved to a newly discovered family of IBSs, the
12442 pnictide family [9-11], that shows some peculiar properties resembling those of the
cuprates [12-15]. The 12442-type ACa,Fe,As,F, (where A = K, Rb, Cs) compounds are
obtained by the intergrowth of 1111-type CaFeAsF and 122-type AFe,As,. While in most
IBSs superconductivity emerges after the suppression of antiferromagnetic order in the
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parent compound by carrier doping, the 12442 compounds are
superconducting in their stoichiometric state, with a critical
temperature ranging from 28 to 33 K, without the need for
chemical substitution to achieve extra carrier doping. These
compounds consist of alternate stacking of conducting Fe,As,
layers and insulating Ca,F, blocks, and contrary to other IBSs,
they have double FeAs layers between neighboring insulating layers,
thus mimicking the case of double CuO, layers in the cuprates. As
the cuprates (and contrary to 122 and 1144 IBSs), these compounds
show a large anisotropy in the upper critical field and penetration
depth [16]. As for the pairing symmetry and gap structure, to date it
is still controversial whether in 12442 there exist gap nodes or not,
and, in the former case, whether nodal d-wave-like or accidental
nodal s-wave gaps should be expected. Recently, a study of the gap
structure of RbCa,Fe As,F, (Rb-12442) led to the identification of
two gaps with signatures of d-wave-like nodal behavior [16]. Data
are well described by a two-band d-d state with symmetry-imposed
nodes, since they persist upon Ni doping. Within this framework,
the need emerges to investigate the role of disorder of nonchemical
origin, e.g., induced by ion irradiation. In fact, in this case it is
possible to compare measurements on the very same crystals before
and after irradiation, i.e., after the introduction of structural defects
with defined shape and dimensions, and controlled density. This
could help in completing the picture and give hints toward an overall
interpretation  of  the
the 12442 IBSs.

In this work, we report on the effects of disorder introduced via

superconductivity ~ mechanism  in

3.5 MeV proton irradiation on the critical temperature, superfluid
density and gap values of Rb-12442 single crystals, investigated by a
combination of the complementary techniques of electric transport
coplanar resonator  (CPWR)
Andreev-reflection

measurements, waveguide
measurements and
spectroscopy (PCARS).

Transport measurements allow the determination of the

point-contact

resistivity as a function of temperature, of the residual resistivity
ratio RRR, and of the superconducting transition temperature T%,
and thus provide information on how irradiation affects the
scattering of electrons by defects and the onset of the
superconducting state.

CPWR measurements allow a direct determination of the
London penetration depth A; as a function of temperature, and
consequently of the superfluid density p; and of the critical
temperature T% at which it vanishes. The temperature
dependence of pg provides indications on the symmetry of the
superconducting gap(s), and in particular on whether unpaired
quasiparticles persist down to the lowest temperatures, which is
associated to an incomplete gapping of the Fermi surface typical for
example, of d-wave superconductivity.

PCARS allows a direct determination of the amplitude and
symmetry of the superconducting gap(s) and of the temperature
at which they close, T, by measuring the differential conductance
dI/dV of a small (point-like) contact between a normal metal (N)
and the superconductor under study (S), as a function of the bias
voltage V applied across the NS junction [17-19]. The absence of an
insulating barrier between the N and S banks enables Andreev
reflection at the interface [17-19], which enhances the dI/dV for V <
Ale (A being the superconducting gap) and makes it sensitive to the
coherence of the superconducting condensate—unlike tunnelling
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spectroscopy that probes the density of states of unpaired
quasiparticles. Finally, the dependence of the critical temperature
(T? or T?) on the disorder (which is directly related to the symmetry
of the energy gap in single-band systems) can be compared to that
observed in other, more widely-studied IBS systems.

The conclusion of this extensive study is that the critical
temperature of 12442 decreases on increasing disorder in an
unusually weak (if compared to other IBSs) and nonlinear
manner, while the London penetration depth increases in an
approximately linear way. The joint analysis of PCARS spectra
and CPWR measurements supports the existence of nodes in at
least one gap, and most probably indicates the persistence of the
same gap symmetry observed in the

pristine, non-

irradiated compound.

2 Materials and methods

2.1 Crystal growth and basic
characterization

Single crystals of Rb-12442 were grown by the self-flux method
[14, 20, 21] and their high quality was assessed through X-ray
diffraction and energy-dispersive X-ray spectroscopy as detailed in
Refs. [14, 16].

2.2 Electrical resistivity measurements

The temperature dependence of the electrical resistivity was
measured on selected single crystals by means of the van der Pauw
method [22] after having electrically contacted them with thin gold
wires and conducting silver paste. Each resistance measurement was
performed by sourcing a small DC current =~ 100 pA between two
adjacent contacts and measuring the resulting voltage drop across
the opposite pair of contacts. Common-mode offsets including
thermoelectric ~ voltages the current-

were removed using

reversal method.

2.3 CPWR measurements

The London penetration depth and superfluid density were
measured by means of a coplanar waveguide resonator (CPWR)
technique, particularly suitable to study small IBS crystals for
irradiation experiments since it is minimally invasive and the
same samples can be characterized several times before and after
different irradiation steps [23]. The measurement was carried out
within a resonator perturbation approach. A coplanar waveguide
resonator obtained by patterning an YBa,Cu;O;_s thin film
deposited on MgO substrate was coupled to a vector network
analyzer for the measurement of the scattering matrix at low
input power. The transmitted power shows a resonance that can
be fitted by a modified Lorentzian function, yielding the resonance
frequency and quality factor. Measurements were carried out as a
function of the temperature for the empty resonator and with the
investigated samples coupled to it (i.e, placed on the central
stripline, far from the edges). The presence of the sample causes
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shifts of the resonance frequency and of the quality factor that are
due to the electromagnetic properties of the sample: from these
shifts, after a self-consistent calibration procedure, the absolute
value of the penetration depth and its temperature dependence
can be assessed [24].

2.4 PCARS measurements

The structure of the superconducting gap was assessed via
point-contact Andreev reflection spectroscopy (PCARS), by
measuring the differential conductance (dI/dV) of point-like
(N) the
superconducting sample (S). Unlike in tunnelling spectroscopy,
in a direct N/S contact without insulating barrier, electrons

contacts made between a normal metal and

impinging on the N/S interface are either transmitted from the
metal to the superconductor—if their energy eV is higher than the
gap A in the S side—or experience Andreev reflection, i.e., are
transmitted as a Cooper pair in S while a hole is reflected back in N
[17-19]. As a result, the differential conductance of the junction is
enhanced for V smaller than A/e. In real junctions, a small potential
barrier can be present at the interface, which makes a tunneling
contribution be present in addition to the Andreev-reflection
signal. The shape of the resulting dI/dV vs. V curve depends not
only on the gap amplitude, but also on its symmetry in the
reciprocal space. In particular, isotropic gaps give rise to
conductance curves with a zero-bias minimum and two
symmetric maxima at the gap edges, no matter what is the
direction of current injection with respect to the crystallographic
axes [18]. Instead, anisotropic nodal gaps (especially in the case of a
d-wave symmetry) can give rise to a variety of different curves
depending on the angle of current injection [25]. For example, zero-
bias cusps or peaks are typical features that can be associated to a d-
wave gap, in specific conditions of barrier height and current
direction [19]. In multigap systems, features such as peaks or
shoulders are observed in the differential conductance, which are
the hallmarks of the different gaps [19].

Point contacts were fabricated by using the so-called soft
technique [18, 19], i.e., by using a thin gold wire (e = 12.7 um)
stretched over the platelet-like sample and touching its very thin
and flat side surface in a single point. These contacts were
50 um)
the
“macroscopic” contact actually consists of several parallel

(optionally) mechanically stabilized by small (e

drop-cast droplets of silver paste. In either case,
nanoscopic N/S contacts.

The differential conductance was obtained by numerical
derivation of the I — V characteristics of the contact, measured in
the pseudo-four-probe configuration as detailed in Refs. [12, 16].
Within the present paper, the direction of (main) current injection
was confined along the ab planes of the crystals by making the point
contacts on the thin, but smooth and flat side surfaces of the crystals.
For the dI/dV vs. V curves to contain spectroscopic information, the
(maximum) energy of the injected electrons must be directly related
to the bias voltage applied through the junction, ie., E = eV. This
requires that the resistance of the contact is much larger than the
resistance of the normal bank, and that electrons do not lose energy
while crossing the interface. The latter condition means that there is

no Joule dissipation in the contact, and is fulfilled if the individual
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nanocontacts are in the ballistic or at most diffusive regime [18, 26],

i.e, their radius is smaller than the (inelastic) electronic
mean free path.

Information about the gap number, amplitude and symmetry
were extracted from the experimental dI/dV vs. V curves of
spectroscopic contacts by fitting them with suitable models.
Before fitting, the experimental curves at any temperature were
normalized to the normal-state curve measured just above the
superconducting transition—as customary in IBSs [18, 27, 28]—
after this was rescaled by subtracting the contribution of the so-
called spreading resistance R, i.e., normal-state resistance of the
crystal that appears, in series with the contact, in the proximity of the
resistive transition and results in a horizontal stretching and a
downward shift of the dI/dV spectra with respect to those at low
temperature [29]. As discussed in Refs. [12, 16], for each contact we
typically selected the value of R; that allows matching the tails of the
normal and superconducting dI/dV spectra. Since this choice
remains somewhat arbitrary, we used multiple reasonable values
of R, to obtain the normalized spectra, and repeated each time the
fitting procedure. The resulting values of the fit parameters were
then averaged and their maximum differences taken as the
uncertainty of the procedure.

The normalized dI/dV spectra were then fitted to the two-band
version [18, 19] of the appropriate anisotropic Blonder-Tinkham-
Klapwijk model [30-32], as extensively discussed in Refs. [12, 16].
The reason why we used an effective two-band model even if we
expect more than two gaps to be present in this compound is due to
the necessity to limit the number of adjustable parameters. Indeed,
for each gap i the model includes as adjustable parameters the gap
amplitude A; the broadening parameter T; and the barrier
parameter Z;. The model also contains the relative weight of the
large-gap band in the conductance w; and the direction « between
the direction of (main) current injection and the antinodal line. The
latter is crucial in reproducing zero-bias peaks in the experimental
spectra arising from the interference effects occurring when
and hole-like quasiparticles

parameters of opposite sign. Being based on the weak-coupling

electron-like experience order
BCS theory, the model does not capture strong-coupling features
such as electron-boson-derived shoulders appearing at energies
higher than the largest gap, which must therefore be excluded

from the fitting procedure [19, 27, 29].

2.5 lon irradiation

Ton irradiation was carried out at the CN facility of the Legnaro
National Laboratories of INEN, at room temperature, in high
vacuum, with a defocused 3.5 MeV proton beam incident parallel
to the ¢ axis of the samples. This energy ensures that ion
implantation is avoided in all the investigated samples. The beam
current was kept below 60 nA on a spot of 7 mm of diameter, to
avoid excessive sample heating.

Irradiation with MeV-protons in IBSs is known to produce
point-like defects (Frenkel pairs) and small clusters of nanometric
size [33], that in the present case are quite uniformly distributed in
the sample, since the Bragg peak is avoided. Such defects are efficient
scattering centers that can strongly affect the superconducting state
by suppressing the superfluid density.
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FIGURE 1

(A) Resistivity p as a function of temperature T for three Rb-12442 crystals in the pristine state (corresponding to dpa = 0) and at increasing proton
irradiation levels. (B) Magnification of the curves shown in (A) in the vicinity of the superconducting transition. The arrows highlight the onset temperature
of the resistive transition T¢" (see text for details). (C) Superconducting transition temperature T? (filled violet circles, right scale) and residual resistivity
ratios RRR (hollow green circles, left scale) of the same crystals as a function of the disorder level measured in displacements per atom (dpa). Dashed

lines are guides to the eye.

In order to compare the effects of irradiation on the
superconducting properties of our samples with other materials
and irradiation conditions we computed the displacements per atom
(dpa) through Monte Carlo simulations with the SRIM code [34].
This approach has proven useful to study the effects of ion-
irradiation-induced disorder because dpa is a good parameter to
characterize the amount of scattering centers introduced in the
sample [35]. The dpa value is proportional to the proton fluence,
that was evaluated through the total deposited charge obtained by
integrating the measured beam current at the beam spot on
the sample.

3 Results

We first investigate the effects of ion irradiation on the electric
transport properties of the Rb-12442 crystals. Figure 1A shows the
electrical resistivity p as a function of temperature T of three
crystals at different dpa values, and Figure 1B a magnification close
to the superconducting transitions. The normal state of the
pristine crystal exhibits the typical behaviour as reported in the
literature [14, 16]: the residual resistivity ratio, defined as
RRR = p(300K)/p(T¢"), is RRR = 20 + 3 and larger than the
literature values (12-16) [14, 16, 36]; whereas the resistivity at
room T is p(300K) = 290 + 30 uQcm and lower than the
previously-reported values (= 1.1mQcm) [14]. Both features

attest the high crystalline quality of our present samples. Here,
T" is defined as the onset of the superconducting transition,
i.e., the temperature at which the resistivity starts to deviate from a
linear extrapolation of the normal state (highlighted by the arrows
1B). The

temperature is defined as T/ =T +

in Figure resistive superconducting transition

T90_T10 o -
5, where T is the
temperature at which the resistivity reaches a% of p(T¢"), and
is equal to T? =31.3 £ 0.2K for the pristine crystal, in good

agreement with the previous reports [12, 14, 16].
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At the increase of the irradiation level, the resistivity increases in
the entire temperature range up to p(300 K) = 470 + 50 uQ cm in the
crystal at 5.3 x 10 dpa, and at the same time both T* and RRR are
suppressed. As shown in Figure 1C, the suppression of T%
introduced by irradiation is significantly faster at lower dpa than
at higher dpa values, and for both quantities it is minute with respect
to those introduced by substitutional Ni doping. Specifically, we
observe a maximum T? suppression of 4.2% and a minimum RRR =
9 in our irradiated samples, against a complete disappearance of
superconductivity and a minimum RRR = 1 in Ni-doped samples.
This indicates that the perturbations to the structural and electronic
properties of Rb-12442 crystals introduced by irradiation are
minimal with respect to those attained by substitutional doping.

A more extensive characterization of the superconducting
of the Rb-12442
irradiation was carried out by analyzing the data from CPWR

properties crystals upon increasing ion
measurements. Figure 2A shows the temperature dependence of
the London penetration depth Ay, for the pristine crystal and for five
irradiated crystals with increasing dpa values, from 1.7 up to 7.8 x
107* dpa. It can clearly be seen that ion irradiation increases Ay in the
entire T range and suppresses the onset temperature below which
the

superconducting critical temperature T’C‘ can be obtained as the

superconducting behaviour is observed. In particular,
value of T at which Ay diverges (or equivalently, at which the
superfluid density p, = A;> goes to 0). Figure 2B shows how this
definition correlates extremely well to the midpoint of the resistive
transition in transport measurements, for both pristine and
irradiated samples.

Figure 2C tracks the evolution of T* upon increasing irradiation
level, which confirms both its small suppression as compared with
those attained via substitutional doping (maximum T suppression
of 4.5% at 7.8 x 10 dpa) and the progressive reduction in its
suppression rate at higher dpa values. Figure 2D shows A;, measured
at T'= 10 K and the corresponding values of p; as a function of the

dpa values: A1 (10 K) increases from 211 to 790 nm from the pristine
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FIGURE 2

(A) Temperature (T) dependence of the London penetration depth A, determined from CPWR measurements for pristine and irradiated crystals for
increasing proton irradiation levels, measured as displacements per atom (dpa). (B) Comparison of the T dependencies of A, (hollow circles, left scale) and
of the electrical resistivity p (solid lines, right scale) measured in the same two samples (a pristine crystal and an irradiated crystals at 2.8 X 10~*dpa). The
superconducting critical temperature determined from CPWR measurements, Ti, (defined as the T at which A, diverges) correlates well with the
midpoint of the resistive transition. (C) Ti and (D) A, (hollow green circles, left scale) and ps (filled violet circles, right scales) measured at 10 K determined
from the curves shown in panel (A) as a function of the disorder level measured in dpa. Dashed lines are guides to the eye.

crystal to the crystal irradiated at 7.8 x 10~* dpa, corresponding to a
reduction in py(10 K) from 22.4 to 7.8 um™>. This shows that ion
irradiation is much more effective at tuning the magnetic
penetration depth of the Rb-12442 crystals with respect to their
superconducting transition temperatures, also when compared with
Ni substitutional doping: for instance, 5% Ni-doped crystals—where
T' was suppressed by ~34% with respect to the pristine
crystals—exhibited an increase of 1; (10 K) only up to ~ 600 nm [16].
Now we turn our attention to the effect of ion irradiation on the
values of the superconducting energy gaps as measured by PCARS.
Figures 3A, B, C show some examples of low-temperature PCARS
spectra of different point contacts (with different normal-state
resistance) made on the sample with a disorder level of 5.3 x
10 dpa. Most spectra (Figure 3A) show a zero-bias cusp or
maximum, which is suggestive of a nodal gap [18, 19, 30-32],
and is perfectly consistent with the observations made on pristine
Rb-12442 [12, 16]. Others, instead, show a broad maximum
(Figure 3B) or even two symmetric maxima at low bias
(Figure 3C) that are usually associated to an isotropic gap, but
can be observed even in d-wave gap symmetry when the current is
injected (mainly) along the antinodal direction [18, 19, 30-32].
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More detailed information about the energy gap can be extracted
by normalizing the experimental spectra to the normal-state curve
measured immediately above T. [18, 27, 28], and fitting the
normalized spectra to a suitable model for Andreev reflection at
a normal metal/superconductor interface [18, 19]. Figures 3D, E, F
show three different normalized spectra (black lines). None of these
could be fitted by using a single gap, either in s-wave or d-wave
symmetry, indicating that irradiation does not change the multiband
nature of superconductivity in this compound. We then used an
effective two-band model, in which the relative weight of the gaps is
an adjustable parameter. Based on the results found in pristine,
unirradiated Rb-12442 [12, 16] and on the fact that some of the
curves (Figure 3D) display a zero-bias cusp, we tried to fit the curves
using either an isotropic s-wave gap and a nodal d-wave gap (s-d
model in the following) or two d-wave gaps (d-d model). As
discussed in Ref. [12], the s-d model actually mimics the nodal s.
and the d,>_,» symmetries, whereas the d-d model mimics the d,,
symmetry, all compatible with the tetragonal structure of Rb-12442
[8]. In both the models, the partial conductance associated to each
gap is modelled as in Ref. [32]. The fitting parameters are then, in
addition to the gap amplitudes A, and A, (in the s-d model) or A4
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fit, and the amplitude of the two gaps. (G) Temperature dependence of the raw conductance spectra of the contact with Ry = 48.7 Q. The black
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conductance curves of panel (G) after normalization (symbols) and the relevant best-fitting curves (lines) calculated within the d-d model. (I) Temperature
dependence of the energy gaps extracted from the fit of the curves in panel (G) using the s-d model (filled circles) and the d-d model (hollow circles). Solid

lines are functions of the form of Eq. 1

and A, (in the d-d model), the weight w; of the large gap (such that
wy = 1 — wy), the barrier parameters Z; and Z,, the broadening
parameters I'; and T,, and the angle « between the direction of
(main) current injection and the antinodal direction of the d-wave
gap. In the case of the d-d model, we assume a; = «,, that implies that
both the gaps have nodes in the same direction.

It turns out that both the models allow a good fit of the curves, as
already pointed out in the case of pristine Rb-12442 and of the Ni-
doped compound [12, 16]. The fact that irradiation does not change
the gap structure is compatible both with the small effect on the
critical temperature, and with the observed persistence of the same
structure even in Ni-doped samples [12, 16] where the dopants
introduce disorder and give rise to a much more significant T,
suppression (about 10K). It is worth noting that, in order to
reproduce the shape of the curves in panels E and F, the current
injection has to be assumed to occur along the antinodal direction of
the d-wave gap (i.e., a = 0). Just as an example, Figures 3D, E, F show
the results of the d-d fit of three different curves measured at the
lowest temperature. The fit is very good in the central part of the
curves, while for higher energies (starting at about 10 meV) it fails
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due to an excess conductance probably due to the coupling of charge
carriers with some bosonic mode involved in the superconducting
pairing, as always observed in IBSs [19, 27, 29, 37]. The amplitudes
of the superconducting gaps vary from one contact to another,
probably due to the fact that the compound features more than two
gaps, while we are using here a minimal (effective) two-gap model in
order to keep the number of adjustable parameters to a minimum;
moreover, the presence of the bosonic structures prevents an
accurate determination of the larger gap, presumably causing its
overestimation. The same happened in pristine Rb-12442, where the
gap amplitudes were spread over a rather wide band of energies. In
particular we found, for the d-d model, A;; € [4.8,7.3] meV and A,
€ [1.3, 3.0l meV. The gap amplitudes that result from the d-d fit of
the curves in irradiated Rb-12442 are still generally compatible with
the same distribution of gap values, meaning that no significant
change in the gap amplitudes has been produced by irradiation. The
same happens in the case of the s-d fit.

Figure 3G reports, as an example, the temperature dependence
of the conductance curves of a point-contact whose normal-state
resistance is 48.7 Q). Above 31 K (black curve) the conductance
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curves are smooth and do not show any feature at zero bias. This
means that, at this temperature, the transition to the normal state is
complete (in accordance with the green curve in Figure 1B). We thus
chose this curve as the normal-state conductance and used it to
normalize all the others at lower temperatures, with no need of any
further rescaling or shift. The resulting normalized curves are shown
in Figure 3H (symbols), vertically offset for clarity (apart from the
lowest-temperature curve). The best-fitting curves, obtained within
the d-d model, are shown as well as solid lines. The fit follows rather
well the temperature evolution of the experimental curves; up to
23 K, it was possible to fit them by keeping all the parameters of the
model (apart from the gaps) fixed to their lowest-temperature
values, which is always a good indication of both the reliability
of the curves (and of the normalization) and of the ability of the
model to grasp the physics of the system. In particular, we used w =
0.9,T, = 0.45meV, Z, = 0.14, T, = 0.25 meV, Z, = 0.32. Above 23 K,
instead, the conductance curves start to shrink, becoming too
narrow with respect to what predicted by the model; if one wants
to reproduce this shrinking, the values of the barrier parameters and
of the broadening parameters must be reduced. The possible reason
for this behaviour can be understood by plotting the gap amplitudes
resulting from the fit as a function of the temperature, as in Figure 31.
This plot shows that the small gap amplitude is rather robust against
the model used (either s-d or d-d) which is natural since in either
case the small gap has the d-wave symmetry. The amplitude of the
larger gap instead depends on whether it is s-wave or d-wave, which
is perfectly natural due to the different shape of the Andreev-
reflection features that these two symmetries produce. The most
relevant thing is that, no matter what the model is, the gap
amplitudes follow a very clear trend which can be approximated
by the solid and dashed curves, whose expression is

TA
A,‘ (T) = A,(O)tanh<20 TC -1 )

where A, is the gap of the i-th band and T# = 29 K. This indicates that
the behaviour is not exactly BCS, and that the Andreev critical
temperature T (ie., the temperature at which the Andreev signal
disappears, and at which the superconducting bank of the junction
becomes normal) is about 29 K, and thus smaller than T. = 31 K at
which the narrow zero-bias maximum in the experimental curves

(1)

disappears (see Figure 3G). As is clear from Figure 1B, T# falls in
the proximity of the superconducting transition, but still in a region
where the resistivity is zero. This is likely to be due to the non perfectly
ballistic nature of the contact, so that a very small heating occurs in the
contact region giving rise to a small mismatch between the “bulk” T?
and T2. The same effect explains the narrow zero-bias peak that
emerges at high temperature in the conductance curves: while at
zero bias the temperature of the contact is equal to that of the bulk,
on increasing the bias voltage the current gives rise to heating and, being
close to the normal transition, this produces an increase in resistance
(and thus a decrease in conductance). Such an effect ceases when the
temperature at which the curve is acquired is already in a region where
the normal transition (as measured by transport) is complete, since here
the resistivity has a much weaker dependence on temperature. Figure 4
displays the temperature dependence of the zero-bias resistance (main
panel) and conductance (inset). It is clear that the high-temperature
behaviour of both these quantities is no longer due to the temperature
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FIGURE 4

Temperature dependence of the zero-bias resistance extracted
from the curves in Figure 3G (blue hollow circles, left scale) compared
to the resistivity of the same crystal (solid green line, right scale). The
inset shows the zero-bias conductance (filled blue circles), that
follows the same temperature dependence of the gaps up to 29 K
(solid black line).

dependence of the superconducting gap, but is related instead to the
temperature dependence of the crystal’s resistivity.

4 Discussion

The response to proton-irradiation-induced disorder of Rb-12442
is qualitatively as expected for the IBSs, showing a suppression of the
critical temperature and of the superfluid density due to the enhanced
scattering of carriers in a multiband system. However, there is a relevant
quantitative difference: below about 4-5 x 107 dpa, the T suppression
rate with dpa in optimally-doped (Ba,K)Fe,As, is about twice than for
Rb-12442 samples, despite the similar pristine critical temperature of
the two compositions. This is reported in Figure 5A, where the data
obtained in this work on Rb-12442 are compared to the typical behavior
exhibited by the 122 family of IBSs when exposed to the same
irradiation process [35]. It is also evident that the T. vs. dpa curve
of Rb-12442 shows an upward curvature (or alternatively, that it can be
divided in two separate linear trends with different slopes), implying an
even lower dpa dependence at higher disorder levels. This behavior is
quite unexpected, and could—in principle—be the result of an
important change in the symmetry of the superconducting gap of
the system. However, the fact that the experimental PCARS spectra
measured on a sample with a disorder level of 5.3 x 10 dpa can be
satisfactorily fitted using models employing the same gap symmetry
describing pristine and Ni-doped Rb-12442 [12, 16] makes this scenario
highly unlikely. Similarly to T, also the low-temperature value of the
London penetration depth, as shown in Figure 5B, has a much smaller
variation with dpa when compared to other IBSs. In this case, the
modification with dpa is approximately linear in the whole
investigated range.

These two observations indicate that the condensate in this
system is affected much less than similar systems by the exposition
to the same proton irradiation conditions. Since the composition,
density and chemical nature of the 12442 and 122 families of IBSs is
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(A) Superfluid density (p, = )L[Z) as a function of temperature T for increasing values of proton irradiation-induced disorder measured in
displacements per atom (dpa), from CPWR measurements. (B) Data calculated from the gap values measured by PCARS (crosses) are compared to the
temperature dependence of p, deduced starting from CPWR data for the disorder level of 5.3 x 10~*dpa.

similar, a similar defects morphology is induced in the samples.
Therefore, either the recombination rate of the created defects is
much higher in the 12442 family (possibly due to the more layered
and anisotropic structure), or the superconducting state itself is
more radiation-hard. The latter option could be related to the other
peculiarities observed in this system, such as the observation of
nodal behavior [16, 38-40] and its vicinity to the disappearance of
the electron-like pockets [12].

A further confirmation of the robustness of nodal behavior in
Rb-12442 against the introduction of disorder via proton irradiation

Frontiers in Physics 20

can be obtained from the temperature dependence of the superfluid
density. Figure 6A shows p, = ;> as a function of T determined
from the A;(T) curves shown in Figure 2A: beyond the suppression
of the superfluid density in the entire temperature range with
increasing dpa, it can be seen that all the py(T) curves exhibit a
smooth, kink-less behavior in the experimentally-accessible
temperature range, and a clear linear dependence at low
temperatures. Both features are consistent with the previous
reports in pristine and Ni-doped Rb-12442 crystals [12, 16] and
are typically associated with multigap superconductivity with
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mainly interband coupling [41] and with the existence of at least one
nodal gap [38, 39] respectively.

This interpretation can be further corroborated by combining
the results obtained independently by means of the CPWR and
PCARS measurements. As a matter of fact, the superfluid density
can also be computed from the zero-temperature London
penetration depth, 1;(0), and from the temperature-dependence
of the gap values extracted from PCARS, A(T), as [42]:

Y vl JAT[T 9f __EdEdg
Ps (1) = L(0)2 sz [1 * T(JO JAi(¢vT)aE m

where i identifies the band, A(¢$, T) is the angle-dependent
superconducting gap function, f = [1 + exp (E/kgT)]™" is the Fermi
function and w; is the mixing weight of the i-th gap contribution
(constrained by w; + w, = 1). For this latter parameter we use the same
value previously employed for pristine undoped Rb-12442 [16] and
consider it as a fixed parameter. One can factorize the angular and
temperature dependencies of the gap as Ai(¢, T) = Aq fo(¢)f1{T), where
the angular function for d-wave (nodal) superconductors is fs(¢) =
cos(2¢) and the gap amplitude is the one measured by PCARS. To
obtain the A;(0) value for the disorder level of the sample measured by
PCARS we linearly interpolate the data shown in Figure 5B.

The comparison between the superfluid data from PCARS
obtained within this approach and the data from the CPWR
technique is shown in Figure 6B, for the disorder level of 5.3 x
107* dpa. Violet (green) crosses indicate the values of p; calculated by
starting from the PCARS gaps extracted from the s-d (d-d) fit, while
the black dotted line represents the p(T) curve deduced from the
CPWR analysis for a disorder level of 5.3 x 10~ dpa. The PCARS d-d
case seems to yield the best qualitative match with the CPWR trend
since it reproduces the linear behavior at low temperatures (even
though with a lower slope), contrarily to what is found for the s-d
case, where the s-wave component forces the curve to saturate.

In summary, we reported on the unusually weak irradiation effects
on the superconducting properties of the IBS Rb-12442. The analysis
was performed by CPWR and PCARS on single crystals before and after
3.5-MeV proton irradiation, at different damage levels up to 7.8 x
107 dpa. Both the critical temperature and the superfluid density are
shown to decrease with disorder, but at a much lower rate than for other
IBS systems with similar pristine values of T, and p;. Moreover, the
critical temperature degradation shows also a qualitatively different
trend with respect to the other mentioned IBSs, i.e., a change of linear
slope or possibly an upward curvature, implying an even smaller
disorder dependence for higher irradiation doses. A comparison
between results from the two measurement techniques allowed us to
elaborate about the order parameter symmetry, in an effective two-gap
approach. The evidence of a nodal behavior is confirmed also for the
irradiated crystal and on the basis of the comparison we are inclined to
select the d-d scenario rather than the s-d one, even though an ultimate
evidence is still needed, which encourages further investigation.

Data availability statement

The original contributions presented in the study are included in
the article/Supplementary Material, further inquiries can be directed
to the corresponding author.

Frontiers in Physics

21

10.3389/fphy.2023.1336501

Author contributions

DT: Conceptualization, Investigation, Writing—original draft,
Writing-review and editing. EP: Data curation, Investigation,
Visualization, Writing-original draft, Writing-review and editing.
ME: Investigation, Writing-review and editing. RG: Investigation,
Writing-review and editing. LG: Investigation, Writing-review and
editing. XY: Investigation, Writing-review and editing. XX:
Investigation, Writing-review and editing. ZS: Investigation,
Writing-review and editing. DD: Formal Analysis, Funding
acquisition, Investigation, Resources, Writing—original draft,
Writing-review and editing. GG: Conceptualization, Formal
Analysis,  Funding Resources,

acquisition,  Investigation,

Writing-original draft, Writing-review and editing.

Funding

The author(s) declare financial support was received for the
research, authorship, and/or publication of this article. This work
was supported by the Italian Ministry of Education, University, and
Research through the PRIN-2017 program: DT, MF, RG, LG, and
GG acknowledge support from project “HIBiSCUS”, Grant No.
201785KWLE; EP and DD acknowledge support from project
“Quantum2D”, Grant No. 2017Z8TS5B). DT also acknowledges
that this study was carried out within the Ministerial Decree no.
1062/2021 and received funding from the FSE REACT-EU—PON
Ricerca e Innovazione 2014-2020.

Acknowledgments

Support by INFN CSN5 and by the European Cooperation in
Science  and  Technology  (COST) CA21144
“SUPERQUMAP” is also acknowledged.

action

Conflict of interest

The authors declare that the research was conducted in the
absence of any commercial or financial relationships that could be
construed as a potential conflict of interest.

Publisher’'s note

All claims expressed in this article are solely those of the authors and
do not necessarily represent those of their affiliated organizations, or
those of the publisher, the editors and the reviewers. Any product that
may be evaluated in this article, or claim that may be made by its
manufacturer, is not guaranteed or endorsed by the publisher.

Author disclaimer

This manuscript reflects only the authors’ views and opinions,
neither the European Union nor the European Commission can be
considered responsible for them.

frontiersin.org


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2023.1336501

Torsello et al.

References

1. Korshunov MM, Togushova YN, Dolgov OV. Impurities in multiband
superconductors. Physics-Uspekhi (2016) 59:1211-40. doi:10.3367/UFNe.2016.07.
037863

2. Efremov DV, Korshunov MM, Dolgov OV, Golubov AA, Hirschfeld PJ. Disorder-
induced transition between s, and s, states in two-band superconductors. Phys Rev B
(2011) 84:180512. (R). doi:10.1103/physrevb.84.180512

3. Ghigo G, Torsello D, Ummarino GA, Gozzelino L, Tanatar MA, Prozorov R, et al.
Disorder-driven transition from s, to s, superconducting order parameter in proton
irradiated Ba(Fe; ,Rhy),As, single crystals. Phys Rev Lett (2018) 121:107001. doi:10.
1103/PhysRevLett.121.107001

4. Ghigo G, Ummarino GA, Gozzelino L, Gerbaldo R, Laviano F, Torsello D, et al.
Effects of disorder induced by heavy-ion irradiation on (Ba;_.K;)Fe,As, single crystals,
within the three-band Eliashberg s, wave model. Sci Rep (2017) 7:13029. doi:10.1038/
$41598-017-13303-5

5. Ghigo G, Torsello D, Gerbaldo R, Gozzelino L, Pyon S, Veshchunov IS, et al. Effects
of proton irradiation on the magnetic superconductor EuFe,(As; «P,),. Supercond Sci
Technol (2020) 33:094011. doi:10.1088/1361-6668/aba355

6. Torsello D, Ummarino G, Bekaert ], Gozzelino L, Gerbaldo R, Tanatar M, et al.
Tuning the intrinsic anisotropy with disorder in the CaKFe,As, superconductor. Phys
Rev Appl (2020) 13:064046. doi:10.1103/PhysRevApplied.13.064046

7. Torsello D, Gerbaldo R, Gozzelino L, Laviano F, Takahashi A, Park A, et al. Twofold
role of columnar defects in iron based superconductors. Supercond Sci Technol (2020)
33:094012. doi:10.1088/1361-6668/aba350

8. Hirschfeld PJ, Korshunov MM, Mazin II. Gap symmetry and structure of Fe-based
superconductors. Rep Prog Phys (2011) 74:124508. doi:10.1088/0034-4885/74/12/
124508

9. Wang ZC, He CY, Wu SQ, Tang ZT, Liu Y, Ablimit A, et al. Superconductivity in
KCa,Fe,As,F, with separate double Fe,As, layers. ] Am Chem Soc (2016) 138:7856-9.
doi:10.1021/jacs.6b04538

10. Wang Z, He C, Tang Z, Wu S, Cao G. Crystal structure and superconductivity at
about 30 K in ACa,Fe As,F, (A= Rb, Cs). Sci China Mater (2017) 60:83-9. doi:10.1007/
540843-016-5150-x

11. Wu SQ, Wang ZC, He CY, Tang ZT, Liu Y, Cao GH. Superconductivity at
33-37 K in ALn,Fe,As,0, (A = K and Cs; Ln = lanthanides). Phys Rev Mater (2017) 1:
044804. doi:10.1103/PhysRevMaterials.1.044804

12. Piatti E, Torsello D, Ghigo G, Daghero D. Spectroscopic studies of the
superconducting gap in the 12442 family of iron-based compounds (Review article).
Low Temp Phys (2023) 49:770-85. doi:10.1063/10.0019688

13. Wang T, Zhang C, Xu L, Wang J, Jiang S, Zhu Z, et al. Strong Pauli paramagnetic
effect in the upper critical field of KCa, Fe,As,F,. Science China Phys Mech Astron
(2020) 63:227412-6. doi:10.1007/s11433-019-1441-4

14.Yi X, Li M, Xing X, Meng Y, Zhao C, Shi Z. Single crystal growth and effects of Ni
doping on the novel 12442-type iron-based superconductor RbCa,Fe,As F,. New ] Phys
(2020) 22:073007. doi:10.1088/1367-2630/ab9427

15. Wang ZC, Liu Y, Wu SQ, Shao YT, Ren Z, Cao GH. Giant anisotropy in
superconducting single crystals of CsCa,Fe,As,F,. Phys Rev B (2019) 99:144501. doi:10.
1103/PhysRevB.99.144501

16. Torsello D, Piatti E, Ummarino GA, Yi X, Xing X, Shi Z, et al. Nodal multigap
superconductivity in the anisotropic iron-based compound RbCa,FesAs,F,.
npj Quantum Mater (2022) 7:10-7. doi:10.1038/s41535-021-00419-1

17. Blonder GE, Tinkham M, Klapwijk TM. Transition from metallic to tunneling
regimes in superconducting microconstrictions: excess current, charge imbalance, and
supercurrent conversion. Phys Rev B (1982) 25:4515-32. doi:10.1103/PhysRevB.25.4515

18. Daghero D, Gonnelli RS. Probing multiband superconductivity by point-contact
spectroscopy. Supercond Sci Technol (2010) 23:043001. doi:10.1088/0953-2048/23/4/043001

19. Daghero D, Tortello M, Ummarino GA, Gonnelli RS. Directional point-contact
Andreev-reflection spectroscopy of Fe-based superconductors: Fermi surface topology,
gap symmetry, and electron-boson interaction. Rep Prog Phys (2011) 74:124509. doi:10.
1088/0034-4885/74/12/124509

20. Wang T, Chu J, Jin H, Feng J, Wang L, Song Y, et al. Single-crystal growth and
extremely high H,, of 12442-type Fe-based superconductor KCa,Fe,As,F,. The J Phys
Chem C (2019) 123:13925-9. doi:10.1021/acs.jpcc.9b04624

21. Xing X, Yi X, Li M, Meng Y, Mu G, Ge JY, et al. Vortex phase diagram in 12442-
type RbCa,Fe,As,F, single crystal revealed by magneto-transport and magnetization
measurements. Supercond Sci Technol (2020) 33:114005. doi:10.1088/1361-6668/abb35f

Frontiers in Physics

22

10.3389/fphy.2023.1336501

22. Lim SHN, McKenzie DR, Bilek MMM. Van der Pauw method for measuring
resistivity of a plane sample with distant boundaries. Rev Sci Instrum (2009) 80:075109.
doi:10.1063/1.3183503

23. Ghigo G, Torsello D. Analysis of microwave conductivity and penetration depth of
iron based superconductors families. Cham: Springer International Publishing (2022).
p. 61-75. d0i:10.1007/978-3-030-93910-6_3

24. Ghigo G, Fracasso M, Gerbaldo R, Gozzelino L, Laviano F, Napolitano A, et al.
High-frequency ac susceptibility of iron-based superconductors. Materials (2022) 15:
1079. doi:10.3390/ma15031079

25. Daghero D, Tortello M, Ummarino GA, Griveau JC, Colineau E, Eloirdi R, et al.
Strong-coupling d-wave superconductivity in PuCoGas probed by point-contact
spectroscopy. Nat Commun (2012) 3:786. doi:10.1038/ncomms1785

26. Naidyuk YG, Yanson I. Point-contact spectroscopy. New York, NY: Springer
(2005).

27. Daghero D, Piatti E, Zhigadlo ND, Ummarino GA, Barbero N, Shiroka T.
Superconductivity of underdoped PrFeAs(O,F) investigated via point-contact
spectroscopy and nuclear magnetic resonance. Phys Rev B (2020) 102:104513.
doi:10.1103/physrevb.102.104513

28. Daghero D, Tortello M, Ummarino GA, Piatti E, Ghigo G, Hatano T, et al.
Decoupling of critical temperature and superconducting gaps in irradiated films of a Fe-
based superconductor. Supercond Sci Technol (2018) 31:034005. doi:10.1088/1361-
6668/aaa8b9

29. Daghero D, Pecchio P, Ummarino G, Nabeshima F, Imai Y, Maeda A, et al. Point-
contact  Andreev-reflection  spectroscopy in  Fe(TeSe) films: multiband
superconductivity and electron-boson coupling. Supercond Sci Technol (2014) 27:
124014. doi:10.1088/0953-2048/27/12/124014

30. Tanaka Y, Kashiwaya S. Theory of tunneling spectroscopy of d-wave
superconductors. Phys Rev Lett (1995) 74:3451-4. doi:10.1103/physrevlett.74.3451

31. Kashiwaya S, Tanaka Y, Koyanagi M, Takashima H, Kajimura K. Origin of zero-
bias conductance peaks in high-T. superconductors. Phys Rev B (1995) 51:1350-3.
doi:10.1103/physrevb.51.1350

32. Kashiwaya S, Tanaka Y, Koyanagi M, Kajimura K. Theory for tunneling
spectroscopy of anisotropic superconductors. Phys Rev B (1996) 53:2667-76. doi:10.
1103/physrevb.53.2667

33.Park A, Pyon S, Sun Y, Veshchunov I, Chen J, Ito N, et al. Quasiparticle scattering
in 3 MeV proton irradiated BaFe,(Asg ;P 33)2. Phys Rev B (2018) 98:054512. doi:10.
1103/PhysRevB.98.054512

34. Ziegler JF, Ziegler M, Biersack J. SRIM - the stopping and range of ions in matter.
Nucl Instrum Meth B (2010) 268:1818-23. doi:10.1016/j.nimb.2010.02.091

35. Torsello D, Gozzelino L, Gerbaldo R, Tamegai T, Ghigo G. Scaling laws for ion
irradiation effects in iron-based superconductors. Sci Rep (2021) 11:5818. doi:10.1038/
541598-021-84699-4

36. Yi X, Xing X, Meng Y, Zhou N, Wang C, Sun Y, et al. Anomalous second
magnetization peak in 12442-type RbCa,Fe,As,F, superconductors. Chin Phys Lett
(2023) 40:027401. doi:10.1088/0256-307X/40/2/027401

37. Tortello M, Daghero D, Ummarino GA, Stepanov VA, Jiang ], Weiss JD, et al.
Multigap superconductivity and strong electron-boson coupling in Fe-based
superconductors: a point-contact Andreev-reflection study of BaFe;_Co,As, single
crystals. Phys Rev Lett (2010) 105:237002. doi:10.1103/PhysRevLett.105.237002

38. Smidman M, Kirschner FKK, Adroja DT, Hillier AD, Lang F, Wang ZC, et al.
Nodal multigap superconductivity in KCa,Fe,AssF,. Phys Rev B (2018) 97:060509.
doi:10.1103/PhysRevB.97.060509

39. Kirschner FKK, Adroja DT, Wang ZC, Lang F, Smidman M, Baker PJ, et al. Two-
gap superconductivity with line nodes in CsCa,Fe,As,F,. Phys Rev B (2018) 97:060506.
doi:10.1103/PhysRevB.97.060506

40. Wang T, Chu J, Feng J, Wang L, Xu X, Li W, et al. Low temperature specific heat of
12442-type KCa,Fe As,F, single crystals. Sci China Phys Mech Astron (2020) 63:
297412-6. doi:10.1007/s11433-020-1549-9

41. Torsello D, Ummarino GA, Gozzelino L, Tamegai T, Ghigo G.
Comprehensive Eliashberg analysis of microwave conductivity and penetration
depth of K-Co-and P-substituted BaFe,As,. Phys Rev B (2019) 99:134518. doi:10.
1103/PhysRevB.99.134518

42. Chandrasekhar BS, Einzel D. The superconducting penetration depth from
the semiclassical model. Ann Phys (1993) 505:535-46. doi:10.1002/andp.
19935050604

frontiersin.org


https://doi.org/10.3367/UFNe.2016.07.037863
https://doi.org/10.3367/UFNe.2016.07.037863
https://doi.org/10.1103/physrevb.84.180512
https://doi.org/10.1103/PhysRevLett.121.107001
https://doi.org/10.1103/PhysRevLett.121.107001
https://doi.org/10.1038/s41598-017-13303-5
https://doi.org/10.1038/s41598-017-13303-5
https://doi.org/10.1088/1361-6668/aba355
https://doi.org/10.1103/PhysRevApplied.13.064046
https://doi.org/10.1088/1361-6668/aba350
https://doi.org/10.1088/0034-4885/74/12/124508
https://doi.org/10.1088/0034-4885/74/12/124508
https://doi.org/10.1021/jacs.6b04538
https://doi.org/10.1007/s40843-016-5150-x
https://doi.org/10.1007/s40843-016-5150-x
https://doi.org/10.1103/PhysRevMaterials.1.044804
https://doi.org/10.1063/10.0019688
https://doi.org/10.1007/s11433-019-1441-4
https://doi.org/10.1088/1367-2630/ab9427
https://doi.org/10.1103/PhysRevB.99.144501
https://doi.org/10.1103/PhysRevB.99.144501
https://doi.org/10.1038/s41535-021-00419-1
https://doi.org/10.1103/PhysRevB.25.4515
https://doi.org/10.1088/0953-2048/23/4/043001
https://doi.org/10.1088/0034-4885/74/12/124509
https://doi.org/10.1088/0034-4885/74/12/124509
https://doi.org/10.1021/acs.jpcc.9b04624
https://doi.org/10.1088/1361-6668/abb35f
https://doi.org/10.1063/1.3183503
https://doi.org/10.1007/978-3-030-93910-6_3
https://doi.org/10.3390/ma15031079
https://doi.org/10.1038/ncomms1785
https://doi.org/10.1103/physrevb.102.104513
https://doi.org/10.1088/1361-6668/aaa8b9
https://doi.org/10.1088/1361-6668/aaa8b9
https://doi.org/10.1088/0953-2048/27/12/124014
https://doi.org/10.1103/physrevlett.74.3451
https://doi.org/10.1103/physrevb.51.1350
https://doi.org/10.1103/physrevb.53.2667
https://doi.org/10.1103/physrevb.53.2667
https://doi.org/10.1103/PhysRevB.98.054512
https://doi.org/10.1103/PhysRevB.98.054512
https://doi.org/10.1016/j.nimb.2010.02.091
https://doi.org/10.1038/s41598-021-84699-4
https://doi.org/10.1038/s41598-021-84699-4
https://doi.org/10.1088/0256-307X/40/2/027401
https://doi.org/10.1103/PhysRevLett.105.237002
https://doi.org/10.1103/PhysRevB.97.060509
https://doi.org/10.1103/PhysRevB.97.060506
https://doi.org/10.1007/s11433-020-1549-9
https://doi.org/10.1103/PhysRevB.99.134518
https://doi.org/10.1103/PhysRevB.99.134518
https://doi.org/10.1002/andp.19935050604
https://doi.org/10.1002/andp.19935050604
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2023.1336501

& frontiers | Frontiers in Physics

’ @ Check for updates

OPEN ACCESS

EDITED BY
Takeshi Mizushima,
Osaka University, Japan

REVIEWED BY
Mario Cuoco,

National Research Council (CNR), Italy
Philip Brydon,

University of Otago, New Zealand

*CORRESPONDENCE
Vudtiwat Ngampruetikorn,
vudtiwat.ngampruetikorn@sydney.edu.au
J. A. Sauls,
sauls@lsu.edu

RECEIVED 09 February 2024
AccepTED 08 March 2024
PUBLISHED 03 May 2024

CITATION
Ngampruetikorn V and Sauls JA (2024),
Anomalous Hall effects in

chiral superconductors.

Front. Phys. 12:1384275.

doi: 10.3389/fphy.2024.1384275

COPYRIGHT
© 2024 Ngampruetikorn and Sauls. This is an
open-access article distributed under the terms
of the Creative Commons Attribution License
(CC BY). The use, distribution or reproduction in
other forums is permitted, provided the original
author(s) and the copyright owner(s) are
credited and that the original publication in this
journal is cited, in accordance with accepted
academic practice. No use, distribution or
reproduction is permitted which does not
comply with these terms.

Frontiers in Physics

TvpPE Original Research
PUBLISHED 03 May 2024
pol 10.3389/fphy.2024.1384275

Anomalous Hall effects in chiral
superconductors

Vudtiwat Ngampruetikorn™#*%* and J. A. Sauls***

'Center for Applied Physics and Superconducting Technologies, Department of Physics, Northwestern
University, Evanston, IL, United States, 2Fermi National Accelerator Laboratory, Batavia, IL, United States,
“Initiative for the Theoretical Sciences, The Graduate Center, City University of New York, New York, NY,
United States, “School of Physics, University of Sydney, Sydney, NSW, Australia, *Hearne Institute of
Theoretical Physics, Department of Physics and Astronomy, Louisiana State University, Baton Rouge, LA,
United States

We report theoretical results for the electronic contribution to thermal and
electrical transport for chiral superconductors belonging to even or odd-
parity E; and E, representations of the tetragonal and hexagonal point groups.
Chiral superconductors exhibit novel properties that depend on the topology of
the order parameter and Fermi surface, and—as we highlight—the structure of the
impurity potential. An anomalous thermal Hall effect is predicted and shown to be
sensitive to the winding number, v, of the chiral order parameter via Andreev
scattering that transfers angular momentum from the chiral condensate to
excitations that scatter off the random potential. For heat transport in a chiral
superconductor with isotropic impurity scattering, i.e., point-like impurities, a
transverse heat current is obtained for v = +1, but vanishes for |v| > 1. This is not a
universal result. For finite-size impurities with radii of order or greater than the
Fermi wavelength, R > /ps, the thermal Hall conductivity is finite for chiral order
with |v| > 2, and determined by a specific Fermi-surface average of the differential
cross-section for electron-impurity scattering. Our results also provide
quantitative formulae for analyzing and interpreting thermal transport
measurements for superconductors predicted to exhibit broken time-reversal
and mirror symmetries.

KEYWORDS

topological superconductivity, chiral superconductors, broken time-reversal symmetry,
broken mirror symmetry, thermal transport, anomalous Hall transport, Hall effects,
impurity disorder

1 Introduction

The remarkable properties of the spin-triplet, p-wave phases of superfluid *He have
stimulated research efforts to discover and identify electronic superconductors with novel
broken symmetries and non-trivial ground-state topology [1-6], driven in part by
predictions of novel transport properties. Chiral superfluids and superconductors are
topological phases with gapless Fermionic excitations that reflect the momentum-space
topology of the condensate of Cooper pairs. The A-phase of superfluid *He was definitively
identified as a chiral p-wave superfluid by the observation of anomalous Hall transport of
electrons moving through a quasiparticle fluid of chiral Fermions [7, 8]. A chiral d-wave
state was proposed for doped graphene [9, 10], while a chiral p-wave state is proposed for
MoS [11]. There is evidence from uSR of broken time-reversal symmetry onsetting at the
superconducting transition for the pnictide SrPtAs [12], and a chiral d-wave state has been
proposed as the ground state [13]. Recent ySR experiments also provide evidence for chiral
d-wave superconductivity in the pnictide LaPt;P [14]. The perovskite, Sr;RuQOy, has been
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studied extensively and was proposed as a promising candidate for
chiral p-wave superconductivity (E, pairing with A = d(p, +i Py))s
in part based on similarities of its normal-state Fermi-liquid
properties with those of liquid *He [15, 16]. Evidence of broken
time-reversal symmetry from both uSR and Kerr rotation
measurements support an identification of Sr;RuOy4 as a chiral
superconductor [17, 18]. However, experiments designed to detect
the theoretically predicted chiral edge currents [19], or to test for
the two-dimensionality of the E, representation that is a necessary
requirement to support a chiral ground state, are so far inconclusive,
or report null results [20-23]. Recent transport measurements also
appear to conflict with the chiral p-wave identification based on
the E, representation; i.e., thermal conductivity measurements at
low temperatures and as a function of magnetic field, which
probe the low-energy quasiparticle excitation spectrum, are
consistent with the nodal line structure of a d-wave order
parameter, and inconsistent with the gap structure expected
based on the E, representation [24, 25]. The possibility that
Sr;RuQy is an even parity chiral superconductor has so far not
been ruled out (see, e.g., Refs. [26-30]).

The first superconductor reported to show experimental
evidence of broken time-reversal symmetry was the heavy
fermion superconductor, UPt;, based on uSR linewidth
measurements [31]. This experiment followed theoretical
predictions of broken time-reversal symmetry in the B-phase
of UPts, i.e., the lower temperature superconducting phase [32].
Another notable signature of broken time-reversal symmetry is
the onset of Kerr rotation as UPt; enters its low-temperature
B-phase [33]. More recently, a neutron scattering experiment,
using vortices as a probe for the superconducting state in the
bulk, offers yet another piece of evidence for broken time-
reversal symmetry in UPt; [6]. These results support the
identification of a chiral superconducting phase of UPt;, and
they also support the basic theoretical model of a multi-
component order parameter belonging to a two-dimensional
representation of the hexagonal point group, Dg, in which a
weak symmetry breaking field lifts the degeneracy of the two-
component order stabilizing two distinct superconducting
phases in zero magnetic field [32, 34]. In this theory the
predicted A phase of UPt; is time-reversal symmetric with
pronounced anisotropic pairing correlations in the hexagonal
plane [35, 36], is preferentially selected by the symmetry
breaking field, and nucleates at T =560mK as the first
superconducting phase. The B-phase develops as the sub-
dominant partner of the two-dimensional representation
nucleates at T, ~470mK, such that the low-temperature
superconducting phase spontaneously breaks both time-
reversal and mirror-reflection symmetries, the latter defined
by a plane containing the chiral axis which is aligned parallel (or
anti-parallel) to the c-axis of UPt;.

There are four two-dimensional representations of Dgp: two
even-parity representations, Ei; and E,;, and two odd-parity
representations, E;, and E,y, all of which allow for chiral ground
states [37, 38]. The chiral ground states belonging to the E; and E,
representations are defined by zeroes of the Cooper pair amplitude
at points p = +psz on the Fermi surface that are protected by the
topology of the orbital order parameter in momentum space,
ie, A(p) = |A(p)l ¢ %, where ¢p is the azimuthal angle defining
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a point p on the Fermi surface, and v = +1 (v = £2) for the E; (E;)
bulk of the
evidence—thermodynamic, H-T phase diagram [37, 39, 40],

representations' The experimental
thermal transport [41, 42], ultra-sound [43], Josephson tunneling
[3], SANS [5] and optical spectroscopy measurements [33]—
of UPt; as an
superconductor with an order parameter belonging to the E,,

supports the identification odd-parity
representation, and a chiral B-phase order parameter of the form,
A (p) = AB(T)ElﬁZ (p, £ i[)y)2 ~de* . The vector d is the
quantization axis along which the spin-triplet Cooper pairs have
zero spin projection, i.e., an equal-spin-pairing (ESP) state [39]. A
key feature of the E,, chiral order parameter is the winding number
v = +2. The Josephson interference experiment described in Ref. [3]
can discriminate between || =1 and |v| = 2 chiral ground states.
Indeed the report of a 77 phase shift in the Fraunhofer pattern for the
corner-SQUID geometry, combined with the observations of broken
time-reversal symmetry [31, 33], provides strong evidence in favor a
[v] = 2(E,y,) chiral B-phase of UPt;. However, conclusive evidence
for bulk chiral superconductivity remains elusive. A zero-field Hall
transport measurement is an ideal experiment to confirm broken
time-reversal and mirror symmetries in the bulk of a chiral
superconductor candidate.

2 Anomalous Hall transport

The winding number of the order parameter for a chiral
superconductor reflects the topology of the superconducting
ground state. For a fully gapped chiral superconductor v is
related to the Chern number defined in terms of the Bogoliubov-
Nambu Hamiltonian in 2D momentum space, or for chiral
superconductors defined on a 3D Fermi surface the effective two-
dimensional spectrum at fixed p, #0, C(p;) = 5 I d*p Q. (p),
where Q,(p) is the Berry curvature [44]. The result for the Chern
number is C(p;) = v, which provides topological protection for a
spectrum of chiral Fermions.

For 2D chiral phases there is a spectrum of massless chiral
Fermions confined on the boundary (edge states) with the zero-
energy state enforced by the bulk topology. However, for a chiral
order parameter defined on a closed 3D Fermi surface there is also a
bulk spectrum of gapless Weyl-Majorana Fermions with momenta
near the nodal points p, = +py, in addition to a spectrum of massless
chiral Fermions confined on surfaces normal to the [1,0,0] and
[0,1,0] planes [45].

2.1 Anomalous edge transport

For a fully gapped chiral p-wave ground state in two
dimensions the spectrum of chiral edge Fermions is predicted
to give rise to quantized heat and mass transport in chiral

1 More complex chiral order parameters with large winding numbers are
allowed by the point group symmetry, c.f. Ref. [51]; v=+1, +2 are the
loweset order harmonics consistent with the E; and E; representations,

respectively.
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superfluids and superconductors [45-49]. In particular, an
anomalous thermal Hall conductance is predicted to be
quantized, K, /kpT = {5kp/h based on the low-energy effective
field theory of the chiral edge states [46, 50]. This result is also
obtained from the topology of the bulk order parameter
linear

combined with response theory based on the

Bogoliubov ~ Hamiltonian for 2D  p,+ip, topological
superconductors [49].

For a chiral superconductor defined on a 3D Fermi surface an
anamolous thermal Hall current is predicted, but is not quantized in
units of a fundamental quantum of conductance. Based on the linear
response theory of Qin et al. [50] Goswami and Nevidomsky
obtained a result for the anomalous thermal Hall conductivity of

the B-phase of UPt; for T < T, [44],

Kx},/kBT:vgk—;(%) (1)

The anomalous thermal Hall conductivity reflects the number of
branches of chiral Fermions confined on the [1,0,0] or [0,1,0] surface,
ie, |v| = 2 for the E,, chiral ground state. The non-universality of the
thermal Hall conductivity is reflected by the term Ap, which is the
“distance” between the two topologically protected v = 2 Weyl points
at p, = +1 on a projected surface containing the chiral axis; e.g., Ap =
2py for a spherical Fermi surface [44].

Thus, heat transport experiments could decisively identify the
broken symmetries and topology of superconductors predicted to
exhibit chiral order. The thermal conductivity depends on both the
topology of the order parameter and the Fermi surface. The
anomalous thermal Hall effect, in which a temperature gradient
generates heat currents perpendicular to it, results from broken
time-reversal and mirror symmetries—a direct signature of chiral
pairing®. A zero-field thermal Hall experiment can also be used as a
signature of chiral edge states. However, zero-field thermal Hall
transport has remained elusive thus far.

2.2 Impurity-induced anomalous transport

Here we consider zero-field Hall transport resulting from
electron-impurity interactions in the bulk of the superconductor,
which we show are easily several orders of magnitude larger than the
edge contribution [52]. There are earlier theoretical predictions for
impurity-induced anomalous thermal Hall effects in chiral
superconductors based on point-like impurities by several
authors [53-55]. As we show, the point-like impurity model,
which includes only s-wave quasiparticle-impurity scattering,
predicts zero Hall response except for Chern number v = +1 [52],
i.e,, only for chiral p-wave superconductors [53].

In the following we present a self-consistent theory
incorporating the effects of finite-size impurities and show that

2 Note that time-reversal and mirror symmetries need not be broken
simultaneously. For example, a three-band superconductor may break
timereversal symmetry when the order parameter defined on each band
has a different phase [60]. Mirror symmetry is however preserved and Hall

effects are therefore not expected in this system.
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such effects are essential for a quantitative description of Hall
transport in chiral superconductors. Experimental observation of
an impurity-induced anomalous thermal Hall effect would provide a
definitive signature of chiral superconductivity. The bulk effect can
easily dominate the edge state contribution to the anomalous Hall
current, except in ultra-pure fully gapped chiral superconductors.

3 Transport theory

We start from the Keldysh extension [56] of the transport-like
equations originally developed by Eilenberger, Larkin and Ovchinnikov
for equilibrium states of superconductors [57, 58], and extended by
Larkin and Ovchinnikov to describe superconductors out of equilibrium
[59]. This formalism is referred to as “quasiclassical theory”. For reviews
see Refs. [61-63]. The quasiclassical theory is formulated in terms of
4 x 4 matrix propagators for Fermionic quasiparticles and Cooper pairs
that describe the space-time evolution of the their non-equilibrium
distribution functions, as well as the dynamical response of the low-
energy spectral functions and the superconducting order parameter.
Here we are interested in the response to static, or low-frequency,
thermal gradients and external forces that couple to energy, mass and
charge currents. We follow as much as possible the notation and
of theory developed for thermal
unconventional superconductors by Graf et al. [64].

conventions transport  in

3.1 Keldysh-Eilenberger equations

The quasiclassical transport equations are matrix equations in
particle-hole (Nambu) space which describe the dynamics of
quasiparticle excitations and Cooper pairs. Physical properties,
such as the spectral density, currents or response functions are
expressed in terms of components of the Keldysh matrix
propagator,

5 AR K
G(P,E;r,t)=<g0 gA ) (2)
where gR’A’K (p, & 1, t) are the 4 x 4 retarded (R), advanced (A) and
Keldysh (K) matrix propagators.

The nonequilibrium dynamics is described by a transport
equation for the Keldysh propagator,

~ R

H g8 (priet) - g H (p.riet) + 32" (p.riet)
3o g (porset) +ivy - V¥ (porset) = 0, ®3)

as well as transport equations for the retarded and advanced
propagators,
HR»A ARA . AR,A . _
LG +ivy VR (parset) = 0, (4)
where
gt (p,r;et) = et5 —v(p,13t) — A (p,x;61) (5)

is defined in terms of the excitation energy, ¢, the coupling to
A . SRA .. .

external fields, ¥, and the self-energies, > ™ . Pairing correlations, as

well as effects of scattering by impurities, phonons and

quasiparticles are described by the self-energies, S The
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convolution product (°-product) appearing in Eqs. 3, 4, in the
mixed energy-time representation, is defined by,

A"B(s; t) = et [a?af—a;‘*af]A(s; t)B(e; t). (6)

Note that ¢ is the excitation energy and ¢ is the external time variable.
The operator expansion for the convolution product is particularly

useful if the external timescale, t ~ @™

is slow compared to the
typical internal dynamical timescales, 2/A and 7, i.e., w < |¢] ~ A and

w < 1/7. In this limit we can expand Eq. 6,

L L i [0A 0B 0A 3B
A°B(gt) = A(g)B(gt)+ = | — — — — — . 7
(1) = Al 1) (8’)+2[E)s % o Be] 7)
The quasiclassical transport equations are supplemented by the
normalization conditions [57, 58],

AR,AO ~RA _ Z’i“ (8)

gROgK_gKOgA:(). ©)

3.2 Quasiclassical propagators

The quasiclassical propagators are 4 x 4-matrices whose
structure describes the internal quantum-mechanical degrees
of freedom of quasiparticles and quasiholes. In addition to
spin, the particle-hole degree of freedom is of fundamental
importance to our understanding of superconductivity. In the
normal state of a metal or Fermi liquid there is no quantum-
mechanical coherence between particle and hole excitations. By
contrast, the distinguishing feature of the superconducting state
is the existence of quantum mechanical coherence between
and hole Particle-hole
coherence is the origin of persistent currents, Josephson

normal-state particle excitations.
effects, Andreev scattering, flux quantization, and all other
The

propagators are directly related to density matrices which

nonclassical ~ superconducting effects. quasiclassical
describe the quantum-statistical state of the internal degrees of
freedom. Nonvanishing off-diagonal elements in the particle-
hole density matrix are indicative of superconductivity, indeed
the onset of non-vanishing off-diagonal elements is the signature
of the superconducting transition.

The Nambu matrix structure of the propagators and self

energies is

SRAK _ gRj;i; gR;A’K o (fRE AR o)io, (10)
io, (f 7 + £ o) gl - ghak. 0,00, '

The 16 matrix elements of g are expressed in terms of four spin-

RAK =RAK rRAK 7FRAK RAK
scalars (g™, goat, fRAR f >

SRAK ¢RAK gRAK
g f f

t. The spin scalars g

) and four spin-vectors (g
). All matrix elements are functions of p, ¢, r and
RAK - GRAK  determine spin-independent
properties such as the charge, mass and heat current densities,

j. (1), j,, (r,t) and j 4 (r,t), as well as the local density of states

N(gr,t) = Nf/dp[—%Im%Tr{ﬂgR (p, &1, t)}], (11)
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where Ny is the normal-state density of states at the Fermi energy.
The integration is over the Fermi surface weighted by the angle-
resolved normal density of states at the Fermi surface, n(p),
normalized to

/dp(. ) E/dSpn(p)(. ) with/dSPn(p) =1 (12)

The current densities are determined from Fermi-surface
averages over the elementary currents, [evp], mass, [mvp], and
energy, [ev,], weighted by the scalar components of the diagonal
Keldysh propagator. In particular, the charge and heat current
densities are given by

de
.(e) _ ~ ~K .
j (r,t) = Ny /dp /—4711, [evP]Tr{T3g (p.g r,t)},

d
i@ (r,0) = Ny /dp /4—; [evp]Tr{gK (p,&m, t)}

(13)
(14)

fR,A,K fR,A,K

The off-diagonal components, and , are the
that

superconducting

anomalous propagators characterize the

of the
pairing correlations are encoded in fX, while fX is the

pairing
correlations state. Spin-singlet
measure of spin-triplet pairing correlations. Pair correlations
below the

superconducting transition temperature T.. The anomalous

develop  spontaneously at temperatures
propagators are not directly measurable, but the correlations
they describe are observable via their coupling to the “diagonal”
propagators, gi4K RAK

and g , through the transport equations.

3.3 Coupling to external and internal forces

The couplings of low-energy excitations to electromagnetic
fields are defined in terms of the scalar and vector potentials,

Vem = e @ (r, 1)T; + gvp -A(r,1)7Ts. (15)
Note that e73; encodes the charge coupling of both particle and
hole excitations to the electromagnetic field. The magnetic field
also couples to the quasiparticles and pairs via the Zeeman
ﬁzzyg-B(r,t), B=VxA, y is the
gyromagnetic ratio of the normal-state quasiparticles, and § =

energy, where
1d+%)0-13 (1-13)0,00, is the Nambu representation of the
Fermion spin operator.

3.3.1 Mean-field self-energies

Superconductors driven out of equilibrium are also subject
to internal forces on quasiparticles and Cooper pairs,
originating from electron-electron, electron-phonon and
electron-impurity interactions. These interactions enter the
in the

We include self-energies that

quasiclassical theory as self-energy terms, shAk
Egs. 3, 4, 5.
contribute to leading order in expansion parameters,
8 = {1/ks&, kpTc/Ef, 1/kpl,h/TEf, A/Ef .. .} <1, that define the
low-energy, long-wavelength region of validity of Landau

transport

Fermi-liquid theory, and its extension to include BCS
condensation [61, 63, 65].

The leading order contributions to the self-energy from
quasiparticle-quasiparticle interactions correspond the mean-field
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self-energies, ii’? X in the particle-hole (Landau) and particle-
particle (Cooper) channels, and are represented by Egs. 16, 17,
respectively,’

) de' _
2(p) = / dp’f 4—; (4 (p.p)) 9" (P, &)1+ A" (p.p)) g (p.€') - o],
(16)

A _ ’ de' s N fK (l oI\ t N K (ol I :
A(p)—/dpfﬁ[l (p.p) £ (0", ") iy + X' (p.0) £ (01, €') -0, .
17)

Note that % and A represent the upper row of the Nambu matrix,

Y. Since the mean-field self-energies are independent of e,
3 =3 ¢ =3u and iif = 0. The interaction vertices, A**(p,p’),
in Eq. 16 represent the quasiparticle interactions in the particle-hole
channel. In the non-relativistic limit these interactions are spin-
rotation invariant, in which case there are two real amplitudes:
quasiparticle-quasiparticle
AS(p,p'), the exchange term, A“(p,p' ), describing the spin-
These
interactions are defined by the renormalized four-point vertex in

the spin-independent interaction,

dependent  quasiparticle-quasiparticle  interaction.
the forward-scattering limit for quasiparticles with momenta and
energies confined to the Fermi surface, ie., |p| =[p/| = pr and
e=¢ =0, which is a good approximation in the Fermi-liquid
regime far from a quantum critical point. Thus, the propagator is
over the

integrated low-energy  bandwidth  defined by

f(. = f f; (...), and the corresponding self-energies depend
on the direction of the quasiparticle momentum on the Fermi
surface, but are independent of e.

In the Cooper channel the mean-field self energy from quasiparticle
interactions is given by Eq. 17. The interaction vertex separates in terms
of an even-parity, spin-singlet interaction, A°(p, p’), and an odd-parity,
spin-triplet interaction, A'(p,p’), the latter resulting from exchange
symmetry in the non-relativistic limit.* In a rotationally invariant Fermi
liquid like liquid *He, the interactions in the Cooper channel further
separates according to the irreducible representations of the rotation
group in three dimensions, SO (3);,

even (odd) +]

A Y Vi (B)Vim (B, (18)

1 m=-1

O (p.p') =

which are labeled by the orbital angular momentum quantum
number [€{0,1,2,...}, with the basis given
by the spherical harmonics {),(p)}, normalized to
Jdpylm (P) Vi (') = 88y The Cooper instability occurs
in the pairing channel defined by the most attractive

functions

interaction, A;, which for *He is the odd-parity, spin-triplet
(§=1), I=1 (p-wave) strongly correlated
materials Cooper mediated by quasiparticle-
quasiparticle interactions. This is necessarily the case in a

channel. For
pairing is

single-component Fermi system like liquid *He, and is
prevalent in strongly correlated electronic compounds such as

3 Thessignin Eq. (17) is such that A*¥ > O corresponds to an attractive pairing

interaction.

4 This separation does not apply to superconducting materials without an

inversion center, i.e. non-centrosymmetric superconductors.
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the heavy-fermion superconductors, UPt; and URu,Si,, and
unconventional superconductors like Sr,RuQy, all of which
exhibit experimental signatures of broken time-reversal symmetry by
the superconducting state. For these superconductors the pairing
channel belongs to an irreducible representation of the crystal
point group. Eq. 18 holds with / summed over the irreducible
representations of the point group, the second sum m is over the
set of orthogonal basis functions, {),, (p)lm € irrep,}, that span the
irrep labeled by I. For materials with hexagonal point symmetry, e.g.,
UPts, we consider the four two-dimensional “E-reps”: even parity
Eig and E,; representations and odd-parity E;, and E,,. All four
E-reps allow for a chiral ground state with minimum Chern
numbers of ¥ = +1 (Eg(y) or v = 2 (Exgw)

3.3.2 Impurity self-energy

The effects of impurity disorder originate from the quasiparticle-
impurity interaction, @ (p, p'), which corresponds to the transition
matrix element for elastic scattering of a quasiparticle with
momentum p to the point p’ on the Fermi surface. Multiple
scattering of quasiparticles and quasiholes by an impurity is
described by the Bethe-Salpeter equation,

t(p'pie) =u(p’.p) + Ny J dp"(p',p") g(p"; €)E (p", i),
(19)

where f(p/,p;e) is the t-matrix for quasiparticle-impurity
scattering, and g(p;e) is the quasiclassical Keldysh matrix
propagator for particles, holes and Cooper pairs. The leading-
order contribution to the configurational-averaged self energy is
then determined by scattering of quasiparticles off an uncorrelated,
random distribution of statistically equivalent impurities with
average density, Himp>

AR sK

< b4 Zim 2im

Z:imp (P7 6) = nimpt(p>P;€) = < ()p ﬁ:Ap >> (20)
imp

where £ (p, p; €) is the t-matrix evaluated self-consistently in the forward-
scattering limit. Thus, the Nambu-matrix components of the impurity

Keldysh self energy, Zi]f:;’K (pr;et) = nimprA’K (p,p-1;61), are
determined by the corresponding components of the t-matrix,

~R,A ~
£ (pp.r;et) = u(p',p) + Ny J dp"u(p',p") g (p",x;6.t)

4 (p porse ) 1)
~K ~R A~
t(ppriet)=Ny de”t (P p" r56)°g" (p" 156, 1)

ot (p",p>1; 6 t). (22)

Before proceeding to non-equilibrium quasiparticle transport we
need to discuss the equilibrium state, including the effects of
impurity states of chiral

scattering, on the equilibrium

superconductors and superfluids.

4 Equilibrium

For homogeneous systems in equilibrium the transport
equations for the retarded and advanced propagators reduce to
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TABLE 1 Representative orbital basis functions, expressed in the chiral basis, for the point groups D4, and Dgp,.

Basis functions 7., (p)

Dy Eq p. (b, +ip,) o< V3 () 41 N
Eu by +ip, Vi (p) 11 _
D Eig b. (b +ip,) o V3 (B) +1 +
Bz (P +ip,) < V5* (D) 2 +
Eu bo £ ip, i () 41 -
Eu P by % ip))* o V5 (P) £ -

L4 aRA .
et3 = A(p) - %, (P3 ), 8% (ps€) | = 0, (23)
where A (p) is the mean-field order parameter and iﬁ,’g (p; €) are the
equilibrium  self-energies resulting from quasiparticle-impurity
scattering. We consider the low-temperature limit in which the
thermal populations

sufficiently ~ small

of quasiparticles and phonons
that can neglect quasiparticle-
quasiparticle scattering and quasiparticle-phonon scattering

are
we

contributions to the self energy. Thus, we retain only the
mean-field pairing self energy and impurity self energy
resulting from elastic quasiparticle-impurity scattering. The
propagator is also constrained by the normalization condition,
which for equilibrium reduces to matrix multiplication,

[ ()] = T

A chiral superconducting ground state is defined by

(24)

spontaneous breaking of time-reversal and mirror symmetries by
the orbital state of the Cooper pairs. We restrict our analysis to
unitary superconductors in which the 4 x 4 Nambu matrix order
parameter obeys the condition,

A(p)’

Unitary states preserve time-reversal symmetry with respect to the

-|A(p)P 1. (25)

spin-correlations of the pairing state. In the clean limit |A (p)] is the
energy gap for quasiparticles with momentum p near the Fermi
surface, i.e., the Bogoliubov quasiparticle excitation energy is
doubly degenerate with respect to spin and given by
Ep =& +|A(p)P, with & = v (Ip| - py) and A(p) defined for
p on the Fermi surface. The unitarity condition is necessarily
satisfied by spin-singlet pairing states, and is also the case for all
known spin-triplet superconductors in which the parent state in
zero external field is non-magnetic.’ An important class of
unitary triplet states are the equal-spin-pairing (ESP) states
defined by the 2x2 spin-matrix parameter,
A(p) = A(p)&- (igoy), in which d is the direction in spin

order

The A; phase of superfluid *He, which is stabilized by an externally applied
magnetic field, is a non-unitary spin-triplet state [66]. The Uranium-based
ferromagnetic superconductors are also believed to be non-unitary, spin-

polarized, triplet superconductors.

Frontiers in Physics

28

space along which the Cooper pairs have zero spin projection.
Equivalently, this state corresponds to equal amplitudes for the
spin projections S, = +1 and S, = -1 with @ L d. For the chiral
A-phase of *He, the direction d can be controlled by a small
magnetic field, B, through the nuclear Zeeman energy that
orients d L B. For chiral superconductors spin-orbit coupling
and the crystalline field typically lock d along a high-symmetry
direction of the crystal.
We consider four
corresponding to the even-parity, spin-singlet, Ej; and Eyg,

classes of chiral ground states
and odd-parity, spin-triplet, E;, and E,, representations of the
hexagonal point group, Dgj,. These representations all allow for
chiral ground states with principle winding numbers, v = 1
(v=+2) for the E; (E,) representations.® Table 1 provides
representative basis functions for these two-dimensional
representations.

For even-parity, spin-singlet pairing the Nambu-matrix order
parameter has the form, A(p) = (A(p)t++ A*(p)T-) ® (ioy),
where 7, = (7 +i%,)/2 and {1,7), 75, 73} are 2x2 matrices
spanning particle-hole (Nambu) space. The spin-singlet correlations
are represented by the Pauli matrix io,, which is anti-symmetric under
exchange. The orbital order parameter, A(p), is symmetric under
exchange implying A (—p) = +A(p). The general form of the orbital
order parameter is spanned by the two-dimensional space of Ej()g basis
functions. For E,g the chiral basis {J, (p)[v = + 1} can be constructed
from the 2D vector representation: ), (p) = V. (p) + V), (p) =
sin(p.a;) (p, + ivﬁy) = sin(p,a,) €%, where the latter two forms
correspond to E; basis functions defined on a cylindrical Fermi surface
with ¢, corresponding to the azimuthal angle of p. Note that chiral E;,
pairing also breaks reflection symmetry in the plane normal to the chiral
axis, and has a line of nodes in the energy gap for momenta in the plane
Pz = 0. Thus, E;4 pairing is not realized in 2D, but is defined on a 3D
Fermi surface.

Deon, chiral ground states with any integer winding number ve Z are
possible. For the discrete point group Dgp higher winding numbers with
v = +1 + mod(6) (Ey) or (v = +2) + mod(6) (E,) are possible for pairing
basis functions exhibiting strong hexagonal anisotropy, but in general
the chiral basis functions with higher winding numbers will mix with

v=+41lv=42.
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FIGURE 1

Impurity cross sections and critical temperature versus hard-disc
radius for chiral states: » = 1 (solid) and » = 2 (dashed). For hard-disc
radius k¢R = 3.05, pair-breaking cross sections and critical
temperature of the two states coincide (filled circles). (Upper)

Total cross section (black), transport cross section (solid purple) and
pair-breaking cross section (purple). (Lower) Critical temperature for
various impurity densities: y,/2nTc, = nimpéo/ks (see legend). Figure
reproduced from Ref. [52] with permission of the American Physical
Society (APS) and the authors.

For chiral E,, pairing the basis functions can be defined as
Vo (p) = Veeye (p) +iSgN (MVsy (p) = (b, +isgn (vp,)" = ™,
with v = +2. The latter two forms correspond to Ep, pairing defined on a
cylindrical Fermi surface. Note that the chiral ground state for E,4 also
breaks reflection symmetry in one or more planes containing the chiral
axis, € = 2, but, in contrast to Ejg, preserves reflection symmetry in the
plane normal to the chiral axis. Thus, a fully-gapped chiral ground state is
possible in 2D, as well as a 3D Fermi surface that is open in the p,
direction. For a 3D Fermi surface that is closed in the p, direction, the
chiral Epg ground state has topologically protected nodal points of A (p)
at p. =+ ps2, and a corresponding spectrum of massless chiral
Fermions in the bulk phase [44].

For odd-parity, ESP triplet states the Nambu-matrix order
parameter takes the form, A(p) = (A(p) 7:+— A% (p)7-) ® (04),
where we have chosen the ESP state with d =2’ The ESP
triplet-correlations are represented by the symmetric Pauli
matrix oy, and the odd-parity orbital order parameter, A(p),
which is necessarily anti-symmetric under exchange,
i.e.,, A(—p) = —A(p). For E;, pairing the chiral basis {, (p)|v =
+1} s
representation: Y, (p) = V. (p) +ivY, (p) = (p, + ivf)y) =%,
the latter two forms correspond to E;, basis functions
defined on a cylindrical Fermi surface with ¢, corresponding

constructed from the odd-parity 2D vector

to the azimuthal angle of p. In contrast to Ej, the Ejy chiral
ground states are fully gapped in 2D, and in 3D for an open
Fermi surface in the p, direction. For chiral E,, pairing the basis

7 Results for heat and charge transport in zero field do not depend on the

choice for the direction of d
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FIGURE 2

Density of states for chiral order » = 1 (left) and v = 2 (right),
various impurity densities normalized by Ei = (nNfA) ! (see color bar),
and impurity radii: k¢R =1 (top) and 2.5 (bottom). Figure reproduced
from Ref. [52] with permission of the APS and the authors.

functions are constructed from those of Ey; by multiplying by odd-
parity function of p.. Thus, Y, (p) = V. (x2—y2) (P) +iSGN (V) Vz () (P)
=sin(p.a;) (p, + isgn(v)f)y)2 = sin(p,a,) €%, with v = +2. These
chiral states correspond to the E,, pairing model for the
B-phase of UPt;.

4.1 2D chiral superconductors

Here we consider the fully gapped E;, and E, chiral ground states
defined on a 2D cylindrical Fermi surface. These two cases illustrate
nearly all of the key physical phenomena responsible for anomalous
thermal and electrical transport mediated by non-magnetic impurity
scattering in chiral superconductors. At low temperatures, thermally
excited quasiparticles and phonons are dilute, therefore quasiparticles
interact predominantly with quenched defects. For randomly distributed
impurities, the self-energy is given by Zimp (P; €) = #timpt (P, P; €), Where
Himp is the mean impurity density and £ (P, p; e) is the forward scattering
limit of the single-impurity #-matrix in the superconducting state. This
t-matrix can be expressed in terms of the normal-state t-matrix, and the
latter can be expressed in terms of scattering phase shifts for normal-state
quasiparticle-impurity scattering,

2R

A A A ARA Ay A ARA A A ~ ~ ~
P pie) =By (pD) + N <y (B D) [ (8”5 ) - 9n"]
B (B, B €)) s (262)

~AK /A ~ AR A A ~ ~ ~A A ~
t(p'.p;e) = NyCE (.95 6)g" ("5 €)E” (p", i €))yrs  (26b)

where Ny is the normal-state density of states per spin at the
Fermi surface and (. ..); represents averaging over the Fermi-
surface—for an isotropic 2D Fermi surface,
(o0p= j(z)ﬂ d¢13/(271)(. ..). The superscripts denote three
types of quasiclassical propagators: retarded (R), advanced
(A) and Keldysh (K). In deriving Eq. 26, the bare electron-
impurity interaction is eliminated in favor of the normal-state
propagator, gy = —mgnTs; with g& = (g&)* = i, and the normal-
state t-matrix,

. o1t eim (¢-¢')
tn(p,p) = — _— 27
v (p'-P) 7Ny m;oo cot 8 — gnTs @7)
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FIGURE 3
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Longitudinal thermal conductivity versus temperature for chiral superconductors with v = 1 (left) and » = 2 (right), impurity radius k(R = 1, and
normal-state transport lengths listed in the legend. The normal-state thermal conductivity is shown in black. Figure reproduced from Ref. [52] with

permission of the APS and the authors.

with &, the scattering phase shift in the m™ cylindrical harmonic.?
Here and in the following, the directions (p, p’, p”, . ..) on the Fermi
surface and their corresponding azimuth angles (¢, ¢',¢",...) are
used interchangeably.

The mean field order parameter for unitary chiral states can be
expressed in the following form, Ag (p) = UsA (p)U;, where Uy is
the unitary matrix for singlet (S = 0) or triplet (S = 1) pairing,

~ _ (0, 0 Ay &-iaay 0
U0_< 0 1)) U1_< 0 1 > (28)
in which case A(p) reduces to
~ s g n 0 A"
— v, T —
A(p) = Ae™™ (it,) = < _Ae ™ 0 ), (29)

for both S = 0 and S = 1. Thus, in the absence of external magnetic
fields, magnetic impurities or spin-dependent perturbations, the
spin structure of the order parameter can be transformed away by a
unitary transformation, and as previously noted the quasiparticle
excitation spectrum is doubly degenerate with respect to the
quasiparticle spin.

This representation of the mean-field order parameter extends
to the off-diagonal components of the impurity self energy. In Eq. 29
we chose A to be real. In this gauge the off-diagonal impurity self-
energies reduce to

At (pre) = AR () €07 (i), (30)

with the gauge condition, Aﬁ;{; (e) = Aﬁl’l‘g (—¢)*. The Nambu-matrix
impurity self energy can then be expressed in terms of
three functions

(1)

imp imp

S (pre) = DEA ()T + R4 ()7 + AR (e) € (i),

The term proportional to the unit Nambu matrix, Dﬁ’,‘g ()1, drops

out of Eq. 23 for the equilibrium propagators, g&*, and thus plays no

8 The summation over mis truncated as a defect with characteristic radius R

leads to rapidly decaying phase shifts for |ml|z k; R.
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role in determining the equilibrium properties of the
superconductor. However, the unit-matrix term does contribute
to the linear response of the superconductor, e.g., the a.c.
conductivity [67].

The diagonal term proportional to 73 can be combined with the

excitation energy and expressed as
&% (e) = e~ I (o), (32)
and similarly the impurity renormalized off-diagonal self energy is

given by

A (e) = A + ARA (g)

imp

(33)

Thus, for any of the chiral, unitary states described by Eq. 30, the
equilibrium propagators that satisfy the transport equation and
normalization condition, Eqs. 23, 24, are given by

pre) = T AT (i)
' “RAN?  pan2
(") - @

= 7[g" (@ + £ (&) " (i)

(34)

35)

Note that the functions g4 and f®4 satisfy the symmetry relations:
gt =(g®* and f4=(f®* In equilibrium, the Keldysh
propagator is determined by the spectral functions for
quasiparticles and Cooper pairs, and the thermal distribution of
excitations,

35 (pie) = [9" (ps€) - 5" (ps¢) tanh % (36)

4.1.1 Gap equation: mean-field order parameter

The pairing interaction combined with the off-diagonal
component of the Keldysh propagator determines the mean-field
pairing self-energy for any of the unitary chiral states is given by the
“gap equation,”

A(p) = Jdp’l(n p’)f Z—; e (37)
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FIGURE 4

Longitudinal (top) and transverse (bottom) thermal conductivity vs. temperature for chiral order » = 1 (left) and v = 2 (right), normal-state transport
length Ly/&y = 7.5, and various impurity radii (see legend). Normal-state thermal conductivity shown in black. Figure reproduced from Ref. [52] with

permission of the APS and the authors.
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Thermal Hall transport length at ¢ = O for chiral order v = 1 (left) and » = 2 (right), and varying impurity radii (see legend). Low-temperature transport
requires quasiparticles states at e = 0, formed only with adequate impurity density. But high impurity density destroys superconductivity and thus rules out

any anomalous Hall effects.

where the pairing interaction in any of the two-dimensional E-reps
defined on a cylindrical Fermi surface has the form

A(p.p') = A (e-iw,, e 4 et e_iwpr) = 2\, cos [v(¢p - ¢p’)]'
(38)

Thus, projecting out the amplitude of the chiral mean-field order
parameter we obtain the gap equation,

d
A=y f 4—; (M [ fR(e) - fA(s)]tanh%. (39)

In practice the pairing interaction strength A, is eliminated in favor
of the critical temperature.
The equilibrium retarded and advanced propagators are given by

RA, an FRA, o
RAga y_ € (T -A (€)e'™™ (it,)
g (pse) =-m (o)

-n[g(e)ts + f ()€™ (it2)],

(40)
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where g=&C, f=-A/C and C=[A(e)*-E(e)’]"2® The
equilibrium spectrum is renormalized by interactions with
impurities, i.e., € =&~ Xy, and A=A+ Aimp, where A is the
mean-field excitation gap from Eq. 39, and Zjy,, and Ajp, are
the diagonal and off-diagonal terms in the impurity self energy,
Eq. 31."° The self-energy is obtained from the equilibrium
t matrix,

9 Hereafter the retarded (R) and advanced (A) superscripts are not shown for

gle), f(e) etc., but are implied.

10 Despite its absence from spectral renormalization, D*"(s) encodes
particle-hole asymmetry, e.g. the difference in scattering lifetimes for
particles and holes which could have implications for transport properties

[68], especially in thermoelectric responses [70].
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FIGURE 6

(Upper) Total cross section (black) and pair-breaking cross

section (purple) versus hard-sphere radius for pairing with total
angular momentum J =1 (solid) J = 2 (dashed) and J = 3 (dotted).
Note that the transport cross sectionis oy = Jggl. Inset: Scattering
cross sections in units of 47R?. (Lower) Critical temperature versus
impurity radius for the same pairing states shown in the top panel for
various impurity densities shown in the legend where y, = Nimp/nN.

f(f),,f); 8) — _

1 ( t(p', i) a(x}ﬁ@e))
T[Nf PP

Upon solving Eq. 26, we obtain

tw(e) | sind[cosdy, + g(e)sind,,,]

{zm (©) } = 0B Oo) F GOSNy Oy
am(e) | _ f (&)sin b,,, sindpy—y

{ﬂm (¢) } T 08 (8 — Oney) F g(£)sin (8, — Sy (42b)

The diagonal terms t,, and t,, are the amplitudes for quasi-
particles and quasi-holes scattering off an impurity with relative
angular momentum . The off-diagonal terms, a,, and a ,,, are the
amplitudes for branch conversion scattering in which a quasi-
particle (quasi-hole) scatters off an impurity and also converts to
a quasi-hole (quasi-particle). The branch conversion process is
accompanied by the creation (destruction) of a Cooper pair. In a
chiral superconductor the Cooper pairs have angular momentum
vh, and thus branch conversion scattering requires a corresponding
change in the angular momentum of the scattered excitation, e.g.,
m — m —v for an incident quasi-particle scattering with relative
angular momentum mh converting to a quasi-hole and a Cooper
pair of angular momentum vh. Thus, for branch conversion
scattering to occur the quasiparticle-impurity potential must
support amplitudes, a,,, and thus non-vanishing phase shifts J,,
with |m| e {0,1,...,|v[]}, as can be seen from Eq. 42b. A direct
consequence is that isotropic impurity scattering from point-like
impurities does not support branch conversion scattering in chiral
superconductors since the incoming and outgoing scattering states
are limited to the s-wave (m = 0) scattering channel. As we show in
what follows, the ionic radius of the impurity and branch conversion
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scattering are central in determining the magnitude and temperature
dependence of anomalous Hall transport in chiral superconductors.
Finally we note that the propagators, t-matrix and self-energies must
be computed self-consistently with the gap equation, Eq. 39. In
Section 4 we summarize results for thermal transport in 2D fully
gapped chiral superconductors with a random distribution of finite
size impurities.

4.2 3D chiral superconductors

Here we consider chiral superconductors in 3D belonging
to the two-dimensional E-representations of the tetragonal
(D4n) and hexagonal (Dg) point groups, both even- and
odd-parity E; and E, representations. These groups describe
of Sr,RuO; and UPts,

the discrete point symmetries

respectively. See Table 1.

4.2.1 Symmetries of the order parameter

The mean-field pairing self-energy, after factoring the spin-
structure using the unitary transformation in Eq. 28, has
the structure,

A (p) = < —A(()ﬁ)* Ap) ) (43)

The weak-coupling mean-field order parameter, “gap function”, is
independent of energy and related to the equilibrium Keldysh pair
propagator by the BCS gap equation,

i d NN ]
A() =f 4GB B3y, (49

where A(p,p’) provides the pairing interaction and the energy
integral is over the bandwidth of attraction, ¢, p and p’ are the
directions of the relative momentum of pairs of Fermions with zero
total momentum, and ¢...); is an average over the Fermi surface.
The pairing interaction respects the maximal symmetry of the point
group and can be expressed as a sum over bi-linear products of basis
functions of the irreducible representations analogous to Eq. 18. We
assume the irreducible representation, I', with the most attractive
pairing interaction, Ar, dominates, in which case we can ignore the
sub-dominant pairing channels,

dimp

A P') = Ar Z 1y, (P)11e, (P') (45)

where the interaction amplitude Ar determines the critical
temperature and 7, (p) denotes the basis functions for the
irreducible representation, I, of the relevant point group. Table 1
summarizes the basis functions, expressed in chiral basis, for the
point groups Dy, and Dgy,, and which are relevant for Sr,RuO4 and
the heavy-fermion compound UPts, respectively.'"" For a chiral
superconductor the order parameter is proportional to one of the
chiral basis functions, e.g., A(p) o< 7, (p) for a chiral ground state

11 A comprehensive set of tables of basis functions for the tetragonal,

hexagonal and cubic point groups is provided in Ref. [69]
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FIGURE 7

The quasiparticle density of states N (¢) (top) and spectral function along the direction of gap maximum A (p; ) (bottom) are shown for hard-sphere
impurities with radius, k¢R = 1.5, for impurity densities shown in the legend where y, = nimp/nNr. The four pairing states correspond to the chiral ground
states of the irreducible representations Ey,, Ezq, E1g and Ep, (left to right) of the hexagonal point group Dey,. Scattering resonances appears as impurity-
induced sub-gap bands which depend on the topology of the order parameter and the structure of the scattering potential.

belonging to the irrep I with winding number ». For the analysis
to follow it is sufficient to consider pairing of states near a 3D
spherical Fermi surface, in which case the mean-field pairing self-
energy is proportional to the spherical harmonic,
i.e., np, (p) = Y] (p), where I is the orbital angular momentum

corresponding to the irrep T,
A(p) =AY, (p),

where A is the maximum value of the order parameter, and the

(46)

normalized spherical harmonics are related to the standard spherical
harmonics Y} (p) via Y'lm (p) = Y7" (p)/maxp |[Y7" (P)I.

4.2.2 Impurity self-energy

In the low temperature limit quasiparticle scattering from
thermally excited quasiparticles and phonons is negligible
compared to scattering off the random impurity potential. For
a homogeneous uncorrelated random distribution of impurities
the corresponding self-energy is a product of the mean impurity
density #i,p and the forward scattering limit of the single
impurity f-matrix,

&RA

Sy (38) = iyl (P> P ), (47)

where the t-matrices are obtained as a solution of the
integral equation,
ARA ;) A\ RA )
£ (p.p) =ty (p.P)
SRA A1 Ay [ ~RA /4 ARATSRA [ Ay
+ Ny (00")[9% (B") - N | (8", B))p-

(48)
The Keldysh component of the t-matrix then given by

£ (pp) = N, (093 (0")E" (0" p))pr- (49)

Note that £ can be obtained from the symmetry relation,
# p,p) = N (p,p)%5. In Eqs. 48, 49 we eliminated the
electron-impurity matrix element, #, in favor of the normal-state
quasiparticle propagator, gy = —mgnTs with g& = (g4)* =i, and
the normal-state t-matrix,
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e e ()
f /’ — 1 1 ,
v(pP) Z z cotd; + gy /m

(50)
Nf i

where §; is the phase shift in the relative angular momentum
channel, /. The normalization of the spherical harmonics is given by

(p)yy (B)>p = O Our- (51)

An important feature of scattering theory by central force potentials,
in this case the quasiparticle-impurity potential, is that the
characteristic range R of the potential leads to phase shifts §; that
decay rapidly to zero for I2ksR, effectively truncating the
summations over m and .

4.2.3 Equilibrium properties

Below we present the framework for determining the self-
consistent equilibrium propagators. To highlight the effects of
chiral phase winding we consider systems that are gauge-rotation
invariant, i.e., invariant under a rotation around the chiral axis
combined with a specific element of the U(1). As a result the
diagonal equilibrium propagator depends on p only through the
polar angle 6, measured from the chiral axis, g (p; &) = g (6,; €). The
azimuth angle ¢, appears only in the phase factor of the pair
propagator, ie., f(p;e)=e"%f (6p;€), where » is winding
number of the chiral order parameter. Thus we parametrize the
propagators as

g (pe) = —ﬂ[gR’A(GP; s)fg + fR’A(HP; s)eim% (ifz)], (52)

where the quasiparticle and pair propagators read

~R,A ~RA

RA e’ (9§£) R,A A (9;5)
A= and fRM = 53
i ™ T oA @Ge 53)
with

CRA(;¢) = \/AR’A (0;€)° — &4 (0:¢)°. (54)

The equilibrium Keldysh propagator is determined by g** and the

Fermi distribution function,
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FIGURE 8
Same description as that in Figure 7, but for kR = 2.5.

AK _ (AR
= t h— 55
" =(" - g"Jtanh (55)
Note that the retarded and advanced propagators are related by the
symmetry relation, g* = 73(g")"#;. The excitation energy and
order parameter are renormalized by impurity scattering through

the impurity self-energies, iy, and Ay, via

~“(6 g) =e—IR4(0:¢)

imp
4 0:e) = A®, (0) + AR (B¢),

imp

(56)

where @;(9) is the polar-angle dependence of the normalized
spherical harmonics. The functions Xy, and Ay, are defined
such that

S (P18) = DR (0,5 6)T+ 25 (0p5€) %5 + AL (0p5€)e™ " (it,).
(57)

The function D(¢) encodes the asymmetry in scattering rates for
particles and holes, which has implications for the thermoelectric
response of chiral superconductors [70].

Since the scattering potential is rotationally invariant we can
expand the t-matrix Equation 48 into a set of decoupled equations
for each cylindrical harmonic channel. Thus, we parametrize the
t-matrix as follows

b p) = zeim(vﬁf%r) [Ei(ep"ep) +eivf3¢p’dﬁl(ep,’0p)], (58)
where the diagonal part of the t-matrix is given by

R [ tR(6,,6,) 0
tm(epl’ BP) - ( 0 tfn(ep’) ep) > (59)

and the off-diagonal part is given by

. 0 R(6 6
#0000) 0,0 *G )0

Thus, by factoring out the dependence on the azimuth angle as
shown in Eq. 48, we obtain integral equations for the cylindrical
harmonics of the t-matrix,
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3in(0920p) + B (07.0) (9" (857 = 98 )58 (616,

+fR( ) (i22) (6,7, 6, )13 (61)

30
")
3 (0267) = e (0> 050 ) £ (0) (2202, (6,1 6,)
+(g"(6,) = 9 ) T3 (6 65) 1) (62)

where EN)m,-Vﬂ = Diag (tN,m-v» £ N m1o)- The off-diagonal t-matrix a,,

Eﬁ(ep” 91’)

describes Andreev scattering in which an incoming particle branch
converts into an outgoing hole and vice versa. This process relies on
the creation and destruction of a Cooper pair. For chiral pairing, the
conservation of angular momentum implies that the cylindrical
harmonics of incoming and outgoing scattering states must differ by
the orbital angular momentum quantum number of a Cooper pair,
hence the phase winding factor in front of d,, in Eq. 58. Since branch
conversion scattering requires two distinct angular momentum
channels, branch conversion scattering is absent for point-like
which (I=0)
Equations 61, 62 are solved for the 3D Fermi surface by

impurities support only s-wave scattering.
expanding in the spherical harmonic basis functions, @ (6). For
cylindrical Fermi surfaces the dependence on 6 drops out and the
t-matrices are obtained by matrix inversion as described

in Section 4.1.

5 Linear response theory

For small departures from equilibrium driven by a small
temperature different edges of the
superconductor the heat current is proportional to the

bias  between

temperature gradient,
i@ = —%.vr, (63)

where ¥ is the thermal conductivity tensor which is constrained by
the chiral symmetry of the ground state. To obtain these transport
coefficients, x; i» we determine the self-consistent, equilibrium
propagators and their first-order non-equilibrium corrections to
linear order in VT'. The equilibrium propagators encode information
about the bound and unbound quasiparticle pair spectrum, and are
key inputs to the determination of the linear-response functions.
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FIGURE 9
The components of the thermal conductivity tensor, . (top) and

Ky (bottom), for T <« y* as a function of impurity density and hard-
sphere radii (legend) for the pairing states, £, (left) and Epq (right) of
Dep. The filled circles mark the critical impurity concentrations

nﬁnp above which superconductivity breaks down. The dotted curves

in the top panels trace the maximum value of x,, while the dashed
lines in the bottom panels show the Berry-phase contribution to the
anomalous thermal Hall conductivity (Eq. 114). All results

assume k¢€y = 100

The heat current is computed from the non-equilibrium Keldysh
propagator in Eq. 14.

Here we consider the linear response functions for a static and
homogeneous thermal gradient. For convenience we separate the
Keldysh response into a spectral and anomalous part. The
information about the non-

anomalous response encodes

equilibrium distribution function and is defined by,

8% (¢) = 8%X (e) — tanh (¢/2T) [0x" (e) - 6% (8)],  (64)
where % stands for the propagator (X — §) or self-energy (% — 2).
We focus on the anomalous functions because the spectral response
functions, 6z, do not contribute to the thermal conductivity
tensor in linear response theory to leading order in the
quasiclassical expansion parameters [64]. For a uniform thermal
gradient the anomalous propagator is obtained from the solution of
the linearized transport equations (see Ref. [64] for the

general solution),
a ~R
o Clge[n+D"

= ey 8 -00) (o T (283505

(65)

where VO Vtanh[e/2T(r)] is the gradient of the local
equilibrium distribution function. We added the subscript
“eq” to denote the equilibrium propagators. We also adopt the

shorthand notation,

C*=Cf+C* and D=D"-D% (66)
with C and D defined in Egs. 54, 57, respectively. It is also efficient to
express the response functions as column vectors whose elements
correspond to those of their corresponding matrices in particle-
hole space,
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|69 (B:€)> = (89 (i), 09 (Bi€), 8f (B:€).8 f (Bie))'  (67)

02 (p;€)) = (Se(Pse). O (Pse), OA(Pse), 6 A (Bse))’.  (68)

The expression for the anomalous propagator (Eq. 65) can then be

recast as
|89 (;€)> = L (B; &) [|v* (Bs €)) +[00° (i €)>],  (69)
where the static thermal gradient leads to the perturbation,
lv(B:e)) =ivp- VO(L L) =y (B3e) (L L)' (70)

The linear-response matrix L(p;¢) is defined in terms of the
equilibrium propagators,

1+ |g|2 _|f|2 _gRRJZA _J;RgAA
ooy _co| I Llgl? ffgt g
]L = —
©=-C1 g _prgn 1_jgp 2P
gt gt AP 1-lgP
-9 - A
] D A A A i 71)
e fR g~ gt >
fR —fA . _gR _gA
where |g|2 = gRg4, |f|2 = f*f* and
., 1 {Re CR (¢), iIm DR (¢)}
{C (€)>Da(£)} = 2 [RCCR (8)]2 _ [ImDR (8)]2. (72)

5.1 Self-energy—vertex corrections

The r.h.s. of Eq. 69 consists of two terms. The first is the
contribution that is explicitly proportional to the external field,
v, -VT. This term contributes only to the longitudinal thermal
conductivity. Indeed the anomalous Hall conductivity arises
solely from the non-equilibrium self-energy term. The self-energy
corrections are the vertex corrections in the field-theoretical
formulation based on Kubo response theory. These terms
describe the response to perturbations by long-wavelength
collective excitations of the interacting Fermi system [63]. In the
context of the linear response theory developed for disordered chiral
superconductors, the vertex corrections resulting from interactions
of Bogoliubov quasiparticles with static impurities are obtained from
the linear response corrections to the equilibrium ¢-matrix Eqs. 48,
49 obtained from the first-order non-equilibrium corrections to the
full t-matrix Egs. 21, 22. For the anomalous self-energy expressed in
Nambu matrix form,

aa ~ 2R A A Aq (AN A1 A
0%y (P) = rimpN s CEeq (B, D")09" (B")fq (B P> (73)
can be recast in column vector form as defined by Eq. 68,
~ Nim a(n o a[fa
1027 (p)) =~ (T (B p')|0g" (b)) (74)
ﬂNf
where the impurity vertex-correction operator is given by
tRer —aRa?t —tRgt —afet
R_A 4R A R A R_A
a/n ~ —-aa” t't -a't ta
T(p.p') = RaA ;REA t_REZ —aRgh (75)
aft* tfa* -afat "t
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The retarded [advanced] t-matrix elements are evaluated at (p, p'; &)
[(p’,p;e)], and the equilibrium t-matrix elements, ¢ and a, are
defined such that

- R, )

t, ,P) = Nl R0 (76)
q (®.p) ( —a®A ) R4 (3", p)

In general the mean-field pairing self-energy also contributes
a vertex correction (i.e., 6% = 5A+6iimp). These terms play a
central role in collective mode response of the condensate,
however, in the present context they contribute only to the
retarded and advanced self-energies. The vertex correction
contributing to anomalous heat transport arises only from the
impurity-induced self-energy.

For point-like impurities, the vertex correction, and thus the
anomalous Hall current, vanishes in all but chiral p-wave states.
This can be shown by noting that for isotropic impurity
from Eq. 73,
from the

scattering  the  vertex  correction

82 (e) o (8G (P;€)Ypr s
components of the anomalous propagator. The diagonal

obtained isotropic
components of the equilibrium propagators are isotropic, and
thus their contribution to the linear response function involves
momentum  dependence only from the perturbation,
v (p) oc vy, - VO. This p-wave term vanishes when averaged
over the Fermi-surface, and as a result does not contribute a
On the other hand, the off-diagonal

components of the equilibrium propagators acquire the phase

vertex correction.

factor e*?, reflecting the angular momentum of the chiral
Cooper pairs. The linear response functions from these terms
include a phase factor e™*V?¢ which contributes a vertex
correction only when [y =1, ie., for chiral p-wave pairing.
This is a non-universal result specific to point-like impurities.
For finite-size impurities vertex corrections and thus anomalous
Hall effects result for chiral superconductors with [v|>1 with
results varying with the ionic radius of the impurity.

5.2 Cylindrical harmonic decomposition for
2D chiral superconductors

For chiral superconductors with cylindrically symmetric Fermi
surfaces and pairing interactions we can parametrize the non-
equilibrium corrections to the propagators and self-energies in
terms of cylindrical harmonics,

Sral N in 89, (e) "5 f, ()

6g(p7 8) = _ﬂ;e ¢< _e—x‘vvﬁéin(s) 6gn(8) )’ (77)
S (D - ing 8671 (8) eiwé\An (8)

6Z(P,s)—§e (_e—ivrP(Sén(e) Se, (¢) )

The response in different cylindrical harmonic channels can
decoupled such that Eq. 69 reduces to

189, (€)) = L () [ly, (€)) + 0% (&) ] (78)

165> = (8989 ,,8fm 0f )s  16Z4) = (8, O, A,
8A,)", and the temperature gradient along the x-axis generates
the perturbation

where
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FIGURE 10

Same plots as Figure 9 but for the pairing states Eyq (left) and Ez,
(right). The diamond symbols in the top panels show the values for the
“universal limit” for the thermal conductivity in the point-like impurity
model [64].

e (@) = Sy (©)(1,1,)" (79)
with ¢ (e) =i %sech2 (37) 0xT. The impurity self-energy
correction from Eq. 74 becomes

e RIC LG (30)
where the vertex-correction operators are given by
T, (&) = <Y (p)*T° (B ' €) Yo (B )23 (81)

with Y, (p) = e"Diag (1, 1,¢e"%, e ?). Substituting Eq. 80 into Eq.
78 results in a linear matrix equation for the cylindrical harmonics of
the anomalous response.

5.3 Spherical harmonic decomposition for
3D chiral superconductors

To exploit the axial symmetry of the Fermi surface and chiral
symmetry of the order parameter, we write the anomalous
propagator (6x — 8g) and self-energy (6x — 0X) as a sum of
spherical harmonic components

10x (P;€)) = D" ) V' (P)I0x1,m (£)) (82)
1 m
with

Y,, (B) = Diag[Y}" (p), Y]" (B), YI" (B), Y1 (B)].  (83)

The spherical harmonic components are then given by
181, (€)) = CY}" (P)*|0 (B5 €)))p- (84)

The anomalous response in Eq. 69 can now be expressed in
terms of solutions for each cylindrical harmonic component,

18g7,,(€)> = Y Liv, ()[4, (9 +16Zf,, (e))],  (85)
.
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FIGURE 11

The anomalous thermal Hall conductivity versus temperature for
hard-sphere radii kiR = 0.7,1,1.5,2.0, and for chiral order parameters
belonging to the Ey, Ezg, E1g and Ep, irreducible representations of the
hexagonal point group. The Berry phase contribution is shown

for comparison (dashed curves). Results are shown for a transport
mean free path is Ly/&y = 7.5 and coherence length of ¢, = 100 kfl.
Figure reproduced from Ref. [52] with permission of the APS and
the authors.

where the perturbation is

Vg (0> = YT (B)* (iv - VO))p (1, 1, )" (86)
and the linear response matrix is given by
i (€) = Y7 (D)L (B3 €) YT (B))s- (87)

Similarly the vertex correction, Eq. 74, is recast as

a Mim, a a
|03, = —ﬂN‘; ;T”,;mpg,;m), (88)
where
T = <Y (P)*T* (B D) Y7 ()55 (89)

Finally we use Eq. 88 to eliminate the self-energy term from Eq.
85, yielding

Z|:1] 8”’ + :‘_]’\"fl‘; ;]L;Z:m’]rzl’;m |8g?’,m> = ;LZ’;m‘wg;m>‘ (90)

I

This equation is solved by matrix inversion.

6 Results for 2D chiral superconductors

To quantify the effects of finite-size impurities, we consider
hard-disc scattering for which the scattering phase shifts are given by
tan 8, = Jjm) (ks R)/ Ny (ks R) [71], where R is the hard-disc radius
and, J,, (z) and N,, (z) are Bessel functions of the first and second
kind, respectively. Results presented in this section were reported in
Ref. [52]. They are included here to highlight the effects of disorder
on fully gapped topological chiral superconductors and to compare
with new results for 3D nodal chiral superconductors. We start with
the effects of impurities on the equilibrium properties and the sub-
gap excitation spectrum.
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6.1 Suppression of T, and pair-breaking

For temperatures approaching the critical temperature, T, from

below temperature the order parameter approaches

continuously at the second order transition. The resulting

Zero

linearized gap equation yields the transition temperature in terms
of the pairing interaction, A, bandwidth of attraction (“cutoff’), ¢,
and the pair-breaking effect of quasiparticle-impurity scattering.
The pairing interaction and cutoff can be eliminated in favor of the
clean-limit transition temperature, T., with the result being a
transcendental equation for the suppression of T, from
quasiparticle scattering off the random distribution of impurities.

The resulting critical temperature is given by.'?

T, 1 lfoabnim 1
In =% = [ = 4 = 20blhimp —‘{I(—), 91
T <2+2 T.T,, 2 ©D

where W(x) is the digamma function, T, is the critical temperature
and &, = v¢/2aT,, is the coherence length in the clean limit. The
effects of pair-breaking by impurity scattering is determined by the
pair-breaking cross section

2
W=y, Y sin’ (8,0 = Sy, (92)

for a chiral order parameter with winding number v. For s-wave
pairing (v = 0), o, = 0 and consequently T, = T, as expected from
Anderson’s theorem [72]. In Figure 1, we see that oy, is generally
different from the total cross section oy = (4/kf)}.,, sin’6,,. The
two cross sections approach one another only in the point-like
impurity limit ks R < 1. Furthermore, oy, and T'c both depend on the
ionic radius and the winding number. A feature of the hard-disk
scattering model is that oy, for v = 2 and v = 1 cross at kfR = 3.05.
For radii smaller (larger) than this value, pair breaking is stronger
and T. is lower for v=2 (v =1).

6.2 Density of states

The quasiparticle spectrum, N (&) = N sIm g® (¢), also depends
sensitively on the winding number, », as shown in Figure 2. Note the
existence of multiple sub-gap impurity bound states, which are
broadened into bands with increasing impurity density. These
states are generated by the combination of potential scattering by
impurities and multiple Andreev scattering by the chiral order
parameter. As a result, the number of bound states and their
sub-gap energies are determined by not only the impurity
potential, e.g., the ionic radius, but also the winding number ».
The impurity-induced sub-gap
implications for all quasiparticle transport processes. In the low-

spectrum  has  important
temperature limit, T < |A|, the thermal conductivity is dominated by
excitations at energies well below the clean limit gap edge. Diffusion
within the lowest energy band of sub-gap states near the Fermi level
determines the low temperature heat current as we discuss below.

12 Similar results were derived for the suppression of T. by non-magnetic
disorder in p-wave superconductors and superfluid *He in aerogel
[73, 74].
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6.3 Thermal conductivity and the anomalous
Thermal Hall effect

In normal metals the thermal conductivity is limited by the
transport mean free path for quasiparticles scattering off the random
distribution of impurities, xy = (7?/ 3)NpvrLNT, where Ly =
1/ (04 Nimp) is determined by the transport cross-section.'?

Utr = (Z/kf) z Sinz (8"” - 8m+1)~ (93)

In the superconducting state the thermal conductivity depends on both
the mean impurity density as well as the impurity cross-section via,

K{ » } (T) = Nyvy J ds(zeTsech;TfL{ - } (e), (94)

xy xy

where we define the thermal transport lengths for the longitudinal
and transverse currents by

v(g7 (e)

L,.(¢) = Re———— 20 (o)

v¢dgi (¢) 95
294 ) ©9)

and L., (¢) =Im

Figure 3 shows the temperature dependence of longitudinal thermal
conductivity for fully gapped chiral superconductors with v = 1, 2. Note
that the presence of impurities generally enhances the low-temperature
thermal conductivity through the formation of sub-gap states, but the
enhancement depends on winding number of the chiral order. For
impurities with kfR = 1 note that a band of Andreev bound states
with a finite density of states at ¢ =0 develops for a chiral order
parameter with v = 2, but not for » = 1 as shown in Figure 2. This is
because the state with » = 2 has more phase space for scattering on the
Fermi surface with a nearly perfect sign change that leads to maximal
pairbreaking (i, scattering with §9 =+ 77/2) compared to the state with
v =1 (scattering with 69 = 7). Thus, for v =2 a gapless, diffusive,
“metallic’ band results in a low-temperature thermal conductivity
which is linear in temperature as T — 0, ie., Ky (T — 0) ocT. We
also note that for v = 1, such behavior only occurs for sufficiently large
impurity densities where the impurity bands broaden to close the gap
at e =0.

Figure 4 illustrates perhaps the most pronounced effects of finite-
size impurities on transport properties. Although the longitudinal
conductivity is relatively insensitive to the impurity size or the
winding number, the Hall conductivity depends strongly on both R
and ». For point-like impurities with radii smaller than the Fermi
wavelength, kfR <1, the thermal Hall conductivity is finite for v = 1,
but is dramatically suppressed for chiral states with |v| > 1, as is clear in
the comparison between v = 1 and v = 2 for kfR = 0.2 shown in the
lower two panels of Figure 4. This supports our previous argument that
Hall currents vanish for point-like impurities, i.e., kfR < 1, for all chiral
winding numbers except |[v| = 1. Also note that as we increase the
radius of the impurities such that kfR > 1, the Hall conductivity for
v = 2 increases dramatically and can be substantially larger than that for
v = 1. Furthermore, for a fixed normal-state transport mean free path,
the Hall conductivity exhibits a non-monotonic dependence on
impurity size, reaching maximum at an intermediate radius. Thus,

13 The transport and pair-breaking cross sections are different except for

bl = 1, cf. Eq. (92).
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the details of the impurity potential, and thus the sub-gap spectrum, are
of crucial importance for a quantitative understanding of anomalous
Hall effects in chiral superconductors.

It is also instructive to compare the low-temperature limit of
thermal Hall transport originating from the bulk topology in the
form of chiral edge states with the bulk thermal Hall conductance
from the random distribution of impurities embedded in the bulk of the
superconductor. For chiral p-wave pairing the edge-state contribution
to the thermal Hall conductance ng,ge/T = ntk}/6h is universal [46, 75,
76]. By contrast the bulk impurity contribution to the low-temperature
thermal Hall conductance can be expressed as KE’C‘}’}k =k fo;O X Ki‘i?e
[see Eq. 94], where Lffyo is the effective transport length, which is non-
universal and depends on the impurity density and scattering cross-
section. Furthermore, Lf;o is finite in a finite range of impurity density
for which there is a finite density of states at ¢ = 0, but not so disordered
as to destroy superconductivity, as shown in Figure 5. At sufficiently low
impurity density the spectrum is gapped at ¢ =0 and so the edge
contribution, which is linear in T can dominate at sufficiently low
temperatures. While above a critical impurity density superconductivity
is destroyed and with it the Hall transport. However, over a significant
range of impurity density both the edge and bulk impurity
contributions are present for all 7' < T..

To compare the edge and bulk contributions to K, when both
are present we consider typical values of the coherence length to
Fermi wavelength, kr&,, and the relative impurity size, ksR. For
example, taking kr§, =100, »=1 and kR=0.5 we find
KE’C‘J‘}k ~ 35Kf§,ge at the value of ny, that maximizes Ly, as shown
in Figure 5. In general we find that the bulk contribution to the
anomalous thermal Hall conductivity is generally dominant over
most of the temperature range.

7 Results for chiral superconductors
in 3D

We have extended the analysis for chiral states in 2D to chiral
states defined on closed 3D Fermi surfaces which often include
symmetry enforced line and point nodes of the excitation gap. The
results reported here include anomalous thermal Hall effects in
candidates for 3D chiral superconductors belonging to tetragonal
and hexagonal crystalline point groups, particularly the perovskite
Sr;RuO; and the heavy-fermion superconductor UPts. To
investigate the effects of ionic radius and the dependence on the
ionic cross-section, we use the hard-sphere impurity potential for
which the scattering phase shifts are analytically given in terms of
the hard-sphere radius, R, and the Fermi wavevector [77],

ji(ksR)
nl(k fR)’

where j)(z) and #(z) are spherical Bessel functions of the first and

tan 81 = (96)

second kind, respectively [78].

7.1 Critical temperature

For 3D chiral superconductors we obtain a result of the same
form as Eq. 91 for the suppression of T;. by disorder, but with a pair-
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breaking cross-section appropriate for scattering of a 3D Fermi
surface with finite-size impurities in 3D,

T 1 n f(fb 1
In 20 = = 4 MmpSoTeb _\y<,), 97
nTC <2+ 2T./T,, 2 7)

where the pair-breaking cross section is given by,

(2I+1)(2I'+1)

! 2
1 <1,0;1',01],0), (98)

Opb = 4}(—? % Z sin® (8; — Oy)
e

with {I,m;l',m'|L, M) are Clebsch-Gordan coefficients and J = |v|
is the Cooper pair angular momentum quantum number. For
s-wave pairing (J = 0) the Clebsch-Gordan coefficient vanishes
unless I=1', and thus op, =0 and T. =T, consistent with
Anderson’s theorem [72]. Note also that the pair-breaking cross-
section is in general different from both the total cross-section and
transport cross section, which are defined by

Crot = 4—7; > (21 + 1)sin’3; (99)
K5 4

4 _
0=z Z(l + 1)sin’ (81 = &) = o)y, (100)

f

which determine the quasiparticle scattering lifetime and transport
mean-free path, respectively. For point-like impurities all of the
above cross sections coincide except for pairing in the s-wave
channel, in which case ot = oy, but oy, = 0.

In the limit kfR < 1 the total cross-section and pair-breaking
cross-section both approach o = o), = 47R?, ie., four times the
geometric cross section of the hard sphere impurity. However, for
kfR> 1 the pair-breaking cross section is typically smaller than the
total cross section as shown in Figure 6. In the limit krR > 1 oy, and
(f{)b approach the geometric limit, 7R?. However, in general the pair-
breaking cross section is dependent on the topology of the order
parameter. Chiral states with higher angular momentum are subject
to stronger pair-breaking effects as we show for hard-sphere
impurities. In the lower panel of Figure 6 we show the pair-
breaking effects of impurity size and concentration on the critical
temperature T; as described by Egs. 97, 98.

7.2 Quasiparticle spectrum

Central to the interplay between chiral symmetry, topology and
disorder is the impact of impurity scattering on pair-breaking and
the resulting sub-gap quasiparticle spectrum. Distinct from fully
gapped 2D topological states, 3D chiral ground states support
symmetry protected nodes of the order parameter which leads to
quasiparticle states over the entire energy range from the maximum
gap on the Fermi surface down to the Fermi energy. The
quasiparticle defines the angle-resolved
quasiparticle density of states is determined by the retarded

spectral  function
diagonal propagator,

A(p;e) = Im g* (ps ¢). (101)

The local density of states is the Fermi-surface average of the
spectral function,

N (&) = NCA(Ps €)ps (102)
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where Ny is the normal-state density of states at the Fermi level.
Figures 7, 8 show the effects of impurity induced scattering on
the quasiparticle spectrum. The coherence peak at the maximum
gap edge is broadened by impurity scattering. The spectral
weight is redistributed to sub-gap energies by the formation
of sub-gap resonances. The formation of sub-gap impurity bands
is clearly visible in the spectral function for positions on the
Fermi surface corresponding to the maximum gap as shown in
the bottom panel of Figures 7, 8. These resonances correspond to
Andreev bound states that hybridize with continuum states near
nodal regions of the order parameter (c.f. Ref. [8]). Impurity-
induced sub-gap states are formed by multiple Andreev
scattering from the combined potential scattering and
branch-conversion scattering by the phase-winding of the
order parameter on the Fermi surface. The spectrum depends
on the structure of the scattering potential as well as the
topological winding number of the order parameter. These
impurity-induced sub-gap states play a central role in
determining the magnitude and temperature dependence of
the anomalous thermal Hall conductivity because these states
couple to the chiral condensate is the source of broken time-
reversal and mirror symmetries.

7.3 Thermal conductivity tensor for chiral
superconductors

The heat current density in Eq. 14 for chiral ground states with
embedded impurity disorder reduces to

N
e e
Yy

where 8g¢ (&) is the spherical harmonic component of g& (p; &)* =
g% (p; e)’ with angular momentum quantum numbers [, m. In
used the symmetry
8gi_,, (&) == (-1)"dgf,, (e)*. We also note that in linear

deriving this formula we relation
response theory a thermal gradient does not generate a spectral
response, in which case the anomalous response is equal to the
Keldysh propagator, dg* = 8g~. From j@ = —% - VT, we can express
the longitudinal and transverse components of the thermal
conductivity tensor as

4 de (€ £\?
K{xx} = ngVfTJ. ﬁ(ﬁsechﬁ) L{ xx} (8), (104)
xy xy
where the spectral resolved transport mean free paths are defined by
vrbgi, (e vrbgs, (e
Lo (e) = Re% and L, () = Im% (105)
-2y, (e) -2y, (e)

with y4, (e) = (Y] (p)*(ivp - V@), and the thermal gradient is
chosen to be along the x-axis, VO =xV,®. In Eq. 104 the
the factor
(e/2T)?sech® (¢/2T) which confines the quasiparticle contribution

derivative of the Fermi distribution leads to
to the heat current to excitations with |e| < T. Thus, if the transport
mean free paths, Ly, ., (¢), vary with € on a scale y* > T, then they
may be approximated by Ly, x, (¢ = 0), in which case the integration

over the spectrum and thermal distribution yields,
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x{m}(T):%ﬂszva{m}(s:O)><T, T <y (106)

xy xy

In the normal state, y* ~ Ef > T, and the above formula yields the
well known result for the normal-state thermal conductivity with
L,.(0) given by the transport mean-free path. In particular, in the
normal state the matrices that determine the anomalous response
and vertex corrections are
2
T:mzz/ = ]]‘SIZ’EJ; (Otot — O)
Lo = 10w Z/Vf,

0 totnimp

(107)

where oy and oy given by Eqgs. 99, 100. Then Eq. 90 yields the
anomalous response function,
-2 Vf
16c.> = &,@WM%%Q.

trftimp

(108)

Combining Egs. 105, 106 vyields the normal-state thermal

conductivity
2m?
Kyxx = KN = TNfoLN X T, (109)
1
where L, =Ly = , (110)
nimpo'tr

is the transport mean free path. Furthermore, the normal state does
not break time-reversal and mirror symmetries and thus
Ly, vanishes.

In the chiral superconducting phase, y* is a low energy scale set
by the width of the impurity band at the Fermi level, ¢ = 0. When it
exists a metallic-like band develops which at very low temperature in
the superconducting state gives rise to diffusive heat transport that is
again linear in temperature for T' < y*, now for both the longitudinal
and Hall conductivities. This regime is shown in Figure 9 for both
components of the conductivity tensor for the pairing states E;,, and
Eyg, ie, the states with Aj oc " with v = 1 and 2, respectively. For
these states, low-energy excitations are located around the point
nodes at p = * Z (in the clean limit), and therefore do not contribute
to low-temperature transport in the basal plane. Instead low-
temperature transport relies on the impurity-induced sub-gap
bands (see Figures 7, 8). The linear regime onsets for x,, and
Kxy at a threshold impurity density above which the impurity-
induced resonances broaden sufficiently to generate a finite
density of state at € = 0. The longitudinal conductivity increases
with the impurity density as more states become available at the
Fermi level even as the impurity scattering rate goes up. This
behavior is due to the fact that the total cross section, which
characterizes spectral broadening, is greater than the transport
cross section as seen in Figure 6. Above a critical impurity
fnp = e e/ (2&yop,), where y, =0.577 is the Euler-
Mascheroni constant, the number of available states no longer

density, »

depends on impurity scattering, ie, N(e=0)=N;. Thus,
increasing the density of impurities only decreases the thermal
current by reducing the transport mean free path, Ly = 1/fimp0y,
and thus xy = Ly X k}T/9. At fimp = 1,

imp the zero-temperature

limit of «../T is proportional to the ratio of the pair-breaking and
transport cross sections, x5 /T o< opb/0¢. As a result the p-wave
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pairing state has a universal upper bound for «,, /T, i.e., independent
of the structure of the impurity potential, because oy, = 0y for J = 1
(Eq. 100),

2

. K _ 2e’tky,
im —<
-0 T o

kf;fo, for p — wave pairing (E,,,). (111)

The thermal Hall conductivity ., /T also initially increases with
the impurity concentration above the lower threshold density shown
in Figure 9. However, x, /T peaks below r{
must vanish when disorder destroys the condensate and restores
Hall

conductivity also depends strongly on the topology of the

as the Hall response

time-reversal and mirror symmetries. The thermal
order parameter and the structure of impurity potential. The
latter is highlighted by the comparison between the thermal Hall
currents for the Ej, and E,, states with decreasing impurity size.
The state with v = 2 is severely suppressed kR < 1. This behavior
results from the suppression of branch-conversion scattering
which couples impurity scattering to the order parameter of
the chiral condensate. In the limit of pure s-wave impurity
scattering only the chiral states with A; o e* can support a
finite Hall conductivity (see Section 5.1).

Figure 10 shows the thermal conductivity in the zero-
temperature limit for the states Ej; and Ej,, ie, with
Ap o< pe™ with v =1 and 2, respectively. The presence of the
line node at p, =0 guarantees the availability of low-energy
quasiparticles for transport in the basal (x, y) plane even in the
clean limit. Consequently the low-temperature limit of «,./T does
not rely solely on impurity-induced sub-gap states at the Fermi level,
and is finite even for #jy,, — 0 as shown in the upper panels of
Figure 10. Indeed x,/T approaches universal values, identical to
those obtained for point-like impurities by Ref. [64], shown as the
diamond symbols in Figure 10. However, the thermal Hall
conductivity, limr_oxy,/T does not onset at njm, =0. A finite
impurity density is still essential for a non-vanishing anomalous
thermal Hall conductance, «,,/T, at low temperatures. The reason is
that the transverse component of the heat current is generated by
branch-conversion scattering induced by potential scattering off the
distribution of impurities. For this process to generate a finite
limy_o%,,/T the sub-gap Andreev resonances must be sufficiently
broadened to generate a finite density of states at the Fermi level.

7.4 Comparison with the anomalous thermal

Hall conductivity from Berry curvature
Anomalous Hall transport in ultra-clean

with  broken

symmetries was predicted by several authors [44, 46, 50]. In

topological
superconductors time-reversal and  mirror
particular, anomalous Hall conductance originating from the
gapless edge spectrum confined on the boundary of a topological
predicted to be

Kxy/kpT = {5kp/h. This edge contribution to the anomalous

chiral  superconductor is quantized,

thermal Hall conductance can be computed from the Berry
curvature Q,Ei’))ky via the formula [44, 50],

Kedge — 1 Q(n)

S IR (112)

(k)EO dec f'(¢),
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where f(¢) = % (1 - tanh %) denotes the Fermi-Dirac distribution,
Ex > the quasiparticle spectrum with 7 being the band index and V' the
volume of the system. In the superconducting state energy eigenstates of
the Bogoliubov Hamiltonian separates into two bands: above (n = +1)
and below (n=-1) the Fermi level with eigenenergies Ej . =
+ \[«flz( + |Ax]* where & = v (k| = ky) is the normal-state excitation
energy measured from the Fermi level. The Berry curvature reflects the
topology of the order parameter, and thus decays rapidly away from the
Fermi surface (c.f Ref. [79]). In the limit |A] < E; the Berry curvature
confines the summation over k to the Fermi surface,

lim Q) (k) =+ vk, (k| - k),

|Al/T—0

(113)

where as before v is the phase winding of the order parameter about
the k,-axis. The resulting Berry phase contribution to the anomalous
thermal Hall conductance for isotropic Fermi surfaces in d
dimensions is

ke \2/ 2\ [k \*
edge _ _ v _f I 2 ¢l — "B _f T
) (o) ~(G)(5)

(114)

in the low-temperature limit.

In Figures 9, 10 we compare the our results for the impurity-
induced thermal Hall conductivity with the prediction of the edge
contribution based on the Berry curvature in the low temperature
limit (T — 0) for four different chiral ground states. The
comparison is based on a typical coherence length scale
kg€ =100. For all four chiral states the Berry phase
contribution is dominant at impurity densities below the
threshold for impurity-induced transverse transport in the
limit T — 0. However, above this threshold the impurity-
induced Hall conductivity is comparable to or much larger
than the Berry phase contribution. For example, for the chiral
E,, state (bottom left panel of Figure 9), the impurity-induced
Hall effect yields transverse heat currents in the zero temperature
limit which are approximately an order of magnitude larger than
the Berry phase contribution for typical impurity dimensions.

Figure 11 depicts the zero-field thermal Hall conductivity as a
function of temperature for chiral states belonging to the spin-
triplet, odd-parity E;,, and E,, representations and the spin-singlet,
even-parity E,; and E,, representations of the hexagonal Dy, point
group, and the E, and, E, representations of Dyj,. Almost all
proposed chiral superconductor candidates, including the
perovskite Sr,RuOy4 and the heavy-fermion superconductor UPts,
belong to one of these representations. The results show that the
impurity-induced anomalous Hall effect (solid lines) dominates the
Berry curvature contribution [44, 50] (dashed lines) over the full
temperature range in all four chiral pairing states for impurities with
kR 2 1.5. In this context it is worth reiterating our earlier estimate of
the magnitude of the impurity-induced anomalous thermal Hall
conductivity for the chiral phase of UPt; [52]. Namely, for
kr = 1;‘;1, & =100A and T, = 0.5K, representative of UPt; [38]
we estimate #yy >3 X 102 WK 'm™ for T = 0.75 T, for the chiral
E,, state with v =2 and impurity radius kfR = 1.5 (Figure 11).
Compared to the normal-state thermal conductivity at T, xn(T¢),
one needs sensitivity to transverse heat currents at the level of
0.01 — 0.03 kn(T;) as shown in Figure 4.
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8 Summary and outlook

We presented the theoretical framework for understanding
Hall transport in
superconductors, and we reported quantitative predictions for the
thermal conductivity and the anomalous thermal Hall conductivity

disorder-induced  anomalous chiral

in superconductors with phase winding » for chiral superconducting
ground states belonging to the 2D irreducible representations of the
hexagonal and tetragonal point groups. We highlight the role of
quasiparticle-impurity scattering by finite-size impurities, i.e., ky R 2 1.
Our analysis demonstrates that an anomalous thermal Hall effect is
obtained for chiral superconductors with winding v, provided the
ionic radius of the impurities satisfies kfR 2 || — 1. Thus, for point-
like impurities with kfR < 1 the anomalous thermal Hall current
vanishes for all but chiral p-wave ground states. We also
discussed the spectrum of impurity-induced Andreev bound
states, which are formed via multiple Andreev scattering. The
spectrum depends sensitively on the winding number of the
chiral order parameter as well as the structure of the impurity
potential. Our results also show that the impurity-induced
anomalous thermal Hall transport dominates the edge state
contribution by an order of magnitude or more over most of
the temperature range below T.. The impurity- and edge
contributions to the thermal Hall effect both depend on
broken time-reversal and mirror symmetries. Thus, they are
equally good signatures of chiral superconductivity. The bulk
impurity effect is likely more accessible experimentally; it
produces larger Hall currents, and it is insensitive to the
quality of the surfaces of a sample. In summary this work
the theoretical computing and
analyzing experiments seeking to identify broken time-reversal

provides framework for
and mirror symmetries, as well as non-trivial topology of chiral
superconductors, from bulk transport measurements.

8.1 Outlook

There are a number of candidates for chiral superconductivity
that have been proposed theoretically and pursued experimentally.
The chiral phase of *He was proven to be chiral p-wave based on the
observation of anomalous Hall transport of electrons embedded in
superfluid *He-A [7, 8]. The heavy electron metal UPt; shows
evidence of broken time-reversal symmetry based on Kerr
rotation [33], Josephson interferometry [3], uSR [31] and SANS
studies of diffraction by the vortex lattice [6]. Observation of an
anomalous thermal Hall effect onsetting at the A to B transition
would provide a definitive bulk signature of broken time-reversal
and mirror symmetries in UPts. Analysis of the temperature- and
impurity-dependences of the Hall conductivity could provide new
and quantitative experimental constraints on the symmetry class of
E-rep of UPt;. For a number of proposed candidates for chiral
superconductivity, e.g., Sr;RuQOy, doped graphene, SrPtAs, etc.,
observation of an anomalous thermal Hall effect would provide
confirmation of broken time-reversal and mirror symmetry by the
superconducting order parameter. NMR experiments revealed the
existence of new superfluid phases of liquid *He when it is infused
into low density, anisotropic, random solids - “aerogels” [80] - or
confined into sub-micron cavities [81]. Analysis based on
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Ginzburg-Landau theory predicts that the ground state of *He
under anisotropic confinement is a chiral phase [82]. Thus,
experiments designed to measure the transverse heat current
could provide a definitive test of the theory for the ground state
of superfluid *He infused into anisotropic aerogels [83], and
similarly for *He confined in sub-micron cavities [84].
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One of the few undisputed facts about hole-doped high-T. cuprates is that their
superconducting gap A has d-wave symmetry. According to ‘dirty’ d-wave BCS
theory, even structural (non-magnetic) disorder can suppress A, the transition
temperature T. and the superfluid density ps. The degree to which the latter is
affected by disorder depends on the nature of the scattering. By contrast, T. is
only sensitive to the total elastic scattering rate (as estimated from the residual
resistivity po) and should follow the Abrikosov-Gor'kov pair-breaking formula.
Here, we report a remarkable robustness of T, in a set of Bi2201 single crystals to
large variations in po. We also survey an extended body of data, both recent and
historical, on the LSCO family which challenge key predictions from dirty d-wave
theory. We discuss the possible causes of these discrepancies, and argue that
either we do not understand the nature of disorder in cuprates, or that the dirty d-
wave scenario is not an appropriate framework. Finally, we present an alternative
(non-BCS) scenario that may account for the fact that the superconducting dome
in T12201 extends beyond that seen in Bi2201 and LSCO and suggest ways to test
the validity of such a scenario.

superconductivity, cuprates, charge transport, dirty d-wave theory, disorder

1 Introduction

Over the past decade or so, overdoped (OD) cuprates, i.e., those with a carrier density
beyond optimal doping, have become the central focus of efforts to elucidate the origin of
high-T, superconductivity. This shift of focus has emerged from two seemingly
contradictory standpoints. The first is the perceived simplicity of the nature of the OD
regime; the normal state pseudogap (on the hole-doped side) having been suppressed and
with it, many of the associated ordering tendencies [1]. The second is the realization that
this region of the cuprate phase diagram also hosts its own highly anomalous properties,
both in the normal and superconducting (SC) states [2-14]. Chief among these is the report
of a robust linear-in-T dependence of the superfluid stiffness p; as T. — 0 on the overdoped
side [5]. Prior to this discovery, the observed reduction in T, and p, with overdoping had
been attributed to a combination of a diminishing pairing interaction and the pair-breaking
effects of impurities treated within a ‘dirty d-wave’ extension of BCS theory. The robustness
of the T-linear form of p,(T), a hallmark of clean d-wave superconductivity, was inconsistent
with theoretical predictions and thus presented a challenge to the pre-existing consensus of
what drives the reduction of T, and p, with overdoping.

In response to this challenge, a thorough examination of the viability of the dirty d-wave
scenario was carried out on two very different OD cuprates-La,_,Sr,CuO,4 (LSCO) and
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T1,Ba,CuQOg, s (T12201)-using realistic parameterisations of their
respective electronic structures and treating the scattering potentials
generated by out-of-plane defects with ab initio DFT calculations
[15-19]. The conclusions of this work were that many facets of the
SC state in both families, including the dependence of p; on T'and p
[5], the THz optical conductivity (in LSCO) [7], the residual specific
heat [20, 21] and the residual thermal conductivity [22-25] could be
successfully captured within the existing framework. In order to
account for the robustness of the T-linearity of p(T) down to low-T,
the total scattering potential was argued to consist almost exclusively
of weak (Born) scatterers—due to the out-of-plane defects—combined
with a small amount of strong (unitarity-limit) scatterers located
within the CuO, plane (see also Ref. [26]).

Within the same picture, the suppression of T, from its disorder-
free value T, does not depend on the nature of the scatterer, only on
the absolute magnitude of the normal-state scattering rate I, as
described by the Abrikosov-Gorkov pair-breaking formula [27]. In
the work of Broun, Hirschfeld and co-workers [15-19], estimates for
I', were deduced from the residual resistivity p, (essentially an
extrapolation of the normal-state in-plane resistivity p,,(T) down
to zero temperature). These estimates for I, (=20K in OD
TI2201 and =55K in OD LSCO) were then found to generate
T.(p) domes with realistic values for the maximum T, (TT*) as
well as the doping level (p,.) at which superconductivity vanishes in
both families. Initially, these T,(p) domes were derived from a single
To(p) dome [17]. The later, more refined ab initio treatment
required two T,(p) domes to reproduce the experimental results
though the difference between them was only slight [18].

One of the most consequential aspects of dirty d-wave theory,
largely overlooked until now, is the strong dependence of T, on I,
irrespective of the nature of the scattering potential. As a rough guide,
an increase in p, by 10 uQcm corresponds to a decrease in both I',, and
T, of order 10 K. (More details of this correspondence will be presented
later). Such modest variations in p, are not uncommon in samples from
different growth batches or in samples synthesized in different
laboratories and thus one might expect a notable variation in
reported T, values. Yet, throughout almost 4 decades of cuprate
research, the SC domes reported in the literature for a particular
cuprate family have been, to all intents and purposes, identical, both
in terms of their 77 values and the doping extent of the dome itself.

The aim of this article is to highlight this insensitivity of T, to
changes in p, in different OD cuprates through a combination of
new measurements and analysis of existing data. The article itself is
divided into three parts. The first is an in-house transport study of
one of the most inhomogeneous cuprate families—-Pb/La-doped
Bi,Sr,CuQg,s (Bi2201)-that exhibits a remarkable robustness of
T, to marked changes in po. The second is a survey of recent
transport data on LSCO crystals and films which, when
combined with multiple reports of the T.(x) dome in LSCO
spanning several decades, represent a notable challenge to the
applicability of dirty d-wave BCS theory to OD cuprates. In the
final section, we present a simple (two-fluid) scenario for OD
cuprates which offers an alternative explanation as to why pg.
(T12201) > ps(Bi2201/LSCO). While incorporating disorder-
induced pair-breaking in some capacity, this scenario considers
the strange metallic nature of OD cuprates [28] as its defining
feature. The corollary of this study is that either we do not
understand the nature of disorder in cuprates, or that the dirty
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d-wave scenario, at least in its present guise, is not an appropriate
framework to describe the suppression of superconductivity in OD
cuprates as p — p..

2 Results and discussion

2.1 Robustness of T, to variations of pg
in Bi2201

Large single crystals of Pb/La-doped Bi2201 were taken from boules
grown independently at two sites via the floating-zone technique. The
doping level of the crystals used in this study (p = 0.215 £ 0.005) was
estimated from the measured T, using the Presland relation 1 -
T /T™ = 82.6(p — 0.16)* [29], with T™ = 36 K. Recently, it was
shown that when using this relation, normalized p,,(T) curves for
Bi2201 and LSCO single crystals of the same p (or T) value collapse on
top of one another [30]. The crystals were cleaved along the ab-plane
and cut into shape along the c-axis using a wire saw which leaves no
burring of the edges. Typical sample dimensions were approximately
1,000 x 200 x 8-40 um” (the thicknesses having been determined by a
scanning electron microscope).

For the resistivity measurements, electrical contacts were made
using 25 ym Au wire and fixed using Dupont 6838 paint before
being annealed in flowing oxygen for 10 min at 450°C. Typical
contact resistances were between 1 and 10 Q. All samples were
cooled using a “He flow cryostat and their in-plane resistivity
measured using a standard four-point ac lock-in detection
technique. While the dimensions of the samples could be
determined to a high degree of accuracy, the absolute magnitudes
of pa(T) were subject to an uncertainty of +25% due to the
uncertainty in estimating the distance between the voltage
electrodes. Complementary magnetization measurements were
carried out in a commercial SQUID magnetometer.

Figure 1 shows p,,(T) curves for 6 Pb/La-doped Bi2201 crystals
grown in Amsterdam (top panel) and Sendai (bottom panel). For both
sets of crystals T, = 27 Kand p = 0.20. According to a recent combined
transport and angle-resolved photoemission spectroscopy (ARPES)
study [30], this doping level lies very close to the doping level p* at
which the pseudogap regime terminates in Bi2201. Correspondingly, all
pPapr(T) curves display a quasi-T-linear dependence from room
temperature down to T, albeit shifted with respect to each other due
to the difference in their respective p, values.

In certain crystals (labelled #1B and #1C in Figure 1A), pu(T)
displays a small upward deviation from T-linearity below around 75 K.
One possible origin for this upward deviation is contamination of the
signal from c-axis mixing, whereby a proportion of the current flows
between the CuO, planes. The anisotropy in the resistivity p./p,;, is
extremely large in Bi2201 (=10°~10°) [31] and p.(T) is known to exhibit
only weakly metallic behaviour in the OD regime. Hence, any c-axis
mixing would lead to a marked increase in the absolute value of the as-
measured resistivity relative to the intrinsic ab-plane response as well as
a different T-dependence. In order to minimise this possibility, each
sample was mounted in a ‘floating’ configuration, i.e., elevated above the
substrate with the silver paint fully extending across the sample
thickness, in order to isolate the in-plane current response and
avoid any contamination from current along the c-axis. Using only
samples in which the resistivities on opposite sides of the crystal were
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In-plane resistivity versus temperature p,p(T) for several Bi2201 single crystals with a doping level p =0.20. The crystals in the two panels were grown
at two distinct sites: those labeled #1 (top panel) were grown in Amsterdam, while those labeled #2 (bottom panel) were grown in Sendai. The dashed lines
are extrapolations of a fit to p,,(T) between 50 and 150 K to allow a better estimate of the residual resistivity (po) values for each crystal. Note that the p,,(T)
curves have been normalised such that their high-T T-linear slopes are equivalent. The adjustments required to normalise these slopes were of the

order of the geometrical uncertainty (+25%) in each panel.

identical, we obtained a series of p,;(T) curves that exhibit the same 7-
linear slope between 75K and 300K (to within our geometrical
uncertainty), suggesting that c-axis mixing is indeed negligible in
these crystals.

The most striking feature of Figure 1 is the invariance of T, (=
27 + 1 K), irrespective of the magnitude of py, that itself varies by
over 250 uQcm. (For each crystal, p, is obtained by extrapolating
a fit to p,(T) between 50 K and 150 K). Moreover, any small
variations in the value of T, do not appear to be correlated with
po- As we will discuss in the following section, this level of
should be
superconductivity many times over.

impurity  scattering enough to destroy
Such robustness is
contrary to expectations within dirty d-wave theory in which

changes in T, and p, are strongly correlated (via T',).

2.2 Comparison with dirty d-wave theory

Dirty d-wave theory, as applied to cuprate superconductivity, is
an extension of an original treatment of paramagnetic impurities in
a conventional (s-wave) BCS superconductor [27]. Due to the sign
change of the SC order parameter A occurring at the nodes, even
non-magnetic impurities can induce pair breaking in a d-wave
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superconductor. This in turn leads to a residual density of zero-
energy states and a suppression of both T, and the superfluid density
ns. More quantitatively, A closes at a T, value that is reduced in the
presence of disorder from its optimal value T, according to the
Abrikosov-Gor’kov (AG) equation:

I =y 5+ o) = wol) (1)
7. V\2" k1. ) " Vo\2)

where y is the usual digamma function, I, is the normal-state
impurity scattering rate, and % and kg are the reduced Planck
constant and Boltzmann constant, respectively.

As mentioned in the Introduction, a recent series of studies
based on the self-consistent T-matrix approximation (SCTMA)
have indicated that a number of experimental observations in
LSCO and TI2201 can be successfully accounted for by carefully
treating the scattering potentials arising from different types of out-
of-plane disorder within the dirty d-wave formalism [15-19].
Within their picture, the momentum relaxation rate is assumed
to be the same as the single-particle scattering rate, as deduced, for
example, from ARPES. Accordingly, I',, can be estimated from the
Drude expression for the (residual) dc resistivity:

m*

Po = Ern (2)
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Predictions of dirty d-wave theory. For a single parabolic doping dependence of the underlying T.o(p), different choices of T, result in
superconducting domes T.(p) reminiscent of TI2201 and LSCO. The quoted values of T, = 67 (187) K correspond to pg values of 6 (20) uQcm for TI2201
(LSCO), respectively. For Bi2201, po = 50 yQcm corresponds to T', ~ 90 K or 307 K. Reproduced with kind permission from Ref. [17].

Here m* is the effective mass, n is the carrier density and e is the
electronic charge. Within the SCTMA, Born and unitarity scattering
contribute additively to I',, and thus, from the perspective of Eq. 1,
the suppression of T, is largely independent of the impurity phase
shift. Note too that the above expression does not take into account
the effects of small-angle scattering, which can cause the momentum
relaxation rate to be substantially smaller than the single-particle
scattering rate. Hence, the estimate of I',, from Eq. 2 is in fact a lower
bound for input into Eq. 1.

Figure 2 reproduced from Ref. [17]-shows how different T.(p)
domes for LSCO (red line) and T12201 (blue line) can be derived
from a singular form of T,(p) using estimates for I, that are
consistent with experimental observations. The quoted values of
I, = 6m (187) K correspond to py = 6 (20) uQcm for T12201
(LSCO), respectively. (As mentioned above, in a subsequent
study [18], slightly modified T.(p) domes for TI2201 and
LSCO were the though the
differences were only minor.) The essential feature of Figure 2
is that the reduction in T. of ~ 20 K (60 K) from its inferred T,
value in optimally doped T12201 (LSCO) is attributed to a normal
state scattering rate of approximately the same magnitude. At the

incorporated into model,

same time, the extent of the SC dome in LSCO (on the overdoped
side) is reduced by Ap = 0.06 for the same level of impurity
scattering.

In order to link these estimates for T, to po, we must also derive
estimates for m* and n = (1 + p)/Vq into Eq. 1, where Vi is the
volume of the unit cell. First, let us consider LSCO. For p = x = 0.20,
we obtain m* ~ 10 m, (the bare electron mass) from the electronic
specific heat [32] and n = 1.3 x 10®* m™? (using 1 + p instead of p).
Hence, T, = 55 K corresponds to p, ~ 20 pQcm, as quoted above.
Similarly for T12201 (p = 0.27), m* ~ 5m, [33,34],n=7.4x 10" m®
and T, = 18 K, giving py ~ 6 uQcm.
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2.3 Application of dirty d-wave theory
to Bi2201

For Bi2201, m* ~ 7-10 m, for p ~ 0.23 (T, = 18 K) [35] and n =
7.0 x 10 m™. Hence, the spread in p, shown in Figure 1
(40-290 uQcm) corresponds to 70K < I, < 500K. In other
words, while the impurity scattering rate deduced from p, varies
on the scale of 500 K, the superconducting transition temperature is
found to be constant to within 1 K. Such extreme inequality is clearly
at odds with expectations from dirty d-wave theory but is likely, at
least in part, to reflect the presence of some form of defect that
contributes to an enhanced p, while creating, by itself, little or no
pair-breaking. Before addressing the viability of the BCS pair-
breaking picture, therefore, let us first consider alternative
explanations for this surprising finding. (Recall that we have
already dismissed c-axis mixing in the current flow as a possible
cause of this variation in py.)

In this present study, T, values are quoted based on p,u(T)
measurements. Resistivity is effectively a one-dimensional probe of
superconductivity, in the sense that a transition to zero resistivity
requires only a single, filamentary SC path to be realized. Hence, if a
sliver of nominally pristine Bi2201 (i.e., with minimal disorder)
permeates each crystal, the apparent robustness of T, may be
illusory. In the normal state, by contrast, the current distribution
will be sensitive to all regions of the sample and indeed, if the SC
filament is sufficiently thin, it will be dominated by those non-SC
regions with higher p,. Such a scenario may help explain why T is so
insensitive to marked variations in pj.

Simulations presented in Supplementary Appendix SA indicate
that for such a scenario to be applicable, the SC region must occupy
~ 1% of the total volume of the sample; otherwise the T-dependence
of pu(T) will visibly deviate downwards from its intrinsic (T-linear)
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behaviour, which is not observed. In order to estimate the SC volume
fraction of our crystals, we measured the dc magnetisation of two of
them (with p, values of 80 uQcm (p(T) data not shown) and 300
uQcem (Sample #1A in Figure 1), respectively) using a SQUID
magnetometer with the magnetic field applied parallel to the ab-
plane (where the demagnetisation factor is minimised). The results
are shown in Supplementary Appendix SB and reveal an estimated
volume fraction in both crystals of ~ 100%. Thus, it seems unlikely
that the presence of a filamentary SC path (which would have to be
very similar in form in all crystals studied) can account for the
observed robustness of the SC transition.

A more plausible origin of this insensitivity of T, on p, is the
presence of specific (extended) forms of microstructural defects (e.g.,
dislocations, columnar defects, grain boundaries, etc., ... ) that
adversely affect p, while contributing minimally to pair breaking. An
example of such extended defects having a profound effect on p,;(T)
but a minimal effect on T. can be found in the infinite-layer
nickelates [36, 37].
inhomogeneity is a well-known feature of Bi-based cuprates [14,

Structural and electronic nanoscale
38], but this inhomogeneity tends to be more point-like than
extended and as such, should also have a similar effect on both
T, and py. Larger defects, such as microcracks, could also cause an
increased resistivity though in this case, one might expect to see
oc  exp(—-AlkpT))

tunneling across the crack, as one finds in polycrystalline

Arrhenius-type behaviour (p(T) due to
samples with multiple grain boundaries. While we noted
earlier that there were small upturns observed in the p,,(T)
curves of some of our Bi2201 crystals, there did not appear to
be any correlation between the value of p, and the presence of
an upturn.

A dedicated transmission electron microscopy (TEM) study is
currently underway to look for evidence for the type of defect that
might cause this dichotomy between T, and p,, the results of which
will be published elsewhere. Although we cannot rule out the
presence of such extended defects affecting p, without impacting
T,, in the following section we present a body of evidence on the
LSCO family that provides arguably a greater challenge to the
viability of the dirty d-wave scenario to cuprates within the
strange metal regime.

2.4 Review of T. dependence on pg in LSCO

It is well known that superconductivity in cuprates is strongly
suppressed upon Zn substitution on the planar Cu site. In LSCO, for
example, 4% Zn substitution can destroy superconductivity entirely
while at the same time raising py by ~ 50 uQcm [39]. The origin of
this suppression is not entirely clear. Despite being a non-magnetic
impurity, Zn dopants appear to influence strongly the magnetic
environment within the CuO, plane as well as act as unitarity-limit
scatterers [39].

Mahmood et al. [40] recently reported a study on OD LSCO thin
films irradiated using 1 MeV oxygen ions. Ion irradiation is believed
to create narrow columnar defect tracks throughout the film.
Figure 3A shows a series of p,,(T) curves obtained on an
optimally doped LSCO film exposed to different fluences using a
flux gradient to produce a spread in defect density. Irradiation leads
to a maximal increase in p, of 36-40 wQcm without the T-
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dependence or the slope of the p,,(T) curves changing. Such
adherence to Matthiessen’s rule, coupled with accompanying
measurements of the low-frequency Drude response, suggests
that the irradiation is simply creating additional elastic scattering
centres. According to the calculations in Section 2.2, the magnitude
of Ap, corresponds to AT',, > 100 K, and given that Eqs 1, 2 predict a
~ 1K drop in T, for every 1 K increase in T',, clearly such a level of
should be
superconductivity in the film. Yet T, itself is found to drop by
less than 5 K.

One expects that an optimally doped film will possess a more

disorder sufficient to remove all vestiges of

robust SC state than those at a higher doping level with a lower T.. In
reality, Mahmood et al. observed the opposite trend. As shown in
Figure 3B, for a pristine film with T, ~ 10 K, there was no discernible
change in T, for the same level of fluence that induced a ~ 5K
reduction in T, in the optimally-doped film. It seems that the more
overdoped the pristine film is and the lower its initial superfluid
density, the more robust is the superconductivity to similar levels of
irradiation.

Two further examples of the insensitivity of T, to changes in p,
in OD LSCO are shown in Panels C and D of Figure 3. Panel C shows
pan(T) curves for two single crystals (x = 0.24) whose p, values differ
by ~ 35 uQcm, corresponding to AT, ~ 100 K [41], yet the difference
in T, in the two crystals is less than 2 K. Panel D shows p,,(T) for a
single crystal [2] and thin film [42] with x = 0.23. Note that the form
of pap(T), as well as their derivatives [43], are the same, implying that
their doping levels are essentially equivalent. The difference in p, of
the two samples (after normalising their slopes [43]) is such that AT,
~ 85K, but yet again, their T, values are almost indistinguishable.

In the previous section, we discussed the possibility that in
Bi2201, the insensitivity of T. on p, reflects the fact that elastic
scattering is dominated by extended defects that contribute largely
to po but do not, by themselves, break pairs and thereby cause a
suppression in T, In the study by Mahmood et al, extended
(columnar) defects were found to cause an increase in scattering,
as deduced from the width of the Drude conductivity peak. We note
too that the superfluid density also decreased, implying that such
defects do indeed cause pair breaking, yet T, itself remained
remarkably robust.

According to Figure 2 and the corresponding relation between
I, and p,, dirty d-wave theory predicts that for every 1 uQcm
increase in py, T, in optimally doped LSCO should decrease by
around 2.5 K [17], irrespective of the phase shift of the dominant
scattering process. At the same time, the full extent of the SC dome
diminishes by Ap ~ 0.0075 per 1 uQcm increase in p,. This extreme
sensitivity of the T.(p) dome to small changes in py represents
arguably the greatest challenge to the theory’s applicability. Indeed,
one of the most striking and largely overlooked features of cuprate
research is the immutability of the T.(p) dome.

The six panels in Figure 4 reproduce full T.(p) domes for bulk
LSCO reported over a period of 2 decades (1989-2009) [44-49]. The
samples in question are both poly- and single crystalline and were
prepared by various techniques, including flux and travelling-
solvent floating-zone growth of single crystals and spray-drying
or powder-mixing procedures for the ceramic powders. Note that all
T, values, bar those in panel (E), were determined by magnetisation
or susceptibility measurements. The dashed green line in each panel
represents the Presland formula [29] with T7"* = 38 K and assuming
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Examples of the robustness of T, to changes in pg in LSCO. (A) p,(T) of an optimally doped LSCO thin film (x = 0.16) irradiated with 1 MeV oxygen

jons, but with a total fluence that varies across the devices between 0 and 4 x 10 ions/cm?, as indicated by the inset color bar. Reproduced with kind
permission from Ref. [40]. (B) T, as a function of irradiation fluence F for an optimally doped film (blue dots) and two overdoped LSCO films with different
initial T, values (red and green dots). Solid lines are guides to the eye. Reproduced with kind permission from Ref. [40]. (C) p.,(T) of two different

crystals of LSCO (x = 0.24) with pg values differing by 36 Qcm, corresponding to AT, ~ 100 K. Despite this large value of AT, the respective T, values differ
by only 1.5 K (Note that these p,,(T) curves were obtained in a magnetic field of 16 T applied perpendicular to the CuO, planes). Reproduced with kind
permission from Ref. [41]. (D) Comparison of p,,(T) of a LSCO single crystal (x = 0.23, blue curve) and a LSCO thin film (x = 0.23, red curve). Reproduced
from Ref. [43]. The p,,(T) data for the thin film has been divided by two in order to normalize the slopes. The corresponding pg values are 20 and 50 yQcm

respectively, corresponding to Al,, ~ 85 K.

p = x (the Sr content). The consistent overlap between the dashed
lines and the data indicates that the T.(p) dome in bulk, as-grown
LSCO is invariant, independent of the quality of the starting
materials or the way in which the samples have been synthesized.
Moreover, as highlighted by the single horizontal line spanning all
six panels, T7"** is the same for all series of samples to within 1 K. For
such consistency to be accounted for within the dirty d-wave
scenario, p, would have to be identical to within 0.4 uQcm
(<2%) for every sample at every single doping level.

Such extreme levels of reproducibility are clearly beyond all
reasonable expectations (requiring as it does that all LSCO
samples have identical values of T, to within 1K) and
highlight a key feature of the superconductivity in LSCO that
remains unresolved. It appears that the T.(p) dome in bulk LSCO
is not, as has been argued [15], set by the level of disorder in the
material, but by some other driving mechanism, such as the
strength of next-nearest hopping [50, 51]. Certainly, it would be
remarkable if the drop from T.o(p) to T.(p) for LSCO in Figure 2
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were due to a scattering rate I', whose magnitude is fixed and
commensurate with a p, value equivalent to 20 4Qcm and that all
other contributions to p,, e.g., flux or crucible inclusions, were
extraneous and had no further pair-breaking effect. A similar
fundamental limit to p, would also have to exist for Bi2201,
despite the fact that Bi2201 may contain multiple elements (e.g.,
Bi/Pb, La/Sr) in its formula unit.

Although a number of SC properties of OD LSCO and
TI2201 have been successfully modeled by considering the
differences in the impurity potential, its phase shift and its
location relative to the CuO, plane [15-19], the relation between
T.and T, is, by and large, independent of these details and as such,
should be a robust test of the theory’s applicability. The inability of
dirty d-wave theory to account for the remarkable insensitivity of T
to changes in py-highlighted in Figures 1, 4 - thus implies that either
we do not understand the true causes of residual resistivity in
cuprates (i.e., that the correspondence between I, and p, is
somehow lost), or that the basis of the theory is not the right
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FIGURE 4

Superconducting domes in LSCO over the decades. T.(x) as measured on (A—C) polycrystalline pellets grown via various techniques [44-46]; (D)
flux-grown single crystals [47]; (E,F) travelling-solvent floating-zone crystals [48, 49]. For all panels except (E), T was determined from the onset of the
Meissner (diamagnetic) signal. For panel (E), T. was determined from the onset of zero resistivity. The dashed line in each panel is the Presland formula
Te = TI™(1-82.6 (x - 0.16)°) with T7™ = 38 K. All Tc(x) domes appear to follow the same trajectory with the same T{"* value (+1 K) and most

remarkably, the same beginning (x = 0.05) and end (x = 0.27) points.

framework to describe the transition from strange metal to
superconductor.

Motivated by these findings, we present below an alternative
(non-BCS) scenario for the robust T.(p) domes in OD cuprates in
which the non-FL nature of the cuprate strange-metal plays a central
role. In the process, we offer an alternative explanation as to why the
SC dome in cleaner TI2201 extends to a higher p-value than in
Bi2201 and LSCO and suggest ways to test the validity of such
a scenario.

2.5 A tale of two domes

In the previous section, we highlighted various types of extended
defects that could, in principle, enhance p, without necessarily
inducing substantial pair breaking within the CuO, plane. In
order to investigate whether such defects are indeed the root
cause of this behaviour, more detailed microstructural studies of
each of the relevant cuprate families are strongly advocated.
Certainly, it is something that has been largely overlooked by the
community. Until such time, however, it is worthwhile to at least
consider  alternative  explanations for the demise of
superconductivity on the overdoped side.

Franz et al. [52] have argued that the predicted drop in T, with
disorder is higher than observed experimentally due to the fact that
within AG theory, the order parameter is spatially averaged, an
assumption that may not be applicable to high-T, cuprates by virtue
of their short coherence lengths. Allowing for the spatial variation of
the order parameter within a Bogoliubov-de Gennes formalism leads
to a suppression of T, that is indeed weaker than that predicted by
the AG theory, but only by a factor of 2. Moreover, naively, one
would expect the coherence length to diverge as p — pg. yet
according to the study of Mahmood et al., T, becomes even more
robust at higher doping levels [40].

The SCTMA used by Lee-Hone et al. [15] treats disorder using
an effective medium theory in which the SC state is also assumed to
be homogeneous. Other treatments, however, have considered
inhomogeneity or granularity in the SC state [53, 54]. When the
Cooper pair coherence length becomes comparable to the
correlation length of the disorder potential, the order parameter
is found to vary spatially while the superconductor segregates into

regions of high and low superfluid density, that in turn enhances the
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propensity for SC phase fluctuations. Indeed, evidence has emerged
for both granular superconductivity [14, 55] and enhanced SC phase
fluctuations [56] in OD cuprates.

While the granular model described in Ref. [54] captures a
number of key observations, it cannot be the complete picture.
What this model-and indeed the majority of disorder models that
consider this problem-assumes it that the OD cuprates are
that BCS
superconductor (homogeneous or otherwise) below T.. Yet, as

essentially ~ Fermi-liquids transition into a
stressed elsewhere, there is now mounting evidence that OD
cuprates are in fact strange metals, with a dominant non-FL T-
linear resistivity extending over the entire doping region [2].
Moreover, this strange metal is claimed to exhibit dual character
[9, 10] with coexisting but spatially separated regions with FL and
non-FL character, respectively [57].

The natural question that arises is whether the non-FL sector
possesses the necessary qualities to preserve the size of the pairing
amplitude in the presence of disorder. While there is currently no
microscopic picture that addresses this, we consider here a simple
‘patchwork’ model for OD cuprates in which intrinsic
superconductivity emerges uniquely from the non-FL sector
and is resilient to large changes in T,. Figure 5A shows a
schematic of such a patchwork cuprate comprising distinct
regions of non-FL (in blue) and FL (in red). In a related
article [59], we applied both effective medium theory and
random resistor networks to a binary mixture of FL and non-
FL patches to capture the evolution of the low-T resistivity from
purely T at high dopings to T-linear near p* (=0.19) with an
increasing fraction f of non-FL sector. The same model also
explains the correlation between the T-linear resistivity
coefficient and the slope of the H-linear magnetoresistance
[59]. In Figure 5A, the doping level is set such that there is no
the

Supercurrent could, in principle, flow through the FL regions

percolation path available for non-FL component.
via the proximity effect and thus maintain the SC state. In
inhomogeneous systems like LSCO and Bi2201, however, the
FL sector will be susceptible to strong pair-breaking effects due to
scattering off such inhomogeneities, thereby inhibiting the flow
of supercurrent between the SC patches. Hence, as soon as the
percolation limit is exceeded, the zero-resistance state is lost. For
LSCO and Bi2201, this percolation limit is assumed to coincide

with the end of the SC dome at p,. = 0.27.

frontiersin.org


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2024.1396463

Juskus et al. 10.3389/fphy.2024.1396463
A LSCO/BIZZOl ‘Non-Fl’ = Superconducting (o4 TI2201
'"B

. 08}
g
=" 06+ \ |
~o \ TI2201
=04 LSCO\

02 Bi2201

0 <
0 005 010150202503

doped holes p

‘FL’ = Permanently non-SC

FIGURE 5

‘FI’ = Proximity-induced SC

Atale of two superconducting domes. (A) Patchwork model for a hole-doped cuprate comprising distinct regions of non-FL (in blue) and FL (in red).
Here, the doping level is such that there is no percolation path available for the non-FL sector. In LSCO and Bi2201, supercurrent could, in principle, flow
through the FL sectors via the proximity effect (and thus maintain superconductivity. Due to the presence of strong inhomogeneities, however, pair-
breaking effects inhibit the formation of proximity-induced superconductivity within the FL sectors. (B) Normalized T.(p) domes for LSCO and
Bi2201 (dashed line) and T12201 (solid line and squares). Reproduced from Ref. [58]. The yellow shaded area represents the proposed region of suppressed
superconductivity in OD LSCO and Bi2201. (C) Patchwork model for T12201 with the same concentration (and distribution) of non-FL sectors. Due to its
lower levels of disorder, superconductivity can survive beyond the percolation limit because the supercurrent is now able flow through the FL sectors via
the proximity effect. Once the non-FL sector vanishes at p = 0.31, however, then all traces of superconductivity are lost.

According to Pelc et al., percolation emerges when the fraction
of SC patches reaches a critical value of 0.3 (assuming SC and non-
SC patches of equivalent size) [60]. Related to this, a;—the coefficient
of the low-T T-linear resistivity in OD cuprates—is found to grow
linearly from p = 0.31 up to its maximum value a™* at p* ~
0.20 where the pseudogap opens. Thus, at p = 0.27, a;/a™™ ~ 0.35.
In a recent high-field transport study [59], we argued that a;/a* is
a measure of the fraction of Planckian carriers that are present at a
particular doping. If these carriers, and only these carriers, form the
superfluid condensate in LSCO and Bi2201, then the reason for the
onset of superconductivity at p = p,. becomes self-evident-it is the
point at which the supercurrent can travel percolatively between
adjacent patches.

Figure 5B compares the normalised T. dome for LSCO and
Bi2201 (dashed line) with that of T12201 (solid line and squares).
The yellow shaded area in Figure 5B represents the region of the
phase diagram where the superconductivity in TI2201 is
enhanced relative to that seen in LSCO and Bi2201. (This
extended region of superconductivity is essentially the same as
that shown in Figure 2.) TI2201 is known to be more
homogeneous than LSCO and Bi2201 and possess longer
[34].
According to the above picture, the level of disorder scattering

mean-free-paths (as manifest in lower p, values)
in T12201 is low enough to allow supercurrent to traverse the FL
sectors via the proximity effect (see Figure 5C) and for
superconductivity to persist beyond the percolation limit.
Once the non-FL sector vanishes at p = 0.31, however, then all
traces of superconductivity are lost.

This picture represents a marked departure from the
extended BCS description
superconductor, yet is clearly nothing more than a toy model

for a disordered d-wave

at present. Before closing, therefore, let us consider some of the
consequences of the proposed picture and how it might be tested
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experimentally. One such consequence may in fact have been
tested already. In an earlier electron irradiation study on OD
T12201 (T, = 31 K) [61], an increase in py by 70 pQcm was found
to cause a reduction of 20 K in T,. Using the values quoted in
Section 2.2, we find that AT,, ~ 210 K > 10 AT,. Despite this level
of T, reduction being far smaller than expected by modified AG
theory (AT, = -(n/4)T,, [61]), it is still more than is seen in LSCO
or in Bi2201. (In Ref. [61], the authors used p, rather than 1 + p,
for the carrier density, making the agreement with their
from AG
superconductivity within the FL sector is susceptible to
disorder (in accordance with dirty d-wave theory) but is

expectations theory appear reasonable.). If

resilient within the non-FL sector, electron radiation might
induce pair-breaking predominantly or uniquely within the FL
sector. Moreover, if the doping level sits close to the percolation
threshold, superconductivity will be appreciably suppressed.
Further irradiation, on the other hand, would not cause a
further deterioration in T. due to the resilience of the
superfluid residing the non-FL sector. A more dedicated
irradiation study, over a range of dopings and to higher
fluences, could thus serve as a robust test of the validity of
this proposal.

The other corollary of this picture is the presence of SC droplets
beyond p, = 0.27. According to Ref.
superconductivity are intimately tied to the existence of the T-

[59], signatures of

linear component in p(T) that itself indicates the fraction of carriers
that are not standard Landau quasiparticles. Hence, for 0.27 < p<
0.31, one expects SC patches to survive, fluctuating or otherwise. A
recent STM study [14] observed gap features persisting in nominally
non-SC Bi2201, albeit with a low filling fraction, consistent with this
picture. In order to test this idea more rigorously, however, one
would need to track the evolution of these features in combination
with p(T) measurements up to p = 0.31 and beyond.
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3 Conclusion

The measurements, reproductions and analysis presented in this
article serve to highlight serious shortcomings in our understanding
of the normal and SC properties of overdoped cuprates. The
fundamental problem can be expressed as follows; either we do
not understand the relation between T',, and p, and the origins of
residual resistivity in OD cuprates, or dirty d-wave theory, at least in
its present guise, is not the appropriate framework to describe OD
cuprates. The reality is probably a combination of the two. The
robustness of the T.(p) domes in LSCO is particularly challenging
for scenarios based on standard pair-breaking effects in d-wave
superconductors. At the same time, there clearly needs to be a more
concerted effort to understand the nature of defects and their
contribution to pair-breaking and to p.

In the absence of a consistent picture, we have introduced
here an alternative explanation for the robustness of T. in
different OD cuprates, based on a ‘patchwork’ model that
recognises the dual character and non-FL nature of the
strange metal regime and the importance of the latter for pair
condensation. Within this model, dirty d-wave theory is still
found to play some role, accounting for difference in the extent of
the T.(p) domes in LSCO, Bi2201 and T12201. Further irradiation
studies on samples located at the edge of the SC dome may allow
us to differentiate between the different explanations for these
striking effects.
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Spontaneous time-reversal
symmetry breaking by disorder in
superconductors

Brian M. Andersen'*, Andreas Kreisel! and P. J. Hirschfeld?

'Niels Bohr Institute, University of Copenhagen, Copenhagen, Denmark, Department of Physics,
University of Florida, Gainesville, FL, United States

A growing number of superconducting materials display evidence for
spontaneous time-reversal symmetry breaking (TRSB) below their critical
transition temperatures. Precisely what this implies for the nature of the
superconducting ground state of such materials, however, is often not
straightforward to infer. We review the experimental status and survey
different theoretical mechanisms for the generation of TRSB in
superconductors. In cases where a TRSB complex combination of two
superconducting order parameter components is realized, defects,
dislocations and sample edges may generate superflow patterns that can be
picked up by magnetic probes. However, even single-component condensates
that do not break time-reversal symmetry in their pure bulk phases can also
support signatures of magnetism inside the superconducting state. This includes,
for example, the generation of localized orbital current patterns or spin-
polarization near atomic-scale impurities, twin boundaries and other defects.
Signals of TRSB may also arise from a superconductivity-enhanced Ruderman-
Kittel-Kasuya-Yosida exchange coupling between magnetic impurity moments
present in the normal state. We discuss the relevance of these different
mechanisms for TRSB in light of recent experiments on superconducting
materials of current interest.

time-reversal symmetry breaking, superconductivity, disorder, condensed matter
theory, quantum materials

1 Introduction

Several superconducting materials have been discovered to manifest evidence of spontaneous
time-reversal symmetry breaking (TRSB) that appears only below their critical superconducting
transition temperatures T, [1-4]. Evidence for such TRSB originates mainly from an enhanced
muon-spin relaxation (uSR) and/or polar Kerr effect measurements finding a change in the optical
polar Kerr angle below T.. Additional probes able to detect breaking of time-reversal symmetry in
the superconducting phase include Josephson interferometry [5], superconducting quantum
interference device (SQUID) magnetometry [6], and polarized and small-angle neutron
scattering [7]. These experimental methods detect the internal magnetic fields spontaneously
generated in the superconducting state. Explanations for the occurrence of such fields from the
perspective of clean (homogeneous) physical effects are either in terms of a TRSB non-unitary spin-
triplet pairing state or in terms of multi-component superconducting condensates entering a
complex TRSB superposition of two superconducting order parameter components. The latter
option is particularly natural for superconducting instabilities condensing in two-dimensional (2D)
irreducible representations of the associated crystal point group. Complex superpositions of two

56 frontiersin.org
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symmetry-distinct order parameters break TRSB, and generate persistent
supercurrent patterns at material edges, dislocations, or around various
defect sites, which produce magnetic fields that may not average to zero
locally. Such a multi-component scenario for the origin of TRSB below T
has been extensively discussed for e.g., Sr,RuO, [4, 8-12], UPt; [13, 14],
URu,Si, [15], UTe, [16, 17], SrPtAs [18], Re [19], Zrslr [20], LaNiC, [21],
LaNiGa, [22], PrOs,Sb,, [23, 24], Ba,_, K, Fe,As, [25, 26], FeSe,_,S, [27],
and more recently also for the kagome superconductors AV;Sbs (A: K, Rb,
Cs) [28-30], 4Hb-TaS, [31], CaPd,Ge, [32], skutterudites [33, 34] and
Na,Cr;As; [35]. For most of the compounds listed here, the evidence for
TRSB originates from SR experiments. For further materials displaying
TRSB in their superconducting phases, and other types of evidence, we
refer to Refs. [1-4].

At present, the status of the precise superconducting ground
state remains controversial for many of the materials listed above.
This is the case, for example, for the two materials Sr,RuO, and
UTe,, where specific heat data features only a single thermodynamic
transition that does not split under uniaxial strain, casting
considerable doubt on the multi-component nature of their
[36-39]. it appears
timely and important to pursue other possibilities for the origin
of TRSB detected solely inside the superconducting phase. This

superconducting condensates Therefore,

motivates the question of what mechanisms there are for TRSB of
superconducting condensates composed of a single component
order parameter? Barring non-unitary TRSB spin-triplet order,
the answer to this question naturally leads to a study of different
forms of spatial inhomogeneities and their influence on the local
properties of superconductivity. For example, it is known that some
superconductors generate magnetic moments below T. due to an
interplay between the gap structure and electronic correlations
[40-46]. As mentioned above, another possibility for TRSB
appearing only below T, includes the generation of localized
orbital loops of supercurrents near impurities. The latter is well-
known to arise near nonmagnetic disorder sites in complex TRSB
multi-component condensates [47-54], but was recently shown to
be also present in the strongly disordered regime of single-
component superconductors [55, 56]. Likewise, one might expect
dislocations and grain boundaries to similarly operate as seeds of
localized supercurrents producing sizable internal magnetic fields.
Recently, the latter scenario was studied in Refs. [57, 58] as a possible
explanation for reconciling the existence of TRSB and a single
specific heat transition in Sr,RuO,. Indeed for this material, edge
dislocations are known to be prevalent in many samples [59].
Finally, one might also envision that time-reversal symmetry is
already broken above T, through the existence of small magnetic
regions that are either too dilute or rapidly fluctuating to be picked
up by most probes. Only through a superconductivity-enhanced
coupling, or a sufficient slowing-down of such preexisting
magnetism below T, can it be detected, e.g., by entering the
muon relaxation time window.

Here, motivated by the above-mentioned developments we
survey a number of different mechanisms for inhomogeneity-
induced TRSB in superconductors. Our discussion of disorder-
induced TRSB refers both to cases where TRSB exists only locally
near inhomogeneity sites and where TRS is broken globally, but
manifested via induced currents near disorder sites. We discuss
these both in view of recent theoretical and experimental
developments of unconventional superconductivity.
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2 Mechanisms of TRSB from disorder in
superconductors

In this section we discuss three different mechanisms for
disorder-generated TRSB in spin-singlet superconductors. Section
2.1 reviews the generation of magnetic fields from disorder in
superconducting phases with TRSB in the bulk or generated near
spatial inhomogeneities. Section 2.2 discusses another case where
disorder in conjunction with electronic interactions and appropriate
superconducting gap structures lead to the generation of static
magnetic moments. Due to the required gapping of states for
is tied to the
superconducting phase. Finally, Sec. 2.3 surveys a third case

these moments to form, this mechanism
where preexisting magnetic local order (fluctuation moments) in
the normal state get enhanced (slowed-down) by superconductivity.
Clearly these mechanisms do not exhaust the options for disorder-
induced TRSB in superconductors where e.g., cases with substantial
spin-orbit coupling may also be of interest [60, 61]. We focus on
these three options given recent research along similar lines and for
their relevance for some of the superconducting materials
mentioned above. For a discussion of the possibility of TRSB in
homogeneous superconductors originating from conventional
electron-phonon coupling, we refer to the review [3] and the
references therein. A theoretical proposal for a mechanism has
been proposed in Ref. [62] and recent experimental evidence for
TRSB in materials where superconductivity is believed to originate
from electron-phonon coupling is reported in Refs. [32-34, 63].

2.1 Complex combinations of two
superconducting condensates

Entering the superconducting state is associated with a breaking
of the symmetry of the normal state symmetry group composed of a
direct product of crystalline symmetries, gauge symmetry and the
time reversal operation [70-72]. For non-magnetic normal states,
the allowed solutions of the gap equation can be characterized by the
irreducible representations (irreps) of the associated point
group. The leading instability is found from the linearized BCS
gap equation as the solution with the largest eigenvalue and thereby
also the highest T, [73-76]. Broken time-reversal symmetry can
arise from a complex combination of superconducting condensates
or the breaking of the spin-rotational invariance in non-unitary
triplet states. Whenever the preferred superconducting instability
corresponds to a two-dimensional (2D) irrep, the system may take
advantage of the degeneracy between the representations. From a
perspective of the minimization of the Ginzburg-Landau free
energy, there is the possibility to either form a real combination
thereby breaking a crystal symmetry or to form complex
superpositions [3, 12, 71]. The latter often maximizes the
condensation energy by forming a fully-gapped state and can be
shown to be the ground state for a single band setting within a loop
expansion [77]. We will not elaborate further on the possibility of
real superpositions, but focus instead on complex linear
combinations with standard examples as p, + ip, (p + ip) chiral
order (E,) in tetragonal systems and d., +id,2_,> (d + id) ordered
superconductivity (E,) in hexagonal lattices. Note that by “chiral”,
we refer to a particular subclass of TRSB superconducting

frontiersin.org
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Selection of theoretical proposals for phase diagrams exhibiting TRSB in homogeneous superconducting phases. (A) Frustrated multiband
superconductor which exhibits, as a function of frustration parameter, a state with complex order parameters of s + is type. The three order parameters
are symbolized as arrows in the white circles where the magnitude is the arrow length while the direction indicates phase in the complex plane [64-66].
(B) Phase diagram relevant for Sr,RuO4 exhibiting a TRSB phase of degenerate solutions d,; + id,, [67]. (C) Phase diagram calculated for Fe-based
systems with only electron pockets which support d-wave instabilities and s-wave states; if these become degenerate (almost degenerate) as a function
of a tuning parameter «, a TRSB superconducting state is stabilized at and below T, [68]. (D) Qualitative magnetic field-temperature phase diagram
proposed for UTe, where accidentally degenerate (nearly degenerate) triplet states produce a TRSB state at T. (below T.) [69]. (A) Reprinted figure with
permission from [64], Copyright 2010 by the American Physical Society. (B) Reproduced from [67]. CC BY 4.0. (C) Reprinted figure with permission from
[68], Copyright 2012 by the American Physical Society. (D) Reprinted figure with permission from [69], Copyright 2021 by the American Physical Society.
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FIGURE 2

Examples of static supercurrent patterns induced by spatial perturbations in TRSB superconductors. (A) Induced supercurrents from a single point-
like nonmagnetic impurity for the cases of d,._. +idy, (left) and d,._y2 +igy, (2-y2) (right) order parameters obtained from selfconsistent studies of the
extended one-band Hubbard model [53]. (B) Supercurrent distribution of a square system with chiral corner loop currents in an s +id,._,. state [47]. (C)
Spontaneous supercurrents induced near a dislocation modelled by five missing atoms. In this case the bulk superconductor is a pure d,._» state, yet
the dislocation is able to locally stabilize nontrivial phase gradients with associated current patterns [58]. (A) Reprinted figure with permission from [53],
Copyright 2022 by the American Physical Society. (B) Reprinted figure with permission from [47], Copyright 2009 by the American Physical Society. (C)

Reprinted figure with permission from [58], Copyright 2023 by the American Physical Society.

condensates mirror
symmetries. Along the same lines, solutions of one-dimensional

(1D) irreps that are accidentally degenerate may also form such

exhibiting phase winding that breaks

complex superpositions. Such cases are fine tuned, but Fermi
surfaces with competing nesting tendencies, for example, are
prone to near-degeneracy between several symmetry-distinct
superconducting instabilities and may therefore more naturally
feature such accidental degenerate superpositions. Examples of
these include d + is and d + ig as discussed in the context of iron-
based superconductors and Sr,RuO, (see Figures 1B,C), or the so-
called s + is state with nontrivial phases on different bands as displayed
in the phase diagram in Figure 1A, which also arises as a result of
frustrated pairing interactions which are discussed in view of Fe-based
superconductors [64-66] and other multiband materials [78]. More
recently, accidental degeneracies are also explored for UTe, where
candidate states include complex spin-triplet superpositions of the
forme.g., A, + iBs,, By, + iBs, or B3, + iB,, now expressed directly in
terms of the 1D irreps, see Figure 1D. All the complex superpositions
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mentioned above break time-reversal symmetry, as evident e.g., from
the chosen directionality of the orbital motion of the Cooper pairs.

Even though the above homogeneous
condensates spontaneously break time-reversal symmetry, their
unambiguous challenging
experimentally since the internal magnetic fields produced in these

superconducting

detection in actual materials is
states are suppressed due to the condensate of overlapping Cooper pairs
and Meissner screening. However, defects, edges, dislocations, twin
boundary interfaces, and other spatial inhomogeneities are known to
produce persistent current patterns with associated magnetic fields that
do not average to zero [47-53, 57, 58, 79-86]. In Figure 2 we show
several examples of disorder- and dislocation-induced current patterns
in TRSB superconducting phases. The examples include cases where the
homogeneous superconducting phase breaks time-reversal symmetry
(Figure 2A, B), and a case (Figure 2C) where TRSB is only induced
locally due to the dislocation, whereas the clean homogeneous
superconducting phase preserves time-reversal symmetry, see also
Ref. [87]. Naturally, a remaining important question is whether
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(A) Zn impurity on 1D inorganic chain YBa,;NiOs [96]. NMR satellite lines (left) indicate different Ni nuclei at different distances from the Zn.
Polarization (right) on each site oscillates in sign with distance [88]; (B) Elastic neutron scattering data on underdoped LSCO showing the intensity at the
incommensurate Bragg peaks near (z, 71) vs. temperature T [97]. While a magnetic field induces SDW order, significant incommensurate magnetism is
present already in zero field. This effect is enhanced with Zn substitution [98]; (C) Highly anisotropic electronic states induced by strain near a NaFeAs
grain boundary, interpreted as magnetic stripes along the Fe-Fe directions (blue arrows) [99]. (A) Reprinted figure with permission from [88], Copyright
2009 by the American Physical Society. (B) Reprinted figure with permission from [97], Copyright 2008 by the American Physical Society. (C) Reprinted

from [99].

induced fields from this mechanism exhibit the required amplitudes
and are voluminous enough to explain experiments of specific
materials, or one needs to resort to other explanations for the TRSB
signal. We return to this discussion in the final section of the paper.

2.2 Disorder and superconductivity-induced
quasi-ordered magnetism

2.2.1 Magnetic droplets from impurities
Nonmagnetic disorder has been known for many years to give rise
to magnetic bound states and magnetic glassy behavior in correlated
electron systems [88]. In superconductors, the opening up of a gap
promotes the existence of these bound states. For fixed correlation and
gap size, increasing disorder “freezes” the spin fluctuations present in
the system [46], transferring the spectral weight to low frequencies and
creating static configurations of localized spins that can break time-
reversal symmetry. There are several models that exhibit these
phenomena in a qualitative sense, and many somewhat mysterious
aspects of the phenomenology of underdoped cuprates can be explained
on this basis [88]. The approach has been to begin with the study of
simple, localized and isolated defects in model Fermi systems with
strong antiferromagnetic correlations, like Hubbard, ¢ — J, and
needed with BCS pairing
interactions [40-45, 89-92]. The magnetic response generally

Anderson models, combined as
takes the form of a “droplet” of magnetic correlations around
a defect, the
antiferromagnetic correlation length &, of the pure host. If

whose effective size corresponds to
the correlations and/or defect potentials are sufficiently strong,
this droplet is spontaneously nucleated, carries net spin 1/2 and
may be considered as a localized moment, but also displays a
staggered magnetic behavior over &y [40-45]. If correlations or
the impurity potential are weaker, the correlated spin response
is still present, but must be induced by an applied magnetic field
[45, 93]. This is a mean-field picture of the freezing of spin
the host, to be

supplemented by a description of dynamics, a complete

fluctuations present in which needs

version of which is still lacking. In the quantum critical
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regime, some aspects simplify, and the basic qualitative
features have been discussed in Refs. [94, 95].

Away from the quantum critical point, the droplet picture has
been extensively confirmed for dilute, intentionally substituted
defects, primarily by NMR and pSR experiments in quasi-1D
inorganic chain and ladder compounds (see Figure 3A) [96], as
well as in some quasi-2D cuprate materials where impurity
substitution into quite clean hosts can be adequately controlled
[88]. On the other hand, there is no reason why similar physics
should not take place when defects occur naturally in the crystal or
film growth process, which is characteristic of many complex oxides,
particularly chemically doped ones. The question then naturally
arises as to what happens when the inter-defect spacing becomes
comparable to the AF correlation length &, . In calculations for a 2D
Hubbard model with disorder and d-wave pairing correlations, the
overlap of the magnetic droplets in the correlated state leads to
interference processes which tend to align the droplets in a state
which displays quasi-long range AF order [44, 46, 100-102]. It seems
likely that the results of many experiments which are attributed to
“stripe order” in underdoped cuprates may in fact be explained by
the quasi-long range order arising from interacting droplets [89,
103]. The creation of 1D structures to lower the kinetic energy via
1D rivers of mobile charge while maintaining some correlation
energy is clearly an attractive and simple picture. But creation of
such structures also raises the energy of the state around a single
impurity, which would prefer to be more globular in shape. One can,
within Hubbard-type models on square lattices, answer the question
about which mechanism enables the system to lower its energy more
efficiently in which situation. This clearly depends on a variety of
factors, including doping, correlations, and disorder. By performing
simulations, one can - without prejudicing the system - determine
which part of the generalized phase diagram corresponds to 1D
stripe-like  structures, and which to other states
[89, 104, 105].

Experimentally, manifestations of this physics have been

ground

observed in a wide variety of contexts. In Figure 3A, we show
the well-established oscillations in the Y NMR line in a 1D inorganic
chain due to the modulation of the magnetic response locally by a Zn
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(A) Schematic of magnetic droplets created around individual nonmagnetic impurities in a correlated system, which interact via an effective
collective exchange, which may be understood by the need to maintain Néel coherence among the different droplets. (B), typical magnetization map M(r)
of a disordered superconductor is shown for U = 3.2t [44]. (C) the Fourier transform of M(r) yields the structure factor S(q). (D) Sketch of the expected
intensities (light blue dots) away from (, n) (black cross) as measured in neutron scattering experiments by taking data along line cuts (red line) [106].
(A,B, C) Reprinted figure with permission from [44], Copyright 2007 by the American Physical Society.

impurity. Figure 3B shows data from an elastic neutron study [97]
(see also [106-108]) with frozen magnetic order in a disordered
cuprate in zero field, enhanced further by application of a field. The
order is apparently quasi-long-ranged since it appears in the neutron
scattering intensity near wave vector (7, 1), yet it occurs in a part of
the cuprate phase diagram where true long-range order has
disappeared. Finally, in Figure 3C, STM reveals in an Fe-based
superconductor a spatially modulated density of states pattern due
to strain near a twin boundary with a wave vector close the (7, 0)
magnetic  ordering  vector, local

indicating impurity-

induced magnetism.

2.2.2 Quasi-long range magnetic order
from disorder

Quasi long-range antiferromagnetic order has been reported
in many cuprate samples whose T, or nominal doping puts them
the
superconducting state at low temperatures, e.g., in LSCO [97,
98,106, 107, 109-112]. Characteristic dynamical features of spin
glasses have occasionally been observed, but even if these are not

outside the long-range AF phase, particularly in

always found, the term “spin glass” has become commonplace in
cuprates to describe the existence of a phase of short-range
frozen magnetism. The size of the spin-glass phase varies
significantly with material [112]; whereas in LSCO it extends
in zero field out to 15% doping, it is confined to very low doping
in the much cleaner YBCO system [113, 114], and BSCCO is in-
between [112]. Moreover, disorder due to Zn substitution on the
Cu sites enhances the size of the spin-glass phase [98]. These
empirical facts suggest strongly the picture of disorder-induced
short-range magnetism described above. Quasi-long range order
occurs when these droplets begin to overlap [44], which can
occur without frustration on a square lattice, as shown in
Figure 4A. This lack of frustration has important implications
not only for the quasi-long range (7, 7) magnetic order, but may
also carry a macroscopic net magnetic moment. Since each
droplet of staggered order is dominated by the NN spins, it
carries a net spin 1/2 [41], and the droplets overlap coherently.
While the net moments associated with each droplet do not align
ferromagnetically, a fluctuating magnetic state with both short
range and longer range (inter-impurity distance) is created
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(Figure 4B). The final magnetization profile appears as a clear
peak in the structure factor, as seen in Figure 4C, compared to
the Lake et al. experiment on underdoped LSCO where intensity
at the incommensurate positions is found [106], as shown
schematically in Figure 4D. It is this disorder-induced
random magnetic landscape that is relevant to our current
study as a possible mechanism of TRSB in superconductors.

Thus far we have said little about why such a TRSB signal might
arise only below T, as observed in many unconventional
superconductors. Here the proposal is that the gapping of the low-
energy density of states enhances the probability of creating an
impurity bound state carrying the spin-1/2 moment. Figure 5A
shows the selfconsistently obtained magnetization in the presence
of a nonmagnetic point-like impurity at T'= 0 versus Hubbard U. As
seen, before entering the bulk SDW phase, a regime exists where the
superconductor prefers a local impurity-induced magnetic droplet as
discussed above. What is the origin of this local magnetic structure? In
Figure 5B, we show the local density of states of the tight-binding
model with band parameters suitable for a cuprate superconductor.
Addition of a strong impurity does not produce a bound state
resonance due to the fact that the impurity state is embedded in
the continuum. Addition of correlations does not change this
qualitative picture. On the other hand, when a superconducting
gap is created, as in the d-wave case shown in Figure 5C, the
expected in-gap resonance is clearly visible (compare, e.g., with Zn
impurity in BSCCO [115]). In the presence of correlations, the bound
state splits to lower the overall energy including magnetism, creating
in the process the localized spin-1/2 state with maximal polarization
typically on nearest neighbor sites. Creating such a state depends both
on the impurity potential Vi, and on the strength of the correlations
U, as shown in the “phase diagram” of Figure 6A. The explicit
evolution of the 1-impurity local magnetic state for increasing
correlation strength is shown in Figure 6B: it is stabilized in a
range of U just below the critical U corresponding to creation of true
long-range order in the Hartree-Fock approximation. Even if the
magnetic bound states are not formed spontaneously, i.e., one is in
the S = 0 part of the phase diagram shown in 6 A, it is important to
recall that the system is still highly correlated as indicated by the
response of many impurities for small but nonzero U to a weak
magnetic field, as seen from Figure 6C.
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FIGURE 5

(A) Magnetic phase diagram for a superconductor including a nonmagnetic impurity and a normal correlated metal. (B) Density of states of a normal
metal including a nonmagnetic impurity with correlations (blue curves, U = 2.3t) and without correlations (red curves, U = 0). (C) Density of states of a d-
wave superconductor including a nonmagnetic impurity with and without correlations.
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FIGURE 6

(A) phase diagram for single impurity in d-wave superconductors. U is the Hubbard interaction, treated in Hartree-Fock approximation, and Vi is
the impurity potential. (B) staggered magnetization near a strong impurity for increasing correlation strength U. (C) magnetization landscape induced by a
weak magnetic field in the presence of many impurities without spontaneous spin freezing. From Ref. [45]. (A,B,C) Reprinted figure with permission from

[45], Copyright 2007 by the American Physical Society.

Similar phenomena have been observed in many other
correlated superconductors. Most recently, magnetic clustering
was reported by uSR in samples of UTe, grown by chemical
vapor transport with T.s of order 1.6K [116], whereas no
magnetic signal was reported in cleaner molten-salt flux grown
crystals with T.’s of order 2.1K [117].

To summarize this section, simulations of a d-wave superconductor
in the presence of local Coulomb interactions and nonmagnetic disorder
[44, 89, 101, 103] are compatible with the experiments on relatively
disordered cuprates like LSCO and BSCCO where a spin-glass phase is
observed at low doping in the SC state [112]. These studies explain as well
why such a phase is not seen in the cleanest YBCO samples, why in LSCO
and BSCCO the spin-glass phase is more robust at underdoping, and why
it is enhanced by addition of further disorder. The order-from-disorder
many-impurity magnetic state is favored to appear only below T. when
the gap opens. Similar phenomena have been observed in other correlated
superconductors [91, 118-120].

2.2.3 TRSB from disorder-induced loop currents

Recently, a Bogoliubov-de Gennes study of a disordered d-wave
superconductor without magnetic correlations [55] reported local TRSB
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current loops for sufficiently high disorder levels, see Figure 7A. Since a
pure d-wave superconducting state does not break time-reversal
symmetry, and parameters are chosen to place the pure system far
from TRSB mixed-symmetry states (d + is), it is surprising that such
persistent currents can arise purely from nonmagnetic disorder. In
addition, the possible emergence of an effective granular d-wave
description was proposed by Li et al. [55]. In this picture, cuprates
consist of intrinsically inhomogeneous d-wave regions of roughly
constant phase, weakly coupled by Josephson tunneling. For
example, such behavior has been claimed experimentally from STM,
magnetization and transport measurements on certain overdoped
LSCO samples [121]. Such a proposal, if correct, would have
profound implications for the disappearance of superconductivity on
the overdoped side of the superconducting dome, since phase
fluctuations, rather than pair interaction weakening (as due, for
example, to the weakening of spin fluctuations and disorder [122])
would determine T..

However, detailed theoretical investigations of the disorder-
induced orbital currents in the same model framework were
performed in Ref. [56], showing that the occurrence of such
currents can be traced to local extended s-wave pairing out of
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(A) Spontaneous current pattern in a d-wave superconductor with large disorder [55]. (B) Zero temperature phase diagram indicating average
current (red triangles, left scale) vs. doping. Also indicated are s- and d-wave order parameter amplitudes, respectively (solid lines). The shaded region
marks the range of doping where a mixed state s + id is stable in the homogeneous case. Dashed lines show the average d-wave (purple) and s-wave
(green) order parameter components (see main text) with random distributions of impurities [56]. (A) Reproduced from [55]. CC BY 4.0. (B) Reprinted
figure with permission from [56], Copyright 2007 by the American Physical S.ociety.

phase with d-wave order, despite the fact that the effect occurs far
from the homogeneous s + id phase (see Figure 7B). The system does
not appear to spontaneously phase separate into granular regions.
Instead, the energetics leading to regions of local s + id order are
driven by inhomogeneous density modulations.

2.3 Enhanced RKKY exchange coupling and
slowing-down of magnetic fluctuations by
superconductivity

While the previous sections addressed the case where
orbital
currents or moment formation, here we focus on different

superconductivity is a necessary ingredient for
scenarios where disorder and superconductivity interact to
either slow down magnetic fluctuations or enhance the
mutual coupling between magnetic regions/moments existing
already in the normal state. This section serves to suggest
alternative mechanisms for observing TRSB below T.. We
focus on the physical picture and outline several options
whereas a quantitative study is left for future research. We
consider the following possibilities:

o (A) Time-reversal symmetry is preserved in the normal state,

but disorder pins or slows down fluctuations in the
break
symmetry or bring the system closer to local magnetism.

superconducting state to either time-reversal

« (B) The normal state contains significant amounts of magnetic
moments, but time-reversal symmetry remains preserved in
the normal state. The magnetic moments get resonantly
coupled in the superconducting state thereby breaking
time-reversal symmetry or bringing the system closer to
static magnetism.

o (C) Time-reversal symmetry is broken already in the normal

state, yet too weak or dilute to be detected by standard
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experimental probes. Superconductivity enhances the
magnetic volume fraction and/or increases the coupling

between magnetic regions.

The first scenario (A) was largely discussed in Sec. 2.2, there
exemplified through models relevant for cuprates, i.e., d,>_,2-wave
superconductivity in the presence of nonmagnetic impurities and
electronic correlations. This mechanism is likely much more
broadly applicable since most unconventional superconductors
allow for in-gap bound states from nonmagnetic disorder [90,
123, 124]. This causes enhanced local spin susceptibilities and
associated tendency to slow down magnetic fluctuations locally
or even pin magnetic moments [88]. This mechanism may well
also be at play near e.g., sample edges or various forms of
dislocations [57, 58, 125, 126]. A related property may happen
near sample edges when zero-energy Andreev bound states
generated by sign-changes of the gap function split by
spontaneous generation of edge supercurrents [82, 84, 86].

Regarding scenario (B), consider the case of a normal metal with
a concentration of magnetic moments. Due to quantum
fluctuations, time-reversal symmetry is preserved in the normal
state. We assume additionally a low Kondo temperature, Tx < T,
i.e., unscreened spins. We return briefly to the opposite case with
Tx > T. further below. The magnetic moments couple via the
indirect Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction,
ie., via a partial spin polarization of the conduction electrons,
causing the well-known oscillatory RKKY exchange interaction
[127-129]. The detailed behavior of the RKKY coupling in the
superconducting phase depends on dimensionality, the normal state
bandstructure, and the superconducting pairing symmetry, and is
generally a complex matter that requires thorough investigation
[130-133]. Typically, however, for spin-singlet superconductivity
the RKKY coupling is weakened by the singlet formation of the
conduction electrons. More specifically, for the standard RKKY
interaction contributes a  weak

s-wave superconductivity
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antiferromagnetic correction when the inter-moment distance R is
smaller than the coherence length & For R > & the RKKY coupling
becomes purely antiferromagnetic from the anomalous
(superconducting) part of the spin susceptibility, but is
exponentially suppressed in R [130]. These are consequences of
the typical suppressed spin susceptibility in the superconducting

phase. It is important to emphasize that these properties apply to the

perturbative RKKY  expression calculated in the Born
approximation, only in the case of s-wave spin-singlet
superconductivity.

It is known, however, that another contribution to the
exchange coupling arises from the Yu-Shiba-Rusinov (YSR)
bound states produced by magnetic impurities [123,
134-137]. The overlap of the YSR bound state wavefunctions
leads to a resonant-like contribution to the energy with a
singular dependence of the exchange coupling on the YSR
bound state energy [137]. Thus, in some superconductors
where the average distance between the magnetic moments is
lower than &, it is conceivable (though somewhat fine-tuned due
to the requirement of very low-lying YSR states [137, 138]) that
the RKKY coupling gets enhanced in the superconducting
phase, thereby boosting the tendency for magnetism and the
detection of a TRSB signal only below T.. In fact, this
mechanism may also be at play for the mechanism discussed
in Sec. 2.2 where magnetic moments are generated only by
electronic interactions and superconducting bound states from
nonmagnetic impurity potentials. To the best of our knowledge,
the resonant-like YSR energy contribution has not been
thoroughly investigated for other superconducting pairing
symmetries, but presumably nodal gaps or triplet order can
drive even stronger, directional-dependent couplings [131].
Quantum corrections to the classical YSR picture can also in
principle lead to TRSB enhancement in the superconducting
state, if in the case Tx > T, spin-singlet superconducting gap
formation unscreens the moments. In that case, if the moments
couple and generate a weak magnetic state, it may be picked up
by e.g., uSR similarly to the scenario discussed in Sec. 2.2.

Finally we discuss scenario (C) where a distribution of
disordered static magnetic moments are already present in
the normal state. Thus in this case, strictly speaking, TRSB is
not restricted to the superconducting phase below Tc. We do not
discuss in detail the origin of such moments, but they could
simply arise from weakly coupled magnetic impurities, or small
spin-polarized regions that have crossed into a nearby magnetic
phase due to chemical disorder. It might also be due to the
mechanism discussed in Sec. 2.2 if the “normal state” exhibits
pseudo-gap behavior. We assume that the magnetism in the
normal state is too weak to be detected by standard probes, for
example, due to a tiny volume fraction and/or short-range
nature. A TRSB signal may be detected, however, in cases
where the volume fraction grows and/or the moments couple
more strongly, and the magnetic quasi-order becomes longer
ranged as a result upon entering the superconducting phase
[139, 116]. The latter may arise from the mechanism discussed
under (B). It might also take place via new “stepping stone”
magnetic islands produced by nonmagnetic disorder in the
superconducting state via the mechanism discussed in Sec.
2.2. An enhanced volume fraction can take place in cases
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where another competing order is in the game. If
local disorder-induced magnetism is limited by orbital order
or a CDW phase, for example, then superconductivity may
suppress these competing orders and thereby alleviate the
magnetism. Clearly, these are
observing TRSB below T,

investigations for specific materials.

merely possibilities  for

and need further detailed

3 Experimental consequences

In this section we discuss the main current experimental
techniques to directly probe TRSB in superconductors, and
mention subtleties in the interpretation of experimental results.
Many unconventional superconductors are investigated using the
muon spin relaxation (uSR) technique where a beam of spin-
polarized muons with given energy is directed to the sample
[140]. Muons are stopped in the material, implanted at preferred
positions in the crystal structure and can be used to detect the
magnetic field locally at their positions. Within the lifetime of the
muons, their spins precess in the local field. Once the muon decays
into a positron and two neutrinos, the direction of the magnetic
moment fixes the probability distribution of emitted positrons. The
counting rates of the latter in the forward and backward directions of
the (original) polarization of the muon beam yield the asymmetry
A(t), which is recorded as a function of time.

The Fourier transform of A(f) for measurements on
superconductors in a finite field (in the vortex state) is directly
related to the magnetic field distribution of the sample and can be
used to deduce the temperature dependence of the penetration
depth [140-142]. In a zero field experiment, the information
about the field distribution is also contained in the asymmetry
function, but typically full oscillations are not observed in
superconductors because of the smallness of the internal
field. Still, an
temperature is taken as signature of the occurrence of an

increased relaxation as a function of
additional internal field that collectively depolarizes the
implanted muons. Average fields that are static on the time
scale of the muon decay can then be detected down to the scale
of uT [140]. From the shape of the asymmetry A(t) at low
temperature (when there is evidence for TRSB), it is possible to
estimate the average field by the reduction at largest measuring
times. A quick initial reduction and no further deviation as a
function of time are indications of few muons getting
depolarized in a large field. By contrast, an initial weak
difference of the that
quadratically in time indicates an almost uniform field

depolarization rates behaves
distribution. Fitting to such behavior can give bounds on the
fraction of the sample exhibiting TRSB. Such bounds may be
further benchmarked against scanning SQUID microscopy
measurement [6, 143, 144]. Depending on the initial energy
of the muons, implantation happens on length scales of
10 nm-100 nm from the surface, such that the technique can
be considered as bulk-like. By varying the initial energy of the
muons, the stopping profiles allow deductions of the TRSB as
function of distance from the surface [139]. The uSR technique
has been used to claim TRSB in a number of superconductors;
for a list see Ref. [3].
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Knowledge from ab initio methods about the preferred
position within the elementary cell where muons are
implanted [145, 146] can facilitate the interpretation of the
results, i.e., help decipher whether the positive charge of the
muons might cause a perturbation large enough to self-generate
a TRSB signal. In addition, the position of the stopping site and
the associated form factor can be important for a quantitative
description of the relaxation, e.g., in cases where the muon
locations may feature enhanced or reduced field effects from
purely geometric reasons. The typical magnitude of the internal
field at the muon site for a generic interstitial position in the
unit cell may be estimated; in the vicinity of local spin-1/
2 droplets (Sec. 2.2) or impurity-induced localized orbital
currents are of order 1 G [3, 147], which is of the same order
as fields reported in experiments.

The second main probe of TRSB is the polar Kerr effect, where the
polarization plane of light incident on a sample is rotated upon
reflection. The classic example is reflection from a ferromagnetic
surface, but in recent years the technique has been employed to
detect TRSB in unconventional superconductors [1, 2, 148-151]. The
angle Oy, which is related to the Hall conductivity, can be expressed as

Ok (w) = %Im(L(w)),

n(n®-1)

where 7 is the complex, frequency-dependent index of refraction,
and oyg(w) is the Hall conductivity. For the experimental
effect
superconducting state, it needs to be checked that the rotation

identification of a polar Kerr arising from the
onsets at T, the sign and magnitude of the signals vary after
each cool-down in the absence of an external magnetic field, a
small training field saturates the rotation angle (but with sign given
by the direction of the field), and the temperature dependence of the
Kerr angle follows mean-field-like order parameter behavior [148].

From a theoretical point of view, a finite Kerr angle is directly
related to a nonzero Hall conductivity, which requires time-reversal
symmetry breaking and breaking of mirror symmetries about all planes
parallel to the incident wave vector [152]. Therefore, the order
parameter has to be chiral and not simply break TRSB. For
example, a pure s + id superconductor is nonchiral and will not
generate an intrinsic Kerr signal. By contrast, a one-band p + ip
superconductor will produce a weak intrinsic Kerr effect with 6
arising only from the collective modes of the order parameter [153].
This effect is many orders of magnitude smaller than typical measured
rotation angles 6k of order tens of nanoradians. The intrinsic effect in a
chiral multiband superconductor, arising from contributions to oy from
interband transitions, is larger at optical frequencies (but still difficult to
definitively quantify) [154]. On the other hand, if the state is nonchiral,
there will be no intrinsic Kerr signal at all.

It is important to note that chirality can occur for complex linear
combinations of 1D irreps of the point group, and not necessarily
only those states corresponding to 2D irreps that have been
traditionally discussed, like p. + ip, in tetragonal and dy, +
id,>_» in hexagonal symmetries. For example, in tetragonal
symmetry, d,>_,> and d,, are distinct 1D irreps, but may occur
in an accidental linear combination a - dy, +ib - d.>_,2. Such states
should also give rise to an intrinsic polar Kerr effect, but nonchiral
TRSB combinations like s + id will not.
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One of the problems with the interpretation of Kerr
measurements is that the size of an intrinsic signal is very
hard to estimate, and the size of an extrinsic one may in
principle be in fact much larger, but depend on the type of
disorder and the nature of the ground state. For example, the
division between chiral and non-chiral states with regard to their
polar Kerr signals is muddied somewhat by disorder. In p + ip
states, an extrinsic Kerr rotation angle orders of magnitude
larger than the intrinsic effect may result from the skew-
scattering of chiral Cooper pairs from impurities [155, 156],
but for d + id and higher order angular momentum states, the
contribution is of higher order in (nV?

imp
impurity potential of point-like impurities with density n [1,

) where Vi, is the

155]. Estimates in both cases are model dependent and require
disorder averaging. Impurities in nonchiral TRSB states will also
give rise to small signals from induced currents, but after
averaging such signals should be substantially smaller, while
for chiral d + id states the signal is small but remains finite upon
impurity averaging [157]. A similar contribution should
therefore be provided by local spatially fluctuating magnetic
moments. Whether or not a Kerr signal is observed, and its size,
depends on how much averaging of the fluctuations takes place
over the laser spot. In both these cases, some kind of ability to
“train” the state with an external magnetic field should be
observed [148]. Finally, we mention some recent calculations
showing that local currents can be created near dislocations,
which induce d + ig or s + id states [57, 58]. The Kerr effect
arising from these local states has not been properly explored.

4 Summary and outlook

In the above we focused on different theoretical mechanisms
where magnetism in various guises appear only below the
superconducting critical transition temperature T. and is
generated by disorder or other spatial inhomogeneities. This
orbital

from

included discussions of localized defect-induced

supercurrents, magnetic moment generation
superconductivity and electronic correlations, and the possibility
of enhanced RKKY exchange coupling by superconductivity.
Naturally an important question relates to the relevance of these
mechanisms to the observation of TRSB below T in currently discussed
unconventional superconducting materials. In the above, we provided a
detailed  discussion of the and the possibility of

superconductivity-enhanced spin-polarization. Two other materials of

cuprates

significant current interest are UTe, and Sr,RuQ,. For these compounds,
two-component condensates are widely discussed, but inconsistent with
specific heat measurements, also under uniaxial strain featuring no signs
of double transitions [36-39]. This points to single-component
superconductivity which has received recent support from a number
of other probes as well [117, 150, 158, 159], but leaves open the question
of what causes a TRSB signal in some measurements. We have surveyed
several possible answers to this question from the perspective of induced
fields within the superconducting state from spatial inhomogeneity.
Resolving the detailed nature of TRSB in superconductors is
important since the resolution will have profound implications for
our general understanding of unconventional superconductivity.
Therefore, we hope that future collective research efforts will
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continue to be devoted to this task. This includes both improved
experiments and better theoretical descriptions, the latter including
material-specific studies of the interplay between unconventional
pairing states and realistic models for the relevant sources of spatial
inhomogeneity. 4SR and Kerr experiments on systematically disordered
samples, e.g., with strong chemical impurities or Frenkel defects created
by electron irradiation, can help to distinguish the extrinsic TRSB effects
described here from intrinsic effects, and from each other.
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Nuclear magnetic resonance
studies in a model transverse field
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The suppression of ferroquadrupolar order in TmVO,4 in a magnetic field is well-
described by the transverse field Ising model, enabling detailed studies of critical
dynamics near the quantum phase transition. We describe nuclear magnetic
resonance measurements in pure and Y-doped single crystals. The non-
Kramers nature of the ground state doublet leads to a unique form of the
hyperfine coupling that exclusively probes the transverse field susceptibility. Our
results show that this quantity diverges at the critical field, in contrast to the mean-
field prediction. Furthermore, we find evidence for quantum critical fluctuations
present near Tm-rich regions in Y-doped crystals at levels beyond which long-
range order is suppressed, suggesting the presence of quantum Griffiths phases.

KEYWORDS

nuclear magnetic resonance, quantum criticality, transverse field Ising model, Griffiths
phases, hyperfine coupling, quantum fidelity

1 Introduction

Unconventional superconductivity tends to emerge in the vicinity of a quantum critical
point (QCP), where some form of long-range ordered state is continually suppressed to T =
0 [1-9]. This observation suggests that there may be an important relationship between the
superconducting pairing mechanism and the strong quantum fluctuations associated with
the QCP, however there are major challenges to understanding the fundamental physics at
play in these systems. In practice various approaches can be utilized to tune the ordered state
to the QCP. Hydrostatic pressure or magnetic field are thermodynamic variables that are
homogeneous throughout the material and can be varied continuously. Doping, on the
other hand, offers a convenient method to apply “chemical pressure” or introduce charge
carriers, but can introduce electronic heterogeneity at the nanoscale which can complicate
interpretation [10, 11]. In such cases it can be difficult to disentangle what experimental
observations to ascribe to fundamental properties of a quantum phase transition versus
extrinsic effects arising from the long-range effects of the dopants.

In order to better understand the influence of doping in strongly interacting system near
a quantum phase transition, it is valuable to study a model system in the absence of
superconductivity. TmVO, is as material that has attracted interest recently because its low
temperature properties are well-described by the transverse field Ising model (TFIM), an
archetype of quantum criticality [12, 13]. TmVO, exhibits long-range ferroquadrupolar
order in which the Tm 4f orbitals spontaneously align in the same direction, as illustrated in
Figure 1. The Tm?" ions (4f'* with L = 5, S = 1, ] = 6) experience a tetragonal crystal field

69 frontiersin.org
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FIGURE 1
(A) Crystal structure of TmVO, (I41/amd) with Tm atoms in blue, V atoms lie at the center of green tetrahedra, and oxygen atoms in red. For the
studies discussed here, the magnetic field, Hp, was rotated in the ac-plane, with an angle 6 between Hq and the c axis. The projection of the field along the
c-axis is Ho cos 6. (B) Schematic phase diagram of TmVO, as a function of magnetic field H. along the c-axis, illustrating the B4 orthorhombic distortion
in the ferroquadrupolar state. (C) Phase diagram for Tm;_,Y,VOy,, reproduced from [14]. The dashed line represents the mean-field result expected
purely from dilution.

interaction, and the ground state is well separated by a gap of ~ 77 K
to the lowest excited state [15, 16]. The ground state is a non-
Kramers doublet, so the first order Zeeman interaction vanishes for
in-plane fields (i.e., g- ~ 10 while g, = g, = 0). This doublet can be
described by a spin-1/2 pseudospin in which one component, o,
corresponds to a magnetic dipole moment oriented along the c-axis,
while the other two components o, and 0, correspond to electric
quadrupole moments with B, (xy) and By, (x* — y*) symmetry,
respectively [17]. The two quadrupole moments couple bilinearly to
lattice strains ey, — ¢, and e,,, which gives rise to an effective
interaction between the moments and leads to a cooperative Jahn-
Teller distortion at a temperature, T [18]. TmVO, spontaneously
undergoes a tetragonal to orthorhombic distortion with B,,
symmetry below T, = 2.15K with orthorhombicity § = 0.01, as
illustrated in Figure 1B. Because there are two distinct orientations
of the quadrupolar moments, the ferroquadrupolar order has Ising
symmetry that can be described as a coupling between neighboring
pseudospins. On the other hand, a magnetic field oriented along the
c-axis couples to the pseudospin in a direction that is transverse to
the ferroquadrupolar order [19]. This field mixes the two degenerate
ground state quadrupolar states, enhancing the fluctuations of the
pseudospins and suppressing T at a quantum phase transition with
critical field HX = 0.5 T [12]. This interpretation has been
strengthened by the recent observation of a quantum critical fan
emerging from the QCP that extends to temperatures above T [20].

LiHoF, is another important material whose physics is well
described by the TFIM [21]. There are important differences,
however, between LiHoF, and TmVO,. Although the physics of
both systems derives from non-Kramers doublets, the former is a
ferromagnet with Ho moments ordering along the c-axis,
the has with
quadrupolar moments ordering in the plane. As a result, the

whereas latter ferroquadrupolar  order

transverse field direction for LiHoF, is perpendicular to the c-
axis, whereas in TmVOj, the transverse field direction is parallel
to c. This fact is crucial for TmVO, because it also has profound
consequences for the hyperfine coupling to neighboring nuclear
spins and enables unique measurements of the quantum
fluctuations since the

directly. Moreover, quadrupolar
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moments couple to strain fields, long-range order in TmVO,
is particularly sensitive to dopants. Therefore substituting with Y
in TmVO, offers a unique opportunity to investigate how the
quantum phase transition changes in response to the disorder
and random fields introduced by the dopant atoms.

2 Couplings to non-Kramers doublet
2.1 Lattice interaction

2.1.1 Ground state wavefunctions
The ground state wavefunctions of the Tm in the Dy, point
group symmetry of the TmVO, lattice are given by:

[y, =l 5) + |+ 1) + a3 F 3)

in the |J.) basis, where the «; coefficients are determined by the
details of the crystal field Hamiltonian [16, 19]. Is is straightforward
to show that J,, operators vanish in the subspace spanned by these
states. On the other hand, there are three other operators that do
not vanish:
Ji=T,~ 0w JJy+]Je~0, and], ~a,

where the o, are the Pauli matrices. Physically, the first two
operators represent quadrupolar moments with Bj, and B,
symmetries, respectively, and the third represents a magnetic
moment along the z direction. The conjugate fields to these
moments are strain €pjy = €xx — €y, €pyg = €xy» and magnetic
field H., respectively. Here the strain tensor is defined as €; =
(Ou;/0x; — Ou;/dx;)/2, where u(x) is the displacement from the
equilibrium lattice positions.

2.1.2 Cooperative Jahn-Teller effect

Because the quadrupolar moments have non-uniform charge
distributions, they can interact with a strained lattice via a bilinear
coupling of the form —7;¢;0;, where 7; is an electron-lattice coupling
constant. This coupling renormalizes the elastic constant, leading to
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a softening in both the B,, and B,, channels, but is strongest for the
B,g channel for TmVO,. It can be shown that this leads to an
effective coupling between the quadrupolar moments:

Hex = Y J(1=1)a, (Do, (I')

1A'

(1)

where the sum is over the lattice sites, and J(I — I') is an Ising
interaction between the Tm quadrupolar moments [17, 18]. The
coupling depends on the details of the lattice, and because it is
mediated by strain fields, it can extend well beyond just nearest
neighbor sites. This interaction leads to long-range order in the
three-dimensional TmV O, lattice below a temperature T = 2.15 K,
with finite expectation values of +{0,). This ferroquadrupolar order
is accompanied by a B,, lattice distortion as illustrated in
Figure 1B [22].

2.2 Zeeman interaction

The interaction between a non-Kramers doublet in a tetragonal
environment and a magnetic field is given by:

Hz =g.uzH.o, + % (gIP‘B)Zb[(Hi - Hi)ax + ZHXHyGy]’ @)

where H,, is a magnetic field along the (x, y) direction, g; = 7/6 for
Tm®" and g, and b depend on the crystal field Hamiltonian [23].
These parameters have been measured for TmVOj, to be g, = 10.21
and b/kp =0.082 K™' [16]. Note that H couples quadratically in the x
and y directions, rather than linearly for a Kramers doublet. A field
in the z direction splits the doublet linearly, and acts as a transverse
field for the Ising interaction in Eq. 1.

2.2.1 Induced moments for perpendicular fields

The Zeeman interaction can also be written as H; =y - H,
where the magnetic moment along z is y, = gupo, and the
perpendicular fields H,, can couple with quadrupolar moments
giving rise to effective magnetic moments:

1
Bay = E(gIﬂB)zb(Hny,x + Hyax,y).

H,,<3T, the second order
Zeeman interaction in the perpendicular direction will be less than
0.1kgTq, and can be safely ignored. At higher fields, H, and H,, can

also act as either longitudinal or transverse fields for the Ising order,

For sufficiently low perpendicular fields,

and can in fact be used to detwin the ferroquadrupolar order [24].

2.3 Transverse field Ising model for
ferroquadrupolar order

The low temperature degrees of the Tm electronic degrees of
freedom are thus captured by the sum H.x + Hz, which maps
directly to the TFIM:

Hrm = z ](l - l’)ay Doy (ll) +g:ppHc Z o (D),
1

1+’

3)

where the sum is over the Tm lattice sites. Here we have ignored the
small contribution from the perpendicular component of the
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magnetic field. Mean field theory predicts a QCP for a c-axis
field of Tq/gup = 0.3 T, which is close to the experimental value
of H¥ = 0.5 T. Note that if there is a perpendicular field oriented
such that H, or H, is zero, the system can still be described by the
TFIM, because H; does not couple to the longitudinal order in
pseudospin space (0,). Rather, there is an effective transverse field in
the x-z plane of pseudospin space leading to a different value of the
critical field [24].

2.4 Coupling to nuclear spins

2.4.1 Hyperfine coupling to *'V

In most insulators the hyperfine coupling between a localized
electron spin and a nearby nucleus arises due to the direct dipolar
interaction and can be described as Hy,,, = I- A - J, where I is the
nuclear spin, A is the (traceless) hyperfine tensor, and J is the
electron spin. For temperatures well below the crystal field
excitations, J should be replaced by the ground state
pseudospin operators and A should be renormalized. For a
non-Kramers doublet, there can be no coupling along the x or
y directions because the magnetic field of the nucleus does not
interact with the doublet. Rather, the hyperfine coupling has

the form:
Hiyp = Azelo0- + C(Hxlx - HyI}’)UX + C(HXIY + HYI")UY’ (4)

where A,, and C are constants [23]. In the absence of magnetic field,
there is only a coupling along the z direction, corresponding to the
transverse field direction. To determine the values of the coupling C,
note that Eq. 4 can be re-written in terms of the effective
magnetic moments:

2C

(gIP‘B)Zb
= yh( oD, + hyI, + h.I.),

ZZ

A
Hiyp (IX.“x + Iylf‘y) +——Iu, (5)
9zlg

where h, are the hyperfine fields at the nucleus created by the Tm
moments. Using the measured values of h,/u, = —0.0336 T/up and
h,/u, = 0.0671 T/up obtained by comparing the Knight shift versus
susceptibility, we can then identify:

C= %yh(g,ylg)zb(z—x> =~ - 0.37yK/T

X

h.
A, = yhgzy3<—> = 368uK.
By
these values of the hyperfine fields were obtained via direct Knight
shift measurements, but agree well with the calculated direct dipolar
fields in the TmVOy, lattice [25].

2.4.2 Quadrupolar coupling to *V

1V has spin I = 7/2 and a nuclear quadrupolar moment Q =
0.052 barns. Note that this moment is several orders of magnitude
smaller than the electronic quadrupolar moment of the Tm 4f
orbitals that undergo the ferroquadrupolar ordering at Tgq.
Nevertheless, the extended charge distribution of the latter can
contribute to the electric field gradient (EFG) tensor at the V
nuclear site, which in turn couples to Q. As a result, the nuclear
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(A) Spectra of °V for several different values of H. as the crystal is rotated (see Figure 1A). (B) Calculated frequencies of the seven transitions as a
function of Hc. The transitions merge at the magic angle, and then separate at higher values of H.. The dashed red line corresponds to the critical field, H*
(C) The spectral area versus H, for several different values of temperature. The blue diamonds correspond to Tm;_,Y,VO, with x = 0.4.

spins can couple to the pseudospin via the nuclear quadrupolar
interaction [23]:

Hq = Bi(I. - )0 + By(L I, + 1,1, )o, + P[312 = I(I + 1)]1.

Note that B, = By, and corresponds to a 45° rotation of the principal
axes of the EFG. The last term, P, is determined by the local charge
distribution in the VO, tetrahedra, and is independent of the 4f
orbitals. The EFG asymmetry parameter is given by B;{o,)/P, and
can be measured through detailed spectral measurements as a
function of angle in the ordered state. We estimate P =~ 15 uK
and B; = B, = 0.22 uK [24].

Ofall the terms in Hy,,,, + Hq, A is several orders of magnitude
larger than any other, even for perpendicular fields of several tesla.
Thus the coupling between the *'V and the Tm 4f orbitals is
essentially only along the transverse field direction.

2.4.3 Hyperfine coupling to **Tm

'Tm has a spin of I = 1/2, and experiences a hyperfine
coupling but no quadrupolar interaction. By symmetry, the form
of the hyperfine coupling must also be described by Eq. 5. In this
case, however, the coupling A,, = 160 mK is nearly three orders of
magnitude larger than that for the >'V due to the on-site coupling
[26]. As a result, the spin lattice relaxation rate in the
paramagnetic state is so fast that the '**Tm resonance has not
been observed. On the other hand, Bleaney and Wells reported
'Tm in the ferroquadrupolar state, where they found a large
shift of the resonance frequency for fields applied in the
perpendicular direction [16]. In this case, the shift is due to
the induced moments from the ordered Tm quadrupoles. The
shift exhibited a two-fold rotation symmetry as the field was
rotated in the perpendicular direction, which they attributed to
the second order Zeeman interaction and the induced
The  two-fold reflects  the
orthorhombic crystal structure in the ferroquadrupolar state.

magnetization. rotation
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3 Nuclear magnetic resonance studies

Recently several studies have been conducted of the >’V NMR in
TmVO, in order to better understand the nature of the quantum
phase transition [19, 24, 25]. In principle, one could perform zero-
field NMR (or nuclear quadrupolar resonance, NQR) and gradually
apply a c-axis field to investigate the behavior as the field is tuned to
the QCP. In this case, the NMR resonance frequency is given by |[yH
+nv,,|, where y = 11.193 MHz/T is the gyromagnetic ratio, v,, = 0.33
MHz, and n = -3, ..., + 3. Thus the highest transition frequency at
H = 0 is only 1 MHz, but experiments below 1 MHz are difficult
because the signal-to-noise ratio varies as >, where f is frequency
[27]. To overcome this challenge, a perpendicular field of 3.3 T was
applied along the [100] direction of the crystal (corresponding to the
x or y directions in Eq. 2), and the crystal was rotated to project a
small component along the c-axis, as illustrated in Figure 1A.

Spectra for several different values of H, are shown in Figure 2A.
For H, = 0, the spectra consist of seven transitions separated by a
quadrupolar interaction P ~ 300 kHz, as seen in Figure 2A. As H,
increases, the anisotropic Knight shift and EFG tensors alter the
frequencies of the various quadrupolar satellites in a well-controlled
fashion, shown in Figure 2B. The separation between the seven peaks
gradually reduces and vanishes at the magic angle (where H, =
Hy/v/3 =18 T), and all the peaks shift to higher frequency,
reflecting the strong magnetic anisotropy. Surprisingly, the
integrated area of the spectra is dramatically suppressed in the
vicinity of the QCP, as shown in Figure 2C. This suppression of
intensity has been interpreted as evidence for quantum critical
fluctuations of the transverse field, due to an increase in T;l, the
decoherence rate of the nuclear spins [20]. The relative area shown
in the figure is proportional to signal size L(t) ~e T2, which
depends on the time evolved, f, since the nuclear spins are
prepared in their initial superposition state. In this experiment t
is a fixed quantity determined by the pulse spacing in the
experiment. An increase in T,' thus drives a suppression of the
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area. If L(¢) decays faster than the minimum time to perform an
experiment, then the signal intensity will be suppressed, or “wiped
out.” The data in Figure 2C suggests that T;' reaches a maximum
at the QCP.

3.1 Transverse field susceptibility

The decoherence of an NMR signal can often be extended by
applying refocusing pulses [28]. The simplest such pulse sequence
consists of a spin echo, in which a single 7 pulse at time #/2
reverses the direction of precession and refocuses static field
inhomogeneities. Noise fluctuations at time scales shorter than
t/2, however, will lead to decoherence and loss of signal. In
general, the decay envelope, L(f), of a spin-echo can be related
to the noise fluctuations of the environment. In TmVOQO,, this
quantity can be written as:

F(wt)
nw?

A% [
log[L(#)/L(0)] = - "JO Szz (w) dw,

h2
where S, is the dynamical structure factor for the transverse field
fluctuations:

S.. (@) = j:o«rz (D)0, (0)ye*"dr,

and F(x) = 8sin*(x/4) is a filter function for the spin echo pulse
sequence, which takes into account the refocusing nature of the spin
echo 7 pulse [29, 30]. The spectral area, shown in Figure 2C, is
proportional to L(t) at fixed t corresponding to the pulse spacing in
the spin echo experiment. Because the hyperfine coupling in TmVO,
is solely along the transverse field direction, the nuclei are invisible to
the longitudinal degrees of freedom. Only S..(w), the noise spectrum
in the transverse direction, contributes to the decoherence of the
nuclear spins. This anisotropic coupling is highly unusual, but it
enables us to probe the transverse fluctuations without any
contamination from the longitudinal fluctuations, which diverge
strongly at the QCP. The filter function acts to remove the static or
low frequency (w < 10° Hz) components of the fluctuations, which
are dominated by thermal fluctuations [19, 31]. The remaining
contributions to S..(w), and hence to the decay of L(f), is from
quantum fluctuations, which exist at finite frequency. This is because
they arise from the intrinsic time evolution due to the many-body
Hamiltonian, which has a finite gap except at the QCP. The fact that
L(t) reaches a minimum at the QCP indicates that these quantum
fluctuations are largest here. Importantly, these extend to finite
temperature, even exceeding Tq. These results thus imply that there
is a broad region of phase space, a “quantum critical fan,” where
quantum fluctuations are present.

An open question is how does the transverse susceptibility
behave in the vicinity of the quantum phase transition? In mean-
field theory at T = 0, y,, remains constant in the ordered state, and
vanishes for H. > HZ, as shown in Figure 3A. The NMR data are
inconsistent with the mean field picture, since the relative area under
the spectra decreases dramatically at the QCP, indicating that y,,
must be strongly field-dependent in this range. Numerical
calculations that are based on high and low field series
expansions indicate that ., diverges logarithmically on both
sides of the QCP for various 3D lattices [32]. At T = 0 the
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enhancement is in a very narrow region but it should widen into
a quantum critical fan at finite temperatures. Indeed we find
significant differences between numerical calculations for small
finite clusters and mean field theory at finite temperatures with
enhancement in the general vicinity of the QCP, as seen in
Figure 3B. We expect the differences to be much larger and
centered at the critical point in the thermodynamic limit. These
calculations, however, assume only a nearest neighbor
interaction [e.g., J(I = I') = 0 if I, I' are not nearest neighbors
in Eq. 3]. The interaction is expected to be long-range in TmVOy,,

which could tend to stabilize mean-field behavior.

3.2 Fidelity susceptibility

Understanding the mechanisms of decoherence is a key problem
for quantum computing, and the behavior of a central spin coupled
to a well-controlled environment is an important theoretical model
that has been studied extensively [31, 33]. In the case where the
central spin (or qubit) is coupled to a 1D TFIM via a hyperfine
coupling along the transverse field direction, the decoherence of the
qubit can be elegantly expressed in terms of the overlap of the
wavefunction of the environment at different times and values of the
In fact, the °'V
ferroquadrupolar ordering in TmVO, maps well to this model,

transverse field. spins coupled to the
but with a 3D lattice for the environment. Although the central spin
model was originally developed for a single spin coupled to an
environment, it is straightforward to generalize to an ensemble of
nuclear spins in a lattice, each with its own identical coupling [20].
Thus, TmVO, offers a unique opportunity to experimentally study
this model.

Importantly, this connection offers a new approach to
understanding NMR decoherence in terms of the quantum
fidelity of the environment, which is defined as the modulus of
the overlap between two states: F = [{¥'|¥)|. In the case of the
central spin model, the two states are ¥} (¢t = 0) and ) ,.(t), where A
corresponds to the transverse field, and € corresponds to the small
hyperfine field. Two ground states of the TFIM at different values of
the transverse field may initially be very similar, but will evolve
strongly away from one another in the vicinity of the QCP. At T'=0,
the intensity of the NMR free induction decay is proportional to F?,
thus the qubit experiences a strong decoherence as the transverse
field approaches the critical value. This tendency can be captured by
the fidelity susceptibility: y» = —9°F/de®. At finite temperatures, the
fidelity can be expressed in terms of the density matrix [31]. A
related quantity is the Quantum Fisher Information which
quantifies the sensitivity of density matrices to small changes in
parameters [34]. Because the fidelity susceptibility tends to diverge
at a QCP, this quantity has been exploited theoretically to identify
quantum and topological phase transitions [35, 36].

On the surface, this picture differs from the conventional NMR
picture in which decoherence arises due to the presence of stochastic
fluctuations of the hyperfine field, which can be quantitatively
measured  via  Bloch-Wangsness-Redfield ~ theory: T,' =
AiZSZZ (w=0)/2h> [28, 37, 38]. However, xr in fact can be
related to the transverse field susceptibility, y.. = S../kgT [39].
This remarkable connection offers new insights and connections
between NMR and quantum information theory. For example,
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(A) Transverse susceptibility as a function of field for a simple cubic lattice at T = 0 in mean-field theory and in 3D short-range models. (B)
Temperature dependence of the transverse field susceptibility at several different values of the transverse field calculated numerically for small periodic
clusters of the square-lattice. The dashed lines are the mean field result, and the solid points of the same color are the results of numerical calculations.

NMR wipeout is ubiquitous in strongly correlated systems, and has
been observed in the high temperature superconducting cuprates
and the iron based superconductors [40-44]. In these cases, this
phenomenon has been attributed to electronic inhomogeneity
introduced because of the dopant atoms. However, the behavior
in TmVO, suggests that it might be valuable to considering the
wipeout in these other systems as a consequence of their proximity
to a QCP.

4 NMR studies of Y substitution

Replacing Tm with Y suppresses the long range
ferroquadrupolar order in Tm,;_,Y,VO, to zero at x. = 0.22, as
illustrated in Figure 1C [14]. Y has no 4f electrons and thus lacks
any magnetic or quadrupolar moments, so it acts to dilute the
interactions between the Tm quadrupolar moments. The rapid
suppression with doping is surprising because mean-field theory
predicts a much weaker doping dependence: T ~ 1 — x. Y doping
also suppresses ferromagnetic order in LiHoF,, however in this
case long-range order persists until x = 0.95 [45]. The reason for
the difference between the TmVO, and LiHoF, is that the Y
creates strain fields that couple to the ferroquadrupolar order in
the former. Y is slightly larger than Tm, thus it creates local
distortions in the lattice that couple to the Tm quadrupolar
moments [14]. This behavior is similar to that of a random
field Ising model (RFIM), and causes T, to be suppressed much
faster with Y doping [46]. The local strain fields may have
components with By, symmetry, which couples to o, and is a
transverse field, as well as fields with B,, symmetry, which
couples to 0, and is a longitudinal field.

Y substitution offers an opportunity to test whether the
decoherence observed in the pure TmVO, is due to quantum

critical fluctuations. Figure 2C shows that for x = 0.40, which has
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no long-range ferroquadruplar order, the relative spectral area
does not change significantly at HY, in contrast to x = 0. This
observation indicates that the quantum fluctuations are
suppressed in the x = 0.40 sample.

4.1 NMR spectra

NMR spectra in doped systems are generally broader than in
undoped materials because the dopants often give rise to
inhomogeneity. As seen in Figure 4A, the spectra of the pure
TmVO, and YVO, consist of seven clear resonances with small
linewidths, but these resonances grow progressively broader
with doping. Each of the seven resonances broadens equally
between 0 < x < 0.1. This behavior indicates that the broadening
mechanism is not quadrupolar inhomogeneity, but rather a
Knight shift inhomogeneity. The red dotted lines in Figure 4A
are fits to the spectra, and the data in panel (e) show how the
Gaussian width, o, varies with doping for the spectra that can be
clearly fit. It is surprising that even though random strain fields
are clearly present and rapidly suppressing T, they apparently
do not significantly alter the local EFG at the V sites. In many
other strongly-correlated systems, doping usually causes
significant quadrupolar broadening [47-50]. In Tm;_,Y,VOy,
the larger Y atoms slightly displace the O and V in their vicinity
[14]. On the other hand, it is possible that the VO, tetrahedra
may not be significantly distorted upon Y substitution. Also,
there are two main contributions to the EFG: a lattice term
arising from the arrangement of charges, and an on-site term
that is determined by the electronic configuration of the local
electronic orbitals [28]. It is reasonable that the latter term
dominates the EFG at the V,
configuration of the V and O orbitals remain relatively

and that the electronic

unperturbed by Y doping.
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FIGURE 4

(A) Spectra for several values of x measured in an external field Ho = 1 T oriented perpendicular to the c-axis at 1.8 K for all but the x = 1 case. For
YVO, the spectrum was measured at 4.5 T and 10 K, but has been shifted to lower frequency by yAH (AH = 3.9 T) to coincide with the other spectra. The
red dotted lines are fits as described in the text. (B,C) Histograms of the hyperfine coupling constants, A,, and A.., respectively, for a series of Y dopings for
simulations as described in the text. (D) Average (A,.) and standard deviation, o, of the distributions shown in (B) as a function of Y doping, x. (E) The
measured Gaussian linewidth of the spectra shown in (A) as a function of Y doping. The dashed red line was calculated using the computed standard

deviation, as discussed in the text.

4.1.1 Numerical simulations

To investigate the inhomogeneity of the magnetic environments,
we computed the direct dipolar hyperfine couplings, A,, and A, to
the V sites in a 9 x 9 x 9 superlattice in which a fraction of the Tm
sites are randomly removed. Histograms of these couplings are
shown in Figures 4B, C for different Y concentrations. The sum is
dominated by the two nearest neighbor Tm sites along the c-axis
direction (see Figure 1A). The distribution for the perpendicular
direction (A,,) broadens with doping, but does not exhibit any
structure. Figure 4D shows how the mean, {(A,,), and standard
deviation, oy, of the histograms vary with Y concentration. The
standard deviation increases linearly with doping, which agrees with
the experimental observation of the linewidth. The dashed red line
in Figure 4E represents the expected magnetic linewidth in a field of
H,=1T, as in the experiment. This quantity is given by o(x)|K|yHo/
(A, where K = —0.66%. Here we have subtracted (in quadrature)
the standard deviation of the histogram of the pure TmVO, case,
which includes boundary effects: o (x) = wlaim (x) = 0pist (0)%. The
simulated linewidth agrees well with the measured linewidth,
that for low Y
environment of the remaining Tm is not significantly altered,
despite the presence of the strain fields surrounding the Y sites.

indicating concentrations the magnetic

At higher doping levels, the magnetic broadening becomes
comparable to the quadrupolar splitting, and the spectra become
too broad to extract any information.

4.1.2 Effect of c-axis field

Figure 5A shows how the spectra for the x = 0.40 sample vary as
the crystal is rotated in a fixed field, similar to the data shown in
Figure 2A for the x = 0 case. As H, increases, there is no significant
wipeout at H, as expected since there is no long range order at this
doping level and therefore no quantum critical behavior. The
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integrated area for these spectra are shown in Figure 2C as a
function of H,.. However, there are three peaks that emerge as H,
increases beyond ~ 1.5 T, labelled A, B, and C, that are not present in
the undoped sample. In fact, these extra peaks are consistent with the
simulated histograms of the c-axis hyperfine couplings shown in
Figure 4C. The three peaks correspond to V sites with 0, 1 or
2 nearest neighbor Tm atoms, respectively.

As seen in Figure 4B these different V sites should not be discernible
for a field Hy L ¢. On the other hand, as Hy, rotates towards the c-axis,
three distinct peaks should emerge. This behavior is demonstrated in
Figure 5B, which displays the histograms of the Knight shift, K(6) =
AgaXaa SIN°0 + Ay, 086, for several different values of H, = Hy cos 6.
Here x., is the static susceptibility, and we assume x./y.. = 3 for
concreteness. The three sites are indeed discernible for sufficiently large
H,, which agrees well with the observations shown in panel (a).
Moreover, the relative intensity of the peaks (A: B: C = 0.32 : 0.49:
0.18) also agrees well with the observed spectra (0.33 +0.01 : 0.51 + 0.01
:0.16 £ 0.01). We therefore conclude that site A corresponds to V with
2 n.n. Tm, site B with 1 n.n. Tm, and site C with 0 n.n. Tm. This
property enables us to learn about the electronic inhomogeneity by
measuring the relaxation at the different sites.

4.2 Spin lattice relaxation rate

Figure 6A displays (T,T)"' versus temperature for several
different doping levels, measured for field perpendicular to the c-
axis. Note that for this field orientation the resonance frequencies of
sites A, B, and C overlap, and thus we are unable to discern if these spin
fluctuations are spatially inhomogeneous. We do not see any evidence
for stretched relaxation for x < 0.1, which would indicate the presence of
inhomogeneity. In this range the different quadrupolar satellites are
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He, for the pure TmVQOy,, and for the A and B sites in the 40% sample.

clearly resolved, and the relaxation was measured at all transitions to
extract both the magnetic and quadrupolar relaxation channels,
although just the magnetic contribution is shown [24]. For higher
doping levels where the spectra no longer show any structure, we are
unable to determine if there is any stretched relaxation behavior. There
is a clear peak for the pure TmVO, at T, reflecting the critical slowing
down at the thermal phase transition. As the doping level increases this
peak is suppressed to lower temperatures, yet (T;T)”" increases and
reaches a broad maximum around x = 0.10. In fact, the spin fluctuations
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appear to be enhanced near the vicinity of the critical doping level, x,,
possibly reflecting quantum critical fluctuations at this doping. At
higher doping levels, the fluctuations gradually are suppressed and
eventually disappear. For the pure YVO,, there are no magnetic
moments present anymore, and (T,T)™ is several orders of
magnitude smaller.

Sites A, B and C can be discerned when there is a finite H,
component present. Figure 6B compares (T',T)"" versus H, in pure
TmVO, with TmyY(4VO, for the A and B sites. The strong field
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dependence of the pure system reflects the growth of the gap as the
system is tuned away from the QCP at HX:
(T,1)" ~ exp (-A(H.)/T) [20]. As H, is tuned beyond the QCP,
the gap increases and (T, T)7! decreases. It is surprising that in the x =
0.40 sample, which has no long range order, the A and B sites exhibit
behavior that is qualitatively similar to that in the pure system. In other
words, they each increase with decreasing field as H, approaches the
critical value. This behavior suggests that there are still localized clusters
of Tm which continue to exhibit behavior reminiscent of the undoped
lattice. Statistically there are regions of the disordered lattice with
connected Tm atoms, and these may continue to exhibit
correlations despite the absence of long-range order, giving rise to
Griffiths phases [52]. An interesting open question is how such
disconnected clusters may be affected by the presence of random
strain fields.

Inhomogeneous dynamics in the disordered lattice may also
explain the fact that the spectra in Figure 5A appear to exhibit an
increasing intensity for H. > 1.5 T once the A and B peaks emerge.
If local clusters of Tm continue to exhibit quantum critical
fluctuations at these sites, then T,' will be large, suppressing
the signal from these sites. In other words, the A and B sites may
experience partial wipeout in the vicinity of H¢. Overall these
sites contribute 84% of the total area, and the relative area under
the spectra decreases by approximately the same value near H¥ in
Figure 2C. These observations further support the argument that
the A and B sites are locally unperturbed by the Y dopants, and
may exhibit behavior consistent with quantum Griffiths phases.

5 Conclusion

TmVO, offers a unique new experimental platform to investigate
quantum critical phenomena and the effects of doping. The unique
properties of the non-Kramers doublet in this system not only gives rise
to the unusual Ising ferroquadrupolar order, but also ensures that the
nuclear spins in this system only couple to the transverse field degrees of
freedom. Studies of the Tm,_,Y,VO, uncovered several unexpected
results. First, despite the presence of random strain fields, the EFG at the
V sites remains unperturbed, at least for low doping concentrations. As
the doping level increases and the long range ferroquadrupolar order
vanishes, the spin lattice relaxation rate for the V sites is enhanced,
before decreasing for doping levels that exceed the critical
concentration. However, we find evidence that quantum critical
fluctuations remain present for V sites that belong to Tm-rich
clusters, even beyond the critical doping level, suggesting the
presence of quantum Griffiths phases in the Y-doped system. It is
unclear whether such isolated Tm clusters also experience random
transverse or longitudinal strain fields. Further studies of this doped
system will shed important light on how quantum fluctuations are
destroyed by disorder.
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Considerable evidence shows that the heavy fermion material UTe; is a spin-
triplet superconductor, possibly manifesting time-reversal symmetry breaking, as
measured by Kerr effect below the critical temperature, in some samples. Such
signals can arise due to a chiral orbital state or possible nonunitary pairing.
Although experiments at low temperatures appear to be consistent with point
nodes in the spectral gap, the detailed form of the order parameter and even the
nodal positions are not yet determined. Thermal conductivity measurements can
extend to quite low temperatures, and varying the heat current direction should
be able to provide information on the order parameter structure. Here, we derive
a general expression for the thermal conductivity of a spin-triplet superconductor
and use it to compare the low-temperature behavior of various states
proposed for UTe,.

triplet superconductors, thermal transport, impurity scattering, nonunitary pairing,
unitary pairing

1 Introduction

The uranium-based superconductor UTe, has stimulated a large number of
experimental and theoretical studies, initially because of its apparent role as a
paramagnetic end point of a family of ferromagnetic superconductors [1-3] and later as
evidence for spin-triplet superconductivity accumulated. The nuclear magnetic resonance
(NMR) Knight shift measurements on the earlier samples did not show any change in the
superconducting state [4], although recent Knight shift measurements on high-quality
samples show a small reduction along all three axes [5]. Both measurements support
spin-triplet pairing; however, the spin structure of Cooper pairs remains unclear. Another
piece of evidence that indicates spin-triplet pairing is the size of the upper critical field H,,
that exceeds the Pauli limit for all field directions [1, 6]. Measured power-law temperature
dependence in NMR relaxation, specific heat [1], and thermal conductivity [7, 8] was found
to be consistent with point nodes, as expected for a triplet superconductor in a system with
strong spin-orbit coupling (SOC) [9-11]. Finally, a reentrant superconducting phase was
shown to be stabilized at high magnetic fields [12].

A second set of measurements relevant to the nature of the superconducting state
purports to exhibit evidence for time-reversal symmetry breaking (TRSB) below T,
suggesting that UTe, may support the long-sought chiral p-wave state that may serve
as a quantum computing platform [13-17]. Initially, the polar Kerr effect [18] experiments
suggested that TRSB occurred in the superconductor, implying the existence of a
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multicomponent spin-triplet order parameter. According to group
theoretical classifications of the one-dimensional (1D) irreducible
representations (irreps) allowed in orthorhombic symmetry, order
parameters corresponding to single irreps must be unitary triplet
states, meaning that any TRSB must arise from a nonunitary
multicomponent state. Such combinations of 1D representations
were discussed intensively, particularly because a double specific
heat transition was sometimes observed in early samples, recalling
the specific heat experiments in multicomponent UPt;.

More recently, measurements of a new generation of high-
quality UTe, crystals grown in molten salt flux have challenged
this characterization of UTe, as a chiral triplet state breaking time-
reversal symmetry (TRS). The Kerr effect was observed in a sample
showing two specific heat jumps, but as the quality of the samples
improved, only a single transition was observed [19, 20]. A recent
investigation of the Kerr effect on both the old- and new-generation
UTe, single crystals displaying a single specific heat jump found no
evidence for TRSB superconductivity [21]. Similarly, muon spin
relaxation (uSR) measurements of the molten salt flux-grown
samples found no evidence of TRSB [22]. Finally, sound velocity
changes across T, [23] and recent NMR Knight shift measurements
on similar samples [5] both point to a single-component, odd parity-
order parameter, i.e., inconsistent with the previous hypothesis of
nonunitary pairing.

The thermal conductivity «(T) is an important probe of the gap
structure of unconventional superconductors, reflecting the ability
of the superconductor to carry heat current in various directions.
The
superconductors is quite similar to the well-known theory

theory of thermal conductivity in wunitary triplet
developed for singlet superconductors [24, 25]. Most of the
popular model triplet states in the literature, including the *He-A
phase, belong to this class. In that case, the triplet quasiparticle
energies are Ey = \/flz( +|d(k)[?>, where d(k) is the triplet-order
parameter vector defining its structure in spin space via
Ager = [d(k) - 0 (ioy)],,. Here, o is the Pauli vector in the spin
space spanned by the Pauli matrices o, 0y and o,. Since the thermal
current response depends only on the quasiparticle energies, the
same expressions can be used for triplet superconductors [26-28]
with |A(k)|* replaced by |d(k)|>. As shown below, however, in the
nonunitary state, additional terms involving the spin moment q =
id(k) xd*(k) carried by quasiparticles of momentum k occur in both
the quasiparticle energies and the weights of scattering processes.
Furthermore, in nonunitary triplet superconductors, the zeros of
|d(k)|? differ from those of Ey, even when k is on the Fermi surface
(“spectral nodes”). This distinction may be important; it was
suggested by Ishihara et al. [29] that in UTe,, complex linear
combinations of 1D irreducible representations could support
spectral nodes pointing in generic directions in the orthorhombic
Brillouin zone and thereby explain early experiments exhibiting
TRSB and relative isotropy of the low-temperature penetration
depth. On the other hand, order parameters corresponding to a
single 1D irrep must be real, with nodes along high-symmetry axes.

In this paper, we derive a general form of the thermal
conductivity of a triplet superconductor in the presence of
nonmagnetic pointlike impurities and evaluate it for various
types of triplet states that have been proposed for UTe,. The aim
is to see whether there are qualitative distinctions between the
thermal conductivity temperature and heat current direction
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TABLE 1 List of possible spin-triplet superconducting states for an
orthorhombic crystal with strong spin—orbit coupling. Here, p;-; 3 are
constants, and Vp; € R.

T Gap function d(k) [\[eTe[H
Ay (prky> paky p3k.) Accidental
B (piky, ok pakikyk.) z-axis
B,, (prks, pokikyke, psk,) y-axis
Bs, (prkik ke, pok., psk,) X-axis

dependence of unitary and nonunitary states and whether or not
predictions of low-temperature behavior can be used, by
comparison with experiments, to identify the ground state of UTe,.

2 Model and formalism
2.1 Superconducting state

In a general triplet superconductor, the spin structure of the
superconducting order parameter is constrained by the underlying
crystal symmetries. The structure of the UTe, crystals corresponds
to the orthorhombic point group D,j,, and the symmetry of the odd-
parity pairing states can be deduced according to the irreducible
representations of the D5, point group [30-32]. Table 1 shows the
odd-parity triplet superconducting states considered in this article.
Here, we do not consider the even-parity states for the D,; point
group, and we further assume strong SOC due to heavy atoms like U
and Te. Due to strong SOC, orbital and spin degrees of freedom do
not transform independently; instead, each space group rotation
involves a rotation in spin and spatial spaces of the order parameter.
In the weak SOC limit, the odd-parity states for the D,;, point group
come with line nodes that are not consistent with experimental
measurements.

The d-vector is real for the superconducting states listed in
Table 1; hence, these states preserve TRS. These states are unitary
triplet states, i.e., ATAOCT We denote a 2 x 2 matrix in the spin
space with |j and a 4 x 4 matrix in the Nambu-spin space with [ ]. A
TRSB state is not possible with a single-component order parameter,
noting that the D, group has only one-dimensional irreducible
representations. We construct the TRSB superconducting state with
a combination of two irreducible representations, and all such
possible combinations are shown in Table 2. In principle, a
combination of two different irreducible representations involves
six real constants; however, we introduce a single-parameter model
for the TRSB states. The effective d-vector is (d; +ird,)/V1 + 72,
where r is the mixing parameter that determines the relative strength
of the individual order parameter. The individual d-vectors are listed
in Table 1 with all the coefficients p;_; , 5 set to unity.

In the Nambu-spin basis, the mean field Hamiltonian reads

&0

H= < —iAgoy (d* - 0) (1)

iAo (d - 0)o,
—&,00 ’

where & is the electronic dispersion, A, is the superconducting gap
energy scale, and 0y is the identity matrix in the spin space. We adopt
a model where the electronic dispersion reads
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TABLE 2 Six possible mixed IR states.

Classification

10.3389/fphy.2024.1397524

Cylindrical FS

Spherical FS

Nnodes Nnodes
Antiferromagnetic nonunitary Ay, + irBy, r<1 0 r<1 0
r=1 4 (xy-plane) r=1 4 (xy-plane)
1<r<v2 8 (xz- and yz-planes) r>1 8 (xz- and yz-planes)
r>\2 0
Ay, + irBy, r<1 0 r<1 0
r=1 2 (x-axis) r=1 4 (xz-plane)
1<r<v2 4 (xy-plane) r>1 8 (xy- and yz-planes)
r>\2 8 (xy- and yz-planes)
Ay, + irBs, r<l 0 r<l1 0
r=1 2 (y-axis) r=1 4 (yz-plane)
1<r<v2 4 (xy-plane) r>1 8 (xy- and xz-planes)
r>2 8 (xy- and xz-planes)
Ferromagnetic nonunitary By, + irB,, (x spin moment) r< \/Lz— 0 r<l1 4 (xz-plane)
\/%—s r<l 4 (xz-plane) r=1 2 (x-axis)
r=1 2 x-axis r>1 4 (xy-plane)
r>1 4 (xy-plane)
By, + irBs, (y spin moment) r<Js 0 r<l1 4 (yz-plane)
Fsr<l 4 (yz-plane) r=1 2 (y-axis)
r=1 2 (y-axis) r>1 4 (xy-plane)
r>1 4 (xy-plane)
By, + irBs, (z spin moment) r< \/%— 4 (yz-plane) r<l 4 (yz-plane)
FH<r<2 0 r=1 2 (z-axis)
r>\2 4 (xz-plane) r>1 4 (xz-plane)
272 272 . 1 *,
k= z—nli: Z—n]i: —u—2t, cosk,, (2) G = —[(w2 -8~ Agldlz)a" +A5q- GT] W’ (6)
where m,, is the effective masses along x/y directions, t, is the Gn = (wD_ ) [(wz -&- A§|d|2)a" +A5q- GT]' )

hopping energy that controls the Z velocity, and y is the chemical
. “ . .
potential. We further assume that #, < p. An alternate dispersion Here, q = i (d xd*), and the denominator D is

with a closed Fermi surface is considered in the Supplementary D= (wz _ fz — A dlz)z _ A4|q|2 _ ( Ez e Az)( 52 —wt Az)
Material. The bare Green’s function is 0 0 * -

(8)
Gy = (ﬁw - IZI)'I = ( gll ng ) (3)  Here, we introduce A% = A2(|d|* £|q). For the unitary case, q = 0;
21 M2 therefore, there is only a single energy scale. In contrast, for the TRSB

nonunitary states, q # 0, which leads to non-degenerate excitation

Here, w is the quasiparticle energy. The Matsubara Green’s function . . ;
energies. For single-component order parameters, q vanishes. However,

can be obtained by w — iw,,. The 2 x 2 matrices in the spin space are A o . ’ ) .
for a mixture of multiple irreducible representations, q remains finite,

s (@8, Lm0 5 ) and it can be interpreted as the spin moment of the Cooper pairs. The
G = D [(w —E oAl )go A4 g]’ “@ average of q over the Fermi surface may or may not vanish. The
A2 aar ) iNy(d - 0)o, nonunitary states can therefore be further divided into anti-
Go = [(w & -ald )00 TR a] D ’ (5) ferromagnetic (AF) and ferromagnetic (FM) states, where the
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average of q vanishes over the Fermi surface for the former and remains
finite for the latter [9]. The six possible nonunitary states are shown in
Table 2, with the possibility of nodes on a spherical or a cylindrical
Fermi surface open along the z axis. For a cylindrical Fermi surface, we
adopt cylindrical coordinates with k, dependence of the gap functions
replaced with sin (k.d/2), where d is the z-axis. The factor of 1/2 is added
to ensure only a single pair of point nodes in the first Brillouin zone in
the unitary limit. However, this does not have any qualitative effect on
our results.

2.2 Impurity scattering and
thermal transport

In order to calculate the thermal conductivity, we need to
include the effect of impurity scattering that dominates all other
relaxation mechanisms at low temperatures. We consider elastic
impurity scattering due to pointlike defects and include its effect
through a disorder-averaged self-energy. The impurity self-
energy is calculated within the self-consistent T-matrix
approximation. The momentum-integrated Green’s function
g has both vector and scalar components for the normal

Green’s functions:

911 =7No(g0 +8-0), 9)
95, = 71Ny (gO +8: UT)’ (10)

and the anomalous Green’s functions g, and g,, vanish because the
odd-parity order parameter averages to 0. In Eqs 9, 10, g is directly
related to the Fermi surface average of the spin moment q and
remains finite for the chiral nonunitary states, only. Using these
integrated Green’s functions, we can write the T-matrix self-energy
for the non-magnetic impurities as

S _ Z3+23'0' 0
2—13-< 0 23+E3.6T>

. Xo+X-0 0
+T°'< 0 zo+z.aT>’ (1)
28 _ (2 .
5, - rucot(?s [cot?ds - (g + g g)]) (12)
Dimp
2
3, = FMM) (13)
Dimp
2 _ 2 _o.
5, =, dolcot’d: — (gi - g-g)] (14)
Dimp
2 2 o
5 - 8leord:+ (g —g-g)] (15)
Dimp
Dy = cot'd, = 2cot’3.(g; +8-8) + (9, - 8-8)"  (16)

where §; = tan™" (1N V) is the s-wave scattering phase shift; T,, =
Nimpl (TNp); and n;,,,, and V;,,, are the impurity concentration and
impurity potential, respectively. Here, 75 is the Pauli matrix in the
Nambu space. The 7; component of the self-energy that
renormalizes the electronic dispersion is ignored. It can be
absorbed in the chemical potential. The impurity-dressed Green’s
function reads
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(121 o (@-80-%-0 -A
G'=G, -%2= §00 X . )

-A w+écy-2-0 (17)

G- ( Gn Gi\
G G

Here, impurity-renormalized @ = w — X, which is obtained self-
consistently. Unlike unitary superconductors, the impurity-dressed
nonunitary Green’s function acquires a different structure from that
of the bare Green’s function, in particular the structure in spin space

for the normal component. The individual components of the
Green’s function G are

A Ly+L, -0
Gy = %1 (18)
- LiE—--+L(¢§—-&. 0o
G, =9 rLE~-8 o 19)
D
G = [zf(z-d) (& -8 -AdP+X-3)
d-o+iN(qxd)-6-2(2-d)X 0
o, A
1210 (2 x d) - a]"’#’, (20)
Gy = [—252-d*+(d)2—EZ—A§|d|2+E-2)d*-aT
-iAl(qx d*)-0" -2%-d*T- 0"
i, A
215 (2 xd*).aT]—’“{ 0 1)
D
where
Lo = Xoao — A2bo|d|* - Alq - =, (22)

L, = (Xp + A2d])Z + AZbyq — AZZ - dd* - AZX - d*d. (23)

Here, ag/bp =@ F & Xg= b(z, —-X.%, and the denominator

D= (+Q) (& +Q"), where Q. is

Q=N - -2

£ [MlQ-q+4GPE- B+ 4020q - Z - 4A] (2 d)(2-d).  (24)

For the unitary states, the nodes are symmetry-imposed, and for
the nonunitary states, nodes may shift away from the high-
symmetry directions, and their positions remain protected
against disorder as long as the £ component of the impurity
self-energy vanishes. X can be interpreted as impurity-induced
magnetization. For the chiral states, this term remains finite and
gives rise to non-degenerate quasiparticle spin density and, in
principle, can change the nodal positions. Here, the nodes do
not refer to the zeros of the gap or the order parameter; instead,
they are the zeros in the quasiparticle spectrum on the Fermi
surface. In the unitary states, the gap nodes and the spectral
nodes are same, unlike the nonunitary states. There are some
additional triplet terms X -g and (X xd) -¢ in Eq. 20, which reflect
the impurity-induced modification of the spin structure of the
Cooper pairs. It is worth mentioning that there is an impurity-
induced odd-frequency pairing for the chiral nonunitary states,
which is spin singlet and odd parity in nature.

After obtaining the impurity-dressed Green’s function, we
calculate the electronic thermal conductivity x using the Kubo
that relates the thermal

formula conductivity to the
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heat-current response [24]. We ignore the vertex corrections
and restrict ourselves to the bare thermal-current response
function. The vertex corrections are small in the strong
scattering limit that is focused on in this article [33]. The
diagonal thermal conductivity for a

general triplet

superconductor reads

@_r"d @ dng(w)
7 1.2\ do

< 5 (—C1C4 +C2C3) +C3b1 +C1b2 +b3 (—C3 +C1C2)/C4>
Novg; T Fs- (25)
(c3 + c3eq — c16263)

Here, € = —2Reg(~?+ + Q:), I =JQ+|2 +]1Q_* + 41}‘3(Qt)R€(Q7);
3 = —2|Q,’Re(Q.) - 2|Q_I’Re(Q,), and ¢; =|Q,[|Q_|>, and
the coefficients b;-; 3 are

by = (161 - A2l + [2P) +Re[<i>i +Qf], (26)

b= Q0+ QP + (16 + 27 - AlP)Re[ Q) + @] +380q g
+ 4|2 (|1&]* + Re[@%])
—4A(|1Z-df + - & + Re[(Z-d) (T - dY)])
+4|@’Re[X - 2] + 4ARe[aq - T* + 24q - 2],
(27)
bs = (lo - AjldI) [lee.|” + Ajq - q] — 2459 - qRe[a,] + Y (D),
(28)
V() ={I(& +Alld* -2 -2)] - Alq- q}IZ)
—2A}Re[(a — a*)aq - 2¥]
47 (16) + |2 - AZ|d])Re[@q - 2*]
+2A3Re[lq-Z - (q-Z)° + X - 2q- q
+2A02Re[(|0) - @) = (|12 -2 )] (IZ-d]” + |2 - &)
—4N|dP|GPIZ  +4A2Re[a, (2*- d¥) (2% - d)]
— 4AJRe[(@” - AZ|d]*)Z* - 2],
(29)
where a, = @* - A(2)|d|2 + X .X. The derivation of thermal
conductivity is provided in Supplementary Material. We

calculate the full
conductivity

temperature dependence of thermal

using  the  self-consistently  determined
superconducting gap using an effective pairing potential to
obtain a transition

single temperature (see

Supplementary Material).

3 Results and discussion

3.1 T = 0 limit of the density of states and
thermal conductivity

We start with the single-component states based on four
irreducible representations of the D,;, point group symmetry. The
basis functions for these four states are listed in Table 1, where
the A, state remains gapped unless the coefficient of one of the
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basis functions is set to zero. We exclude that possibility and
choose the same coefficients for all three basis functions, and this
choice of coefficients is adopted for the other states as well, which
is a reasonable choice for a qualitative understanding of the low-
energy properties. In principle, it is also possible to generate line
nodes with an appropriate choice of basis function coefficients,
but those possibilities are excluded considering the recent
experimental results on UTe,. Apart from the A,, state, the
By, state also remains gapped because the open Fermi surface
along the z-axis forbids the nodes for this state. For the B,, and
Bj, states, a pair of point nodes exists along the y-axis and x-axis,
respectively. Figures 1A-D show the disorder dependence of the
thermal conductivity normalized to the normal state value at the
transition as a function of relative reduction in the transition
temperature 6t, = = 1 — T./T., where T, is the transition
temperature in the clean limit. For a clean system, 0f, = 0, and
8t, reaches unity as the
The
conductivity «T./xyT in the zero-temperature limit remains

impurity  scattering  Kills

superconductivity. normalized  residual  thermal
0 up to a threshold value of disorder Ty, for all four states;
this Ty, corresponds to a threshold level of T, suppression 8¢/
This threshold value of disorder depends on the superconducting
gap structure and the strength of the impurity potential [27]. For
the gapped states A;, and By, the residual thermal conductivity
remains 0 for slightly higher values of disorder compared to the
other two states B,, and Bs, as expected due to the presence of
impurity-induced quasiparticle states near the nodes. The
normalized thermal conductivity remains very isotropic for
the A,, and B;, states. However, for the nodal states, the
residual thermal conductivity is enhanced for thermal current
along the nodal directions. This trend in anisotropy in thermal
conductivity continues even at finite temperatures, as shown in
the temperature evolution of «T./kxT for the four single-
component states in Figures 1E-H for tanf, = 2 and in
Figures 1I-L for tan6; = 5, which represents the stronger
scatterers. For both impurity strengths, 8t. is 0.02. In the
presence of the point nodes, the thermal conductivity shows a
weak maximum at very low temperature along the nodal
direction for the weak scatterers, which disappears as the
scattering rate increases. This is a known behavior for the
superconducting states with point nodes [28], which is not
present for the stronger impurity potentials.

It is useful to examine the density of states (DOS) and the
structure of the low-energy quasiparticle states before discussing
the thermal transport for the nonunitary states. We first report
the average density of states per spin for the nonunitary states on
a cylindrical Fermi surface that is open along the z-axis.
Figure 2A shows the DOS for the A,, + irB,, state, which is a
chiral state, and Figures 2B-D show A_ for this state. In the
gapped phase (r < 1), this state has minima near the X-axis, and a
small gap is visible in the DOS. For r = 1, a pair of point nodes
appear along the x-axis, and the low-energy DOS shows w”
behavior that is expected for linear point nodes. Here, and in
subsequent discussions, a “node” refers to spectral nodes, not the
gap nodes. However, in contrast to a unitary state, the low-energy
quadratic behavior remains confined to a very low energy scale, as
compared to the unitary B, state. For r > 1, the nodes move away
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FIGURE 1

Thermal conductivity for the single-component unitary states allowed by the D5, point group. The thermal conductivity normalized to its value at T,
for the four irreducible representations of the Dy, point group shown column-wise for the Ay, By, By, and Bz, representations from (A—D), respectively.
The first row shows the residual thermal conductivity in the zero-temperature limit as a function of relative reduction in the transition temperature t..

(E—H) in the second row show «T./xnT for the weak scatterers with tan 6; = 2 and for the intermediate-strength scatterers with tan 6; = 5 from (I-L) in
the third row. For the temperature dependence, the T, is reduced by 2% (5t. = 0.02) with respect to the clean limit.

from the x-axis, and the positions of four nodes are determined
by tan ¢ = + Vr? — 1, where ¢ is the polar angle on the cylindrical
Fermi surface. As the mixing parameter r increases, additional
pairs of nodes appear in the yz plane at sin (k,/2) = + 1/Vr?> — 1.
In the r — oo limit, only two point nodes along the y-axis survive,
as expected for a pure B,, state. The low-energy DOS remains
quadratic in all these cases. For 1<r< \/2, the nodes remain
closer to the x-axis, and for r > /2, the nodes move closer to the
y-axis. The A,,, + irBs, state also shows similar DOS to the A;, +
irB,, state, but it has a different nodal structure. It has gap
minima in the quasiparticle spectrum near the y-axis, and nodes
appear along the y-axis. For r > 1, a set of four nodes appear near
the j-axis at ¢ = + cot ' vrZ =1 and move toward the %-axis in
the xy-plane as the value of r increases. For r> v/2, four more
nodes appear at k, = = 2sin”! (1/v/r2 - 1) in the xz-plane. Both
these states are chiral and show finite quasiparticle spin density
along y and x directions in the spin space. The last AF nonunitary
state is Ay, + irB;,, which is not a chiral state. It has nodes along
the x and y directions for r = 1, a set of four point nodes in the xz-
plane and another set of four point nodes in the yz-plane, where
the k, for the nodal position is determined by
sin(k;/2) = + V#2 = 1. The DOS shows quadratic behavior at
low energies (see Supplementary Material).

Next, we consider the ferromagnetic nonunitary states on the
cylindrical Fermi surface, which are chiral states with finite Cooper
pair spin moment. Figure 2D shows the DOS for the By, + irB,,, state
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along with the A_ in Figures 2E-F. This state is gapped for r < 1/+/2,
and a set of four point nodes appear in the yz-plane for 1/v/2 <r < 1,
whose positions are determined by sin (k,/2) = r/ VI=72.Forr>1,
a set of four point nodes appear in the xy-plane at ¢ =
+ tan™' V72 — 1 close to the %-axis and move toward the y-axis as
rincreases. These states show quadratic DOS at low energies. For r =
1, this state shows point nodes along the x-axis, but these are the
quadratic point nodes. The first derivative of A_ vanishes at the
nodes for quadratic or second-order point nodes. This leads to linear
DOS at low energies, as shown in Figure 2D. Similarly, for By, +
irBs,,, a twin pair of quadratic point nodes appear along the y-axis
and shows linear DOS at low energies for r = 1. For 1/ V2 <r<1,four
point nodes appear at sin (k,/2) = + V1 - 12/r in the yz-plane, and
for r > 1, a set of four point nodes appear in the xy-plane at
cotp ==+ V72 =1, closer to the y-axis for r > 1, which move toward
the x-axis for r > 1. The DOS remains quadratic, as expected. For
the By, + irBs, state, four point nodes are either located in the yz-
plane at sin (k,/2) = + /N1 =72 for r<1/~/2 or in the xz-plane at
sin (k;/2) = + 1/+/r2 — 1 for r > \/2. These states show w? behavior in
the low-energy DOS. For 1/v/2<r<+2, a gap exists in the
quasiparticle spectrum due to lack of nodes (see Supplementary
Material). In contrast to the AF nonunitary states on the cylindrical
Fermi surface, the FM nonunitary states can have at most four nodes
and are expected to be more anisotropic.

We now discuss the zero-temperature limit of the thermal
conductivity, which is very sensitive to the gap structure. We
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Density of states: (A) shows the density of states (DOS) per spin for the Ay, + irB,,, state for different values of the mixing parameter r. The inset shows
the energy dependence of the DOS at low energies. A dashed line illustrating the DOS for the unitary Bz, state is shown for comparison. (B—D) show the
variation in A_ for different values of r in the xy, xz, and yz-planes, respectively. (E) shows the DOS per spin for the By, + irB,,, state, and A_in the xy, xz, and

yz-planes is shown in panels (F-H), respectively.

compare the normalized «T,/Tky along three principal directions,
where the thermal conductivity along a particular direction is
normalized to its normal state value at T, along that direction. This
suppresses the intrinsic anisotropy present in the electronic structure
and accentuates the effect of order parameter anisotropy. Figures 3A-D
show «T,/Txy in the zero-temperature limit for the A, + irB,,, state as a
function of the relative reduction in the transition temperature 67. For
a weakly disordered system, /T vanishes in the zero-temperature limit,
but as the disorder level increases and crosses Iy, «/T|1_o becomes
finite and reaches the normal-state value as the superconductivity
vanishes. For the A;, + irBy, state, xT/xnT shows isotropic
behavior in the xy-plane. Note that for this state, the nodes are
always along the x and y axes at the same k, value. In contrast, the
B,,, + irBs, state shows relatively weaker level anisotropy than a unitary
state. Figures 3E-G show «T,/kyT for the B,, + irBs, state, while
Figure 3H shows «T,/xxT for the unitary Bs, state with nodes along the
x-axis. As shown in Figure 3E, with nodes in the yz-plane x,, and «_.
exceeding k,,, and this behavior reverses as the nodes move to the
xz-plane for the B,, + irBs, state, as depicted in Figure 3H. As the
value of r increases, the anisotropy also reduces, and for r = 1, the

Frontiers in Physics

superconducting state becomes fully isotropic, as shown in
Figure 3F. This is a special case, which has a four-fold
symmetric A_, leading to a very isotropic normalized thermal
conductivity along the three principal directions. As r becomes
larger than unity, the x,, starts to dominate.

Next, we look at the zero-temperature limit thermal
conductivity for the A;, + irB,, state for two different
impurity potential strengths. Figures 4A-D show «T,/xxT for
s-wave scattering phase shift tan™' (2), and panels Figures 4E-H
show kT./xnT for 0, = tan™" (5). x/T|7_o becomes finite above a
threshold disorder level, as in earlier cases. This threshold
scattering rate is smaller for the stronger impurity potentials.
This state has a minimum and maximum along the xz-plane, the
energy gap is small in the yz-plane, and a weak maximum exists
along the y-axis in the xy-plane. This excitation energy spectrum
is reflected in the thermal conductivity. As /T becomes finite, the
in-plane anisotropy is very weak with a slightly larger value along
the x-axis as long as there is no node in the yz-plane. As the
impurity-induced quasiparticles overcome the minima along the
y-axis, the thermal conductivity along the j-axis starts to
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FIGURE 3

Residual thermal conductivity. Zero-temperature limit xT./knT for the Ay, + irBy, in (A=D) and for the By, + irBs, state in (E-G) for various values of
mixing parameter r. (H) shows «T./xnT|7_o for the unitary Bs, state. The s-wave scattering phase shift is 6s = tan™ (2) for all the panels. The number of

nodes N, is indicated for each case.

dominate. In the case of eight nodes, with four in the xy-plane
and another four in the yz-plane, the thermal conductivity is
always larger along the y-axis. The z-axis thermal conductivity
remains close to the X-axis thermal conductivity. For the A;, +
irBs, state, the thermal conductivity along the x-axis and y-axis
shows the same behavior as «,,/T and /T in the A, + irB,,
state, respectively.

For the By, + irBs, state, in the gapped phase, i.e., ¥ < 1/~/2, the
spectral gap on the Fermi surface is small in the yz-plane and near
the y-axis in the xy-plane, which leads to larger x/T|r_, along the
y-axis, followed by the z direction, as shown in Figures 41-M, for
tan 0, = 2 and tan 0, = 5, respectively. As a set of four nodes appear in
the yz-plane, the relative anisotropy remains the same, as shown in
Figures 4]-N. This state also shows an elusive quadratic node for r =
1 along the y-axis. Unlike the other states with linear point nodes,
for this case, «/T|r_,o term remains finite along the nodes, and for
other directions, residual thermal conductivity remains 0 below the
threshold disorder level. This state shows linear DOS at low energies,
like superconductors with line nodes. Finally, the nodes appear in
the xy-plane for this state as r exceeds unity and remains closer to the
y-axis, and thermal conductivity along the j-axis becomes
dominant, while the other two directions show very similar «T,./
xnT. As rincreases, the in-plane anisotropy decreases, and the x-axis
« increases and becomes stronger along the y direction in the r > 1
limit. For the B, + irB,, state, the in-plane anisotropy found for the
By, + irBs, state gets interchanged.

3.2 Finite T electronic thermal conductivity

Now, we look at the temperature evolution of the normalized
thermal conductivity for the nonunitary states. At very low
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temperatures, the elastic scattering by the impurities is the
main mechanism of relaxation. However, as the temperature
increases, the inelastic scattering also becomes important,
which we discuss in the subsequent section. Apart from the
electron contribution to thermal conductivity, phonon thermal
conductivity can also become significant. Here, we focus on
electronic thermal conductivity and the effect of impurity
scattering on it and the effect of underlying spectral nodes on
the anisotropy in the thermal conductivity. As shown in Figure 1,
the thermal conductivity shows a weak maximum as a function of
temperature at very low temperatures along the nodal directions.
There is no evidence for such a feature in the experimental
measurements [7, 34]; therefore, we set O, = tan™' (5) for the
rest of our discussion (see Supplementary Material for the weaker
impurity scatterers). We first consider the A, + irB;, state,
which shows very isotropic residual thermal conductivity, and
the thermal conductivity remains isotropic as a function of
temperature, as shown in Figures 5A-D. For the clean system
with 6t = 0.02, at very low temperatures, the thermal
conductivity remains negligibly small, and as the temperature
increases, x/T increases T° at very low temperatures. This
behavior is observed for both nodal and gapped systems. Note
that in superconductors with point nodes, there are very few
states available at the Fermi energy, as shown in Figure 2. For
dirtier systems such as 0. = 0.15, there are sufficient quasiparticle
states at the Fermi level to provide nonzero thermal conductivity,
which is depicted in Figures 5E-H. At low temperatures, x/T
remains independent of temperature, and as it increases, once
more, quasiparticles become relevant for transport as the
temperature increases.

Next, we consider the A,, + irB,, state, which shows
enhanced thermal conductivity along the y-axis. The zero-
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Ay, + irB,,, state for different values of the mixing parameter r. The s-wave scattering phase for (A=D) is 6, = tan™* (2) and for panels (E=H) is 6; = tan™* (5).

For the By, + irBs, state, xT./xnTl7_0 is shown for various values of parameter r for the s-wave scattering phase shift 6; = tan™* (2) in (I-L) and with 6, = tan™

(5) in (M=P). The number of nodes N, is indicated for each case.

temperature trends in anisotropy continue as the temperature
increases, as shown in Figure 6. For 8t, = 0.02, /T is close to
0 and increases as temperature increases beyond a critical
value. For the gapped case (r < 1) and for the x-axis nodes
(r = 1), «/T is slightly larger than that in the other
directions, but as the temperature increases, the other two
the
For

two

directions begin to increase and dominate because
temperature overcomes the gap minima in the yz-plane.
r > 1, there are four point nodes that move toward the y axis,
and it is reflected as a larger /T along the j-axis. For r> /2,
four more nodes in the yz-plane make «/T along y and z
directions larger than that in the X direction. For dirtier
systems, finite and T-
independent at very low temperatures, as in the earlier case,

thermal conductivity becomes
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but the anisotropy remains similar to its zero-temperature limit.
For A,, + iB;, the behavior of x and y directions gets
interchanged (see Supplementary Material).

Next, we consider the B,,, + irBs,, state, which is one of the FM
nonunitary chiral states. For this state, there are four point nodes
in the yz-plane for r < 1/4/2, and for r > v/2, there is a set of four
point nodes in the xz-plane. Figure 7 shows the thermal
conductivity as a function of temperature, and as expected, x/
T along the nodal directions dominates. For r < I, the thermal
conductivity is enhanced along the y and z directions, and as r
increases, the system becomes gapped with enhanced thermal
conductivity in the y and z directions, but the anisotropy
reduces. The state r = 1 shows completely isotropic behavior,
and as r exceeds unity, this state shows a x-axis-dominated
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A1y + irBy,: Thermal conductivity normalized to its normal state value at T, for Ay, + irBy, shown as a function of temperature normalized to T, for
scatterers with tan s = 5 for 8t. = 0.02 from (A-D) and for 8t. = 0.15 in (E—H) for various values of mixing parameter r

thermal response, as the nodes reappear in the xz-plane. The
anisotropy remains qualitatively same as the temperature
increases. Finally, we consider the By, + irBs, state, which is
another possible FM nonunitary state that shows enhanced
thermal conductivity along the y direction, as shown in
Figure 8. Here, the anisotropy changes significantly as the
temperature increases. At low temperatures, the y-axis
dominates due to its vicinity to the point nodes; however, as
the temperature increases, xT./knT increases along the X
directions. This happens because at lower temperatures, the
lower-energy branch of the quasiparticle excitations \/Elz(+A§
dominates, which has more quasiparticle states along the y
\& + A2 branch of

the quasiparticle excitations begins to contribute, which, for this

directions, but at higher temperatures, the

state, has minima along the x-axis. The overall anisotropy for this
state is relatively less compared to other states, except those that
show fully isotropic behavior as a function of temperature or
disorder. For the B;, + irB,, state, x/T along the x and y
directions gets interchanged by the anisotropy shown by the
B,, + irBs, state.

3.3 Inelastic scattering effects

As mentioned in the previous section, at very low temperatures,
ie, T <« T, the elastic scattering from impurities is the only
mechanism that determines the scattering rate. However, at
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higher temperature, inelastic scattering from a bosonic mode
is possible. We consider a simple scenario where there is a
dispersionless bosonic mode that couples with the fermions
with an effective coupling constant gp. We further assume
that the coupling does not depend on the spin degree of
freedom of the fermion. The lowest-order self-energy for the
fermions reads

i (i, K) = g3, T Y G (iwy = iQ k — @)D (i, Q).

m,q

(30)

Here, D is the bosonic Green’s function and w,, and ,, are the
fermionic and bosonic Matsubara frequencies, respectively.
After performing the Matsubara summation, we obtain

gz o 0 N D"
i (0) = —Z—J:J de dy% (coth (Bx/2) + tanh (By/2)).

—00 -00

(31)

Here, the real part of the self-energy contributes to mass
renormalization, and the imaginary part modifies the scattering
rate, which is a function of quasiparticle energy and temperature.
Noting that UTe, has very high effective mass, we ignore the real
part of the self-energy. The imaginary part of the self-energy is

2 (o]
¥ (w) = —%j dxN (w - x)D" (x)

—00

x (coth (Bx/2) + tanh (B(w - x)/2)), (32)
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A1y +irB,: Thermal conductivity normalized to its normal state value at T, for Ay, + irB,, shown as a function of temperature normalized to T for
scatterers with tan 6; = 5 for t. = 0.02 from (A-D) and for §t. = 0.15 in (E—=H) for various values of mixing parameter r. The dashed lines show the
normalized thermal conductivities for the B, state with the same impurity parameters.

where D" (x) = x/ (x* +Q§) is the bosonic DOS and Q is the
characteristic energy scale associated with the bosonic mode. In
the context of UTe,, we expect Q) > T,; therefore, we approximate
the bosonic DOS as D" (x) =~ x/QZ. In the zero-temperature limit,
3. oc ™2, where the DOS for the superconducting state behaves
like w" at low energies. For linear point nodes, Z';n oc w*, and for
quadratic point nodes or line nodes, it behaves like w’. Similarly, in
the static limit (w — 0), the imaginary part of the inelastic self-
energy reads

00

N (x)D" (x)

0 x sinh Sx (33)

i;n(w =0,T) = —Zg}bj
Since the thermal response integrand is peaked at w = 0, we only
retain the temperature dependence of the inelastic self-energy at
w = 0. At very low temperatures, the inelastic scattering rate
behaves likes T* for the point nodes and T° for the line nodes in
the static limit. This is sufficient to understand the qualitative
effect of inelastic scattering. The prefactor in Eq. 33 is fixed by the
value of the inelastic scattering rate at T..

Figure 9 shows the effect of inelastic scattering on the
electronic thermal conductivity. We show the results for two
cases as the rest of the cases are qualitatively similar. The first row
of Figures 9A-D shows the normalized thermal conductivity for
the Ay, + irB,,, state, which shows enhanced thermal conductivity
along the y-axis. Note that the normal state thermal conductivity
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includes the inelastic scattering. We fixed the value of r at 1.2,
which leads to four point nodes in the xy-plane. The primary
effect of inelastic scattering is the formation of a peak below T.,.
This peak appears first for the directions that have larger thermal
conductivity, as shown in Figure 9A for § = 0.02. As the system
becomes dirtier, the peaks get smeared, as depicted in Figure 9B
for 8t. = 0.15. If the strength of inelastic scattering increases, the
peaks also strengthen, as shown in Figure 9C, and it may survive
in dirtier systems, as illustrated in Figure 9D. Similar trends
continue for the other states as well. Figures 9E-H show the
normalized thermal conductivity for the By, + irB;, state, which
shows the same qualitative behavior as a function of disorder and
inelastic scattering strength. However, this state shows a
nonmonotonic variation of anisotropy, and the peaks for
different directions remain quite close to each other.

4 Summary and concluding remarks

We studied low-energy quasiparticle excitations and thermal
transport for the single-component and two-component pairing
states allowed by the irreducible representations of the D,;, point
group symmetry, which is relevant for the orthorhombic UTe,
crystals. Since D,;, has only one-dimensional representations,
the four single-component pairing states corresponding to the
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Boy, + irBs,: Thermal conductivity normalized to its normal state value at T, for B, + irBz, shown as a function of temperature normalized to T, for scatterers
with tan 6; = 5 for 8t. = 0.02 from (A—C) and for ét. = 0.15 in (D—F) for various values of mixing parameter r. The dashed lines show the normalized thermal
conductivities for the B, state in (A,D) and for the Bz, state in (C,F). The impurity parameters are the same for the single-component superconducting states.
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B, + irBs,: Thermal conductivity normalized to its normal state value at T, for By, + irBs, shown as a function of temperature normalized to T, for
scatterers with tan 6 = 5 for 8t. = 0.02 from (A-D) and for 8t. = 0.15 in (E—H) for various values of mixing parameter r. The dashed lines show the
normalized thermal conductivities for the B, state with same impurity parameters.
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irreducible representations cannot break the time-reversal

symmetry and describe wunitary triplet pairing states.
Therefore, we also considered the pairing states that are
combinations of two of the four irreducible representations
using a single mixing parameter r. We examined all six two-
component superconducting states as a function of r on a
cylindrical Fermi surface, which describe either gapped states
or states with spectral point nodes depending on the value of the
mixing parameter. The spectral point nodes are not necessarily
the zeros of order parameters, but they are the points on the
Fermi surface hosting quasiparticle excitations. The spectral
nodes are identical to the gap nodes in the case of single-
component or unitary states. These six states can be divided
into AF or FM categories depending on the Fermi surface
average of the Cooper pair spin moment, which vanishes for
the AF states and remains finite for the FM states. Except for the
Ay, + irBy, state, all other states are chiral on the cylindrical
Fermi surface as the average angular momentum of the Cooper
pairs remains finite.

After introducing the single-parameter model for the two-
component states, we calculated the effect of impurity scattering
within the self-consistent T-matrix approximation. One of the
new findings is the spin-dependent impurity scattering rate for
the chiral states. This happens due to finite quasiparticle spin
densities for the chiral states. This can be interpreted as

accumulation of magnetization near the impurity sites and

Frontiers in Physics

this leads to qualitative changes in the quasiparticle excitation
spectrum. For the two-component states, the nodes are
accidental, not symmetry-imposed, like the single-component
states, and the spin-dependent self-energy or the impurity-
pinned magnetization can change the position of the spectral
nodes. In principle, the removal of spectral point nodes by
impurity scattering is possible in the chiral superconducting
states, but we have not found such an effect for the cases that
we considered. Next, we calculate the thermal conductivity using
the Kubo formula for the thermal-current response function.
Due to spin-dependent impurity self-energies, the thermal
conductivity significantly differs from the thermal conductivity
reported for the unitary states. We examine the thermal transport
for all the single- and double-component states that are possible
for the D, point group.

We have considered a single band with a cylindrical Fermi
surface in our theoretical calculations. The quantum oscillation
experiment reports two cylindrical Fermi surfaces, where one is
an electron-like and the other is a hole-like Fermi surface with
comparable effective masses [35]. However, we expect our
analysis to be valid for a two-band system as well because
interband scattering is always pair-breaking due to odd-parity
The the
quasiparticle energies, and there will not be any off-diagonal

order parameters. impurity will renormalize
impurity self-energy. Therefore, multiple bands will lead to a

higher impurity scattering rate; this should not affect the
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anisotropy of the thermal transport. There are also some
speculations about a closed Fermi surface near the Z point;
therefore, we also considered a spherical Fermi surface (see
Supplementary Material). The key qualitative difference is the
possibility of nodes along the z-axis and strong thermal
conductivity along that direction; however, there are no
experimental data available to support that scenario.

Based on our thermal transport study and some recent
experimental data, we can identify some states that could
possibly describe the gap structure in UTe,. Definitive
conclusions are not possible at this time due to a lack of
sufficient direction-dependent data on the newer samples, but
we can make some qualitative statements and rule out some
states. For the Ay, + irBy, state on a cylindrical Fermi surface,
the normalized thermal conductivity shows isotropic behavior
as a function of impurity scattering in the zero-temperature
limit and in its temperature dependence for a fixed disorder
level. The limited data that are available for the thermal
conductivity indicate weak in-plane anisotropy, but not
absolute isotropic behavior [7]. The thermal conductivity
[34] claim a fully gapped
superconducting state. In contrast, another independent

measurements obtained by
thermal conductivity measurement obtained by Hayes et al.
shows evidence for point nodes without finding any residual
thermal conductivity in the zero-temperature limit [8].
Therefore, the absence of finite zero-temperature limit
thermal conductivity in high-quality samples is not sufficient
to rule out point nodes. Other probes such as the field
dependence of specific heat suggest a superconducting state
with nodes closer to the j-axis [36]. The superfluid density
measurement indicates stronger low-energy quasiparticle
excitations along the y directions and weakest along the
x-axis [29]. The relative anisotropy in the penetration depth
measurements is weaker than that in the single-component
states. We find that the A,, + irB,,, B,, + irBs, state with a
dominant B,, component and the B;, + irBs, state show
stronger quasiparticle excitations along the j-axis. The By, +
irB;, state shows a change in anisotropy as a function of
temperature, which can be used to distinguish it from the
other two states. This state also shows a quadratic point node
for r = 1, which shows linear DOS at low energies; hence, it can
also be ruled out. The two ferromagnetic states show higher
thermal conductivity along the y direction than the B,, state,
which has point nodes along the y-axis.

As mentioned earlier, the phonon thermal conductivity could
be significant, especially in the low T, samples. At very low
temperatures, the scattering of phonons from defects dictates
the phonon mean free path, and hence the phonon thermal
conductivity [37-39]. Phonon thermal conductivity is expected
to be insignificant in the high-quality samples due to the low
concentration of defects. Therefore, a systematic measurement of
thermal conductivity along all three directions in the samples
with high residual resistivity ratios is highly desirable. One
common feature among all these superconducting phases is
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zero «/T in the zero-temperature limit in clean samples. For
sufficient disorder, even point nodal states acquire a very small
k/T, which would low-T
measurements to detect.

residual require very careful
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What do we learn from impurities
and disorder in high-T. cuprates?
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A series of experimental studies established that the differing morphologies of the
phase diagrams versus hole doping nj, of the various cuprate families are mostly
controlled by defects and disorder. In the minimally disordered cuprate Yttrium
Baryum Copper Oxide (YBCO) we introduced controlled detfects that allowed us
to probe the metallic and superconducting states. We demonstrate that the
extent of the spin glass phase and the superconducting dome can be controlled
by the concentration of spinless (Zn, Li) impurities substituted on the planar Cu
sites. NMR frequency shift measurements establish that these defects induce, in
their vicinity, a cloud with a Kondo-like paramagnetic behavior. Its “Kondo”
temperature and spatial extent differ markedly between the pseudogap and
strange metal regimes. We have performed transport measurements on single
crystals with a controlled content of in-plane vacancies introduced by electron
irradiation. At high T, the inelastic scattering of the carriers has been found
independent of disorder and completely governed by the excitations of the
correlated electronic state. The low T upturns in the resistivity associated with
single-site Kondo-like scattering are qualitatively in agreement with local
magnetism induced by spinless impurities. The apparent metal insulator
crossover is only detected for a very large defect content, and part of the
large resistivity upturn remains connected with Kondo-like paramagnetism. In
the superconducting state, the defect-induced reduction of T, scales linearly
with the increase in residual resistivity induced by disorder. High-field
magnetoresistance experiments permit us to determine the paraconductivity
due to superconducting fluctuations. The latter vanishes beyond a temperature
T'c and a field H'. that both decrease with increasing in-plane defect content. In
the pseudogap regime, the weaker decrease of T’ with respect to that of T,
reveals a large loss of superconducting phase coherence in the presence of
disorder. In light of our experimental results, we initiate a discussion of its
interplay with pair breaking. Our data also permit us to confirm that the
differing phase diagrams are due to competing orders or disorders that are
family-specific. In the ideal phase diagram of a disorder-free cuprate, 2D
superconductivity should persist at low doping. This ensemble of experimental
results provides serious challenges for the theoretical understanding of
superconductivity in these correlated electron systems.

cuprates, phase diagrams, strange metal behavior, pseudogap and impurity effects,
Kondo-like effects, paraconductivity, fluctuations, superconductivity
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1 Introduction

Impurities and disorder play a major role in solid state physics,
as could be already shown in materials for which an independent
electron approximation holds. They govern the mechanical and
optical properties of most materials. The chemical nature of
impurities determines, for instance, the beautiful colors of gems
that are large bandgap insulators. The transport properties of
semiconductors were only under control when it became clear
that the carrier content is associated with the chemical properties
of the impurities and their concentration. The low-temperature
electronic and thermal conductivity of metals are limited by the
scattering of carriers on impurities and lattice defects. In the metals
that display a superconducting state at low T, the disorder favors the
type II state and plays a major role in the pinning of vortices
and so on.

One does naturally expect then to find that disorder has a strong
influence on the original physical properties displayed by materials
in which electronic interactions are dominant, such as high-T.
cuprates [1]. These are materials involving a large number of
atomic species. They are then likely expected to house a variety
of impurities or lattice defects. On the experimental side, they are
quasi unavoidable and intrinsic to the growth of the materials. The
basic structure of cuprates is a set of layered CuO, planes separated
by charge reservoir layers. The former is responsible for the original
physical properties, while the latter is essential to control the
electron or hole doping of the CuO, planes. On the theory side,
one faces a sufficiently complex theoretical challenge in trying to
explain the properties of a single CuO, plane with increasing doping.
One generally considers impurities and disorder as unwanted
complications.

In actual cuprates, defects are always present and, for
experimentalists, the real difficulty is to decide whether the
observed physical properties are generic, that is, due to the ideal
defect-free cuprate plane. Most of the works reported in this article
are attempts to isolate those from the extrinsic effects related to the
chemical doping procedure. It can altogether be shown as well that
defects or impurities injected in a controlled manner can be excellent
probes of the properties of the pure material.

An essential approach to reach this aim is to eliminate as
much as one can the sources of disorder that smear or influence
the measured properties. Improving the sample preparation
procedure is an obvious method to achieve this task. An
alternative approach is to compare the properties of different
cuprate families to sort out the generic properties from those that
are specific or marginal. Once this has been performed, that is, a
rather disorder-free compound or family has been selected, one
might then try to introduce defects in a controlled manner in that
pure material. One may then use both thermodynamic and local
probes to determine the influence of specific defects on the
physical properties. I shall show that those observations
sometimes  bring new information hardly accessible
experimentally on the pure material [2].

I have initiated such an orientation in my research group since
the early days of the discovery of high T, superconductivity and
encouraged many researchers in the Orsay-Saclay area to follow this
approach over the last 35 years. I summarize here the various
important results obtained that allowed some understanding of
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the experimental properties of cuprates and still raise important
questions to be resolved on the theory side.

I shall consider first in Section 2 the (T,n;,) phase diagram of
diverse hole doped cuprate families and show that its morphology is
driven by the existing disorder, which raises the question about the
actual phase diagram which should represent the hypothetical
disorder-free cuprate. This will further allow me to categorize the
cuprate families with increasing disorder. I shall then show that the
Yttrium Baryum Copper Oxide (YBCO) family is among the
cleanest cases where one could investigate the influence of an
increasing content of defects. This allowed me to present in
Section 3 the local NMR studies of the magnetic properties
induced by Zn and Li spinless impurities in the metallic state of
the CuO, planes. Using highly energetic electron irradiation allowed
one to control the introduction of vacancies in the CuO, planes in
cuprate single crystals. Their influence on the transport properties
was identical to that produced by Zn chemical substitutions. We
could, therefore, perform a refined comparison of the evolution with
the defect content of the normal state transport and magnetic
properties. In Section 4, I shall then present results on the
corresponding modifications of the SC properties such as the
decrease of T,. Similarly, I shall describe a detailed investigation
of the evolution with a disorder of the superconducting fluctuation
range, using high magnetic fields when necessary. The importance of
the loss of phase coherence in the 2D SC state in the presence of
disorder will be underlined. A discussion of this ensemble of results,
done in Section 5, will permit to summarize that one cannot any
more consider disorder effects as unnecessary complications. They
rather permit to raise many essential questions and give useful
guidance for theory.

2 Cuprate phase diagrams and disorder

Let me perform first a small historical survey about the discovery
of cuprates and of their phase diagram and discuss hereafter my
present understanding of the influence of disorder.

2.1 Early phase diagrams of cuprates

The first cuprate discovered by Bednorz and Muller has been the
family of 124 compounds [3]. The parent La,CuO, is an AF Mott
insulator with Ty = 240 K that can be doped by substitution of a
concentration x of La’* by Ba** or Sr** [4]. The long-range
ordered AF state is destroyed for x = 2%, and an SC dome
appears for 0.07 < x < 0.3 with a maximum 7. = 38 K for
x~0.19. From simple chemical arguments, the concentration of
holes in the CuO, planes is merely 7, = x and most researchers have
immediately considered that this (T,7,) phase diagram is generic of
the cuprate plane. One noticed as well that the material displays in
the intermediate range 0.02 < x < 0.07 a low T disordered frozen spin
state of the Cu 3d” magnetic sites labeled as spin glass (SG).

A year later, the YBa,Cu;Og,, family has been discovered [5],
with a parent AF state as well with Ty =410 K for x = 0 and part of a
SC dome with a maximum T, = 93 K. This compound involves two
CuO, layers with an intermediate Y** layer. Successive bilayers are
separated by a square lattice layer of non-magnetic Cu* for x = 0. The
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YBa, Cu;y O,

SG i

FIGURE 1

Phase diagrams of the AF Néel temperature Ty, spin glass

transition Tsg, SC transition T, and pseudogap T* for pure YBCO
samples (filled symbols) and for 4% Zn substitution (empty symbols).
From Ref. [6].

hole doping for x > 0 results from the extra oxygen atoms introduced
in this intermediate Cu layer. The relation between x and #y, is not
straightforward as the Cu**-O*- Cu** chain segments formed do not
transfer charge in the CuO, planes. The phase diagram displayed in
Figure 1 is quite similar to that of La,CuQO,, but the AF phase is
contiguous to the SC phase [7]. An important difference is therefore
the absence of an intermediate SG regime. Although this is a very
important distinction, many researchers mostly interested by the SC
properties considered that as a minor difference and mapped the n),
ranges in the 124 and YBCO phase diagrams by an artificial
parabolic fit of the SC domes [8].

In our preliminary experiments with Zn impurities in
YBa,Cu;30s,,, we immediately found that the reduction of T, was
larger in the underdoped regime than in the optimally doped case.
This Zn induced in plane disorder has then led us to notice changes
in the morphology of the phase diagram (PD), as displayed in
Figure 1 [9]. Then, we plotted together the PD versus oxygen content
x for pure samples and for 4% Zn substitution [6]. One can see that
both extents of the AF phase and the SC dome shrink and disclose a
wide SG regime. The morphology of the PD resembles then
markedly that of the 124 family upon this introduction of
disorder. The latter, therefore, plays a major role in defining the
extent of the SG regime in the cuprates. This observation also
implied that the 1, mapping between phase diagrams is not accurate.

This occurred at the very time of the PG discovery in the
underdoped pure YBCO using *Y NMR shift data [10]. I
initiated these Zn substitution experiments mostly to try to
understand whether the PG had any relation with
superconductivity. With 4% Zn substitution, our *Y NMR data
immediately convinced us that T* unchanged even for the
underdoped YBCOg sample, for which SC is fully suppressed
[9]. This total independence of the two effects suggested that the
PG is a phenomenon that competes with the SC state. This powerful
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FIGURE 2

Variation in the (T,n;) phase diagram for increasing disorder. The

red lines represent the T, variation with disorder induced by electron
irradiation in YBCO (See Section 3 in the text). The doping range of the
AF state slightly shrinks with increasing disorder for instance with

Zn content, or with Ca content in Y;_, Ca,BCOg (see text in Section
2.2). The T. domes reported for the various cuprate families are limited
to the experimentally accessible doping ranges. Their positions on the
disorder axis are chosen in order to roughly match their SG ranges
with those expected with increasing Zn-induced disorder in YBCO.
From Ref. [12].

indication revealed by introduction of Zn impurities does not,
however, allow to conclude whether T* corresponds to a phase
transition in the defect-free compound. The actual disorder
introduced by the Zn substitution might indeed prevent a long-
range ordering.

We were, at that time, most concerned by an important question
concerning the PG. What could explain the large T, difference at
optimal doping between the 124 and YBCO families? Could that be
associated with an intrinsic difference between compounds with
single CuO, layers and those with bilayers in the unit cell? We
completely cleared that question by performing the first study of
powder samples of the single-layer Hg1201 cuprate family, for which
the optimum T, is approximately 85 K. We could synthesize samples
covering a large range of doping from the underdoped to the
overdoped regime. The comparison of 7O NMR shift data with
that taken in the YBCO family allowed us to demonstrate that PG T*
are, in all aspects, quantitatively identical in both families [11].

In this Hg cuprate family, doping proceeds again from an
increase in the O content in the Hg layer that is far from the
CuO, plane so that the dopant-induced disorder should be weaker
than in the 124 family. These experiments confirmed, therefore, that
the PG is a robust phenomenon independent not only on the
number of CuO, layers but also on the disorder induced by
dopants or substitutions.

2.2 A 3D phase diagram

The Zn substitution experiments of Figure 1 indicate that the SC
dome shrinks with increasing plane disorder. This was shown as well
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using electron irradiation to increase progressively the in-plane
defect content (see Section 3). These experiments have led us
altogether to understand that the morphology of the PD evolves
with the increase in disorder induced by the increase in the Zn
content. We could then propose the 3D phase diagram of Figure 2, in
which the third axis represents the increase in the Zn content [12].
Transport experiments given in detail in Section 3 allowed to follow
the iso-n, red lines plotted in Figure 2 that confirm the average
displacement of the SC dome to the right in the PD while the SG
range broadens and the PG T* is unchanged.

We shall consider hereafter the various cuprate families and try
to anticipate where their phase diagram could be located on such a
3D scheme. We discarded there the PD for homovalent substitutions
of rare earths on the Y** sites in YBCOg, as they do not significantly
modify T, and the PD. We did not consider either the peculiar case
of Pr that was shown to display a 4+ valence that changes the oxygen
content and hole doping for both AF and SC [13, 14]. For
heterovalent substitutions, one can assume that the disorder due
to the Coulomb interaction with the dopants decreases as their
distance to the CuO, planes increases.

For all the single-layer or bilayer cuprate families, the PG T*
variation observed by various experimental techniques were
found to match with those observed for YBCO. For those
families that display T.~90 K at optimal doping, the dopants
are located in the interlayers. So for these families, the mapping of
the (T,, nj,) SC domes usually assumed by parabolic fits might be
acceptable. In Figure 2, their SC domes are located very near that
of YBCO.

Let me point out that a weak dopant-induced disorder remains
in those actual compounds, for which the optimum T, value is
approximately 90 K. The AF and SG domains for those families
could not be probed except for YBCO as they could not be
sufficiently underdoped experimentally. We cannot say, at this
stage, whether in the absence of disorder, the T, dome would
reach T, = 0 before the onset of the AF state. Would the clean
phase diagram display a first-order transition from the AF to the SC
state? In Figure 2, we introduced, therefore, the question mark near
the 2D phase diagram for vanishing disorder.

The heterovalent substitutions in (LaSr)124 and (La-Bi)
2201 families occur on sites adjacent to the CuO, planes. We
assumed that the disorder is large in these systems, and we
consequently located their 2D PD along the “disorder” axis at
points for which their SG ranges approximately match those for
YBCO + Zn.

We also considered another PD for Y;_, Ca,BCOg, in which the
ny, doping proceeds from a partial substitution of Ca®* on the Y** site
inserted between the CuO, layers in the parent YBCOq4 [15]. We
again found that the AF state disappears for a Ca content y = 21y, of
about 7%. A SG range was disclosed for 0.03< n;, < 0.09, and a
maximum T, value of approximately 30 K is reached for y = 0.25 that
unfortunately appears to be the Ca chemical solubility limit. Here,
the large disorder induced by the substitution site between the CuO,
planes again generates a PD that maps even quantitatively that of
(LaSr)124 for ny, < 0.15. We did not plot it in Figure 2 to keep the
figure clear.

In our proposed 3D PD, the quantitative definition of the
disorder for a given family is, of course, rather rough. The
disorder magnitude depends on the defect types and even evolves
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with doping inside many cuprate families. The data for a given
family should be on a distorted surface in Figure 2 rather than on
parallel flat planes.

The 3D representation, however, gives a reliable indication on
the actual trend followed in the real materials. The systematic
analysis conducted allows us to conclude that the disorder
governs the morphology of the (T, n,) phase diagram by opening
the spin glass regime.

This 3D phase diagram even suggests that the disorder governs
the optimal T, value of the diverse cuprate families. In-plane
disorder produced by Zn leads to a subsequent decrease in
optimum T,. The out-of-plane disorder also has an influence on
T, values, as illustrated for instance within the 124 family. Then,
T.~45 K are obtained by electrochemical intercalation of excess
oxygen [16] that induces less disorder than Sr** substitution on the
La’* sites.

From the above phase diagram analysis, we cannot, however,
conclude whether the difference of optimal T, is solely due to the
existing disorder. Further data will allow us to discuss again that
point later in Section 5.

Here, I did not discuss so far the interesting low T-phases
detected well below T* that have been thoroughly studied during
the last decades. Soon, after the cuprate discovery, a stripe charge
order has been highlighted in the 124 phase [17]. It is strongly
pinned for Ba®* substitution on the La®" site and fully depresses the
SC state for x = 0.12. For Sr** substitution, this stripe phase is less
pinned and only seen as a small dip in the T, (1) variation.

In YBCO, many unexpected phenomena were detected at low T
in high-quality samples with x~0.6, starting by quantum
oscillations on the resistivity [18], corresponding to a small
Fermi surface orbit and a negative Hall effect [19]. Then, NMR
in a high applied field allowed to show a charge ordering below T, =
60 K [20]. The latter could possibly be associated with the 2D CDW
order detected for T as high as 150 K by RIXS experiments in zero
field [21]. Extension of these measurements in high field [22]
provide final evidence that the 2D CDW transforms below 60 K
into the 3D CDW seen by NMR. The present understanding is that a
reconstruction of the Fermi surface occurs below the SC dome, in a
narrower dome-shaped region of the phase diagram [19] centered at
about x = 0.6. This original coexistence of SC and CDW order
parameters has been underlined and has justified extensive
theoretical studies [23, 24].

Independently of the originality of this situation, I anticipated
early on that these electronic orders occurred well below T* and,
therefore, could not be responsible for the pseudogap that is highly
related to Mott physics [25]. Nowadays, an emerging consensus is
that the cuprates can display diverse low T electronic orders in the
PG regime [19]. These compete with SC and are somewhat distinct
in the diverse found in 124 and
YBCOg ¢ families.

I have always suggested that the actual disorder or the order

cuprate families, as

introduced by the hole dopants plays a great role in selecting the
ground states [25]. The CDW dome in YBCO occurs for a hole
doping nearby that for which a slight singularity occurs in the T.(x)
variation, as shown in Figure 1. Structural studies have also shown
that in this range of oxygen contents in YBCO, a Cu-O chain
ordering occurs in the interlayer Cu plane [26]. I am, however, not
aware of any careful experimental effort to search whether some
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correlation holds between the oxygen structural order and the CDW.
In any case, I still suggest that these competing charge orders are,
therefore, not generic of the ideal CuO, plane conceived by
theoreticians.

3 Point defects in the pseudogapped
and strange metals

The d-wave superconductivity, PG, and strange metal with a T
linear behavior of the resistivity for optimal doping are the actual
generic physical properties of cuprates still requiring a thorough
understanding. Experimentally, one still needs to gather all possible
information on the cleanest materials, which, from the above
analysis, should be among the families with the highest optimal
T, value.

The family of YBCOg, appears to be a favorable case as the full
range from the AF to the slightly overdoped regime is accessible
without the occurrence of the intermediate SG phase. This indicates
that disorder effects are minimal as we anticipated from NMR
studies of the various nuclei of the unit cell [27].

For some specific oxygen content, the disorder might even be
rather weak. The AF state for x = 0 is undoped with a half-filled Cu
level in the CuO, planes and is not modified by a weak excess oxygen
content. For x = 1, the unit cell is stoichiometric with filled ordered
chains. It is situated in the slightly overdoped regime with T. = 92 K,
approximately 1 K below that at optimal doping. In the PG regime,
we found out that sample reproducibility is extremely good with a
large T*~350 K value for x = 0.6. This slightly exceeds the
composition 0.5 with alternative full and empty chains, but one
anticipates again that the excess Cu**-O>- Cu®* chain segments do
not contribute significantly to the charge transfer, hence the flat part
of the T.(x) curve in the phase diagram in Figure 1. We have
subsequently considered for years that these three oxygen contents
were among the purest references for the AF, strange metal, and
large PG metal phases of the cuprates. The highly overdoped regime
has been mostly accessible in the T12201 family [28]. We concluded,
therefore, for long, that one might then use these starting materials
to introduce controlled defects and study in some detail their
influence on the physical properties.

Why should we introduce defects? In classical physics, when we
perfectly know the properties of a material, we might anticipate the
influence of the defects introduced. For instance, if one drops a stone
on a pond of a given liquid, one knows that a set of waves is created
and propagates as circles on the surface. Their period and damping
explains about the viscosity of the liquid of the pond. Similarly,
introducing an impurity in a metal gives the Friedel charge density
oscillations [29] or RKKY oscillations of spin density if the impurity
is magnetic [30, 31]. If one considers now a poorly understood
correlated electron compound, one may not anticipate the
disturbance created. Then, the study of the response to the
impurity is all the more important as it provides information on
the properties of the pure material [2]. This is what we have been
performing for years in cuprates. I shall summarize hereafter first in
Section 3.1 the information on the magnetic properties gained
mostly by NMR techniques using impurity substitutions. In
Section 3.2, T shall present the influence on the transport
properties of impurities and vacancies in the CuO, planes. The
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latter, obtained in a controlled manner by electronic irradiation of
single crystals, allowed us to probe the properties of the distinct
metallic regimes.

3.1 Magnetic properties induced by spinless
impurities

In the 2D cuprates, the largest perturbations are induced, of
course, by defects located in the CuO, planes. The substitution of
Cu’" by Zn** performed from the early days of HTSC introduces a
spin vacancy without any charge defect. In the AF state of YBCOg,
these spinless defects only suppress spins on the AF lattice. This spin
dilution effect is sufficient to explain the reduction of Ty with the
increasing Zn content [32].

For a given Zn content, the introduction of oxygen on the
intermediate Cu plane leads to the same hole doping, as for the pure
material. Apart from the appearance of the SG phase, we could
immediately detect an increase in the ®Y NMR linewidth that
increases with decreasing T down to T, Such broadening can
only be associated with the appearance of local
magnetic moments [9].

In that regime when the oxygen content is large enough, the spin
glass temperature Ts; becomes negligible above x = 0.6, as shown in
Figure 1. Spinless impurities never induce such paramagnetic local
SQUID

measurements of the spin susceptibility allowed a determination

states in standard independent electron metals.
of an upper limit of its magnitude [33]. An increase in the NMR
experimental sensitivity enabled us then to reveal for x = 0.6 weak
¥Y NMR signals shifted from the main *Y NMR line, with a
T-dependent NMR shift. We could attribute those “satellite” lines
to *Y nuclei located near the Zn substitution site [34].

The characteristic pseudogap T dependence of the NMR shift
has been found unmodified for sites at some distance from the Zn
impurities, up to 4% Zn content. This suggests that the
establishment of a robust PG behavior requires at most a sample
size of about 25 unit cells. The Zn-induced paramagnetic moments
appear then as a cloud of Cu sites around Zn with at most a similar
spatial extent. They are characteristic of the correlated electronic
nature of the PG regime.

In the slightly overdoped YBCO; samples, a weak broadening of
the Y NMR line has been detected but no satellite could be resolved
in this strange metal regime above T* and T, so that the magnitude
and/or the spatial extent of the moments is weaker/smaller.

We then performed an important step in order to test the
eventual influence of a charged defect. We used Li* substitution
on the Cu*" site of the CuO, planes and surprisingly discovered that
the *Y NMR spectra were identical for 1% substitution of Li or Zn
[35]. Both types of defects induced the same paramagnetism in their
vicinity. The extra electron given by Li, therefore just fills a hole state
in the bath band. This only slightly modifies the overall hole content
for dilute Li substitution. This experimental result allowed us to
show that the dominant defect in the CuO, plane is the spin vacancy
associated with the substituent rather than its local charge.

As this was remarkable, we performed a similar comparison in
another correlated electron system, Y,BaNiOs, in which Ni** is
ordered in chains of S = 1 spins that constitute a prototype of the
Haldane chain [2]. Here, the substitutions on the Ni site disrupt the
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chains, a staggered paramagnetism occurs near the chain ends, and
the Y NMR then displays many satellite lines [36, 37]. These were
identical for Zn, Cu, and Mg substitutions so that any disruption of
the spin chain always induces the same staggered paramagnetism on
the chain ends. The NMR data allowed a measure of the extension
&imp of this staggered perturbation. Its T dependence accurately fits
the theoretically computed magnetic correlation length & for the
pure chain.

Assuming a similar staggered local 2D paramagnetic cloud with
an exponential correlation length for the cuprates, we have
estimated that ,, would increase from about two to five lattice
constants in the PG range from T*to T for x = 0.6 [38]. The intrinsic
width of the Y NMR forbids any accurate fit with such a model for
the x = 1 strange metal, but &, would not exceed two lattice
constants and would be roughly T-independent. Such a model-
dependent determination is rough but establishes a qualitative
difference between the PG and strange metal regimes. These
&imp(T) would also agree with evaluations of the magnetic
correlation length & determined from inelastic neutron scattering
experiments in single crystals of pure YBCO [39, 40]. Therefore the
staggered response detected around spinless impurities monitors the
actual correlation length of pure cuprates, as found for the Haldane
chain from both theory and experiments [2, 37].

We disclosed a further advantage of the Li substitution as the "Li
NMR signal magnitude and intrinsic resolution are larger than those
for **Zn. We could, therefore, detect its NMR shift “K for the Li
content as small as 1%, regardless of the hole doping in the metallic
range of YBCOg,. This NMR shift ’K results from the transferred
hyperfine coupling from the four Cu nearest neighbors of Li in the
CuO, plane. These are the Cu sites exhibiting the largest
paramagnetic  response, in an exponentially  staggered
paramagnetic cloud model. We could measure accurately the T
variation in “K for any hole doping [35]. As shown in Figure 3A, it
can be fitted quite accurately with a Curie Weiss dependence
K-Ky = C (T+O)".

The effective moment given by C is found independent of hole
doping within experimental accuracy. The Weiss temperature ©
shown in Figure 3B exhibits a large change from the PG to the
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strange metal regime. Although O is very small in the PG regime, it
abruptly increases through the PG “critical” doping point.

We did notice that this T dependence of the local magnetic
response is somewhat analogous to that known for Kondo magnetic
impurities in classical Fermi liquid metals. The evolution with hole
doping of the apparent Kondo temperature O is similar to that found
when changing 3d impurities in pure copper metal, for which the
Kondo temperature Tk changes from a few mK for Mn to 30 K
for Fe [41].

Let me point out that all these data given in Figure 3A were
taken above T. and that for x = 0.6, they do not show any
singularity at 150 K, the onset temperature of the 3D CDW
detected by RIXS experiments [21]. The variation in © with
hole doping of Figure 3B is obvious even from the data taken
above 150 K so that the magnetic response is not influenced by this
charge order, if present in our samples. This response to Li
impurities is, therefore probing a specific property of the PG
regime. Similar studies in other cuprate families have not been
performed so far as an intrinsic disorder due to chemical doping
complicates the experimental situation. More material research
efforts on Li substitutions in favorable cases such as BiSCO2212 or
Hg1201 would be required.

I believe that this paramagnetic response to spinless impurity
substitutions characterizes an abrupt evolution of the metallic state
from the PG to the strange metal regime in cuprates. It remains an
important challenge for any theoretical interpretation of the
correlated electronic properties of cuprate physics. O NMR
experiments show that this paramagnetic behavior persists in the
superconducting state of the PG phase, while the Kondo-like
screening is quite reduced in the SC state of the strange metal [42].

3.2 Influence of in-plane defects on the
normal state transport

I shall consider hereafter the influence of impurities and

vacancies in the CuO, plane on the transport properties in
YBCOg. single crystals.
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Planar resistivity data taken (A) on a virgin YBCOy (curve 1) and after steps of in situ electron irradiation at 20 K. The curves from 2 to 12 are data taken
while cooling after annealing at 150 K or 300 K (B) on a YBCOg ¢ sample. The two upper data curves correspond to special heat treatments (see text) (C) on
an overdoped sample of TI2201 with T. = 31 K. The arrows trace the thermal path followed during the experiment. The final black curve is a record after a

long room T annealing. Figures respectively from Refs. [46, 47].

3.2.1 Experimental techniques

F. Rullier-Albenque had been using homogeneous irradiation
with a highly energetic (2Mev) electron beam to produce defects in
classical metallic superconductors [43]. She has extended her
expertise to create vacancies in controlled content in thin cuprate
crystal platelets. She checked first that the dominant defects acting
on the planar transport are the vacancies produced in the CuO,
planes by ejecting atoms out of these planes. A comparison with
initial work conducted with Zn substitutions established that both
resistivity and Hall effect are similarly modified in these two
cases [44, 45].

I present in Figure 4 clear evidence for the important
advantages of this electron irradiation technique. Herein, the
resistivity curves p(T) are taken on YBCO;, [46], YBCOg¢, and
TI12201 [47] samples, in which the damage created by electron
irradiation is progressively increased. One notices immediately on
these p(T) data some important features that will be discussed in
detail hereafter:

(1)
2)

The data are accurately parallel to each other at high T.
Low T upturns appear with increasing damage. They suggest
metal insulator crossovers (MICs).

(3) The SC transition can be suppressed by disorder down
to T. = 0.

(4) A downturn of p(T) onsets above T, at a temperature 1", that
signals the extension of the superconducting regime.

I shall analyze first, in detail, hereafter, points (1) and (2) related
to the normal state properties. Experiments performed with large
pulse field did allow us to suppress fully the superconducting
fluctuations (SCFs) and follow the variation in the normal state
resistivity below T.. This also allowed us then to evaluate the
contribution of the SCF to the conductivity, as described
in Section 4.

The 12 p(T) curves reported in Figure 4A had been measured
in situ on a single YBCO; crystal within the cryostat where
electron irradiation was performed at 20 K. After recording a
first cooling curve, p(T) was measured after each irradiation
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step. The defects created at 20 K are stable up to 150 K, and
the resistivity curves are reversible, but heating to room T
produces a partial annealing of some vacancies. The procedure
was similar for the YBCOgs sample of Figure 4B. Before
recording the upper data curve, the sample was annealed at
400 K to achieve a clustering of the defects and a new
irradiation was performed to fully suppress superconductivity.
For the overdoped T12201 sample of Figure 4C, the last curve has
been taken in a distinct cryostat after a long room T annealing.
As detailed in Section 4, high fields allow us to suppress the SC
contributions (3) and (4) to the conductivity, once T, has been
highly reduced for a large enough defect content. We could then
separate three contributions to the normal state resistivity:

Pu(T) = py + 2p(T) +p,, (T). (1)

Here, p,,(T) is the normal state resistivity measured for the pure
sample. Both the T independent increase of “residual” resistivity p,
and the low T upturn Ap(T) depend on the concentration of defects.
The “Matthiessen-like” rule, especially the robustness of the high T
variation in p,(T) with increasing defect content, is a totally
unexpected observation.

3.2.2 Resistivity of the “pure” samples

In YBCOg,, the S-shaped contribution to p,,(T) is linked with
the existence of the pseudogap, and application of fields as large as
60 T was not sufficient to suppress SC, except when T, has been
decreased by irradiation. The inflection point at high T has been
found to occur approximately at 7*/2 and is seen to be independent
of defect content. This confirms the independence of the PG on the
disorder established by NMR for Zn substitution, as recalled in
Figure 1, but also points out that the hole carrier content #y, in the
CuO; planes is not modified by the irradiation damage, at least in the
high T range.

This conclusion is therefore valid for the slightly overdoped
YBCO; as well in as much as the T linear strange metal behavior is
independent of disorder. Similarly, in the overdoped regime of
TI2201, the variation in p,,(T) = bT" with p ~1.5 applies rather
well, which supports an approach toward a Fermi liquid behavior.
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FIGURE 5

Low T upturn Ap normalized by the increase in residual resistivity

po plotted versus T on a log scale. To permit quantitative comparisons,
T is referred to Tge,, the onset T of Ap whose values are between
100 and 150 K [12] (A) for YBCOg ¢ (red curves A to D) and YBCO-
(blue diamonds). (B) Similarly analyzed data for (LaSr)124 and (LaBi)
2201 that are cuprates with low optimal T, (see Ref. [12] and text).

In all three cases, as will be shown in Section 4, a 60-T field is
sufficient to suppress the SCF contributions to the conductivity but
does not allow a direct determination of p,,,(T) below T, down to
T = 0. In some cuprate families with low optimal T,, the linearity
with T apparently extends down to rather low T without an applied
field. We found that linear fits of our high T data in our best pure
YBCO; samples would imply a negative value of p,,,(0). The T linear
dependence of the strange metal behavior would, therefore, break
down at low T. For the T12201, extending the b7" fit at low T would
be compatible with p,, (0) = 0. On the contrary, for YBCOg 6, one
does get a residual resistivity of about p,,, (0) = 1k/0. The symbol
square should be introduced as for the vertical scale in Fig4B or 4C.

3.2.3 Metal insulator crossover (MIC)

We have taken data in large enough applied field to suppress the
SCF contribution to the conductivity for many defect contents. After
subtracting the measured or extrapolated p,,(T) values, we have
determined the p, and Ap(T) values defined in Equation 1. As p, was
found to be a good measure of the defect content, the ratio Ap(T)/p,
has been reported versus T, as shown in Figure 5A [12].

We have displayed there the analyzed data of Figure 4B for the
YBCOg ¢ sample for limiting defect concentrations. For the lower
defect contents A and B, a metallic behavior persists. When the SC
state has been nearly completely suppressed (C and D), the data still
suggest an insulating state. For the optimally doped YBCO; of
Figure 4A, this procedure was not applicable [46] except after the
final irradiation that lowered T, to 1.9 K. In that case, a metallic
behavior persists, as seen in Figure 5A (blue diamonds).

We have similarly analyzed some published data taken on low-
T, compounds (LaSr)124 [48, 49]and (LaBi)2201 [50]. Those
presented in Figure 5B show that the resistivity upturns for these
“pure” samples are quite similar to those found for YBCO after
heavy electron irradiation. This analogy implies that a large disorder
affects the physical properties even in the optimally doped (LaSr)
124 family [49], as anticipated from the phase diagrams in Section 2.

Let us further note that in Figure 5A, the “insulating” behavior in
the PG regime occurs only for very high in-plane defect contents
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FIGURE 6

Detailed high T behavior of Ap(T)/po of Figure 5A taken for
moderate point defect content on three distinct YBCOg ¢ samples.
The five small blue square curves involving the SC contribution are
zero-field data taken in situ for the same sample with increasing
vacancy content from (1) to (5). Those for samples B1 and A2 taken in
60T pulse field allowed to suppress the contribution of SCF to the
conductivity (see text Section 4). From Ref. [12].

exceeding 5% per Cu. The disorder is then indeed at the origin of the
apparent MIC. Contrary to conclusions taken from data on some
low T, cuprates [49], large applied fields do not induce the MIC.
They only usefully suppress SC and reveal the underlying MIC
associated with the specific intrinsic or extrinsic disorder.

3.2.4 Resistivity upturns for low defect content

We have shown that sizable resistivity upturns revealed by the
applied field remain, however, for 1.6% defect content (curve A in
Figure 5A). In that case, Ap(T) onsets at Ty, of approximately 100 K
and saturates at low T. An enlarged presentation of this low-defect
content regime is displayed in Figure 6. Herein, we display data
taken on a sample in zero field, for which the SC contributions
cannot be corrected, so that only py and p,,,,(T) have been subtracted
(five blue square curves). They are shown together with data taken
on two distinct samples in pulse fields that allowed us to suppress the
SC contribution. One can see that the upturn of Ap(T)/p, is
reproducible, weakly depends on the field used to suppress SC,
increases initially as -logT with decreasing T, and appears nearly
independent of defect content. This trend toward single impurity
scattering behavior resembles the initial observations performed in
dilute Cu-Mn alloys that revealed the occurrence of Kondo effect in
simple metallic states [51].

The “Li NMR experiments provide evidence for a paramagnetic
response with a Curie Weiss © value that also resembles the case of
Kondo effect for magnetic impurities in metals. These similar
findings on the transport and magnetism give a strong weight to
this analogy.

The absence of variation in T* with defect content has led us to
conclude that the doping #y, is not modified upon introduction of
disorder. We might assume that n), is T-independent as well. In a
single carrier band model with p,(T) = m*(n,e’n)”,' the T
dependence would exclusively be due to the carrier’s scattering
rate. With this assumption, the experimental results imply that
the data involve two contributions 7 = 7,;' + 7;,”". The elastic rate
1. ' responsible for p, scales with the defect content. The inelastic
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rate 7;,”' would be the sum of the inelastic rate of the pure
! and of the Kondo-like Ap(T) contribution that
also initially scales with the defect content.

compound Tj,,"

One does expect changes in the latter contribution for a large
defect content, due to the modification of their nanostructure.
The interactions between impurities yield changes in scattering
rates. Our estimate of a correlation length &, of five lattice
constants at low T in YBCOg ¢ would indicate that a departure
from the isolated defect regime should already occur for about 1%
vacancy content.

Similarly, in YBCO;, an upturn of p(T) is only seen in Figure 4A
for an estimated defect content of about 8%. Even if &, is about two
lattice constants, one would expect strong interactions between the
defects. The observed saturation at low T of Ap(T)/p, seen in
Figure 5A has been found independent of applied field in the
initial experiments of Ref. [12]. An analogy with the Kondo effect
would suggest a © value much smaller than that of approximately
100 K found by “Li NMR in the strange metal regime for a low Li
concentration. For Kondo alloys, such as CuFe, clusters of Fe
impurities acquire a lower Kondo temperature than Tx = 30 K of
isolated impurities [52]. The resistivity upturns for a high defect
content in YBCO; would again appear quite similar to the situation
encountered in CuFe alloys.

In Figure 4, the resistivity upturns are much larger in the YBCO
samples than in the overdoped T12201 sample. A thorough analysis
permitted us to show that weak localization induced by purely elastic
scattering explains quantitatively the resistivity upturns in that case
[47]. This is again a good indication that the electronic properties
approach a Fermi liquid behavior for highly overdoped cuprates.

3.3 Conclusion on the normal state
properties

We have been able to disclose the influence of dilute in-plane
point defects in the three considered “clean” materials that allowed
us to probe, respectively, the PG, strange metal, and Fermi liquid
regimes. The Curie-Weiss magnetic perturbation induced by
spinless defects and the low T saturation of the carriers scattering
behave quite similarly with Kondo effect in classical Fermi liquids.
The sharp increase in the Kondo-like temperature © through the
pseudogap line is a striking generic feature of cuprates.

For large concentrations of defects, their mutual interactions
might induce a MIC. We could enhance defect clustering and show
the importance played by the defect morphology in driving the
insulating state. The comparison with data taken on “pure” lower T,
compounds demonstrates that the dopant out-of-plane disorder
induces similar upturns of the resistivity and an apparent MIC. This
confirms our anticipations performed from simple comparisons of
the phase diagrams in Section 2.

Can we reduce the disorder effects to study the metal insulator
transition in the small doping part of the phase diagram? Within our
study of in-plane defects, we have shown that this disorder is well-
quantified by the residual resistivity py, but we do not know
accurately the action of out-of-plane defects. The present results
prove that those play an overwhelming role for low doping. The
organization of the dopants certainly drives the stabilization of the
family-specific low T-competing phases in the PG regime as well.
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4 Influence of disorder on the
superconducting state

From the 3D phase diagrams proposed in Section 2, we have
noticed the existence of a correlation between the optimum T, value
and the morphology of the phase diagram for the various cuprate
families. It is then important to analyze the evolution with an
increasing disorder of the superconducting properties that are
available in our data given in Figure 4. Such data could give
indications on the actual origin of the pair condensed state,
which is still poorly understood. In these 2D metallic compounds
with low superfluid density, superconducting fluctuations are
expected to persist above T, It has even been suggested that
superconducting pair formation could occur at T% while T.
would be the onset of phase coherence between superconducting
pairs. For me, this did not appear to be the case as our early
experiments with Zn substitutions revealed that T* is not affected
by disorder.

I shall consider hereafter in Section 4.1, the evolution of T, with
controlled disorder that can be followed here until T, = 0. In Section
4.2, T shall address the evolution of pairing strength through a study
of the T-range of the superconducting fluctuations. This will allow
me to discuss if there is any influence on the SC properties of the
Kondo-like induced magnetism or of the resistivity upturns in the
metallic PG regime.

4.1 Variation in T, with in-plane disorder

Magnetic point defects usually induce pair breaking in classical
superconductors. Here, YBCO; exhibits a strange metal behavior
with nearly zero residual resistivity in its normal state. Electron
irradiation allowed us a full suppression of superconductivity,
although a metallic state persists. As displayed in Figure 7, we
found that T, scales linearly with the residual resistivity p, that scales

T 100
- 50
-
)
3
0
20
YBa_Cu O L
2 3 686 L]
L
0 1 1 1 1 1 1 -50
0 50 100 150 200 250 300 350

AP L Ap'ab(uﬂ.cm)

FIGURE 7

Variation in T, with the excess residual resistivity pp induced by
electron irradiation The upper curve is for YBCOy;. There, pg =Apap is a
measure of the defect content ny. For comparison, the full line reports
the expected pure pair breaking (AG) theoretical dependence.

The lower data curves for YBCOg ¢ are plotted for two distinct
estimates of the defect resistivity Ap,p, (full circles) and Ap,p* (empty
circles). From Ref. [46].
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itself with n,, the defect content [46]. Such a behavior disagrees
qualitatively with the Abrikosov-Gorkov (AG) variation [53]
expected for pair breaking that implies a sharp downturn of
T.(ny) before reaching T, = 0.

We provided further evidence for the inadequacy of AG from
the low magnitude of the AT,/p, slope and the observed variation in
the width of the SC transition. The latter, being due to the
inhomogeneous distribution of defects, remains narrow and does
not broaden when approaching T, = 0.

The quasi linear measured variation in T, (po) is a somewhat
unexpected result. One would hardly obtain it as accurately by other
means, such as impurity substitutions. It surprisingly applies also for
the underdoped YBCOgs samples, as shown also in Figure 7,
provided one takes for p,, the high T-value of the extra resistivity.

Emery and Kivelson (EK) have proposed [54] that a peculiarity
of the cuprates is their weak superconducting carrier density. They
suggested that in such a case, phase fluctuations of the
superconducting order parameter could be the source of T.
reduction. The phase coherent SC transition should then occur
when the resistivity reaches a critical value [55].

In [46], we provided a detailed discussion indicating that such a
correlation between T, and p(T.) might be compatible with the
quasi-linear variation. We were led, however, to conclude that the
experimental situation probably requires taking both pair breaking
and phase fluctuations into account. The influence of phase
fluctuations should be more important for large defect contents
and in the underdoped PG regime, but the existence of a single slope
of AT./p, at all defect contents appears awkward. I shall show
hereafter that more information is available from quantitative
studies of the magnitude of the SCF.

4.2 Superconducting fluctuations
and disorder

Nernst effect [56], diamagnetism [57, 58], or paraconductivity
[59, 60] measurements have been used to study the SCF above T..
The main difficulty in such experiments resides in subtracting the

YB3 T

Cc

=93K

113K
120K
130K
- 150K
1000 2000 3000 4000
H? (T?)

FIGURE 8

10.3389/fphy.2024.1406242

normal state or spurious contributions from the data. Nernst effect
data
paramagnetic phases can counterbalance the diamagnetic signal.

involve vortex motion contributions, while spurious

4.2.1 Paraconductivity experiments

We have rather preferred to use magnetoresistance (MR)
measurements. As shown first in [59], it permits us to obtain the
paraconductivity accurately. Using 60T pulse fields on an YBCOg 6
sample, we demonstrated that the H field dependence of the normal
state MR known at high T extends at temperatures well below T..

Low-field departures from the H® dependence progressively
appear for decreasing T, when SC fluctuations contribute to the
low-field conductivity, as shown in Figures 8A, B respectively for a
pure YBCOg o5 and an irrradiated YBCOg ¢ sample. Such departures
appear below an onset temperature T’.. At each T, the normal state
H? variation is recovered at a field H’.(T) [60].

The increase in conductivity Ag(T) associated with the SCF in
zero applied field is easily obtained from the decrease of p(T) with
respect to the extrapolated normal state behavior. Typical results for
Ao(T) and H'(T) are displayed, respectively, in Figures 9A,B for pure
and irradiated YBCO samples. As shown there, both T’ and H’,
decrease after reduction of T, by electron irradiation. Although the
critical field H’,(T) cannot be determined at low T for most samples,
we could show that H’.(0) can be estimated using the
“usual” variation

He(T) = He(0) [1 - (T/Tc)’] (2)

that fits the data for low-T"; samples (see Figure 9B and Ref. [59]).

4.2.2 SCF range and disorder

The onset value T, of the SCF that we obtained on the same
samples by Nernst effect [61] was smaller than T’ deduced from the
paraconductivity. The onset values obtained by a given technique are
somewhat determined by the experimental sensitivity. Here, they
would decrease by approximately 10-20 K for one order of
magnitude decrease in the cutoff sensitivity. To the best of our
knowledge, the T values given here are among the highest reported

B
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Plot of the magnetoresistance [p(H)- p (0) J/p (0) versus H? at various temperatures (A) for pure YBCOg gs. Here, the orange area indicates the SCF
contribution to the conductivity. (B) Data taken on YBCOg ¢ after decreasing T, to 5 K by electron irradiation. Here, the SCF appear below an onset of
T'. = 60 K and are suppressed at fields H'. (T) that increase with decreasing T. From Ref. [60].
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(A) Zero-field paraconductivity Ao(T) reported for pure and irradiated YBCO; and YBCOg . It vanishes for distinct T values. (B) H'<(T) data for the
same samples. H'.(0) is estimated from the parabolic fits with Equation 2 shown as dotted lines. From Ref. [60].
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Variation with in-plane disorder of the SCF in the PG (red) and strange metal (blue) regimes. (A) Onset temperature T'. plotted versus T.. The blue
range is the SCF range for the YBCO; sample. (B) Critical field value H'.(0) plotted versus T.. It remains large for an increasing disorder for underdoped

YBCOgs. From Ref. [60].

in YBCO. More importantly, our experimental approach benefits of
a significant technical advantage. Using a single sample and identical
criteria for all defect contents ensures the reliability in the T’ data
comparisons.

We report in Figure 10 the results for T°. and H’.(0) versus T,
obtained from the data on Figure 9 for the YBCOg 95 and YBCOg 6
“pure” samples and after electron irradiation. One can easily notice
that the SCF temperature range is quite similar for the different
defect contents but does not scale with the actual T, values. The ratio
T’/ T. increases steadily with defect content so that the range of SCF
increases markedly with respect to T, in samples with in-plane
disorder. In the underdoped PG regime, T". remains as large as 60 K
for the YBCOg sample with T, = 5 K, and a large ratio T°/T.
~ 14 persists for the YBCO; sample in the strange metal regime for
T.= 15K

From these simple observations, it appears quite clearly that the
increase of in-plane disorder does not reduce T, as much as T,. The
fact that SCF remain important even if T, is highly depressed implies
that superconducting pairs remain above T, while full 3D SC is not
established. This suggests that phase fluctuations become more
important in the presence of disorder, as suggested by EK in
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“bad metals” [55]. A full quantitative study of the magnitude of
the SCF conductivity helps better clarify that point.

4.2.3 Amplitude and phase fluctuations in YBCO
In an applied field H, the SCF paraconductivity is obtained by
subtracting the normal state conductivity Aosp(T,H) = p ~'(T,H)-
p, '(T,H). Assuming that YBCO samples were among the
cleanest cuprates, we have studied the T and H dependences
of Aggr in [60] for four samples from the PG to the slightly
overdoped regime. We have analyzed first the zero field data
reported in Figure 9A in the Ginzburg-Landau framework. The
SCF is associated with pair braking in that approach, and the

paraconductivity  reflects the T dependence of the
superconducting coherence length
§s(T) = §s(0)/ €', (©)

with e= In(T/T.) ~(T- T.)/ T, for T > T,. This 3D paraconductivity
should diverge at T. on a very small T-range inaccessible
experimentally, which evolves for a 2D compound toward a 2D
Aslamazov Larkin (AL) regime [62] for which
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(A) Paraconductivity ose(T,0) is plotted versus e= (n(T/T.) for the four “pure” YBCO samples with the indicated T, values. The dashed line represents

the expected variation for the LD Gaussian fluctuations assuming £.(0) = 0.9 A. For the underdoped sample UD57 with T, = 57 K, the data are also plotted
by replacing T, by T.o = 72 K (see text). (B) Similar plots for pure optimal (OPT) and underdoped (UD) samples and after electron irradiation that reduced T,
to 70 K for the OPT sample and to 29 and 5 K for the UD sample. From Ref. [60].

o5 (T,0) = €°/ (16 hse). (4)

Here, s is the interlayer spacing. The AL expression has been
extended by Laurence and Doniach (LD) [63] to include a ¢
direction coherence length £.(0). One can see in Figure 11A that
assuming £,(0) = 0.9 A, the LD/ AL analysis of Equation 4 applies for
three of the YBCO samples in the range 0.01<T/T.<1.1. The T
dependence of Aosp(T,0) for the YBCOg 6 sample is shifted to the
right in Figure 11A but coincides with the other if T, is replaced by
T.o = 72 K. I point out here that in [59] the normal state resistivity
displays a T dependence with a non-zero residual resistivity p, for
that “pure” sample, as can be seen also in Figure 4B. Considering the
linear relation between T. and Ap,, of Figure 7, this p, value
corresponds to a 10 K decrease of T, so that a defect-free sample
could indeed have a critical temperature ~T.

As underlined in [59], these data allowed us to point out that the
existing uncontrolled disorder leads to an intermediate SCF regime
between T, and ~T,. Phase fluctuations initially suppress T, in that
T range, while amplitude fluctuations of the superconducting order
parameter take over beyond ~T,.

The similar plots shown in Figure 11B for the underdoped UD
irradiated samples provide evidence that systematic shifts to the
right occur and increase with increasing defect content. Here, again,
one could use values of T,y > T, to obtain rough estimates of the
increasing T range, for which phase fluctuations are dominant. For
the optimally doped sample, the T variation in the SCF does follow
the same pair breaking behavior, as for the pure sample even though
T. has been reduced from 93.6 K to 70 K.

These results indicate in the “pure” YBCOg ¢ sample the small T-
range of phase fluctuation is presumably due to the residual native
disorder. It broadens markedly with increasing in-plane defect
content. The GL amplitude fluctuations only become dominant
at high temperatures in this PG regime. A totally coherent
conclusion has been drawn from a quantitative comparison of
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the Nernst effect and o5x(7,0) data, as detailed in [60]. It fully
supports a disorder-induced large phase fluctuations range in the PG
regime and the applicability of Gaussian fluctuations for the strange
metal regime even in the presence of disorder.

Let us consider now the case of the clean samples beyond the
applicability of the LD amplitude fluctuations regime that applies up
to 1.1 T, in Figure 11A. Beyond that temperature, gsr(T,0) decreases
markedly and vanishes quite sharply at T, that might be assigned to
a cutoff in the pairing. From Equation 2, the latter might be linked
with a minimal coherence
discussed in [60].

We are still lacking a full theoretical approach, in which the

superconducting length, as

influence of disorder on both phase and amplitude fluctuations
would be treated on an equal footing. One can anticipate that the
interplay between these two depends on the microscopic sources of
superconductivity and disorder. However, the present qualitative
experimental information implies that T°. is a sharp temperature
beyond which pair formation is energetically prohibited. T°; appears,
therefore, as one of the best determinations of the upper limit of the
superconducting regime.

4.2.4 Magnetoconductance and
superconducting gap

Another important thermodynamic entity that characterizes the
superconducting state is the field H’.(T) beyond which the SCF is
suppressed. The highest measurable value of H’, is so far about 45T
in the experimentally available 60T applied pulse fields. We have
proposed that a natural extension down to T = 0 may apply using
Equation 2 as usually done below T, for the H,, of classical 3D
superconductors. This choice is supported by the data given in
Figure 9B taken on an OD sample with T, reduced to 5 K by electron
irradiation, for which we obtained H’.(0) = 60T.

In the LD Gaussian fluctuation analysis, one expects an
independent determination of H,, from the low field behavior of
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(A) Doping dependence of the 3D T, pseudogap T* and SCF onset T'. for four “pure” YBCO samples and (B) 3D phase diagram displaying the
evolution of these temperatures with the concentration of in-plane defects. The red lines are actual data for 7. of underdoped and optimally doped
YBCO. In the overdoped range, T, are those for TI2201 and the T'. variations are anticipated by extrapolation of the optimally doped behavior (see text).

From Ref. [60].

the magnetoconductance Aoy (T,H)= 0se(T,H)- 0sp(T,0). We have
reported in [60] an analysis of such data that surprisingly establishes
that H.,(0) and H’,(0) are identical within experimental accuracy for
the four pure samples considered in [60].

For a large applied field, Aoy(T,H) is also found to depart from
the LD behavior and displays then a sharp exp[-(H/H,)’] decay. This
provides evidence that H’,(T) is a field beyond which pair formation
is inhibited in analogy with the finding conducted for T°. This
applies in the disordered cases, and the validity of this evaluation of
H’.(0) is a confirmation of the reliability of the extrapolation
of Equation 2.

The important conclusion drawn from this detailed analysis is
that H,(0) or equivalently H’,(0) increases with doping. H,(0),
being a measure of £(0)", one finds that the superconducting gap
Asc, which scales with £(0)7, also increases with hole doping. From
the H’.(0) data displayed in Figure 10B, the influence of disorder on
the gap is found much smaller for the underdoped sample than for
the optimally doped one. This appears in accordance with the
corresponding data for T, on Figure 10A and with a dominance
of phase fluctuations in the PG regime.

4.3 Disorder in the 3D YBCO phase diagram

Although we have clearly shown that the underdoped YBCOg ¢
sample is not a perfectly clean cuprate, we have still confirmed that the
YBCO family is not far from being clean enough to yield important
conclusions on the differences between the PG and strange metal
regimes. The detailed investigation of the SCF conducted in [60] and
reported here allowed us to determine reliably the temperature T°.
beyond which superconducting pairing is suppressed as the coherence
length becomes presumably very small.

As seen in Figure 12A, T°; only displays a small decrease below
optimal doping but follows T, and not the pseudogap T*. We have
also shown that the latter crosses the T’ versus doping line
(Figure 12A). This again confirms that the pseudogap is not a
precursor to SC, as anticipated from the Zn experiments. The SC
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gap, as determined by H’. from thermodynamic arguments,
increases steadily with hole content up to optimal doping. This
appears in line with the doping dependence of the small gap
observed by some spectroscopic experiments in other cuprate
families [64, 65].

Our studies of the SCF in the “pure” samples also allowed us to
point out that in the PG regime of YBCOg, the native disorder
slightly reduces T, that should be 10-15 K higher in a
“cleaner” sample.

The detailed investigations with increasing controlled disorder
allow us, by analogy with Figure 2, to propose the 3D phase diagram
of Figure 12B specific to YBCO with in-plane disorder. Here, the
disorder axis is better monitored than in Figure 2, using the
concentration of defects introduced by electron irradiation or
equivalently the increase of residual resistivity po, for instance at
optimal doping. In this phase diagram, one should consider that T°.
is a better identifier of the 2D pairing than T, that marks the 3D
coherent superconducting state.

The analysis of the SCF conducted in [60] and shortly reviewed
here has further allowed us to differentiate the influence of disorder
on the SCF in the PG and strange metal regimes. In the latter, the
disorder induces essentially a pair breaking so that T°;, T,, and H’.
decrease markedly altogether, as seen in Figure 10. In the PG regime
of underdoped YBCOg, a large T, decrease is observed, while T".
and H’; are only moderately reduced. This indicates that pairing
remains while a loss of phase coherence suppresses 3D
superconductivity. The disorder induces in the PG phase a large
SCF range that extends from the reduced T, up to T".

These conclusions about the phase diagram in the PG to strange
metal regime are quite important as they result from experimental
studies on the YBCO family that is a clean cuprate family, as
discussed in Section 2. For lower hole content #,<0.1, the 3D T,
decreases until the interplay between SC and AF occurs, as displayed
in Figure 1. In that range, the doping n,, is, however, not easy to
control as it depends on the formation in the intermediate Cu* layer
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of Cu®* - O - Cu’" segments that do not produce any charge
transfer in the CuO, planes. The metal insulator transition could
only be investigated with significant native out-of-plane disorder in
YBCOg, for x < 0.45 or in YBCOg¢ with Ca®* substitution on the Y**
site. Unfortunately, the investigation of the overdoped range cannot
be performed either in the YBCO family as it can only be reached by
Ca> substitution that also introduces a sizable disorder. In
Figure 12B, we have reported in that range a T, variation
analogous to that observed for TI2201 and assumed that
fluctuations

amplitude remain dominant to anticipate the

T’ variation.

5 Discussion

I shall summarize first hereafter the various results concerning
the phase diagram and underline the experimental questions that
remain open. I shall analyze then the important information
disclosed by using controlled defects as probes of the original
properties of the distinct states of the phase diagram.

5.1 Phase diagrams and low T, cuprates

We have conducted systematic investigations of the evolution of
the cuprate phase diagrams with increasing controlled disorder in
the CuO, planes. Our initial Zn substitution experiments
demonstrated that the disorder opens a large spin glass regime,
as displayed in the 3D phase diagram of Figure 2. The controlled
increase in the vacancy content in single crystals allowed us then to
show that SCF persist above T, up to a temperature T’, that decreases
less than T, with increasing disorder. The normal state residual
resistivity p, increases markedly altogether and low T upturns
appear mostly in the underdoped regime for large disorder.

All these features had been observed in the “pure” singular low-
T, cuprate families such as LSCO [48] or (LaBi)2201 [50]. Large
residual resistivity p, was clearly apparent in the data for those
cuprate families, for which the large fields applied to suppress T
disclosed resistivity upturns even at optimum T, [49]. Nernst effect
data revealed a large range of SCF above T, in the underdoped rPG
regime as well [56]. In LSCO, THz conductivity experiments have
also been performed to probe the SCF range [66]. The maximum
range of 10-20 K is smaller than that found by Nernst effect all-over
the SC dome. All these results confirm our initial guess that had led
us to propose the 3D phase diagram of Figure 2 and to anticipate the
presence of a large disorder that diminishes T, in those specific
cuprate families.

Comparing p, of these low-T. compounds with those induced
by electron irradiation in our YBCO samples even suggests that the
linear relation, as shown in Figure 7, between T, and p, might have
an extended validity. Choosing then to use the p, value at optimal
doping to fix the position of the PD of the diverse cuprate families
on the disorder axis in Figure 2 would not modify it significantly
[67]. In the phase fluctuation scenario, a relationship between T,
and p(T,) is indeed expected. This ensemble of arguments therefore
leads me to conclude that the dopant disorder is mostly at the
origin of the reduced T, values in the cuprate families with
anomalously low optimal T,.
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5.2 Toward disorder-free cuprates?

Once we have considered that we should put aside the low-T,
cuprates, the question raises as to whether we can decide what family
better represents clean cuprates. For YBCO, Bi2212, Hgl201, and
TI2201 that display the highest T.~90 K, we noticed that the
extrapolated p, is nearly zero at optimal doping [67]. These families
are therefore nearly equivalent in that doping range. We could indeed
initially establish the universality of the transition T* between the PG
and the strange metal regimes in YBCO and Hgl201 [11].

Our phase diagram of Figure 2 provides evidence that
determination of the hole contents 7, by mapping the SC
“domes” between different cuprate families is certainly incorrect,
except for the higher T, families. Unfortunately, it appears difficult
to underdope the T12201 family that is the only “clean” cuprate, for
which the overdoped to non-SC transition is accessible. As indicated
in Section 4, we have not been able so far to perform a full study of
the variation in the thermodynamic properties of the SC state
through that transition.

YBCOg. is similarly the only family on which the metal-to-
insulator transition occurs without a spin glass intermediate regime.
We have, however, seen here that for x = 0.6, native disorder effects
already appear as T’ remains large with respect to T,. Low T upturns
of the resistivity occur for oxygen contents x < 0.4 [12], but we do not
know how the insulator state sets in. We do not have any reliable
control on the influence of the oxygen disorder during this crossover.
One cannot anticipate whether a first-order SC insulator transition
would occur in a disorder-free cuprate, hence the question mark we
have introduced in the 3D phase diagram in Figure 2.

So although huge progress has been performed since the
discovery of the cuprates, we only have, at hand, a limited
number of cuprates that allow us to explore independently some
characteristic clean compositions in the phase diagram of Figure 2.
We were not able to discover so far a batch that would play for the
cuprates a similar role to that played by silicon single-crystal wafers
for semiconductors.

I like to point out that the present critical concern is even more
pertinent if one considers the actual disorder that occurs on the
sample surfaces. The latter are investigated using novel techniques
restricted to easily cleavable single crystals. ARPES [68] and STM [69]
experiments allow to thoroughly study the doping dependence of the
k-space surface band structures of Bi2212 crystals. One can beautifully
see there the dopant disorder in the spatially resolved STM spectra
[69] that have been helpful to correlate electronic structure with the
local order. This unavoidable dopant disorder probably limits the
energy resolution in ARPES spectra. The bulk and surface dopant
disorder are not necessarily identical so that refined comparisons
between bulk thermodynamic properties and surface energy spectra
might be misleading. Local STM and NMR experiments have been
achieved on Zn substituted cuprates. NMR could give information
mostly on the bulk YBCO normal state properties, while STM
permitted to probe the SC local states on the Bi2212 surface [70].

5.3 Point defects in the normal state

The change in the normal state transport properties has initially
revealed the difference between the PG, strange metal, and quasi
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Fermi liquid regimes in the “pure” cuprates. The introduction of
point defects has allowed us to highlight those differences by
providing clear evidence that the scattering of the carriers splits
into two distinct contributions. The contribution observed in the pure
compound is totally unmodified by the defects introduced. It adds to
the specific scattering of the carriers by the dilute impurities. An
unexpected difference with the situation encountered in classical
metals is that in the latter case, the scatterings are associated with
two different processes, an elastic scattering on the defects and an
inelastic one mediated by phonon modes. In the cuprates, both
processes deal with electronic states controlled by the correlated
electronic properties of the pure compound.

This stems from the fact highlighted by the NMR experiments
that the impurity substitutions or vacancies in the CuO, planes
induce a modification in their vicinity, which has a significant spatial
extension that varies with temperature and doping [38]. This is
certainly unambiguous evidence that the cuprates are strongly
correlated electron systems.

We gave evidence for low T upturns of the resistivity as well
when introducing in-plane vacancies by electron irradiation. These
correspond to scattering rates on the defects similar to those
observed for Kondo magnetic impurities in classical metals. As
recalled in Section 3, these upturns scale with defect content as
long as their concentration is small enough to avoid overlaps
between the clouds induced by the vacancies.

We have shown, both by NMR and transport, that a sharp
modification of the defect state occurs when the hole doping of
YBCO is switched from the PG to the strange metal regime. We
assign that to a reduction of the paramagnetism similar to a large
increase in the Kondo-like temperature. In the strange metal regime,
the cloud size does not exceed two lattice constants and the
resistivity upturns decrease, in agreement with an increased
“Kondo” temperature. We assume that paramagnetism should
disappear when reaching the pure Fermi liquid regime for large
hole doping. This crossover still needs, however, to be carefully
studied for instance on the T12201 cuprate family.

5.4 Disorder in the SC state

The data analysis of Section 4 reports an original study of the
destruction of the 2D superconductivity by a controlled disorder.
The GL or Lawrence-Doniach pair breaking approach explains
rather well the 2D SCF up to 1.1 or 1.2 T, in the pure or
disordered YBCO near-optimal doping. This would apparently
also hold for very clean underdoped samples.

In that PG regime, any disorder native or produced by electron
irradiation, induces a large SCF range as compared to T, that mostly
originates from a loss of phase coherence [60]. [55] had proposed a
major importance of phase fluctuations for SC with either a low
superfluid density or a large resistivity at T.. Our study indicates that
the disorder is mainly responsible for the phase fluctuations in
underdoped YBCO. I therefore suggest that the Kondo-like inelastic
defect scattering of the hole carriers is the main player in the T,
reduction that occurs before the SC insulator transition.

One should notice finally that our study of the field dependence
of the SCF gives a measure of H.(0), the critical 2D magnetic field.
Thermodynamic arguments allow us to connect it with Agc, the SC
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gap magnitude. In clean YBCO, Agc increases with doping up to the
optimum T, and correspondingly, the coherence length &(0)
diminishes. One would expect to reach a cutoff value of §(0) and
then a decrease in the gap in the overdoped regime. One should still
probe that experimentally in the TI2201 family and altogether
whether the transition at the endpoint of the SC dome is
smeared out by disorder.

6 Conclusion

We have recalled here that the cuprates are correlated electron
systems in which native disorder occurs naturally due to chemical
doping. This disorder has introduced great difficulties in the
understanding of the very phase diagram of the hypothetically
clean cuprate plane. Immediately after the discovery of YBCO,
we have highlighted that the pseudogap to strange metal
transition is robust to disorder at high temperatures. We have
given evidence that it is generic, which means identical for all
hole doped cuprate families. A long time has been required
although [25] to see that fact accepted by the community.

Wide attention has been devoted to the original and interesting
ground states discovered, such as stripes in the 124 family and later
on CDW in YBCO. This diversity of ground states in the cuprate
families testifies the richness of the underlying physics of these
correlated electron systems. Meanwhile, we have been performing
with collaborators an extensive work on Na,CoO, [71, 72] that
demonstrated that the physical properties of the CoO, layers were
highly influenced in these compounds by their interactions with the
Na dopants. Although similar detailed investigations haves not been
achieved so far in the cuprates, I got convinced that, there too, the
order of the dopants may analogously play a great role in stabilizing
the different ground states. The fact that these states compete with
SC complicated our understanding of the variety of cuprate
phase diagrams.

As recalled here, we proposed the 3D phase diagram of Figure 2
with some Orsay-Saclay colleagues. We suggested that the AF
insulator, PG, strange metal, and Fermi liquid metallic regimes
were the actual phases that characterize the high T part of the
disorder free cuprate phase diagram. Among those, all the metallic
states display a superconducting ground state except for large
doping in the Fermi liquid range. On experimental grounds, the
less understood part of the phase diagram is the transition from the
metallic PG regime to the insulating state, presumably because even
the weak native disorder has a strong influence there on the physical
properties.

In my research group, we have always considered that the
intentional introduction of controlled impurities or defects
allowed us to disclose physical properties of the cleanest phases.
The original “Kondo-like” magnetic and transport responses
induced by spinless impurities are strong signs for a connection
with Mott physics. The step change of its characteristic temperature
© has been somewhat overlooked so far by the community, although
it characterizes a generic part of the clean cuprate phase diagram.

This sharp transition at a doping p* recalled in Figure 3B is so
abrupt that it is legitimate to wonder whether it marks a phase
transition rather than a crossover. Although T* is not modified by
disorder, it could still correspond to a transition that would only be
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slightly smeared by the weak native disorder always present in the
cleanest compounds. The sharp drop of the T* line versus n;, near-
optimal doping with a quantum critical point could agree with such
a possibility. Whether orbital currents [73, 74] appear at T* remains
an open question, and one should like to understand how such a
collective state would induce a Kondo-like magnetic cloud around
spinless defects. Any further experimental input on such a matter
would certainly require extremely clean samples.

If T consider now the SC state, we have shown that the onset of 2D
superconducting pair formation occurs rather sharply at a higher
temperature 1", than the 3D superconductivity at T,. Most researchers
considered that the T.(1,) dome shape is universal for the cuprates,
with differing T, magnitudes. In contrast, we have shown that T’ is
always large, even in the anomalous cuprate families, for which the
disorder (or order) imposes a low T, value. As shown in Figure 12A,
we have even demonstrated that one might hardly define a dome for
the T, (ny,) variation for the cleanest cuprates.

This study of the influence of defects has, therefore, disclosed two
apparently contradictory observations. The PG line marks a high T
transition between different electronic states, while the low T pairing
energy is nearly unaffected by the opening of the pseudogap, which
does not therefore compete directly with SC. Our SCF experiments
with controlled disorder allowed us to show that the main difference
in the SC states appears to be the influence of in-plane defects. They
induce pair breaking in the strange metal while they furthermore
enhance phase fluctuations in the PG regime. As recalled previously,
we do not know whether T°. would decrease and vanish before
reaching the SC to insulator transition in a “clean” cuprate.

It has been suggested [54] that the low carrier density and the
associated low phase stiffness is a possible source of phase
fluctuations and T, reduction in cuprates. Our data rather imply
that large impurity-induced carrier scattering rates are required to
promote a bad metal behavior. This leads me to speculate that the
distinct influences of disorder on SC could be due to the actual
difference in the normal state Kondo-like response. This would
qualitatively be consistent with the decrease in the 3D T on the left
of the dome-like SC regime in the supposedly pure cuprate families.

I noticed more than 10 years ago [25] that the occurrence of the
pseudogap and the SC states in the cuprates finds some theoretical
justification in computations conducted by Cluster DMFT within
the simple one-band Hubbard model [75]. Within the three-band
Emery model [76], similar computations give analogous results and
introduce realistic extra parameters, such as the charge transfer gap
or the hole occupancies of the oxygen and copper orbitals. These are
considered nowadays to try to justify the difference of optimum T,
between the diverse cuprate families [77]. Our work establishes that
disorder is a dominant factor in this differentiation of the low T,
cuprates, while T, only marginally differs for cleaner cuprate families
with low residual resistivity. The actual influence of the planar
structure is therefore less important on the optimal T, than might be
anticipated from the data. Given the numerical computations being
conducted on clean models, it would appear quite interesting to see
if the three-band parameters have any influence on the SC dome
shape for the clean compounds. Such computations could help
suggest a behavior for the SC-insulator transition that is at
present obscured by disorder in the real materials.

As for the relation between the normal and SC state properties, I
hope that the present experimental results will stimulate extensions
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of the thermodynamic developments taking into account random
disorder, amplitude, and phase fluctuations on the same footing.
This could permit hopefully to relate the normal state scattering
properties with T°. or T, and to open a route toward an
understanding of the microscopic origin of the pairing energy.

Author contributions

HA: writing-original draft and writing-review and editing.

Funding

The author declare that no financial support was received for the
research, authorship, and/or publication of this article.

Acknowledgments

The author would like to acknowledge here his collaborators
and students who have participated in the large set of experiments
mentioned here. Florence Rullier-Albenque (FRA), from CEA
(Saclay) has been responsible for most experimental work on
transport properties and would have been a co-author on this
article if she did not pass away too early in 2016. P. Mendels has
been an efficient collaborator on the NMR experiments done
during many years after the cuprate discovery, and J. Bobroff
has done essential contributions for his PhD and well after with
A. Mac Farlane and with his student S. Ouazi. Collaborations with
G. Collin, J. F. Marucco (ICMO Orsay), N. Bamchard, D. Colson,
and A. Forget (CEA Saclay) have been essential for all the
preparation and characterization of the NMR and single-crystal
samples. F. Balakirev initiated us to perform the first pulsed high-
field transport measurements achieved at the NHMFL in Los
Alamos. FRA and the author complemented them by many runs
performed at the SNCI (Toulouse), with the help of B. Vignolles, D.
Vignolles, and C. Proust. Over the years, the author has benefited of
numerous exchanges on the experiments with K. Behnia, P.
Bourges, and Y. Sidis and on theoretical matters with M. Civelli,
M. Gabay, A. Georges, M. Héritier, P. Hirschfeld, C. Pépin, H.
Schulz, G. Sordi, and A. M. Tremblay.

Conflict of interest

The author declares that the research was conducted in the
absence of any commercial or financial relationships that could be
construed as a potential conflict of interest.

Publisher’'s note

All claims expressed in this article are solely those of the authors
and do not necessarily represent those of their affiliated organizations,
or those of the publisher, the editors, and the reviewers. Any product
that may be evaluated in this article, or claim that may be made by its
manufacturer, is not guaranteed or endorsed by the publisher.

frontiersin.org


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2024.1406242

Alloul

References

1. Lee PA, Nagaosa N, Wen X-G. Doping a Mott insulator: physics of high-
temperature superconductivity. Rev Mod Phys (2006) 78:p17-85. doi:10.1103/
revmodphys.78.17

2. Alloul H, Bobroff ], Gabay M, Hirschfeld P. Defects in correlated metals and
superconductors. Rev Mod Phys (2009) 81:45-108. doi:10.1103/revmodphys.81.45

3. Bednorz JG, Miiller KA. Possible high Tc superconductivity in the Ba-La-Cu-O
system. Condensed Matter (1986) 64:p189-93. doi:10.1007/bf01303701

4. Shirane G, Birgeneau RJ. In: Ginsberg DM, editor. Physical properties of high
temperature superconductor. Singapore: World Scientific (1989). p. p151.

5. Wu MK, Ashburn JR, Torng CJ, Hor PH, Meng RL, Gao L, et al. Superconductivity
at 93 K in a new mixed-phase Y-Ba-Cu-O compound system at ambient pressure. Phys
Rev Lett (1987) 58:p908-10. doi:10.1103/physrevlett.58.908

6. Alloul H, Bobroff J, Mac Farlane WA, Mendels P, Fullier-Albenque F. Impurities
and defects as probes of the original magnetic properties of the cuprates. ] Phys Soc Jpn
suppl B (2000) 59:p114.

7. Rossat-Mignod J, Buffet P, Jurgens MJ, Vettier C, Regnault LP, Henry JY, et al.
Antiferromagnetic order and phase diagram of Yba2Cu306+x. ] Phys (Paris) (1988) C8:
2119.

8. Tallon JL, Obertelli SD, Cooper JR. Systematics in the thermoelectric power of high-
T, oxides. Phys Rev B (1992) 46:14928-31. doi:10.1103/physrevb.46.14928

9. Alloul H, Mendels P, Casalta H, Marucco JF, Arabski J. Correlations between
magnetic and superconducting properties of Zn substituted YBa2Cu306+x. Phys Rev
Lett (1991) 67:3140-3. doi:10.1103/physrevlett.67.3140

10. Alloul H, Ohno T, Mendels P. 89Y NMR evidence for a fermi-liquid behavior in
YBa2Cu306+x. Phys Rev Lett . (1959) 63:1700-3. doi:10.1103/PhysRevLett.63.1700

11. Bobroff J, Alloul H, Mendels P, Viallet V, Marucco J-F, Colson D. 170 NMR
evidence for a pseudogap in the monolayer HgBa2CuO4+d. Phys Rev Lett (1997) 78:
3757-60. doi:10.1103/physrevlett.78.3757

12. Rullier-Albenque F, Alloul H, Balakirev F, Disorder CP. Disorder, metal-insulator
crossover and phase diagram in high-T . cuprates. Europhysics Lett.ers. (2008) 81:37008.
doi:10.1209/0295-5075/81/37008

13. Maple MB, Lee BW, Neumeier J], Nieva G, Paulius LM, Seaman CL. Extraordinary
behaviour of the Y;_y Pr, Ba,Cu;0;_s system. J Alloys Compd (1992) 181:135-52.
doi:10.1016/0925-8388(92)90305-s

14. Mac Farlane WA, Bobroff ], Mendels P, Collin G, Marucco JF, Cyrot L, et al.
Planar 170 NMR study of PryY1-yBa2Cu306+x. Phys Rev B (2002) 66:024508.

15. Casalta H, Alloul H, Marucco JF. Measurement of the Néel temperature of
(Y1yCay)Ba2Cu306 versus Calcium content: evidence for the importance of charge
dynamics in the destruction of TN. Physica C (1993) 204:331-40. doi:10.1016/0921-
4534(93)91017-p

16. Johnston DC, Borsa F, Canfield PC, Cho JH, Chou FC, Miller LL, et al. In:
Sigmund E, M uller KA, editors. Phase separation in cuprate superconductors.
Heidelberg: Springer-Verlag (1994). p. p82.

17. Tranquada JM, Sternlieb BJ, Axe JD, Nakamura Y, Uchida S. Evidence for stripe
correlations of spins and holes in copper oxide superconductors. Nature (1995) 375:
561-3. doi:10.1038/375561a0

18. Doiron-Leyraud N, Proust C, LeBoeuf D, Levallois ], Bonnemaison JB, Liang R,
et al. Quantum oscillations and the Fermi surface in an underdoped high-Tc
superconductor. Nature (2007) 447:565-8. doi:10.1038/nature05872

19. Proust C, Tailllefer L. The remarkable underlying ground states of cuprate
superconductors. Annu Rev Condens Matter Phys (2019) p10409.

20. Wu T, Maya H, Kramer S, Horvatic M, Berthier C, Hardy WN, et al. Magnetic-
field-induced charge-stripe order in the high-temperature superconductor YBa2Cu3Oy.
Nature (2011) 477:p191-4. doi:10.1038/nature10345

21. Blanco-Canosa S, Frano A, Schierle E, Porras J, Loew T, Minola M, et al. Resonant
x-ray scattering study of charge-density wave correlations in YBa2Cu306+x. Phys Rev B
(2014) 90:054513. doi:10.1103/physrevb.90.054513

22. Gerber S, Jang H, Nojiri H, Matsuzaw S, Yasumura H, Bonn DA, et al. Three-
Dimensional charge density wave order in YBa2Cu306.67 at high magnetic fields.
Science (2015) 350:949-52. doi:10.1126/science.aac6257

23. Meier H, Einenkel M, Pépin C, Efetov KB. Effect of magnetic field on the

competition between superconductivity and charge order below the pseudogap state.
Phys.Rev B (2013) 88:020506. doi:10.1103/physrevb.88.020506

24. Hayward LE, Hawthorn DG, Melko RG, Sachdev S Angular fluctuations of a
multicomponent order describe the pseudogap of YBa, Cus Og + x. Science (2014) 343:
1336-9. doi:10.1126/science.1246310

25. Alloul H. What is the simplest model which captures the basic experimental facts
of the physics of underdoped cuprates? C R Physique (2014) 15:519-24. doi:10.1016/j.
crhy.2014.02.007

26. Zimmermann Myv., Schneider JR, Frello T, Andersen NH, Madsen J, Ka"ll M,
et al. Oxygen-ordering superstructures in underdoped YBa2Cu30 6;x studied by

Frontiers in Physics

10.3389/fphy.2024.1406242

hard x-ray diffraction. Phys Rev B. (2003) 68:104515. doi:10.1103/physrevb.68.
104515

27.Bobroff], Alloul H, Ouazi S, Mendels P, Mahajan A, Blanchard N, et al. Absence of
static phase separation in the high Tc cuprate YBa2Cu3O6+x. Phys Rev Lett (2002) 89:
157002. doi:10.1103/physrevlett.89.157002

28. Kubo Y, Shimakawa Y, Manako T, Igarashi H. Transport and magnetic properties
of TlzBa2Cu06+d showing a d -dependent gradual transition from an 85-K
superconductor to a non superconducting metal. Phys Rev B (1991) 43:7875-82.
doi:10.1103/physrevb.43.7875

29. Friedel J. On some electrical and magnetic properties of metallic solid solutions.
Can ] Phys (1956) 34:1190-211. doi:10.1139/p56-134

30. Yosida K. Magnetic properties of Cu-Mn alloys. Phys Rev (1957) 106:893-8.
doi:10.1103/physrev.106.893

31. Alloul H. From Friedel oscillations and Kondo effect to the pseudogap in cuprates.
Jsupercond Nov Mag (2012) 25:585-608. doi:10.1007/s10948-012-1472-x

32. Mendels P, Alloul H, Marucco JF, Arabski J, Collin G. Antiferromagnetism in
YBa2Cu306+x: Ga and Zn substitutions II. zero field NMR of the Cu magnetic sites.
Physica C (1990) 171:p429-37. doi:10.1016/0921-4534(90)90252-a

33. Mendels P, Bobroff J, Collin G, Alloul H, Gabay M, Marucco JF, et al. Normal-
state magnetic properties of Ni and Zn substituted in YBa , Cu 3 O 4 4 <isxesis
hole-doping dependence. Europhysics Lett (1999) 46:678-84. doi:10.1209/epl/i1999-
00319-x

34. Mahajan AV, Alloul H, Collin G, Marucco JF. 89Y NMR probe of Zn induced local
moments in YBa2(Cul-yZny)306+x. Phys Rev Lett (1994) 72:3100-3. doi:10.1103/
PhysRevLett.72.3100

35. Bobroff J, Mac Farlane A, Alloul H, Mendels P, Blanchard N, Collin G, et al.
Spinless impurities in high Tc cuprates: Kondo like behaviour. Phys Rev Lett (1999) 83:
4381-4. doi:10.1103/physrevlett.83.4381

36. Tedoldi F, Santachiara R, Horvatic M. Y89 NMR imaging of the staggered
magnetization in the doped Haldane chain Y2BaNil-xMgxO5. Phys Rev Lett (1999) 83:
412-5. doi:10.1103/physrevlett.83.412

37. Das ], Mahajan AV, Bobroff J, Alloul H, Alet F, Sorensen E. Comparison of
$=0 and S=1/2 impurities in the Haldane chain compound Y2BaNiO5. Phys Rev B
(2004) 69:144404. doi:10.1103/physrevb.69.144404

38. Ouazi S, Bobroff J, Alloul H, MacFarlane WA. Correlation length in cuprate
superconductors deduced from impurity-induced magnetization. Phys Rev B (2004) 70:
104515. doi:10.1103/physrevb.70.104515

39. Balatsky AV, Bourges P. Linear dependence of peak width in $x(\bq, )$ vs T_c
for YBCO superconductors. Phys Rev Lett (1999) 82:5337-40. doi:10.1103/physrevlett.
82.5337

40. Sidis Y, Bourges P, Hennion B, Regnault LP, Villeneuve R, Collin G, et al. Zinc-
induced modification of the dynamical magnetic susceptibility in the superconducting
state of YBa2 Cu3 O61x as revealed by inelastic neutron scattering. Phys Rev B (1996) 53:
p6811-8. doi:10.1103/physrevb.53.6811

41. Alloul H. Hyperfine studies of the static and dynamic susceptibilities of
Kondo systems. Physica (1977) 86-88B:449-54. doi:10.1016/0378-4363(77)
90382-5

42. Bobroff ], Alloul H, Mac Farlane WA, Mendels P, Blanchard N, Collin G, et al.
Persistence of Li induced Kondo moments in the superconducting state of cuprates.
Phys Rev Lett (2001) 86:4116-9. doi:10.1103/physrevlett.86.4116

43. Rullier-Albenque F, Quéré Y. An experimental argument — in Nb3Ge — for the
Labbé-Barisic-Friedel theory of A-15 superconductors. Phys Lett A (1981) 81:232-4.
doi:10.1016/0375-9601(81)90248-6

44. Legris A, Rullier-Albenque F, Radeva E, Lejay P. Effects of electron irradiation on
YBa[Formula: see text]CU[Formula: see text]0[Formula: see text] superconductor.
J Phys (France) (1993) 3:1605-15. doi:10.1051/jp1:1993203

45. Mizuhashi K, Takenaka K, Fukuzumi Y, Uchida S. Effect of Zn doping on charge
transport in YBa2Cu307-d. Phys Rev B (1995) 52:R3884-7. doi:10.1103/physrevb.52.
r3884

46. Rullier-Albenque F, Alloul H, Tourbot R. Influences of pair breaking and phase
fluctuations in disordered high Tc cuprates. Phys Rev Lett (2003) 91:047001. doi:10.
1103/physrevlett.91.047001

47. Rullier-Albenque F, Alloul H, Tourbot R. Disorder and transport in cuprates:
weak localization and magnetic contributions. Phys Rev Lett (2001) 8:157001. doi:10.
1103/physrevlett.87.157001

48. Ando Y, Boebinger GS, Passner A, Kimura T, Kishio K. Logarithmic divergence of
both in-plane and out-of-plane normal-state resistivities of superconducting
La2-xSrxCuO4 in the zero-temperature limit. Phys Rev Lett (1995) 75:4662-5.
doi:10.1103/physrevlett.75.4662

49. Boebinger GS, Ando Y, Passner A, Kimura T, Okuya M, Shimoyama J, et al.
Insulator-to-Metal crossover in the normal state of of La 22xSrxCuO4 near optimum
doping. Phys Rev Lett (1996) 77:5417-20. doi:10.1103/physrevlett.77.5417

frontiersin.org


https://doi.org/10.1103/revmodphys.78.17
https://doi.org/10.1103/revmodphys.78.17
https://doi.org/10.1103/revmodphys.81.45
https://doi.org/10.1007/bf01303701
https://doi.org/10.1103/physrevlett.58.908
https://doi.org/10.1103/physrevb.46.14928
https://doi.org/10.1103/physrevlett.67.3140
https://doi.org/10.1103/PhysRevLett.63.1700
https://doi.org/10.1103/physrevlett.78.3757
https://doi.org/10.1209/0295-5075/81/37008
https://doi.org/10.1016/0925-8388(92)90305-s
https://doi.org/10.1016/0921-4534(93)91017-p
https://doi.org/10.1016/0921-4534(93)91017-p
https://doi.org/10.1038/375561a0
https://doi.org/10.1038/nature05872
https://doi.org/10.1038/nature10345
https://doi.org/10.1103/physrevb.90.054513
https://doi.org/10.1126/science.aac6257
https://doi.org/10.1103/physrevb.88.020506
https://doi.org/10.1126/science.1246310
https://doi.org/10.1016/j.crhy.2014.02.007
https://doi.org/10.1016/j.crhy.2014.02.007
https://doi.org/10.1103/physrevb.68.104515
https://doi.org/10.1103/physrevb.68.104515
https://doi.org/10.1103/physrevlett.89.157002
https://doi.org/10.1103/physrevb.43.7875
https://doi.org/10.1139/p56-134
https://doi.org/10.1103/physrev.106.893
https://doi.org/10.1007/s10948-012-1472-x
https://doi.org/10.1016/0921-4534(90)90252-a
https://doi.org/10.1209/epl/i1999-00319-x
https://doi.org/10.1209/epl/i1999-00319-x
https://doi.org/10.1103/PhysRevLett.72.3100
https://doi.org/10.1103/PhysRevLett.72.3100
https://doi.org/10.1103/physrevlett.83.4381
https://doi.org/10.1103/physrevlett.83.412
https://doi.org/10.1103/physrevb.69.144404
https://doi.org/10.1103/physrevb.70.104515
https://doi.org/10.1103/physrevlett.82.5337
https://doi.org/10.1103/physrevlett.82.5337
https://doi.org/10.1103/physrevb.53.6811
https://doi.org/10.1016/0378-4363(77)90382-5
https://doi.org/10.1016/0378-4363(77)90382-5
https://doi.org/10.1103/physrevlett.86.4116
https://doi.org/10.1016/0375-9601(81)90248-6
https://doi.org/10.1051/jp1:1993203
https://doi.org/10.1103/physrevb.52.r3884
https://doi.org/10.1103/physrevb.52.r3884
https://doi.org/10.1103/physrevlett.91.047001
https://doi.org/10.1103/physrevlett.91.047001
https://doi.org/10.1103/physrevlett.87.157001
https://doi.org/10.1103/physrevlett.87.157001
https://doi.org/10.1103/physrevlett.75.4662
https://doi.org/10.1103/physrevlett.77.5417
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2024.1406242

Alloul

50. Ono S, Ando Y, Murayama T, Balakirev FF, Betts JB, Boebinger GS. Metal-to-
Insulator crossover in the low-temperature normal state of Bi2Sr2—xLaxCuO6+3. Phys
Rev Lett (2000) 85:638-41. doi:10.1103/physrevlett.85.638

51. Daybell MD, Steyert WA. Localized magnetic impurity states in metals: some
experimental relationships. Rev Mod Phys (1968) 40:380-9. doi:10.1103/revmodphys.40.380

52. Tholence JL, Tournier R. One-impurity and interaction effects on the Cu:Fe
magnetization. Phys.Rev.Letters (1970) 25:867-71. doi:10.1103/physrevlett.25.867

53. Borkowski LS, Hirschfeld PJ. Distinguishing d-wave superconductors from highly
anisotropic s-wave superconductors. Phys Rev B (1994) 49:15404-7. doi:10.1103/
physrevb.49.15404

54. Emery V], Kivelson SA. Importance of phase fluctuations in superconductors with
small superfluid density. Nature (London) (1995) 374:434-7. doi:10.1038/374434a0

55. Emery V7, Kivelson SA. Superconductivity in bad metals. Phys Rev Lett (1995) 74:
3253-6. doi:10.1103/physrevlett.74.3253

56. Wang Y, Li L, Ong NP. Nernst effect in high-T ¢ superconductors. Phys Rev B
(2006) 73:024510. doi:10.1103/physrevb.73.024510

57. Wang Y, Lu L, Naughton MJ, Gu GD, Uchida S, Ong NP. Field-enhanced diamagnetism
in the pseudogap state of the cuprate Bi2Sr2CaCu208+3 superconductor in an intense
magnetic field. Phys Rev Lett (2005) 95:247002. doi:10.1103/physrevlett.95.247002

58.LiL, Wang Y, Komiya S, Ono S, Ando Y, Gu GD, et al. Diamagnetism and Cooper
pairing above T ¢ in cuprates. Phys Rev B (2010) 81:054510. doi:10.1103/physrevb.81.
054510

59. Rullier-Albenque F, Alloul H, Proust C, Lejay P, Colson D, Forget A. Total
suppression of superconductivity by high magnetic fields in YBa2Cu306.5. Phys Rev
Lett (2007) 99:027003. doi:10.1103/physrevlett.99.027003

60. Rullier-Albenque F, Alloul H, Rikken G. High field studies of superconducting
fluctuations in high-Tc cuprates: evidence for a small gap distinct from the large
pseudogap. Phys Rev B (2011) 84:014522. doi:10.1103/physrevb.84.014522

61. Rullier-Albenque F, Tourbot R, Alloul H, Lejay P, Colson D, Forget A. Nernst
effect and disorder in the normal state of high-Tc_cuprates. Phys Rev Lett (2006) 96:
067002. doi:10.1103/physrevlett.96.067002

62. Larkin A, Varlamov AA. Theory of fluctuations in superconductors. Oxford:
Oxford University Press (2005).

63. Lawrence WE, Doniach S. In: Kanda E, editor. Proceedings 12th international
conference on low temperature physics, kyoto 1970. Tokyo: Kaigaku (1971). p. 361.

64. Le Tacon M, Sacuto A, Georges A, Kottliar G, Gallais Y, Colson D, et al. Two
energy scales and two distinct quasiparticle dynamics in the superconducting state of
underdoped cuprates. Nat Phys (2006) 2:537-43. doi:10.1038/nphys362

Frontiers in Physics

111

10.3389/fphy.2024.1406242

65. Kondo T, Khasanov R, Takeuchi T, Schmalian ], Kaminski A.
Competition between the pseudogap and superconductivity in the high-Tc
copper oxides. Nature (London) (2009) 457:296-300. doi:10.1038/
nature07644

66. Bilbro LS, Valdés Aguiolar R, Logvenov G, Pelleg O, Bozovi'c I, Armitage
NP. Temporal correlations of superconductivity above the transition
temperature in La2-xSrxCuO4 probed by terahertz spectroscopy. Nat Phys
(2011) 7:p302.

67. Rullier’ Albenque F. Unpublished private communication (2024).

68. Damascelli A, Hussain Z, Shen ZX. Angle-resolved photoemission studies of the
cuprate superconductors. Rev Mod Phys (2003) 75:473-541. doi:10.1103/revmodphys.
75473

69. Hoffman JE, McElroy K, Lee D-H, M Lang K, Eisaki H, Uchida S, et al. Imaging
quasiparticle interference in Bi , Sr , CaCu , O g,s. Science (2002) 297:1148-51. doi:10.
1126/science.1072640

70. Pan SE, Hudson EW, Lang KM, Eisaki H, Uchida S, Davis J. Imaging the effects of
individual zinc impurity atoms on superconductivity in Bi2Sr2CaCu208+9. Nature
(London) (2000) 403:746-50. doi:10.1038/35001534

71. Alloul H, Mukhamedshin IR, Platova TA, Dooglav AV. Na ordering imprints a
metallic kagomé lattice onto the Co planes of Na2/3Co02. Europhysics Lett (2009) 85:
47006. doi:10.1209/0295-5075/85/47006

72. Gilmutdinov IF, Schonemann R, Vignolles D, Proust C, Mukhamedshin IR,
Balicas L, et al. Interplay between strong correlations and electronic topology in the
underlying kagome lattice of Na2/3Co0O2. Phys Rev B (2021) 104:1.201103. doi:10.1103/
physrevb.104.1201103

73. Varma CM. Pseudogap phase and the quantum-critical point in copper-oxide
metals. Phys Rev Lett (1999) 83:3538-41. doi:10.1103/physrevlett.83.3538

74. Bourges P, Sidis Y. Novel magnetic order in the pseudogap state of high-T ¢ copper
oxidessuperconductors. Comptes Rendus Physique (2011) 12:461-79. doi:10.1016/j.
crhy.2011.04.006

75. Séumon P, Haule K, Tremblay AMS. Strong coupling superconductivity,
pseudogap, and Mott transition. Phys Rev Lett (2012) 108:216401. doi:10.1103/
physrevlett.108.216401

76. Fratino L, S"emon P, Sordi G, Tremblay A-MS. Pseudogap and superconductivity
in two-dimensional doped charge transfer insulators. Phys Rev B. (2016) 93:245147.
doi:10.1103/physrevb.93.245147

77. Kowalski N, Dash SS, Sémon P, Sénéchal D, Tremblay AM. Oxygen hole content,
charge-transfer gap, covalency, and cuprate superconductivity. PNAS (2021) 118:
2106476118. doi:10.1073/pnas.2106476118

frontiersin.org


https://doi.org/10.1103/physrevlett.85.638
https://doi.org/10.1103/revmodphys.40.380
https://doi.org/10.1103/physrevlett.25.867
https://doi.org/10.1103/physrevb.49.15404
https://doi.org/10.1103/physrevb.49.15404
https://doi.org/10.1038/374434a0
https://doi.org/10.1103/physrevlett.74.3253
https://doi.org/10.1103/physrevb.73.024510
https://doi.org/10.1103/physrevlett.95.247002
https://doi.org/10.1103/physrevb.81.054510
https://doi.org/10.1103/physrevb.81.054510
https://doi.org/10.1103/physrevlett.99.027003
https://doi.org/10.1103/physrevb.84.014522
https://doi.org/10.1103/physrevlett.96.067002
https://doi.org/10.1038/nphys362
https://doi.org/10.1038/nature07644
https://doi.org/10.1038/nature07644
https://doi.org/10.1103/revmodphys.75.473
https://doi.org/10.1103/revmodphys.75.473
https://doi.org/10.1126/science.1072640
https://doi.org/10.1126/science.1072640
https://doi.org/10.1038/35001534
https://doi.org/10.1209/0295-5075/85/47006
https://doi.org/10.1103/physrevb.104.l201103
https://doi.org/10.1103/physrevb.104.l201103
https://doi.org/10.1103/physrevlett.83.3538
https://doi.org/10.1016/j.crhy.2011.04.006
https://doi.org/10.1016/j.crhy.2011.04.006
https://doi.org/10.1103/physrevlett.108.216401
https://doi.org/10.1103/physrevlett.108.216401
https://doi.org/10.1103/physrevb.93.245147
https://doi.org/10.1073/pnas.2106476118
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2024.1406242

Frontiers In
Physics

Investigates complex questions in physics to
understand the nature of the physical world

Addresses the biggest questions in physics,
from macro to micro, and from theoretical to
experimental and applied physics.

Discover the latest
Research Topics & trontiers

Frontiers in

Physics

Frontiers

Avenue du Tribunal-Fédéral 34
1005 Lausanne, Switzerland
frontiersin.org

Contact us

+41(0)21 510 17 00
frontiersin.org/about/contact

& frontiers | Research Topics



https://www.frontiersin.org/journals/physics/research-topics

	Cover

	FRONTIERS EBOOK COPYRIGHT STATEMENT

	Disorder and superconductivity: A 21st-century update

	Table of contents

	Editorial: Disorder and superconductivity: a 21st-century update
	Author contributions
	Funding
	Conflict of interest
	Publisher’s note

	Absence of the impurity-resonance spot at a Bi defect located near the Zn impurity in Bi2Sr2Ca(Cu1-xZnx)2O8+δ
	Introduction
	Material and methods
	Results and discussion
	Conclusion
	Data availability statement
	Author contributions
	Funding
	Acknowledgments
	Conflict of interest
	Publisher’s note
	References

	Unusually weak irradiation effects in anisotropic iron-based superconductor RbCa2Fe4As4F2
	1 Introduction
	2 Materials and methods
	2.1 Crystal growth and basic characterization
	2.2 Electrical resistivity measurements
	2.3 CPWR measurements
	2.4 PCARS measurements
	2.5 Ion irradiation

	3 Results
	4 Discussion
	Data availability statement
	Author contributions
	Funding
	Acknowledgments
	Conflict of interest
	Publisher’s note
	Author disclaimer
	References

	Anomalous Hall effects in chiral superconductors
	1 Introduction
	2 Anomalous Hall transport
	2.1 Anomalous edge transport
	2.2 Impurity-induced anomalous transport

	3 Transport theory
	3.1 Keldysh-Eilenberger equations
	3.2 Quasiclassical propagators
	3.3 Coupling to external and internal forces
	3.3.1 Mean-field self-energies
	3.3.2 Impurity self-energy


	4 Equilibrium
	4.1 2D chiral superconductors
	4.1.1 Gap equation: mean-field order parameter

	4.2 3D chiral superconductors
	4.2.1 Symmetries of the order parameter
	4.2.2 Impurity self-energy
	4.2.3 Equilibrium properties


	5 Linear response theory
	5.1 Self-energy—vertex corrections
	5.2 Cylindrical harmonic decomposition for 2D chiral superconductors
	5.3 Spherical harmonic decomposition for 3D chiral superconductors

	6 Results for 2D chiral superconductors
	6.1 Suppression of Tc and pair-breaking
	6.2 Density of states
	6.3 Thermal conductivity and the anomalous Thermal Hall effect

	7 Results for chiral superconductors in 3D
	7.1 Critical temperature
	7.2 Quasiparticle spectrum
	7.3 Thermal conductivity tensor for chiral superconductors
	7.4 Comparison with the anomalous thermal Hall conductivity from Berry curvature

	8 Summary and outlook
	8.1 Outlook

	Data availability statement
	Author contributions
	Funding
	Conflict of interest
	Publisher’s note
	References

	Insensitivity of Tc to the residual resistivity in high-Tc cuprates and the tale of two domes
	1 Introduction
	2 Results and discussion
	2.1 Robustness of Tc to variations of ρ0 in Bi2201
	2.2 Comparison with dirty d-wave theory
	2.3 Application of dirty d-wave theory to Bi2201
	2.4 Review of Tc dependence on ρ0 in LSCO
	2.5 A tale of two domes

	3 Conclusion
	Data availability statement
	Author contributions
	Funding
	Acknowledgments
	Conflict of interest
	Publisher’s note
	Supplementary material
	References

	Spontaneous time-reversal symmetry breaking by disorder in superconductors
	1 Introduction
	2 Mechanisms of TRSB from disorder in superconductors
	2.1 Complex combinations of two superconducting condensates
	2.2 Disorder and superconductivity-induced quasi-ordered magnetism
	2.2.1 Magnetic droplets from impurities
	2.2.2 Quasi-long range magnetic order from disorder
	2.2.3 TRSB from disorder-induced loop currents

	2.3 Enhanced RKKY exchange coupling and slowing-down of magnetic fluctuations by superconductivity

	3 Experimental consequences
	4 Summary and outlook
	Author contributions
	Funding
	Acknowledgments
	Conflict of interest
	Publisher’s note
	References

	Nuclear magnetic resonance studies in a model transverse field Ising system
	1 Introduction
	2 Couplings to non-Kramers doublet
	2.1 Lattice interaction
	2.1.1 Ground state wavefunctions
	2.1.2 Cooperative Jahn-Teller effect

	2.2 Zeeman interaction
	2.2.1 Induced moments for perpendicular fields

	2.3 Transverse field Ising model for ferroquadrupolar order
	2.4 Coupling to nuclear spins
	2.4.1 Hyperfine coupling to 51V
	2.4.2 Quadrupolar coupling to 51V
	2.4.3 Hyperfine coupling to 169Tm


	3 Nuclear magnetic resonance studies
	3.1 Transverse field susceptibility
	3.2 Fidelity susceptibility

	4 NMR studies of Y substitution
	4.1 NMR spectra
	4.1.1 Numerical simulations
	4.1.2 Effect of c-axis field

	4.2 Spin lattice relaxation rate

	5 Conclusion
	Data availability statement
	Author contributions
	Funding
	Acknowledgments
	Conflict of interest
	Publisher’s note
	References

	Thermal conductivity of nonunitary triplet superconductors: application to UTe2
	1 Introduction
	2 Model and formalism
	2.1 Superconducting state
	2.2 Impurity scattering and thermal transport

	3 Results and discussion
	3.1 T = 0 limit of the density of states and thermal conductivity
	3.2 Finite T electronic thermal conductivity
	3.3 Inelastic scattering effects

	4 Summary and concluding remarks
	Data availability statement
	Author contributions
	Funding
	Acknowledgments
	Conflict of interest
	Publisher’s note
	Supplementary material
	References

	What do we learn from impurities and disorder in high-Tc cuprates?
	1 Introduction
	2 Cuprate phase diagrams and disorder
	2.1 Early phase diagrams of cuprates
	2.2 A 3D phase diagram

	3 Point defects in the pseudogapped and strange metals
	3.1 Magnetic properties induced by spinless impurities
	3.2 Influence of in-plane defects on the normal state transport
	3.2.1 Experimental techniques
	3.2.2 Resistivity of the “pure” samples
	3.2.3 Metal insulator crossover (MIC)
	3.2.4 Resistivity upturns for low defect content

	3.3 Conclusion on the normal state properties

	4 Influence of disorder on the superconducting state
	4.1 Variation in Tc with in-plane disorder
	4.2 Superconducting fluctuations and disorder
	4.2.1 Paraconductivity experiments
	4.2.2 SCF range and disorder
	4.2.3 Amplitude and phase fluctuations in YBCO
	4.2.4 Magnetoconductance and superconducting gap
	4.3 Disorder in the 3D YBCO phase diagram


	5 Discussion
	5.1 Phase diagrams and low Tc cuprates
	5.2 Toward disorder-free cuprates?
	5.3 Point defects in the normal state
	5.4 Disorder in the SC state

	6 Conclusion
	Author contributions
	Funding
	Acknowledgments
	Conflict of interest
	Publisher’s note
	References

	Back Cover



