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A Statistically and Numerically
Efficient Independence Test Based on
Random Projections and Distance
Covariance

Cheng Huang and Xiaoming Huo *

Georgia Institute of Technology, Atlanta, GA, United States

Testing for independence plays a fundamental role in many statistical techniques. Among
the nonparametric approaches, the distance-based methods (such as the distance
correlation-based hypotheses testing for independence) have many advantages,
compared with many other alternatives. A known limitation of the distance-based
method is that its computational complexity can be high. In general, when the sample
size is n, the order of computational complexity of a distance-based method, which
typically requires computing of all pairwise distances, can be O(n?). Recent advances have
discovered that in the univariate cases, a fast method with O(nlog n) computational
complexity and O(n) memory requirement exists. In this paper, we introduce a test of
independence method based on random projection and distance correlation, which
achieves nearly the same power as the state-of-the-art distance-based approach,
works in the multivariate cases, and enjoys the O(nKlog n) computational complexity
and O(max{n, K}) memory requirement, where K is the number of random projections.
Note that saving is achieved when K < n/log n. We name our method a Randomly
Projected Distance Covariance (RPDC). The statistical theoretical analysis takes
advantage of some techniques on the random projection which are rooted in
contemporary machine learning. Numerical experiments demonstrate the efficiency of
the proposed method, relative to numerous competitors.

Keywords: independence test, distance covariance, random projection, hypotheses test, multivariate hypothesis
test

1 INTRODUCTION

Test of independence is a fundamental problem in statistics, with many existing work including the
maximal information coefficient (MIC) [1], the copula based measures [2,3], the kernel based
criterion [4] and the distance correlation [5,6], which motivated our current work. Note that the
above works as well as ours focus on the testing for independence, which can be formulated as
statistical hypotheses testing problems. On the other hand, interesting developments (e.g., [7]) aim at
a more general framework for interpretable statistical dependence, which is not the goal of this paper.

Distance correlation proposed by [6] is an important method in the test of independence. The
direct implementation of distance correlation takes O(n?) time, where n is the sample size. The time
cost of distance correlation could be substantial when the sample size is just a few thousand. When
the random variables are univariate, there exist efficient numerical algorithms of time complexity
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O(nlog n) [8]. However, for the multivariate random variables,
we have not found any efficient algorithms in existing papers after
an extensive literature survey.

Independence tests of multivariate random variables could have
a wide range of applications. In many problem settings, as
mentioned in [9], each experimental unit will be measured
multiple times, resulting in multivariate data. Researchers are
often interested in exploring potential relationships among
subsets of these measurements. For example, some
measurements may represent attributes of  physical
characteristics while others represent attributes of psychological
characteristics. It may be of interest to determine whether there
exists a relationship between the physical and psychological
characteristics. A test of independence between pairs of vectors,
where the vectors may have different dimensions and scales,
becomes crucial. Moreover, the number of experimental units,
or equivalently, sample size, could be massive, which requires the
test to be computationally efficient. This work will meet the
demands for numerically efficient independence tests of
multivariate random variables.

The newly proposed test of independence between two
(potentially multivariate) random variables X and Y works as
follows. Firstly, both X and Y are randomly projected to one-
dimensional spaces. Then the fast computing method for distance
covariances between a pair of univariate random variables is
adopted to compute for a surrogate distance covariance. The
above two steps are repeated numerous times. The final estimate
of the distance covariance is the average of all aforementioned
surrogate distance covariances.

For numerical efficiency, we will show (in Theorem 3.1) that
the newly proposed algorithm enjoys the O(Knlog n)
computational complexity and O(max{n, K}) memory
requirement, where K is the number of random projections
and #n is the sample size. On the statistical efficiency, we will
show (in Theorem 4.19) that the asymptotic power of the test of
independence by utilizing the newly proposed statistics is as
efficient as its original multivariate counterpart, which achieves
the state-of-the-art rates.

The rest of this paper is organized as follows. In Section 2, we
review the definition of distance covariance, its fast algorithm in
univariate cases, and related distance-based independence tests.
Section 3 gives the detailed algorithm for distance covariance of
random vectors and corresponding independence tests. In
Section 4, we present some theoretical properties on distance
covariance and the asymptotic distribution of the proposed
estimator. In Section 5, we conduct numerical examples to
compare our method against others in the existing literature.
Some discussions are presented in Section 6. We conclude in
Section 7. All technical proofs, as well as the formal
presentation of algorithms, are relegated to the appendix
when appropriate.

Throughout this paper, we adopt the following notations. We

_ ﬂ(pﬂ)/z _ ﬂ(q+l)/2
denote ¢, = (R and ¢; = M@m two constants, where

I'(-) denotes the Gamma function. We will also need the following

constants: C, = —Cfi" - 4%2(((;;1)/ D and Cy=2Lt = VAl lg+r/2)
t

For any vector v, let v denote its transpose.

¢ T'(g/2)

Randomly Projected Distance Covariance

2 REVIEW OF DISTANCE COVARIANCE:
DEFINITION, FAST ALGORITHM, AND
RELATED INDEPENDENCE TESTS

In this section, we review some related existing works. In
Section 2.1, we recall the concept of distance variances
and correlations, as well as some of their properties. In
Section 2.2, we discuss the estimators of distance
covariances and correlations, as well as their computation.
We present their applications in the test of independence in
Section 2.3.

2.1 Definition of Distance Covariances
Measuring and testing the dependency between two random
variables is a fundamental problem in statistics. The classical
Pearson’s correlation coefficient can be inaccurate and even
misleading when nonlinear dependency exists [6]. propose the
novel measure-distance correlation-which is exactly zero if and
only if two random variables are independent. A limitation is
that if the distance correlation is implemented based on its
original  definition, the corresponding computational
complexity can be as high as O(n®), which is not desirable
when # is large.

We review the definition of the distance correlation in [6].
Let us consider two random variables X € R?,
Y eR%, p>1,9>1. Let the complex-valued functions ¢x y(-),
¢x(-), and ¢y(-) be the characteristic functions of the joint
density of X and Y, the density of X, and the density of Y,
respectively. For any function ¢, we denote |¢|* = ¢¢, where ¢ is
the conjugate of ¢; in words, |¢| is the magnitude of ¢ at a
particular point. For vectors, let us use || to denote the
Euclidean norm. In [6], the definition of distance covariance
between random variables X and Y is

|¢X,Y (t, S) - (px (t)(py (S)|2

RP* cpcqlt|P]s|7!

dtds,

V2(X,Y) = J 2.1)

where two constants ¢, and ¢, have been defined at the end of
Section 1. The distance correlation is defined as

V2(X,Y)
VWX, X)VVA(Y,Y)

R*(X,Y) =

The following property has been established in the

aforementioned paper.

Theorem 2.1. Suppose X € R?,p>1and Y € R%,g>1 are two
random variables, the following statements are equivalent:

1) X is independent of Y;

2) ¢xy(t, s) = ¢x(D¢y(s), for any t € R? and s € RY;
3) V2(X,Y) =0

4) R*(X,Y) =0.

Given sample (X;, Y7), ..., (X,, Y,), we can estimate the
distance covariance by replacing the population characteristic
function with the sample characteristic function: for
i=+-1,t € R?,s € R%, we define
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- e

j=1

iie' i, and

j=1

1 ¢ iXit+iYls
- )it
n
j=1
Consequently one can have the following estimator for V (X,Y):

By (£:5) = by (D ()

1 1
cpcqltP 5|7

¢Y (s)=

(Z)X,Y (t,s) =

dt - ds. (2.2)

V2(X,Y) = j
RP*

Note that the above formula is convenient to define a quantity,
however, is not convenient for computation, due to the
integration on the right-hand side. In the literature, other
estimates have been introduced and will be presented in the
following.

2.2 Fast Algorithm in the Univariate Cases
The paper [10] gives an equivalent definition for the distance
covariance between random variables X and Y:

=E[d(X, X)d(Y,Y)]
=E[X-XY Y]] -2E[IX - XY - Y]]
+E[|X - X'|]E[]Y -Y"|], (2.3)

V2(X,Y)

where the double centered distance d(-, -) is defined as

d(X,X) = X=X |-Ex[IX-X]-E [IX-X]
+E[X - X],
where Ex, E,, and I are expectations over X, X’ and (X, X),
respectively.

Motivated by the above definition, one can give an unbiased
estimator for V?(X,Y). The following notations will be utilized:
for1 <i,j<mn,

aij = |X; —X,L bij =Y; YJ|)
a;. = Zaiz, b. = Zbib

=1 =1 (2.4)
a. = Z axl, and b. = z bkl

Kl=1 k=1

It has been proven [8, 28] that

Q,(X,Y) = Z

z#]

Fi% = 2)(n 3)2“’

a.b.
- (n-2)(n-3)

(2.5)

is an unbiased estimator of V?(X,Y). In addition, a fast
algorithm has been proposed [8] for the aforementioned
sample distance covariance in the univariate cases with

Randomly Projected Distance Covariance

complexity order O(nlog n) and storage O(n). We list the
result below for reference purpose.

Theorem 2.2. (Theorem 3.2 & Corollary 4.1 in [8]). Suppose Xj,
L X,andYy,...,Y, € R. The unbiased estimator (), defined in
(2.5) can be computed by an O(nlog n) algorithm.
In addition, as a byproduct, the following result is established
in the same paper.

Corollary 2.3. The quantity

a.b. D1 -1 br

nn-1)(n-2)(n-3) nn-1)(n-2)(n-3)

can be computed by an O(nlog n) algorithm.

We will use the above result in our test of independence.
However, as far as we know, in the multivariate cases, there does
not exist any work on the fast algorithm of the order of
complexity O(nlog n). This paper will fill in this gap by
introducing an order O(nKlog n) complexity algorithm in
multivariate cases.

2.3 Distance Based Independence Tests

Ref. [6] proposed an independence test using the distance
covariance. We summarize it below as a theorem, which
serves as a benchmark. Our test will be aligned with the
following one, except that we introduced a new test statistic,
which can be more efficiently computed, and it has comparable
asymptotic properties with the test statistic that is used below.

Theorem 2.4. ([6], Theorem 6). For potentially multivariate
random variables X and Y, a prescribed level o, and sample
size n, one rejects the independence if and only if

) (X,Y)
S,
where Vﬁ (X,Y) has been defined in (2.2), ®(-) denote the

cumulative distribution function of the standard normal
distribution and

> (‘Dil (1 - “5/2))2:

—Z|x X|Z|Y Y.

i,j=1 i,j=1

Moreover, let a(X, Y, n) denote the achieved significance level of
the above test. If E[| X]| + |Y]] < 0o, then for all 0 < &, < 0.215, one
can show the following:

lim a(X,Y,n) <« and

sup{lim a(X,Y,n): V(X,Y) = 0} = a,.

X,Y n—o00

Note that the quantity V2 (X, Y) that is used above as in [6] differs
from the one that will be used in our proposed method. As
mentioned, we use the above as an illustration for distance-based
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tests of independence, as well as the theoretical/asymptotic
properties that such a test can achieve.

3 NUMERICALLY EFFICIENT METHOD FOR
RANDOM VECTORS

This section is made of two components. We present a random-
projection-based distance covariance estimator that will be
proven to be unbiased with a computational complexity that is
O(Knlog n) in Section 3.1. In Section 3.2, we describe how the
test of independence can be done by utilizing the above estimator.
For users’ convenience, stand-alone algorithms are furnished in
the Supplementary Appendix.

3.1 Random Projection Based Methods for
Approximating Distance Covariance

We consider how to use a fast algorithm for univariate random
variables to compute or approximate the sample distance
covariance of random vectors. The main idea works as follows:
first, projecting the multivariate observations on some random
directions; then, using the fast algorithm to compute the distance
covariance of the projections; at last, averaging distance
covariances from different projecting directions.

More specifically, our estimator can be computed as follows. For
potentially multivariate X, ..., X, € R andYy,...,Y, € RY, let
K be a predetermined number of iterations, we do:

1) For each k (1 < k < K), randomly generate w4 and v, from
Uniform (§?™') and Uniform (S7™"), respectively. Here S~
and 87" are the unit spheres in R? and RY, respectively.

2) Let uj X and v,Y denote the projections of X and Y to the
space that are orthogonal to vectors uy and vy, respectively.
That is we have

u,iX = (uin, .. ,uth,,), and vth = (vthl, e vﬁ(Yn).

Note that samples u} X and v{Y are now univariate.

3) Utilize the fast (i.e., order O(nlog n)) algorithm that was mentioned
in Theorem 2.2 to compute for the unbiased estimator in Eq. 2.5
with respect to 4} X and v;Y. Formally, we denote

Q¥ = C,C,Q, (U X, V,Y),
where C, and C, have been defined at the end of Section 1.

(4) The above three steps are repeated for K times. The final
estimator is
1

Q, == ) o, (3.1)

To emphasize the dependency of the above quantity with K, we
sometimes use a notation Q,, x = Q,.

See Algorithm 1 in the Supplementary Appendix for a stand-
alone presentation of the above method. In the light of Theorem
2.2, we can handily declare the following.

Randomly Projected Distance Covariance

Theorem 3.1. For potentially multivariate X, . . ., X,, € R” and
Yi,...,Y, € RY, the order of computational complexity of
computing the aforementioned Q, is O(Knlog n) with
storage O(max{n, K}), where K is the number of random
projections.

The proof of the above theorem is omitted because it is
straightforward from Theorem 2.2. The statistical properties of
the proposed estimator (), will be studied in the subsequent
section (specifically in Section 4.4).

3.2 Test of Independence

By a later result (cf. Theorem 4.19), we can apply Q, in the
independence  tests. The corresponding asymptotic
distribution of the test statistic {,, can be approximated by
a Gamma(a, f8) distribution with & and f given in Eq. 4.7. We
can compute the significance level of the test statistic by
permutation and conduct the independence test
accordingly. Recall that we have potentially multivariate
Xi,..., X, €RP and Yy,...,Y, € R9. Recall that K denotes
the number of Monte Carlo iterations in our previous
algorithm. Let a; denote the prescribed significance level of
the independence test. Let L denote the number of random
permutations that we will adopt. We would like to test the null
hypothesis Hy—X and Y are independent—against its
alternative. Recall Q, is our proposed estimator in Eq. 3.1.
The following algorithm describes a test of independence,
which applies permutation to generate a threshold.

1) For each ¢, 1 < € < L, generate a random permutation of
Y: Y= (Y5, Y0

2) Using the algorithm in Section 3.1, one can compute the
estimator (), as in Eq. 3.1 for X and Y™ denote the outcome
to be V, = Q, (X, V™). Note under random permutations, X
and Y ! are independent.

3) The above two steps are executed for all £ = 1, ..., L. One
rejects H, if and only if we have

1+ Y5, 1(Q,>V)) o
1+L *

See Algorithm 2 in the Supplementary Appendix for a stand-
alone description.

It is notified that one can use the approximate asymptotic
distribution  information to estimate a threshold in the
independence test. The following describes such an approach.
Recall that random vectors Xi,..., X, € R and Yy,...,Y, € RY,
number of random projections K, and a prescribed significance level
have been mentioned earlier.

1) For each k (1 < k < K), randomly generate uy and v, from
uniform (SP7!) and uniform (897Y), respectively.

2) Use the fast algorithm in Theorem 2.2 to compute the
following quantities:

Q¥ = C,CoQ (UL X, Y),
Sy = G0, (U X, i X)Q,, (MY, 1Y),

n2 Pn(n_ 1) n3 qn(n_ 1)
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where C, and C, have been defined at the end of Section 1 and in
the last equation, the a“% and b’ are defined as follows:

Iuk(X X, b = (Y -Y))l,
“k—Zak,, w—Zb
kl=1 kl=1

3) For the aforementioned k, randomly generate u; and vi. from
uniform (S7!) and uniform (S77!), respectively. Use the fast
algorithm that is mentioned in Theorem 2.2 to compute the

following.
0% =CO, WX, uX), Qf =C0,0Y,viY).

where C, and C, have been defined at the end of Section 1.

4) Repeat the previous steps for all k = .» K. Then we
compute the following quantities:
zuo s _lsew o li(m
QO n,l = — Sn,l > Sn,Z =7 Sn,Z’
Kia Ki3
) Ly Ly
Sn,3 = S,Y;)) On,X = Qflk))() Qn,Y = Q,(,k;,
K3 Ka " Kg "
1 S5
*=3K-1_ T
—— 0, xQuy + ES
(3.2)
/3 _ 1 Sn,ZSn,S
“2K-1- _ 1- (3.3)
—— QuxQuy + =S,
K Xy + 20
5) Reject H, if nQ, + S,.28,.3 > Gamma (a, B; 1 — as); otherwise,

accept it. Here Gamma(a, 551 —
distribution Gamma(a, f3).

a,)isthe 1 — a quantﬂe of the

The above procedure is motivated by the observation that the
asymptotic distribution of the test statistic nQ, can be
approximated by a Gamma distribution, whose parameters can
be estimated by Eq. 3.2 and Eq. 3.3. A stand-alone description of
the above procedure can be found in Algorithm 3 in the
Supplementary Appendix.

4 THEORETICAL PROPERTIES

In this section, we establish the theoretical foundation of the
proposed method. In Section 4.1, we study some
properties of the random projections and the subsequent
average estimator. These properties will be needed in
studying the properties of the proposed estimator. We
study the properties of the proposed distance covariance
estimator (Q,) in Section 4.2, taking advantage of the fact
that Q, is a U-statistic. It turns out that the properties of
eigenvalues of a particular operator play an important role.

Randomly Projected Distance Covariance

We present the relevant results in Section 4.3. The main
properties of the proposed estimator ((),) are presented in
Section 4.4.

4.1 Using Random Projections in

Distance-Based Methods

In this section, we will study some properties of distance
covariances of randomly projected random vectors. We begin
with a necessary and sufficient condition of independence.

Lemma 4.1. Suppose u and v are points on the hyper-spheres:
ueSP ! ={ueRP: |ul =1} and v € ST!. We have

random vectors X € RP andY € R?areindependent

if and only if

VE(u' X, v'Y) =0, foranyu € S"',v e ST,

The proof is relatively straightforward. We relegate a formal
proof to the appendix. This lemma indicates that the
independence is somewhat preserved under projections. The
main contribution of the above result is to motivate us to
think of using random projection, to reduce the multivariate
random vectors into univariate random variables. As mentioned
earlier, there exist fast algorithms of distance-based methods for
univariate random variables.

The following result allows us to regard the distance covariance
of random vectors of any dimension as an integral of distance
covariance of univariate random variables, which are the
projections of the aforementioned random vectors. The
formulas in the following lemma provide the foundation for our
proposed method: the distance covariances in the multivariate
cases can be written as integrations of distance covariances in the
univariate cases. our proposed method essentially adopts the
principle of Monte Carlo to approximate such integrals. We
again relegate the proof to the Supplementary Appendix.

Lemma 4.2. Suppose u and v are points on unit hyper-spheres:
ueSPl'={ueRP: |u/=1}andve ST Let 4 and v denote the
uniform probability measure on SP™' and S77', respectively.
Then, we have for random vectors X € R? and Y € RY,
V2(X,Y)=C qu V2 (! X, v'Y)du (u)dv (v),
SPIxsT!
where C, and C, are two constants that are defined at the end of
Section 1. Moreover, a similar result holds for the sample distance
covariance:
V2(X,Y)=C qu V2 (' X, vY)dp (u)dv (v).
SP1x§11
Besides the integral equations in the above lemma, we can also
establish the following result for the unbiased estimator. Such a
result provides the direct foundation of our proposed method.
Recall that Q,,, which is in Eq. 2.5, is an unbiased estimator of the

distance covariance V*(X,Y). A proof is provided in the
Supplementary Appendix.
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Lemma 4.3. Suppose u and v are points on the hyper-spheres:
ueSP! ={ueRP: |ul = 1}and v € ST, Let u and » denote the
measure corresponding to the uniform densities on the surfaces
SP! and 877, respectively. Then, we have

Q, W X, v'Y)du (w)dv(v),

SP1xsa!

0,(X,Y) = cpcqj

where C, and C, are constants that were mentioned at the end of
Section 1.

From the above lemma, recalling the design of our
proposed estimator Q, as in Eq. 3.1, it is straightforward
to see that the proposed estimator (), is an unbiased estimator
of O, (X, Y). For completeness, we state the following without

a proof.

Corollary 4.4. The proposed estimator Q, in Eq. 3.1) is an
unbiased estimator of the estimator Q,,(X, Y) that was defined
in Eq. 2.5.

Note that the estimator Q,, in Eq. 3.1 evidently depends on the
number of random projections K. Recall that to emphasize such a
dependency, we sometimes use a notation Q,x = Q,. The
following concentration inequality shows the speed that Q,x
can converge to ), as K — oo.

Lemma 4.5. Suppose E[|X|*] < 0o and E[|Y]?] < co. For any € > 0,

we have
CKée? }
(Zy])’

P(I1Qux — Qul>¢€) SzeXp{_Tr[Z]Tr
X

where Xy and Xy are the covariance matrices of X and Y,
respectively, Tr[Zx] and Tr[Xy] are their matrix traces, and C =
@ is a constant.

The proof is a relatively standard application of
Hoeffding’s inequality [11], which has been relegated to
the appendix. The above lemma essentially indicates that
the quantity |Q, x — Q,| converges to zero at a rate no worse
than O(1/VK).

4.2 Asymptotic Properties of the Sample

Distance Covariance Q,

The asymptotic behavior of the sample distance covariance Q,,
in Eq. 2.5 of this paper, has been studied in many places, seeing
[5,8,10,12]. We found that it is still worthwhile to present them
here, as we will use them to establish the statistical properties
of our proposed estimator. The asymptotic distributions of Q,,
will be studied under two situations: 1) a general case and 2)
when X and Y are assumed to be independent. We will see that
the asymptotic distributions are different in these two
situations.

It has been showed in ([8], Theorem 3.2) that Q, is a
U-statistic. In the following, we state the result without
formal proof. We will need the following function, denoted
by hy, which takes four pairs of input variables:

Randomly Projected Distance Covariance

h4 ( (Xl’Yl)a (XZaYZ)a (X3’Y3)) (X4’ Y4))

1
=0 > IX-XlIYi-vl
1<i, j<d,i# j
1 4
-3 Y X=X Y Ivi-vl
i=1 \ 1<j<d,j#i 1<j<4, j#i
1
= Y X=X ) Y-l
1<i, j<4,i#j 1<i, j<4,i#j

(4.1)

Note that the definition of &, coincides with Q, when the
number of observations n = 4.

Lemma 4.6. (U-statistics). Let ¥, denote all distinct 4-subset of
{1, ..., n} andlet us define X,, = {Xj|i € y} and Y,, = {Y}|i € y}, then
Q, is a U-statistic and can be expressed as

0, =(5) 3 m(x,r,)

yevy

From the literature of the U-statistics, we know that the
following quantities play critical roles. We state them here:

hy (X0, Y1) = Epsa[hy (X0, Y1), (X2, Y2), (X5,Y3), (Xo, Ya))l,
hz ( (Xb Y1)> (X2> Yz)) = IE3,4 [h4 ( (Xb Y1)> (X2) Y2)>
(X5,Y3), (X4, Ya))1,
hs (X1, Y1), (X2, Y3), (X5,Y3)) = Ey[hy (X1, Y1), (X5, Y3),
(X5,Y3), (X4, Yo))I

where E, 3 4 stands for taking expectation over (X, Y,), (X3, Y3)
and (X4, Y,); E; 4 stands for taking expectation over (X3, Y3) and
(X4, Yy); and E, stands for taking expectation over (X, Yy);
respectively.

One immediate application of the above notations is the
following result, which quantifies the variance of Q,,. Since the
formula is a known result, seeing ([13], Chapter 5.2.1 Lemma A),
we state it without proof.

Lemma 4.7. (Variance of the U-statistic). The variance of Q,,

could be written as
N n—4
(7) G )var

)

16 240 72 1
Ovar(h) + 22 Var () + ZVar () + o(—),
n n? n? n

-1 4

>

=1

Var(Q,) = (

where O(:) is the standard big O notation in mathematics.
From the above lemma, we can see that Var(h;) and Var(h,) play
indispensable roles in determining the variance of Q,,. The following
lemma shows that under some conditions, we can ensure that Var(h,)
and Var(h,) are bounded. A proof has been relegated to the appendix.

Lemma 4.8. If we have E[|X|)]<oco, E[|Y)*)]<co and
E[|X[*|Y]*] < 0o, then we have Var(h,) < co. Consequently,
we also have Var(h;) < co and Var(h,) < co.
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Even though as indicated in Lemma 4.7, the quantities h; (X,
Y1) and h,((X3, Y1), (X5, Y>)) play important roles in determining
the variance of Q,, in a generic case, they do not have a simple
formula. The following lemma gives the generic formulas for
hi(Xy, Y1) and hy((X, Y1), (X5, Y3)). Its calculation can be found
in the Supplementary Appendix.

Lemma 4.9. (Generic h; and h,). In the general case, assuming
X5, Y1), (X, V), (X', Y'), and (X", Y") are independent and
identically distributed, we have

(XY = SEIX - XY, - Y] - SEIX, - XY,
~ Y1+ SE(, - XY - Yl - B,
- XY =¥+ SEIX - XY, Y
- %EHX' -X"|ly,-Y'I] + %IEHX—X'HY
~ Y11= SEOX - XY - Y[l

We have a similar formula for h,((X;, Y;), (X5, Y5)) in (B.7). Due
to its length, we do not display it here.

If one assumes that X and Y are independent, we can have a
simpler formula for h;, h,, as well as their corresponding
variances. We list the results below, with detailed calculations
relegated to the appendix. One can see that under independence,
the corresponding formulas are much simpler.

Lemma 4.10. When X and Y are independent, we have the
following. For (X, Y) and (X', Y') that are independent and
identically distributed as (X;, Y7) and (X, Y>), we have

By ((X1,Y41)) =0, (4.2)
(X0, Y)), (6, ¥2)) = 2 (1%, = X - E[1X, - X

-E[IX; - XN +EIX - X"
(Y1 - Yol -E[IY, - Y -E[Y, - Y] +E[lY -Y']),  (4.3)

Var(h,) = 31—61/2 (X, X))V*(Y,Y), (4.4)

where E stands for the expectation operators with respect to X, X
and X', Y, or Y and Y’, whenever appropriate, respectively.

If we have 0 < Var(h;) < 0o, it is known that the asymptotic
distribution of Q,, is normal, as stated in the following. Note that
based on Lemma 4.10, X and Y cannot be independent; otherwise
one should have h; = 0 almost surely. The following theorem is
based on a known result on the convergence of U-statistics, seeing
([13], Chapter 5.5.1 Theorem A). We state it without a proof.

Theorem 4.11. Suppose 0 < Var(h;) < oo and Var(h,) < 0o, then
we have
Q,% V(X,Y)

moreover, we have

Vn(Q, -V (X, Y)B N(0,16Var (h,)),asn — co.

Randomly Projected Distance Covariance

When X and Y are independent, the asymptotic distribution of
1/n€), is no longer normal. In this case, from Lemma 4.10, we
have

hy ((X1,Y1)) = 0Oalmost surely, and Var [h; ((X;,Y1))] = 0.

The following theorem, which applies a result in ([13],
Chapter 5.5.2), indicates that n(), converges to a weighted
sum of (possibly infinitely many) independent y? random
variables.

Theorem 4.12. If X and Y are independent, the asymptotic
distribution of Q,, is

00 0 0

ﬂQHE) Z/\,(le - 1) = Z/\,le - ZA,‘,
i=1

i=1 i=1

where Z7 ~ x? iid, A;’s are the eigenvalues of operator G that is
defined as

Gg (xl’ )/1) = ]Exz,yz [6h2 ( (xl) }’1), (xZ) yZ))g('xZ’ )’2)],

where function h,((-, -), (-, -)) was defined in (4.3).

Proof. The asymptotic distribution of Q, is from the result in
([13], Chapter 5.5.2).

See Section 4.3 for more details on methods for computing the
value of A;s. In particular, we will show that we have Y0/, =
E[IX-X'IIE[IY -Y']] (Corollary 4.15) and YXA; =
VE(X, X)V2(Y,Y) (which is essentially from Eq. 4.4 and
Lemma 4.7).

4.3 Properties of Eigenvalues A;’s

From Theorem 4.12, we see that the eigenvalues A;’s play
important role in determining the asymptotic distribution
of 0, We study its properties here. Throughout this
subsection, we assume that X and Y are independent. Let us
recall that the asymptotic distribution of sample distance
covariance (2,,

nQ, Y L(Z} - 1) =Y Lz =Y A
i-1 =1 i=1
where A;s are the eigenvalues of the operator G that is
defined as

Gg(x1, 1) = Ey, 5, [6h; ((x1, y1), (X2, ¥2))g (%2, )]s

where function hy((-, -), (-, -)) was defined in Eq. 4.3. By definition,
eigenvalues A;, A, ... corresponding to distinct solutions of the
following equation

Gg (x1, y1) = Ag (x1, y1). (4.5)

We now study the properties of A;’s. Utilizing Lemma 12 and
Eq. 4.4 in [12], we can verify the following result. We give details
of verifications in the Supplementary Appendix.

Lemma 4.13. Both of the following two functions are positive
definite kernels:
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hyx (X1, X3) = -1 X1 - X + E[|IX; - X[] + E[IX; - X|]
-E[IX-X']]
and
hy (Y1,Y,) = —Y, =Y, + E[IY, - Y[ + E[]Y, - Y]]
—-E[lY -Y'|].

The above result gives us a foundation to apply the
equivalence result that has been articulated thoroughly in
[12]. Equipped with the above lemma, we have the following
result, which characterizes a property of A;’s. The detailed
proof can be found in the Supplementary Appendix.

Lemma 4.14. Suppose {A;, A, ...} are the set of eigenvalues of
kernel 6h,((x;, y1), (X2, ¥2)), {AX /\X ...}and {AT,/\;/, ...} are the
sets of eigenvalues of the positive definite kernels hy and hy,

respectively. We have the following:

Dods. b= 525 Je AL, )

that is, each A; satisfying (4.5) can be written as, for some j, j',
_ X Y
A=A

where A¥and 1" are the eigenvalues corresponding to kernel
functions hx(X;, X,) and hy(Y;, Y>), respectively.

Above lemma implies that eigenvalues of h, could be
obtained immediately after knowing the eigenvalues of hy
and hy. But, in practice, there usually does not exist
analytic solution for even the eigenvalues of hx or hy.
Instead, given the observations (X;, ..., X,) and (Y, ...

Y,), we can compute the eigenvalues of matrices Ky =
(hx (Xi, X)))pxn and Ky = (hy (Yi,Y;))uxn and use those
empirical eigenvalues to approximate Af,AY,... and
A AL, . .., and then consequently A;, A, ...

We end this subsection with the following corollary on the
summations of eigenvalues, which is necessary for the proof of
Theorem 4.12. The proof can be found in the Supplementary
Appendix.

Corollary 4.15. The aforementioned eigenvalues A}, A, ... and

Af; 2> .. satisfy
iAiX =E[IX- X’I],andiz\f =E[Y - Y'|].
i=1 in1
As a result, we have
i*i =E[IX - X'|IE[lY -Y'|],
i=1

and

A2 = VX, XV (Y, Y).

Randomly Projected Distance Covariance

4.4 Asymptotic Properties of Averaged

Projected Sample Distance Covariance (),
We have reviewed the properties of the statistics (2,, in a previous section
(Section 4.2). The disadvantage of directly applying (2,, (which is
defined in Eq. 2.5) is that for multivariate X and Y, the implementation
may require at least O(11°) operations. Recall that for univariate X and Y,
an O(n log n) algorithm exists, cf. Theorem 2.2. The proposed estimator
(Q, in Eq. 3.1) is the averaged distance covariances, after randomly
projecting X and Y to one-dimensional spaces, respectively. In this
section, we will study the asymptotic behavior of (. It turns out that
the analysis will be similar to the works in Section 4.2. The asymptotic
distribution of Q,, will differ in two cases: (1) the general case and (2) the
case when X and Y are independent.

As preparation for presenting the main result, we recall and
introduce some notations. Recall the definition of Q,;:

Q=1 KQ“‘)
n_EZ n >

k=1

where
Q¥ = C,C,Q, (U X,v,Y)

and constants C,,, Cq have been defined at the end of Section 1. By
Corollary 4.4, we have E[Q,Sk)] = Q,,, where E stands for the
expectation with respect to the random projection. Note that
from the work inSection 4.2, estimator Q¥ is a U-statistic. The
following equation reveals that estimator Q, is also a U-statistic,

(5) 3 oS hxrn 2 (3) ¥ hexr,)

yeYy ye¥y

Q,

where

ha(Xy,Y,) ZC Cyhs (U Xy, VLY ).

We have seen that quantities h; and h, play significant roles in the
asymptotic behavior of statistic Q,,. Let us define the counterpart
notations as follows:

h ((X1,Y1))
= E2,3,4 [fM ( (X1,Y1)) (Xz,Yz), (X3,Y3) X4,Y4) é

Zahi,

EZ ( (Xl) Yl): (XZ) YZ))

= E3,4 [ﬁ4 ( (Xla Yl)a (Xz) Yz)» (X3, Ys)» (X4, Y4) %

(k)

_Zk 1h i

(4.6)

where E, 3 4 stands for taking expectation over (X, Y5), (X5, Y3)

and (X, Y,); Es 4 stands for taking expectation over (X3, Y3) and
(X4 Yy); as well as the following:

h( ) _

h(k)

E234[C C h4 (uka Vka)]
E34[C C h4 (ukXyn VkY )]
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In the general case, we do not assume that X and Y are
independent. Let U = (u;, ..., ug) and V = (v, ..., vg) denote
the collection of random projections. We can write the variance of
Q,,as follows. The proof is an application of Lemma 4.7 and the law
of total covariance. We relegate it to the Supplementary Appendix.

Lemma 4.16. Suppose Eyy[Varyxy (ﬁllU_, V)]>0
Var,,, (V* (4! X, v'Y)) >0, then, the variance of Q,, is

and

_ 1 16 -
Var(Q,) = EVarW V(' X, v'Y)) + —FEyy [Varyy (U, V)]
n

72 - 1
+?Eu)v [Varx)y (hle, V)] + O(;)

Equipped with the above lemma, we can summarize the
asymptotic properties in the following theorem. We state it
without proof as it is an immediate result from Lemma 4.16
as well as the contents in ([13], Chapter 5.5.1 Theorem A).

Theorem 4.17.  Suppose 0<Eyy [Varxy (h|U, V)] < o0,
Euyv[Varxy (hy|U,V)] < co. Also, let us assume that K — oo,
n — 0o, then we have

Q5 V(X Y).
And, the asymptotic distribution of Q, could differ under
different conditions.
1) If K — oo and K/n — 0, then

VK (Q, - VA (X,Y))2 N(0,Var,, V* @' X,V'Y))).

2) If n > oo and K/n — oo, then

Vi (Q, -V (X, Y))2 N(0, 16Eyy [Varxy (b |U, V)]).
3) If n > oo and K/n — C, where C is some constant, then

Vn(Q, -V (X, Y))3 N(O, éVarW V(U X, v'Y)) + 16Ey .y
[VW’X,Y (El U, V)D.

Since our main idea is to utilize Q, to approximate the
quantity Q,, it is of interest to compare the asymptotic
variance of Q, in Theorem 4.11 with the asymptotic variances
in the above theorem. We present some discussions in the
following remark.

Remark 4.18. Let us recall the asymptotic properties of Q,,
Va(Q, -V (X,Y))B N(0,16Var (hy)).

Then, we make the comparison in the following different
scenarios.

1) If K — oo and K/n — 0, then the convergence rate of Q, is
much slower than Q,, as K < n.

2) If n — 0o and K/n — oo, then the convergence rate of Q, is the
same with , and their variances is also the same

Randomly Projected Distance Covariance

3) If n —» oo and K/n — C, where C is some constant, then the
convergence rate of (), is the same with (,, but the variance of
Q,, is larger than that of Q,,.

Generally, when X is not independent of Y, ), is as good as ,,
in terms of convergence rate. However, in the independence test,
the convergence rate of test statistics under the null hypotheses is
of more interest. In the following context of this section, we will
show that O, has the same convergence rate with Q, when X is
independent of Y.

Now, let us consider the case that X and Y are independent.
Similarly, by Lemma 4.10, we have

h(k) =0,k = 0,almost surely, and, Var(h) =
And, by Lemma 4.1, we know that

V2(u' X, v'Y) = 0,Vu, v,
which implies
Var,, V' (W' X,v'Y)) =

Therefore, we only need to consider Varyy (,|U, V). Suppose
(U, V) is given, a result in ([13], Chapter 5.5.2), together with
Lemma 4.16, indicates that nQ), converges to a weighted sum of
(possibly infinitely many) independent y? random variables. The
proof can be found in the Supplementary Appendix.
Theorem 4.19If X and Y are independent, given the value of U = (u,,

. ) and V = (v, ..., vg), the asymptotic distribution of Q,, is

n()n—) D ZXI(ZIZ -1)= ZX,Z? - Z/T,-,
i1 i=1 i=1
where Z? ~ X% iid, and

(&)

K

Eflu, (X = XHE[v, (Y - Y"1,

K

Z

(uLX, u, X)VZ(VLY, V;(,Y).

2
1
i=1

Remark 4.20. Let us recall that if X and Y are independent, the
asymptotic distribution of Q,, is

Ly Nz - .
i=1

Theorem 4.19. shows that under the null hypotheses, Q,, enjoys
the same convergence rate with Q,,.

There usually does not exist a close-form expression for
Y AZ? but we can approximate it with the Gamma
distribution whose first two moments matched. Thus, we have
that Y2, 1;.Z2? could be approximated by Gamma(e, f) with
probability density function.

i
I'(x)

a-1 ,-Px

xe ™, x>0,

where
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FIGURE 1 | Boxplots of estimators in Example 5.1: dimension of X and Y'is fixed to be p = g = 10; the result is based on 400 repeated experiments. In each subplot,
y-axis represents the value of distance covariance estimators.

00 72
&= 1 (Zi:lli) B= 1
2 ya 2

(4.7)

™M
I
>

See [14] Section 3 for an empirical justification on this Gamma
approximation. See [15] for a survey on different approximation
methods of the weighted sum of the chi-square distribution.

The following result shows that both Y2, A; and Z;fliiz could
be estimated from data, see appendix for the corresponding
justification.

Proposition 4.21. We can approximate Y A; and YA as
follows:

00 C C K
Ai ~ rP~q ak b’ ,
> ﬁﬁazvzuu

k=1

o2 K-1
DA = (X, )0, (Y, Y)

K
© 30, (U X, 1 X)Q, (WY, Y).

5 SIMULATIONS

Our numerical studies follow the works of [4,6,12]. In Section 5.1, we
study how the performance of the proposed estimator is influenced by
some parameters, including the sample size, the dimensionalities of

the data, as well as the number of random projections in our
algorithm. We also study and compare the computational
efficiency of the direct method and the proposed method in
Section 5.2. The comparison of the corresponding independence
test with other existing methods will be included in Section 5.3.

5.1 Impact of Sample Size, Data Dimensions

and the Number of Monte Carlo Iterations
In this part, we will use some synthetic data to study the impact of
sample size n, data dimensions (p, q) and the number of the
Monte Carlo iterations K on the convergence and test power of
our proposed test statistic (,,. The significance level is set to be
= 0.05. Each experiment is repeated for N = 400 times to get
reliable mean and variance of estimators.

In first two examples, we fix data dimensions p = g = 10 and let
the sample size n vary in 100, 500, 1000, 5000, 10000 and let the
number of the Monte Carlo iterations K vary in 10, 50, 100, 500,
and 1000. The data generation mechanism is described as follows,
and it generates independent variables.

Example 5.1. We generate random vectors X € R and Y € R’
Each entry X; follows Unif(0, 1), independently. Each entry
Y, = Ziz, where Z; follows Unif(0, 1), independently.

See Figure 1 for the boxplots of the outcomes of Example 5.1.
In each subfigure, we fix the Monte Carlo Iteration Number K and
let the number of observations n grow. It is worth noting that the
scale of each subfigure could be different to display the entire
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boxplots. This experiment shows that the estimator converges to
0 regardless of the number of the Monte Carlo iterations. It also
suggests that K = 50 Monte Carlo iterations should suffice in the
independent cases.

The following example is to study dependent variables.

Example 5.2. We generate random vectors X € R'’ and Y € R’
Each entry X; follows Unif(0, 1), independently. Let Y; denote the
i-th entry of Y. Welet Y} = X? and Y, = X2 The rest entry of Y,
Y, = Ziz, i=3, ..., 10, where Z; follows Unif(0, 1), independently.

See Figure 2 for the boxplots of the outcomes of Example
5.2. In each subfigure, we fix the number of the Monte Carlo
iterations K and let the number of observations n grow. This
example shows that if K is fixed, the variation of the estimator
remains regardless of the sample size n. In the dependent
cases, the number of the Monte Carlo iterations K plays a
more important role in estimator convergence than sample
size n.

The outcomes of Example 5.1 and 5.2 confirm the theoretical
results that the proposed estimator converges to 0 as sample size n
grows in the independent case, and converges to some nonzero
number as the number of the Monte Carlo iterations K grows in
the dependent case.

In the following two examples, we fix the sample size n = 2000
as we noticed that our method is more efficient than the direct
method when # is large. We fix the number of the Monte Carlo
iterations K = 50 and relax the restriction on the data dimensions
to allow p # g and let p, g vary in (10, 50, 100, 500, 1000). We
continue with an independent case as follows.

Example 5.3. We generate random vectors X € R and Y € R%.
Each entry of X follows Unif(0, 1), independently. Each entry
Y; = Z2, where Z; follows Unif(0, 1), independently.

See Figure 3 for the boxplots of the outcomes of Example 5.3.
In each subfigure, we fix the dimension of X and let the
dimension of Y grow. It is worth noting that the scale of
each subfigure could be different to display the entire
boxplots. It shows that the proposed estimator converges
fairly fast in independent cases regardless of the dimension
of the data.

The following presents a dependent case. In this case, only
a small number of entries in X and Y are dependent, which
means that the dependency structure between X and Y is low-
dimensional though X or Y could be of high dimensions.

Example 5.4. We generate random vectors X € R? and Y € R%.
Each entry of X follows Unif(0, 1), independently. We let the first
5 entries of Y to be the square of the first 5 entries of X and let the
rest entries of Y to be the square of some independent Unif(0, 1)
random variables. Specifically, we let Y; = X?,i=1,...,5, and,
Yi=Z%i=6,...,q9, where Zs are drawn independently from
Unif(0, 1).

See Figure 4 for the boxplots of the outcomes of Example 5.4.
In each subfigure, we fix the dimension of X and let the dimension
of Y grow. The test power of the proposed test against data
dimensions can be seen in Table 1. It is worth noting that when
the sample size is fixed, the test power of our method decays as the

Randomly Projected Distance Covariance

dimension of X and Y increase. We use the Direct Distance
Covariance (DDC) defined in Eq. 2.5 on the same data. As a
contrast, the test power of DDC is 1.000 even p = g = 1000. This
example raises a limitation of random projection: it may fail to
detect the low dimensional dependency in high dimensional data.
A possible remedy for this issue is performing dimension
reduction before applying the proposed method. We do not
research further along this direction since it is beyond the
scope of this paper.

5.2 Comparison With Direct Method

In this section, we would like to illustrate the computational and
space efficiency of the proposed method (RPDC). RPDC is
much faster than the direct method (DDC, Eq. 2.5) when the
sample size is large. It is worth noting that DDC is infeasible
when the sample size is too large as its space complexity is O(r°).
See Table 2 for a comparison of computing time (unit: second)
against the sample size n. This experiment is run on a laptop
(MacBook Pro Retina, 13-inch, Early 2015, 2.7 GHz Intel Core
i5, 8GB 1867 MHz DDR3) with MATLAB R2016b
(9.1.0.441655).

5.3 Comparison With Other Independence

Tests

In this part, we compare the statistical test power of the
proposed test (RPDC) with Hilbert-Schmidt Independence
Criterion (HSIC) [4] as HSIC is gaining attention in machine
learning and statistics communities. In our experiments, a
Gaussian kernel with standard deviation ¢ = I is used for
HSIC. We also compare with Randomized Dependence
Coefficient (RDC) [16], which utilizes the technique of
random projection as we do. Two classical tests for
multivariate independence, which are described below, are
included in the comparison as well as Direct Distance
Covariance (DDC) defined in Eq. 2.5.

e Wilks Lambda (WL): the likelihood ratio test of hypotheses
%1, = 0 with g unknown is based on

det (S) _ det (Szz - SleIIISn)
det (S;))det(S,) det(Sy)

where det(-) is the determinant, S, S;; and S,, denote the sample
covariances of (X, Y), X and Y, respectively, and S, is the sample
covariance Cov (X,Y). Under multivariate normality, the test
statistic

W=-n lOg det(I - 852182151711812)

has the Wilks Lambda distribution A(g, n — 1 — p, p), see [17].

e Puri-Sen (PS) statistics: [18], Chapter 8, proposed similar

tests based on more general sample dispersion matrices T. In

that test S, Sy, S;2 and Sy, are replaced by T, T;;, Ty and Ty,

where T could be a matrix of Spearman’s rank correlation
statistics. Then, the test statistic becomes

W = —nlogdet (I - T;ZITMTIIITIZ)
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TABLE 1 | Test Power in Example 5.4: this result is based 400 repeated
experiments; the significance level is 0.05.

Dimension of X: p Dimension of Y: q

10 50 100 500 1000
10 1.0000 1.0000 1.0000 1.0000 0.9975
50 1.0000 1.0000 1.0000 0.7775 0.4650
100 1.0000 1.0000 0.9925 0.4875 0.1800
500 0.9950 0.8150 0.4425 0.1225 0.0975
1000 0.9900 0.4000 0.2125 0.0900 0.0475

The critical values of the Wilks Lambda (WL) and Puri-Sen
(PS) statistics are given by Bartlett’s approximation ([19], Section
5.3.2b): if n is large and p, q > 2, then

1
—(n -3+ 3))10g det(T - ;15,,5715,,)

has an approximation y°(pq) distribution.

The reference distributions of RDC and HSIC are
approximated by 200 permutations. And the reference
distributions of DDC and RPDC are approximated by Gamma
Distribution. The significance level is set to be a; = 0.05 and each
experiment is repeated for N = 400 times to get reliable type-I
error/test power.

We start with an example that (X, Y) is multivariate normal. In
this case, WL and PS are expected to be optimal as the
assumptions of these two classical tests are satisfied.
Surprisingly, DDC has comparable performance with the

TABLE 2 | Speed Comparison: Direct Distance Covariance vs. Randomly
Projected Distance Covariance.

Sample size Q, Qn

100 0.0043 (0.0047) 0.0207 (0.0037)
500 0.0210 (0.0066) 0.0770 (0.0086)
1000 0.0624 (0.0047) 0.1685 (0.0141)
2000 0.2349 (0.0133) 0.3568 (0.0169)
4000 0.9184 (0.0226) 0.7885 (0.0114)
8000 7.2067 (0.4669) 1.7797 (0.0311)
16000 - 3.7539 (0.0289)

This table is based on 100 repeated experiments, the dimension of X and Y is fixed to be
p = g = 10 and the number of Monte Carlo lterations in RPDC is K = 50. The number
outside of the brackets is the mean and the number inside of the brackets is the standard
deviation.

aforementioned two methods. RPDC can achieve satisfactory
performance when the sample size is reasonably large.

Example 5.5. We set the dimension of the data to be p = g = 10.
We generate random vectors X € R' and Y € R' from the
standard multivariate normal distribution N (0,1;p). The joint
distribution of (X, Y) is also normal and we have Cor(X;, Y;) =p, i
=1, ..., 10, and the rest correlation are all 0. We set the value of p
tobe 0 and 0.1 to represent independent and correlated scenarios,
respectively. The sample size n is set to be from 100 to 1500 with
an increment of 100.

Figure 5 plots the type-I error in subfigure (a) and test power in
subfigure (b) against sample size. In the independence case (p = 0.0),
the type-I error of each test is always around the significance level a
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FIGURE 6 | Test Power vs. Sample Size n in Example 5.6: significance level is as = 0.05; the result is based on N = 400 repeated experiments.

= 0.05, which implies the Gamma approximation works well for
asymptotic distributions. In the dependent case (p = 0.1), the overall
performance of RPDC is close to HSIC and RPDC outperforms
when the sample size is smaller and underperforms when the sample
size is larger. Unfortunately, RDC’s test power is insignificant.
Next, we compare those methods when (X, Y) is no longer
multivariate normal and the dependency between X and Y is non-
linear. We even add a noise term to compare their performance in
both low and high noise-to-signal ratio scenarios. In this case,
DDC and RPDC are much better than WL, PS, and RDC. The
performance of HSIC is close to DDC and RPDC when the noise
is low but much worse than those two when the noise is high.

Example 5.6. We set the dimension of data to be p = g = 10. We
generate random vector X € R'® from the standard multivariate
normal distribution N (0,I;p). Let the i-th entry of Y be
Y; = log(XiZ) +e€,i=1,...,q9, where are independent
random errors, € ~ N (0,0%). We set the value of ¢ to be 1

>
€;S

and 3 to represent low and high noise ratios, respectively. In the &
= I case, the sample size n is from 100 to 1000 with an increment
20; and in the o = 3 case, the sample size # is from 100 to 4000
with an increment 100.

Figure 6 plots the test power of each test against sample size. In
both low and high noise cases, none of WL, PS, and RDC has any test
power. In the low noise case, all of RPDC, DDC, and HSIC have
satisfactory test power (> 0.9) when the sample size is greater than 300.
In the high noise case, RPDC and DDC could achieve more than 0.8 in
test power once the sample size is greater than 500 while the test power
of HSIC reaches 0.8 when the sample size is more than 2000.

In the following example, we generate the data similarly with
Example 5.6 but the difference is that the dependency is changing
over time. Specifically, X and Y are independent at the beginning
but they become dependent after some time point. Since all those
tests are invariant with the order of the observations, this
experiment simply means that only a proportion of
observations are dependent while the rest are not.

Frontiers in Applied Mathematics and Statistics | www.frontiersin.org

18

January 2022 | Volume 7 | Article 779841


https://www.frontiersin.org/journals/applied-mathematics-and-statistics
www.frontiersin.org
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#articles

Huang and Huo

Randomly Projected Distance Covariance

A
1t = - -
0.8+ o
- /.,f RPDC
[
206, DDC
D? WL
o~ . P§
n
S 0.4 HSIC
& RDC
0.2
o — i f J
500 1000 1500 2000
Sample Size
Early Change: 7' = 0.5n

FIGURE 7 | Test Power vs. Sample Size n in Example 5.7: significance level is as = 0.05; the result is based on N = 400 repeated experiments.

B T
1+
RPDC
DDC
0.8+ WL
«PS
g HSIC
£ 06 RDC
ok} -2
€04
B = , 8
¥
0.2

1000 1500 2000 2500 3000 3500 4000
Sample Size

Late Change: 7' = 0.8n

500

Example 5.7. We set the dimension of data to be p = q = 10. We
generate random vector X, € R9¢t=1,...,n, from the
standard multivariate normal distribution A (0,1I;,). Let the i-th
entry of Y, be Y= log(th)i) +ent=1,...,T and
Yii= log(Xii) +et=T+1,...,n where Z; i.id. ~ N (0,1)
and ¢, ;s are independent random errors, €,; ~ NV (0, 1). We set the
value of T to be 0.5n and 0.8n to represent early and late
dependency transition, respectively. In the early change case, the
sample size n is from 500 to 2000 with an increment 100; and in the
late change case, the sample size n is from 500 to 4000 with an
increment 100.

Figure 7 plots the test power of each test against sample size. In
both early and late change cases, none of WL, PS, and RDC has any
test power. In the early change case, all of RPDC, DDC, and HSIC
have satisfactory test power (> 0.9) when the sample size is greater
than 1500. In the late change case, DDC and HSIC could achieve
more than 0.8 in test power once sample size reaches 4000 while the
test power of RPDC is only 0.6 when the sample size is 4000. As
expected, the performance of DDC is better than RPDC in both cases
and the performance of HSIC is between DDC and RPDC.

Remark 5.8. The examples in this subsection show that though
RPDC underperforms DDC when the sample size is relatively
small, RPDC could achieve the same test power with DDC when
the sample size is sufficiently large. Thus, when the sample size is
large enough, RPDC is superior to DDC because of its
computational efficiency in both time and space.

6 DISCUSSIONS

6.1 A Discussion on the Computational
Efficiency
We compare the computational efficiency of the proposed
method (RPDC) and the direct method (DDC) in Section 5.2.
We will discuss this issue here.

As X € R? and Y € R? are multivariate random variables, the
effect of p and q on computing time could be significant when p

4000 |
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FIGURE 8 | Break-Even Sample Size n, against Data Dimension p + g.
This figure is based on 100 repeated experiments.

and ¢ are not negligible compared to sample size n. Now, we
analyze the computational efficiency of DDC and RPDC by
taking p and g into consideration. The computational
complexity of DDC becomes O(nz(p + ¢q)) and that of RPDC
becomes O(nK(log n + p + q)). Let us denote the total number of
operations in DDC by O; and that in RPDC by O,. Then, there
exist constants L; and L, such that

O, =~ Lin? (p+q),and O, = LynK (logn + p + q).

There is no doubt that O, will eventually be much less than O; as
sample size n grows. Due to the complexity of the fast algorithm,
we expect L, > L;, which means the computing time of RPDC is
even larger than DDC when the sample size is relatively small.
Then, we need to study an interesting problem: what is the break-
even point in terms of sample size # when RPDC and DDC have
the same computing time?

Let ny = ny(p + g, K) denote the break-even point, which is a
function of p + g and number of Monte Carlo iterations K. For
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simplicity, we fix K = 50 since 50 iterations could achieve
satisfactory test power as we showed in Example 5.4. Then, n,
becomes a function solely depending on p + g. Since it is hard to
derive the close form of #,, we derive it numerically instead. For
fixed p + g, we let the sample size vary and record the difference
between the running time of the two methods. Then, we fit the
difference of running time against sample size with a smoothing
spline. The root of this spline is the numerical value of ny at p + g.

We plot the n, against p + g in Figure 8. As the figure shows,
the break-even sample size decreases as the data dimension
increases, which implies that our proposed method is more
advantageous than the direct method when random variables
are of high dimension. However, as shown in Example 5.4, the
random projection-based method does not perform well when
high dimensional data have a low dimensional dependency
structure. We should be cautious to use the proposed method
when the dimension is high.

6.2 Connections With Existing Literature

It turns out that distance-based methods are not the only choices
in independence tests. See [20] and the references therein to see
alternatives.

Our proposed method utilizes random projections, which
bears a similarity with the randomized feature mapping
strategy [21] that was developed in the machine learning
community. Such an approach has been proven to be effective
in kernel-related methods [22-26]. However, a closer
examination will reveal the following difference: most of the
aforementioned work is rooted in the Bochner’s theorem [27]
from harmonic analysis, which states that a continuous kernel in
the Euclidean space is positive definite if and only if the kernel
function is the Fourier transform of a non-negative measure. In
this paper, we will deal with the distance function which is not a
positive definite kernel. We will manage to derive a counterpart to
the randomized feature mapping, which was the influential idea
that has been used in [21].

Random projections have been used in [28] to develop a
powerful two-sample test in high dimensions. They derived an
asymptotic power function for their proposed test, and then
provide sufficient conditions for their test to achieve greater
power than other state-of-the-art tests. They then used the
receiver operating characteristic (ROC) curves (that are
generated from simulated data) to evaluate its performance
against competing tests. The derivation of the asymptotic
relative efficiency (ARE) is of its own interests. Despite the
usage of random projection, the details of their methodology
are very different from the one that is studied in the present paper.

Several distribution-free tests that are based on sample space
partitions were suggested in [29] for univariate random variables.
They proved that all suggested tests are consistent and showed the
connection between their tests and the mutual information (MI).
Most importantly, they derived fast (polynomial-time)
algorithms, which are essential for large sample size, since the
computational complexity of the naive algorithm is exponential
in sample size. Efficient implementations of all statistics and tests
described in the aforementioned paper are available in the R
package HHG, which can be freely downloaded from the

Randomly Projected Distance Covariance

Comprehensive R Archive Network, http://cran.r-project.org/.
Null tables can be downloaded from the first author’s website.

Distance-based independence/dependence measurements
sometimes have been utilized in performing a greedy feature
selection, often via dependence maximization [8,30,31], and it
has been effective on some real-world datasets. This paper simply
mentions such a potential research line, without pursuing it.

Paper [32] derives an efficient approach to compute for the
conditional distance correlations. We noted that there are strong
resemblances between the distance covariances and its
conditional version. The search for a potential extension of the
work in this paper to conditional distance correlation can be a
meaningful future topic of research.

Paper [33] provides some important insights into the power of
distance covariance for multivariate data. In particular, they
discover that distance-based independence tests have limiting
power under some less common circumstances. As a remedy,
they propose tests based on an aggregation of marginal sample
distance and extend their approach to those based on Hilbert-
Schmidt covariance and marginal distance/Hilbert-Schmidt
covariance. It could be another interesting research direction
but beyond the scope of this paper.

7 CONCLUSION

A significant contribution of this paper is we demonstrated that
the multivariate variables in the independence tests need not
imply the higher-order computational desideratum of the
distance-based methods.

Distance-based methods are important statistics,
particularly in the test of independence. When the random
variables are univariate, efficient numerical algorithms exist. It
is an open question when the random variables are multivariate.
This paper studies the random projection approach to tackle the
above problem. It first turns the multivariate calculation problem
into univariate calculation one via a random projection. Then
they study how the average of those statistics out of the projected
(therefore univariate) samples can approximate the distance-
based statistics that were intended to use. Theoretical analysis
was carried out, which shows that the loss of asymptotic efficiency
(in the form of the asymptotic variance of the test statistics) is
likely insignificant. The new method can be numerically much
more efficient, when the sample size is large, which is well-
expected under this information (or big-date) era. Simulation
studies validate the theoretical statements. The theoretical
analysis takes advantage of some newly available results, such
as the equivalence of the distance-based methods with the
reproducible kernel Hilbert spaces [12]. The numerical
methods utilize a recently appeared algorithm in [8].
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Dominik Biinger, Miriam Gondos, Lucile Peroche and Martin Stoll*

Department of Mathematics, Chair of Scientific Computing, TU Chemnitz, Chemnitz, Germany

Time series data play an important role in many applications and their analysis reveals
crucial information for understanding the underlying processes. Among the many time
series learning tasks of great importance, we here focus on semi-supervised learning
based on a graph representation of the data. Two main aspects are studied in this paper.
Namely, suitable distance measures to evaluate the similarities between different time
series, and the choice of learning method to make predictions based on a given number
of pre-labeled data points. However, the relationship between the two aspects has never
been studied systematically in the context of graph-based learning. We describe four
different distance measures, including (Soft) DTW and MPDist, a distance measure based
on the Matrix Profile, as well as four successful semi-supervised learning methods,
including the recently introduced graph Allen—-Cahn method and Graph Convolutional
Neural Network method. We provide results for the novel combination of these distance
measures with both the Allen-Cahn method and the GCN algorithm for binary semi-
supervised learning tasks for various time-series data sets. In our findings we compare
the chosen graph-based methods using all distance measures and observe that the
results vary strongly with respect to the accuracy. We then observe that no clear best
combination to employ in all cases is found. Our study provides a reproducible framework
for future work in the direction of semi-supervised learning for time series with a focus
on graph representations.

Keywords: semi-supervised learning, time series, graph Laplacian, Allen-Cahn equation, graph convolutional
networks

1. INTRODUCTION

Many processes for which data are collected are time-dependent and as a result the study of time
series data is a subject of great importance [1-3]. The case of time series is interesting for tasks such
as anomaly detection [4], motif computation [5] or time series forecasting [6]. We refer to [7-10]
for more general introductions.
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We here focus on the task of classification of time series [11-
16] in the context of semi-supervised learning [17, 18] where we
want to label all data points' based on the fact that only a small
portion of the data is already pre-labeled.

An example is given in Figure 1 where we see some time series
reflecting ECG (electrocardiogram) data and the classification
into normal heartbeats on the one hand and myocardial
infarction on the other hand. In our applications, we assume
that only for some of the time series the corresponding class is
known a priori. Our main contribution is to introduce a novel
combination of incorporating the data into a graph and then
incorporate this representation into several recently introduced
methods for semi-supervised learning. For this, each time series
becomes a node within a weighted undirected graph and the
edge-weight is proportional to the similarity between different
time series. Graph-based approaches have become a standard tool
in many learning tasks (cf. [19-24] and the references mentioned
therein). The matrix representation of the graph via its Laplacian
[25] leads to studying the network using matrix properties. The
Laplacian is the representation of the network that is utilized from
machine learning to mathematical imaging. Recently, it has also
been used network-Lasso-based learning approaches focusing on
data with an inherent network structure, see e.g., [26, 27]. A very
important ingredient in the construction of the Laplacian is the
choice of the appropriate weight function. In many applications,
the computation of the distance between time series or sub-
sequences becomes a crucial task and this will be reflected in our
choice of weight function. We consider several distance measures
such as dynamic time warping DTW [28], soft DTW [29], and
matrix profile [30].

We will embed these measures via the graph Laplacian
into two different recently proposed semi-supervised learning
frameworks. Namely, a diffuse interface approach that originates
from material science [31] via the graph Allen-Cahn equation as
well as a method based on graph convolutional networks [21].
Since these methods have originally been introduced outside of
the field of time series learning, their relationship with time
series distance measures has never been studied. Our goal is
furthermore to compare these approaches with the well-known
INN approach [11] and a simple optimization formulation
solved relying on a linear system of equations. Our motivation
follows that of [32, 33], where many methods for supervised
learning in the context of time series were compared, namely that
we aim to provide a wide-ranging overview of recent methods
based on a graph representation of the data and combined with
several distance measures.

We structure the paper as follows. In section 2, we introduce
some basic notations and illustrate the basic notion of graph-
based learning motivated with a clustering approach. In section
3, we discuss several distance measures with a focus on the
well-known DTW measure as well as two recently emerged
alternatives, i.e., Soft DTW and the MP distance. We use section
4 to introduce the two semi-supervised learning methods in more
detail, followed by a shorter description of their well-known

'We here view one time-series as a data point and the feature vector for this data
point is the vector with the associated data collected in a vector.

competitors. section 5 will allow us to compare the methods and
study the hyperparameter selection.

2. BASICS

We consider discrete time series X; given as a vector of real
numbers of length m;. In general, we allow for the time series to
be of different dimensionality; later we often consider all m; = m.
We assume that we are given # time series x; € R™. The goal of
a classification task is to group the n time series into a number k
of different clusters C; with j = 1,...,k. In this paper we focus
on the task of semi-supervised learning [17] where only some of
the data are already labeled but we want to classify all available
data simultaneously. Nevertheless, we review some techniques
for unsupervised learning first as they deliver useful terminology.
As such the k-means algorithm is a prototype-based? clustering
algorithm that divides the given data into a predefined number
of k clusters [34]. The idea behind k-means is rather simple as
the cluster centroids are repeatedly updated and the data points
are assigned to the nearest centroid until the centroids and data
points have converged. Often the termination condition is not
handled that strictly. For example, the method can be terminated
when only 1% of the points change clusters. The starting classes
are often chosen at random but can also be assigned in a more
systematic way by calculating the centers first and then assign the
points to the nearest center. While k-means remains very popular
it also has certain weaknesses coming from its minimization of
the sum of squared errors loss function [35]. We discuss this
method in some detail here to point out the main mechanism
and this is based on assigning points to clusters and hence the
cluster centroids based on the distance being the Euclidean norm,
which would also be done when k-means is applied to time
series. As a result the clusters might not capture the shape of the
data manifold as illustrated in a simple two-dimensional example
shown in Figure 2. In comparison, the alternative method shown,
i.e., a spectral clustering technique, performs much better. We
briefly discuss this method next as it forms the basis of the main
techniques introduced in this paper.

2.1. Graph Laplacian and Spectral

Clustering

As we illustrated in Figure 2 the separation of the data into two-
classes is rather difficult for k-means as the centroids are based
on a 2-norm minimization. One alternative to k-means is based
on interpreting the data points as nodes in a graph. For this,
we assume that we are given data points xi,...,x, and some
measure of similarity [23]. We define the weighted undirected
similarity graph G = (V, E) with the vertex or node set V and
the edge set E. We view the data points x; as vertices, V =
{X1,...,%,}, and if two nodes (x;,x;) have a positive similarity
function value, they are connected by an edge with weight w;;
equal to that similarity. With this reformulation of the data we
turn the clustering problem into a graph partitioning problem
where we want to cut the graph into two or possibly more classes.

2Here the prototype of the cluster is the centroid.
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Dataset ECG200

heartbeats and myocardial infarction.
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FIGURE 1 | A typical example for time series classification. Given the dataset ECG200, the goal is to automatically separate all time series into the classes normal

10 A

0.5

0.0

-1.0 1

FIGURE 2 | Clustering based on original data via k-means (left) vs. transformed data via spectral clustering (right).

This is usually done in such a way that the weight of the edges
across the partition is minimal.

We collect all edge weights in the adjacency matrix W =
(Wij)ij=1,..n- The degree of a vertex x; is defined as d; = Zle wij
and the degree matrix D is the diagonal matrix holding all n
node degrees. In our case we use a fully connected graph with
the Gaussian similarity function

dist(x;, Xj)z )) (1)

w(Xj, X;) = exp ( - 3

(o2

where o is a scaling parameter and dist(x;,x;) is a particular
distance function such as the Euclidean distance dist(x;,x;): =

Ix; — xj||2. Note that for similar nodes, the value of the distance
function is smaller than it would be for dissimilar nodes while the
similarity function is relatively large.

We now use both the degree and weight matrix to define
the graph Laplacian as L = D — W. Often the symmetrically
normalized Laplacian defined via

Lym =D 2LD 2 =[—D IWD"? )

provides better clustering information [23]. It has some very
useful properties that we will exploit here. For example, given a
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non-zero vector u € R” we obtain the energy term

2
_ 4

(G )
Using this it is easy to see that Ly is positive semi-definite with
non-negative eigenvalues 0 = A; < A, < .. < A,. The main
advantage of the graph Laplacian is that based on its spectral
information one can usually rely on transforming the data into
a space where they are easier to separate [23, 25, 36]. As a result
one typically requires the spectral information corresponding to
the smallest eigenvalues of Lgym. The most famed eigenvector is
the Fiedler vector, i.e., the eigenvector corresponding to the first
non-zero eigenvalue, which is bound to have a sign change and as
aresult can be used for binary classification. The weight function
(1) is also found in kernel methods [37, 38] when the radial basis
kernel is applied.

2.2. Self-Tuning

In order to improve the performance of the methods based on
the graph Laplacian, tuning the parameter o is crucial. While
hyperparameter tuning based on a grid search or cross validation
is certainly possible we also consider a o that adapts to the given
data. For spectral clustering, such a procedure was introduced in
[39]. Here we use this technique to learning with time series data.
For each time series x; we assume a local scaling parameter o;. As
a result, we have the generalized square distance as

Uj

1
.
L I "
“ame= 3 2\ Ui

i

3)

dist(x;, x;) dist(x;, X;) B dist(x,‘,xj)2

(4)
(oF] O’j O‘in
and this gives the entries of the adjacency matrix W via
dist(x;, x;)?
Wij = exp (—] . (5)
(T,'O‘j

The authors in [39] choose o; as the distance to the K-th nearest
neighbor of x; where K is a fixed parameter, e.g., K = 9 is used in
[31].

In section 5, we will explore several different values for K and
their influence on the classification behavior.

3. DISTANCE MEASURES

We have seen from the definition of the weight matrix that the
Laplacian depends on the choice of distance measure dist(x;, x;).
If all time series are of the same length then the easiest distance
measure would be a Euclidean distance, which especially for large
n is fast to compute. This makes the Euclidean distance incredibly
popular but it suffers from being sensitive to small shifts in the
time series. As a result we discuss several popular and efficient
methods for different distance measures. Our focus is to illustrate
in an empirical study how the choice of distance measure impacts
the performance of graph-based learning and to provide further
insights for future research (cf. [40]).

3.1. Dynamic Time Warping

We first discuss the distance measure of Dynamic Time Warping
(DTW, [28]). By construction, DTW is an algorithm to find an
optimal alignment between time series.

In the following, we adapt the notation of [28] to our case.
Consider two time series x and X of lengths m and m, respectively,
with entries x;,x; € Rfori = 1,...,mandj = 1,...,m. We
obtain the local cost matrix C € R™*™ by assembling the local
differences for each pair of elements, i.e., Cjj = |x; — X;l.

The DTW distance is defined via (m, m)-warping paths, which
are sequences of index tuples p = ((il,jl), . (iL,jL)) with
boundary, monotonicity, and step size conditions

=i <ip<...<ip=m, 1l=j1<jp=<...=

ﬁ/l)
(i€+1 - ib j€+1 _Jﬁ) € {(1’0)) (0) 1))(1> 1)} (Z =1...,L

1.

The total cost of such a path with respect to x, X is defined as

L
cp(x,%) = Z |xi, — Xj,|.
=1

The DTW distance is then defined as the minimum cost of any
warping path:

DTW(x,y): = min{c,(x,y) | pis a (m,/m)-warping path}. (6)

Both the warping and the warping path are illustrated in Figure 3.

Computing the optimal warping path directly quickly
becomes infeasible. However, we can use dynamic programming
to evaluate the accumulated cost matrix D recursively via

D(i,j) - = |xi—Xjl +min{D(i,j—1), D(i—1,7), D(i—1,j—1)}. (7)
The actual DTW distance is finally obtained as

DTW(x,y) = D(m, m). (8)
The DTW method is a heavily used distance measure for
capturing the sometimes subtle similarities between time series.
In the literature it is typically stated that the computational cost
of DTW being prohibitively large. As a result one is interested in
accelerating the DTW algorithm itself. One possibility arises from
imposing additional constraints (cf. [28, 41]) such as the Sakoe-
Chiba Band and the Itakura parallelogram as these simplify
the identification of the optimal warping path. While these are
appealing concepts the authors in [42] observe that the well-
known FastDTW algorithm [41] is in fact slower than DTW.
For our purpose we will hence rely on DTW and in particular
on the implementation of DTW provided via https://github.com/
wannesm/dtaidistance. We observe that for this implementation
of DTW indeed FastDTW is outperformed frequently.

3.2. Soft Dynamic Time Warping

Based on a slight reformulation of the above DTW scheme,
we want to look at another time series distance measure, the
Soft Dynamic Time Warping (Soft DTW). It is an extension of
DTW designed allowing a differentiable loss function and it was
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FIGURE 3 | DTW warping (left) and warpings paths (right).
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introduced in [29, 43]. We again start from the cost matrix C
with C(i,j) = |x; — Xj| for time series x and %. Each warping
path can equivalently be described by a matrix A € {0, 1})"*"
with the following condition: The ones in A form a path starting
in (1,1) going to (m,m), only using steps downwards, to the
right and diagonal downwards. A is called monotonic alignment
matrix and we denote the set containing all these alignment
matrices with A(m, m). The Frobenius inner product (A, C)
is then the sum of costs along the alignment A. Solving the
following minimization problem leads us to a reformulation of
the dynamic time warping introduced above as

DTW(C) = 9)

min

(A4, C).
Ae A(NM)

With Soft DTW we involve all alignments possible in A(N, M) by
replacing the minimization with a soft minimum:

_ylogZexp (#) (10)

xeS
where § is a discrete subset of the real numbers. This function
approximates the minimum of f(x) and is differentiable. The
parameter ) controls the tuning between smoothness and
approximation of the minimum. Using the DTW-function (9)
within (10) yields the expression for Soft Dynamic Time Warping
written as

minf(x) ~ min, f(x):
X€S xeS

DTW, (x,X) = min, (A,C)

This is now a differentiable alternative to DTW, which involves
all alignments in our cost matrix.

Due to entropic bias®, Soft DTW can generate negative values,
which would cause issues for our use in time series classification.
We apply the following remedy to overcome this drawback:

1
Div(x,y) = DTW, (x,y) — 3 (DTW, (x,%) + DTW,,(y,y)).
(12)
This measure is called Soft DTW divergence [43] and will be
employed in our experiments.

3.3. Matrix Profile Distance

Another alternative time series measure that has recently been
introduced is the Matrix Profile Distance (MP distance, [30]).
This measure is designed for fast computation and finding
similarities between time series.

We will again introduce the concept of the matrix profile
of two time series x and X. The matrix profile is based on the
subsequences of these two time series. For a fixed window length
L, the subsequence x; 1 of a time series x is defined as a contiguous
L-element subset of x via x; 1 (xi, Xi+15 - - - »Xi+-L—1). The all-
subsequences set A of x contains all possible subsequences of x
with length L, A = {x;1,X21,...,Xm—L+1,L}, Where m is again
the length of x.

For the matrix profile, we need the all-subsequences sets A
and B of both time series x and X. The matrix profile Pogga is

AeA(mn) the set consisting of the closest Euclidean distances from each
—(4,C)
=—ylog Y exp(——). a1 —— . .
y This term is commonly used when the regression results shrink toward a mass at
AcA(m,n) the barycenter of a target [44].
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subsequence in A to any subsequence in B and vice versa:

PaBA = { min [|x;,p — XLl | XL € A} U
Xj)LEB

Ll?zlell‘ 1%L —xiLll | XL € B}

With the matrix profile, we can finally define the MP distance
based on the idea that two time series are similar if they have
many similar subsequences. We do not consider the smallest or
the largest value of P4pps because then the MP distance could
be too rough or too detailed. For example, if we would have two
rather similar time series, but either one has a noisy spike or some
missing values, then the largest value of the matrix profile could
give a wrong impression about the similarity of these two time
series. Instead, the distance is defined as

MPdist(X, Y) = k-th smallest value in sorted P4gpa,

where the parameter k is typically set to 5% of 2N [30].

We now illustrate the MP distance using an example as
illustrated in section 3.3, where we display three time series of
length N = 100. Our goal is to compare these time series using
the MP distance. We observe that X; and X, have quite similar
oscillations. The third time series X3 does not share any obvious
features with the first two sequences.

The MP distance compares the subsequences of the time
series, depending on the window length L. Choosing the window
length to be L = 40, we get the following distances:

MPdist(X;, X,) = 0.433,
MPdist(X;, X3) = 5.425,
MPdist(X3, X3) = 5.404.

As we can see, the MP distance identified the similarity between
X; and X, shows that X, X, differ from X3. We also want to
show that the MP Distance depends on the window length L.
Let us look at the MP distance between the lower oscillation time
series X, and X3, which is varying a lot for different values of L as
indicated in Table 1. Choosing L = 10 there is not a large portion
of both time series to compare with and as a result we observe
a small value for the MP distance, which does not describe the
dissimilarity of X, and X3 in a proper way. If we look at L = 40,
there is a larger part of the time series structure to compare the
two series. If there is a special recurring pattern in the time series,
the length L should be large enough to cover one recurrence. We
illustrate the comparison based on different window lengths in
Figure 4.

For the tests all data sets consist of time series with a certain
length, varying for each data set. Thus we have to decide which

TABLE 1 | MP distance depending on the window length.

L 10 20 30 40

MPdist(X>, X3) 0.270 2,034 3,955 5,404

window length L should be chosen automatically in the classifier.
An empirical study showed that choosing L ~ N/2 gives good
classification results.

We briefly illustrate the computing times of the different
distance measures when applied to time series of increasing
length shown in Figure5. It can be seen that DTW is faster
than fastDTW. Obviously, the Euclidean distance shows the best
scalability. We also observe that the computation of the SDTW
is scaling worse than the competing approaches when applied to
longer time series.

4. SEMI-SUPERVISED LEARNING BASED
ON GRAPH LAPLACIANS

In this section, we focus mainly on two methods that have
recently gained wide attention. This first method is inspired by
a partial differential equation model originating from material
science and the second approach is based on neural networks that
incorporate the graph structure of the labeled and unlabeled data.

4.1. Semi-supervised Learning With Phase
Field Methods: Allen-Cahn Model

Within the material science community phase field methods
have been developed to model the phase separation of a
multicomponent alloy system (cf. [45, 46]). The evolution of the
phases over time is described by a partial differential equation
(PDE) model, such as the Allen-Cahn [46] or Cahn-Hilliard
equation [47] both non-linear reaction-diffusion equations of
second and fourth order, respectively. These equations can be
obtained as gradient flows of the Ginzburg-Landau energy
functional

E(u) = / £ vul + Lo
2 &

where u is the order parameter and ¢ a parameter reflecting the
width of the interface between the pure phases. The polynomial
¢ is chosen to have minima at the pure phases, namely u = —1
and u = 1, to enforce that a minimization of the Ginzburg-
Landau energy will lead to phase separation. A common choice
is the well-known double-well potential ¢ (1) = %(1 — u?)2. The
Dirichlet energy term |Vul? corresponds to minimization of the
interfacial length. The minimization is then performed using a
gradient flow, which leads to the Allen-Cahn equation

U = Au— éqb/(u) (13)

equipped with appropriate boundary and initial conditions. A
modified Allen-Cahn equation was used for image inpainting,
i.e., restoring damage parts in an image, where a misfit » (f — u)
term is added to Equation (13) (cf. [48, 49]). Here, w is a penalty
parameter and f is a function equal to the undamaged image parts
or later training data. In [31], Bertozzi and Flenner extended this
idea to the case of semi-supervised learning where the training
data correspond to the undamaged image parts, i.e, the function
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Example MP Distance

Subsequences with Window length L = 10

Subsequences with Window length L = 30

10

FIGURE 4 | lllustration of Matrix Profile distance (left), subsequences indicated in red with window length L = 10 (middle) and L = 30 (right).

10°

DTW (DTAI)
am” —DTW (fastdtw)
SDTW
MPDist
Euclidean

102

10!

103

FIGURE 5 | Runtimes of distance computation between a single pair of time series with increasing length.

TABLE 2 | Default parameters used in the experiments.

Method Parameters and default values
Allen-Cahn me =20, ¢ = lﬂ c=%+0 0=1610,7=001,tol=16 -8
GCN 10-NN sparsification, h = 32, dropout p = 0.5, Adam

optimization [62], learning rate 0.01, weight decay 0.0005, 500
epochs

Linear System B =1,tol=1e—-5

1NN

f. Their idea is to consider the modified energy of the following
form

n n
e T 1 on
Ew) = Zu'Lymu+ ;(uf —1)?+ ; 7’(]5 —u) (14)

where f; holds the already assigned labels. Here, the first
term in (14) reflects the RatioCut based on the graph Laplacian,
the second term enforces the pure phases, and the third term
corresponds to incorporating the training data. Numerically, this
system is solved using a convexity splitting approach [31] where

we write
E(u) = E1(u) — Ez(u)
with
&€ C
Ei(u): = EuTLsymu + EuTu
and
c 1 " " w;
Ey(u): = —uTu— — 212y S (fi—uw
2w): = Sulu 4s+;(”1 ) Zl (i —u)

where the positive parameter ¢ € R ensures convexity of both
energies. In order to compute the minimizer of the above energy
we use a gradient scheme where

= —VE ™) + VE (i)

where the indices k, k + 1 indicate the current and next time
step, respectively. The variable 7 is a hyperparameter but can be
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TABLE 3 | Study of self-tuning parameters.

k =17 (%) k = 20 (%) k = /n (%) k =0.1n (%) k = 0.05n (%)
ECG200 (n = 200)
MPDist GCN 83.58 81.74 81.90 81.74 82.54
Allen-Cahn 81.00 79.00 80.00 79.00 80.00
SDTW GCN 91.95 91.34 90.70 91.43 90.55
Allen-Cahn 92.00 90.00 91.00 90.00 91.00
DTW GCN 88.92 86.76 87.43 86.76 88.97
Allen-Cahn 82.00 82.00 83.00 82.00 82.00
SonyAIBORobotSurface1 (n = 621)
MPDist GCN 95.45 88.74 93.08 78.10 89.62
Allen-Cahn 75.54 72.88 73.04 75.37 73.71
SDTW GCN 90.32 91.46 92.48 87.34 92.85
Allen-Cahn 93.68 85.19 82.36 81.36 82.36
DTW GCN 97.59 97.58 97.48 96.49 97.35
Allen-Cahn 84.03 86.85 87.69 87.19 88.19
ECGFiveDays (n = 884)
MPDist GCN 99.70 99.77 99.51 99.66 99.15
Allen-Cahn 89.89 90.71 95.35 95.82 96.40
SDTW GCN 97.30 97.11 97.31 96.49 97.06
Allen-Cahn 82.00 86.99 85.48 86.76 87.57
DTW GCN 97.22 97.19 97.39 97.20 97.35
Allen-Cahn 77.35 76.31 75.72 7317 74.68
TwolLeadECG (n = 1,162)
MPDist GCN 99.81 99.78 99.81 99.62 99.74
Allen-Cahn 99.12 97.10 96.49 97.72 96.57
SDTW GCN 92.10 90.74 90.53 89.98 90.72
Allen-Cahn 97.19 93.24 91.04 87.27 87.71
DTW GCN 92.94 94.04 94.98 93.97 96.49
Allen-Cahn 93.85 92.36 92.10 94.12 93.50

Bold values indicate most accurate classification.

interpreted as a pseudo time-step. In more detail following the
notation of [20], this leads to

ul-‘rl _ ul 1
i z?LstulJrl + et =t — 7V1ﬂ(u1) + Vq)(ul)
T &

with
I _ S N2 1y2 I _ S Wi
Y(u) = ;((ui) D% ) = E 5 (fi — up).

i=1
Expanding the order parameter in a number of the small
eigenvectors ¢; of Leym via u = Z?El ai¢p; = Py,a where a is

a coeflicient vector and ®,,,, = [@1, ..., Pm,]. This lets us arrive
at

1
(1+8T)»jal-+1+ct)al-+1 = (1+‘cc)al-—fbl-—|—dl-, Vi=1,...,me
j j i e
using

b= @] Vy(@yd), d=o! V(@y,d).

In [50], the authors extend this to the case of multiple classes
where again the spectral information of the graph Laplacian are
crucial as the energy term includes %‘[r(UTLSym U) with U € R™,
s being the number of classes for segmentation, and tr being the
trace of the matrix. Details of the definition of the potential and
the fidelity term incorporating the training data are found in
[50]. Further extensions of this approach have been suggested in
[20, 22, 51-55].

4.2. Semi-supervised Learning Based on

Graph Convolutional Networks
Artificial neural networks and in particular deep neural networks
have shown outstanding performance in many learning tasks [56,
57]. The incorporation of additional structural information via a
graph structure has received wide attention [24] with particular
success within the semi-supervised learning formulation [21].
Let hl(«l) denote the hidden feature vector of the i-th node in the
I-th layer. The feature mapping of a simple multilayer perceptron
(MLP) computes the new features by multiplying with a weight
matrix ®PT and adding a bias vector b”), then applying a
(potentially layer-dependent) ReLU activation function o in all
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TABLE 4 | Varying the number of eigenpairs for the reduced Allen-Cahn equation.

Number of eigenvalues 10 (%) 20(%) 30(%) 150 (%) 190 (%)
Dataset ECG200

MPDist 82.00 81.00 86.00 62.00 56.00
SDTW 78.00 92.00 92.00 68.00 66.00
DTW 78.00 82.00 87.00 69.00 54.00
Number of eigenvalues 10 (%) 20(%) 30(%) 500 (%) 600 (%)
SonyAIBORobotSurface1

MPDist 85.36 75.54 73.04 51.58 51.08
SDTW 96.17 93.68 83.19 52.08 49.92
DTW 90.01 84.03 72.71 52.41 48.58
Number of eigenvalues 10 (%) 20(%) 30(%) 700 (%) 800 (%)
ECGFiveDays

MPDist 87.19 89.89 85.95 50.29 51.22
SDTW 91.52 82.00 84.20 54.00 52.38
DTW 68.87 77.35 77.00 49.82 50.29

Bold values indicate most accurate classification.

layers except the last. This layer operation can be written as
b = o (©0Th{ 4 b0

In Graph Neural Networks, the features are additionally
propagated along the edges of the graph. This is achieved by
forming weighted sums over the local neighborhood of each
node, leading to

bl =g M olTh™ 1 b0).  (13)

]GNU {i} \/>

Here, \; denotes the set of neighbors of node i, ®® and b’ the
trainable parameters of layer [, the #;; denote the entries of the
adjacency matrix W with added self loops, W = W + I, and the
d; denote the row sums of that matrix. By adding the self loops, it
is ensured that the original features of that node are maintained
in the weighted sum.

To obtain a matrix formulation, we can accumulate state
matrices XY whose n rows are the feature vectors h l T fori =
1,...,n. The propagation scheme of a simple two- layer graph
convolutional network can then be written as

X0 — o (Dfl/z WD~ 1/2x0g® 4 b(l))
(16)

X = p2yH12x0e@ 4 p@

where D is the diagonal matrix holding the t;li.

Multiplication with D~V2WD~1/2 can also be understood
in a spectral sense as performing graph convolution with the
spectral filter function ¢(A) = 1 — A. This filter originates from
truncating a Chebyshev polynomial to first order as discussed
in [58]. As a result of this filter the eigenvalues A of the graph
Laplacian operator £ (formed in this case after adding the self

loops) are transformed via ¢ to obtain damping coefficients
for the corresponding eigenvectors. This filter has been shown
to lead to convolutional layers equivalent to aggregating node
representations from their direct neighborhood (cf. [58] for more
information).

It has been noted, e.g., in [59] that traditional graph neural
networks including GCN are mostly targeted at the case of sparse
graphs, where each node is only connected to a small number of
neighbors. The fully connected graphs that we utilize in this work
present challenges for GCN through their spectral properties.
Most notably, these dense graphs typically have large eigengaps,
i.e., the gap between the smallest eigenvalue A; = 0 and the
second eigenvalue A, > 0 may be close to 1. Hence the GCN filter
acts almost like a projection onto the undesirable eigenvector ¢;.
However, it has been observed in the same work that in some
applications, GCNs applied to sparsified graphs yield comparable
results to dedicated dense methods. Our experiments justified
only using Standard GCN on a k-nearest neighbor subgraph.

4.3. Other Semi-supervised Learning
Methods

In the context of graph-based semi-supervised learning a rather
straightforward approach follows from minimizing the following
objective

1 2 /3 T
mumi ||u—f”2+5u Lsymu (17)
where f holds the values 1, —1, and 0 according to the labeled and
unlabeled data. Calculating the derivative shows that in order to

obtain u, we need to solve the following linear system of equations

(I+ BLsym)u=f

where I is the identity matrix of the appropriate dimensionality.

Furthermore, we compare our previously introduced
approaches to the well-known one-nearest neighbor (1NN)
method. In the context of time series classification this method
was proposed in [11]. In each iteration, we identify the indices
i,j with the shortest distance between the labeled sample x; and
the unlabeled sample x;. The label of x; is then copied to x;. This
process is repeated until no unlabeled data remain.

In [60], the authors construct several graph Laplacians and
then perform the semi-supervised learning based on a weighted
sum of the Laplacian matrices.

5. NUMERICAL EXPERIMENTS

In this section, we illustrate how the algorithms discussed in this
paper perform when applied to multiple time series data sets. We
here focus on binary classification and use time series taken from
the UCR time series classification archive 4 [61]. All our codes are
to be found at https://github.com/dominikalfke/TimeSeriesSSL.
The distance measure we use here are the previously introduced

“We focussed on all binary classification  series listed  in

TwoCl assProbl ens. csv  within  http://www.timeseriesclassification.com/
Downloads/Archives/Univariate2018_arff.zip.
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FIGURE 6 | Comparison of the proposed methods using various distance measures for a variety of time series data. The size of the training set is specified in
Twod assProbl ens. csv within http://www.timeseriesclassification.com/Downloads/Archives/Univariate2018_arff.zip.

DTW, Soft DTW divergence, MP, and Euclidean distances. For
completeness, we list the default parameters for all methods
in Table 2.

We split the presentation of the numerical results in the
following way. We start by exploring the dependence of
our schemes on some of the hyperparameters inherent in
their derivation. We start by investigating the self-tuning
parameters, namely the value of the chosen neighbor to

compute the local scaling. We then study the performance
of the Allen-Cahn model depending on the number of
eigenpairs used for the approximation of the graph Laplacian.
For our main study, we pair up all distance measures with
all learning methods and report the results on all datasets.
Furthermore, we investigate how the method’s performance
depends on the number of available training data using random
training splits.
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FIGURE 7 | Comparison of the proposed methods using various distance measu

res for a variety of time series data.
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FIGURE 8 | Method accuracy comparison for random training splits of different sizes (part 1/5).
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FIGURE 9 | Method accuracy comparison for random training splits of different sizes (part 2/5).
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5.1. Self-Tuning Values

In section 2, we proposed the use of the self-tuning approach
for the Gaussian function within the weight matrix. The
crucial hyperparameter we want to explore now is the choice
of neighbor k for the construction of oj dist(x;, Xk ;)
with x;; the k-th nearest neighbor of the data point x;.
We can see from Table 3 that the small values k 7,20
perform quite well in comparison to the larger self-tuning
parameters. As a result we will use these smaller values in all
further computations.

5.2. Spectral Approximation

As described in section 4 the Allen-Cahn equation is projected
to a lower-dimensional space using the insightful information
provided by the eigenvectors to the smallest eigenvalues of
the graph Laplacian. We now investigate how the number
of used eigenvectors impacts the accuracy. In the following
we vary the number of eigenvalues from 10 to 190 and
compare the performance of the Allen-Cahn method on
three different datasets. The results are shown in Table4
and it becomes clear that a vast number of eigenvectors
does not lead to better classification accuracy. As a result
we require a smaller number of eigenpair computations
and also fewer computations within the Allen-Cahn
scheme itself. The comparison was done for the self-tuning
parameter k = 7.

5.3. Full Method Comparison

We now compare the Allen-Cahn approach, the GCN
scheme, the linear systems based method, and the INN

algorithm, each paired up with each of the distance
measures introduced in section 3. Full results are
listed in Figures6, 7. We show the comparison for

all 42 datasets.

As can be seen there are several datasets where the
performance of all methods is fairly similar even when the
distance measure is varied. Here, we name Chi natown,
Ear t hquakes, GunPoi nt, I t al yPower Denmand,
Mot eStrai n, Waf er. There are several examples where
the methods do not seem to perform well, with GCN and
INN relatively similar outperforming the Linear System and
Allen-Cahn approach. Such examples are Dodger LoopGane,
Dodger LoopWeekend. The GCN method clearly does
not perform well with the GunPoint datasets where the
other methods clearly perform well. It is surprising to note
that the Euclidean distance, given its computational speed
and simplicity, does not come out as underperforming
with respect to the accuracy across the different methods.
There are very few datasets where one distance clearly
outperforms the other choice. We name Shapel et Sim
ToeSegenent at i onl here. One might conjecture that the
varying sizes of the training data might be a reason for the
difference in performance of the models. To investigate this
further we will next vary the training splits for all datasets
and methods.

5.4. Varying Training Splits

In Figures 8-12, we vary the size of the training set from 1 to 20%
of the available data. All reported numbers are averages over 100
random splits. The numbers we observe mirror the performance
of the full training size. We see that the methods show reduced
performance when only 1% of the training data are used but often
reach an accuracy plateau when 5 to 10% of the training data
are used. We observe that the size of the training set alone does
not explain the different performance in the various datasets and
methods applied here.

6. CONCLUSION

In this paper we took to the task of classifying time series data
in a semi-supervised learning setting. For this we proposed to
represent the data as a fully-connected graph where the edge
weights are created based on a Gaussian similarity measure (1).
The heart of this function is the difference measure between
the time series, for which we used the (Soft) Dynamic Time
Warping and Matrix Profile based distance measures as well as
the Euclidean distance. We then investigated several learning
algorithms, namely, the Allen-Cahn-based method, the Graph
Convolutional Network scheme, and a linear system approach,
all reliant on the graph Laplacian, as well as the Nearest Neighbor
method. We then illustrated the performance of all pairs of
distance measure and learning methods. In this empirical study
we observed that the methods tend to show an increased
performance adding more training data. Studying all binary
time-series with the timeseriesclassification.com repository gives
results that in accordance with the no free lunch theorem
show no clear winner. On the positive side the methods
often perform quite well and there are only a few datasets
with decreased performance. The comparison of the distance
measures indicates there are certain cases where they outperform
their competitors but also there is no clear winner with regards
to accuracy. We believe that this empirical, reproducible study
will encourage further research in this direction. Additionally,
it might be interesting to consider model-based representations
of time-series such as ARMA [63, 64] to use within the graph
representations used here.
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The beta regression is a widely known statistical model when the response (or the
dependent) variable has the form of fractions or percentages. In most of the situations in
beta regression, the explanatory variables are related to each other which is commonly
known as the multicollinearity problem. It is well-known that the multicollinearity problem
affects severely the variance of maximum likelihood (ML) estimates. In this article, we
developed a new biased estimator (called a two-parameter estimator) for the beta
regression model to handle this problem and decrease the variance of the estimation. The
properties of the proposed estimator are derived. Furthermore, the performance of the
proposed estimator is compared with the ML estimator and other common biased (ridge,
Liu, and Liu-type) estimators depending on the mean squared error criterion by making
a Monte Carlo simulation study and through two real data applications. The results of
the simulation and applications indicated that the proposed estimator outperformed ML,
ridge, Liu, and Liu-type estimators.

Keywords: biased estimation, Fisher’s scoring, mean squared error (MSE), multicollinearity, Liu beta regression,
relative efficiency, ridge beta regression, two-parameter estimator

INTRODUCTION

The beta regression model has been common in many areas, primarily economic and medical
research, such as income share, unemployment rates in certain nations, the Gini index for each
region, graduation rates in major universities, or the percentage of body fat in medical subjects. Beta
regression model, such as any regression model in the context of generalized linear models (GLM:s)
is used to examine the effect of certain explanatory variables on a non-normal response variable.
However, in the case of beta regression, the response component is restricted to an interval (0, 1),
such as proportions, percentages, and fractions.

Multicollinearity is a popular issue in econometric modeling. It indicates that there is a strong
association between the explanatory variables. It is well-established that the covariance matrix of
the maximum likelihood (ML) estimator is ill-conditioned in the case of severing multicollinearity.
One of the negative consequences of this issue is that the variance of the regression coeflicients
gets inflated. As a consequence, the significance and the magnitude of the coeflicients are affected.
Many of the conventional approaches used to address this issue include: gathering additional data,
re-specifying the model, or removing the correlated variable/s.
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During the last years, shrinkage methods have become a
commonly recognized and more effective methodology for
solving the impact of the multicollinearity problem in several
regression models. To solve this problem, Hoerl and Kennard
[1, 2] proposed the ridge estimator. The concept of the ridge
estimator is to add a small definite amount (k) to the diagonal
entries of the covariance matrix to increase the conditioning of
this matrix, reduce the mean squared error (MSE), and achieve
consistent coefficients. For a review of the ridge estimator in both
linear and GLMs, e.g., as shown in References Rady et al. [3],
Abonazel and Taha [4], Qasim et al. [5], Alobaidi et al. [6], and
Sami et al. [7].

One of the drawbacks of the ridge estimator is that estimated
parameters are non-linear functions of the ridge parameter
and the small k selected might not be high enough to solve
multicollinearity. As a solution to this problem, Liu [8] developed
the Liu estimator which is a linear function of the shrinkage
parameter. The Liu estimator is a combination of the ridge
estimator and the Stein estimator suggested by Stein [9]. For
a review of the Liu estimator in both linear and GLMs,
e.g., as shown in References. Liu [8], Karlsson et al. [10],
Qasim et al. [11], and Naveed et al. [12]. Furthermore, Liu
[13] proved the supremacy of the Liu-type estimator over the
ridge and Liu estimators. Details about Liu-type estimator,
properties, and applications in regression models are shown in
References Liu [14], Ozkale and Kaciranlar [15], Li and Yang
[16], Kurnaz and Akay [17], Sahriman and Koerniawan [18],
and Algamal and Abonazel [19]. As a good alternative for the
Liu-type estimator, Ozkale and Kaciranlar [15] proposed the two-
parameter estimator, and they proved that the two-parameter
estimator utilizes the power of both the ridge estimator and the
Liu estimator. Extensions of two-parameter estimator in GLMs
include Huang and Yang [20], Algamal [21], Asar and Geng [22],
Rady et al. [23, 24], Cetinkaya and Kagiranlar [25], Abonazel and
Farghali [26], Akram et al. [27], and Lukman et al. [28].

The rest of the article is arranged as follows: Section
Methodology presents an introduction about the beta regression
model, its estimation using the ML method, and the proposed
two-parameter estimator; Section Choosing the Shrinkage
Parameters provides suggested shrinkage parameters for our
estimator; Sections Simulation Study and Real Data Applications
provide a numerical evaluation using both Monte Carlo
simulation and two empirical data applications, respectively; and
Section Conclusion offers some concluding remarks.

METHODOLOGY
Beta Regression Model

Practitioners usually use linear regression modeling to investigate
the relationship and effect of some selected explanatory variables
on the normal response variable. However, this is not suitable
for circumstances where the response variable is constrained
to the interval (0, 1) because it may give fitted values for the
variable of concern that surpass its lower and upper limits.
Therefore, inference based on the normality assumption can
be deceptive. The beta regression model was first developed by
Ferrari and Cribari-Neto [29] by connecting the mean function

of its response variable to a set of linear predictors via a
monotone differentiable function called the link function. This
model contains a precision parameter, the inverse of which is
called a dispersion scale. In the basic type of a beta regression
model, the precision parameter is believed to be constant through
observations. Nevertheless, the precision parameter might not
be constant through findings such as those of Smithson and
Verkuilen [30] and Cribari-Neto and Zeileis [31].

Let y is a continuous random variable that follows a beta
distribution with the following probability density function:

_ L) ,
C ()T (1 =) )
0<y<l;0<pu<l;¢>0,

f(y: 1.9) (191 (1 _ )@=,

(1)
where T'(-) is the gamma function and ¢ is the precision
parameter [32]:

1—o2
2

g

The mean and variance of the beta probability distribution

are: E(y) = W, var (y) = n(l—po Using the logit
link function, the model allows pu;, depending on covariates
as follows:
Mi T
g (ui) Og(l_m> x; B=n; (2)

where g(-) be a monotonic differentiable link function used to
relate the systematic component with the random component,
B = (,31, . ,,BP)T is a p x 1 vector of unknown parameters,
X; (xﬂ, cees x,-p)T is the vector of p regressors, and n; is a
linear predictor.

Estimation of the beta regression parameters is done by using
the ML method [33]. The log-likelihood function of the beta
regression model is given by:

£ (und:y) = Y {logT'(#) — logl" (1; #))

—1ogl" (1 — i) (9)) + (i (¢) — 1) log ()
+((1= ) (¢) = Dlog (1 - y;)} (3)
By differentiating the log-likelihood function in Eq. (3) with
respect to 8, gives us the score function for f:

S(B) = pX"A(y* — u*), 4

_ . 1 1 * * «\ T

where A = diag (r’(m)""’ig'(un))’ y 0 i) s
T i

o= (ufh. k)Y = log(lfyi),and wi= v (wip) —

¥ ((1 — wi) @), such that ¥ (-) denoting the digamma function,
and ¢/(-) is the first derivative of g(-). The iterative reweighted
least-squares (IWLS) algorithm or Fisher’s scoring algorithm was
used for estimating 8 [34, 35]. The form of this algorithm can be
written as:

-1
’B(f‘f‘l) — 13(”) + (If(;g) S,(Sr) (,3) ,
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where S is the score function defined in Eq. (4), and I/(srf)} is the
information matrix for 8 , as shown in References Espinheira
et al. [35] for more details. The initial value of B can be obtained
by the least-squares estimation, while the initial value for each

precision parameter is:

~ (1)

¢i = ; (5)

67
where fi and 67 values are obtained from linear regression.
Given r 0,1,2,... is the number of iterations that are
performed, convergence occurs when the difference between
successive estimates becomes smaller than a given small constant.
At the final step, the ML estimator of f is obtained as:

Bewit, = (XTWX)_IXTW.%, 6)

where X is an nx p matrix of regressors, z = 1+ WA (y* — pL*),
and W = diag (Wis oo os Wa)s

where W and A are the estimated ML matrices of W and A,
respectively. The ML estimator of § is normally distributed
with asymptotic mean vectors E (ﬁBR) = p and asymptotic
covariance matrix:
~ 1 T -1
Cov (lgBML) = g(X WX) (7)
Hence, the asymptotic trace mean squared error (TMSE) of
BeMmL is
~ 1 ra 1
TMSE (ﬂBML> = | ST ®)
Ridge and Liu Estimators
Recently, Abonazel and Taha [4] and Qasim et al. [5] introduced
the ridge beta regression (RBR) estimator as follows:

N ~ -1 ~
BrBR = (XTWX + kl) X"W2: k>0 9)

It can note that if k = 0, then ﬁRBR = ,3BML. The bias vector of
the RBR estimator is

Bias <,éRBR) = —k(XTWX + kl>_1,8 (10)

Suppose that A1 > ... > A, > 0 are the ordered eigenvalues

of XTWX matrix and Q is the matrix whose columns are the
eigenvectors of XT WX matrix. Then A = diag (Aseees Ap)

Qrxr WXQ ando = QT)/. Then, the matrix mean squared error
(MMSE) of the RBR estimator is:

MMSE (BRBR) = Cov (BRBR) + Bias (BRBR) BiaS(BRBR)T

1 1 g A—1AT 2an—1 T x—1AT
=$(QAk AA'QT) + QAL aa AL,

(11)
where Ay = diag (A1 +k, ..., A, +k), and the TMSE of the
RBR estimator is

TMSE (BRBR) = tr (MMSE (léRBR>) (12)

2

1 }\ o

_ P J +kzz{’ J .
=1 ()\.j + k)

@51 (4 + k)

¢

The first term in Eq. (12) is an asymptotic variance, and the
second term is a square bias. Abonazel and Taha [4] and Qasim
et al. [5] showed the derivation of the MSE properties of the
RBR estimator.

The Liu estimator can be extended to the beta regression
model, the Liu beta regression (LBR) estimator is given by
Karlsson et al. [10] as:

Prer = (XT WX + 1)_1 (XTWX + dI) BoL:

0<d<l, (13)

where d is the Liu parameter, the bias vector of the LBR
estimator is:

Bias (Buon) = (XWX + 1)71 (d—1)B (14)

The MMSE for the LBR estimator can be derived as:

MMSE (/§LBR) = Cov (BLBR) + Bias (/§LBR) Bias(BLBR)T
- %(QA;lAdA_lAdAleT)
+(d-1)’QAT e ATIQT, (15)
where Ay = diag(A+1, ..., 4 +1) and Ay =
diag (A1 +d, ..., A+ d). The TMSE of the LBR estimator is:

TMSE(Bir) = tr (MMSE (BLBR))
1 p
= 52

j=1

(d — l)zozqub
(3 +1)°

()»j + d)2

(16)
2l +1)°

Recently, Algamal and Abonazel [19] developed the Liu-type beta
regression (LTBR) estimator:

~ ~ -1 ~ ~
Brrer = (XTWX + kI (XTWX — dI) B

k>0,—00<d<o0 (17)
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The bias vector of the LTBR estimator is:
. . -1
Bias (ﬁmm) = —(d+k) (XTWX + kI) B (18)

The MMSE of the LTBR estimator is:

MMSE (3LTBR> = Cov (ﬁLTBR) + Bias (3LTBR> Bias (/éLTBR)T
_ ! (QA;IA_dA*IA_dAIleT)
é
+(d+ k) QA e ALIQT (19)

where A_; = diag (A —d, ..., Ap — d). Then, the MSE of the

LTBR estimator is
MSE (,3LTBR) =tr (MMSE (,3LTBR>> (20)
_ iy | -d | (@+Ra
o=t | 205+k)> (4 +k)’

The Proposed Estimator

In this section, we extend the two-parameter estimator
introduced by Ozkale and Kagiranlar [15] to the beta regression
model to combat multicollinearity and obtain more stable and
accurate results. The two-parameter beta regression (TPBR)
estimator can be written as follows:

preer = (XTWX + kl)_l(XTWX + kdI) B
k>00<d<1 (21)

It is worth noting that the TPBR estimator is a general class
that has some estimators as special cases. These estimators are
the LBR, RBR, and beta maximum likelihood (BML) estimators,
which can be given, respectively, as follows:

~ N ~ -1 ~ ~
]liml BrpER = PLBR = (XTWX + I) (XTWX + dI) BBML>
-
. . . -1 A\ A
iin% PBrpBR = BRBR = (XTWX + kl) (XTWX> BBML
N N o Nl
llim Brper = PBBML = (X WX) X" W2).
—0
The bias vector of the TPBR estimator is
A . -1
Bias (,BTPBR> —k(d—1) (XT WX + kI) B (22)
The MMSE for TPBR estimator can be derived as:

MMSE (éTPBR) = Cov <BTPBR> + Bias (éTPBR) Bias (,éTPBR>T
1

)

+R2(d - 1)°QA; leaTA1QT, (23)

(Qap A~ Aan Q")

where Ay, = diag (Al +kd, Ay +kd, Ay + kd), the TMSE
of the TPBR estimator is:

TMSE (BTPBR) = tr (MMSE (,éTPBR)) (24)
_1g (hj+kd)*  a?pk}(d—1)*
B EY R

The Superiority of the New Estimator
The following lemmas prove the superiority of the two-parameter
beta estimator over the other estimators.

Lemma 1. Farebrother [36]: Let M be a positive definite matrix,
8 be a vector of non-zero constants, and ¢ be a positive constant.
Then, cM — 887 > 0ifand only if (iff) sMsT < ¢.

Two-Parameter Beta Estimator vs. ML Estimator
The following lemma gives the condition that the TPBR estimator
is superior to the ML estimator:

Lemma 2. under the beta regression model, let k > 0, 0 <
d < 1, and brpgr = Bias (,éTPBR)- Then, MMSE (.BABML> —
MMSE (frese) > 0iffk (1 d) (2 + k(1 +d)) > 0.

Proof: the difference between the MMSE functions of the ML
estimator and the TPBR estimator is obtained by:

MMSE (,éBML) — MMSE (ETPBR)
1

=30 (PA™" = A Ara AT At ) QT — bresrblppgs

The matrix (dbA‘1 —A;lAde_lAdeI:I) is positive definite,
if ¢(Aj+k - (A-—i—kd)z > 0, which is equivalent to
[+ 8) + (o 4+ kd) | [(4 + K) — (& + kd)] > 0. Simplifying
the last inequality, one gets k (1 — d) (24; + k (1 + d)) > 0. The
proof is finished by Lemma 1.

Two-Parameter Estimator vs. Ridge Estimator
The following lemma gives that the TPBR estimator is superior to
the RBR estimator:

Lemma 3. under the beta regression model, consider k > 0, 0 <
Bias (,éRBR). Then, MMSE (/éRBR> -
MMSE (Bres) > 0iff kd (24 + kd) > 0.

d < 1, and brgr =

Proof: the difference between the MMSE functions of the RBR
estimator and the TPBR estimator is obtained by:

MMSE (/éRBR) — MMSE (BTPBR)
1 S - _ -
=4 (A = A AT A )

T T T
Q" + brerbrgr — bTPBROTPRR>
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This can be rewritten as:
MMSE (3RBR> — MMSE (BTPBR)

{ e (A + kd)®

W+ 2405+
Q" + brerbggr — bPBROTER,

= %Q diag

}P
j=1

The matrix A 'AA" — A" A A7 A A" is positive
definite if AJ-Z - A+ kal)2 > 0 which is equivalent to
[A — (Aj +kd)] [%j+ (A + kd)] > 0. Simplifying the last
inequality, one gets kd (2 4+ kd) > 0. Then, using Lemma 1,
the proof is finished.

Two-Parameter Estimator vs. Liu Estimator
The following lemma gives the condition that the TPBR estimator
is superior to the LBR estimator:

Lemma 4. under the beta regression model, consider k >
0, 0 d (BLBR)~ Then,
MMSE (Bigr) — MMSE (Brpsr) > 0ff (3 +d)° (35 + k)° —
(A + kd)* (3 +1)* > 0.

< <

1, and bLBR = Bias

Proof: the difference between the MMSE functions of A g and
Preer is obtained by:

MMSE (BLBR) — MMSE (,3TPBR)
1
)

T T T
Q" + bisrbigr — bTPBRbTPRR

Q (AT AT AGAT — A AT A )

This can be rewritten as:
MMSE (BLBR) — MMSE (BTPBR)
{ Gi+d)’  (y+ka)’

1
30 +1)° 2 +8)
Q" + brgrbigr — bresrbrpprs

¢

}P
j=1

The matrix A7'AGAT'AGAT — AT ARATIAAL!

is positive definite if (A + d)z(kj + k)2 —
(A + kd)z()\j +1 )2 > 0, which is equivalent to
[Gs+d) (3 +8)° > (5 + k)’ (y+1)°]. For k>

0,0 < d < 1, it can be observed that (;+ d)z(Aj + k)2
(% + kd)*(r; +I)* > 0. The proof is finished by Lemma 1.

Two-Parameter Estimator vs. Liu-Type Estimator
The following lemma gives the condition that the TPBR estimator
is superior to the LTBR estimator:

Lemma 5. under the beta regression model, consider k > 0,

o0 < d < 00, 0 < dy < 1,and byrgr = Bias (,éLTBR)a

where d; and d, are the d values of LTBR and TPBR estimators,
respectively. Then, MMSE (,3LTBR) — MMSE (ﬁTpBR) > 0 iff

dy (di — 24j) — kdy (kdy + 22;) > 0.

Proof: the difference between the MMSE functions of Arrgr and
Brper is obtained by:

MMSE (,3LTBR) — MMSE (/§TPBR>
1 _ _ _ _ _ _
= EQ(Ak 1A_dA 1A_dAk1 — A lAde 1Adek1)
QT + brrsrbirgr — breeRb PRy

This can be rewritten as:
MMSE </§LTBR> — MMSE (BTPBR)

2 2
%Q diag [ (Aj —di) (A + kd2)

T T T
Q" + brrerbirgr — bTPBRO TR

}P
j=1

The matrix A, 'A_gA T A_GAY — A A AT AR A s
positive definite if (Aj - dl)2 - (Aj+kd2)2 > 0, which is
equivalent to [(kj — d1)2 > (Aj +kd2)2]. For k > 0,—c0 <

di < 00,0 < dp < 1, it can be observed that d; (d1 - 2kj) -
kd, (kdz + 2Aj) > 0. The proof is finished by Lemma 1.

Wik A+ k)

CHOOSING THE SHRINKAGE
PARAMETERS

There is no definite rule for estimating the shrinkage parameters
(k and d). However, we propose some methods based on the work
of Hoerl et al. [37] and Kibria [38]. For the RBR estimator, we can
use the k parameter of Hoerl and Kennard [1] after modifying
their formula based on the optimal k of the beta regression
model [5]:

1

¢’ Z}I'):l &]2

(25)

where @; is the jth element of the vector & = QTﬁBML.
For the LBR estimator, we can use the optimal d parameter
proposed by Karlsson et al. [10]:

S [(6-2)6 4]
2 [(ﬁ} + &]2) /(h + 1)2]

j=1
For the LTBR estimator, we can use the optimal d parameter
of the LTBR estimator that was proposed by Algamal and
Abonazel [19]:

(26)

S [(3 - k) /(5 +0)7]

i[5+ 287) /2504

drer = (27)
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Since drrpr depends on k, we suggest using the k parameter in
Eq. (25).

For the proposed estimator (TPBR), we start by taking
the derivative of MSE function given in Eq. (24) with
respect to k and equating the resulting function to zero
and by solving for the parameter k, we obtain the following
individual parameters:

Aj

¢ (162 (1 - d) - (d/9)

ki = );j=1,...,p. (28)

Since each individual parameter k; should be positive, we obtain
the following upper bound for the k; parameter d’s so that k; > 0:

~2 p
. )\.jaj
d< min| +——— , (29)
5+ Aa?
¢ TN =1
where min(-) is the minimum function such that 0 <

d < 1 and @& is the jth element of the vector a.
Therefore, we propose the following shrinkage parameters for the

TPBR estimator:
a2 p
1 At
drper = E min 1]7;% 7 (30)

krppr = EZP

- > (31)
P77\ ¢ (ijlj (1 — drppr) — dTPBR/qb)

Note that drppr in Eq. (30) is always <1 and bigger than zero,
and krppr in Eq. (31) is always positive [15].

SIMULATION STUDY

A Monte Carlo simulation study has been conducted to compare
the performances of BML, RBR, LBR, and LTBR estimators with
the proposed estimator (TPBR estimator). Our simulation study
is computed based on R-software, using the “betareg” package.

Simulation Design
The response variable y; is generated as y; ~ Beta(u;, ¢), with
¢ € {0.5,1,1.5} and wu; exp(xiT,B)/(l + exp(xiT/S)) for i

TABLE 1 | Mean squared error (MSE) values for different estimators when n = 50.

TABLE 2 | Mean squared error values for different estimators when n = 100.

[} P P BML RBR LBR LTBR TPBR ¢ P P BML RBR LBR LTBR TPBR
0.5 4 0.90 2.259 1.906 1.828 1.8026 1.419 0.5 4 0.90 2212 1.859 1.782 1.7566 1.372
0.95 3.356 2.391 2117 2.0916 2.033 0.95 3.309 2.343 2.071 2.0456 1.985

0.99 4.399 2.908 2175 2.1496 2.134 0.99 4.352 2.861 2.128 2.1026 2.087

8 0.90 2.376 1.736 1.487 1.4616 1.312 8 0.90 2.328 1.689 1.439 1.4136 1.265

0.95 4.421 2.567 2.011 1.9856 1.862 0.95 4.372 2.519 1.964 1.9386 1.814

0.99 5.353 3.292 2.518 2.4926 1.669 0.99 5.306 3.244 2.471 2.4456 1.621

12 0.90 3.613 1.364 1.189 1.1636 1.013 12 0.90 3.565 1.317 1.142 1.1166 0.965

0.95 6.836 2.715 1.987 1.9616 1.107 0.95 6.788 2.668 1.941 1.9156 1.063

0.99 9.375 3.042 1.814 1.7886 1.078 0.99 9.327 2.994 1.766 1.7406 1.031

1 4 0.90 1.9561 1.598 1.520 1.4946 1111 1 4 0.90 1.904 1.651 1.472 1.4466 1.064
0.95 3.048 2.083 1.809 1.7836 1.725 0.95 3.001 2.035 1.762 1.7366 1.677

0.99 4.091 2.601 1.867 1.8416 1.826 0.99 4.044 2.553 1.822 1.7966 1.779

8 0.90 2.068 1.428 1.179 1.1536 1.004 8 0.90 2.022 1.381 1.131 1.1056 0.957

0.95 4112 2.259 1.703 1.6776 1.554 0.95 4.064 2.211 1.656 1.6306 1.506

0.99 5.045 2.984 2.210 2.1846 1.361 0.99 4.998 2.936 2.162 2.1366 1.313

12 0.90 3.305 1.056 0.881 0.8556 0.705 12 0.90 3.257 1.009 0.834 0.8086 0.657

0.95 6.528 2.407 1.679 1.6536 0.799 0.95 6.483 2.364 1.632 1.6066 0.752

0.99 9.067 2.734 1.506 1.4806 0.771 0.99 9.019 2.686 1.458 1.4326 0.723

1.5 4 0.90 1.829 1.476 1.398 1.3726 0.989 1.5 4 0.90 1.782 1.429 1.355 1.3296 0.942
0.95 2.926 1.961 1.687 1.6616 1.603 0.95 2.879 1.913 1.647 1.6216 1.565

0.99 3.969 2.478 1.745 1.7196 1.704 0.99 3.922 2.431 1.698 1.6726 1.657

8 0.90 1.946 1.306 1.067 1.0816 0.882 8 0.90 1.898 1.259 1.009 0.9836 0.835

0.95 3.990 2137 1.581 1.5656 1.432 0.95 3.942 2.089 1.634 1.5086 1.384

0.99 4.923 2.862 2.088 2.0626 1.239 0.99 4.876 2.814 2.041 2.0156 1.191

12 0.90 3.183 0.934 0.759 0.7336 0.583 12 0.90 3.135 0.887 0.712 0.6866 0.535

0.95 6.406 2.285 1.657 1.6316 0.677 0.95 6.358 2.238 1.513 1.4876 0.631

0.99 8.945 2.612 1.384 1.3586 0.648 0.99 8.897 2.564 1.336 1.3106 0.601
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1, 2,...,n,and B = (51,...,ﬂp)T with Zﬁ;l 5]‘2 = 1 and
Bi=...= By [19,26,39-41].
The explanatory variables x; = (x,-l, RN xip)T are generated

from the following:

1,2,...,n,

xij = (1= p2) " wij + pwip, i
i=1,2,....p,

ji= (32)
where p is the coefficient of the correlation between the
explanatory variables and wj; are independent standard normal
pseudo-random numbers.

It is well-known that the sample size (n), the number
of explanatory variables (p), and the pairwise correlation (p)
between the explanatory variables have a direct impact on the
prediction accuracy. Therefore, four values of n are considered:
50, 100, 250, and 400. In addition, three values of p are
considered: 4, 8, and 12. Further, three values of p are considered:
0.90, 0.95, and 0.99. For a combination of these different values
of n, ¢, p, and p, the generated data are repeated L = 1,000 times
and the average MSE is calculated as:

L A T /4
S (B-8) (B-),

MSE (ﬂ) - (33)

where ,31 is the estimated vector of B.

Simulation Results

The averaged MSE for all the combinations of n, ¢, p,, and p are
summarized in Tables 1-4. According to the simulation results,
we conclude the following:

1. The TPBR estimator has the best performance in all the
situations considered. Moreover, the performance of the TPBR
estimator is better for larger values of p.

. Itisnoted from Tables 1-4 that the TPBR estimator ranks first
with respect to MSE. In the second rank is the LTBR estimator,
as it performs better than BML, RBR, and LBR estimators.
Additionally, the BML estimator has the worst performance
among RBR, LBR, and TPBR estimators which is significantly
impacted by the multicollinearity.

. Regarding the number of explanatory variables, it is easily
seen that there is a negative impact on MSE, where there
are increases in their values when the p increase from four
variables to eight and twelve variables. In addition, in terms
of the sample size, the MSE values decrease when #» increases,
regardless of the value of p, ¢, and p.

4. Clearly, the MSE values are decreasing when ¢ is increasing.

TABLE 3 | Mean squared error values for different estimators when n = 250.

TABLE 4 | Mean squared error values for different estimators when n = 400.

[} P P BML RBR LBR LTBR TPBR ¢ P P BML RBR LBR LTBR TPBR
0.5 4 0.90 2.151 1.798 1.719 1.6936 1.311 0.5 4 0.90 2117 1.764 1.685 1.2596 1.277
0.95 3.248 2.282 2.009 1.9836 1.924 0.95 3.214 2.248 1.975 1.7496 1.891

0.99 4.291 2.801 2.067 2.0416 2.026 0.99 4.257 2.767 2.033 2.0076 1.992

8 0.90 2.267 1.628 1.378 1.3526 1.204 8 0.90 2.233 1.594 1.344 1.3186 1172

0.95 4.311 2.458 1.903 1.8776 1.753 0.95 4.277 2.424 1.869 1.3436 1.719

0.99 5.245 3.183 2.409 2.3836 1.661 0.99 5.211 3.149 2.375 2.3496 1.627

12 0.90 3.504 1.256 1.081 1.0556 0.904 12 0.90 3.47 1.222 1.047 1.0216 0.871

0.95 6.727 2.607 1.879 1.8536 0.999 0.95 6.693 2.573 1.845 1.8196 0.965

0.99 9.266 2.933 1.705 1.6796 0.972 0.99 9.232 2.899 1.671 1.6456 0.938

1 4 0.90 1.843 1.491 1.411 1.3856 1.003 1 4 0.90 1.809 1.457 1.377 1.3516 0.969
0.95 2.942 1.974 1.701 1.6756 1.616 0.95 2.908 1.94 1.667 1.6416 1.582

0.99 3.983 2.492 1.759 1.7336 1.718 0.99 3.949 2.458 1.725 1.6996 1.684

8 0.90 1.959 1.325 1.073 1.0476 0.896 8 0.90 1.925 1.291 1.039 1.0136 0.862

0.95 4.0038 2.154 1.595 1.5696 1.445 0.95 3.969 212 1.561 1.5356 1.411

0.99 4.937 2.875 2.101 2.0756 1.252 0.99 4.903 2.841 2.067 2.0416 1.218

12 0.90 3.196 0.948 0.773 0.7476 0.596 12 0.90 3.162 0.914 0.739 0.7136 0.562

0.95 6.419 2.299 1.571 1.5456 0.691 0.95 6.385 2.265 1.637 1.5116 0.657

0.99 8.958 2.625 1.397 1.3716 0.662 0.99 8.924 2.591 1.363 1.3376 0.628

1.5 4 0.90 1.721 1.368 1.289 1.2636 0.881 1.5 4 0.90 1.687 1.334 1.255 1.2296 0.847
0.95 2.818 1.862 1.579 1.56636 1.494 0.95 2.784 1.818 1.645 1.56196 1.462

0.99 3.861 2.372 1.637 1.6116 1.596 0.99 3.827 2.338 1.603 1.5776 1.562

8 0.90 1.837 1.198 0.948 0.9226 0.774 8 0.90 1.803 1.164 0.914 0.8886 0.742

0.95 3.881 2.028 1.473 1.4476 1.323 0.95 3.847 1.994 1.439 1.4136 1.289

0.99 4.815 2.753 1.979 1.9536 1.131 0.99 4.781 2.719 1.945 1.9196 1.097

12 0.90 3.074 0.826 0.651 0.6256 0.474 12 0.90 3.04 0.792 0.617 0.5916 0.448

0.95 6.297 2177 1.449 1.4236 0.569 0.95 6.263 2.143 1.415 1.3896 0.535

0.99 8.836 2.503 1.275 1.2496 0.547 0.99 8.802 2.469 1.241 1.2156 0.513
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FIGURE 1 | Relative efficiency (RE) of different estimators categorized by levels of n, p, p, and ¢.
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TABLE 5 | The estimated coefficients and MSE values for the used estimators
(football data).

TABLE 6 | The estimated coefficients and MSE values for the used estimators
(gasoline yield data).

BML RBR LBR LTBR TPBR BML RBR LBR LTBR TPBR

X1 —0.01749 —0.01761 —0.026786  —0.002165  —0.003165 Gravity —0.01749 —0.01761 —0.026786 —0.00571  —0.003165
Xo 0.026057 0.026399 0.0562970 0.000354 0.000254 Pressure  0.026057 0.026399 0.052970 0.04212 0.000254
X3 0.030190 0.030276 0.036945 0.000701 —0.000807 Temp10 0.030190 0.030276 0.036945 0.04284  —0.000807
Xa —0.032857  —0.031889 0.043208 —0.000355 0.000323 Temp —0.032857 —-0.031889  0.043208 0.00235 0.000323
X5 —0.129230  -0.128710  -0.088372  —0.002704  —0.002633 MSE 0.04345 0.018314 0.006583 0.00537 0.005085
Xe 1.643973 1.629061 0.472132 0.021849 0.028245

MSE 0.04345 0.018314 0.006583 0.005208 0.005085

Relative Efficiency

Another comparative performance called relative efficiency (RE)
can be utilized, it is calculated based on the MSE in Eq. (33) as
follows [4, 39]:

MSE </§BML)

i (BS> T MsSE (35)

, (34)

where fs denotes the estimators of RBR, LBR, LTBR, or TPBR.
The RE results are shown in Figure 1.

Figure 1 shows that the RE of the four biased (RBR, LBR,
LTBR, and TPBR) estimators were increased if the sample
size (n), the number of explanatory variables (p), the degree

of correlation between explanatory variables (p), and/or the
precision parameter value (¢) are increased. Moreover, we can
observe that the TPBR estimator has higher RE values than the
other estimators.

REAL DATA APPLICATIONS

In this section, we used two real data applications to
investigate the advantage of our proposed (TPBR) estimator in
different fields.

Football Spanish Data

We apply the proposed estimator to the football Spanish La Liga,
season 2016-2017 [19]. The data contain 20 teams. The response
variable is the proportion of won matches. The six considerable
explanatory variables are: x; is the number of yellow cards, x; is
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the number of red cards, x3 is the total number of substitutions,
X4 is the number of matches with 2.5 goals on average, x5 is the
number of matches that ended with goals, and x; is the ratio of
the goal scores to the number of matches.

First, to check whether there is a multicollinearity problem
or not, the correlation matrix and condition number (CN) are
used. Based on the correlation matrix among the six explanatory
variables that are presented, displayed by Algamal and Abonazel
[19]. It is obviously seen that there are correlations >0.82
between x; and x¢, x1 and x4, xo and x4, and x4 and x. Second,
the condition number, CN = +/Amax/Amin of the data is 806.63
indicating the existence of multicollinearity. The estimated beta
regression coeflicients and MSE values for the BML, RBR, LBR,
LTBR, and TPBR estimators are recorded in Table5. From
Table 5, it can note that the estimated coefficients of all estimators
have the same signs; this means that the type of relationship
between each explanatory variable and the response variable is
not changed from what it was in the BML estimator. But MSE
values of RBR, LBR, LTBR, and TPBR estimators are lower
than the BML estimator. Whereas, the MSE value of the TPBR
estimator is the lowest.

Gasoline Yield Data

To further investigate the advantage of our proposed estimator
(TPBR), we apply the TPBR estimator to the chemical dataset
(gasoline yield data) which was originally obtained by Prater
[42], and later used by the following authors: Ospina et al.
[43] and Karlsson et al. [10]. The dataset contains 32
observations on the response and four explanatory variables. The
variables in the study are described as follows: the dependent
variable y is the proportion of crude oil after distillation and
fractionation while the explanatory variables are crude oil gravity
(Gravity), vapor pressure of crude oil (Pressure), temperature
at which 10% of the crude oil has vaporized (Templ0), and
temperature at which all petrol in the amount of crude oil
vaporizes (Temp). Atkinson [44] analyzed this dataset using
the linear regression model and observed some anomalies in
the distribution of the error. Recently, Karlsson et al. [10]
showed that the beta regression model is more suitable to model
the data.

The CN for the dataset under study is 11,281.4, which
signals severe multicollinearity. The estimated beta regression
coefficients and MSE values for the used estimators are recorded
in Table 6. From Table 6, it can be noted that the estimated
coefficients of all estimators have the same signs. In addition,
MSE values of RBR, LBR, LTBR, and TPBR estimators are lower
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The linear regression model becomes unsuitable when the response variable is
expressed as percentages, proportions, and rates. The beta regression (BR) model is
more appropriate for the variable of this form. The BR model uses the conventional
maximum likelihood estimator (BML), and this estimator may not be efficient when
the regressors are linearly dependent. The beta ridge estimator was suggested as an
alternative to BML in the literature. In this study, we developed the Dawoud—Kibria
estimator to handle multicollinearity in the BR model. The properties of the new estimator
are derived. We compared the performance of the estimator with the existing estimators
theoretically using the mean squared error criterion. A Monte Carlo simulation and a
real-life application were carried out to show the benefits of the proposed estimator.
The theoretical comparison, simulation, and real-life application results revealed the
superiority of the proposed estimator.

Keywords: beta Kibria-Lukman estimator, beta Ozkale-Kagciranlar estimator, beta ridge estimator, maximum
likelihood, mean square

INTRODUCTION

The linear regression (LR)model is used if the dependent variable follows a normal distribution.
The assumption of the normality of the dependent variable may be violated and then it will fit some
of the exponential family distributions as a negative binomial, Poisson, gamma, inverse Gaussian,
and beta, so in this case, we use the generalized linear (GL) model instead of the LR model. The
beta regression (BR) model is applied in many different fields such as engineering, medical sciences,
physical sciences, social sciences, environment, and business if the dependent variable observations
are between (0, 1). To estimate the BR model parameters, we use the maximum likelihood (ML)
estimator which is more convenient than the ordinary least squares (OLS) estimator for describing
and investigating different phenomena.

In the LR model, the explanatory variables may be correlated and this causes a problem called
multicollinearity in which this problem may arise in the BR model. The ML estimator is the most
popular used method for estimating the unknown regression parameters in the BR model. But also,
in the existence of multicollinearity problems, the regression parameters’ variances and standard
errors are very large. To reduce the multicollinearity effect, different biased estimation methods
are proposed and the most popular method is the ordinary ridge regression (ORR) estimation
method which was proposed by Hoerl and Kennard [1, 2]. Another recent one parameter estimator
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proposed by Kibria and Lukman [3] to solve the multicollinearity
is the Kibria and Lukman estimator. Also, in the case of
an estimator with two parameters, Ozkale and Kagiranlar [4]
proposed a two-parameter estimator. Very recently, Dawoud
and Kibria [5] proposed a new kind of two-parameter estimator
called the Dawoud-Kibria (DK) estimator. There are other
recent studies regarding the one parameter and two-parameter
estimators in LR and GL models, such as Roozbeh et al. [6],
Lukman et al. [7], Arashi et al. [8], Farghali et al. [9], Lukman
et al. [10, 11], Algamal and Abonazel [12], Akram et al. [13],
and Abonazel et al. [14]. In this article, we drive the Dawoud-
Kibria estimator for the BR model in the presence of the
multicollinearity problem. Then, the properties of the Dawoud-
Kibria estimator for the BR model are investigated.

This article is organized as follows. The methodology and
the proposed estimator are given in section methodology. In
section the superiority of the proposed estimator, the theoretical
comparisons among the estimators are conducted. Section
selection of biasing parameters k and d gives the proposed
biasing parameters for the estimators. In sections Monte Carlo
simulation study and real data application, the Monte Carlo
simulation and the real-life dataset results are presented. Finally,
in section conclusion, some conclusions of this article are given.

METHODOLOGY

In this section, we discuss the BR model. Then, the ridge, Kibria—
Lukman, and Ozkale-Kagiranlar estimators are stated to the BR
model. After that, we introduce the Dawoud-Kibria estimator for
the BR model. Finally, the biasing parameters of the Dawoud-
Kibria estimator for the BR model are proposed.

The BR Model

The BR model is popularly used in many different fields such as
economics and medical studies. The BR model is used to show
the effect of explanatory variables on a non-normal response
variable as any generalized LR model. However, the response
variable for the BR model is restricted to the interval (0, 1) as
rates, proportions, and fractions. The BR model was given firstly
by the authors Ferrari and Cribari-Neto [15] with relating the
response variable mean function to linear predictors set through
a link function. The BR model has a precision parameter where
its reciprocal is determined as a dispersion measure [16, 17].

Let y be a continuous random variable having a beta
distribution, then the probability density function of y is given as:

I'(9)

T T (1 — ) ¢)
0<y<lL0<pu<l,¢>0,

’

(1)

mp—l(l )(1—M)¢—1,

f(y: o) = —y

where I'(+) is called as the gamma function and ¢ is called as the
precision parameter. The beta probability distribution mean and
variance are as follows:
Var (1) _H (I — )

14+ ¢ 1+¢

E(y) =

;L,Var( ) =

Let yi1,..., y, be independent random variables, where each
yis i =1,...,n follows the density in Equation (1) with mean p;
and unknown precision ¢. The model is obtained by assuming
that the mean of y; can be written as:

i
g (1) = log (1 ’ ) =x'=n )
- Wi
where g(-) is the used link function, g = (,81,... B )’ is an
(p X 1) unknown parameters vector, x; = (x,-l, . ,x,p)’ is the

vector of p regressors, and 7; is the linear predictor.

Beta Maximum Likelihood Estimator

The BR parameters estimation is done using the beta maximum
likelihood (BML) method [18]. The BR log-likelihood function is
given as:

LPB) =) {logl'(¢) —logl" (i) — logI' (1 — ;) )
i=1

+ (i — Dlog (yi) + (1 — i) ¢ — Dlog (1 —yi)}. 3)

Differentiating the log-likelihood given in Equation (3) with
respect to the parameter 8 provides us the score function of the
parameter 8 that is given as:

UB) =¢X'T(y* —pn*), (4)

where T = ,m); with g'() is the first

ding (5
derivative of g(-); with y} =

1)—/1;/,')’ and p* = (u},... 1})s
with f = (i) — ¥ (1 — i) @), such that ¥ (-) denoting the
digamma function. The iterative reweighted least-squares (IRLS)
algorithm or the Fisher scoring algorithm are used for estimating
the parameter B [19, 20]. This algorithm form is given as:

Br+L — g 4 (I/(32>

uy 8, (5)

where U is called the score function, and IV) is called the
information matrix for B, for more details, see Espinheira et al.
[20]. With the use of the IRLS algorithm with initial values of 8
and ¢ as in Ferrari and Cribari-Neto [15] and Espinheira et al.
[20], the BML estimator of the parameter f is provided as:

A ~ -1 .
Bosn = (XWX) X'z, (6)
where X is an (n x p) design matrix, z = 7 + wLT (" — %),

and W = diag (fvl, e fv,,); with

1

g (2)]"

Here, W, T, fi;, and i* are the estimates of W, T, u;, and u*,

respectively, evaluated at the ML estimator of 8 and ¢ [15].
Now, let T diag (y1,...,%p) QX' WXQ, and «

(otl,...,ozp)’ = Qf; where yy > ... > y, > Oand Q is

=g W (1) +9' (- ) 9)]
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the matrix whose columns are the eigenvectors of the (X’ WX

matrix. Then, the mean squared error matrix (MSEM) and the

The MSEM and MSE of ﬁBRR are

mean squared error (MSE) of an estimator j are defined as MSEM(Bprr) = 1 uL'rtu’
follows: ¢
+ (ULTITU —1 )aa/(UL_lFU’ —-1,),(12)
~ ~ .= PPNV p
MSEM(B) = Var (B) + (Bias(B)) (Bias(B), () M) = Z 12 Z 7]2 13)
MSE (B) = trace (MSEM(B)) . ®) =l = b
where L = (I" + kI) and L; = (y; + k).
Then the MSEM and MSE of fig. are. Beta Kibria-Lukman (BKL) Estimator
. The BKL estimator is defined as follows:
5 -1
MSEM (Bpae) = PRl ©) o = (X' WX + kL) (X' WX — kL) Bpar, k> 0.(14)
R 1 41 R
MSE (Bgmi) = 5 > " (10)  The MSEM and MSE of By are
j=1 "
MSEM(Bgk1) = Lo NNy
Beta Ridge Regression (BRR) Estimator e e,
To reduce the effects of multicollinearity in the BR model, + (ULTNU = Ip)ao (ULT'NU" — Ip), (15)
Abonazel and Taha [21] and Qasim et al. [22] introduced the BRR . 1L N? P ?
_ J ]
estimator as an alternative to the BML estimator and is given as: MSE(Bpk) = g Z ” Z 12 (16)
j=1 j=1 Lj
Bore = (X WX + kL) X' Wz,...k > 0. (11)  where N = (I' — kI,) and N = (3 — k).
TABLE 1 | Simulated mean square error (SMSE) values of different estimators when p = 2 and ¢ = 2.
n P BML BRR BKL BOK BDK(1) BDK(2)
50 0.80 6.053 5.233 5.202 4.891 3.394 3.677
0.85 7.303 6.118 6.069 5.503 3.395 3.838
0.90 13.692 11.901 11.848 10.107 4.656 6.070
0.95 31.207 26.815 26.691 19.919 4.923 8.081
0.99 67.136 47.857 46.909 24.971 15.684 7.492
75 0.80 5.348 4.832 4.816 4.652 3.656 3.785
0.85 7.008 6.210 6.185 5.792 3.933 4.325
0.90 10.863 9.611 9.577 8.573 4.808 5.736
0.95 18.291 14.916 14.788 11.584 3.846 5.274
0.99 68.451 53.912 53.360 31.408 8.463 5.586
100 0.80 3.933 3.621 3.609 3.566 3.152 3.153
0.85 9.107 8.289 8.271 7.700 5.047 5.730
0.90 9.991 8.846 8.815 8.019 4.732 5.544
0.95 15.744 13.466 13.396 11.168 4514 6.142
0.99 115.376 102.758 102.521 65.853 5.542 14.038
150 0.80 6.437 6.100 6.095 5.940 4.889 5.030
0.85 6.972 6.518 6.510 6.286 4,929 5.129
0.90 10.034 9.210 9.195 8.569 5.607 6.456
0.95 18.945 17.151 17.119 14.781 6.782 9.339
0.99 115.789 106.225 106.100 73.332 8.145 23.265
200 0.80 5.511 5.243 5.239 5.150 4.441 4.421
0.85 6.501 6.162 6.157 5.999 4,966 5.051
0.90 8.751 8.133 8.123 7.712 5.521 6.094
0.95 16.097 14.810 14.791 13.240 7.235 9.253
0.99 146.696 138.772 138.709 102.489 19.521 45.366
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Beta Ozkale-Kaciranlar (BOK) Estimator
Recently, Abonazel et al. [14] proposed the BOK estimator as an
extension of the Ozkale and Kagiranlar [4] estimator in the BR
model and is defined as follows:

Brok = (X' WX +k1,) " (X'W X + kdl,) Bawr,
k>0, 0<d<l. (17)

The MSEM and MSE of ﬁBOK are

. 1
MSEM(Bgok) = EUL’IGF’IGL’IU/

+ (UL7'GU’' — L)oo/ (UL™'GU’ — 1,,),(18)

5 1 & G L ot
MSE(pox) = — Y~ +1—dPk*y_ L (19)
¢ j=1 Vij j=1 Lj

where G = (I" + kd I,) and G; = (y;j + kd).

The Proposed Estimator

Extensions of the two-parameter estimators to the area of GLMs
have been recently developed; such as Qasim et al. [22], Farghali
et al. [9], Lukman et al. [23], Algamal and Abonazel [12], and
Abonazel et al. [14]. Following the previous works, we introduced

the beta version of the two-parameter estimator of Dawoud and
Kibria [5] (BDK) as follows:

Bopk = (X' WX+ k(1 + d),) " (X' WX — k(1 + d)I,)) Bsu,
k>0, 0<d<1. (20)

We give the MSEM of the proposed /§BDK as follows:

. 1
MSEM(Bppx) = EUM*IRF*IRM*1 U’

+(UM™'RU' L)/ (UM™'RU’ — I,), (21)

R 1 P R? L
MSE(Bgoi) = =3 — 5+ 421+ Y5, (22)
J

¢

=1 Vit =1
where M = (' + k(1 + d)[,), R = (I' = k(1 + d) 1), M; =
(vj + k(1 4+ d)) and R; = (y; — k(1 + d)).

THE SUPERIORITY OF THE PROPOSED
ESTIMATOR

p
o).

P
Theorem 1: If 4k*(1+ d)’¢ > yjajz <
j=1 J

then MSE (Bgpx) < MSE (Bpmr)-

TABLE 2 | SMSE values of different estimators when p = 2 and ¢ = 6.

n 0 BML BRR BKL BOK BDK(1) BDK(2)
50 0.80 11.491 10.645 10.627 9.735 7.130 6.903
0.85 13.247 12.228 12.206 11.085 7.716 7.654
0.90 18.158 16.463 16.425 14.042 7.790 8.644
0.95 35.625 32,457 32.400 25.909 10.109 13.399
0.99 192.874 168.676 168.149 93.746 17.848 12.119
75 0.80 15.037 14.280 14.271 13.177 9.543 9.539
0.85 17.553 16.759 16.751 15.364 10.642 11.255
0.90 27.598 26.653 26.646 24.351 16.533 18.294
0.95 59.231 56.845 56.829 47.709 21.969 30.398
0.99 214.373 186.262 185.683 103.517 16.966 10.659
100 0.80 11.001 10.576 10.571 10.034 8.496 7.578
0.85 14.828 14.055 14.046 13.017 9.301 9.558
0.90 19.577 18.642 18.633 17.090 11.662 12.394
0.95 43.621 41.238 41.215 34.604 15.749 21.251
0.99 265.201 252.353 252,261 175.379 22736 61.884
150 0.80 10.789 10.545 10.544 10.227 9.133 8.370
0.85 12.325 11.800 11.794 11.136 8.899 8.413
0.90 17.602 16.783 16.775 15.534 10.948 11.554
0.95 46.605 45.329 45.324 40.763 25.761 31.100
0.99 252.047 245.921 245.900 195.177 67.404 114.900
200 0.80 9.358 9.133 9.131 8.897 8.099 7.276
0.85 15.565 15.263 15.262 14.763 12.608 12.707
0.90 21.999 21,571 21,569 20.598 16.733 17.630
0.95 28.486 27.156 27.146 24.343 14.704 17.431
0.99 213.727 207.448 207.422 163.383 53.122 92.802
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Proof: The MSE difference between the BML and the BDK
estimators is written as

A1 = MSE (Bppx) — MSE (Bpmr)

2 2 2 2 2
_ 1 i RZ—M2+4k (12+d) ygeld | .
i ¥iM;

(23)

In the case of Rj2 - sz + 4k (1 + d)zyjd)ajz < 0 in the equation
P P
(23), it implies that 4k*(1 + d)’¢ 3 yia? < M2 — R?), then
p 7% J J
= =

MSE(,@BDK) < MSE(,@BML). That means the BDK estimator

Proof: The MSE difference between the BRR and the BDK
estimators is written as

A, = MSE (Bppk) — MSE (Bprr)
1 i [R}L]?—yjzz\@?—k2¢y£a]?§1\4j2—4(1+d)2L]?)
= rLi Mg

<

] . (24)

In the case ofRij2 — )/JZM]2 - k2¢)/jaJZ(A/IJ-2 — 401+ d)sz) <0

P
in the Equation (24), it implies that )

272
x (Rj L2 -

yIMZ) <

p A
K¢ Y yje? (M} — 4(1+d)’L}), then  MSE (Bppx) <
=1

MSE (/§BRR). That means the BDK estimator is better

is better than the BML estimator if 4k*(1 + d)*¢ i yjoj < than the BRR estimator if i (R].ZL]? - yszjz) <
j=1 j=1

P P

> (M- R). R Y yie? (MF — 4(1 + 1),

j=1 j=1

p p
Theorem 2: If (R].sz — yJZMJZ) < Theorem 3: If > (R].ZLJ? — NJZMJZ) <
j=1 j=1
P P
K¢ 3 yjor (M7 — 4(1 + d)sz), 4k2¢ Y- yjed(M? — (1 + d)ZL]?).
j=1 j=1

then MSE (Bgpk) < MSE (Bsrg). then MSE (Bspk) < MSE (Bsx).

TABLE 3 | SMSE values of different estimators when p = 4 and ¢ = 2.

n o BML BRR BKL BOK BDK(1) BDK(2)

50 0.80 8.618 7.044 6.999 6.275 3.469 3.367
0.85 9.465 7.472 7.431 6.421 3.357 3.368
0.90 16.331 13.295 13.254 10.640 4.493 4.428
0.95 35.235 29.336 29.247 20.055 5.494 5.071
0.99 271.828 224.818 223.712 92.905 25.607 41613

75 0.80 8.023 7.017 7.003 6.611 4.308 4.009
0.85 10.160 8.556 8.535 7.630 4.303 4.124
0.90 17.399 14.616 14.573 12.058 5.093 4.947
0.95 31.134 25.589 25.472 18.173 4.529 4.793
0.99 187.813 161.921 161.693 81.603 6.541 17.808

100 0.80 7.523 6.513 6.494 6.149 4.096 4.124
0.85 9.167 8.000 7.983 7.366 4.665 4.648
0.90 19.593 17.076 17.026 14.578 6.429 6.697
0.95 31.651 27.423 27.365 21.103 6.951 6.707
0.99 217.675 194.858 194.677 112.730 6.734 13.765

150 0.80 7.066 6.454 6.448 6.285 4.672 4.599
0.85 9.429 8.514 8.504 8.044 5.535 5.626
0.90 14.144 12.871 12.861 11.751 7.393 7.420
0.95 33.151 29.960 29.924 24.822 10.332 10.585
0.99 178.793 161.444 161.275 101.082 9.202 10.705

200 0.80 7.135 6.584 6.578 6.434 4.908 5.053
0.85 7.726 7.044 7.036 6.819 4.988 5.190
0.90 13.439 12.248 12.236 11.275 7.226 7.363
0.95 30.354 28.056 28.043 24.286 12.687 12.634
0.99 201.543 188.253 188.153 133.641 21.328 24.457

Frontiers in Applied Mathematics and Statistics | www.frontiersin.org

55

February 2022 | Volume 8 | Article 775068


https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#articles

Abonazel et al.

Dawoud-Kibria Beta Estimator

Proof: The MSE difference between the BKL and the BDK
estimators is written as

A3 = MSE (Bppx) — MSE (Bpk1)
_ 1 f [ R enaon-as].25)
i viLi My

In the case of Rszf — NJZM]2 - 4k2¢)’j°‘j2(Mj2 -+ d)ZL]?) <0

P
in the Equation (25), it implies that Y (R]sz —Nfo) <
j=1

P .
4K2¢ Y yjo (M7 — (1+d)’L?),  then  MSE (Bgpk) <
j=1
MSE(/,‘?BKL). That means the BDK estimator is better than
the BKL estimator
P P
if 3 (RRI2 = NEM?) < 426 Y. yjod(M? = (1+ d*L2),
=R i P=flie R ]
p
Theorem 4: If > (Rszf — GJZM]Z) < kK¢
j=1

P
3 e (1= d)’MF — 41 + d)’L}),
j=1

then MSE (Bppx) < MSE (Bpok).

Proof: The MSE difference between the BOK and the BDK
estimators is written as

A4 = MSE (Bgpk) — MSE (Bgox)
P [ RZ-GIM2—Ppyje?(1—d’ME—-2(1+d)°LD) | . (26)
yiLiM;

™

1
¢j1

In the case of RjZL]g — szsz — k2¢yjajz((1 — d)zsz
4(1—|—d)2Lj2) < 0 in the Equation (26), it implies that
P P

> (R12 = GM2) < g X y02((1 — d)*M? — 4(1 + d)1),
= ] ] = ] ] ]
then MSE (,f?BDK) < MSE (/§BOK). That means the BDK estimator

P
is better than the BOK estimator if ) (RjZLJ? - GJZMJZ) <
j=1

p
K3 yje (1 — M} — 401+ d)’L}).
=i

SELECTION OF BIASING PARAMETERS
k and d

We will suggest the following biasing parameters’ estimators for
the mentioned estimators.

TABLE 4 | SMSE values of different estimators when p = 4 and ¢ = 6.

n o BML BRR BKL BOK BDK(1) BDK(2)
50 0.80 20.276 19.341 19.333 17.555 11.620 11.975
0.85 18.047 17.189 17.185 15.592 10.837 10.841
0.90 27.687 25.923 25.917 22257 12.368 12.520
0.95 87.147 83.888 83.879 69.421 30.856 31.332
0.99 603.570 577.427 577.263 357.585 36.519 43.205
75 0.80 14.407 13.659 13.653 12.829 9.262 9.390
0.85 25.218 23.940 23.934 21.759 13.710 13.419
0.90 38.729 37.702 37.702 34.643 24,505 26.369
0.95 84.082 80.781 80.767 67.356 30.970 35.892
0.99 472.368 460.962 460.940 338.777 90.885 87.179
100 0.80 16.825 16.274 16.272 15.473 11.865 13.190
0.85 24.909 23521 23510 21.343 12.895 15.321
0.90 30.072 28.630 28.622 25.641 15.512 17.823
0.95 67.417 64.185 64.170 53.419 24.947 27.241
0.99 658.305 644.268 644.236 479.563 123.607 135.271
150 0.80 13.969 13.573 13.572 13.099 10.726 11.658
0.85 20.345 19.764 19.762 18.816 14.670 16.154
0.90 33.991 33.263 33.261 31.344 23.972 26.417
0.95 86.685 85.104 85.101 77.562 52.626 58.964
0.99 535.740 526.202 526.187 422.009 160.031 192.949
200 0.80 17.816 17.532 17.532 17.071 14.878 15.815
0.85 21.343 20.971 20.971 20.283 17.201 18.443
0.90 36.550 35.967 35.966 34.245 27.566 29.896
0.95 98.462 96.739 96.736 88.492 60.933 68.280
0.99 516.039 507.722 507.706 413.974 171.268 199.438
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Following Hoerl et al. [24] and Qasim et al. [22], k of the BRR
estimator is written as

— 27)
(Z) ~2

J

kprr =

M|~

J

Il
—

where &; is the jth element of & = Q’ /éBML vector and qg is the ML
estimate of ¢ [15].

- Following Lukman et al. [25], IQBKL of the BKL estimator is
written as

P

1 ~2
= 205
<¢w+ a’)

[4] and Abonazel

et al. [14], IAcBOK and &BOK of the BOK estimator are
written as

kpkr = (28)

0%

j=1

- Following Ozkale and Kagiranlar

~2 P
L 4§
v )=
1/2
kpox = P (30)

p ~
n ~2 1 ~2
AR )
- Following Dawoud and Kibria [5], we suggest two different k
of the proposed BDK estimator as follows:

(iCBRR) v (31)

1/p

kepr)

p
Y (32)
=1 (1+ dpox ) ( ot zaf)

j=1
MONTE CARLO SIMULATION STUDY

kepk) =

SR

In this section, a Monte Carlo simulation study has been
conducted to compare the performances of BML, BRR, BKL, and

TABLE 5 | SMSE values of different estimators when p = 6 and ¢ = 2.

n 0 BML BRR BKL BOK BDK(1) BDK(2)
50 0.80 11.105 9.078 9.057 7.810 4.655 3.876
0.85 13.514 10.799 10.772 8.788 4.607 3.753
0.90 25.321 20.354 20.247 14.685 5.540 4.364
0.95 47.497 37.538 37.399 22.139 5.574 5.085
0.99 264.803 213.947 212.957 76.134 20.147 57.276
75 0.80 7.189 5.922 5.914 5.500 3.811 3.354
0.85 13.325 10.910 10.870 9.195 5.001 3.725
0.90 19.350 16.098 16.061 12.725 6.394 4.503
0.95 48.120 38.549 38.286 23.752 6.202 5.768
0.99 243.478 204.310 203.653 83.874 10.836 41.688
100 0.80 9.013 7.461 7.427 6.761 4.419 3.543
0.85 10.948 9.292 9.270 8.258 5.295 4.066
0.90 16.251 13.651 13.624 11.390 6.264 4.555
0.95 30.617 25.870 25.833 19.041 8.188 5.088
0.99 231.060 201.644 201.293 96.261 8.733 20.457
150 0.80 7.345 6.380 6.365 6.074 4.492 3.810
0.85 9.407 8.216 8.201 7.613 5.405 4.359
0.90 15.455 13.587 13.566 11.983 7.540 5.237
0.95 36.480 32.601 32,573 25.971 13.187 7.642
0.99 228.210 207.108 206.955 119.693 20.897 11.495
200 0.80 7.730 6.957 6.950 6.700 5.232 4.412
0.85 9.778 8.752 8.741 8.222 6.035 4.953
0.90 12.742 11.311 11.302 10.195 7.161 5.536
0.95 33.667 30.140 30.105 24,579 12.452 7.475
0.99 210.889 204.152 204.074 131.491 37.952 10.424
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BOK with the suggested estimator (BDK). The program of the
simulation study is written in R programming language based on
the betareg package.

The Design of the Experiment
We simulated the datasets with the following settings:

1) The response variable y; is generated from the
beta distribution as Beta (u;, ¢), where u; =
exp (x/ﬂ) / (1 + exp (x/ﬂ)); i = 1,..., n, and x; is the
ith row of X. The precision parameter ¢ chosen in the
simulation is ¢ = 2 and 6.

2) Sample size: n = 50, 75, 100, 150, and 200.

3) Explanatory variables are generated with a degree of
multicollinearity as in Kibria [26]: x; = w;/1— p% +
puip, where uj;; are the independent standard uniform
pseudorandom numbers, and p is defined as the correlation
between the explanatory variables, p = 0.80, 0.85, 0.90, 0.95,
and 0.99.

4) The number of explanatory variables is p = 2, 4, and 6;
with f8 = land B; = ... = B, as per Kagiranlar and
Dawoud [27], Rady et al. [28], Abonazel and Farghali [29],
Farghali et al. [9], Dawoud and Abonazel [30], and Awwad
etal. [31].

5) We used the simulated MSE (SMSE) criterion for verification,
which are computed as

5000

sMSE(8) = oo >~ (Bi—6) (A-5). @9
I=1

where f is the estimated value vector at the Ith experiment of
the simulation, B is the true parameter vector. The number of
replications is 5,000.

Simulation Results

We have the following comments according to the simulation
results in Tables 1-6: Obviously, from Tables 1-6, the proposed
estimator possesses a smaller SMSE than the BML estimator and
other estimators understudy for all sample sizes. For instance,
from Table3, when p = 09, n = 50, the SMSE of BML
is 16.331 while the SMSE for other estimators is as follows:
13.295 (BRR), 13.254 (BKL), 10.640 (BOK), 4.493 (BDK(1)),
and 4.428 (BDK(2)), respectively. Similarly, when the values
of ¢ increase the SMSE also increases: from Table 1, when
¢ = 2,n = 100 and p = 0.99, and Table 2, when ¢ =
6, n = 100 and p = 0.99, the SMSE of BRR rises from
102.758 to 252.353. Also, it is evident that the SMSE values
of all the estimators increased as the number of explanatory p
increased. For the one-parameter shrinkage estimator, the BKL
estimator consistently dominates the BRR estimator. For two-
parameter shrinkage estimators, the BDK estimator dominates

TABLE 6 | SMSE values of different estimators when p = 6 and ¢ = 6.

n o BML BRR BKL BOK BDK(1) BDK(2)
50 0.80 24.308 23.396 23.396 21.226 16.249 12.890
0.85 32.188 30.588 30.577 26.475 17.289 12,522
0.90 49.485 46.799 46.789 38.084 21315 13.021
0.95 101.291 97.077 97.075 76.197 39.597 22.003
0.99 693.505 670.736 670.667 410.533 90.039 37.843
75 0.80 24.844 23.949 23.944 21.907 16.472 13.086
0.85 34.987 33.539 33.532 29.804 20.256 16.453
0.90 47139 44.266 44,241 36.283 19.387 12.870
0.95 93.080 89.724 89.717 73.289 41.415 24,254
0.99 754.197 735.126 735.082 496.580 123.219 36.798
100 0.80 17.825 17.177 17.175 16.127 12.728 11.537
0.85 21.441 20510 20.506 18.863 13.433 11.505
0.90 49.162 47.478 47.473 42.140 27.865 22.938
0.95 103.039 99.905 99.896 85.178 47.090 35.859
0.99 634.956 619.106 619.078 444,692 140.691 59.963
150 0.80 17.301 16.801 16.800 16.101 13.051 13.019
0.85 32.077 31.463 31.463 30.007 24.389 23.897
0.90 42,623 41614 41612 38.705 28.606 27.190
0.95 98.059 95.272 95.263 83.046 49.071 42.380
0.99 724.422 714.279 714.269 583.521 270.776 188.774
200 0.80 19.214 18.795 18.794 18.181 15.345 15.624
0.85 26.161 25717 25716 24.805 21.034 21.107
0.90 47.018 46.298 46.297 44,058 35.750 35.533
0.95 108.860 107.407 107.405 99.800 75.129 71.876
0.99 652.981 645.213 645.206 547.813 293.726 233.134
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FIGURE 1 | Visualization of the correlation matrix.
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the BOK estimator. Overall, the BDK dominates both the one-
parameter and the two-parameter estimators. However, the
performance of each estimator is a function of the employed
shrinkage parameter.

REAL DATA APPLICATION

The implementation of the proposed estimator is illustrated by a
study applied to the well-being index of Turkey in 2015 [32]. The
index involves the aspects of accommodation, jobs, income and
wealth, health, education, climate, protection, public engagement
and access to community resources and social life. As the life
satisfaction index is between 0 and 1. The values close to 1 refer

to a better standard of living. The data are obtained from the
Turkish Statistics Association. The original dataset consists of
some dimensions that are represented by 41 indicators. Here, we
are interested in only nine indicators used by Abonazel and Taha
[21] and the number of observations is 50. The response variable
is the level of happiness and eight explanatory variables are x1:
Number of rooms per person, x2: Average point of necessary
placement scores of the system for transition to secondary
education from basic education, x3: Satisfaction rate with public
education services, x4: Percentage of the population receiving
waste services, x5: Satisfaction rate with public safety services, x6:
The access rate of the population to sewerage and pipe system, x7:
Satisfaction rate with public health services, and x8: Percentage of
households declaring to fail on meeting basic needs.
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TABLE 7 | Estimation results for the used estimators.

BML BRR BKL BOK BDK(1) BDK(2)
x1 —0.4269 —0.4028 —0.4022 —0.3942 —0.3584 0.2425
X2 0.0014 0.0012 0.0012 0.0012 0.0010 —0.0022
x3 0.0017 0.0018 0.0018 0.0018 0.0020 0.0048
x4 —0.0019 —0.0019 —0.0019 —0.0019 —0.0019 —0.0021
x5 —0.0076 —0.0076 —0.0076 —0.0077 —0.0077 —0.0085
x6 —0.0044 —0.0044 —0.0044 —0.0044 —0.0044 —0.0038
X7 0.0270 0.0269 0.0269 0.0269 0.0266 0.0229
x8 —0.0095 —0.0093 —0.0093 —0.0092 —0.0088 —0.0033
k - 0.4997 0.2489 0.7182 0.7069 29.3690
d - - - 0.0308 0.0308 0.0308
MSE 0.00138 0.00123 0.00122 0.00117 0.00097 0.00047
R? 0.752 0.779 0.780 0.789 0.825 0.915
GoV - 74.714 74.707 74.617 73.795 73.250

To investigate the multicollinearity through correlation 2. Since the condition
coefficients between the explanatory variables, a visualization of i ( R2f2 )2 ]\712) _ 135 + 26 -
the correlation matrix of the variables is constructed with the P
corresponding coefficients reported in Figure 1. The correlation ~ AR N 22,
coefficients indicate that there are strong relationships (more kBDK(2)¢ 21 V% (Mj — 4(1 + dpok) Lj) = —7.83¢ + 23
]:

than 0.8) between some explanatory variables. This denotes
the severe multicollinearity presence. Moreover, this conclusion
is confirmed by the variance inflation factor (VIF) and the
condition number (CN = /max(y;)/ min(yj)) [33]; where the
VIFs of the eight explanatory variables are 7.5, 6.1, 10.8, 10.1, 9.1,
9.8,9.7, and 4.3, respectively, and the CN is 3,936.055.

Table 7 provides the regression parameter estimates for the BR
model using BML, BRR, BKL, BOK, and BDK. From Table 7,
it can note that the estimated regression parameters of all
estimators have the same signs (except x1 and x2 in BDK(2) only);
this means that the type of relationship between each explanatory
variable and the response variable is not changed from what
it was in the BML. The estimated MSE of the five estimators
were obtained by Equations (10), (13), (16), (19), and (22),
respectively. The results of Table 7 indicate that the estimated
MSE value of BML is greater than the estimated MSE values
of BRR, BKL, BOK, and BDK estimators. Moreover, the MSE
values of BDK(1) and BDK(2) estimators are lower than other
estimators, which means that the BDK estimator achieves the
best performance. Furthermore, in terms of the prediction, the
R? value of the proposed estimator (BDK) is the greatest among
all the used estimators. To further highlight the performance of
the BDK estimator, generalized cross-validation (GCV) criterion
is used in comparison [8, 34, 35]. Regarding GCV values, it
can note that the BDK yielded the least value compared with
other estimators.

Through this application, we verify the theoretical results
as follows:

1. Since the condition

- A 2P
4k}25DK(2)(1 + dpok) (f)]; yjo{jz =
P 12 n2
(17 - &) =

estimator is better than the BML estimator.

7.26e + 7 <

1.58¢ + 10 is satisfied, then the BDK
j=1

is satisfied, then the BDK estimator is better than the
BRR estimator.
3. Since the condition

Py s A
> (Riz-fr) = 78t + 24 <
S\ T
12 & e A 24,
4kgpr( @ 22 v (M; — (1+dpok) Lj) = —6.03¢ + 22
=

is satisfied, then the BDK estimator is better than the
BKL estimator.
4. Since the condition
p
8252 22
(Rj -G M].)

2

j=1

B d Y 62— dpo) B — a1+ dpo)' 1) =

BDK(2)¢XiyJaj(( — dpok) i (1 + dpok) j) =
]:

—7.98¢ + 23 is satisfied, then the BDK estimator is better than
the BOK estimator.

—1.3% + 26 <

CONCLUSION

Regression modeling describes the relationship that exists
between a dependent variable and one or more explanatory
variables. Linear dependency, a situation called multicollinearity,
is a common problem with two or more explanatory variables.
Multicollinearity is a threat to the efficiency of the maximum
likelihood estimator in both the linear and generalized linear
models, such as the BR model. The ridge regression estimator
serves as an alternative to the maximum likelihood estimator for
parameter estimation in the beta regression model. In this article,
we developed the BDK estimator and compared its performance
theoretically with some other estimators. A simulation study has
been conducted to compare the performance of the estimators.
Real-life data have been analyzed to illustrate the findings of
the article. We concluded that the BDK estimator proposed in
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this articles generally preferred when there is multicollinearity
in the beta regression model. For future work, for example,
one can use new methods to select the shrinkage parameters
as an extension to Uslu et al. [36] and Inan et al. [37] in the
BR model, or provide robust biased estimators for handling
multicollinearity and outliers together in the beta regression
model as an extension to Awwad et al. [31] and Dawoud and
Abonazel [30].
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The synchrosqueezing transform (SST) and its variants have been developed recently as
an alternative to the empirical mode decomposition scheme to model a non-stationary
signal as a superposition of amplitude- and frequency-modulated Fourier-like oscillatory
modes. In particular, SST performs very well in estimating instantaneous frequencies
(IFs) and separating the components of non-stationary multicomponent signals with
slowly changing frequencies. However its performance is not desirable for signals having
fast-changing frequencies. Two approaches have been proposed for this issue. One is
to use the 2nd-order or high-order SST, and the other is to apply the instantaneous
frequency-embedded SST (IFE-SST). For the SST or high order SST approach, one
single phase transformation is applied to estimate the IFs of all components of a signal,
which may vyield not very accurate results in IF estimation and component recovery.
IFE-SST uses an estimation of the IF of a targeted component to produce accurate
IF estimation. The phase transformation of IFE-SST is associated with the targeted
component. Hence the IFE-SST has certain advantages over SST in IF estimation and
signal separation. In this article, we provide theoretical study on the instantaneous
frequency-embedded short-time Fourier transform (IFE-STFT) and the associated SST,
called IFE-FSST. We establish reconstructing properties of IFE-STFT with integrals
involving the frequency variable only and provide reconstruction formula for individual
components. We also consider the 2nd-order IFE-FSST.

Keywords: short-time Fourier transform, synchrosqueezing transform, instantaneous frequency-embedded
STFT, instantaneous frequency-embedded SST, instantaneous frequency estimation

AMS Mathematics Subject Classification: 42C15, 42A38

1. INTRODUCTION

Recently the continuous wavelet transform-based synchrosqueezed transform (WSST) was
developed in [1] as an empirical mode decomposition (EMD)-like tool to model a non-stationary
signal x(f) as

K
x(t) = Ao+ ) _xk(),  xilt) = Ag(£)e O, (1)
k=1

with Ak(t),gb,’((t) > 0, where Ag(t) is called the instantaneous amplitudes and </>]’<(t) the
instantaneous frequencies (IFs). The representation (1) of non-stationary signals is important to
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extract information hidden in x(t). WSST not only sharpens the
time-frequency representation of a signal, but also recovers the
components of a multicomponent signal. The synchrosqueezing
transform (SST) provides an alternative to the EMD method
introduced in [2] and its variants considered in many articles
such as [3-12], and it overcomes some limitations of the EMD
and ensemble EMD schemes such as mode-mixing. Many works
on SST have been carried out since the publication of the seminal
article [1]. For example, the short-time Fourier transform
(STFT)-based SST (FSST) [13-15], the 2nd-order SST [16-18],
the higher-order FSST [19, 20], a hybrid EMD-WSST [21], the
WSST with vanishing moment wavelets [22], the multitapered
SST [23], the synchrosqueezed wave packet transform [24] and
the synchrosqueezed curvelet transform [25] were proposed.
Furthermore, the adaptive SST with a window function having
a changing parameter was proposed in [26-31]. SST has been
successfully used in machine fault diagnosis [32, 33], and medical
data analysis applications [see [34] and references therein]. [35]
proposed a direct time-frequency method (called SSO) based on
the ridges of spectrogram for signal separation. This method has
been extended recently to the linear chirp-based models [36, 37]
and the models based on the CWT scaleogram [38, 39]. A hybrid
EMD-SSO computational scheme was developed in [40].

If the IFs ¢;{(t) of the components xi(f) of a non-
stationary multicomponent signal change slowly or change
slowly compared with ¢ (t), then SST performs very well in
estimating qbl’c(t) and separating the components xi(t) from x(t).
However its performance is not desirable for signals having fast-
changing frequencies. The 2nd-order and high-order SSTs were
proposed for this issue and they do improve the accuracy of IF
estimation and component recovery. The problem with the 2nd-
order and high-order SSTs is that, like the convectional SST, one
single phase transformation is applied to estimate the IFs of all
components of a signal, which may not yield desirable results in
IF estimation or component recovery.

Another approach is to demodulate the original signal to
change a wide-band component into a narrow-band component.
Li and Liang [41] and Meignen et al. [42] demodulate the
original signal into a pure carrier signal and apply WSST and
the 2nd-order FSST to the demodulated signal, respectively.
FSST based on another demodulation was proposed in [43]. The
demodulation introduced in [43] transforms a one-dimensional
signal, as a function of time only, into a two-dimensional
bivariate function of time and time-shift. The STFT of the
demodulated signal has more concentrated time-frequency
representation than the conventional STFT, and in the meantime
it well characterizes time-frequency properties of the signal
[43]. The demodulation approach of [43] is considered in
[44] in the setting of CWT. The associated CWT and SST
are called in [44] the instantaneous frequency-embedded CWT
(IFE-CWT) and IFE-SST, respectively. For consistency, we call
the STFT of the demodulated signal and the associated FSST
in [43]: the IFE-STFT and IFE-FSST respectively. [43] shows
that IFE-FSST results in sharp time-frequency representations
of signals. However component recovery of a multicomponent
signal was not discussed in [43]. In this article, we consider
theoretical analysis of IFE-STFT for establishing the component

recovery with IFE-FSST. Compared with the study of IFE-SST
in [44], we derive in this article mathematically rigorous phase
transformation for IFE-FSST. In addition, in this article we
also consider the 2nd-order IFE-FSST and derive the associate
phase transformation.

The rest of this article is organized as follows. In Section 2,
we briefly review FSST and the 2nd-order FSST. After that, we
consider in Section 3 the IFE-STFT and establish reconstructing
properties of IFE-STFT with integrals involving the frequency
variable only. In Section 4, we derive mathematically rigorous
phase transformations for IFE-FSST and the 2nd-order IFE-
FSST. In addition, we provide reconstruction formula for
individual components. Implementations and IFE-FSST-based
component recovery algorithms are discussed in Section 5. Some
experimental results are also provided in Section 5.

2. SHORT-TIME FOURIER
TRANSFORM-BASED SST

The (modified) short-time Fourier transform (STFT) of x(¢) is
defined by

Vi(t,n) = / - x(1)g(t — t)e 2PN gr, (2)

—0oQ0

where g(f) is a window function with g(0) # 0. x(¢) can be
reconstructed from its STFT:

x(t) = Lz/oo /oo Vilt, €)g(t — 1)e 2" Ddrde. (3)
||g||2 —00 J —00

x(t) can also be recovered back from its STFT with an integral
involving only the frequency variable 7:

1 o0
0= 5 /_ Vit . (4)

In addition, one can show that if g(¢f) and x(t) are real-
valued, then

() = —sre( [ vite ). ©)

Furthermore, one can verify that STFT can be written as

Vit ) = / RERM — £)e>E de ©)

The STFT V. (t, n) of a slowly growing x(¢) is well-defined and the
above formulas still hold if the window function g(f) has certain
smoothness and certain decaying order as t — o0, for example
g(t) is in the Schwarz class S. In this article, unless otherwise
stated, we always assume that a window function g(t) has certain
smoothness and decaying properties and g(0) # 0, and assume
that a signal x(t) is a slowly growing function.

Frontiers in Applied Mathematics and Statistics | www.frontiersin.org

March 2022 | Volume 8 | Article 830530


https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#articles

Jiang et al.

Instantaneous Frequency-Embedded Synchrosqueezing Transform

2.1. FSST

The idea of FSST is to re-assign the frequency variable n of
Vy(t, n). First we look at the STFT of x(f) = Ae'2"%0!, where &
is a positive constant. With

o0
Vilt,n) = / Ae’ZTFEOTg(.L_ _ t)e—tZTrn(r—t)dT
—00
= A’g(n _ SO)eiZUtgo,
we can obtain the IF &y of x(t) by

atvx(t) 77)

AR

where throughout this article, d; denotes the partial derivative
with respect to variable t. For a general x(t), at (t,7) for which
Vi(t,n) # 0, a good candidate for the IF of x(¢) is

at Vx(t) 77)
2miVi(t,n)’
In the following, denote
8t Vx(t> 'l)

wy(t,n) = Re{ }, for (t, n) with Vi(¢,n) # 0,

2miVy(t, n)
which is called the “phase transformation” [1], “instantaneous
frequency information” [13], or the “reference IF function”
in [21]. FSST is to re-assign the frequency variable n by
transforming the STFT V,(t,n) of x(t) to a quantity, denoted by

) dn,

where & is the frequency variable, h(f) a compactly supported
function with certain smoothness and ffooo h(t)ydt = 1,y > 0
is the threshold for zero and A > 0 is a dilation. As A,y — 0,
FSST is rewritten as

REV(t, &), on the time-frequency plane defined by

R} (1,8) = /

{n:|Vi(t.)|>v}

§ —wx(t,n)

1
(tLm—h
V(tn))\< -

Ru(t,€) = / Velt, M (wultym) — E)dn.  (7)
{n: Vy(t,n)#0}

For simplicity of presentation, throughout this article SSTs will be
expressed as (7).

Due to (4), we have that the input signal x(t) can be recovered
from its FSST by

(1) = g(io) /| Z Ry(t,€)d. ®)
If in addition, g(t) and x(t) are real-valued, then by (5),
2 o
(1) = g(—o)Re(/o Rx(t,g)dg). 9)

For a multicomponent signal x(t) given by (1), when Ax(t), ¢x(t)
satisfy certain conditions, each component xx(¢) can be recovered
from its FSST:

1
x(t) ~ —

Rx > d >
20) (t,6)d§

(10)
| ~IE(n)] <T

for certain I' > 0, where IFj(¢) is an estimate to qb,/((t). See [13-15]
for the details.

In practice, t,1,& are discretized. Suppose t,, nj>&m are the
sampling points of t,7,& respectively. Then the FSST of x(¢) is
given by

Rx(tnxgm) =

2

j: ‘wx(tn»nj)_$m|§A§/2)‘ Vx(tn,"/j”zy

Vi(tn, nj)Anjs

where Anj = nj—nj-1,and y > 0isa threshold for the condition
|Vx(t,n)| > 0. The recovering formulas (8) and (9) result in

1
x(ty) = @ ;Rx(tmém)Agm>
and for real-valued g(t) and x(t),
2
x(ty) = @Re(;lzﬁc(tmém)Aém);

where A&, = &y — Em—1.

2.2. Second-Order FSST

The 2nd-order FSST was introduced in [16]. The main idea is to
define a new phase transformation a)fcnd such that when x(t) is
a linear frequency modulation (LFM) signal (also called a linear
chirp), then wﬁ“d is exactly the IF of x(t). We say x(¢) is a LFM
signal or a linear chirp if

x(t) = A2 — pgi2n(ctt 1)

(11)

with phase function ¢(t) = ct + %rtz, IF ¢/(t) ¢ + rt and
chirp rate ¢”(t) = r. In [16], the reassignment operators are
used to derive a)jzc“d. Different phase transformation w)zc“d for the
2nd-order SST can be derived without using the reassignment
operators see [28, 29].

Let g be a given window function. Denote

g1(t) = 1g(1). (12)
Recall that V. (t,1) denotes the STFT of x(t) with g defined by
(2). In this article, we let V5'(, n) denote the STFT of x(t) with
g1(t), namely, the integral on the right-hand side of (2) with g(¢)
replaced by g; (). Define

Re{ ,3§TVV(6”3>} - Re{qO(t”’)iz‘fxlf(:(’Zz)q) ’
81
2 Vi(tn) |?
if 9, (L 80) = 0, V(1) # 0,
where
qo(t, )’]) — gll n<8tvx(t> 77))
BH(M) Vi(t,n)

Vi(tn)

Then one can show that w,zcnd(t, n) is exactly the IF ¢/ () of x(¢)
if x(¢) is an LFM signal given by (11), see [19, 28]. Thus, we may

Frontiers in Applied Mathematics and Statistics | www.frontiersin.org

65

March 2022 | Volume 8 | Article 830530


https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#articles

Jiang et al.

Instantaneous Frequency-Embedded Synchrosqueezing Transform

define a))zcnd(t, n) in (13) as the phase transformation for the 2nd-
order FSST. Very recently a simple phase transformation for the
2nd-order FSST was proposed in [18].

3. INSTANTANEOUS
FREQUENCY-EMBEDDED STFT

IFE-FSST is based on the IFE-STFT, which is defined below.

Definition 1. Suppose ¢(t) is a differentiable function with
¢'(t) > 0. Let g > 0. The IFE-STFT of x(t) € Lo(R) with ¢(t), no
and a window function g(t) is defined by

o0

Vit n) = /_oo

gt — e~ Zmn(t=0 g

x(r)e 2 (P09 O——n0)

(14)

In the above definition, we assume x(t) € L,(RR). The definition of
IFE-STFT can be extended to slowly growing functions x(t) if g(¢)
has certain smoothness and certain decaying order as t — oo.

Li and Liang [41] proposed the modulation x(r) —
X(t) = x(t)e 27@@=m7) apd applied WSST to the modulated
signal X(t), while [42] applied the 2nd-order FSST to X(t).
The modulation:

(1) = x(r)e 27 (PO —9(O—¢ O—-no7)

introduced in [43] for IFE-FSST and also used in [44] for IFE-
WSST is different from that used in [41, 42]. IFE-STFT and IFE-
CWT with such a modulation not only have more concentrated
time-frequency representation than the conventional STFT and
CWT respectively, but also well keep the IF of the signal. The
reader is referred to [43] and [44] for detailed discussions.

[43] provides a reconstruction formula with IFE-STFT for
the whole signal x(t), which is similar to (3) and involves an
integral with both the time and frequency variables. [43] does not
consider individual component recovery formula with IFE-FSST.
In this article, we provide such a component recovery formula.
To this regard, in this section we establish a reconstruction
formula with IFE-STFT like (4), which involves an integral with
the frequency variable only. First we have the following property
about the IFE-STFT.

Proposition 1. Let V)Ic(t,n) be the IFE-STFT of x(t) defined by
(14). Then

Vit n) = e2me) / h X(E)Z — ¢'(1) — £)ePEdg,  (15)

where
(1) = x(t)e"ZF@O=mt), (16)

Proof: We have

)
V)Ic(t, 77) — ezZmﬂ(t) / }.’(T)eﬂﬂ(ﬂ (t)(r—t)g(T _ t)e—127rr](r—t)dl.
e

= (2me(t) /oo X(t)g(r — t)e_iZ”(”_“”(t))(T_t)dr
o0

= 20 [~ Xl - o') - £)eP e,

where the last equality follows from (6). O

The next theorem shows that x(¢) can be recovered from its
IFE-STFT with an integral involving n only.

Theorem 1. Let x(t) be a function in L,(R). Then

—i2mnot

g(0)

.

Proof: Let X(t) be the function defined by (16). From (15),
we have

e

(1) = Vit n)dn. (17)

[oc lec(t, ndn = 2 e(t) /00 /oc ’?(é)?(n - £)eT dt dn

— omolt / =0 / " 20— ¢'(6) — £)dn P dg

o0
— eian(t)g(O)f }"(&.)eiZﬂtédE
—00

= "W g(0)(t)
_ eiZmp(t)g(O)x(t)e—iZH(<ﬂ(t)—not)
= g(0)x(t)e?mm!,

Thus, Equation (17) holds. O

If one is interested in VL(t,n) with the positive frequency
n > 0 only, then we have the following result on how to recover
x(t) from V)Ic(t, n).

Theorem 2. Supposelsupp@) C [—A, Al for some A, and ¢'(t) >
A. Let y(t) = x(t)e~2me), Ify(n) = 0, n < B for some constant
B, then for any ng > —B,

e—i27n70t

8(0)

x(t) =

/0 SV ndn. (18)

Proof: Let x(t) be the function defined by (16). Then x(t) =
y()eF* Mt Thus, %(€) = J(€ — o). Therefore, from (15), we have

[ vieman =m0 [7 [™ Sego - o - e azan
=m0 [ [ 566 - nogn - o0 - 62 dedy
) /Om /,Zy@)‘/g\(" () — £ — o)e? IO gt
= 2 (e0+m) /:7(5) /f?(n —¢/(t) — £ — no)e™ “ dnds

= e (pt+m) /B e /0 "2 — /)~ & — o).
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When & > Band 9 > —B, we have —¢'(t) — & — 19 <
—A —B+B = —A. This and the assumption supp(g) C [—A, A]

lead to
(o) o0
/ S — @' (1) —& —no)dn = /
0 —¢'()—=&—no

/ g(n)dn = g(0).

g(n)dn

Hence,

/-oo VJIC(t: ﬂ)dn _ ei2n ((p(t)thno) /Ooji\(g)eiznt‘?g(())dg
0 B

_ ei27‘[ ((o(t)+t7]0)g(0) /oo ?(s)eﬁﬂtéd%-

— 2 (W(t)+fﬂ0)g(0)y(t)
— ei27‘[ (w(t)-i-t?]o)g(o)x(t)e—iZH(ﬂ(t)
g(0)x(r)e™ !,

Thus, Equation (18) holds. O

Next theorem shows that when the conditiony() = 0,7 < B
in Theorem 2 does not hold, the integral in the right-hand side of
(18) can still approximate x(t) well if g is large.

Theorem 3. Let y(t) = x(t)e~">"¢®). Then
—i2mnot

8(0)

e

x(t) =

o
| vy + o (19)
0

with

© @ENde [
|Err|§fg|fo;§|§ [ E)|de.

Proof: By Theorem 1,

o] 0 0
/ Vit mdy = / Vi, mydn — / VL(t, n)dn
0 —00 —00
) 0
:e’Z””O’g(O)x(t)—/ V,I((t,n)dn.
—00
Thus,
e—i27tn0t 0 I p
Err = V.. (t,n)dn.
£(0) /_oo e

With

0 ) 0 0 )
| [ Valt,n)dn| = [27¢0) [ [ FE — n0)g(n — ¢/ (1) — §)e>™E dedy|
0 o0 .
< / / FE — mo)l {01 — ¢/(8) — £)e°™ |dnde

0 o]
< [ & — o) [ 801 — ¢/(t) — £)\dnde

o] 0
[ Bl / P& — mo)lde

= [~ gonnan [ " peae,

we conclude that (19) holds. O

4. IFE-STFT BASED SYNCHROSQUEEZING
TRANSFORM

In this section, we consider IFE-FSST, the synchrosqueezing
transform based on IFE-STFT. First we show how to derive the
phase transformation associated with (the 1st-order) IFE-FSST.
After that we introduce the 2nd-order IFE-FSST.

4.1. IFE-FSST

To define IFE-FSST, first we need to define the corresponding
phase transformation w}c(a, b). Let us consider the case x(t) =
Ae275! for some & > 0. With x/(¢) = 2 &y x(t), we have

Vi(t,n) = i2m& Vy(t, ).

On the other hand,

V)IC,(t,r[) :/‘00

—/ *(t 4+ ) (—i27) (¢t + ) — () — o + 1)

3, (x(t + T))e—iZT[ (Ap(t+r)—(ﬂ(t)—¢,/(t)r—no(H—r))g(r)e—i2nnr dr

x(t + 1), (e—iZTr (<P(t+'[)*¢’(!)*<pf(t)r*no(ﬂrr))g(r)efi271nr)dr

o2 (P09 0T (+0) 1) g
o0
L.

. ) ¢
=27 V)Iw/(t, n) +i2m(n — ¢’ () — no) Vit ) — Vi (t.n),

x(t + 1) 27 (D=0 Dm0 +0) o1 (1) g
(20)
where V,Ic’g/(t, n) denotes the IFE-STFT of x(t) defined by (14)

with ¢(t) and the window function g’ given by (12). Thus, if
Vit ) # 0, then

. Lg
2 V)I“p/(ta 7]) - ng (t) 7))
2 Vi(t, )

I
Vel
2r Vi(t,n)

& = +n—¢'(t) — no.

Based on the above discussion, for a general signal x(t), we define
the phase transformation w}c(a, b) of the IFE-FSST of x(t) to be

. Lg
2 V) () = Vi (t,1)
2w Vi(t,n)

Wbt 1) = Re( )+n—¢'®—n0. 2

Definition 2. Suppose ¢(t) is a differentiable function with
@'(t) > 0. The IFE-FSST of a signal x(t) with ¢ and & is defined by

Reesr= [ viems(ehen) - £)dy
{n: Vx(t.n)#0}

where wl(t, 1) is the phase transformation defined by (21).
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The IFE-FSST is called the demodulation transform-based
SST in [43]. The corresponding phase transformation in [43] is
different from our a)}c(t, n) defined in (21).

By (18) in Theorem 1, we know the input signal x(t) can be
recovered from its IFE-FSST as shown in the following:

For x(t) € L,(R),

e*ZZJTT)Ut

==

[ Roene: (22)

and if, in addition, the conditions in Theorem 2 hold, then

e*i27r not

x(t) = 20)

f - RL(t, £)dE. (23)
0

For a multicomponent signal x(t) in the form (1), if Rik(t, £),1<
k < K lie in different time-frequency zones, then following (18),
we know xi(t) can be recovered from its IFE-FSST:

/ Rieerde,  (4)
|&—TF(t)|<Ty

for certain I';y > 0, where IF.(¢) is an estimate of ¢)}/€(t). If xi(¢)
and g(t) are real-valued, then

6712717701‘

£(0)

x(t) ~

~ 2R —’2”"0‘/ RU(t,&)dE). (25
1 G GO Y

4.2. 2nd-Order IFE-FSST

In this subsection, we propose the 2nd-order IFE-FSST. The key
point is, based on IFE-STFT, to define a phase transformation
w-274(t, ) which is the TF ¢'(£) of x(t) when x(t) is a linear chirp
given by (11). As above, for g;(t) = tg(t), we use V,Ic’gl(t,n) to
denote the IFE-STFT of x(t) with the window function g;(¢),
namely, the integral on the right-hand side of (14) with g(¢)
replaced by gi(t). Next we define the phase transformation
a);;z“d(t, n) for the 2nd-order IFE-FSST to be:

Lg1
Wt ) - Re[Qo(t Masped |
. 1f8(V" (“7)7&0 Vit,n) #0;
w (L, n) = (26)
wk(t,m),

if 9 ( {51 t(tn';))

=0,Vitn) #0,

where w}c(t, n) is defined by (21), and

. Lg
K 2w Vi(t,n) '

(27)

QO(t’ 77) =

1
P (v};g1 <t,n>>
T\ Vien)

Theorem 4. If x(t) is a linear chirp signal given by (11), then at

(t,m) where Vi(t,n) # 0, 3, (Va¥ (&, 1)/ VE(t, ) # 0, 020 (t, )
defined by (26) is the IF of x(t), namely w}gznd(t, n) =c+rt.

Proof: Here, we provide the proof of w:?(t, ) = c4rt for more
general linear chirp signals given by

x(t) — A(t)ei2ﬂ¢(t) — Aept+%tzei2ﬂ(ct+%rt2) (28)
where p, g are real numbers.
For the simplicity of presentation, we denote
M(pg(f> t, 77) — efi27r((p(t+r)7zp(t)7<p’(t)rfno(t+t))g(t)efiZTrnr,
and thus, VJIC(t, 1) can simply be written as
o
Vit n) = / x(t+ T)Myg(T, t,n)dr.
—0o0
Observe that for x(t) given by (28), we have
X (t) = (p+ qt + i2m (c + 1)) x(t).
Thus,
oo
Vi) = / X (t+ 1) Myg(z, t,n)dr
—00
o0
= / (p+q(t+1)+i2m(c+rt 4 r7))
—00
x(t + 1) Myg(t,t,n)de
= (p+qt +i2n(c+rt)) Vi(t,n)
o0
+(g + i2mr) / x(t+ 1) TMy (T, t,n)TdT
—00
= (p+qt+i2n(c+ ) Vilt,n)
+(q + 2 )V (1, ).

On the other hand, as shown above, V)Ic/(t,n) is equal to the
quantity in (20). Therefore,

(p+ qt + 27 (c + 1)) V(t, m) + (q + 27 Vi (1, )
= 27V, (t0) + 27 (n — ¢'(6) — n0) V3 (1)
V¥ (t, ).

Hence, at (t, ) on which V1(¢, 1) # 0, we have

Lgl

pt+at V" (6 m)

+o+rt+ —+ —_—

27 ’ ( ) V)Ic(t,ﬂ)

27 VL (tn) — VI (1)
xQ /

= - t) — . 29
Vi) +n =@ (t)—no. (29)

Taking partial derivative 9, to the both sides of (29), we have

. Lg
(i iy ( Vi, '7)) _ (ZZNV)I“p/(t, n) — Vi* (t,n))
2 " Vi) " 27 Vi(t, n) ’
which leads to
L 4= Q)
2w
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for (t,n) with 8,,(V,Ic’g1(t,n)/V}c(t,n)) # 0, where Qq(t,n) is
defined by (27).

Returning back to (29) with % + r replaced by Qo(t,n),
we have

. I¢
2V}, (tn) — Vi ()

c+rt =
2r VLt n)

L.g1
+ gt X (61)
—o'(t) — _L_ tn)———=.

+n—¢'(t) —no o Qo(t, n) Vi

Since ¢ + rt is real, taking the real parts of the quantities in the
above equation, we have

. 1¢
2wV} (L) — V¥ (1, n)}

c+rt = Re{
2 VL(t, )

I,

V& () }
Vit,n)

I,

ngl (t, 77)}
vien) I

+n—¢'(t) —no — Re{Qo(t, m)
= Wt 1) — Re| Qu(t )

which is w22, ). This completes the proof of Theorem 4. [J

With the phase transformation w}gznd(t, n) in (26), we have the
corresponding 2nd-order IFE-FSST of a signal x(¢) with ¢, & and
window function g defined by

RE2(1,8) = / VIt 8@ (¢ ) — £)dn.
{n: VL(t,n)#£0}
(30)

One has reconstruction formulas with ngz(t,é‘) similar
to (22)-(25).

5. IMPLEMENTATION AND
EXPERIMENTAL RESULTS

. l,2nd
5.1. Calculating ! (t, ) and w;"(t, )
First we consider the IFE-FSST. We need to calculate a)JI((t, n). We
will use (15) so that FFT can be applied to (discrete signals) x

and x¢’ to calculate V(¢, 1), V}ap,(t, n) and V,I{g/(t, n). lec(p/(t, n)
can be obtained by (15) with x replaced by x¢'. As long as

V,Ic’g (t,m) is concerned, observe that the Fourier transform of g’
is 27 & g(§). Hence

Vi = 0 [ Fenantn - g0 -0
8 — (1) — £)e ds.
After obtaining Vi, n), V)Iap,(t, n) and V,Ic’g/(t, n), we get a)}c(t, n)

and then the IFE-FSST.
For the 2nd-order IFE-FSST, we need to calculate

I, L,
Ve (e, 0, (VEC ) ),y (VA () ) 0y (Vi ()

0, (vi¥ ).

Note that the Fourier transform of 7g(t) is

A 1 d .
—i2mET _ —i2métT
/Rtg(r)e dt = e —d§</ﬂ§g(t)e dr)

L @)@

—i2

Thus, we conclude

I, ; 1 ~/ i
Ve (8 m) = =270 — / X&) (2) (n — ¢ (1) — £)e? de.
2 R
(31)
—i2nV,Ic’gl(t,n), we can obtain
o (V)Ic(t, n)) and 9, (V}I“p,(t, n)) as well via (31).
To calculate 8,7(V316’g1(t, n)), with B,I(V,I{gl(t, n)) =

—i2 V,I{gz(t, 1), where g>(t) = rzg(r), we need to calculate the
Fourier transform of g,(7), which is

By the fact 8,7<V316(t, n)) =

- 1 & —i2méT _ Lo
2O = oy (Lo ) = @)@,

Therefore,
i ! = e\ / i2m
oy (V! (6m) = 20— /R X6) @) (n—¢' ()T de.
(32)

For 9, (V,Ic’g/(t, n)), we need to calculate the Fourier transform of
1¢'(1), denoted by (rg/(r))A(E). Indeed,

A / —i2méET 1 d / —i2mET
(rg' ()" &) :/]Rrg ()e 2767 gy = _iZT[%(/Rg(r)e 2mé dr)

_ 1 d —i2nét
= E(/Rg(r)ar (e )dr)

=—%($/I;g(r)e_iz”érdr>

d ,
= —%(52@)) =—g&) - £(3) (©).
Thus,
0, (Vi€ ) = —w v Qe

— e f %) (18 (1) (0 — ¢/ (1) — §)e?
R
= 27 V(t, ) + 2w e?7eW

/l; XE) 11— (1) - &) @) (n— ¢/ (1) — £)e*™F dt. (33)

With the formulas (31), (32), and (33), we can obtain Qq(t, ) and
then, a)ggz”d(t, n).
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5.2. IFE-FSST Algorithms for IF Estimation
and Component Recovery and
Experiments

To apply IFE-STFT or IFE-FSST, first of all we need to
choose ¢(t) and ¢'(t). For the purpose of estimating the IF
¢>;{(t) of the kth component xi(¢) and/or recover xi(t) of a
multicomponent signal x(f), we should choose ¢(t) and ¢'(¢)
close to ¢(t) (up to a constant) and ¢l/<(t) respectively. One
way is to use the ridges of the STFT. More precisely, suppose
{tuYo<n<n> {nj}o<j<ss {Emto<m<m are the sampling points of £, 7, €
respectively for STFT Vi(t,n), FSST Ry(t,&), and IFE-FSST
RL(t,£). Let 7,0 < 1 < N be the STFT ridge corresponding to

xx(t) given by

T = argmax, g, (IValtw 1)) (34)

for each n, 0 < n < N, where for each n, G; i is an interval
containing qbl/((t,,) (with convention: ¢o(f) = 0) at the time

instant t,, and G, 1,0 < k < K form a disjoint union of
{771 [ Vi(tn, )| > y},namely for each t,,,

{7]: [Vi(tn, n)| > V} = Ufzogt,,,lv

See more details on G, in [37].
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FIGURE 1 | Experiment with x(t) in (43). 1st row: IF ¢/'(1); 2nd row: FSST |R,(t, n)| (left) and IFE-FSST |R'X(t, n)| (right); 3rd row: 2nd-order FSST (left) and 2nd-order
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{ﬁ}n)k}gz_ol is called a ridge of the STFT plane or a ridge
of the spectrogram |V, (f,7n)|. It provides an approximation to
¢ (ta),0 < n < N [see [36, 37, 45]]. Thus, we can use

n—1
@' (t) =Tj o (tn) = Y W kite, 0<n <N (35)
=0

as discrete ¢’(t) and ¢(t) to define IFE-STFT and IFE-FSST,
where Aty = tp — tp_1.

To recover a component by either FSST or IFE-FSST, we
need an estimate IF;(¢) for ¢]/<(t) so that (10) or (24)/(25) can be
applied. One way is to use the ridges of FSST and IFE-ESST to
approximate ¢ (t,). More precisely, let ?mmk,o < n < N be the
FSST ridge defined similarly to the STFT ridge in (34):

Ep k= argmax; o {IRe(tn.En)l}, 0<n<N.  (36)

Then Equation (10) becomes

£(0)

2

{m: |m—m,|<Mpy}

xp(ty) = xiec(tn) = Ryt Em) D,

0<n<N, (37)

for some My € N, where A&, = &, — E—1.
Similarly, Equation (24) implies that x;(f) can be recovery
from (discrete) IFE-FSST:

e*iZJ'[ notn

1
2(0) Ry(tns Em) D,

1,
Xk(t,,,) ~ xkrec(tn) = Z

{m: |m—ml|<Mo}

0<n<N, (38)

where m!,0 < n < N are the indices for IFE-FSST ridge defined
as (36) with R, (t,, &) replaced by R}((t,,, Em):
Ema o= argmaxgmeg%kHRi(tn,“g‘m)|}, 0<n<N. (39

For real-valued xx(¢) and g(#), the recovery formulas (37) and
(38) are respectively

=k Y Rl
g {m: |m—m,|<Mo}
0<n<N, (40)
and
xiltn) A" (1) o

2

{m: |m—ml|<Mo}

— i Re (e—izmlotn
£(0)

0<n<N.

Ri(tm Em)ASm):
(42)

To summarize, we have the following algorithm to estimate IF
¢, (t) and recover xi(t) by IFE-FSST.

Algorithm 1. (IFE-FSST algorithm for IF estimation and
component recovery) Let x(t) be a signal of the form (1). To
estimate qbl’((t) and recover xi(t) by IFE-FSST, do the following.

Step 1. Obtain the STFT ridge 7j,x,0 < n < N by (34) and
@' (tn), o(tn),0 < n < N by (35).

Step 2. Calculate IFE-FSST with ¢, ¢ obtained in Step 1. The
ridge Emh,k,o < n < N defined by (39) is an estimate ofqﬁ]’((t)

and x}(’rec

(t) in (38) is an approximation to xi(t).

We can use Algorithm 1 to recover each component xi(t) one
b?r one. We can also apply Algorithm 1 to the remainder x(t) —
x¢"“(t) to recover another component after xi(t) is recovered;
and we can repeat this procedure. The procedure of this iterative
method is described as follows.

Algorithm 2. (Iterative IFE-FSST algorithm for IF estimation
and component recovery) Let x(t) be a signal of the form (1).

Step 1. Apply Algorithm 1 to obtain x>"(t).

Step 2. Let y X Apply Algorithm 1 to y, to
obtain xé’rec(t).

Step 3. Let y» = x — x}™ — x3™. Apply Algorithm 1 to
LIC(1). Repeat this process to obtain x2"°(t), - - -,

X —

y, to obtain x

x(tn) = X (t) and finally xg"(t).
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FIGURE 2 | Recovery errors for x(t) given in (43) on [0.125, 0.875) by FSST (left) and IFE-FSST (right).
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Step 4. Apply Algorithm 1to x — Y x_, xi’rec to recover x1(t).
Let }‘Ilrec(t) be the recovered x)(t). Then Apply Algorithm I

> X — Z,If 3 Irec to recover x,(t). Let %> (1) be
the recovered x,(t). Obtain X NI rec(t) by applying Algorithm 1 to
X —F7T() = R5"(t) — o h_y X1"C. Repeat this process to obtain
X(8), - - -, and finally Xy rec(t).

to x —

We can repeat the procedure in Step 4 of Algorithm 2. That is
why we call Algorithm 2 an iterative algorithm.

Next we consider two examples. We let

_2
e 202

>

o= —
o

be the window function, where ¢ > 0. First we consider a
mono-component signal

x(t) = cos (27 (¢(1)) = cos (2 (16t + 16t%)), t € [0,1), (43)
where x(t) is uniformly sampled with sample points f, =
nAt,0 < n < N = 128, At = 128 The IF of x(t) is ¢'(t) =
16 4 32t and it is shown in the 1st row of Figure 1. The FSST and
IFE-FSST of x(t) are provided in the 2nd row; and the 2nd-order
FSST and IFE-FSST are shown in the 3rd row. In this example we
leto = %. As mentioned above, discrete ¢’(t) and ¢(t) defined
by (35) are used to define IFE-STFT and the 2nd-order IFE-STFT.
Obviously IFE-FSST provides a much sharper time-frequency
representation of x(f) than FSST. Both the 2nd-order FSST
and the 2nd-order IFE-FSST as well give sharp time-frequency
representations of x(t).

For a mono-component signal x(t) as given by (43), since
x(t) can be recovered from FSST or IFE-FSST as shown
in (8) and (22) respectively, theoretically, either (40) or
(41) gives high accurate approximation to x(f) as long as
My is large enough. We choose a small My so that the
recovery errors with it show how sharp the time-frequency
representations with FSST and IFE-FSST are. Here and below
we set My = 8.

In Figure?2, we provide the recovery errors x™(t,) —
x(t,), xPC(t,) — x(t,) for x() by FSST and IFE-FSST,
where x'™<(t,) and xM(t,) are given by (40) and (41)
respectively with My = 8. Here, we show the error on
[0.125,0.875) only to ignore the boundary effect. Obviously, IFE-
FSST provides a much sharper time-frequency representation
than FSST.

Next we consider a two-component signal given by

x(t) = x1(t) + x2(t), x1(t) = cos (271 (32t + 1;0 cos(2nt))),
10
x(t) = cos <2n (641 + -~ cos(2nt))), (44)

where t € [0,2), and x(¢) is uniformly sampled with sample
points t, = nAt,0 < n < N = 512, At = 2—;6. Thus, IFs of

x1(2), x2(t) are ¢ (t) = 32—20sin(27t), P, (t) = 64—20sin(27t),
which are shown on the top-left panel of Figure 3. In this example
weleto = % for the window function.

To this two-component signal, we apply Algorithm 2
to obtain ¥™°(¢) and %"°(t). In the 3rd row of Figure3
we show the IFE-FSSTs of NIrec(t) and NIreC(t) The FSST
of x(t) is provided in the top-right panel of Figure3. Of
course, we can also apply iterative method to FSST to recover
components one by one. Namely, we apply FSST to obtain
x1°(t), then apply FSST to x(t) — x[°(¢) to obtain x3°°(¢).
After that we apply FSST to x(tf) — x5°°(f) to obtain X]°°(t),
and finally to obtain X°(¢) by applying FSST to x(f) — X}°°(¢).

The 2nd row of Figure3 shows the FSSTs of X°(¢) and
X55¢(t). Comparing the FSST of x in the top-right panel with
the individual FSSTs in the 2nd row, we see there is not
much improvement of the time-frequency representation
of FSST of x after we apply the iterative component
recovery procedure.

In the 4th row of Figure 3, we provide the recovery errors
for x;(t), x2(t) by FSST and IFE-FSST. Here, we show the error

n [0.125,1.875). From Figure 3, we see IFE-FSST provides a
much sharper time-frequency representation for x(t). We also
consider FSST and IFE-FSST of two-component x(¢) in the noisy
environment and our experiments show that IFE-FSST provides
a sharp time-frequency representation in the noisy environment.
In addition, we consider the 2nd-order IFE-FSST for component
recovery. It does not provide much improvement than IFE-
ESST. This may be due to that the results from IFE-FSST are
hard to improve. Due to that only 15 pictures are allowed to
be included in a article in this journal, we do not present these
results here.
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Power laws (PLs) have been found to describe a wide variety of natural (physical,
biological, astronomic, meteorological, and geological) and man-made (social, financial,
and computational) phenomena over a wide range of magnitudes, although their
underlying mechanisms are not always clear. In statistics, PL distribution is often found
to fit data exceptionally well when the normal (Gaussian) distribution fails. Nevertheless,
predicting PL phenomena is notoriously difficult because of some of its idiosyncratic
properties, such as lack of well-defined average value and potentially unbounded
variance. Taylor’s power law (TPL) is a PL first discovered to characterize the spatial
and/or temporal distribution of biological populations. It has also been extended to
describe the spatiotemporal heterogeneities (distributions) of human microbiomes and
other natural and artificial systems, such as fitness distribution in computational (artificial)
intelligence. The PL with exponential cutoff (PLEC) is a variant of power-law function
that tapers off the exponential growth of power-law function ultimately and can be
particularly useful for certain predictive problems, such as biodiversity estimation and
turning-point prediction for Coronavirus Diease-2019 (COVID-19) infection/fatality. Here,
we propose coupling (integration) of TPL and PLEC to offer a methodology for quantifying
the uncertainty in certain estimation (prediction) problems that can be modeled with
PLs. The coupling takes advantage of variance prediction using TPL and asymptote
estimation using PLEC and delivers Cl for the asymptote. We demonstrate the integrated
approach to the estimation of potential (dark) biodiversity of the American gut microbiome
(AGM) and the turning point of COVID-19 fatality. We expect this integrative approach
should have wide applications given duel (contesting) relationship between PL and
normal statistical distributions. Compared with the worldwide COVID-19 fatality number
on January 24th, 2022 (when this paper is online), the error rate of the prediction with
our coupled power laws, made in the May 2021 (based on the fatality data then alone), is
approximately 7% only. It also predicted that the turning (inflection) point of the worldwide
COVID-19 fatality would not occur until the July of 2022, which contrasts with a recent
prediction made by Murray on January 19th of 2022, who suggested that the “end of
the pandemic is near” by March 2022.

Keywords: Taylor’s power law (TPL), power law with exponential cutoff (PLEC), potential (dark) biodiversity,
long-tail skewed distribution, turning point of COVID-19, COVID-19 fatality prediction
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Coupling Power Laws

INTRODUCTION

A power law (PL) describes a non-linear functional relationship
between two variables—one varies as a power of another (e.g.,
f(x) = ax®) and has certain properties, such as scale invariance,
lack of well-defined average value, and universality [1-4]. The
scale invariance is exhibited by a simple log-transformation of
PL into a straight-line (linear) on log-log scale {e.g., In[f(x)] =
In(a) 4+ bln(x)}, and it also specifies that all PLs with a particular
scaling exponent are equivalent up to constant factors, e.g.,
flex) a(cx)b b f(x) o f(x). The lack of well-
defined average value refers to a reality that arithmetic mean
or average is a poor indicator for the majority of the power-
law variables (e.g., the average income of a population that
includes a billionaire). A PL usually has a well-defined mean only
for a certain range of its scaling exponents, and the variance
of PL seems disproportionally large and is frequently not well
defined, which explains the association between PL phenomena
and black swan behavior. This also makes many classic statistical
methods that are based on the normal distribution and/or on the
homogeneity of variance inapplicable to data of PL phenomena.
The third property of PL is the universality that is to do with
the scale invariance or the equivalence of PLs with a particular
scaling exponent. In dynamic systems, diverse systems with
the same power-law scaling exponents (also known as critical
exponents) can exhibit identical scaling behavior and share the
same fundamental dynamics as they approach criticality, such as
phase transitions. Systems with the same critical exponents are
classified as belonging to the same universality class [1-6].

Taylor’s power law (TPL), first discovered by entomologist and
ecologist L. R. Taylor [7] in investigating the spatial distribution
of insect populations more than a half-century ago [5, 8-12], has
been expanded far beyond its original domains of agricultural
entomology and population ecology [1, 2, 5, 6, 13-19]. The TPL
is one form of PLs that describe the distributions of a wide variety
of natural and man-made phenomena over a wide range of
scales [20-22]. PL patterns have been discovered/rediscovered in
astronomy, biology and ecology, computer science, criminology,
economics, finance, geology, mathematics, meteorology, physics,
statistics, and especially in inter-disciplinary fields [3, 4].

Taylor’s power law, as one of the most well-known PLs in
ecology and biology, shares the three general properties of PLs
mentioned above. It differs from other PLs in choosing its
two variables: the mean (M) and variance (V) of population
abundances (counts) [5, 7, 11], i.e.,V = aMP. It has also been
rediscovered in many other fields beyond its original domain
of population ecologies, such as epidemiology, genomics and
metagenomics, and computer science [5, 6, 14, 15, 20-23]. It
was extended to community ecology, especially the community
and landscape ecology of human microbiomes [6, 23, 24]. In
the present study, we take the advantage of TPL in modeling
the relationship between mean and variance for quantifying the

Abbreviations: AGM, American Gut Microbiome; DAR, Diversity-area
relationship; DTR, Diversity-time relationship; FTR, Fatality-time relationship;
MAD, Maximal accrual diversity; PLEC, Power law with exponential cutoff; SAR,
Species-area relationship; STR, Species-time relationship; TPL, Taylor’s power law.

uncertainty of natural phenomenon. This should be feasible
because variance is arguably the most commonly used statistic
moment for characterizing the uncertainty (variation) of random
variables. The approach is particularly advantageous if the
distribution of random variable follows PL distribution, but it
should still be applicable otherwise since TPL holds across a wide
range of mean-variance relationships as signaled by a wide range
of its scaling parameter (b).

Species-area relationship (SAR) is another classic PL in
ecology, which relates the number of species (species richness:
S) and the area (A) of species habitat, in the form of S = cA®.
Ma [25, 26] further extended the SAR to a general diversity-
area relationship (DAR) by replacing species number (richness)
with the general diversity measured in Hill numbers. Ma [25-
27] further introduced PL with exponential cutoff (PLEC) model
to describe DAR and proposed the concept of maximal accrual
diversity (MAD). Based on the PLEC model for DAR, Ma derived
the estimation of MAD. MAD can be considered as a proxy
of potential (dark) diversity, which includes both local diversity
and the portion of diversity that are absent locally but present
regionally (or in regional species pools). In other words, potential
diversity measures both visible and invisible (dark) diversities
and is of obvious significance for biodiversity conservation.
Similar to SAR/DAR, there is so-called species-time relationship
(STR) or diversity-time relationship (DTR) [26]. The PLEC
version of DTR was successfully applied to predict the inflection
points (tipping points) of COVID-19 infections [28].

Power law with exponential cutoff, as a variant of PL,
has more general applications beyond the abovementioned
SAR/DAR/STR/DTR/COVID-19  predictions [25-28]. PL
behaves (grows or declines) exponentially, especially at late
stages, and the PLEC possesses an exponential cutoff parameter
that ultimately tapers off the unlimited growth or decline
ultimately. Therefore, the PLEC model is of important practical
significance when prediction or estimation is needed. However,
existing PLEC modeling can only provide point estimation and
not the interval of the estimation (i.e., uncertainty quantification
of the estimation).

The present article is aimed to integrate the TPL with the
PLEC model with the objective to improve the predictive power
of the PLEC model by quantifying the uncertainty of estimation
(prediction) with TPL. Specifically, by harnessing the capacity of
TPL in estimating the variance (SD), we develop an approach to
offering ClIs for the estimation of PLEC quantities (see Figure 1).
We demonstrate our method with the estimations of potential
American gut microbiome (AGM) diversity and COVID-19
fatalities. The demonstrated approach can be potentially suitable
for a predictive mathematical model as long as the variance
and mean of its dependent variable can be quantified with the
TPL model.

MATERIALS AND METHODS

Taylor’s Power Law

Compared with other PLs, TPL has two somewhat unique
characteristics, both of which are determined by the two variables
(variance and mean) it aims to quantify. The first is that
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Coupling Power Laws

(A) Coupling TPL and PLEC-FTR for COVID-19 Fatality Prediction

(B) Coupling TPL and PLEC-DAR for Species Richness Prediction
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boxes list the formulae for computing the Cls.

FIGURE 1 | A diagram illustrating the coupling of TPL and PLEC models: for predicting COVID-19 fatality [(A) the left block] and American gut microbiome diversity
[(B) the right block]. The top pair of boxes in both case studies illustrates the format of input data, the middle boxes specify the power law models, and the bottom

its scaling parameter (exponent) that measures the population
(community) spatial heterogeneity or temporal stability. This has
to do with the fact that the variance (V) to mean (M) ratio
(V/M) is a measure of the dispersion of data points (population
abundances or counts), while dispersion, aggregation, and
heterogeneity essentially characterize the same or similar system
properties [6, 16]. For example, the TPL scaling parameter (b)
can be used to measure heterogeneity at population, community,
and landscape levels, respectively, depending on the level, the
TPL model is constructed. The second characteristic of TPL is
also related to the variance and mean: the relationship can be
utilized for designing sampling schemes since the variance (level
of variation or heterogeneity) determines the sampling efforts
(sample sizes) necessary for estimating the population (species)
abundances reliably {e.g., [12, 17]}. We take the advantages of
TPL in this study to improve the quality of prediction/estimation
because variance or SD is the foundation for computing CI
of estimation.

Taylor’s power law is one form of PLs, and it establishes the
relationship between the variance and the mean of a random
variable Y (e.g., population counts or abundances of biological
populations) as a power function:

Var(Y) = V = aM? (1)
where V and M are the variance and mean of random variable Y;
a and b are the parameters that can be estimated by fitting TPL to
the variance-mean pairs of a series of spatial or temporal samples
of populations. TPL can be fitted by a simple log-transformation

{e.g., [5, 7]}, which generates:

In(V) = In(a) + bln(M) (2)

Alternatively, non-linear optimization techniques, such as
Marquardt’s algorithm [29] or Simplex optimization [30], can be
used to fit TPL directly (i.e., Eq. 1). However, log-transformed
linear fitting (Eq. 2) may actually have an advantage from the
perspective of scale-invariance as mentioned in the introduction
section previously.

Ma [23] extended TPL to the community level by specifying
Y as species abundance, M as the mean species abundance (size)
per species in a community, and V is the corresponding variance.
By regressing V-M across a series of communities (samples),
one obtains type-I TPL extension (TPLE) for community
spatial heterogeneity and type-II TPLE for community temporal
stability. Similarly, there were type-III for mixed-species spatial
heterogeneity and type-IV for mixed species temporal stability.
The four TPLEs have the exactly same mathematical form as
the original TPL [1] and [2], but the variables and parameters
are defined and interpreted differently. Taylor [5] conjectured
that TPL is only applied to integers, such as population counts
(abundances), and it works poorly for ratios and very poorly for
bounded ratios.

In this study, we take the advantages of TPL/TPLEs to estimate
variance (V) corresponding to mean (M). The variance or its
squared root (SD) provides necessary quantities for estimating
CIs of PL or PLEC models as introduced below.
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Power Law With Exponential Cutoff Model
Power law with exponential cutoff is a variant of PL model, and it
was initially used to extend another classic PL in ecology, i.e., the
SAR [31, 32]. The PL model for SAR is:

S = cA* (3)

where S is the number of species and A is the area of habitat
occupied by S species.

Ma [25] extended the SAR to the general DAR by replacing the
species richness (number of species) with general biodiversity (in
Hill numbers).

1D = cA® (4)

where 1D is diversity measured in the g-th order Hill numbers, A
is the area, and ¢ and z are parameters.
The PLEC model for DAR is:

1D = cA® exp(dA), (5)

where d is a third parameter (taper-off parameter) and should be
negative in DAR scaling models, and exp(dA) is the exponential
decay term that eventually overwhelms the PL behavior at a very
large value of A. The PLEC was originally introduced to SAR
modeling by Plotkin et al. [33] and Ulrich and Buszko [34] (also
see [35]), and Ma [25] extended it to DAR.

Ma [25] further derived the asymptote of the PLEC model and
termed it as the MAD or potential diversity.

Amax = _Z/d (6)
9D may have a maximum in the following form:
zZ z
Max(1D) = C(_E) exp(—z) = cA? . exp(—z) (7)

There are similar STR and corresponding DTR [27, 32].
STR/DTR has the exactly same PL/PLEC models as SAR/DAR
described previously, but the data used to fit the models are
different and so do the model parameters [27]. As further
explained in the next sub-section, the fitting of PLEC can
be performed with non-linear optimization, although log-
transformed linear fitting, similar to fitting of TPL, can be used.

Ma [28] adapted the STR/DTR model to predict the inflection
(turning) points of COVID-19, in which maximal accrual or
potential diversity is equivalent to maximal infection numbers. In
STR/DTR modeling, a convention is to use parameter w in place
of the z of SAR/DAR as a diversity-time scaling parameter.

In the present study, we used the PLEC-DAR model to
demonstrate the prediction of gut microbiome diversity and the
PLEC-DTR model to demonstrate the prediction of COVID-19
fatalities, both augmented by the TPL model to get their CIs, as
outlined below:

Coupling TPL and PLEC Models for
Predicting the Interval of COVID-19

Fatalities
Here, we outline the integration of TPL with PLEC for predicting
the interval of COVID-19 fatalities as following steps (also see
Figure 1).

Step (i) Use the PLEC model (Eq. 5), adapted for fitting the
fatality-time relationship (FTR) datasets as follows, i.e.,

F = cT" exp(dT), (8)

where T is the time in days, and F is the fatality, ¢, w, and d are
PLEC-FTR parameters. When the taper-off effects of parameter
d is usually rather weak before the fatality numbers reach the
peak, it is reasonable to treat w as an approximation to the
fatality growth rate and c as an approximation to the initial fatality
number. To fit PLEC-FTR model (Eq. 8), we adopted a non-linear
optimization algorithm implemented as an R function “nlsLM”
in R package “minpack.Im” (https://www.rdocumentation.org/
packages/minpack.Im/versions/1.2-1/topics/nlsLM) [36]. Since
Tmax > 0 is a necessary condition for the PLEC model to be
biomedically sound, a constraint d < 0 was imposed for the
non-linear fitting of the PLEC-FTR model.

Step (ii) Compute maximal accrual fatality (MAF) number
using eqns. [6] and [7], adapted as:

©)
(10)

wow w
Fmax = C(_E) eXP(_W) = CTmaxeXp(_W)

Tmax = —w/d (w>0,d <0)
Step (iii) Use TPL model (Eq. 1) for fitting the spatiotemporal
aggregation (heterogeneity) of fatality numbers, i.e., adapting the
original TPL (Eq. 1) as the following TPL for fatality aggregation:
V = aF® (11)

where F is the mean fatality number of COVID-19 and V is the
corresponding variance; a and b are the parameters. Parameters
a and b are estimated by fitting Eq. [11] to spatiotemporal data
of COVID-19 fatality, using the same scheme/procedures as used
for fitting TPL to COVID-19 infection numbers [28].

Step (iv) Compute the variance (V) and SD (v/V) based on
Eq. [11] for fatality (F) (Eq. 8) or MAF (Fpax) (eqn. 9).

Step (v) Compute the lower and upper limits of 95% CI of
COVID-19 fatality with the following pair of equations:

lower = F—1.96 x \/m (12a)
lower = Fpax — 1.96 x \/m (12b)
upper = F+41.96 x \/W (13a)
upper = Fpax 4+ 1.96 X \/m (13b)

where 7 is the number of time points that correspond to F or Fpqy
in (eqns. 8 and 9).

With eqns. (12a) and (13a), one can obtain the CI of COVID-
19 fatalities at any time (day) points; alternatively, with eqns.
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(12b) and (13b), one can obtain the CI of maximal accrual of
COVID-19 fatality.

When Fp,x cannot be predicted (too early to predict), the PL
model for FTR can be used to complete the above procedures for
estimating the intervals of E i.e., by setting d = 0, there is a PL
model for F = ¢T" exp(dT) = cT".

Coupling TPL and PLEC Models for

Predicting the Gut Microbiome Diversity
Similar to the previous integration of TPL and PLEC for
estimating the CIs of COVID-19 fatalities, here we specify the
procedures for predicting the Cis of AGM diversity (also see
Figure 1).

Step (i) Use PLEC model (Eq. 5) for fitting the DAR
datasets, i.e.,

1D = cA® exp(dA), (14)

where A is the number of individuals, and 9D is the AGM
diversity in Hill numbers, ¢, z, and d are PLEC-DAR parameters.
To fit the PLEC-DAR model, we use the same non-linear
optimization procedures as described previously for COVID-19
fatality prediction.

Step (ii) Compute MAD number using eqns. [6] and [7].

Step (iii) Adapt the TPL model (Eq. 1) for fitting the mean
diversity and variance relationship:

V = aDb (15)

where D is the mean diversity (Hill numbers) of AGM and
V is the corresponding variance; a and b are the parameters.
Parameters a and b are estimated by fitting Eq. [15] to AGM
diversity data, using the same scheme/procedures as described
above for COVID-19 fatality prediction.

Step (iv) Compute the variance (V) and SD (+/V) based on
Eq. [15] for diversity (D) (Eq. 5) or MAD (Dpax) (eqn. 7).

Step (v) Compute the lower and upper limits of 95% CI of
diversity with the following pair of equations:

lower = D —1.96 x \/TM (16a)

lower = Dpay — 1.96 X \/Vinax /1 (16b)
upper = D+1.96 x \/V/n (17a)
upper = Dpax + 1.96 X /Vinax/n (17b)

where 7 is the number of samples corresponding to D (Eq. 5)
or Dax (Eq. 7). With eqns. (16a) and (17a), one can obtain the
CI of diversity at any diversity accrual points; alternatively, with
eqns. (16b) and (17b), one can obtain the CI of maximal accrual
of diversity in Hill numbers.

When D, cannot be predicted (too early to predict), the PL
model for DAR can be used to complete the above procedures for
estimating the intervals of D, i.e., by setting d = 0, there is a PL
model for D = cA% exp(dA) = cA®.

RESULTS

Coupling TPL and PLEC-FTR for Predicting

the Intervals of COVID-19 Fatalities

The worldwide COVID-19 fatality numbers are available from
the following website (https://github.com/CSSEGISandData/
COVID-19) managed by Johns Hopkins University. Since the
objective of this study was to demonstrate the feasibility of the
coupling PL approach, we only extracted continent-level data
for demonstrative purposes. For the country-level predictions,
which are too extensive to cover in this article, we have another
separate report.

Figure 1A illustrates the procedures to predict COVID-19
fatality, and Table 1 lists the predictions for six continents and the
whole world. The PLEC modeling succeeded in all continents and
the world, except for Asia. The failure in Asia should be that the
new wave of the outbreak in India was still too early to foresee the
turning point of fatality, as discussed in Ma [28] for the similar
prediction of COVID-19 infections.

In Table 1, the first five columns are self-evident given they are
simply the PLEC-FTR parameters. The next three columns are
the predictions by the PLEC model, the MAF (number) (Fyqx),
and the days (Tyuax) (Julian days or Calendar date) at which
Fjnax occurs. The next column is the actual fatality numbers at
May 21, 2021, which happened to be the date we had completed
the modeling work of this study, and which was listed to allow
for a quick and rough reality check. The next column is the
“completion level’—the percentage of past fatality over MAF
(Fax). The last two columns are the novel contribution of
this study, i.e., the lower and upper limits of predicted fatality
numbers, which are not possible without the coupling of both the
PLs (TPL and PLEC-FTR models).

Table 2 lists the fatality prediction for Asia based on the
PL-FTR model, for which the PLEC model was failed. The
predictions of the PL model should be treated with caution and
are only of a rough reference value. As explained previously,
when the PLEC-FTR modeling efforts fail, it is usually that the
outbreak is still in early stage and there are not yet sufficiently
long time-series datasets to allow for the fitting of the PLEC
model. Although the PL-FTR model can be fitted in these cases,
the predictions from the PL model are not sufficiently reliable.

Similar to the predictions of COVID-19 infections [28], there
are some standard pre-processing procedures to take before
fitting the PLEC-FTR to the fatality-time (day) datasets. For
example, proper selection of starting point by truncating early
data points (possibly including whole previous pandemic waves)
could be necessary for successful model fitting. In fact, the
fitting results presented in Table 1 are obtained by setting the
starting date for modeling on March 21, 2021 (until May 21,
2021). As discussed in detail by Ma [28], the selection of starting
points does not influence the correctness of prediction since
the infection (or death) numbers before truncation points are
accumulated and treated as new starting infection (fatality)
numbers for model-building.

Figure 2 displays the fitting of the TPL model to the COVID-
19 fatality datasets, and the TPL parameters are used to compute
the CIs for the fatality number prediction from the PLEC-FTR
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Ma Coupling Power Laws

TABLE 1 | The power law with exponential cutoff for fatality-time relationship (PLEC-FTR) model fitted with nonlinear optimization for daily cumulative counts of COVID-19
fatality, augmented with Taylor's power law (TPL) to obtain the 95% Cls".

Continent z d C R2 Tmax  Tmax (Date) Fmax Observed (May 21, Completion Lower limit Upper limit
2021) level (%) (95%) (95%)
Africa 1150 -0.002 180.452 1.000 501  3-Aug-2022 182,643 127,983 70.1 169,865 195,420
Asia*™* 1.876  0.000 97.019  0.999 NA NA NA 636,068 NA NA NA
Europe 1.301 -0.012 1,734.846 1.000 113  11-Jul-2021 1,100,080 1,060,982 96.5 929,517 1,270,643
North America  1.185 —0.009  983.515 0.999 129  28-Jul-2021 875,359 854,545 97.6 749,159 1,001,560
South America  1.323 —0.007 1,504.372 1.000 193 29-Sep-2021 952,175 762,185 80.0 839,676 1,064,675
Oceania 1413 -0.007 0.514 0.989 197  1-Oct-2021 1,191 1,095 92.0 1,075 1,306
World# 1.248 -0.008 4,957.140 1.000 485 19-Jul-2022 5,917,523 3,442,873 58.2 5,452,899 6,382,148

* Using fatality-time (date) relationship data from March 21 to May 21, 2021.
** PLEC failed for the dataset of Asia and PL model was fitted to Asia dataset successfully (see Table 2).

TABLE 2 | The power law for fatality-time relationship (PL-FTR) model fitted for the daily cumulative counts of COVID-19 fatality, augmented with Taylor's power law (TPL)
to obtain the 95% Cls.

Continent z In(c) R  P-value Observed (May 21, Predicted (May 21, Predicted (June Predicted (July 21, Predicted Start date

2021) 2021) 21, 2021) 2021) (Aug 21,
2021)
Asia 2.072 0.498 0.994 0.000 636,068 606,878 687,070 [637,883; 772,420 [718,484; 862,949  10-Feb-2020
[662,269:651,487] 736,257 826,356] [804,096;
921,802]

model. Figure 3 displays the predicted COVID-19 fatalitiesbased ~ not crystal balls for predictions [37]. In particular, estimates

on the results, which are listed in Table 1. from models about COVID-19 can contribute to uncertainty

. and anxiety to the public, lowering uncertainty can be helpful
Coupllng TPL and PLEC-DAR for for alleviating possible anxiety accordingly. Jewell et al. [37]
Predicting the Intervals of Gut Microbiome argued that short-term prediction can be critical for assisting the
Diversity planning, but it is usually less productive to focus on long-term
Figure 1B shows the procedures for integrating the TPL “guesses” for such purposes. The demonstrated application of

and PLEC-DAR PL models for estimating the CIs of AGM the coupling PLs can lower the uncertainty of fatality prediction,
diversity. The AGM datasets used to perform this demonstration besides being particularly simple and effective for short term (e.g.,
are available for downloading in the public domain (http:// ~ ©One epidemic wave of a pandemic) forecasting.
americangut.org). There are many alternative models to our proposed approach.

Table 3 exhibits the results from implementing the coupled ~ For example, Li et al's [38] editorial introduces a series of
TPL and PLEC-DAR modeling analysis. The first five columns 34 articles, published in the journal “Frontiers in Physics”, on
in Table 3 are simply the parameters of the fitted PLEC-DAR ~ COVID-19 predictive modeling covering models/methods from
model for the AGM datasets, and the last four columns are  classic Susceptible, Infectious, and/or Recovered (SIR) model
simply the predicted MAD (species richness) of the AGM, i.e., and the associated reproductive number of the SIR to Gaussian
the maximal accrual species richness (D;uy) and the lower and ~ model for the time evolution of the first corona pandemic
upper limits of Dy,ax. Apay is the number of individuals (sample ~ wave. The Gaussian model is arguably the simplest analytically
sizes) at which the D,,4 is reached. Given that the samples of  tractable model that allows for quantitative prediction of the time
1,473 individuals are used to build the PLEC-DAR model, and  evolution of infections and fatalities during a pandemic wave.
the Anqy implies that 533 (=A,0c—1,473, where A, = 2,006, It can be rather challenging to compare and evaluate specific
see Table 3) additional individuals are required to accumulate ~ models, although rigorously evaluations and validations of model
the maximal accrual species richness in the AGM cohort or  predictions are critical for their applications. For this, we feel it is
population. Figure 4 illustrates the fitting of the TPL model,  beyond the scope of this article to compare our method with the
which helps the estimation of the 95%-level CIs of D,,. Figure 5 existing models, especially those for COVID-19 predictions. On
illustrates the predicted species richness (Djyqy) (the solid curve  the other hand, we would like to present a brief discussion on the
in red color) and its CI (dashed lines) and the observed species  general strategy for building mathematical models in the section
richness (the solid dots in blue color). “Conclusions and Discussion.”

Numerous mathematical models have been produced to Before concluding this subsection, an interesting
forecast the future of COVID-19 epidemics, but models are ~ phenomenon regarding the applications of artificial intelligence
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FIGURE 2 | Taylor's power law (TPL) model for the cumulative counts of COVID-19 fatalities: the variance corresponding to the mean fatality (F) is used to compute

(AI) and machine learning (ML) to COVID-19 predictions
seems to be worthy of particular notice. Vytla et al. [39] reviewed
a slightly surprising phenomenon: the prediction of the COVID-
19 pandemic is described as “the kryptonite of modern AI”
and many predictions “by AI and ML are neither accurate nor
reliable.” The failure of AI can be due to an array of factors, and
most prominent includes the lack of sufficient historic data to
train AI models and the low quality of big data, often collected
from social media. Even though the “garbage-in-garbage-out”
is a well-known trap to modelers, the failure of Al models for
COVID-19 predictions just reminds us that AI or ML is not an
exception. In fact, the failure of big data in predicting epidemics
occurred prior to the COVID-19 pandemic, for example, the
failure of legendary Google Flu Trends (GFT) (https://www.
wired.com/2015/10/can-learn-epic-failure-google- flu-trends/).
According to Vytla et al. [39], the failure of Al and big data
modeling has led to the enthusiasm to simple and traditional
mathematical models for COVID-19 predictions. From this
perspective, the simple PL approach we demonstrated in this
study can be counted as another successful example. However,
it should be emphasized that Vytla et al. [39] review and the
previously discussed opinions on AI/ML may be limited to the
predictions of epidemics/pandemics, and they can still be very
useful for other problems of epidemics/pandemics.

CONCLUSIONS AND DISCUSSION

The following findings
previous sections:

can be summarized from

(i) Coupling of TPL and PLEC models, the two PLs from
classic ecological theories with applications beyond their

(ii)

(iii)

original domain of ecology and biology, offers a feasible
solution for some important prediction problems of power-
law phenomena. We demonstrate the approach with
two examples.

For the COVID-19 prediction problem, the PLEC-FTR model
is able to predict the turning (inflection) points of fatality
in the form of (Fmax, Tmax), i.€., the MAF number and
corresponding date at which Fp,y is reached. In a previous
study, we have demonstrated that the PLEC model successfully
predicted the turning points of COVID-19 infections [28].
Both fatality and infection prediction problems are essentially
the same, and therefore, prediction of fatality is undoubtedly
feasible. An issue with our previous infection prediction is
the lack of CI [28]. Thanks to the coupling with the TPL
model, the PLEC-FTR is able to deliver the CI for Fp,x by
leveraging the capability of TPL in predicting variance (SD)
at different fatality levels. This is because the TPL in the case
of fatality prediction can be harnessed to establish the power-
function relationship between mean fatality number and
corresponding variance. With the variance (SD), estimation of
Cls is then a trivial statistical exercise. Obviously, the coupling
approach is equally applicable to the prediction of COVID-19
infections, although it was not recognized [28]. This example
also suggests that the TPL-PLEC coupling approach may be
applied to other similar predictive problems in epidemiology
and public health.

For the biodiversity prediction of AGM diversity, the coupling
of TPL and PLEC-DAR models is able to predict the
maximal accrual species richness (Dpyax) of AGM, which
can be considered as potential or “dark” species richness of
gut microbiomes in the American cohort (population). The
potential or dark biodiversity refers to the total diversity that
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FIGURE 3 | Predicted fatality number (solid curve in red), lower and upper bounds (dashed lines),
continents and the world: Africa, Europe, North America, South America, Oceania, and the World.

and observed fatality number (solid cycles in black) for five
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TABLE 3 | The power law with exponential cutoff for diversity-area relationship (PLEC-DAR) model fitted with 1,000 times of re-sampling of the American gut microbiome
(AGM) datasets consisting of 1,473 AGM samples, augmented with Taylor's power law (TPL) to obtain the 95% Cls.

Dataset z d In (c) R Amax Dmax Lower limit Upper limit
(95%) (95%)
AGM Species 0.386 —0.0002 6.598 0.995 2,006 9,414 9,310 9,518
Richness
e n(V)=2677+1.37In(m), R=0.993, p<0.001
V=14.542m"¥" | M,=0.001
14 =
134
s
£
124
11+
7 8 9
In(D)
FIGURE 4 | Taylor's power law (TPL) model for the cumulative species richness of American gut microbiome (AGM) data set (the 100 times of re-sampling were used
to fit 100 PL models, and here is one example): for each time of re-sampling, there are 1,473 pairs of variance/mean of species richness, computed for each step of
diversity-area relationship (DAR) accumulation.

includes the portion that may be absent locally but is present in
the regional species pool (and therefore is able to colonize local
communities through dispersal/migration) [26]. In the case
of the human gut microbiome, the potential diversity can be
considered as a cohort or population level characteristic of the
gut microbiome. In the case of this study, it can represent the
potential species richness of the American population, given
the datasets were obtained from sampling 1,473 Americans, a
sufficiently large sample size.

In perspective, we expect that the power-law coupling approach
possesses great promises for a wide range of important problems
whenever both TPL and PLEC models can be successfully
applied. The precondition that both PL models must be reliably
built also reminds us that the approach cannot be a silver-bullet
solution. For example, in the case of PLEC-DAR modeling for
the gut microbiome diversity, we only presented the results for
species richness (i.e., the Hill numbers when diversity order
q=0). The reason was that TPL was failed to fit the mean
and variance of the Hill numbers at other diversity orders. This
made it infeasible to estimate the CIs for other diversity orders.
TPL has been found applicable in many natural and man-made
systems; however, there are situations where it may fail. Taylor

[5] conjectured that TPL might work poorly for ratios and very
poorly for bounded ratios. The Hill number at diversity g = 0
(i.e., species richness) is an integer, but at other diversity orders,
suchas g =1, 2, or 3, the Hill numbers are indeed bounded ratios.
Taylor’s [5] conjecture may explain the limitation of TPL in fitting
the mean-variance relationship in measuring biodiversity.
Furthermore, the universality property of PLs hints great
promises for our coupling approach, although there have been
occasional debates on proving universally in practical data fitted
to PLs {e.g., [4]}. The universality refers to the equivalence of
PLs with a particular scaling parameter (exponent), such as b in
TPL, z in SAR (DAR), or w in STR (DTR), which are termed
critical exponents. Critical exponents are termed so because the
PL distributions of certain quantities are associated with phase
transitions in dynamic systems as they approach criticality. The
hallmark of universality is therefore the sharing of dynamics,
and the systems with precisely the same critical exponents are
said to belong to the same universality class. In the field of TPL,
the transitions between aggregated (heterogeneous), random
(Poisson), and uniform distribution of biological population
or species abundance distribution can be characterized by
the population aggregation critical density (PACD) [13] or
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FIGURE 5 | Predicted species richness (solid curve in red color) of American gut microbiome (AGM) that includes lower and upper bounds (dashed lines) and
observed species richness (solid tiny circles in blue color).

community heterogeneity critical diversity (CHCD) [23], which
could be generated by self-organizations in the ecosystems (e.g.,
population or community). Different from physics, the processes,
such as self-organization in biology and ecology, are difficult to
prove rigorously. Nevertheless, there are indeed observations of
the equivalence of TPL scaling exponents, such as the apparent
invariance (constancy) of TPL scaling parameter (b) of global
hot spring microbiomes across wide ranges of pH values and
temperatures [40]. If these observations are found general in
ecosystems, then the predictions based on our coupling approach
of PLs can be not only feasible but also be reliable. Unlike the
events that are governed by the normal (Gaussian) distribution,
the events governed by the highly skewed PL distribution
are particularly challenging to predict. In particular, some PL-
governed events often lack of well-defined average values, but
with potentially unbounded variance, tend to be black-swan
and/or catastrophic. This also makes our proposed coupling
method particularly valuable potentially.

Finally, we would like to present a very brief discussion
on the general modeling strategy that is related to the two
demonstrative case studies for illustrating the applications of
the proposed coupling PLs. Since modeling strategy may be
influenced by domain-specific knowledge, the discussion below
is conducted in the context of ecological modeling {e.g., [41]}
and COVID-19 prediction {e.g., [28, 37]}, to keep relevant to the
two demonstrative examples of this article. According to Levins
[42], it is ideal to operate with manageable models that maximize
generality, realism, and precision toward the overlapping, but
not identical goals of understanding, predicting, and modifying
nature. Levins [42] distinguished three alternative strategies,
namely, [1] sacrifice generality to realism and precision (which is

the approach of most simulation models); [2] sacrifice realism to
generality and precision (most physicists who work in population
ecology follow this tradition; the Lotka-Volterra model is an
example); and [3] sacrifice precision to realism and generality,
an example of this strategy is the theory of island biogeography
by MacArthur and Wilson [43], which we have briefly discussed
in the final paragraphs of this article. It is noted that the
term “precision” here, more precisely, refers to more specific or
detailed factors (information) used in modeling works.
Although Darwin’s evolutionary theory answered the question
of where and how biological species are originated and evolved
on the earth’s planet, the evolutionary theory did not explain
how and why species co-exist and form diverse communities
of species. Indeed, the competition or struggle for living, one
essential aspect of evolutionary theory, would predict that the
earth could be dominated by a handful of ultimate winners
from competitions, which is obviously not consistent with
the reality that the earth is cohabited by diverse species that
usually coexist. In fact, biodiversity has been studied and paid
attention by both scientists and the general public extensively
in modern societies [44]. The study of biodiversity distribution,
known as biogeography, was stuck in a “natural history phase”
until the 1960s, due to the dominance by the collection of
data and description of species, which were necessary but
not sufficient. MacArthur and Wilson [43] demonstrated in
their landmark monograph “The Theory of Island Biogeography”
that the first principles of population ecology and genetics
can be applied to explain how distance and area combine to
regulate the balance between immigration and extinction in
island populations. They were motivated to stimulate new forms
of theoretical and empirical studies, rather than synthesizing
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and unifying existing theories or establishing a general new
theory. Somewhat contrary to their unassuming start, their work
does lead to a stronger theory of biodiversity. Today, even a
half of a century has passed, the monograph continues to be
inspiring and remains at the center of discussions about the
geographic distributions of species in biodiversity research. Here
are mentioned the above historical episodes for two reasons.
First, MacArthur and Wilson’s [43] island biogeography theory
is well recognized as a landmark breakthrough in biogeography
and community ecology. It can be considered as an extremely
successful example of the modeling strategy of sacrificing
precision (details) to realism and generality. Second, one of the
key elements of their theory is the SAR PL, which is one of
the PLs coupled in this study, i.e., the DAR extended by Ma
[25-27]. Both factors should have contributed to the success
of the biodiversity and COVID-19 predictions demonstrated in
this study.

Besides the frequent infeasibility in simultaneously
maximizing generality, realism, and precision of mathematical
models, another commonly encountered dilemma for modelers
is the complex vs. simple models. According to Jewell et al. [37],
intuitively, simpler models may offer less valid predictions due
to their limited capacity in capturing complex and unobserved
human mixing patterns and other time-varying properties of
infectious disease spread. However, complex models can be no
more reliable than simple ones if they fail to capture key aspects
of the problem. In addition, complex models may produce the
illusion of realism and make it prone to omit crucial points.
Furthermore, outputs of complex models are usually more
sensitive to changes in parametric assumptions and/or the
estimations of external disease or environmental factors, such
as the lengths of latent/infectious periods due to mutation of a
pathogen [37]. Of course, the disadvantages of complex models
are not necessarily the advantages of simpler models. On the
other hand, simpler models are usually inexpensive to construct
and manage, and they may provide adequate solutions under
certain circumstances. We hope that this work proposes and
demonstrates a simple modeling approach for certain problems
where PLs are applicable.

Finally, one may wonder how accurate the prediction of our
coupling power laws is in forecasting the worldwide COVID-
19 fatality. Compared with the worldwide COVID-19 fatality
number on January 24th, 2022 (when this paper is formally
accepted and online), the error rate of the prediction with our
coupled power laws, made in the May 2021 (based on the fatality
data then alone) is approximately 7% only (i.e., the precision level
is 93%).

Specifically, we computed the worldwide fatality on Jan 24,
2022 with the following parameters and formula: F = CT"
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In the linear regression model, the multicollinearity effects on the ordinary least squares
(OLS) estimator performance make it inefficient. To solve this, several estimators are
given. The Kibria-Lukman (KL) estimator is a recent estimator that has been proposed to
solve the multicollinearity problem. In this paper, a generalized version of the KL estimator
is proposed, along with the optimal biasing parameter of our proposed estimator derived
by minimizing the scalar mean squared error. Theoretically, the performance of the
proposed estimator is compared with the OLS, the generalized ridge, the generalized
Liu, and the KL estimators by the matrix mean squared error. Furthermore, a simulation
study and the numerical example were performed for comparing the performance of
the proposed estimator with the OLS and the KL estimators. The results indicate
that the proposed estimator is better than other estimators, especially in cases where
the standard deviation of the errors was large and when the correlation between the
explanatory variables is very high.

Keywords: generalized liu estimator, multicollinearity, generalized ridge estimator, biasing parameter, ridge-type
estimator

INTRODUCTION

The statistical consequences of multicollinearity are well-known in statistics for a linear regression
model. Multicollinearity is known as the approximately linear dependency among the columns of
the matrix X in the following linear model

y=XpB +e,e~N(0,0°L,) (1)

where y is an n x 1 vector of the given dependent variable, X is a known n x p matrix of the
given explanatory variables, 8 is an p x 1 vector of given unknown regression parameters, and ¢ is
described as an n x 1 vector of the disturbances. Then, the ordinary least squares (OLS) estimator
of B for the model (1) is given as:

p=XX)"XYy

The multicollinearity problem effects on the behavior of the OLS estimator make it inefficient.
Sometimes, it produces wrong signs [1, 2]. Many studies were conducted to handle this. For
example, Hoerl and Kennard [2] proposed the ordinary ridge and the generalized ridge (GR)
estimators, while Liu [3] introduced the popular Liu and the generalized Liu (GL), and very
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recently, Kibria and Lukman [1] proposed a ridge-type estimator
called the Kibria-Lukman (KL) estimator which is defined by

Bri = (X'X +kI,) "' (X'X — kIp)B,k > 0

This estimator has been extended for use in different generalized
linear models, such as Lukman et al. [4, 5], Akram et al. [6], and
Abonazel et al. [7].

According to recent papers [8-10], we can say that the
efficiency of any bias estimator will increase if the estimator
is modified or generalized using bias parameters that vary
from observation to observation in the sample (k; and/or d;)
rather than in fixed bias parameters (k and/or d). Hence, the
main purpose of this paper is to develop a general form of
the KL estimator to combat the multicollinearity in the linear
regression model.

The rest of the discussion in this paper is structured as
follows: Section Statistical Methodology presents the statistical
methodology. In Section Superiority of the Proposed GKL
Estimator, we theoretically compare the proposed general form
of the KL estimator with each of the mentioned estimators. In
Section The Biasing Parameter Estimator of the GKL Estimator,
we give the estimation of the biasing parameter of the proposed
estimator. Different scenarios of the Monte Carlo simulation
are done in Section A Monte Carlo Simulation Study. A real
data is used in Section Empirical Application. Finally, Section
Conclusion presents some conclusions.

STATISTICAL METHODOLOGY

Canonical Form
The canonical form of the model in equation (1) is used
as follows:

y=Za+e¢ (2)

where Z = XR, @ = R B, and Ris an orthogonal matrix such that
Z'Z = RX'XR = G = diag(g1,£,...,&)- Then, the OLS of
is as:

a=G"17y (3)
and the matrix mean squared error (MMSE) is given as,

MMSE (&) = o*G™! (4)

Ridge Regression Estimators
The OR and the GR of «are, respectively, defined as follows [2]:

(5)
(6)

where W, = [G+ kI)]"!, k > 0and W, = [G + K], with
K = diag(ky, ka, ... kp), ki > 0,and i = 1,2,...,p.
The MMSE of the OR and the GR are given respectively as:

aor = W1Ga
agr = WG

MMSE(@or) = o*WiGW/' + (WG — L)oo/ (WG — L) (7)
MMSE(GGr) = 0> WL,GW,' + (W1G — L)aa'(W,G — I,)' (8)

Liu Regression Estimators
The Liu and the GL of care respectively defined as follows [3]:

)
(10)

ariy = Fa

agL = Fa
where

Fi =[G+ L] '[G+d),0<d<1andF, =[G+ 1,] "
[G + D], with D = diag(di, d>, ...,dp) and 0 < d; < 1.

The MMSE of the Liu and the GL are, respectively, given as:

MMSE(Gri) = 0> FiG™'F + (Fi — L)oo/ (F; — I,)  (11)
MMSE(GgL) = 0’ F,G'F) + (F, — L)aa'(F, — 1) (12)

Kibria-Lukman Estimator
The KL estimator of «is given as Kibria and Lukman [1]:

akx, = WiMi& (13)

where My = [G—kI,] and the MMSE of this estimator is given as:

MMSE(Gx) = o> Wi MG~ My Wy
+[WiM, — L]ao' [W M, — 1]’ (14)

The Proposed GKL Estimator

Now, by replacing W; with W, and M; with M, = [G—K] in the

KL estimator, we obtain the general form of the GKL estimator

as follows:

ackr = WoMsa (15)

then, the MMSE of the proposed GKL estimator is computed by,

MMSE(Ggkr) = 0> WaMa G~ My Wy + [Wo M, — 1]
OlO[/[WzMz — IP]/ (16)

SUPERIORITY OF THE PROPOSED GKL
ESTIMATOR

In this section, we make a comparison of the proposed GKL
estimator with each of OLS, GR, GL, and KL estimators. First,
we offer some useful lemmas for our comparisons of estimators.

Lemma 1: Wangetal. [11]: Suppose M and N are nx n positive
definite matrices, then M > N if and only if (iff) A — 11, where
A — lmayx is the maximum eigenvalue of NM ~! matrix.

Lemma 2: Farebrother [12]: Let S be an n X n positive definite
matrix. That is, $ > 0 and « be some vector. Then, § — e’ > 0
iffo’S™ 1o < 1.

Lemma 3: Trenkler and Toutenburg [13]: Let o; = Uw,
i = 1,2 be any two linear estimators of a. Suppose that Q =
Cov(@y) — Cov(@y) > 0, where Cov(@;),i = 1,2 be the covariance
matrix of &; and b; = Bias(¢;) = (U;X — I)a. Then,

A (&1 — &) = MMSE (&1) — MMSE (&,) = 0*Q

+b1b1/ — bzbz/ >0 (17)
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iff b,'[62Q+b1'b1] " b, < 1 where MMSE(&;) = Cov(&;)+ b;bi’
Theorem 1: &gxy is superior to & iff

o [WoMy — L) [0X(G™ — WMy G My W)

[(WaM, — [p]a < 1 (18)
Proof: The covariance matrices difference is written as
Difference = o> (G_1 — WZMZG_IMZ’WZ’)
= o’diag { L (g,—k,)z}P (19)
g gilg+k)?)_,

where G™! — WoM,G~!M,’W,’ becomes positive definite iff
(gi+ki)2_(gi_ki)2 > 0or (g + ki) — (g — k) > 0.Itis
clear thatfor k; > 0,i = 1,2,..,p, (g + ki) — (gi — ki) = 2k; > 0.
Therefore, this is done using Lemma 3.

Theorem 2: When A — 1y,ax, @Gk is superior to @gp iff

o [WoMy — L] [V1 4+ (W2G — L)' (W2 G — 1,)']

[WzMz — Ip]Ol <1
A— Imax

(20)
(21)
where V; 2(WoGWy — WoML G~ M, Wy'), N

WLKG KW/, and M = 2W,KKW,'.
Proof:

Vi =o? (W2GW, — WoMLG ' My Wy)

=0 (WL,GW, = W1 (G- K)G ' (G- K) W)
= o2 (2W2KKW; - WZKG’lKWZ’)

=o* (M —N)

For k; > 0, it is obvious that M > 0 and N > 0. Then, M — N >
0 iff A — lmax, Where A — Ijgy is the maximum eigenvalue of
NM~!. So, this is done by Lemma 1.

Theorem 3: &g, is superior to &gy, iff

o [WoMy — L) [Vy + (F, — Lo (F — 1) 1[W,M; — 1]

a<1 (22)
where V, = 0'2(F2G71F2/ — WzMzGile/Wz/).
Proof: The covariance matrices difference is written as
Vy =02 (R,G'R — WaM,G™'My Wy')
— o2diag i (gi + di)? B (gi — ki)* }P 03
gilg+1?  glg+k)?]

where F;G1E,y’ — WyM, G~ My’ W,' becomes positive definite
iff (g; + ki) (g + di)? — (gi — ki)*(gi + 1)> > 0 or (g + ki)(gi +
di) — (g —ki)(g+1) > 0.S0,ifk; > 0and 0 < d; < 1,
(gi+ki)(gi+di)—(gi—ki)(gi+1) = ki(2gi+di+1)+gi(di—1) > 0.
So, this is done by Lemma 3.

Theorem 4: &g is superior to &y iff

o [WoMy — L) [V3 + (WM — L)oo’ (Wi My — 1)']
[W2M2 — Ip]Oé <1 (24)

where V3 = o2 (Wi MG~ 'MW\ — WoM,G™ My Wy').
Proof: The covariance matrices difference is written as

Vs =0 (WiMG'MY' Wy — WaM, G~ My W)
k)2 k)2
= ozdiag{ (& ) (i /) }
i=1

g@+h?  gilei+k)
where WM, G~ M’ W' — W, M, G~ My’ W,' becomes positive
definite iff (g + ki)*(gi — k)* — (¢ — k)*(gi + k)*> > 0 or
(gi +ki)gi — k) — (g — ki)(gi + k) > 0.So,ifk; > Oand k; > k,
(gi + ki)(gi — k) — (g,‘ — k,’)(g,‘ + k) = Zgi(k,‘ — k) > 0. So, this is

done by Lemma 3.

(25)

THE BIASING PARAMETER ESTIMATOR
OF THE GKL ESTIMATOR

The performance of any estimator depends on its biasing
parameter. Therefore, the determination of the biasing parameter
of an estimator is an important issue. Different studies analyzed
this issue (e.g., [2, 3, 8-10, 14-24]).

Kibria and Lukman [1] proposed the biasing parameter
estimator of the KL estimator as follows:

}P
i=1

62

k A
[(52/gi) + 24;]]

min {

Here, we find the estimation of the optimal values of k; for the
proposed GKL estimator. The optimal values of k; are obtained
by minimizing

(26)

MMSE(@gki) = El(éerr — @) (derr — a )1,
m(ky, ko, ...y kp) = tr(MMSE(&gkyr), and

K1y ks s k) ZXPI (gi — ki)” +Xp:
m 5 5 eeey =0
1, K2 4 = gi i+ki)2

i=1

4k§ai2
(gi + ki)?

(27)

Differentiating m(ki, ka, ..., kp) with respect to k; and setting

am(kl,kz,...,kp)
%
and &7 by their unbiased estimators become as follows:

] = 0, the optimal values of k; after replacing o

~ 62
((6%/gi) +267)

A MONTE CARLO SIMULATION STUDY

, P (28)

2, .

The explanatory variables are generated as follows [25-27]:
1
xXi=(1—p")2aji+ pajp,j = 1,2, i =1,2,., p (29)

where aj; are the independent pseudo-random numbers that
have the standard normal distribution and p is known that
the correlation between two given explanatory variables. The
dependent variable y are given by:

yi=Bixp+ Paxp+ ...+ Bpxjp +&j,j=1,2,...,n  (30)
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TABLE 1 | The factors’ values of the simulation study.

TABLE 3 | EMSE values of the estimators whenp = 7.

Factor Symbol Levels n o P oLs KL GKL
Sample size n 50, 100, 150 50 1 0.8 0.4143 0.3129 0.4302
Standard deviation o 1,5,10 0.9 0.6792 0.5399 0.6831
Degree of correlation o 0.8,0.9,0.99 0.99 7.3867 3.9941 3.0983
Explanatory variables number 3,7 5 0.8 10.3568 5.5139 4.1882
Replicates number MCN 5,000 0.9 19.4796 10.0849 7.4658
0.99 184.6673 92.8175 66.6994
10 0.8 41.4272 21.1839 15.5082
0.9 77.9186 39.4124 28.5547
TABLE 2 | Estimated mean squared error (EMSE) values of the estimators when 0.99 738.6690 370.3048 265.3667
p=3. 100 1 0.8 0.1766 0.1529 0.2137
n p 0 oLS KL GKL 0.9 0.3322 0.2702 0.3652
0.99 3.1561 1.9888 1.7020
50 1 0.8 0.1249 0.1094 0.1548 5 0.8 4.4159 2.7275 2.2455
0.9 0.2260 0.1829 0.2738 0.9 8.3060 4.8911 3.8358
0.99 2.0641 1.1439 1.1208 0.99 78.9019 43.6091 32.3890
5 0.8 3.1235 1.7550 1.6052 10 0.8 17.6638 10.1544 7.7808
0.9 5.6491 2.8600 24774 0.9 33.2240 18.6747 14.0582
0.99 51.6036 22.2378 17.6275 0.99 315.6077 173.4003 128.2151
10 0.8 12.4940 6.2898 5.3865 150 1 0.8 0.1105 0.0992 0.1341
0.9 22.5965 10.5775 8.7621 0.9 0.2081 0.1773 0.2504
0.99 206.4144 87.8850 69.2762 0.99 1.9769 1.3108 1.2036
100 1 0.8 0.0605 0.0557 0.0701 5 0.8 2.7632 1.7804 1.5371
0.9 0.1107 0.0964 0.1373 0.9 5.2014 3.1588 2.5389
0.99 1.0308 0.6454 0.7558 0.99 49.4224 27.3769 20.2601
5 0.8 1.5118 0.9306 0.9509 10 0.8 11.0529 6.4542 4.9732
0.9 2.7663 1.6097 1.4056 0.9 20.8054 11.8006 8.8790
0.99 25.7697 11.3736 8.9376 0.99 197.6896 108.306 79.6545
10 0.8 6.0471 3.1436 2.7244
0.9 11.0651 5.0050 4.3648 For each case, the smallest EMSE value is bolded.
0.99 103.0788 44.4958 34.4270
150 1 0.8 0.0420 0.0393 0.0469 TABLE 4 | Estimated coefficients and mean squared error (MSE) values of the
0.9 0.0768 0.0687 0.0928 estimators.
0.99 0.7125 0.4700 0.6113 Estimator 4 B» Bs Ba MSE
5 0.8 1.0497 0.6763 0.7487
0.9 1.9189 1.0893 1.0826 OLS 2.1930 1.1533 0.7585 0.4863 0.0638
0.99 17.8124 7.7631 6.1352 KL 2.1764 1.1572 0.7465 0.4888 0.0629
10 0.8 4.1988 22214 1.9830 GKL 2.1653 1.1613 0.7312 0.4904 0.0620
0.9 7.6756 3.6905 3.1029
0.99 71.2496 29.9827 23.1604
For each case, the smallest EMSE value is bolded!. following formula:
EMSE(a* L NS o "(af
SE@") = 4= E (@ =) (ef —a) (31)

where ¢; are the i.i.dN(0, 02). The values of 8 are given such that
B'B = 1 as discussed in Dawoud and Abonazel [28], Algamal
and Abonazel [29], Abonazel et al. [7, 30], and Awwad et al. [31].
Also, all factors that used in the simulation are given in Table 1.
In order to see the performance of the OLS, KL, and
the proposed GKL estimators with their biasing parameters
estimators presented in Section Statistical Methodology, the
estimated mean squared error (EMSE) are calculated for each
replicate with different values of o, p, n, and p using the

where o] is the estimated vector of « at the Ith experiment of
the simulation.

The EMSE values of the OLS, KL, and GKL estimators are
presented in Tables 2, 3. We can conclude the following based
on the simulation results:

1. When the standard deviation (o), the degree of
multicollinearity (p), and the explanatory variables number
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(p) get an increase, the EMSE values of estimators get
an increase.

2. The EMSE values of estimators get a decrease in case of the
sample size gets an increase.

3. The GKL is better than the OLS estimator in all different values
of factors except when 0 = 1 and p = 0.80, 0.90 with the
considered values of p and n.

4. The GKL is better than the KL estimator in all different values
of factors except the following cases: (i) for n = 50 when
o = land p = 0.80, 0.90 with p = 3 or 7, (ii) for n = 100, 150
when o = 1 in all presented values of p with p = 3 or when
o = 5and p = 0.80 with p = 3, and (iii) for n = 100, 150
when o = 1and p = 0.80, 0.90 withp = 7.

5. Finally, we see that the proposed GKL estimator is obviously
efficient in case of the standard deviation getting large and
when the correlation among the explanatory variables are
very high.

EMPIRICAL APPLICATION

For clarifying the performance of the proposed GKL estimator,
the dataset of the Portland cement that was originally due
to Woods et al. [32], which was considered in Kibria and
Lukman [1], where the dependent variable is the heat evolved
after 180 days of curing and measured in calories per gram of
cement. In this study, the first explanatory variable is tricalcium
aluminate, the second explanatory variable is tricalcium silicate,
the third explanatory variable is tetracalcium aluminoferrite,
and the fourth explanatory variable is B-dicalcium silicate.
The eigenvalues of X’X matrix are 44,676.21, 5,965.42, 809.95,
and 105.42. Then, the condition number is 20.58. Therefore,
multicollinearity exists among the predictors. The estimated
error variance is 62 = 5.84, which shows high noise in the
data. The estimated values of the optimal parameters in the
GKL estimator are calculated as derived in Section Statistical
Methodology. Also, the equation proposed by Kibria and
Lukman [1] for estimating the biasing parameter of the KL
estimator is used. Consequently, the mean square error (MSE)
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Nonlinear data assimilation methods like particle filters aim to improve the numerical
weather prediction (NWP) in non-Gaussian setting. In this manuscript, two recent
versions of particle filters, namely the Localized Adaptive Particle Filter (LAPF) and the
Localized Mixture Coefficient Particle Filter (LMCPF) are studied in comparison with the
Ensemble Kalman Filter when applied to the popular Lorenz 1963 and 1996 models.
As these particle filters showed mixed results in the global NWP system at the German
meteorological service (DWD), the goal of this work is to show that the LMCPF is able
to outperform the LETKF within an experimental design reflecting a standard NWP
setup and standard NWP scores. We focus on the root-mean-square-error (RMSE)
of truth minus background, respectively, analysis ensemble mean to measure the filter
performance. To simulate a standard NWP setup, the methods are studied in the realistic
situation where the numerical model is different from the true model or the nature run,
respectively. In this study, an improved version of the LMCPF with exact Gaussian mixture
particle weights instead of approximate weights is derived and used for the comparison
to the Localized Ensemble Transform Kalman Filter (LETKF). The advantages of the
LMCPF with exact weights are discovered and the two versions are compared. As in
complex NWP systems the individual steps of data assimilation methods are overlaid by
a multitude of other processes, the ingredients of the LMCPF are illustrated in a single
assimilation step with respect to the three-dimensional Lorenz 1963 model.

Keywords: data assimilation, particle filter, nonlinear systems, ensemble filter, Kalman filter, Lorenz 1963 system,
Lorenz 1996 system

1. INTRODUCTION

Data assimilation methods combine numerical models and observations to generate an improved
state estimate. Besides optimization approaches, ensemble methods use an ensemble of states
to approximate underlying probability distributions. For example the ensemble Kalman filter
presented in Evensen [1] (see also [2, 3]) carries out Bayesian state estimation and samples from
Gaussian distributions which equals a linearity assumption of the underlying system. However,
the local ensemble transform Kalman filter (LETKF; [4]) is widely used in high dimensional
environments. For example, the LETKF is successfully used as ensemble data assimilation method
in the numerical weather prediction (NWP) system at the German meteorological service (DWD).
Nevertheless, there is the aim to develop more general ensemble methods to account for the
increasing complexity of numerical models.
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Particle filter methods are based on Monte Carlo schemes and
aim to solve the nonlinear filtering problem without any further
assumptions on the distributions. Since Monte Carlo methods
suffer the curse of dimensionality, the application of classical or
bootstrap particle filters to high- dimensional problems results in
filter divergence or filter collapse (see [5-7]). After first attempts
to carry out nonlinear Bayesian state estimation approximately
by Gordon et al. [8], further particle filters are developed, which
are able to overcome filter collapse. For an overview of particle
filters we refer to van Leeuwen [5] and van Leeuwen et al. [9].

One idea to prevent filter collapse is to develop hybrid
methods between particle filters and ensemble Kalman filters.
Examples for hybrid filters are the adaptive Gaussian mixture
filters [10], the ensemble Kalman particle filter [11], which
is further developed in Robert and Kiinsch [12] and Robert
et al. [13], the merging particle filter [14] and the nonlinear
ensemble transform filter (e.g., [15, 16]) which resembles the
ensemble transform Kalman filter [17]. Transportation particle
filters follow the approach to use transformations to transport
particles in a deterministic way. A one-step transportation is
carried out in Reich [18] and tempering of the likelihood, which
leads to a multi-step transportation, is presented in, e.g., Neal
[19], Del Moral et al. [20], Emerick and Reynolds [21], and Beskos
et al. [22]. The guided particle filter described in van Leeuwen
et al. [23] and van Leeuwen [5] tempers in the time domain,
which means that background particles at each time step between
two observations are used. The transportation of particle filters
can also be described by differential equations. In Reich [24]
and Reich and Cotter [25], the differential equation is simulated
using more and more tempering steps. Approximations to the
differential equation can also be derived by Markov-Chain Monte
Carlo methods [25-27]. Localization is another approach in
particle filter methods to overcome filter collapse. Localization
schemes based on resampling are used in e.g., the local particle
filter [28] which is applied for mesoscale weather prediction [29].
Additionally, the local particle filter (LPF) [30], the localized
adaptive particle filter (LAPF; [31]) and the localized mixture
coefficients particle filter (LMCPF; [32]) are based on localization
schemes.

Moreover, the localized mixture coefficients particle
filter (LMCPF) is based on Gaussian mixture distributions.
In 1972, Alspach and Sorenson already introduced an
approach to nonlinear Bayesian estimation using Gaussian
sum approximations combined with linearization ideas [33].
Anderson and Anderson first presented a Monte Carlo approach
with prior approximation by Gaussian or sum of Gaussian
kernels in geophysical literature [34]. They proposed to extend
the presented kernel filter by the transformation of the equations
to a subspace spanned by the ensemble members to apply the
filter in high-dimensional systems. The LMCPF is based on
this kind of transformation. The first attempts were followed
from various approaches to filtering with the usage of Gaussian
mixture distributions (e.g., [35-38]). Some of the particle filters
mentioned above are based on Gaussian mixture distributions as
well (e.g., [10, 11, 24]).

The localized particle filter methods LPF [30], LAPF and
LMCPF are structured in a way that a consistent implementation

in existing LETKF code is possible. In Kotsuki et al. [39], the
LPF and its Gaussian mixture extension, which resembles the
LMCPE are tested in an intermediate AGCM (SPEEDY model).
Moreover, LAPF and LMCPF are applied in the global NWP
system at DWD (see [31, 32]). The comparison of the LMCPF to
the LETKEF for the global ICON model [40] yields mixed results.
In this study, we investigate if the LMCPF can outperform the
LETKF with respect to a standard NWP setup and standard
NWP score in the dynamical systems Lorenz 1963 and Lorenz
1996. We will see later that the answer is indeed positive and
that the LMCPF yields far better results than the LAPF. To
this end, a model error is introduced by applying different
model parameters for the true run and in the forecast step.
Furthermore, we focus on the root-mean-square-error of truth
minus background, respectively, analysis ensemble mean, which
is an important score in NWP, rather than looking at an entire
collection of measures. In this study, we present and apply a
revised version of the LMCPF. We derive the exact Gaussian
particle weights, which are then used in the resampling step
instead of approximate weights. This promising completion of
the method was also recently introduced in Kotsuki et al. [39]
and tested for an intermediate AGCM model. We will see that
the revised method leads to the survival of a larger selection of
background particles and as a consequence thereof to a higher
filter stability concerning the spread control parameters.

In addition, the individual ingredients of the LMCPF method
are portrayed in one assimilation step with respect to the
Lorenz 1963 model. Background and analysis ensemble as
well as the true state and observation vector can be easily
displayed for this three dimensional model. With this part,
we want to illustrate the advantage of LMCPF compared to
LAPF in the case that the observation is far away from the
ensemble. Furthermore, the difference between the approximate
and exact particle weights are discussed and the improvement of
LMCPF over LETKF for a bimodal background distribution is
shown.

The manuscript is structured as follows. Section 2 covers
the experimental setup based on the dynamical systems
Lorenz 1963 and Lorenz 1996. The three localized ensemble
data assimilation methods LMCPE LAPF and LETKF are
mathematically described in Section 3, which includes the
derivation of the exact particle weights for the LMCPFE.
In Section 4, the LMCPF is studied for one assimilation
step with respect to the Lorenz 1963 model. Finally,
LMCPF is compared to LETKF and LAPF for Lorenz 1963
and Lorenz 1996 in Section 5 and the conclusion follows
in Section 6.

2. EXPERIMENTAL SETUP: LORENZ
MODELS

The mathematician Edward Lorenz first presented the chaotic
dynamical systems Lorenz 1963 and 1996. These are frequently
used to develop and test data assimilation methods in a well
understood and controllable environment. This section aims to
state the experimental setup.
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2.1. Lorenz 1963 Model

In Lorenz [41], Edward Lorenz introduced a nonlinear dynamical
model, which is denoted as Lorenz 1963. Due to its chaotic
behavior, the system has become a popular toy model to
investigate and compare data assimilation methods (e.g., [34, 38,
42)).

The dynamics of Lorenz 1963 represent a simplified version
of thermal convection. The three coupled nonlinear differential
equations are given by

d.

% = o(x —x1) (1)
dx

CT: = pX] — X2 — X1X3 ()
d.

§ = x1x%2 — Bx3 (3)

where x (1), x2(t), and x3(t) are the prognostic variables and o,
p, and B denote the parameters of the model. In terms of the
physical interpretation, o is the Prandtl number, p a normalized
Rayleigh number and B a non-dimensional wave number (see
[43]). In this work, we follow Lorenz’ suggestion to set o = 10,
p = 28 and B = 8/3, for which the system shows chaotic
behavior [41]. In case of this parameter setting, the popular
butterfly attractor is obtained (see Figure5). Furthermore,
x1 describes the intensity of the convective motion, x, the
temperature difference between the ascending and descending
currents and the last variable x3 denotes the distortion of the
vertical temperature profile from linearity [41].

2.2. Lorenz 1996 Model

Since the introduction of the Lorenz 1996 model in Lorenz
[44], the dynamical system is used as popular test bed
for data assimilation methods (e.g., [28, 36, 45]). Not only
different adaptions of the ensemble Kalman filter but also
particle filter schemes or hybrid methods combining particle
filter and EnKF schemes are tested in the high-dimensional
and chaotic environment given by Lorenz 1996 with specific
parameter settings (e.g., [30, 46, 47]). In contrast to Lorenz
1963, localization is an important component of the investigation
of data assimilation methods and the later Lorenz 1996 model
invites to test localization schemes (e.g., [48]).

The model considers n € IN coupled time-dependent
variables, whose dynamics are described by a system of n ordinary
differential equations. We consider the state variable as x(t) =
D@, ..., x"() e R* fort € RR+. The dynamics of the N-th
component are governed by the ordinary differential equation

dx™

= AN DR NN 0

(4)

where the constant F is independent of N and describes a forcing
term. Furthermore, we define

so that Equation (4) is valid for any N = 1,...,n. In addition
to the external forcing term, the linear terms describe internal
dissipation whereas the nonlinear, respectively, quadratic terms
simulate advection. In this study, we use F 8 as forcing
term for the true run and choose differing values for the model
propagation step.

In a meteorological context, each variable represents an
atmospheric quantity, e.g., temperature, at one longitude on a
latitude circle. The equidistant distribution of the nodes on a
latitude circle for n = 40 variables is illustrated in Figure 1.

2.3. Data Assimilation Setup

To test data assimilation methods with the Lorenz models,
observations are produced at equidistant distributed
measurement times. The system of differential equations of
Lorenz 1963 model, respectively, Lorenz 1996 model is solved by
a fourth-order Runge-Kutta scheme using a time-step of 0.05.
The integration over a certain time is stored as truth, from which
observations are generated with a distance of A; time units.
The true run is performed with model parameters o'™"¢ = 10,
0 28 and B = 8/3 for Lorenz 1963 and with the forcing
term F"¢ = § for the 40-dimensional Lorenz 1996 model. The
integration of the ensemble of states is accomplished for different
model parameters o for Lorenz 1963 and F for Lorenz 1996 in
order to simulate model error. Furthermore, the observation
operator H € R"™*" is chosen linear for both dynamical systems.
The observation vector yj at the k—th measurement at time f;, is
defined by

ye=H-x" +neR" (7)
whereas the entries of 7 € R™ are randomly drawn from
a Gaussian distribution with zero expectation and standard
deviation o,p. Additionally, the observation error covariance
matrix is represented by
2

R=oj Iy € R (8)

with the m x m-identity matrix I,,. The ensemble is initialized

by random draws from a uniform distribution around the true
starting point x ¢,

3. LOCALIZED ENSEMBLE DATA
ASSIMILATION METHODS

Data assimilation methods aim to estimate some state vector.
Methods based on an ensemble of states can additionally estimate
the uncertainty of the state and provide an idea for the associated
distribution. This section covers three localized ensemble data
assimilation methods, which are compared against each other
later in this paper. The localized adaptive particle filter (LAPF;
[31]) describes a particle filter method which is applicable
to real-size numerical weather prediction and implemented in
the system of the German meteorological service (DWD). To
improve the method and approximate the scores, the LAPF

(N—n) . _ (N) . . . .
x =X (5)  was further developed, which resulted in the localized mixture
AN+ — (N (6)  coeflicients particle filter (LMCPF). The LMCPF combines a
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FIGURE 1 | Set-up for Lorenz 1996 model withn = 40 variables.

resampling step following the Monte Carlo approach with a shift
of the particles toward the observation. The shift results from the
application of Gaussian (mixture) distributions and exists in the
localized ensemble transform Kalman filter (LETKF) [4] in the
form that the ensemble mean is shifted. The LETKF is widely
used in the data assimilation community and therefore already
improved. Due to similarities between LETKF and the particle
filter methods LAPF and LMCPE, the ensemble Kalman filter
represents a good method to compare the newer methods LAPF
and LMCPF with.

All of these ensemble methods fulfill Bayes' theorem in
approximation. With the aid of Bayes’ formula, a given prior
or background distribution can be combined with the so-
called likelihood distribution to obtain a posterior or analysis
distribution. In terms of probability density functions, the
theorem yields
xeR"yeR"

P = capyl)p® (x), (9)

for the prior probability density function (pdf) p® :R" —
[0, 00), the likelihood pdf p(:|x):R™ — [0,00) for x € R"
and the resulting posterior pdf p(@ : R" — [0, 00) with n,m €
IN. In realistic NWP, the model space dimension n € NN is
in general larger than the dimension of the observation space
described by m € IN. Furthermore, the constant ¢, € R in
Equation (9) ensures that the resulting function is again a pdf.
Due to the normalization constant, the likelihood function does

not necessarily have to be a pdf to satisfy Bayes’ formula. This
form of Bayes’ theorem is derived from the formula of the density
function of a conditional probability function which is proven in
Section 4-4 of Papoulis and Pillai [49].

In data assimilation, the likelihood is given by the observation
error pdf as function of x € R" for given observation vector
y € R™. We assume a Gaussian distributed observation error
for all presented filters, i.e.,

— ; . _l _ Tp—1
pylx) IR exp ( 5 (y—Hx)'R'(y — Hx)) ,
(10)

for x € R", some observation vector y € R, the linear
observation operator H: R” — R™ and the observation error
covariance matrix R € R™*™. The derivations of the following
methods are carried out for a time-constant linear observation
operator H. The assumption on the prior distribution differs for
the filters. In the LAPE, the prior pdf is approximated by a sum
of delta functions following the idea of the classical particle filter.
The LMCPF assumes a sum of Gaussian kernels while the LETKF
approximates the prior pdf by a Gaussian pdf.

All of the following methods are based on localization so that
the steps are carried out locally at a series of analysis points.
Furthermore, the observations are weighted depending on the
distance to the current location. As Lorenz 1963 is only built on
three variables, localization is not implemented for this model.
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For the Lorenz 1996 model, the implementation is based on the
smallest distance between two variables along the circle (e.g.,
[50]), which is plotted in Figure 1. The distances are weighted
by the fifth-order polynomial localization Gaspari-Cohn function
described in Gaspari and Cohn [51]. Moreover, the function
depends from the localization radius r,c > 0. The resulting
weight matrix is applied by the Schur-product to the observation
error covariance matrix R, which is then used to derive the
analysis ensemble by one of the following methods.

In addition, the equations of the following localized methods
are carried out in ensemble space to reduce the dimension. The
ensemble space is spanned by the columns of

X:= (x(b’l) — &0, 10D 30, D ic(")) e R (11)

with ensemble size L € IN. j, respectively
Y:= <y<b,1> _ 0 6D 50 el )—,(b>> e R™L (12)

where x(?) and ) denote the mean of the background ensemble
(x(h’l))lzl)m,L, i.e.,

L
1
b — (b.])
XV = I Zx (13)
I=1
respectively the mean of the ensemble in observation space
1L
)‘,(h) — I Zy(b)l). (14)
=1

The ensemble in observation space is obtained by the application
of the observation operator H to the background ensemble, i.e.,

YO = Hx®D 1 =1,.. L (15)
The orthogonal projection P onto the ensemble space span(Y)
weighted by R~ is defined as

Y(Y"R'Y) YR

P:=Y(Y*Y)"ly* = (16)

whereas

y*=yTR™! (17)
denotes the adjoint of Y with respect to the weighted scalar
product < -,- >p-1 on R™ and the standard scalar product on
RE. To ensure the invertibility of Y*Y, the formulas are restricted
to C(Y*) - the column space or range of Y* — which is a subset of
N(Y)! c R! (see Lemma 3.2.1 and Lemma 3.2.3 in Nakamura
and Potthast [52]). Additionally, the matrix Y*Y is denoted as

=Y'R Y.

A:=Y*Y (18)

3.1. Localized Adaptive Particle Filter

The LAPE introduced in Potthast et al. [31], is based on the
idea for classical particle filters (e.g., the Sequential Importance
Resampling Filter by Gordon et al. [8]) to approximate the
background distribution by a sum of delta distributions. Let x(®?
for | = 1,...,L be an ensemble of background particles with
ensemble size L € IN..;. The background pdf is described by

1L
EZ(S(x—x
=1

With Bayes' Theorem for pdfs in Equation (9) and the
observation error pdf p(y|x), the posterior pdf results in

PP = )y, (19)

L
PO =Dy p(rvsee — 1)
I=1

(20)

with the normalization factor ¢@ € R-,. Following Anderson
and Anderson [34], the relative probability p; that a sample
should be taken from the I-th summand of p® in the resampling
step, is derived by

[ pyls(x — xPD)dx
B [P @(x) dx

pyIx®D)
Z{‘:l p(y|x(h,l)) ,

1)

for | = .,L. With the choice of a normal distributed
observation error (Equation 10) this leads to

o~ 3 —Hx) TR (y—HxbD)

pr= S o o G (22)
=1

as the normalization factor in Equation (10) does not depend on [
and can be canceled. To resample from the posterior distribution,
stratified resampling is performed in ensemble space. To this end,
the weights

0 = R O-HCOTRTG=HD) T (23)
are transformed to ensemble space with the help of the
orthogonal projection P defined in Equation (16). With an
analogous approach as in Section 3.2.1, the weights in ensemble
space yield
D — e —3(C—e)TA(C—ey)

Wens

(24)

forl=1,...
vector

,Lwith A = YTR™!'Y and the projected observation

C=A"YYTR1(y — 5. (25)
A detailed derivation of the weights in ensemble space is given
in Potthast et al. [31]. These weights are normalized to obtain the
relative weights

~ ()

Wens

WD = TR
Zl—l Wens

(26)
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which sum up to L. As next step, stratified resampling [53]
is performed based on the ensemble weights. To this end,

accumulated weights are calculated. For | = 1,...,L, the
accumulated weights are defined by
Waeg = 0,  Wagq = Wa_, + ﬁ’(u’l)- (27)

Additionally, L on the interval [0,1] uniformly distributed
random numbers r; are generated to introduce the variable R} =
I—1+rforl =1,...,L. Then, the stratified resampling approach
yields a matrix W e {0, 1} with entries

W _ 1, Re€ (Wac,'_I:Wac,-] (28)
0, else

where the number of ones in the i-th row indicates how often the
i-th particle is chosen.

The particles chosen in the stratified resampling step build
an ensemble of the background particles, which can be
contained multiple times. To increase the ensemble variation,
new particles are drawn from a Gaussian mixture distribution.
Let each chosen particle represent the expectation of a Gaussian
distribution with covariance o(p)?/(L — 1) I} € RIXL,
Under allowance of the frequency, new particles are drawn
from the Gaussian distribution. The covariance matrix equals
the estimated background covariance matrix in ensemble space
Beys = 1/(L —1)-I; € RMXE multiplied with an inflation
factor o(p). The inflation factor is a rescaled version of the
adaptive inflation factor p which is used in the LETKF (see [4]).
The parameter p is defined by Equations (86) and (87). The
dependence of o (p) on p is given by Equation (88). The detailed
description is given in Potthast et al. [31] and in Section 3.2.3.

All in all, the steps can be combined in a matrix Wyapr. Let
Z € RY be a matrix whose entries originate from a standard
normal distribution. Together with the resampling matrix W, the
matrix Wy apr is defined by

a(p)
VL—1

The full analysis ensemble is calculated by multiplication of the
background ensemble with the matrix Wy apg, i.e.,

WrapPr = W-i- A (29)

@Dy =F9 1+ X Weapr (30)

where X describes the ensemble pertubation matrix defined in
Equation (11) and 1 € R'*L denotes a row vector with ones as
entries. The multiplication of background mean with 1 results in
a matrix of size n x L with the mean vector replicated in each of
the L columns.

3.2. Localized Mixture Coefficients Particle
Filter

The LMCPE, presented in Walter et al. [32], builds on the LAPF
but differs in the assumption on the background distribution. In
difference to the ansatz of classical particle filters, the background
particles are interpreted as the mean of Gaussian distributions.

The background pdf is described as the sum of these Gaussians
where each distribution has the same covariance matrix, i.e.,

L
p(b) (x): = 0 Z e*%(xfx“”Z))TB‘l(x—x(b’l)) (1)
I=1
with ensemble size L € IN-; and the normalization factor
1
O = (32)

L.-/@2r)"det(B)

The covariance matrix is estimated by the background particles,
ie.,
B:=yXxx’ (33)

with the ensemble pertubation matrix X defined in Equation (11)
and the parameter

K
= € Ry 34
v=1_7¢Rs (34)
With the parameter «, the background uncertainty can be
controlled. The general covariance estimator is given for k =
1. To ensure the invertibility of B, the formulas are restricted
to C(X) - the range of X. From definition (Equation 33) the
covariance matrix in ensemble space is derived by

Bens = VIL € RLXL (35)
with the identity matrix I; € RL*L. Following Bayes’ Theorem,
the analysis pdf is given by

L
PO =polx) - pP@) =9 " p(ylx) - pP ) (36)
=1

where p() (x) denotes the I-th summand of the background pdf
in Equation (31). The likelihood p(y|x) is chosen as Gaussian (see
Equation 10). Following Theorem 4.1 in Anderson and Moore
[54], the analysis pdf can be explicitly calculated. The result is
again a Gaussian mixture pdf, i.e.,

L _ 1 (aD\T gla)y—1(,_,(al)
p(“)(x)=c(“)2w(l)-e( He DT BO) o))
I=1

with
B@ .= B '+HR'H)! (38)
x(a,l) - x(b,l) + B(a)HTRfl(y _ Hx(b,l)) (39)
wh = e(‘%@‘H"(b’”)””<V*'R+YYT)"‘y‘H"(h’”)) (40)

and a normalization factor ¢® such that the integral of p®(x)
over the range of X denoted by C(X) yields one. The weights w')
are important to obtain a sample from the posterior distribution.
The relative probability that a sample from the /-th summand of
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p(“) should be taken is described in Anderson and Anderson [34]
by

_ L @T(ga)y=1(y_(al)
fc(“)w(l)-e( LS )) dx wl) 41
- [P ) dx - 4D

pi

With the following steps, a posterior ensemble is generated as a
sample of the posterior distribution in Equation (37).

3.2.1. Stratified Resampling

In the original version of the LMCPF described in Walter et al.
[32], the particle weights are approximated by those of the
LAPF defined in Equation (23). In this work, the exact Gaussian
mixture weights are derived and applied in the resampling step.
Furthermore, the effect on the filter performance is discovered. In
Kotsuki et al. [39], the exact weights are applied to the Gaussian
mixture extension of the LPF [30] and an improvement of the
stability of the method is detected with respect to the inflation
parameters within an intermediate AGCM.

To reduce the dimensionality, the weights in Equation (40) are
transformed and projected in ensemble space. To this end, the
sum of the projection P defined in Equation (16) and I — P with
the identity matrix I is applied to the exponent of Equation (40).
The weights are transformed to

WO — (T HIPHEPIG—HE)Ty = T Ry D) PHI-P)y—Hx )
(42)
— p . (THOHETRTY T T R R0 (43)

whereas cr_p is defined by

pi— e(—%(y—Hx(b”))T(I—P)Ty’l(y’1R+YYT)’1(I—P)(y—Hx(b”))) (44)

First, the observation minus first guess vector can be reshaped to
y— Hx®D — O _)—,(b)) + ()—,(b) _ Hx(h’l)) =y _}—/(b) — Ye;(45)

with the I-th unit vector ¢, € RL. The application of the
projection matrix to Equation (45) leads to

Py — Hx®)) = YAT'Y 'R [(y = 7) — Yeil = Y(C — &) (46)

whereas C denotes the projected observation vector in ensemble
space

C:=A"YTR (y — 30, (47)

With the aid of Equation (45), the application of I — P to
observation minus first guess vector yields

(I-P)y—Hx®)) = 1= P)(y—3P) — (I - P)Ye; (48)
= -y —ya YR (y — )
— Ye,+ YAT'YTR lyg (49)
= @y -y —vcC. (50)

This expression do not depend on [ so that ¢;_p of Equation
(44) is constant and has no impact on the relative weights of the
particles [see Equation (43)]. To derive the transformation, the
equality

Y IR+ YYD L= U+ YTR'Y)"IYTR™D (51)
is used. Equation (51) is shown by multiplying
U+ YTR'YT = YTR Y (y 'R+ YYT) (52)
from the left with the inverse
(y U+Y'RT'Y)! (53)
and from the right with the inverse matrix
¢y 'R+YYDH) =R Yy U+ YYTR™H L (54)

The invertibility of y =!I + Y*Y and y~'I + YY* on N(Y)%,
respectively, C(Y) follows from Theorem 3.1.8 in Nakamura and
Potthast [52]. Y* denotes the adjoint matrix defined in Equation
(17). The first mixed term

(P(y — Hx®D) Ty =1y 1R + YY) "1 (I — P)(y — Hx®P)
(55)

= (}/ — Hx(b,l))TPTyfl(yflR + YYT)fl(y - Hx(b’l)) (56)
—(y — Hx®)TPTy 7 (7 R+ YY)~ P(y — Hx®D) (57)

reduce to zero if the equality
Ply 'R+ YYD ' =PIy 'R+ YY)~ P (58)
holds. Starting with the right hand side of the equation, we obtain

PT(y7'R+YY")7'P = RT'YA N (y 711
+YTRT'Y) T YTRTYAT Y TR (59)
=R'YA Ny I+ YTR YY) YR
(60)
=PI 'R+ YY) (61)

with the application of equality [Equation (51)] in the first and
last step and the definition of A in Equation (18) in the second
step. The reduction of the second mixed term to zero can be
proven following an analog approach. The combination of the
formulation in Equation (46) with Equation (51) leads to the
exponent

(P(y — Hx®D) Ty =1y IR+ YYT)~1P(y — Hx®D)(62)
=C—-e)YTy Yy 'R+ YYD 'Y (C—¢) (63)
= (C—e)Ty My U+ YTRTIY)TIYTRTIV(C — ¢) (64)

Finally, the particle weights in ensemble space yield

W, = 2y oy L (65)
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with the relation wﬁ’,{s = ¢_p - W to the weights in model

space with ¢;_p defined in Equation (44). In the following, the
normalized weights
(0
wed = s L
ZIL=1 Wens
are used which sum up to L.

Following the approach of stratified resampling [53],
uniformly distributed random numbers are used to calculate
the frequency of each particle with the aid of the respective
accumulated weights. For [ = 1,..., L, the accumulated weights
are defined by

(66)

Wag, = 0, Wae, = Wac_, + W(a’l)~ (67)

Then, L on the interval [0, 1] uniformly distributed random
numbers ry are generated to introduce the variable R = [ — 141,
forl=1,..., L. The approach of stratified resampling then leads
to the matrix W € {0, 1}2%L with entries

Ry e (Wan_l:Wac;]

— 1,
W =
0, else

where the number of ones in the i-th row indicates how often the
i-th particle is chosen.

(68)

3.2.2. Shift of Particles
Compared to the LAPE, the Gaussian mixture representation
leads to a shift of the particles toward the observation. The
shift resembles the shift of the mean of all particles toward the
observation in ensemble space in the LETKF (see [4]). The new
location of the particles is described by the expectation vectors in
Equation (39) of the kernels of the posterior Gaussian mixture
distribution. To carry out the particle shift, the transformed
formula of Equation (39) is derived. First, the representation of
the analysis covariance matrix B@ defined in Equation (38) is
derived. To this end, the analysis covariance matrix is reshaped
to the known representation

B = (I—BH"(R+ HBH"))"'B. (69)
The equivalence of both formulas is proven in Lemma 5.4.2 in
Nakamura and Potthast [52] for example. With the help of the
definition of B in Equation (33), the representation can further
reformulated to

B = (1 — yxXX"HT(R+ HyXX"H")"'H)yxx" (70)
= yXT - yY'R+yYY")y)XxT (71)
= yXU-Y'(y 'R+ YY) 'Y)XT. (72)

The application of equality Equation (51) in Equation (72) in
combination with the definition of A (Equation (18)) leads to

B = yX(I — (y 1+ A) ' A)XT (73)
= yX(y T+ A T I+ A- X (74)
= X(y ' +4)"x" (75)

so that the analysis covariance matrix in ensemble space is given

by

BYW = (y7 1+ A)"!

ens

(76)

The insertion of Equation (75) in the definition of x@D in
Equation (39) yields

x@l = 3 ®D 4 X (71 + A)TXTHTR™ (y — Hx®D) (77)
3O 4 xO) _zOX( 7+ A)TYTR Ny — 70 — Yey).

(78)

The second step results from the application of Equation (45).

The equation can be further reshaped with the equality x(*) —
%®) = Xe; and the multiplication of = AA™!

@D = 3O 4 X(e+ (y T+ A)TTAATYTR (y — 5P — Yeyp))
(79)
=i £ X(e;+ (y T+ A)TTAC —¢)). (80)

The last formulation results from the definition of the
projected observation vector C given in Equation (47) and the
definition of A in Equation (18). The ensemble representation of
the analysis expectation is then given by

B =+ (y '+ A)TA(C —¢) € R (81)
Since the I-th unit vector ¢; € RE denotes the I-th background

particle in ensemble space, the second summand denotes the shift
vectors, i.e.,

pUhift) . — (o, =11 4 A)LA(C — ¢) € RL. (82)
All shift vectors are taken together in the matrix
wshift) . ( ﬁ(shlft Do ﬂ(shift,L)> c RLXL. (83)

3.2.3. Draw Particles From Gaussian Mixture
Distribution

In the last part of the LMCPF method the analysis ensemble
is perturbed to increase the variability. To this end, new
particles are drawn from a Gaussian distribution around each
shifted particle which was previously selected. If a particle is
selected multiple times, the same amount of particles is drawn
from the respective Gaussian distribution. This approach equals
the generation of L particles following the Gaussian mixture
distribution in ensemble space, i.e.,

L
= Ze 5(B=BD) (0 (0 BE) T (B

=1

BeRE (84)

The covariance matrix of each Gaussian is inflated by the factor
o(p) € Rso to control the ensemble spread. The variable p
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denotes the inflation factor implemented in the LETKF method
(see [4]), which follows an ansatz introduced by Desroziers et al.
[55] and Li et al. [45]. Based on statistics of observations minus
background

4o =y — gx® (85)

an adaptive inflation factor is calculated (see [55] or section e on
page 352f. of Potthast et al. [31]), i.e.,

(@ 9Tdo=b _ trace(R)

0 = 86
P trace(HBHT) (86)

To smooth the factor over time, the formula
p=0op+(1—a)pd (87)

is applied for some o € [0, 1] and the inflation factor pg1q of the
previous time step. In the LMCPF method as well as the LAPF
method, the inflation factor p of the LETKF method is scaled.
The factor o (p) is derived by

0> P < ,0(0),

_ 5,0
o(p)i=qc+ (1 —a) S5lg, PV =p=pP, (89

o1, p > p

with parameters p(©, p(' € R and co,¢; € Ry. In the LETKF
method, the analysis ensemble is inflated around the analysis
ensemble mean. In the LAPF and LMCPF method, particles are
resampled from the background ensemble, shifted (in case of the
LMCPF) and then randomly perturbed to increase the ensemble
variability. Due to these differences in the multiplicative inflation
approach, the application of a scaled version of p is necessary and
yielded better results in experiments. The boundaries ¢y and ¢;
are tuning parameters. Due to the random drawing around each
resampled particle, the parameters ¢y and ¢; should be chosen
smaller than the parameters p© pM in the LETKF method.
These parameters describe the upper and lower bound of p.

All in all, the steps of selecting, moving and drawing can be
combined in the matrix Wy ycpr, i.€.,

Wimcpr : = W+ WO Wi 6(0) - [BOIY2 .z (89)

with W defined in Equation (68), W®Nif) following Equation
(83) and a random matrix Z € RI*L with standard normally
distributed random numbers as entries. Then, the full analysis
ensemble is obtained by

@Dy =x9 1+ X Winmepr (90)
where 1 € R describes a row vector with ones as entries and
X the ensemble pertubation matrix defined in Equation (11).

In Feng et al. [56], two nonlinear filters are compared which
can preserve the first and second moments of the classical particle
filter. First, the local particle filter in its version introduced
in Poterjoy et al. [57] represent a localized adaption of the

classical particle filter. Second, the local nonlinear ensemble
transform filter (LNETF; [16]) is an approximation to the
classical particle filter as well but instead of a classical resampling
step a deterministic square root approach is followed. This is
based on ideas of LETKF. Compared to the local particle filter
and LNETE the LMCPF uses a Gaussian mixture probability
density function to approximate the background. With the
stratified resampling step the particles are resampled following
the posterior distribution, which is exact for Gaussian mixtures
and Gaussian observation error. Due to the assumption of
Gaussian mixture densities, the resampled particles are shifted
which results in the exact mean vectors of the Gaussians of the
posterior pdf, and also, temporarily, the exact covariances. To
increase the variability of the ensemble, new particles are drawn
from the posterior distribution as follows. Around each particle,
new particles are randomly drawn from a Gaussian distribution
with the exact mean vector and the exact covariance multiplied
with an inflation factor. In contrast to the local particle filter, there
is no rescaling of the ensemble applied in the LMCPF method.
That means, the LMCPF will preserve the moments of a Gaussian
mixture filter approximately up to sampling errors and inflation.

3.3. Localized Ensemble Transform Kalman

Filter

The Localized Ensemble Transform Kalman Filter (LETKF)
is first introduced in Hunt et al. [4] and is widely used in
numerical weather prediction (e.g., [58]). The LETKEF is based
on equations of the Ensemble Kalman Filter (EnKF; [1, 3, 59])
transformed and performed in ensemble space. As the LAPF
and LMCPF the observation error is chosen to be Gaussian
distributed with the pdf described in Equation (10). In contrast
to the methods described previously, this method assumes the
background ensemble to represent a Gaussian distribution as
well, i.e.,

PO = . e 2 ENTETI =) (91)
G denotes the estimated background covariance matrix following
Equation (33) with y = 1/(L — 1), i.e,

G:= — xxT e R™". (92)
L-1
To distinguish from the more general version of the covariance
matrix introduced in Section 3.2 about the LMCPF method,
the standard covariance estimator is named G. The transformed
version in ensemble space—which is spanned by the columns of
X in Equation (11)—is then given by

1
— I e RI¥L (93)

Gens::L_l

with the L x L - identity matrix I;. The application of
Bayes' formula (9) to the background distribution p® and
the observation error pdf Equation (10) leads to the Gaussian
analysis pdf

xf)_c(“))T(G(‘ﬁ)_l(xfp_c(“)))

P9 (x) = c(”)e(i%( (94)
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with the covariance matrix

GW =G +HRH)! (95)
and the expectation vector
@ =30 1 GWHTR Y (y — HX®). (96)

The derivation can be found for example in Nakamura and
Potthast [52] or in Evensen et al. [3]. A more common
formulation of the update equations can be derived by
rearrangement of Equations (95) and (96). Following Lemma
5.4.2 in Nakamura and Potthast [52], an equivalent form of the
covariance matrix is given by

G% = (I, — GHT(R+ HGH"))"'G= (I, - K)"'G (97)
with the Kalman gain matrix K € R™ " and identity matrix

I, € R™". The covariance matrix in ensemble space is derived
in Equations (70)-(98), i.e.,

GO =(L—1) I+ A"

ens *

(98)

with identity matrix I; € RE*L and A defined in Equation (18).

The insertion of Equation (75) applied to Ggﬁ)s in the definition of
%@ in Equation (96) leads to

X =30 L XL - 1) -1+ A XTHTR (v — HZP)(99)
=i 4 X. GAYTR ! (y — 5. (100)

That means, the analysis mean in ensemble space is given by

B =G@OYTR(y — 3¥) e RE. (101)
There are multiple approaches to obtain the full analysis
ensemble in dependence on the analysis covariance matrix. The
LETKEF is based on the square root method. The weighting matrix
WLETKE is defined by the square root

1
Wierkr = [(L — DG]2 (102)

which is related to the covariance matrix by
G = (L — )Wigrkr(Wrerke) - (103)

Additionally, the posterior covariance is inflated. To this end,
an adaptive inflation factor p based on observation minus
background statistics is derived by Equations (86) and (87). Then,
the full analysis ensemble is calculated by
@)y =5 1+ X /P Wierks (104)

where 1 € R'F describes a row vector with ones as entries and
X the ensemble pertubation matrix defined in Equation (11).

4. STUDY OF INDIVIDUAL STEPS OF
LMCPF

The LMCPF method can be divided in three parts: stratified
resampling (Section 3.2.1), shift of particles (Section 3.2.2) and
drawing new particles from a Gaussian mixture distribution
(Section 3.2.3). In this section, we discuss the behavior of the
ensemble during the different parts of a single data assimilation
step performed by the LMCPF method.

4.1. Stratified Resampling

The stratified resampling step represents the main idea of the
particle filter method. Only the particles with sufficient weight
are chosen. In the LAPF and LMCPF methods, the resampling
step is carried out in the ensemble space in order to reduce
the dimension and prevent filter collapse. This step occurs in
both methods but different particle weights are used. The relative
weights of the LAPF Equation (26) depend on the distance
of the particles to the observation and the observation error
covariance. In case of the LMCPE, the exact weights Equation (66)
additionally depend on the particle uncertainty parameter «.

Figure 2 illustrates the relation between these two weights.
If k tends to zero, the normalized Gaussian mixture weights
tend to the classical particle filter weights, which are used in
the LAPF and were previously used in the LMCPF method. The
particle weights are derived from the case illustrated in Figure 3.
The approximate weights in Figure 2 suggest that in the LAPF
method only one particle would have been chosen as one particle
gets all the weight. Furthermore, the exact weights approach each
other for larger . That means, more particles would be chosen
in the stratified resampling step for larger «. If k¥ tends to infinity,
the exact weights tend to one so that the probability to sample a
particle is the same for each particle.

Since the relative weights depend on the distance of the
particles to the observation, these background particles, which
are close to the observation, are chosen. This is illustrated in
Figure 3 as well as in the example with a bimodal background
distribution in Figure4. In the bimodal case, all the particles
of the mode close to the observation are resampled. In both
examples, the observation is located outside of the background
ensemble. After the stratified resampling step, the particles are
still far from the observation. In Figure 4B, the shifted ensemble
mean of the LETKF method is even closer to the observation than
the nearest background particles. That leads to the idea, to use a
Gaussian mixture representation in the LMCPE, to include the
shifting step of the LETKF, which is discussed in the next part.

4.2. Shift of Particles

In contrast to the ensemble Kalman filter method, particle filters
do not shift particles toward the observation but only choose the
nearest ones, so that the ensemble mean is pulled toward the
observation. In the LMCPE each remaining particle is shifted
as the ensemble mean in the ensemble Kalman filter method.
Furthermore, the shift is affected by the particle uncertainty
described by the background covariance matrix. Modification of
the parameter « in Equation (34) yields changes in the valuation
of the particle uncertainty. If k is set to a larger value, there is less
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FIGURE 2 | The exact Gaussian mixture weights w'@) Equation (66) are compared against the approximate weights W) Equation (26), which are used in the LAPF
method. Each color denotes the pair of weights (approximate and exact) for one of the 10 particles. The particle weights come from the scenario illustrated in

Figure 3. For the exact weights, the particle uncertainty parameter « is varied.

confidence in the background ensemble. Hence, the confidence in
the observation ascends, relatively seen. Finally, this results in a
stronger shift of the remaining particles toward the observation.
To validate this intuition mathematically, the spectral norm of
the posterior covariance matrix

L—1 -1
= (=0 a)

(105)

with k > 0, the identity matrix I; € R*! and projected
observation error covariance matrix

A=YTR 'y e RF¥L (106)

is observed. The spectral norm is induced from the euclidean
vector norm and is defined by the square root of the maximal
eigenvalue of AT A. In the case of complex matrices, the transpose
matrix is replaced by the adjoint matrix. Matrix A is symmetric as
the observation error covariance matrix R is a symmetric matrix
by definition. Furthermore, every symmetric matrix is normal.
Let be U € RY*L the matrix with eigenvectors of the normal
matrix A as columns and D € RE*! the diagonal matrix with the
respective eigenvalues as diagonal entries ordered from maximal
to minimal eigenvalue such that

A =UDUT (107)

holds. Since U is a unitary matrix, i.e., UUT = I, the inverse
term of Bgfl)s can be reshaped to

L-1
K

L—1
- 5 +uput=U < I + D) uT. (108)
K

That means, U also describes the unitary matrix of the eigenvalue
decomposition of the inverse of Bﬁ?ﬁs and the eigenvalues are

given by

L—-1

A= —— + Wi i=1,...,L (109)
K

with eigenvalues (u;); of A. We remark that ; > 0 holds for
alli = 1,...,L as A is positive definite. The spectral norm of
the inverse matrix equals the inverse of the smallest eigenvalue
min{A;|i=1,...,L}, ie,

(@) L-1 : -
[Bensllz = | —— + min () | . (110)
K i= L

3eees.

On the basis of this term, we can easily see that larger values for
« leads to a larger spectral norm of B,
Furthermore, the shift vectors are defined by

. L—1 -1
puhifth — (—IL —|—A) A(C—¢), 1=1,...,L (111)
K
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FIGURE 3 | A single assimilation step is carried out with the LMCPF method. The observation (green point) is located outside of the background ensemble of size
L =10 with the ensemble mean represented by the dark blue point. The particles chosen in the stratified resampling step (light blue points) are shifted toward the
observation (orange points). The particle uncertainty parameter « is set to one. The shaded areas denote Gaussian ellipsoids with respect to the corresponding
covariance matrices. Darker colored ellipsoids around the background particles denote larger weights w@) defined in Equation (66).

shifted

To discover the shifting strength for different «, the spectral

norm of Bgﬁ)s multiplied with A is examined. With the eigenvalue
decomposition of A, we obtain

L—1 -1
( I+ UDUT> upu’
K

L—1 -1
= (uhH-! ( Ir +D> u-lupu” (112)
K

L—1 B
U( IL+D> DU (113)
K

which follows from the property U~} = U7 of a unitary matrix
U. This results in the spectral norm

L—1 -1
IB@.A|, = max {( + Mz‘) Mi} (114)
i=1,...,.L K

seens

which gets larger for greater «.
In Figure 3, the shift of the two particles, which are chosen
in the stratified resampling step results in particles close to

the observation even for k = 1. For this parameter choice,
the background error covariance matrix B equals the standard
covariance estimator. The shaded areas around the dots describe
the uncertainty. Compared to the background uncertainty, the
observation error covariance matrix R = 0.3% - I is smaller, which
explains the strong shift toward the observation. In comparison,
the difference between background and observation uncertainty
is smaller in the bimodal case in Figure 4. This results in shifted
particles, which are not as close to the observation as in Figure 3.

4.3. Draw Particles From Gaussian Mixture

Distribution

In the LMCPF as well as in the LAPF method, new particles
are drawn from a Gaussian mixture distribution but different
covariance matrices are applied. In the LAPE, an inflated version
of the background error covariance matrix in ensemble space
1/(L — 1) - I is used. The covariance matrix is adapted by the
spread control factor o (p)?, which is derived in Equation (88). In
contrast, the newly derived covariance matrix Bg?,)s Equation (98)
in ensemble space is applied in an inflated version in the LMCPF.
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FIGURE 4 | The background ensemble (blue circles) is generated from a bimodal distribution and the observation (green point) is located near one of the modes. The
dark blue point illustrates the background ensemble mean. In (A), the assimilation step is performed with the LMCPF method and in (B) with the LETKF method. The
light blue points in (A) illustrate the resampled particles and the orange points describe the shifted particles for k = 1. The analysis particles resulting from LMCPF and
LETKF are represented by the red circles and the red point illustrates the analysis ensemble mean. In the LMCPF method, these particles are randomly generated
from Gaussian distributions with the shifted particles as expectation vectors. The shaded areas denote Gaussian ellipsoids with respect to the corresponding
covariance matrices.

TABLE 1 | Parameters of the model configuration and experimental setup for the Lorenz 1963 (L63) and 1996 (L96) models.

Forecast length A; Model param. Std of obs error oqps Obs. variables DA steps
L63 0.15;0.3; 0.5 o =10;0 =12 0.5 First 1,000
L96 0.3;0.5 Five = 8. F=8:95 0.2;0.5;0.8; 1.1 Every second 1,000

The draw from a Gaussian mixture distribution is carried out
by drawing new particles from Gaussian distributions around
each chosen particle. For all Gaussian distributions, the same
covariance matrix is applied. In case of the LMCPE, the spectral
norm of the covariance matrix Bﬁi?s results in a larger value if the
particle uncertainty parameter « is set to a greater value. This
counteracts the effect that a stronger shift toward the observation
vector leads to smaller distances among the particles.

Figure 4 shows the results of one LMCPF and LETKF
step for a bimodal background distribution. The Gaussian
ellipsoids cover random draws from the same three dimensional
distribution with a high probability. Nevertheless, the analysis
particles of LMCPF and LETKF are located outside of the
ellipsoids. The particles are resampled in the L — 1-dimensional
ensemble space and not in the three-dimensional model space.
This leads to a wider analysis ensemble for L > # than we
would obtain by drawing in the n-dimensional model space. In
practice, the dimension of the model space is much larger than
the dimension of the ensemble space so that this case does not
occur.

In comparison to the particle filter method, the analysis
ensemble derived by the LETKF method maintains the structure
of the background ensemble and is only shifted and contracted.
In that case, the ensemble mean, which represents the state
estimate, is not located in an area with high probability density
but in between the two modes (see Figure 4B). The analysis

ensemble aims to approximate the uncertainty distribution of the
state estimate. This more realistic uncertainty estimation is one
of the advantages of the particle filter methods over the ensemble
Kalman filter.

5. RESULTS FOR LONGER ASSIMILATION
PERIODS

In the following, the results of longer data assimilation
experiments for the Lorenz 1963 model as well as the 40-
dimensional Lorenz 1996 model are discussed. Beside the
comparison of root-mean-square errors following Equations
(115) and (116) for different methods, the development of the
effective ensemble size [see Equations (119) and (120)] in the
particle filter methods are observed. For both models, the initial
ensemble size is set to L = 20 in the following experiments.
Further parameters of the model configuration and experimental
setup, which are used in this section, are summarized in Table 1.

For the 40-dimensional Lorenz 1996 model, the methods
are used in a localized form, as described at the beginning of
Section 3. The localization depends on the localization radius 11y,
which affects the number of observations used in the analysis
step. Moreover, the optimal localization radius depends on the
method as well as the model parameters. For the LETKF method,
we choose 7}, in between 4 and 7 in depending on the model
error, the integration time A; and the observation noise after
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the investigation of different localization radii. With respect to
the LMCPF with exact weights, the localization radius 7}, is set
to a value between 4 and 6 in the experiments of this section.
In addition, experiments revealed larger effective ensemble sizes
for smaller localization radii. Moreover, an automatic restart was
introduced for all methods to catch extreme cases.

5.1. Definition of RMSE and Effective

Ensemble Size

To compare different data assimilation methods, a measure is
needed. In general, the goodness of a DA method is associated
with the distance between the background or analysis state
estimate and the truth, or alternatively the observation if the
truth is not available. For that purpose, the normalized euclidean
norm or root-mean-square-error (RMSE) is used to calculate the
distance of background or analysis state estimate and the truth at
time 4, i.e.,

e : = 1) = I H;‘c,(f) — xfrue (115)
@ . _ (a) _ 1 [z@ _  true
e i=e YD(te) = 7 ka x; ) (116)

where n € IN denotes the number of variables of the underlying
model and &;{b), J'c;(”) describe the background or analysis ensemble
means. For a time period given, where data assimilation is carried
out at the measurement points t1, . . ., fx, the averaged errors are

denoted by
K
e = L5 o0, (117)
k=1
R0
e = F’;ek (118)

In terms of particle filter methods, the development of the
effective ensemble size is an important quantity to examine the
stability of the filter. The effective ensemble size is defined by

1
- Zszl (w@)) /1)2

with the relative particle weights in ensemble space w(®" of the
LMCPF described in Equation (66) or with the classical particle
filter weights w(®) of the LAPF defined in Equation (26). In
general, particle filter methods suffer in high-dimensional spaces
from filter degeneracy due to the finite ensemble size (see [6]). In
that case, the effective ensemble size tends to one, which means
that the weights become strongly non-uniform. With respect to
the 40-dimensional Lorenz 1996 model, the effective ensemble
size is computed at each localization point and the average at each
data assimilation cycle is derived. The mean effective ensemble
size over all localization points is denoted by

Leg (119)

- 1
Leg =5 D Les(p) (120)
p

where P describes the number of localization points (P = n for
Lorenz 1996) and L. is calculated at each localization point using
the respective weights.

5.2. LMCPF Results in Dependence of the

Particle Uncertainty Parameter «

The results of data assimilation methods vary in dependence
of the model parameters integration time A; of the dynamical
model, the model error between true and model run and
observation noise og,,s. The chaotic behavior of the Lorenz
systems means that small differences in the initial conditions
can lead to significantly different future trajectories. In average,
greater propagation or forecast time intervals result in greater
perturbations of the model run. The nonlinearity of the Lorenz
models causes the propagation of some Gaussian distributed
ensemble to result in non-Gaussian structures even at shorter
lead times.

Figure 5 shows the integration of a Gaussian distributed
ensemble over time with Lorenz 1963 model dynamics. For
A; = 0.3 and Ay = 0.5, the resulting ensemble is clearly non-
Gaussian so that the main assumption of the Kalman filter to
the background distribution does not hold. As a consequence,
we expect improvements of LMCPF over LETKF especially for
longer forecast times.

Moreover, model error means that true states, respectively,
observations are generated by a slightly different dynamical
model than the first guess from the previous analysis ensemble.
For the Lorenz systems, the model error is produced by the
application of different values for the Prandtl number o (Lorenz
1963) and for the forcing term F (Lorenz 1996). In NWP systems,
the atmospheric model is known to have errors. Hence, it is
important to investigate the application of data assimilation
methods in case of model error. Naturally, we expect the model
run to differ stronger from the true run for greater differences in
the model parameters.

In addition, the observation noise o, strongly affects the data
assimilation results. As in the case of the model error, this is
no surprise, since the observation is used in data assimilation
to obtain an analysis state. The LMCPF is quite sensitive to
the observation noise because the resampling as well as the
shift moves the ensemble toward the observation. To generate
the observations for experiments with the Lorenz models, the
true trajectory is randomly perturbed at time points, where data
assimilation is performed. If some observation is far from the
truth by chance, an overestimation of the importance of this
observation might lead to worse results of the LMCPF compared
to LETKF or LAPF.

There are six parameters in the LMCPF method to adapt the
method to model and observation error as well as the integration
time. The five parameters py, p1, ¢, ¢1 and « are used to control
the spread of the analysis ensemble in the last step, where new
particles are drawn from a Gaussian mixture distribution (see
Section 3.2.3) . But the sixth, the particle uncertainty parameter
K, respectively, y defined in Equation (34), is the most important
parameter since the variable affects the spread of the analysis
ensemble as well as the movement of the particles toward the
observation.

In the following, the results for LMCPF compared to LETKF
are shown for different settings of Lorenz 1963 and 1996.
To identify a reasonable particle uncertainty parameter «, the
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FIGURE 5 | A thousand particles drawn from a Gaussian distribution (red points) are integrated in time with respect to the Lorenz 1963 model dynamics for A; = 0.15
(blue), A; = 0.3 (lightblue) and A¢ = 0.5 (cyan) time units.
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FIGURE 6 | Comparison of background errors of LMCPF and LETKF following Equation (121) for different forecast lengths Ay = 0.15, A = 0.3 and A; = 0.5. Positive
values denote a smaller RMSE of truth minus background for the LMCPF method than the LETKF. For each parameter combination, 1, 000 data assimilation steps are
carried out for the Lorenz 1963 model whereas the last 900 steps are used to compute the statistics. The experiments are repeated 10 times with different seeds and
the average error is reported. The true trajectory is generated with o™ = 10, the integration of the ensemble of states is performed with o = 12 and the observation
noise equals oops = 0.5. Only the first variable is observed. The ensemble size is set to L = 20 for both methods.
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parameter is varied. In Figure 6, experiments for different
forecast lengths A; are performed with respect to the Lorenz
1963 model. The observation error standard deviation is chosen
as ogps = 0.5 and only the first variable is observed. The true
trajectory is generated with the Prandtl number o™ = 10, while
the forecast ensemble is integrated with 0 = 12 to introduce
model error. For each parameter setting, 1,000 data assimilation
cycles are carried out with both methods, whereas the average
errors over the last 900 cycles are computed. That means the first
100 steps are not used. Furthermore, each experiment is repeated
ten times with different seeds to generate different random
numbers and the average error is reported. The mean background
errors [see Equations (117) and (118)] of both methods are
compared by
(b) (b)

e — e
5= w -100. (121)

CLETKF

Positive values (blue arrays) for § denote better results for
LMCPF than LETKE. Following Figure5, the background
ensemble is less Gaussian distributed for longer forecast lengths.
Figure 6 illustrates the improvement of LMCPF over LETKF in
particular for Ay = 0.5. In case of A; = 0.15, the results for
LMCPF are worse than for LETKF. For a longer forecast length,
the RMSE of background minus truth is lower than the RMSE of
LETKEF for a wider range of values for «.

In Figure 7, the results for a range of values of x are shown
for the 40-dimensional Lorenz 1996 model with respect to
different model errors. Similar to Figure 6, the background errors
of LMCPF and LETKF are compared by Equation (121). One
thousand data assimilation cycles are carried out, whereas the
first 100 steps are considered as spin-up time and are not used in
the computation of the mean errors. Moreover, the experiments
are repeated ten times with different random seeds. To receive
the results displayed in Figure 7, the truth is generated with the
forcing term F"™"¢ = 8, while the forecast ensemble is derived
with different forcing terms between F = 8 and F = 95.
In addition, the observation error standard deviation is set to
Oobs = 0.5 and a longer forecast length Ay = 0.5 is applied.
The results indicate, that in most cases there is some particle
uncertainty parameter «, so that the LMCPF outperforms the
LETKF.

Following Lei and Bickel [60], longer forecast lengths
(At > 0.4) lead to highly non-Gaussian ensembles for the
40-dimensional Lorenz 1996 model with forcing term F = 8.
To verify this, we integrated a standard Gaussian distributed
ensemble (L = 10,000) in time for A; = 0.5 and with
forcing term F = 8. The distance of the resulting distribution
to a Gaussian distribution with the same mean and variance
can be measured by the distance of the skewness and kurtosis
to the characteristic values 0 and 3 for skewness and kurtosis
of a Gaussian distribution. For the integrated ensemble, we
obtain 0.56 as absolute skewness averaged over all N = 40
model variables. The averaged absolute distance of the empirical
kurtosis of the integrated ensemble to the characteristic value 3
of a Gaussian distribution is 0.99. This indicates a non-Gaussian
ensemble.

An increasing value of F up to 9.5 leads to a larger distance
of the background to the true state or the observations which
denotes a larger systematic model bias. Figure 7 illustrates that
for larger model error, the RMSE of LMCPF is lower than for
LETKF for a wider range of values for «. That means, the
parameter adjustment of the LMCPF is easier for larger model
error. In case of no model error for the forcing term F = 8, the
distance between observations and background is smaller than in
cases with model error. In theory, we suggest that smaller values
for the particle uncertainty parameter « yield better results in that
case since this leads to less uncertainty in the background. If «
tends to zero, the LMCPF gets more similar to LAPF. For the
LAPE we have observed a greater sensitivity to sampling errors.
To this end, experiments for increased ensemble size (L = 100)
were performed which showed better scores of LMCPF than
LETKEF in case of no model error and for smaller values of «.
Finally, the perfect model scenario with small distances between
background and observation is a difficult case for the LMCPF
with small ensemble sizes while this case is less relevant for the
application in real NWP systems. In realistic applications, model
errors occur and the applicable ensemble size is relatively small
compared to the model dimension.

Furthermore, the effective ensemble size depends on the
parameter k. If « tends to infinity, the effective ensemble size
tends to the upper boundary L. This can be explained by Figure 2,
which illustrates that the particle weights approach each other
if k tends to infinity. This means, that all the particles get the
same weight, which results in the effective ensemble size L.g = L.
With respect to the experiments in Figure 7, the mean effective
ensemble size varies for k > 0.5 between L.g = 8 and Leg =
15. The variabilty of the effective ensemble size for different
model errors is negligible. As remark, further experiments with
different localization schemes and localization radii have shown
that smaller localization radii lead to larger effective ensemble
sizes up to a certain point. To ensure that the ability of the
LMCPF to outperform the LETKF (see Figure 7) do not depend
solely on the special selection on forcing terms F'™¢ and F,
additional combinations between 6.5 and 9.5 were tested.

In Figures 6, 7, the results for different integration times
and model errors are shown. Figure 8 illustrates the changes
for different observation standard deviations o,ps. On the one
hand, the LMCPF is able to outperform the LETKF for a wider
range of values for k. On the other hand, there is the tendency
that for larger observation standard deviation smaller values
for xk lead to good results. As the parameter x adapts the
particle uncertainty, smaller values decrease the uncertainty of
the background ensemble and relatively increase the uncertainty
of the observation. That means the particles are pulled less
strongly in the direction of the observation.

In addition, we compared LMCPF and LETKF in case of
non-Gaussian distributed observations. To this end, observations
are generated with errors following a univariate non-Gaussian
double exponential Laplace distribution [16], which are also
applied in [56], and an equivalent experiment to Figure 7 was
performed. The observation error standard deviation is chosen as
Oobs = 0.5 again. There is no significant improvement of LMCPF
compared to LETKF in case of non-Gaussian observations. Since
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FIGURE 7 | Comparison of background errors of LMCPF and LETKF following Equation (121). Positive values denote a smaller RMSE of truth minus background for
the LMCPF method than the LETKF. For each parameter combination, 1,000 data assimilation steps for the Lorenz 1996 model are carried out whereas the last 900
steps are used to compute the statistics. The experiments are repeated ten times with different seeds and the average error is reported. The true trajectory is
generated with F¢ = 8, the forecast length is set to A; = 0.5 and the observation noise equals oos = 0.5. Every second variable is observed. The ensemble size is
set to L = 20 for both methods.
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FIGURE 8 | The background errors of LMCPF and LETKF following Equation (121) are compared for different observation error standard deviations oops. Positive
values denote a smaller RMSE of truth minus background for the LMCPF method than the LETKF. For each parameter combination, 1, 000 data assimilation steps for
the Lorenz 1996 model are carried out whereas the last 900 steps are used to compute the statistics. The experiments are repeated ten times with different seeds and
the average error is reported. The true trajectory is generated with F® = 8 and the integration of the ensemble of states is performed with F = 8.5. The forecast
length is set to A; = 0.5. Every second variable is observed. The ensemble size is set to L = 20 for both methods.
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both methods assume Gaussian distributed observation errors
by definition, the results confirmed the expectation, that LMCPF
does not have an advantage over LETKF in case of non-Gaussian
observations. But there is the possibility to adapt the LMCPF in
future to account for non-Gaussian observation error. Similar
to the idea of a Gaussian mixture filter, the observation error
distribution may be approximated by a sum of Gaussians. This
would lead to new particle weights and shift vectors.

5.3. LMCPF With Gaussian Mixture and

Approximate Weights

In the first version of the LMCPF method presented in Walter
et al. [32], the particle weights are approximated by the classical
particle filter weights in ensemble space, which are used in
the LAPF method. This is reasonable if the covariance B of
the Gaussians kernels is small compared to the distance of
observation minus background particles. But this assumption
may not be justified in practice. If the uncertainty parameter «
tend to zero the assumption is fulfilled and the exact Gaussian
mixture weights tend to the approximate weights (see Figure 2).

In Figure 9, the LMCPF method with exact Gaussian mixture
weights [see Equation (66)] is compared to the LMCPF method
with approximate weights [see Equation (26)] in the case that
every second variable is observed. To compare the methods for
a variety of model parameters, the forecast length is set to Ay =
0.3 for the experiments in the following sections. The results
of LMCPF with exact and approximate weights are comparable
but the overall background and analysis errors are higher for
the version with approximate weights. Moreover, the adaptive
inflation parameters po, 01, ¢, ¢1 and « are set to the same values
for both methods and both methods have a similar ensemble
spread averaged over the whole experiment. Furthermore, the
ensemble spread is overestimated for both methods compared to
the background, respectively, analysis error.

In Figure 10, the development of the effective ensemble size
Leg over the last 200 assimilation steps of this experiment is
plotted for the LMCPF with exact and approximate weights as
well as the LAPF method. The effective ensemble size of the
LMCPF with approximate weights is only slightly higher than
for the LAPF method, while the line of LMCPF with exact
weights is significantly higher. Also, the localization radius has
a large effect on the effective ensemble size. Smaller localization
radii 7. lead to larger effective ensemble sizes. Regarding the
results in Figure 10, for the LMCPF method with exact weights,
the localization radius is set to 1, = 4, while for the other
two methods, the radius is chosen as r,. = 2. That means,
for the same localization radius the effective ensemble size of
LMPCEF with exact weights would be even larger. Moreover, the
localization radius is an important parameter to achieve stable
results in case of the LAPF method. For the LMCPF method, the
application of the exact Gaussian mixture weights lead to higher
effective ensemble sizes so that the filter performance does not
depend so heavily on the localization radius and optimal results
are obtained for higher localization radii than for the version with
approximate weights. Further experiments for longer forecast
lengths (A; = 0.5 and A; = 0.8) have also shown that the

effective ensemble size decreases for increasing integration time
for all three particle filter versions. While the effective ensemble
size of the LMCPF with exact weights still take values around
L.g = 10 for an initial ensemble size of L = 20, the variable
decreases to values around L.g = 3 for LAPF and LMCPF with
approximate weights. The increase of the effective ensemble size
shows the improvement of the stability of the LMCPF method
with exact particle weights. In case of a larger effective ensemble
size, more information of the background ensemble is used. If
only few particles are chosen in the stratified resampling step, the
ensemble spread depends more on the adaptive spread control
parameters pg, p1,¢o,¢1 and «. In a worst case scenario where
only one particle is chosen, all analysis particles are drawn
from the same Gaussian distribution with inflated covariance
matrix. Small changes in the covariance matrix of the Gaussian
distribution effect the ensemble spread stronger compared to
drawing the analysis particles from Gaussians with different
expectation vectors. Using the exact Gaussian mixture weights,
Kotsuki et al. [39] also detected an improvement of the stability
of the LMCPF method with respect to the inflation parameters
within an intermediate AGCM. Nevertheless, the application

of the analysis covariance matrix Bg‘f])s [see Equation (98)] in
the Gaussian mixture distribution, from which new particles
are drawn in the last step, leads for both LMCPF versions to
more stable results with respect to the spread control parameters
compared to the LAPF method.

5.4. Comparison of LMCPF, LAPF, and

LETKF

In this section, the three localized methods LMCPF, LAPF and
LETKF are compared with respect to the 40-dimensional Lorenz
1996 model.

Figures 11, 12 describe the results for the true forcing term
Fe = 8 and F = 9 for the model integration with
integration time A; = 0.3. Compared to the overall results
in Figure9 for an experiment with larger model error F =
9.5, the RMSE of background or analysis mean minus truth
for the LMCPF method takes lower values. Furthermore, the
results for the last 200 data assimilation steps of the experiment
in Figure 11 illustrate that the higher errors for the LAPF
method mostly come from high peaks at some points, while
the errors are comparable for most regions. The tuning of the
spread control parameters is essential to obtain good results
for the LAPF. Compared to the LMCPE the filter is more
sensitive to these parameters. Additionally, background and
analysis errors of the LMCPF method are lower than the errors
of the LETKF and the LAPF methods for the majority of the
shown time steps. The mean errors over the whole period
except a spin-up phase, take lower values even if there are high
peaks at some steps. Some outliers occur for each of the three
methods.

The RMSE development gives an impression for the overall
performance of the filters. In contrast, Figure 12 illustrates the
behavior for individual variables over the full period except a
spin-up phase of 100 data assimilation steps. The difference
between the background (Figure 12A) and analysis (Figure 12B)
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FIGURE 9 | The evolution of the background and analysis errors [see Equations (115) and (116)] for LMCPF with exact and approximate weights is illustrated for the
last 200 data assimilation steps of an experiment over 1, 000 steps. For both methods, the ensemble size is set to L = 20. Every second variable of the
40-dimensional Lorenz 1996 model is observed. The forcing terms are set to F™¢ = 8 and F = 9.5 and the forecast length is set to A; = 0.3. The observation
standard deviation is chosen as ogps = 0.5 and the observation error covariance matrix as diagonal matrix R = agbs - Im. The particle uncertainty parameter is set to
« = 1.1 for the LMCPF with exact weights and to x = 1.0 for the LMCPF with approximate weights. The background error mean of the last 900 data assimilation
steps of the LMCPF with exact weights equals e®) a2 1.54 and the analysis error mean is approximately e@ ~ 0.95. The respective error means for the LMCPF with
approximate weights are given by e®) ~ 1.62 and e ~ 1.06.
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FIGURE 10 | The effective ensemble size Lef defined in Equation (120) of the LMCPF method with exact and approximate weights as well as the LAPF method is
shown for the last 200 steps of the data assimilation experiment described in Figure 9. The ensemble size is set to L = 20 which is the highest value Ly can take on.
The dotted lines denote the mean effective ensemble size over the whole experiment except a spin-up phase (last 900 data assimilation steps).
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200 steps of an experiment over 1,000 steps. The dotted lines denote the mean errors over the whole experiment except a spin-up phase (last 900 data assimilation
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mean and the true trajectory is shown for the LMCPF method.
For the experiment, every second variable of the 40 nodes
of the Lorenz 1996 model is observed. The vertical structure
in Figure 12B indicates a lower distance of analysis mean
and truth for observed variables. Figure 12A shows that the
background errors for observed and unobserved variables are
largely mixed and the vertical structure can only be guessed at
some points. This results from the relatively long integration
time and the large model error induced by the different
model parameter F = 9 in the time integration of the
ensemble.

In this study, we focused on the Lorenz 1996 model
with 40 variables. This setting is widely used for tests of
data assimilation methods and tuning of filter parameters is
possible in a reasonable amount of time. Nevertheless, it is
important to investigate if the particle filter methods still
work for much higher dimensions. To this end, we made
first experiments with respect to the Lorenz 1996 model
with 1,000 variables. LAPF and LMCPF (as well as LETKF)
run stably with initial ensemble size L = 40 and no
filter divergence occured. Moreover, LAPF and LMCPF with
approximate weights were already tested with respect to the
global ICON model in the data assimilation framework at
DWD.

6. CONCLUSION

Standard algorithms for data assimilation in the application
of NWP in high-dimensional spaces are in general ensemble
methods, where the ensemble describes the sample of an
underlying distribution. The ensemble Kalman filter is an
example for a standard algorithm, which is based on normality
assumptions. However, the application of nonlinear models to a
Gaussian distribution leads to a loss of the normality property in
general. In future, the dynamical models used in NWP will get
even more nonlinear due to higher resolution and more complex
physical schemes, so that this approach might be not optimal
in highly nonlinear situations. Hence, there is a need for fully
nonlinear data assimilation methods, which are applicable in
high dimensional spaces.

This work covers two nonlinear particle filter methods,
which are already implemented and tested in the operational
data assimilation system of the German Weather Service
(DWD). Previous studies of the localized adaptive particle filter
(LAPF; [31]) and the localized mixture coefficients particle filter
(LMCPF; [32]) showed mixed results for the global NWP system
at DWD. The particle filter methods were compared to the
local ensemble transform Kalman filter (LETKF). With this
manuscript, we examine the question if the LMCPF is able to

Frontiers in Applied Mathematics and Statistics | www.frontiersin.org

June 2022 | Volume 8 | Article 920186


https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org
https://www.frontiersin.org/journals/applied-mathematics-and-statistics#articles

Schenk et al. On Two Localized Particle Filters
A
40 IR ! L AT Y i § | U T AT Y TR i S
| W ( \ ! | | 'l \ ! K\ ‘«ir L \ hAL A " ‘\ 1."\\‘ “‘ ‘l [ A AR ‘ \
\ \ | f T w|"‘ |/ih \ DR A0 N \
U)s \ PR \ 1!: ! ,!\\c] \ Ll g TN L\ | LA \ |
o) RIS RERCATEANR 4 R s AR R R R AL R
= l,‘ \’ ¥ i s i } )\ ‘sl {3 Il ;\ Ny 3 T
NI \ W Vi \ \ \ I W 0! ) | ! TN (N |
g 2 \ f\ ! \ AL AT I g ;\V“ (N :t‘ | \$ ) o W f \ ,‘ | R : ] I‘
> ‘ {INAL N Mg b AW RS R D b g
10 SRR LR AR MRl L AT N f o
LNt ) W i ( AR R \ i} Wi R | | \
il " y ; ! \ "\‘ \H'l‘ 1}.:‘ \ .,‘:‘ ‘w | R i A\ !\ ! PR Q“ Jrat
wd DI ) 1 ) SR SOEL R IR IR Al Y W G B
100 200 300 400 500 600 700 800 5
B data assimilation steps (k)
40 gy T ‘
| \ \ \ ] LR )
, \ ,h. (i
0 30 |. ; \ 1 § .‘ !
9 y \ I Ul \ \
Ke) AL A& \ N " At
g 20 \ \ ; VI \ / \ ) A V \ \ \
T \ \ ] \ o \ Al
> : \ t \ ! \ ' { | l ‘w
10 \ W A iy
\ \ It \ Ly \ \ VN
WO \ 1 \ \
yo "L [] | \ ' W \ \ 5
100 200 300 400 500 600 700 800
data assimilation steps (k)
FIGURE 12 | (A) shows the difference of background mean and truth for the LMCPF method for all 40 variables for the experiment described in Figure 11. In (B), the
analysis mean minus truth is illustrated for the LMCPF method.

outperform the LETKE with respect to a standard NWP setup
and standard NWP scores for the dynamical models Lorenz 1963
and Lorenz 1996. The experiments are performed with a revised
version of the LMCPF method. The exact particle weights are
derived in this work. Previously, the weights were approximated
by those of the LAPF. Recently, the revised method is also
presented in Kotsuki et al. [39] and tested for an intermediate
AGCM. The effective ensemble size is increased for the exact
weights, which results in a more stable filter with respect to the
parameters of the LMCPF. In case of higher effective ensemble
sizes, more background information is contained, while the filter
degenerates if the effective ensemble size tends to one. In this
study, we demonstrated that the LMCPF is able to outperform
the LETKF method with respect to the root-mean-square-error
(RMSE) of background/analysis ensemble mean minus truth in
case of model error for both systems. That means, the inital
question, if the LMCPF is capable to outperform the LETKF
within an experimental design reflecting a standard NWP setup
and standard NWP scores, can be answered with yes. The
experiments with Lorenz 1963 show that the longer the forecast
length is chosen, which results in a higher nonlinearity, the
better are the scores of LMCPF compared to LETKF. In that
case, the LMCPF outperforms the LETKF for a wide range of
parameter settings of the LMCPF. Even if the particle uncertainty
parameter «, which affects the ensemble spread as well as the shift
toward the observation, is not perfectly adjusted, the RMSE of
background ensemble mean minus truth is lower than the error

of LETKF. A similar effect is visible for larger systematic model
error, which is exemplarily shown with respect to the dynamical
system Lorenz 1996. Moreover, further experiments for all of
these localized methods, LMCPF (with exact and approximate
particle weights), LAPF and LETKE suggest, that the revised
LMCPEF is an improvement compared to the previous version of
the LMCPF as well as the LAPF and is able to outperform the
LETKE.

In the application of data assimilation methods in complex
NWP systems, the behavior of the methods is overlaid by a
multitude of other processes. In this work, we present the
individual ingredients of the LMCPF method in one assimilation
step with respect to the Lorenz 1963 model. In case of a bimodal
background distribution, the analysis ensemble of the LMCPF
method builds a more realistic uncertainty estimation than for
the LETKF. Furthermore, the improvement of LMCPF over
LAPF is demonstrated in the case of a large distance between the
particles and the observation, respectively, true state. In contrast
to the LAPE, the analysis ensemble, generated by the LMCPF
method, is pulled stronger toward the observation due to the
additional shift.

All in all, the results suggest that particle filter methods and
the LMCPF in particular represent a serious alternative to the
LETKF in nonlinear environments in the future. As next steps,
we want to test the improved LMCPF method with respect to
the global ICON model as well as the convective-scale ICON-
LAM. Additionally, the application within a higher dimensional
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Lorenz 1996 model (starting from 1, 000 variables) is interesting
to investigate further. Moreover, we plan to focus on further
scores to compare LMCPF to LETKF.
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South Africa

Typhoid fever and cholera remain a huge public health problem on the
African continent due to deteriorating infrastructure and declining funding for
infrastructure development. The diseases are both caused by bacteria, and
they are associated with poor hygiene and waste disposal systems. In this
paper, we consider a nonlinear system of ordinary differential equations for the
co-infection of typhoid and cholera in a homogeneously mixing population.
The model’s steady states are determined and analyzed in terms of the model’s
reproduction number. Impact analysis—how the diseases impact on each
other—is carried out. Numerical simulations and sensitivity analysis are also
given. The results show that the control of the diseases should be carried out
in tandem for the greatestimpact of disease control. The results have important
implications in the management of the two diseases.

KEYWORDS

cholera, typhoid, co-infection, stability, basic reproduction number, impact analysis

1. Introduction

Cholera, an acute gastro-intestinal water-borne infection, is caused by the bacterium
Vibrio Cholerae, V. cholerae O1 or O139. Some of the symptoms are vomiting and
diarrhea. If treatment is delayed, it can lead to severe dehydration and death within a
few hours. The disease has two modes of transmission: direct and indirect transmission.
Direct transmission (human-human) is very uncommon, whilst indirect transmission
(environment-human), which occurs through the ingestion of contaminated food or
water [1], is more frequent. Known estimates of the incubation period for the cholera
disease is 1.4 days [2]. On the other hand, the Salmonella Typhi bacteria is responsible
for causing the life threatening typhoid fever disease. Cholera and typhoid fever have
the same transmission modes. The recticuloendothelical system, the intestinal lymphoid,
and the gall bladder are severely damaged by the typhoid fever disease. Once a susceptible
individuals is infected by the disease, roughly 19 days are required for the disease to
incubate within the host [3].

Mathematical models have been used for the past decades to give insights into the
transmission dynamics of co-infections within the human population. Akinyi et al.
[4], showed that whenever the basic reproduction number is lowered to below one,
then the malaria and the pneumonia cases will be reduced in a model of malaria-
pneumonia coinfection. Onyinge et al. [5] modeled the co-dynamics of pneumonia
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and HIV, and they showed that the model was mathematically
and epidemiologically sound; Mushayabasa et al. [6] modeled
malaria-typhoid co-infection and demonstrated that a typhoid
outbreak will inevitably lead to a spike in the malaria cases.

A number of mathematical models on typhoid have been
proposed by a number of researchers. Mushayabasa [7], modeled
how vaccines can help mitigate the spread of typhoid in Ghana.
Pitzer et al. [8], extended the work in Mushayabasa [7] by
applying the model to South Asia. Khan et al. [9], studied the
typhoid disease with a saturated incidence rate.

To the best of our knowledge, the co-dynamics of typhoid
and cholera have not been investigated in the literature. A recent
outbreak of these two infections in Zimbabwe prompted this
theoretical inquiry into how these infections interact. Due to
the complicated nature of the co-infection model, we begin
our analysis by studying the underlying sub-models; namely,
the cholera only and the typhoid only sub-models. For each of
the models, a number of pertinent questions are investigated.
The questions explored include: Which factors in the models
are key to decreasing the prevalence of each disease and
the co-infection? Within the population, are the infections
in competition with each other, or are they symbiotic? The
implications of the results to the public health are discussed.

The paper is arranged as follows; the development of the
model and the properties of the basic reproduction number are
established in Section 2. Section 3 contains the stability analysis
of the model at the fixed points. Numerical simulations and
parameter estimations are done in section 4. Section 5 concludes
the articles.

2. Methodology
2.1. Model development

Our typhoid cholera co-infection model partitions the
human population N(#), at time t, into a susceptible class S(¢),
a cholera infection class I;(), a typhoid infection class I;(t), a
coinfection class I¢(t), a cholera recovery class R¢(t), a typhoid
recovery class R¢(t), and a coinfection recovery class Re(t).
Thus,

N(t) =8(t) + Le(t) + Re(t) + Ir(t) 4+ Re(t) + Let(t) + Rer(8).

The bacterial concentration of Salmonella Typhi, B(t), and
Vibrio Cholerae, B¢(t), in the environment are incorporated into
the model as well. The formulation of this model is an extension
to the work carried out by Matsebula et al. [10].

Since the incubation periods of the two infections are
different, we assume that dually infected individuals can only
transmit either cholera or typhoid but not both infections
simultaneously. Transmission of cholera to susceptible
individuals occurs in one of two routes—the direct transmission
route (human-to-human) and the indirect transmission route
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(envirnment-to-human). The rates of the transmission routes,
respectively, are given by

_ ﬁcl (Ic + nclct)

. ﬁcz B¢
= N > [ F—

A = .
“ B + k¢

The parameter B¢, denotes the person-to-person cholera
transmission. The effective contact rate for cholera multiplied
by the probability of cholera transmission per contact gives
the person to person cholera transmission. The modification
parameter 7)., accounts for the relative infectiousness of
individuals in class I, relative to individuals in class I;. We
assume that n. € (0,1). This assumption is motivated by
the fewer numbers of co-infected individuals as compared to
those infected with cholera only. The parameter S, denotes
the environment-to-humans per capita contact rate and the
Vibrio Cholerae in the contaminated environment, whilst the
parameter «. denotes the half saturation constant of the
Vibrio Cholerae. The half saturation constant is the bacterial
concentration that is required to support half of the maximum
rate, Bc,.

Similarly, the transmission of typhoid to susceptible
individuals occurs in one of two routes—the direct transmission
route (human-to-human) and the indirect transmission route
(envirnment-to-human). The rates of the transmission routes,
respectively, are given by

_ P+ meler)
N

_ ﬂtth

A = .
f Bt + k¢

, Aty

The parameter B¢ denotes the effective person-to-person
typhoid transmission rate. The effective contact rate for typhoid
multiplied by the probability of typhoid transmission per
contact gives the person to person typhoid transmission.
The modification parameter 7, accounts for the relative
infectiousness of individuals in class I; relative to individuals
in class I;. We also assume that n; € (0,1) following the
assumptions given in the cholera infection dynamics. The per
capita contact rate between the susceptibles and Salmonela typhi
is represented by fBt,, and the half saturation constant for A, is
Kt.

Transmission of cholera to typhoid infected individuals
occurs in one of two routes—the direct transmission route
(human-to-human) and the indirect transmission route
(environment-to-human). The rates of the transmission routes,
respectively, are given by

_ PesUe+ nelet)

N

 BeBe

A = .
© B + k¢

c4

The parameter B¢, denotes the effective person-to-person
cholera transmission rate of individuals in class I;. The
parameter B¢, denotes the environment-to-humans per capita
contact rate for individuals in class I; and the Vibrio Cholerae
in the contaminated environment. Transmission of typhoid to
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petRer

FIGURE 1

The cholera typhoid co-infection compartmental model. For
the concise presentation of our model flow diagram, we make
use of the following expressions:

X1 =09eBe (1= 8 ) tacle +Oclee, x2 = 9iBe (1— &) + aule +

Otlct, he = }~Cl +)"C2r At = }wl +}L12. A= )uté +}LAA, A2 = }Lcé +}\C4-

cholera infected individuals occurs in one of two routes—the
direct transmission route (human-to-human) and the indirect
transmission route (environment-to-human). The rates of the
transmission routes, respectively, are given by

_ Bt (Tt + neler)
3 N

_ PuBr

At = .
Bt + k¢

, ts

The parameter f;; denotes the person-to-person typhoid
transmission rate of individuals in class I.. The parameter B,
denotes the environment-to-humans per capita contact rate
for individuals in class I. and the Salmonella Typhi in the
contaminated environment.

Infected individuals in classes I, It and I experience disease
related death at rates given, respectively by &., & and .
Individuals in the infectious states I and Iy, respectively, excrete
Vibrio Cholerae bacteria and Salmonella Typhi bacteria into the
environment at rates o and «y. Coinfected individuals shed
Vibrio Cholerae and Salmonella Typhi into the environments
at rates 0 and 0y, respectively. Infection is assume to confer
temporary immunity. The cholera and typhoid immunity wanes
at rates o, o and pct.

The generation rate of Vibrio Cholerae is g:B¢ (1 — %), and
its growth is enhanced by cholera infected individuals and the
coinfected individuals that are shedding into the environment.
The generation rate of Salmonella Typhi is g:By (1 - %)
and its growth is enhanced by typhoid infected individuals
and the coinfected individuals that are shedding into the
environment. We assume that the Vibrio Cholerae and the
Salmonella Typhi bacteria in the environment are respectively

removed by interventions such as improved sanitation and
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treatment of contaminated environments at rates it and ¢. The
parameter A represents the recruitment into the susceptibles,
while the parameter 1 represents the natural death rate. It is
assumes that individuals mix homogeneously and that they are
indistinguishable in each of the classes. The model diagram is
shown in Figure 1.

The dynamical system associated with the schematic
diagram in Figure 1 is;

ds
E =A— ()‘Cl + )"Cz + )“tl + )"tz)s - /'LS + pCRC + Pth
+pctRet
dl,
E :()\q + )‘-Cz)s - ()\t3 + )\t4)Ic - (l/- + 8¢ + €,
dl;
I =(At; + A)S — (hez + At — (0 + 8¢ + €p),
dl.t
? :()-t3 + )Mt4)Ic + ()"C3 + )"(34)It — (0 + 8¢t + €ct)lets
dR
T: =ecle — (1 + pe)Re, (1)
dR
7; =€l — (0 + pe)Ry,
dR
d:t =ectlet — (10 + pet)Rets
dB. B,
? =gcBc|1— k75 +oacle + Ocler — pcBe,
B b (12 bt + ol B
-t _ a _ ,
dt gDt kt tit tict MUtbt
with initial conditions
8(0) =Sp > 0, Bc(0) =By =0, B(0) =By >0,

IC(O) =l >0, It(o) =1y >0, Ict(o) =140 >0,
R(0) =Rcp >0, Ry(0) = Ryp > 0,Re¢(0) = Regg > 0.

2.2. Cholera only model

We define the cholera only model as the model obtained
from setting all the typhoid classes and its associated parameters
to zero. We thus have the following

ds -

E =A- ()Lcl + )hcz)s — 1S+ pcRe,

dl -

7; = (}Vcl + Acy )S — qcle,

dR

7: = ecle — (u + pc)Re, (2)
dB. B

i =chc <1 - X ) +acle — peBe,
¢

where

~ I
o = Pl
c

s qc=p+d+e, Ne=S+I+R
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with initial conditions

8(0) =Sp > 0, Bc(0) = Bg = 0,1:(0) =Io = 0,
Rc(0) =R > 0.

2.2.1. Boundedness and non-negative
trajectories

We argue that model (Equation 2) yields bounded-
non negative-trajectories in this section provided the initial
conditions are non-negative.

Theorem 1. All solutions of the cholera only sub-model
(Equation 2) are non-negative if all the initial conditions are
non-negative.

Proof. Define t; = sup {t > 0|S(z1) > 0,1.(r1) > 0,
Re(11) > 0,Bc(t1) > 0,17 € [0, t]}. It follows #1 > 0
since

So > 0,10 = 0,Re0 > 0,Bc0 > 0.

Assume t] < 00, then S(t1) > 0,1.(t;) = 0,R(t1) = 0,Bc(t1) =
0. Applying variation of constants to

as _
dar

S(t) = /Otl f(r)exp (— /rtl P(x)dx) dr
t
S — | Pdx),
+ oeXP< /0 (%) x)

where P(x) = (Xcl + A, + 1) and f(r) = A + pcRc. Clearly,

A — (Xq + Acy)S — S+ peRe,

yields

S(ty) >0

Since f(r) > 0 and P(x) > 0 when x,r € [0, t1]. Similarly,
I.(t1) > 0and R¢(t1) > 0. This produces a contradiction, hence
1 = o0.

Theorem 2. All solutions of the cholera only sub-model

(Equation 2) are bounded within Q2 whenever gc > ..

Proof. The time derivative of the population for the cholera
model (Equation 2) is bounded above by

dN¢
dt

=A—uNe =38 < A — uNg,

Upper bounds for the human population, Nc(t), are obtained
by integrating the separable differential inequality as follows,

Ne

_ A — M exp(—put) - ﬁ
u Iz
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By extension, A/ is also the upper bound for each of the
human classes. Whereas, owing to I. < N. < A/, an upper
bound for the bacterial classes can be obtained as follows,

dbe _ B.(1- 5 +al B. < gB, (1 B¢
4be _ 2 Ll — _ B
dt 8cbe X cle — Uebe = gebe k.

C

A
+oc— — eBe. 3)
"

From inequality (3), if

A
Bc > Qc—, (4)
“

A
Where o — is the maximum shedding rate from the cholera
U
infected individuals, then

dB,
it _ _ &2
a < (gc — me)Be k. B¢ + B¢

— (o — __ &B
= (& Mc+1)Bc<1 kc(gc—uc+1)>' (5)

The constant

kc(gc — Me + 1)
8 ’

(6)

is the upper bound for the differential inequality (Equation 5)
since (Equation 5) is the logistic growth model with carrying
capacity (Equation 6). For some t > 0, (¢ + 6.)A/p is an
upper bound for B whenever (Equation 4) is false, whilst B is
bounded above by Equation (6) for the rest of the time points

in the domain of B, if (Equation 4) is true. Thus, in both cases,
ke(ge — e +1) o é}

c

B; < max{
8 1

Within the feasible region,

Qc = {(S, I, Re, Bc)

— 1 A
B, e [O,max{w,aﬁ”},
8c 23

A
0<N;.=<—|,
"

We have summarized the results on the boundedness and
positivity of the solutions of the cholera only sub-model 2.

2.2.2. The stability of the disease free
equilibrium and the reproduction number, R¢
The disease free equilibria of system (Equation 2) is given by

A
xg = (5 I, R, Bo) = | —,0,0,0 ),
“w

X] = (S:ICrRC’BC) = (Clro) 0, 52):
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A(ge — mo)k
where ¢ = (8c = ke + gere and ¢ =

(1 + Bey)(ge — tredke + prcege
‘ukc. The equilibrium x; > 0if gc > .. The Jacobian

Cc
of dynamical system (Equation 2) is given by

AP
-1 =B Pc - lf,}(cz
ABe
Jaxg)=| O Pa—dc 0 ke
0 € —( + pc) 0
0 o 0 8c — Mc

The dynamical system (Equation 2) is locally asymptotically
stable if all four of its eigenvalues have negative real parts. Two
of the eigenvalues for the Jacobian, J, are A; = —p and A =
—(i + pc). The other two eigenvalues for J are the eigenvalues
from the sub-matrix

ABc
7 = ﬂCl - qC /‘LKCZ .
¢ 8c — Mc

The characteristic equation for matrix J is A2 + DA + 2,

where
v =— ((gc — Ke) + (:8C1 - IJC)) >
%) :(,Bcl —qc)(ge — ) (1 - (

acﬁczA )
/361 - QC)(gc - Mc)Kcl/v

:(,Bcl - %)(gc - //«c) (1I-Re),»

and
acBe, A Be, 8c
= 5 R = — R = —.
T kneacd —Rp(I—Ry) "7 g0 TP

The constants R, and Ry, are the bacterial regeneration

threshold and the human-to-human sub reproduction number,
respectively. The constant R is the so-called basic reproduction
number for the system (Equation 2). Clearly, R}, R; < 1 or
Ry Ry > lifand only if R¢ > 0.
It follows from the Routh Hurwitz criterion that the two
eigenvalues of ] have negative real parts if b1, v, > 0. It is easy
to see that v,y > 0if Ry, < 1, Ry, < 1 and Rc < 1. Hence, a
positive basic reproduction number for system (Equation 2) that
is less than unity implies that the system is locally asymptotically
stable at the disease free equilibrium.

2.2.3. Endemic equilibrium

Setting the derivatives of the classes to zero gives the endemic
equilibrium for the cholera only sub-model (Equation 2). Let
A= + Aoy

0=A— (O + u)S* + pcRE, (7)

0 =A*S* — q.I¥, (8)

0= ECI? —(u+ pC)R?) %)

0 =g.B¥ (1 — %) + ocIf — By (10)
C
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From Equation (8),

st=dep

From Equation (7),

R*_l[(x*w)qcli_[\}
c = e .
Pc

Consider (Equation 9),

el*

c

(o) [(x* ) aclf A} o,
Pc A*

therefore

o AFA (14 pe)
O qe O + ) (1 + pe) — €cpert

Given that

)\* — ﬂcllf ﬁcch
S+I.+R: Be+ke

Using (Equation 10), we have a quadratic equation in B, of
the form

1_)23? +viBs+ vy =0,

where

V2 =& [QC ()L* + /J,) (1 + pe) — ecpc)h*] >

v = —pcke(Rp — Dva,  vo = =A% Akcore (10 + pc)

with

&
Ry = =—.
b e

Clearly, vg < 0, v < 0if R}, > 1. Since

5 —v; £ ,/v% — 41 an
c= 20, >

it follows that if v < 0, R, > 1, then it follows from Descartes’
rule of signs that B, has no positive roots, and if v, > 0, Ry, > 1,
then B¢ has only one positive root. We shall call the positive root

Bf.
Let
_ B
Bc+ + K¢ ‘

Then

o PaBl _

=0 C
@ Bj_ + K¢ :
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We have an expression for 1* such that

az)»*z +a ¥ 4+a9=0 (12)

where,

ay =t +éec+pc >0, ap = qc (1 + pc) — (Bey (0 + pc)
+ B.Bcz (1 + €c + pc))s
ag = — B%ﬂcz (n+pc) <0.

Since

—ay = ,/a% —4ajag
A= s
2a;

it follows thatif a; > 0, then the polynomial (Equation 12) has a
positive root, and if a; < 0, then the polynomial (Equation 12)
has a positive root. So the polynomial (Equation 12) will always
have one positive root.

So system (Equation 2) has a unique endemic equilibrium if
Ry > 1.

Remark 1. Due to the symmetric structure of the cholera only
and typhoid only sub-models, the typhoid only sub-model has
similar structural results to those obtained for the cholera only
sub-model. To avoid repetition, we have not shown the analysis
of the typhoid only sub-model.

2.3. Cholera-typhoid co-infection model

We study the full co-infection model (Equation 1) in
this section.

2.3.1. Non-negative trajectories and
boundedness

We prove in this subsection that model (Equation 1) has
non-negative trajectories.

Theorem 3. All solutions of the co-infection model (Equation 1)
are non-negative if all the initial conditions are non-negative.

Proof. Define t; = sup{t > 0|S(r1) > 0,I.(tr1) > 0,I:(r1) >
0, Ict(71) = 0,Rc(71) = 0, Re(71) = 0, Re(71) = 0,

Be(t1) = 0,B¢(11) = 0,Y11 € [0,t]}. It follows that t; > 0 since
So > 0,10 > 0,1rg > 0,1t > 0,Rp > 0,

Rip = 0,Rs0 = 0,Bc0 = 0,Bs0 = 0.

Assume t] < 00, then S(¢1) > 0,1:(t;) = 0,Is(t;) = 0,1+(t1) =
0,Rc(t1) = 0,Re(t1) = 0,Ret(t1) =0,

B¢(t1) = 0, B¢(t1) = 0. Applying variation of constants to

ds

i =A- ()‘Cl +Ae, Ay + )ktz)s — uS+ pcRe + ptRt + petRet

51 51
S(t1) =/ f(r)exp (—/ P(x)dx) dr
0 r

yields
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t
~+So exp (—/ P(x)dx),
0

Where P(x) = A¢; +Ae, +Aey + Ay, +pand f(r) = A+ pcRe+
ptRt + pctRet. Clearly,

S(t1) >0

since f(r) > 0 and P(x) > 0 when x,r € [0,¢#1]. Similarly,
Ic(tl) > O,It(tl) > O,Ict(tl) > O,Rt(tl) > 0 and Rc(tl) > 0.
This produces a contradiction, hence t; = co.

Theorem 4. All solutions of the co-infection model (Equation 1)
are bounded within Q whenever gc > [1c and gy > [it.

Proof. Since §¢(Ic + Iet) > 0, it follows that the upper bound
for the time derivative of the total human population, N(¢), is

dN
E =A—uN—=38;4Ic+1y) < A—pN.

Using separation of variables, we obtain the following upper
bound for the human population,
- A — M exp(—put)
W

A
N < —.

"

This upper bound for the population implies that each of the
classes are also bounded above by the same constant A /. Since
I, It < A/, it follows that the upper bound for the bacterial
concentration of Vibros Cholerae is bounded above by

dB, B¢
? =chc 1-— E +acle + Oclet — peBe
B A
Schc <1 - f) + (¢ +0c)— — [eBe. (13)
¢ 128
From inequality (Equation 13), if
A
Be > (e +6c)—, (14)
%
then
dB, & >
i < (gc — mec)Be — ?CBC + Be

&cBc

= (gc — pec + B <1_kc(gc—uc+1)>. (15)

The constant

kc(gc — e +1)
8¢ )

(16)

is the upper bound for the differential inequality (Equation 15)
since (Equation 15) is the logistic growth model with carrying
capacity (Equation 16). For some t > 0, (¢ + 6c)A/p is an
upper bound for B, whenever (Equation 14) is false, whilst B, is
bounded above by Equation (16) for the rest of the time points

in the domain of B, if (Equation 14) is true. The constant (o +
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A
0c)— is the maximum shedding rate from the cholera infected

individuals and dually infected individuals. In both cases,

k, — +1 A
Be < max{M,(ac + gc)i}‘
&c 23
K _ﬂcl _/gtl _(ﬁcl Ne + /31‘1 Tlt)
0 551 —qc 0 ﬂc,ﬂcl
0 0 By—qr ntBy
0 0 0 =1+ et + €ct)
JXo)=| ¢ 0 0
0 0 €t 0
0 0 0 €ct
0 o 0 0
0 0 ot 9t

Within the feasible region,

A
Qoo = {(S, Ie, It Icts Res Res Ret, B, By) € Ra_ 0<N=—,
i
k — +1 A
B; e [O,max {M,(ac + 96)7} ],
8c 128

B e [O,m“{w,(m + gt)ﬁ} ] },
8t 123

We
and positivity of the solutions to the co-infection model

have summarized the results on the boundedness

(Equation 1).

2.3.2. Stability analysis of the disease free
equilibrium and reproduction number, R

We find the conditions required for the disease free
equilibrium for dynamical system (Equation 1) to be locally
asymptotically stable in this section. The disease free equilibria
of dynamical system (Equation 1) are

A
XO Z(S:ICrIbICbRC:Rt, Ret, BC:B[) = <*>0) 0,0,0,0,0,0, O) >
"

X1 =(S, I, It, Ict, Re, Ry, Rets B, By) = (¢3,0,0,0,0,0,0, ¢4, ¢5) ,
Xo =(8,1c, It Iet, Re, Ry, Ret, Be, By) = (c6,0,0,0,0,0,0,¢4,0),
X3 :(S) IC’ I[) ICta RC) Rl’a RCta BC: Bt) = (C7’ O: 0) Oa O: 0: Oa O: CS) 5

where

A ((ge — ke + geke) ((gr — ke + gikr)
w((ge — ke + geke) (g — moke + gue) + Be,gi(ge — ke + Buge(gr — ke’

3=

g =8 g = S
8 8t
6 = A ((gc - Mc)kc +gc’<c) (gth) ’
123 ((gc — pedke +gc/<c) (gth) + ﬁcth(gc — we)ke
o= A (geree) (gt — mo)ke + gercr)

1 (gerce) ((ge — ke + gexce) + Broge(gr — medks
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It is observed that the disease free equilibria, X1, X2, X3,
are always unstable due to the condition, g > 14, that is requires
for their existence.

The Jacobian of the full system is

Pc Pt Pct - jl\ﬁ? - ll\ﬁ?

0 0 0 /:5(2 0

0 0 0 0 [;\ﬁ?

0 0 0 0 0

(+p) 0 0 o o | (17)

—(+ pr) 0 0 0

0 0 —(n+pa) O 0

0 0 0 8c — Me 0

0 0 0 0 gt — It

The dynamical system (Equation 1) is locally asymptotically
stable if all nine of its eigenvalues have negative real parts. Five
of the eigenvalues for the Jacobian, J,are A} = —u, A2 = —(u+
Pc)s 23 = —(u+pt), Ay = —(u+pet) and As = —(u+8c+€cr).
The other four eigenvalues for ] are the eigenvalues from the

sub-matrix
ABc
Ber — 4c 0 chz 0
ABt
7 — 0 IBtl —qt 0 MKtZ
A 0 8c — Me 0
0 at 0 g —

The characteristic equation for matrix J is (A2 + vir +
v2)(A%2 4 v3A + v4), where

v = —((g — o) + (Be, —40)) »
v2 = (Be; — qc)(ge — 1) 1 = Re) s
v =—((g — )+ (By —aqr))
vy =By —q)(gr — ) 1 = R7),

and
_ acﬂczA
KCMchc(l - RZ)(l - Ri),
atBe, A
Rr= =7 %
ierppeqr(l =Ry —Ry)
Be 8c t Bt t 8t
RZ:—1 RZ:—, ha—l Ry ==
qc e qt Mt

The constants R; and R; are the bacterial regeneration
threshold and the human-to-human sub reproduction number,
respectively, for the cholera only sub-model. The constants RZ
and RL are the bacterial regeneration threshold and the human-
to-human sub reproduction number, respectively, for the typhoid
only sub-model. The constants R¢ and Rt are the so-called
basic reproduction numbers for the cholera only sub-model and
the typhoid only sub-model, respectively. Clearly, Rj, R < 1
or ”R;I,Rz > 1lifand only if R¢ > 0; Similarly, ”RZ,’R; < lor
R;I,Rz > lifand onlyif R > 0.
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TABLE 1 Parameter values used for numerical simulation.

10.3389/fams.2022.892098

Par. Range Point value Source Par. Range Point value Source
Ba 1 Assumed o 0.014 [21]
B 1 [7] o 10 Assumed
B, (0.1—1) 1.97 x 1071 [11-14] ay 10 [21]
Bi, 1.97 x 1071 [15] m (0.017—0.123) 0.02 [14, 22, 23]
Bes 0.5 Assumed o 0.0345 [21]
B, 1 Assumed A (100—467) 449.32 [24]
Be 107! Assumed e 0.0345 Assumed
B, 107! Assumed € (0.07—0.245) 0.07 [14, 16, 19, 25]
k. (10°—10°) 5 x 100 [11] € 0.1 [26,27]
ke 5% 10° Assumed €t 0.1 Assumed
S 6.58 x 107! [14,16,17] Ke 0.62 Assumed
8 0.6 [15] Kt 0.62 Assumed
Oc 8.12 x 1073 [18, 19] 0, 0.8 Assumed
0t 1.3 x 1073 [20] 0; 0.8 Assumed
Det 1.3 x 1073 Assumed e 7 x 1074 Assumed
g 0.014 Assumed e 7 x 1072 Assumed
We note that reproduction number in terms of the other. From the second
equation above, Equation (18), isolating, A /u, yields
V2 >(Be; — qc)(ge — o) (1 — max{R¢, R1}), aeBeyketeqe(l — Rz)(l B ,RZ)
va >(Bry — qr)(gr — ) (1 — max {R¢, R} Re = T atProkerieqel — REY(T RS (19)
Thus Differentiating R ¢ with respect to R gives
Ro = max{R¢c, R} . IRc = cPeykirg(l = R;’)(l _ Ri). (20)
ORT atBtykciteqe(l — RZ)(I - RZ)

The constant Rg is the basic reproduction number for
the systems (Equation 1). It follows from the Routh Hurwitz
criterion that the four eigenvalues of J have negative real parts
if v1,v2,v3,v4 > 0. It is easy to see that vi,vp,v3,v4 > 0 if
RL < I,RZ <1, RL < I,RZ < land Ry < 1. Hence, a
positive basic reproduction number for system (Equation 1) that
is less than unity implies that the system is locally asymptotically
stable at the disease free equilibrium.

2.3.3. Impact analysis

In this section, we show how cholera affects typhoid, and
through symmetry, we show how typhoid affects cholera.

The reproduction numbers for cholera and typhoid are

_ acﬁczA

B kepfheqe(l — RZ)(I - RZ),
atlstzA

keppteqe(l = Rp(1 = Rp)’

Rt =

(18)

respectively. These two reproduction numbers are dependent on
each other. The constant, A/u, allows for the expression of one
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We conclude that an increase in cholera cases may be
associated with an increase in typhoid cases, and an increase
in typhoid cases may be associated with an increase in cholera
cases. This conclusion is subject to the following conditions:
firstly, the the bacterial regeneration threshold for both cholera
and typhoid must be less than unity; secondly, the human-to-
human sub reproduction number for both cholera and typhoid
must also be less than unity. This result proves the symbiotic
nature of the relationship between the typhoid disease and the
Cholera disease.

3. Numerical simulations

In this section, we give a brief outline of the numerical results
obtained in the investigation. Table 1 shows the parameters of
the cholera typhoid co-infection model (Equation 1). The basic
reproduction number, R, obtained from the Table 1 is 1.4. The
initial conditions used to produce the figures in this section were:
S(0) = 99980, 1.(0) = 20, I;(0) = 20, I+(0) = 20, R:(0) =
0, R¢(0) = 0, R(0) = 0, B(0) = 40000, B;(0) = 40000. Note
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The correlation between the co-infected class and each of the model's parameter are shown in this bar graph (PRCC). (A) Shows the PRCC
values for {A, Be,. Bty Bes. Bto. ke, ke, i} (B) Shows the PRCC values for {pc, pt, pet, 8¢, 8¢, €c. €, €ct}. (C) Shows the PRCC values for
{9c. gt Ke, ke, ac, at, jic, ). (D) Shows the PRCC values for {Be;, Bty Bes. Bey. Oc. Ot e, 1t}

that all figures in this section are presented in the logarithmic
scale since the range of some of the plots spanned several orders
of magnitude.

Coupled with the parameters from Table 1, the sensitivity
indices of the variables above are shown on Figure 2. Latin
Hypercube sampling was utilized to generate the plot above
(Figure 2). This method returns the correlation between the state
variable I+ and each of the model parameters, and it also returns
the ranks of all these correlations (PRCC). The simulation was
carried out over 1,000 runs. A parameter with a negative PRCC
value means that parameter is negatively correlated with I,
whilst a parameter with a positive PRCC value represents a
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positive correlation between that parameter and I.;. Relative to
the current model parameters, we note that the coinfection class
is most sensitive to changes to the person-to-person typhoid
transmission rate, B, and the correlation is positive between
this parameter and the state variable. The typhoid induced death
rate is that second most sensitive parameter to the coinfection
class, and it is negatively correlated to the coinfection class. Due
to the large number of parameters in model 1, we have opted to
split the PRCC values into 4 equal sets, see Figure 2.

The contour map of Ro as a function of the typhoid
recovery rate, €, and the cholera recovery rate, €, is shown
in Figure 3. Using the parameters from Table 1, the base case
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The contour map of the reproduction number
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FIGURE 3

The contour map of the basic reproduction number, Ro, as a
function of the typhoid recovery rate, ¢, and the cholera
recovery rate, ec.

as well as the contour levels are also shown in Figure 3. The
basic reproduction number R attains its global minimum if
both the typhoid and cholera recovery rate are maximized. It
is be observed that, locally, a reduction in the reproduction
number, R, —moving the base case to a lower contour level—is
only achieved by increasing the cholera recovery rate. Since the
reproduction number, R, is the maximum of the reproduction
numbers of the individual diseases, it follows that a reduction
in the reproduction number, Rg, means a reduction in the
reproduction numbers of each of the diseases. Hence, locally,
an increase in the cholera recovery rate will not only reduce the
cholera reproduction number, R, but it has the added benefit of
indirectly reducing the reproduction number for typhoid, R¢, as
well. It is also observed that increasing the typhoid recovery rate
exclusively will have no immediate benefits locally. This finding
is consistent with the previous findings of an optimal treatment
plan being centered around the recovery rate of cholera.

We show the trajectories of the three infectious classes of
model (Equation 1). An initial surge in infections followed
closely by an immediate recovery is shown in Figure 4. The
phenomenon of waning immunity results in the smaller second
wave of infections. The co-infected class is the only exception
to this observation. We see the co-infected class reach a local
minimum before the first surge in cholera only or typhoid only
infections is reached. A possible reason for this is that, unlike the
cholera and typhoid classes, the co-infected class does not recruit
directly from the susceptible class. This is due to the fact that the
cholera disease has a shorter incubation period than the typhoid
disease. The incubation periods are 1.4 days for cholera [2] and
19 days for typhoid [3]. What is then observed in the co-infected
class is a case of people leaving the class either through death or
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FIGURE 4
The trajectories of the infectious classes.

recovery coupled with the delayed recruitment into the class. All
the diseases reach stability after the second waves of infection.

In order to understand how the diseases interact with each
other, we vary the different recovery rates and observe how the
prevalence of each of the infections change. In Figures 5A,B
show the impact of varying the recovery rate of the co-infected
on the cholera and typhoid prevalence, whilst (Figures 5C,D)
show the impact of varying the recovery rates of cholera
and typhoid on the prevalence of the co-infected individuals.
Figure 5C shows a significant reduction in the co-infected class’
prevalence when the cholera recovery rate is increased, whilst
plots (Figure 5D) shows that this reduction is negligible when
the typhoid recovery rate was increased. Figures 5A,B show
that an increase in the co-infected class’ recovery rate reduces
the typhoid prevalence more than the cholera prevalence.
The net effect is that an increased cholera recovery rate may
be associated with a decreased prevalence of the co-infected
individuals and a higher co-infected recovery rate. This in turn,
produces a reduced typhoid prevalence. Given the current model
parameters, this finding suggests that an optimal treatment plan
for the two infections should primarily focus on increasing the
cholera recovery rate as opposed to the typhoid recovery rate.
This also underscores the point made earlier about the symbiotic
nature of the two diseases.

4. Discussion and conclusion

In this article, we formulated and analyzed a theoretical
model for the transmission dynamics of a cholera typhoid co-
infection model. Through numerical simulations, we were able
to verify a number of the results obtained analytically.

The birth and death rates of the bacteria are central
to proving the boundedness and positivity of all three
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{0.1,0.2,0.3,0.4}, respectively.

Plots (A,B) show the cholera and typhoid prevalence, respectively, as the co-infection recovery rate, e, runs through {0.1,0.6, 1.1, 1.6}. Plots
(C.D) show the prevalence of the co-infected as the cholera and typhoid recovery rates are varied through the sets {0.07,0.075, 0.08,0.085} and
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models—cholera only sub-model, typhoid only sub-model,
and the full cholera typhoid co-infection model. For the
cholera-only model, if the birth rate of the Vibrio Cholerae
bacteria exceeds its death rate, then the cholera only model
has non-negative and bounded trajectories. For the typhoid
only model, if the birth rate of the Salmonella Typhi
bacteria exceeds its death rate, then the typhoid only
model has non-negative and bounded trajectories. For the
full cholera typhoid co-infection model, if the birth rates
of the Vibrio Cholerae bacteria and the Salmonella Typhi
bacteria exceed their death rates, simultaneously, then the
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cholera-typhoid co-infection model has non-negative and
bounded trajectories.

In analyzing the equilibria of the co-infection models,
several key sights were discovered. We showed the existence of
the disease free equilibria, by finding them, for all three models.
Sufficient conditions for the existence of the endemic equilibria
for the cholera only sub-model and the typhoid only sub-model
were documented. We showed that if the reproduction number
is less than one for the all the models, then the disease free
equilibria are locally asymptotically stable, otherwise they are
unstable. Global stability could not be guaranteed, both at the
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disease free equilibria and the endemic equilibria, in any of
the models. Sensitivity analysis revealed the parameters in the
model were at the heart of the spread of the cholera typhoid
co-infection. The prevalence of cholera is decreased whenever
Nt Bty» Pty are increased and/or B¢, Pey> €ct> N and O are
decreased. The prevalence of typhoid is decreased whenever 7.,
Bes» Bey areincreased and/or By, Bty €ct, r and Oy are decreased.

From the impact analysis section, we found that an increase
in cholera cases may be associated with an increased risk
of typhoid and that an increase in typhoid cases may be
associated with an increased risk of cholera. This result proves
the symbiotic nature of the relationship between the typhoid
disease and the cholera disease.

The findings in this investigation come with some
limitations. The most glaring of all is the lack of data to fit
the model to. Our model also fails to take into account the
highly seasonal nature of each of the diseases. For the two
infections, fear has a significant impact on the transmission
dynamics. Future work should also be able to account for the
effects of fear in the transmission dynamics of both infections.
Notwithstanding these limitations, we believe that the findings
of this investigation can still be useful to policy makers in
containing an outbreak of these two diseases.

Data availability statement

The original contributions presented in the study are
included in the article/supplementary material, further inquiries
can be directed to the corresponding author.
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Double sampling (DS) control charts are widely regarded as an effective
process monitoring tool owing to their remarkable properties, such as the
ability to detect small and moderate process shifts efficiently with the
reduced sample size. Since the shape of the run length distribution is highly
right-skewed for the process small shift size and becomes almost symmetric
when the process shift size is large, the use of median run length (MRL) as a
performance measure is therefore more representative. Existing works on the
DS np chart construction were performed by taking an approach that the shift
size of the process fraction nonconforming is assumed to be known. However,
the shift size of the fraction nonconforming is usually unknown by the quality
practitioners in practice. Herein, to address this issue, the expected median run
length (EMRL) has been suggested as a performance measure for the unknown
shift size. This paper suggests an optimal design procedure for the DS np
chart based on the EMRL criterion. An example is provided to illustrate the
construction of the EMRL-based DS np chart. The DS np chart is compared
with a competing chart based on the EMRL criterion. Findings obtained reveal
that when the shift size is unknown, the EMRL is an alternative performance
measure for the DS np chart, with greater sensitivity observed for the DS np
chart in contrast to the standard np chart for detecting a wide range of shifts.

KEYWORDS

median run length, unknown shift size, fraction nonconforming, numerical
integration, standard np chart

Introduction

Control chart is one of the most useful tools in Statistical Process Control since
control charts play a key role in detecting the assignable cause(s) [1]. Other effective way
to mitigate the incidence of false alarm rate and to increase the control chart sensitivity
includes the fuzzy logic scheme [2-6], which combines the probability and fuzzy set
theories for enabling inference of process state based on fuzzified sensitivity criteria.
When the quality characteristics can only be classified into two possible outcomes, for

instance, “Yes or No,” “Good or Bad,” “Conforming or Nonconforming,” and “Defective
or Non-defective;” it is not possible to monitor the process using the variable control
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charts, such as the X, s, and R charts. In such a scenario, attribute
control charts will be the right choice.

The standard np chart is one of the attribute control charts
that has been widely used for process monitoring. Compared to
the p chart, the standard np chart is also easier to understand by
managers who are lack of statistical knowledge and new to the
quality control system. This provides more persuasive evidence
of quality issues to management [7]. However, the standard
np chart is well known to be slow in detecting moderate and
small process fraction nonconforming (p) shifts. Consequently,
considerable attentions have been devoted to develop np chart
with various approaches for enhancing the sensitivity of the
standard np chart in the literature, such as the optimal design
for the cumulative sum (CUSUM) np chart by Gan [8] and
the modified exponentially weighted moving average (EWMA)
np chart by Gan [9]. Adaptive technique to develop np control
chart has also been studied. Case in point, Epprecht and Costa
[10] investigated the np properties for sample size that fluctuates
between small and large sizes, while Luo and Wu [11] proposed
optimal designs of variable sample size and variable sampling
intervals np charts under steady-state mode.

Croasdale [12] was the first to introduce the DS scheme,
bringing the concept of DS process from the acceptance
sampling field and applying the technique to the X chart.
Following Croasdale [12], Daudin [13] demonstrated that by
employing the sample size of n; at stage 1 and combining two
samples of size n] and n; at stage 2 can improve the performance
of the X chart and this reduces the number of items to be
inspected, resulting in a cost-saving benefit in the manufacturing
process. As a result, the DS scheme developed after 1992, such as
He and Grigoryan [14], Costa and Claro [15], Torng and Lee
[16], Khoo et al. [17], and De Araujo Rodrigues et al. [18], to
name a few, were based on the method proposed by Daudin [13].
De Araujo Rodrigues et al. [18] were the first to introduce the DS
np chart. Chong et al. [19], Joekes et al. [20], Lee and Khoo [21],
and Tuh et al. [22] have since focused their studies around the
proposed DS np chart.

The performance of the control charts is usually evaluated
by the average run length (ARL). ARL is defined as the average
number of samples to be plotted on the control chart before the
out-of-control signal is observed. However, many researchers
criticized the sole dependence of the ARL as the performance
measure of control charts, for example, see Teoh et al. [23], Khoo
et al. [24], Lee and Khoo [25], Smajdorova and Noskievicova
[26]. In addition, as pointed out by Graham et al. [27], the ARL
as a performance measure has many drawbacks. It is noted that
the run length (RL) distribution is changing from highly right-
skewed when process shift size is small to almost symmetric
when process shift size is large. Consequently, utilizing the ARL
as a performance measure may neglect some vital statistical
properties of control charts. Chakraborti [28] recommended to
investigate the percentiles of the run length distribution such as
5,25, 50 (median), 75, and 95th percentiles to have a better vision
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and evaluation of the RL distribution. Utilizing the median run
length (MRL) that is the 50th percentile of the RL has some
additional benefits in designing control charts [29-31]. This is
due to the fact that the MRL is less impacted by the skewness
of the RL distribution. Thus, the MRL provides a more accurate
measure of the central tendency compared to the ARL [32].

Existing work on the DS np control chart based on MRL
by Tuh et al. [22] assumes the shift size is known. However,
the shift size of the process fraction nonconforming is usually
unknown by quality practitioners. The performance of control
charts may be negatively impacted if the determined shift size
differs from the actual value. To overcome this issue, it is crucial
to consider the expected median run length (EMRL) as an
alternative performance measure, where only a range of process
shift sizes is required. You et al. [33], Teoh et al. [34], Tang
et al. [35], Chong et al. [36], and Yeong et al. [37], to name
a few, evaluated the performance of control charts when the
process shift size is unknown. Motivated by these studies, we
suggest the optimal design of the DS np chart based on EMRL
in this paper.

The paper is structured as follows: Section Theories
and formulations begins with a brief introduction of the
standard np and DS np charts, followed by a discussion of
the RL distribution properties of the DS np chart. Section
Computational methods and results presents the optimization
design of the EMRL-based DS np chart, performance of the
DS np chart, and comparison to that of the standard np
chart. The operability of the DS np chart is also furnished
through an illustrative example incorporating event within a
data processing department. Finally, the conclusion is given in
section Conclusions.

Theories and formulations

The standard np chart

The goal of the standard np chart is to detect the
assignable causes for increasing shift in the process fraction
nonconforming. As a result, the standard np chart is designed
without a lower control limit. According to Lee and Khoo [29],
the probability that d < UCL is calculated as follows:

e , o
As=P(d < |UCL]) = ;) mi’ (1-p) (1)

where p = po when y = 1, and p = p; when y # 1. The d
and UCL represent the number of nonconforming items found
in a sample of size n and upper control limit of the standard np
chart, respectively.

frontiersin.org


https://doi.org/10.3389/fams.2022.993152
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Tuh et al.

10.3389/fams.2022.993152

d,
out-of-control
] I S
take a second sample
WL oo
in-control
0
sample number
Stage 1 of the DS scheme

FIGURE 1
Regions at stages 1 and 2 of the DS schemes

dtd,

out-of-control

CL, [prmmmmmmmmmmmmmm e

in-control

sample number
Stage 2 of the DS scheme

The DS np chart

In this section, we give a brief review of the DS np chart,
which was first introduced by De Araujo Rodrigues [18]. To
achieve the desired statistical performance, the DS np chart is
designed with five charting parameters. We define the set of
charting parameters as n, np, WL, CL1, and CL;, where 11, 1y,
WL, CLj, and CL; denote the size of the first sample, the size
of second sample, the stage 1 warning limit, the stage 1 control
limit, and the stage 2 control limit, respectively. The three non-
integer control limits are set as WL = Acy 4 0.5, CL; =Re - 0.5,
and CLy = Acy + 0.5 to avoid doubt by quality practitioners
when the number of nonconforming items in a sample falls
within or outside the control limits. In these expressions, Acy,
Rej, and Ac; are the acceptance number in the first sample, the
rejection number in the first sample, and the acceptance number
in the stage 2, respectively. The operation of the DS np chart
is elaborated in the following steps. The graphical summary is
shown in Figure 1.

Step 1. Determine the limits that are WL, CL1, and CL;.
Step 2. Take the first sample of size n1 from the process and
check the number of nonconforming items (dy).

Step 3. At the stage 1 of the DS scheme,

a) if dj < WL, the process is considered as in-control and
return to Step 2.

b) ifd; > CLy, the process is considered as out-of-control.
For the purpose of identifying and eliminating the
assignable cause(s), corrective measure is performed.
Repeat Step 2.

Frontiersin Applied Mathematics and Statistics

¢) if WL < d; < CLy, take a second sample with size 1.
Count the number of nonconforming items (d3) for the
second sample. Then, move to the next step, which is
stage 2 of the DS scheme.

Step 4. If (d1 + d2) < CLj, the process is considered to be
in-control and return to Step 2. Else, the process is deemed
to be out-of-control. To locate and remove the assignable
cause(s), corrective action is once again performed. Repeat
Step 2.

The run length properties of the DS np
chart

In general, RL denotes the number of sample points plotted
on the DS np chart before the first signal is observed. The
probability mass function (pmf) fgy (¢) and the cumulative
distribution function (cdf) Fry (¢) of the RL distribution for a
control chart are

frL (€)= (1 —A)AS™! )

and
Frp(¢) =P(RL<¢)=1— A5, 3)

respectively [38], where ¢ € {1, 2, 3, 4,...} and A is calculated
by Equations (5) and (6).
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As suggested by Chakraborti [28], the smallest integer of the The computation of the percentiles of the RL requires
percentile run length, ¢y, can be obtained from the shift size to be known in advance. However, in
practical, it is usually tough for practitioners to quantify
the magnitude of process shift due to insufficient

o = ln(llniga) (4) historical data. Aside from that, the shift size varies

according to various undetermined or random events

facilitates the computation for the 100ath (0 < o < 1) percentile [39]. Thus, the percentile of the RL can be replaced by
of the RL. the expected percentile of the RL (E({y)). Herein, a
The probability that the process is in-control is given by specific value for y is not required and can be determined

A = A1 + Aj. Here, A; denotes the probability that d; < WL as follows:
at the stage 1 of the DS scheme, while A, is the probability that

WL < d; < CLj at the stage 1 of the DS scheme and (d; + d) Ymax
< CL; at the stage 2 of the DS scheme, where E(Ca) = - fr W& (¥) dy. (10)
Hence, the expected median run length, EMRL, that is

[WL]
ny! _d E (¢o.5) can be computed as
Al =P(d < WL))= > FRICTET )'pdl (1—p)—
4o 41:(m 1)!
Vmax
(5) EMRL = E (§o5) = fy (WMRL(y)dy.  (11)
Ymin
and
Ay =P(IWL] < dy < [CLi1) NP (di +dp < |CL,])
[CLT-1 ! 4 |CLy | —d; ! .
! n— ! e
s o2 e U G e )| ©
dy=|wrj+1 | LT A dy=0 22T 02

where | - | denotes the round down to the nearest integer and In this paper, the EMRL in Equation (11) is evaluated
[ -] represents the round up to the nearest integer. by using a numerical integration over the probability density
The efficiency of the DS np chart is determined by how fast function f, (y) for a shift size interval of ymin (the lower
the chart can detect an increasing shift in the process fraction limit of the integral) to ymax (the upper limit of the
nonconforming p with the shift size y = %[1), where p1 > po. integral). The function f), (y) is assumed to have a continuous
Note that p = pg and p = p; for the in-control (y = 1) and out- uniform distribution over the interval (Ymin, Ymax) [39], with
of-control (y > 1) states, respectively. According to De Araujo probability density function of f,, (y) = m> where
Rodrigues et al. [18], the ARL and the average sample size (ASS) Ymax — Ymin denotes the interval length. To incorporate exact
can be computed as shift sizes, y € {1.5, 2.0, 3.0}, that were considered in Tuh
et al. [22], two intervals of the shift size, therefore, are set
ARL = 1 and ) in this paper: (i) (Ymin > VYmax] = (1.1 , 2.0] and (ii)
1—-A (Ymin > VYmax] = (2.0 , 3.0]. For example, the interval
ASS = m +mPs, ®) Ymin > VYmax] = (L1 , 2.0] and (Vmin > Vmax] =

(2.0 , 3.0] include y = {1.5, 2.0} and y = {3.0}, respectively.
Note that MRL(y) denotes the MRLj at y. The Gauss Legendre
Quadrature is employed to estimate approximately the definite

respectively, where P = P (|_WLJ <d < fCLl]). The in-
control ARL (ARLg) and ASS (ASSp) are calculated when p =
po> while the out-of-control ARL (ARL;) and ASS (ASS;) can be
obtained when p = py.

The MRL is the RL with a cumulative probability of at least
50% of the time. The MRL can be computed using Equation (4)
by putting o« = 0.5, where Equation (4) can be rewritten as

integral in Equation (11).

This paper also evaluates the expected average run
length (EARL) and the expected average sample size (EASS)
values through

Ymax
EARL = fy (WARL(y)dy (12)
Ymin
In (0.5)
EO.S = InA > (9) and
ymax
where ¢p5 = MRL. Note that MRL = MRLy is the in-control EASS = fy (WASS (y) dy, (13)
MRL when y = 1, whereas MRL = MRL is the out-of-control Ymin
MRL when y > 1. respectively.
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Computational methods and results

Optimal design of the EMRL-based DS np
chart

Tuh et al. [22] investigated the performance of the DS np
chart using the MRL as the performance measure. Interested
readers may refer to Tuh et al. [22] for the detailed optimization
procedure for the DS np chart based on the MRL.

Nevertheless, the actual process shift size is usually
unknown. Thus, the DS np chart can be designed for a given
range of shift sizes (Vmin> Ymax], Which is an alternative method.
The optimization design of the DS np chart by minimizing the
out-of-control expected median run length (EMRL1) is given as

ming|,q2,wir,cL1,cL2EMRL] (14)

subject to:
EMRLy > MRLopin and (15)
EASSy = n. (16)

MRLomin [in Constraint (15)] and # [in Constraint (16)]
are denoted as the predetermined in-control median run length
and predetermined in-control average sample size, respectively,
where 11 < n < ny, with both n1 and n; are integers. Note
that EMRLy = MRLy and EASSy = ASS( are considered in
this paper.

The procedure for searching optimal (11, np, WL, CLy, CL;)
combination, based on the optimization model in (14)-(16), and
the DS np chart based on EMRL is outlined as follows:

Step 1: Specify the desired values of pg, #, MRLomin> Ymin»
and ymax. Here, n is the average sample size in each
sampling when the process is in a state of control; # is also
the fixed sample size for the standard np chart.

Step 2: Initialize EMRL] in with a very large value, say 10°.
EMRL1pip is used to keep track of the lowest EMRL; value.
Step 3: Begin with n; = 1.

Step 4: With the current n; value, determine the
combination of (n1, ny, WL, CL;) for a specified n when
y = 1, such that the Constraint (16) is fulfilled. The value
of ny is computed through the rearrangement of Equation
(8), thatis, ny = ("="1) 4\ | 4, <,y » and is rounded up
to the nearest integer, where 0 < WL < CL;.

Step 5: Then determine CL; based on the Equation (9)
and Constraint (15), in which the computed EMRL equals
to EMRLy when y = 1, where CLy > CL;. The values
of WL, CLj, and CL; are determined based on operating
procedure discussed in Section 2.2. In this step, the possible
(n1, np, WL, CLy, CL;) combination is identified.

Step 6: Once the possible (11, n3, WL, CLj, CLy)

combination has been determined, EMRL; will be
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computed for p = pj, by means of Equation (11). If the
calculated EMRL; is less than the current EMRLpip, the
EMRLjpin value will be replaced by the newly computed
EMRL;. The current (n, ny, WL, CL;, CL;) combination
is temporarily stored as the possible combination before
any new lower EMRL; value is found. If the (n1, np, WL,
CL;, CLy) combination obtained in the following search
yields similar EMRLpin, the combination will be saved
together as a possible combination. Otherwise, the (11, n2,
WL, CLy, CLy) combination will not be considered if it
results in larger EMRL; value.

Step 7: Once the search with n1 = 1 is complete, increase
n1 by one. Repeat Steps 4-6, for the remaining n; = 2,
3..., (n — 1), to search for the possible (n1, ny, WL, CLy,
CL;) combinations that satisfy the Constraints (15)-(16)
and having the smallest value of EMRL;.

Step 8: If more than one combinations of (nj, ny,
WL, CLj, CLy) produce a similar lowest EMRL; value,
the combination that yields the smallest out-of-control
expected average sample size (EASS;) value is selected as
the optimal combination.

An optimization MATLAB program is developed to execute
the above procedure to search for the optimal (n1, np, WL, CL1,
CL,) combination for the EMRL-based DS np chart.

In this paper, based on the Gauss Legendre Quadrature rule,
the weights (w;) and nodes (x;) values are obtainable through
the MATLAB coding written by Winckel [40]. These values
are considered for the computation of E (¢y);, EARL;, and
EASS;. According to Hale and Townsend [41], the fundamental
accuracy can be achieved for any number of ordinates (N)
that exceeds 100. Therefore, N = 200 is considered for all
these computations.

Comparative studies

In this section, the EMRL; performance of the standard
np chart with unknown shift size is compared with that
of the DS np chart. The computational procedure for the
standard np chart based on the EMRL; is to find the minimal
value of UCL given the sample size n, by attaining the
constraint EMRLy > MRLoyin- The E({p5)9 (= MRLy) and
EARL( (= ARLg) of the standard np chart are computed using
Equations (9) and (7), respectively, by replacing A with Ag
from Equation (1). The optimal charting parameters of the
DS np chart are computed using the optimization procedure
described in Section Optimal design of the EMRL-based DS
np chart. The different combinations of input parameters as
follows are considered: pg € {0.005, 0.01, 0.02}, MRLomin €
(200, 3704}, n € {25, 50, 100, 200, 400, 800}, and two
intervals of process shift sizes: (1) ( ¥min> Ymax] = (1.1,  2.0]
and (2) (Ymin > (2.0 , 3.0]. We only provide

Ymax]
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TABLE 1 Charting parameters with corresponding (E(¢o.05)g, EMRLo, E(0.95)o) and EARL, for standard np and optimal DS np charts, when MRLomin = 200.

Standard np chart DS np chart
Expected Percentile RL Expected Percentile RL
Ymin Ymax po n UCL (E(%0.05)0> EMRL; E(£0.95)0) EARLy (n1, n2, WL, CLy, CL3) (E(%0.05)0 EMRLo, E(£0.95)0) EARLg
11 2.0 0.005 100 3.5 (31,414, 1,789) 597.63 (8,2,340,0.5,2.5,17.5) (16, 205, 882) 294.82
200 5.5 (91, 1,229, 5,311) 1773.23 (57, 4,298, 1.5, 4.5, 29.5) (15, 200, 861) 287.76
400 7.5 (49, 658, 2,841) 948.59 (151, 6,111, 2.5, 6.5, 41.5) (15, 200, 864) 288.73
800 105 (19,251, 1,084) 362.20 (293,8,333,3.5,8.5, 56.5) (15, 200, 863) 288.52
0.01 50 3.5 (33,434, 1,876) 626.50 (24, 1,090, 1.5, 4.5, 16.5) (15,203, 876) 292.60
100 4.5 (15,202, 872) 291.35 (33, 1,557, 1.5, 4.5, 23.5) (16,213, 920) 307.44
200 7.5 (51, 685, 2,958) 987.60 (80, 2,578, 2.5, 6.5, 36.5) (15, 200, 864) 288.80
400 10.5 (20,258, 1,116) 372.71 (144, 4,459, 3.5, 9.5, 59.5) (15,200, 862) 287.94
0.02 25 35 (36, 480, 2,071) 691.62 (2,580,0.5,2.5,17.5) (17,221,952) 318.03
50 4.5 (16,216, 932) 31155 (17,740, 1.5, 4.5, 22.5) (15,201, 868) 289.95
100 7.5 (56, 744, 3,214) 1,073.03 (39, 1,427, 2.5, 5.5, 39.5) (16,206, 891) 297.69
200 105 (21,274, 1,183) 395.16 (101, 1,882, 4.5, 9.5, 52.5) (15, 201, 866) 289.25
2.0 3.0 0.005 100 3.5 (31,414, 1,789) 597.63 (23,708, 0.5, 2.5, 8.5) (15, 200, 862) 288.00
200 5.5 (91, 1,229, 5,311) 1,773.23 (99, 1,143, 1.5, 5.5, 12.5) (16, 206, 888) 296.84
400 7.5 (49, 658, 2,841) 948.59 (233, 1,506, 2.5, 7.5, 16.5) (15, 202, 870) 290.61
800 10.5 (19,251, 1,084) 362.20 (528, 2,135, 4.5,9.5,23.5) (16,213, 920) 307.47
0.01 50 3.5 (33,434, 1,876) 626.50 (34,352, 1.5,4.5,8.5) (15,202, 873) 291.78
100 4.5 (15,202, 872) 291.35 (47,658, 1.5,5.5, 13.5) (16, 206, 887) 296.29
200 7.5 (51, 685, 2,958) 987.60 (116, 756,2.5,7.5, 16.5) (15, 200, 864) 288.60
400 105 (20,258, 1,116) 37271 (268, 994,4.5,9.5, 22.5) (15, 200, 865) 288.96
0.02 25 3.5 (36, 480, 2,071) 691.62 (7,136,0.5,2.5,7.5) (17,218, 940) 314.11
50 4.5 (16,216, 932) 31155 (25,282, 1.5,4.5, 12.5) (17,224, 967) 323.19
100 7.5 (56, 744, 3,214) 1,073.03 (60,336, 2.5,7.5,15.5) (16,208, 897) 299.89
200 10.5 (21,274,1,183) 395.16 (134, 500, 4.5, 9.5, 22.5) (15,201, 868) 290.14

e 3a yng

BJo uISISnUOLY

137

251£66'2202'swWe}/68¢¢°0T


https://doi.org/10.3389/fams.2022.993152
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

S21Is13eIS pue soiewayyey panddy ul siai3uod

BJo uISISnUOLY

TABLE 2 Charting parameters with corresponding and EARL, for standard np and optimal DS np charts, when MRLomin = 370.4.

Standard np chart DS np chart
Expected Percentile RL Expected Percentile RL
Ymin Ymax Po n UcL (E(%0.05)0> EMRLy, E(£0.95)0) EARLy (n1, n2, WL, CLy, CLy) (E(%0.05)0» EMRLy, E(£0.95)0) EARLg
L1 20 0.005 100 35 (31,414, 1,789) 597.63 (38,3,985, 1.5,3.5,27.5) (30, 393, 1,697) 566.84
200 5.5 (91,1,229,5,311) 1,773.23 (59, 3,979, 1.5, 4.5, 29.5) (28,375, 1,617) 540.25
400 7.5 (49, 658, 2,841) 948.59 (144, 7,069, 2.5, 7.5, 48.5) (28,372, 1,606) 536.36
800 115 (59, 786, 3,396) 1,133.91 (374, 10,324, 4.5, 10.5, 69.5) (28,372, 1,605) 536.07
0.01 50 35 (33,434, 1,876) 626.50 (23,1,230,1.5,3.5,19.5) (30, 393, 1,696) 566.43
100 55 (96, 1,297, 5,603) 1,870.79 (27, 2,454, 1.5, 4.5, 34.5) (29, 385, 1,661) 554.77
200 7.5 (51, 685,2,958) 987.60 (66, 4,670, 2.5, 6.5, 60.5) (29, 382, 1,650) 551.07
400 115 (61,816, 3,526) 1,177.46 (189, 4,974, 4.5, 10.5, 67.5) (28,375, 1,621) 541.40
0.02 25 35 (36, 480,2,071) 691.62 (11,719, 1.5, 3.5,21.5) (28,371, 1,602) 535.00
50 55 (108, 1,450, 6,263) 2,091.10 (13,1373, 1.5, 4.5, 37.5) (29, 383, 1,652) 551.81
100 7.5 (56,744, 3,214) 1,073.03 (37, 1,679, 2.5, 8.5, 46.5) (28, 371, 1,600) 53437
200 115 (66, 882, 3,810) 1,272.00 (93,2,728,4.5,9.5,72.5) (28, 373, 1,609) 537.32
2.0 3.0 0.005 100 35 (31,414, 1,789) 597.63 (58,1,223, 1.5, 4.5, 12.5) (29, 389, 1,679) 560.71
200 55 (91,1,229, 5,311) 1,773.23 (98, 1,175, 1.5, 5.5, 13.5) (28,378, 1,631) 544.67
400 7.5 (49, 658, 2,841) 948.59 (143,1,599, 1.5, 5.5, 17.5) (29, 381, 1,646) 549.64
800 115 (59, 786, 3,396) 1,133.91 (497,2,850, 4.5, 11.5, 28.5) (28, 372, 1,608) 537.15
0.01 50 35 (33,434, 1,876) 626.50 (32,442, 1.5,4.5,10.5) (31,416, 1,794) 599.25
100 5.5 (96, 1,297, 5,603) 1,870.79 (49,590, 1.5, 5.5, 13.5) (28,376, 1,623) 542.01
200 7.5 (51, 685,2,958) 987.60 (116,756, 2.5,7.5,17.5) (30, 399, 1,724) 575.89
400 115 (61,816, 3,526) 1,177.46 (252, 1,340, 4.5, 10.5, 27.5) (28, 372, 1,605) 536.00
0.02 25 35 (36, 480,2,071) 691.62 (16,225, 1.5, 4.5, 10.5) (30,399, 1,722) 575.27
50 55 (108, 1,450, 6,263) 2,091.10 (26,253, 1.5, 4.5, 12.5) (29,387, 1,671) 558.17
100 7.5 (56,744, 3,214) 1,073.03 (58,381,2.5,7.5,17.5) (30, 395, 1,706) 569.92
200 115 (66, 882, 3,810) 1,272.00 (126,675, 4.5, 12.5,27.5) (28,371, 1,602) 535.05
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the results for the combinations of n and py such that
npo {0.5, 1.0, 2.0, 4.0}. The and po combinations that
generate npg = {0.5, 1.0, 2.0, 4.0} were also adopted by several

researchers [see [10], [29], and [19]] for clarity and unbiased
comparison between competing charts.

Performance of the standard np and DS np
charts based on EMRL

The charting parameter UCL for the standard np and the
optimal charting parameters (n1, ny, WL, CL;, CLy) of the
DS np chart based on the EMRL; are listed in Tables I, 2.
The corresponding values of E (0.05)9> EMRLg, E (£0.95)¢ > and
EARL are also provided in the tables. Note that E (£ 05)¢ and
E (£0.95)¢ denote the in-control 5th and 95th percentiles of the
RL, respectively. For example, Table 2 shows that when py =
0.01,n=100and ( Ymin> Ymax] = (1.1, 2.0], for the standard
np chart, while (n1, ny, WL, CL1, CLy) = (27, 2454, 1.5, 4.5,
34.5) for the optimal DS np chart. The DS np chart with these
charting parameters gives the smallest EMRL; value, while the
EMRLy is at least 370.4. Subsequently, the corresponding values
of (E (¢0.05)9> EMRLg, E (£0.95)9, EARLg) for the standard np
and optimal DS np charts are computed as (96, 1,297, 5,603,
1,870.79) and (29, 385, 1,661, 554.77), respectively. The optimal
design makes the DS np chart easier to implement in practice.
Consider the case of a plastic component created via injection
molding, for which a rapid detection within the range of process
shift sizes ( Ymin> Ymax] = (1.1,  2.0] is required. Table I
suggests (n, ny, WL, CLy, CLy) = (24, 1,090, 1.5, 4.5, 16.5) as
the best charting parameter for detecting this range of shift sizes
if pg = 0.01, n = 50, and MRLoin = 200.

In Table 3, the E(0.05);, EMRLy, E ({0.95); » and EARLy
values, for the out-of-control case, can be obtained using the
charting parameter UCL for the standard np and optimal
charting parameters (n7, ny, WL, CLj, CL;) of the DS np charts
(refer to Tables 1, 2). For instance, when pg = 0.02, n = 50,
MRLomin = 200, and ( Ymin> Ymax] = (1.1,  2.0], Table 1
gives (n1, na, WL, CLy, CLp) = (17, 740, 1.5, 4.5, 22.5) as the
optimal charting parameters for the DS np chart. With these
optimal charting parameters, (E ({0.05)1> EMRL1, E(£0.95)1,
EARL]) = (1.83, 18.50, 78.34, 26.49). The equations used for the
evaluation of E (¢p.05)1, EMRL1, E (£0.95)1, and EARL; values
can be found in Section The run length properties of the DS
np chart.

Numerical results in Tables 1, 2 clearly demonstrate that
the EMRL values are lower than EARLg, for both standard
np and optimal DS np charts for the in-control case (y
Table 1, the DS np chart gives
0.02, = 25, (Ymin >
200. Practitioners may interpret

1). For instance, referring to
EARLy = 314.11 when pg
(2.0 , 3.0], and MRLypin
a false alarm happens by the 314th sample in half of the time.
In fact, this value is located in between 60 and 70th (= 378)

percentile of the RL distribution, and the false alarm actually

Ymax] =

Frontiers in Applied Mathematics and Statistics

139

10.3389/fams.2022.993152

happens before 314th sample, that is by the 218th sample
(EMRLg = 218), occurs in half of the time. On the contrary,
for the out-of-control case (see Table 3), when py = 0.02, n
100, (¥min > ¥max] (2.0 , 3.0], and MRLopin =
200, the DS np chart gives EARL; = 2.06, while EMRL; =
1.44, showing small difference between the EARL; and EMRL;
values. This demonstrates that when the RL distribution is

highly right-skewed, the average is significantly larger than the
median. In contrast, the average is relatively closer to the median
in symmetric distribution. Consequently, we recommend the
EMRL over EARL as a performance measure which delivers
a clearer interpretation for the performance DS np chart. In
addition, based on the EMRL performance measure, Table 3
shows that the optimal DS np chart outperforms the standard
np chart for all shift sizes, (Ymin> Ymax], with the former giving
lower EMRL; than the latter for identical pg, n, MRLomin, and
(Ymin> Ymax] combination.

Performance of the standard np and DS np
charts based on expected percentile of the RL
distribution

The percentiles of RL distribution can help to reveal more
information about the entire RL distribution, including the early
false alarm rates. In this paper, the E (0.05) and E ({g.95) are also
analyzed to equip practitioners with a better view on the spread
of the entire RL distribution of the standard np and optimal DS
np charts.

The lower percentile, such as E ({p5) evaluated in this
paper for the in-control case (y = 1), provides information
concerning early false alarm rates. Let us consider standard np
chart in Table 1, when pg = 0.01, n = 50, MRLq;;in = 200, and
( Ymin> ¥Ymax] = (1.1,  2.0], gives E (0.05)9 = 33. This result
suggests a false alarm will occur by 33rd sample point in 5% of
the time. On the contrary, a false alarm will happen in half of
the time by the 434th sample (E (¢05)9 = 434), meaning that
sample 434 has a chance of 0.5 of detecting a false alarm, whereas
the EARLy is indicated as 626.50.

On the other hand, the higher percentile of the RL
distribution, for example, E (0.95)1, provides information about
the out-of-control condition which will be issued by the control
chart with a high possibility at a certain magnitude of the
shift. Based on DS np chart, as shown in Table 3, when py =
0.005, MRLyyin = 370.4, n = 100, and ( Ymin> Ymax)
(2.0, 3.0], this chart is anticipated to signal within the
first 20.83 samples with a probability of 0.95 (E (£0.95)1
20.83). In other words, practitioners can claim with 95%

confidence that an out-of-control signal will be discovered by
the 20.83rd sample.

Moreover, both the standard np and DS np charts, shown in
Tables 1, 2, clearly demonstrate that the in-control RL is subject
to significant variation. Expectedly, in Table 2, the in-control
extreme percentile of the DS np chart is 1,722 - 30 = 1,692 and
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TABLE 3 Performance of the DS np and standard np charts with MRLopi, = 200 and 370.4.

MRLomin = 200 MRLgin = 370.4

e 3a yng

Standard np chart DS np chart Standard np chart DS np chart

Expected percentile RL

Ymin Ymin Po " (E(%0.05)1, EMRLy, E(§0.95)1) EARLy (E($0.05)1, EMRLy, E(80.95)1) EARLy (E(80.05)1, EMRLy, E($0.95)1) EARLy (E(8o.05)1, EMRLy, E(80.95)1) EARL;

Expected percentile RL Expected percentile RL Expected percentile RL

S21Is13eIS pue soiewayyey panddy ul siai3uod

BJo uISISnUOLY

11 2.0 0.005 100 (8.71, 111.50, 480.36) 160.69 (2.45,27.62,117.74) 39.65 (8.71, 111.50, 480.36) 160.69 (3.35,38.73, 165.72) 55.66
200 (16.11, 211.50, 912.32) 304.86 (1.80, 18.69, 79.09) 26.73 (16.11, 211.50, 912.32) 304.86 (2.27,24.92,106.04) 35.74

400 (6.95,87.11, 374.84) 125.46 (1.44,12.42,51.91) 17.67 (6.95, 87.11, 374.84) 125.46 (1.68, 15.88, 67.01) 2271

800 (2.45, 26.60, 113.20) 38.12 (1.22,7.82,32.23) 11.10 (5.27, 65.39, 280.74) 94.06 (1.36,9.85, 40.88) 14.00

001 50 (9.08, 116.26, 500.90) 167.54 (2.47,27.91,119.09) 40.08 (9.08, 116.26, 500.90) 167.54 (3.33,39.35, 168.48) 56.57
100 (3.94, 46.33, 198.60) 66.63 (1.88, 19.12, 80.96) 27.36 (16.86, 221.47, 955.66) 319.34 (2.24,24.84, 105.66) 35.61

200 (7.16,89.97, 387.16) 129.58 (1.45,12.33,51.61) 17.58 (7.16, 89.97, 387.16) 129.58 (1.65,16.13, 68.13) 23.07

400 (2.48,27.09, 115.47) 38.89 (1.22,7.81, 32.04) 11.05 (5.41, 67.17, 288.87) 96.75 (1.36,9.86, 41.03) 14.04

002 25 (9.88, 126.99, 547.04) 182.93 (2.51,28.45,121.28) 40.82 (9.88, 126.99, 547.04) 182.93 (3.20,37.50, 106.37) 53.86
50 (4.12, 4891, 209.81) 70.38 (1.83,18.50, 78.34) 26.49 (18.53, 244.00, 1052.93) 351.80 (2.23,24.64, 105.00) 35.39

100 (7.60,96.17, 413.94) 138.52 (1.46, 12.50, 52.26) 17.78 (7.60,96.17, 413.94) 138.52 (1.68, 15.72, 66.41) 22,51

200 (2.57,28.24,120.35) 40.51 (1.24,7.82,32.28) 11.13 (5.70, 71.23, 306.20) 102.54 (1.34,9.72, 40.41) 13.83

2.0 30 0.005 100 (1.96, 20.56, 87.20) 29.44 (1.00, 4.56, 18.15) 6.41 (1.96, 20.56, 87.20) 29.44 (1.00, 5.24,20.83) 7.30
200 (1.88, 19.86, 84.05) 28.39 (1.00, 2.59, 9.54) 355 (1.88, 19.86, 84.05) 28.39 (1.00, 2.80, 10.48) 3.86

400 (1.00, 6.30, 25.64) 8.90 (1.00, 1.45, 5.08) 2.09 (1.00, 6.30, 25.64) 8.90 (1.00, 1.67, 5.86) 2.33

800 (1.00,1.97, 7.04) 273 (1.00, 1.00, 2.74) 137 (1.00, 2.88, 10.73) 3.94 (1.00, 1.01, 2.91) 142

0.01 50 (2.01,21.16, 89.81) 30.32 (1.00, 4.62, 18.41) 6.49 (2.01,21.16, 89.81) 30.32 (1.00, 5.17, 20.79) 7.28
100 (1.00, 7.36, 30.15) 10.41 (1.00, 2.60, 9.66) 3.59 (1.93, 20.40, 86.51) 29.21 (1.00,2.78, 10.38) 3.83

200 (1.01, 6.38, 25.95) 9.01 (1.00, 1.45, 5.03) 2.08 (1.01, 6.38, 25.95) 9.01 (1.00, 1.57, 5.45) 221

400 (1.00,1.97, 7.05) 274 (1.00, 1.00, 2.71) 1.36 (1.00, 2.90, 10.78) 3.96 (1.00, 1.01, 2.86) 1.41

002 25 (2.13,22.52,95.71) 3228 (1.00, 4.75, 18.92) 6.67 (2.13,22.52,95.71) 3228 (1.00, 5.08, 20.37) 7.15
50 (1.01,7.55, 31.03) 10.70 (1.00, 2.58, 9.48) 353 (2.02, 21.64, 91.88) 31.01 (1.00, 2.84, 10.58) 3.89

100 (1.02, 6.55, 26.69) 9.25 (1.00, 1.44, 4.96) 2.06 (1.02, 6.55, 26.69) 9.25 (1.00, 1.54, 5.34) 218

200 (1.00, 1.98, 7.08) 2.74 (1.00, 1.00, 2.67) 135 (1.00, 2.92, 10.88) 4.00 (1.00, 1.00, 2.83) 1.40

140

251£66'2202'swWe}/68¢¢°0T
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TABLE 4 MRL; computed using the optimal charting parameters of the EMRL-based DS np chart and the MRL-based DS np chart for pg = 0.005,

n = 100, and EMRL, € {200, 370.4).

MRL;

MRLomin Type of DS np chart (Ymin> Ymax] y=12 y=15 y=2.0 y=3.0
200 EMRL-based design chart (1.1, 2.0] 59 20 10 -
(2.0,3.0] - _ _ 3
MRL-based design chart - 59 20 8 3
370.4 EMRL-based design chart (1.1, 2.0] 86 27 13 -
(2.0,3.0] - _ _ 3
MRL-based design chart - 82 26 9 3

TABLE 5 MRL; computed using the optimal charting parameters of the EMRL-based DS np chart and the MRL-based DS np chart for pg = 0.01, n =

100, and EMRL, € 200, 370.4.

MRL,
MRLomin Type of DS np chart (Ymin> Ymax] y=12 y=1.5 y=2.0 y=3.0
200 EMRL-based design chart (1.1,2.0] 45 12 5 -
(2.0,3.0] - - - 2
MRL-based design chart - 41 12 4 2
370.4 EMRL-based design chart (1.1,2.0] 59 15 7
(2.0,3.0] - - - 2
MRL-based design chart - 56 15 5 2

TABLE 6 MRL; computed using the optimal charting parameters of the EMRL-based DS np chart and the MRL-based DS np chart for po = 0.02, n =

100, and EMRL, € {200, 370.4}.

MRL,

MRLomin Type of DS np chart (Ymin> Ymax] y=12 y=15 y=2.0 y=3.0
200 EMRL-based design chart (1.1,2.0] 29 7 4 -
(2.0,3.0] - _ _ 1
MRL-based design chart - 28 7 2 1
370.4 EMRL-based design chart (1.1, 2.0] 38 8 4 -
(2.0,3.0] - - - 1
MRL-based design chart - 37 8 3 1

the standard np chart is 2,071 - 36 = 2,035 when pg = 0.02, n =
25, ( Ymin> Ymax] = (2.0, 3.0], and MRLgpin = 370.4.
However, by referring to Table 3 for the out-of-control
condition, the extreme percentile (the difference between the
E(Z0.05) and E(Zp95)) reduces as n increases and the shifts
interval changes from ( ¥min> Ymax] = (1.1, 2.0] (small shifts
interval) to ( Ymin> Ymax] = (2.0,  3.0] (large shifts interval),
for both standard np and DS np charts. This trend suggests that
there is small variation for the out-of-control RL over large shift
interval and larger n values. For example, the out-of-control
extreme percentile of the DS np chart is 103.17 when MRLomin
= 3704, po = 0.02, n = 25, and ( Ymin> Ymax] = (1.1, 2.0],

diminishes to 19.37 when ( Ymin> Ymax] = (2.0, 3.0], for
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identical pg, n, and MRLopipn. In addition, the numerical results
reveal that the optimal DS np chart has smaller variation in RL
distribution compared to the competing standard np chart for
small and large shift interval.

Performance of the DS np chart when shift size
is unknown

The most interesting finding emerges from the analysis
shown in Tables 4-6, utilizing the optimal parameters by
minimizing EMRL; to compute the MRL; when unknown shift
size is a viable option, providing ¥ € (¥min> ¥max]. The optimal
charting parameters for the EMRL-based DS np chart can be
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obtained from Tables 1, 2. For ease of reference and comparison,
the MRL; of MRL-based design chart found by Tuh et al. [22] is
listed in Tables 4-6. For a comprehensive comparison, the MRL
values for both MRL-based and EMRL-based design charts when
y = 1.2 are also added to this section. Due to space constraint,
we only present the results with n = 100.

From Tables 4-6, it is worth noting that the MRL; computed
in Tables 4-6 by means of (11, ny, WL, CLy, CLy) for DS np chart
with EMRL-based design is nearly identical to those based on
specific shift sizes (MRL-based design chart) for most cases, on
condition that € (¥min> Ymax]. For instance, in Table 5, when
n = 100, MRLomin = 200, po = 0.02, and ( Ymin> Ymax)
(1.1, 2.0], the optimal charting parameters of the DS np chart
are (n1, np, WL, CLy, CLy) = (39, 1,427, 2.5, 5.5, 39.5) (see
Table 1), obtained by minimizing EMRL;. This optimal charting
parameters yield MRL] = {29, 7, 4} for y = {1.2, 1.5, 2.0}, while
the MRL-based design chart gives MRL; = {28, 7, 2}. As a result,
the optimal parameters listed in Tables 1, 2 (as determined by

minimizing EMRL1) can be directly and reliably substituted for
the optimal parameters by assuming a known shift size, in the

event that ¥ € (Vmin> Ymax)-

An illustrative example

The performance of the DS np chart is assessed with the
use of an example, as follows. The information used in this
illustration was extracted from Gitlow and Hertz [42]. The
information is relevant to the keypunching operation that
normally takes place in a data processing department. To
establish the control chart, a sample size of 200 cards (n =
200) was selected at random from the output of each day’s
production over the course of 24 days (subgroups m = 24)
and inspected for defects. After establishing the control chart,
it was discovered that samples 8 and 22 were not within the
control limits and were subsequently discarded following further
investigation. Using the remaining samples of m = 22 and »
= 200, revised control limits were computed. All the verified
points fall within the control limits, pointing toward in-control
process. This represents phase I analysis. As a result, we may
estimate the in-control process fraction nonconforming (po)
using following equation:

_ X Xidi T3

= ~ 0.02
m mxn 22 x 200

(17)

Po

We illustrate the proposed optimal EMRL-based DS np
chart by applying a simulated data generated using the RStudio
software. Herein, we use the optimal charting parameters based
on MRLomin = 200, ( ¥min> ¥Ymax] = (1.1, 2.0], po = 0.02,
and n = 200 obtained from Table 1. The optimal parameter
combination for the DS np chart is (n1, n2, WL, CLj, CLp)
= (101, 1,882, 4.5, 9.5, 52.5). The data for the 30 samples are
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TABLE 7 Dataset for the illustrative example.

Sample number DS np chart
d; dy dy +d;

1 2

2 0

3 2

4 1

5 2

6 1

7 5 36 41
8 3

9 2

10 1

11 3

12 1

13 2

14 1

15 6 54 60
16 4

17 2

18 4

19 1

20 2

21 3

2 1

23 2

24 1

25 3

26 0

27 1

28 0

29 1

30 7 40 47

simulated, where the first eight samples come from the in-
control state with pg = 0.02. The subsequent 22 samples depict
the out-of-control state with p; = ypp = 1.3 x 0.02 = 0.026,
where a process shift of y = 1.3 is presumed to have occurred.
Note that the number of nonconforming items in the first sample
dy is simulated from the binomial distribution with parameters
(n1, po) = (101, 0.02) and (n1, p1) = (101, 0.026) for the in-
control and out-of-control states, respectively, while the number
of nonconforming items for the second sample d; is generated

from the same distribution but with parameters (12, po)
(1,882, 0.02) and (n2, p1) = (1,882, 0.026) for the in-control
and out-of-control cases, respectively.

The thirty samples from Table 7 are plotted in Figure 2’s DS
np chart. The solid dots (e) and hollow dots (o) represent the
stages 1 and 2 of the DS scheme, respectively. One can observe
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FIGURE 2
DS np chart.

that the process remains at the stage 1 of the DS scheme for
samples 1 through 6 as the points lie lower than 4.5 (<WL) and
is deemed to be in-control. Note that at sample 7, d; = 5 for the
first sample at the stage 1 of the DS scheme corresponds to size
n1 = 101. Since 4.5 < d; < 9.5, the operation moves to the stage
2 of the DS scheme, which involves taking a second sample of
size np = 1,882 and number of nonconforming items dy = 36
is observed. As a result, dy + dy = 5 + 36 = 41. Since d1 + d»
is below 52.5 (<CLj;), this sample is considered as in-control.
The process remains in-control condition up to sample 14. At
sample 15, dj = 6, do = 54 in which d; + dy = 60 exceeds
the control limit CL; of 52.5. This indicates that sample 15 is
out-of-control. Clearly, DS np chart detects the process shift at
sample 15. Corrective action should be taken immediately to
identify and remove the assignable cause(s) that resulting to the
out-of-control condition in the process.

Conclusion

A good understanding of a control chart is crucial as it helps
to increase the confidence of quality practitioners. Therefore, in
this study, EMRL has been proposed as a performance measure
for designing DS np chart. The results obtained indicate that
the EMRL is an effective optional performance measure for
the DS np chart when it is not possible to specify the shift
size of the fraction nonconforming beforehand. Alternatively,
practitioners can utilize the recommended optimal charting
parameters based on EMRL; minimization if the process shift
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size is within the acceptable range ( ¥min, Ymax] - In the case
of inexperienced practitioners who are not familiar with the
establishment of process shift size, this approach can help
to minimize inaccuracy that may arise when practicing and
implementing the DS np control chart. It should be noted
that the conclusion in this research depends on the data
independence and binomially distributed assumptions. For
future research purposes, additional work can be carried out
without applying these assumptions. In addition, the effect of
parameter estimation may also be conducted for the unknown

shift size.
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Extreme events are defined as events that largely deviate from the nominal
state of the system as observed in a time series. Due to the rarity
and uncertainty of their occurrence, predicting extreme events has been
challenging. In real life, some variables (passive variables) often encode
significant information about the occurrence of extreme events manifested
in another variable (active variable). For example, observables such as
temperature, pressure, etc., act as passive variables in case of extreme
precipitation events. These passive variables do not show any large excursion
from the nominal condition yet carry the fingerprint of the extreme events.
In this study, we propose a reservoir computation-based framework that
can predict the preceding structure or pattern in the time evolution of the
active variable that leads to an extreme event using information from the
passive variable. An appropriate threshold height of events is a prerequisite
for detecting extreme events and improving the skill of their prediction. We
demonstrate that the magnitude of extreme events and the appearance of a
coherent pattern before the arrival of the extreme event in a time series affect
the prediction skill. Quantitatively, we confirm this using a metric describing the
mean phase difference between the input time signals, which decreases when
the magnitude of the extreme event is relatively higher, thereby increasing the
predictability skill.

KEYWORDS

extreme events, coupled neuron model, active and passive variable, precursory
structure, echo state network, phase coherence
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Introduction

In recent years, extreme events (EEs) have gained attention
of the researchers and decision-makers due to increase in
the occurrence of highly intense climate extremes, such as
hurricanes, floods, heatwaves, etc., due to global warming and
climate change [1-3]. They have devastating impact on life
and infrastructure. There are several other examples of such
extraordinary devastating events in various other disciplines
aside from climate, like rogue waves in lasers and tsunamis
in the ocean, earthquakes in seismology, share market crashes
in finance, regime shift in ecosystems, etc., which are also
rare but may have a long-term correlation in their return
periods [4-11]. The study of extreme events focuses on the
self-organizing principles [5, 12-19] that may enable us to
forecast and mitigate the after effect. Various tools have been
developed to study the underlying dynamics of such extreme
events, e.g., complex networks have been extensively used to
analyze climate extremes [20-24], numerous studies have been
conducted to analyze extreme events based on their statistical
properties [25, 26]. Recurrence plot analysis has been used to
study the recurring behavior of flood events [27]. Because of
their rare occurrence and complex dynamics, understanding and
predicting extreme events is a challenge in the studies of complex
natural systems using the dynamical system approach only
[15, 28-30]. Alternatively, data-based and model-free machine
learning techniques have been recently shown to be more
promising for predicting such events [31-36]. To put it simply,
such a prediction process involves training of the machine using
past data records of EEs from other observable and then testing
the ability of machine to successfully predict the prior shape of
the observable which leads to extreme event.

As the term “extreme event” is used in various disciplines, a
precise definition of EEs is not available. Rather, it depends on
the particular discipline where this term is being used. In this
work, we select the EEs based on their magnitude. Therefore,
it is crucial to set a threshold height so that we can call an
event “extreme” when it exceeds the threshold. The choice of an
appropriate threshold plays a pivotal role in prediction [37, 38].
In our study, we found that for data-based machine learning, a
certain threshold height augments the efficient detection of the
arrival of a coherent pattern and thereby leverage the prediction
process. In particular, we raise the following question here that
for a given multivariate data set in which one of the variables
exhibits EEs, whether a seemingly benign variable (with no
signature of EE) can be used in a machine for the prediction of
the preceding structure or pattern indicative of the forthcoming
EE expressed in another observed variable. We refer to the
preceding structure pattern as a precursory signal in the data
that is typically correlated with the occurrence of EE in near
future. For example, farmers anticipate rain when they observe
red clouds in the early morning sky.

Frontiers in Applied Mathematics and Statistics

147

10.3389/fams.2022.955044

The aforementioned question is motivated from the fact that
the occurrence of EEs in one variable are a manifestation of
the rich dynamics of a multivariate higher dimensional system
as caused by the non-linear interactions among its various
constituents [5, 13]. Due to the paucity of observations of some
EEs occurring in nature, collection or reconstruction of data
directly from a dynamic variable that flares up with an extreme
value (active variable) such as the extreme precipitation, over a
long time period is seldom possible. It is easier to reconstruct
data for those observables which are slow varying (temperature,
pressure, etc.). Some of these observables may remain silent or
passive with a weak response and do not show up with any
manifestation of large size extreme value. However, such passive
variables carry significant information related to the EEs. We
emphasize here that the data collected from the passive variable
is used as inputs to a reservoir computing machine, i.e., the
echo-state network (ESN), in order to check how efficiently
the machine can capture the a priori structure in the active
observable that precedes the EE. ESN is a simple version of
recurrent neural networks [39] that has been used extensively to
predict complex signals ranging from time series generated from
chaotic model, stock-price data to tune hyperparameter [40-50].
Recently, it has been shown that ESN can efficiently capture
the onset of generalized synchronization [51-55], quenching
of oscillation [56, 57], detect collective bursting in neuron
populations [58], and predict epidemic spreading [59]. ESN has
been shown to have great potential in handling multiple inputs
of temporal data, and ability to trace the relation between them
[52, 58, 60]. Due to its simple and computationally effective
character and its suitability for dynamical systems, we use ESN
for our study. Other machine learning-based methods, such as
deep learning [61] might also be useful for the problem we
address in this work.

While collecting data, the first important task is to detect
the EE by assigning an appropriate threshold height and collect
a number of data segments prior to all the available EE in a
time series, to address the question of predictability as suggested
earlier [38, 62, 63]. In the present work, we rely on data
generated from numerical simulations of a model system for
training and testing of the ESN for efficient detection of the
structure preceding the extreme events. Firstly, we identify a
large number of visible EEs from the active variable using a
threshold height and save a data segment of identical length
prior to the occurrence of each EE from the active variable
along with the corresponding data segment from the passive
variable. A multiple number of data segments of identical length
corresponding to EEs in the active variable are thus collected
from the passive variable and used as inputs to the machine. A
part or fraction of the data points from each segment is used
for training and the rest of the data points is kept aside for
predicting the preceding structure of EE in the active variable
during testing.
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We repeat the whole process of data collection, training
and testing of the machine by varying the choice of the
threshold height and then make a quantitative comparison
based on predictability skill to select the most suitable threshold
height for detection and prediction of EE. It must be noted
that by prediction we imply the identification of a common
pattern or structure in the test signal that always appears
quite ahead of time before the arrival of extreme events
and hence, effectively works as a precursor to the extreme
events. Our machine learning based recipe unfolds two useful
information: (i) Data collected from a passive variable before
the appearance of EE in an active variable can provide clues
to capture the future trend of an active variable and thereby
predict the precursory shape of the forthcoming EE, (ii)
machine can efficiently suggest a choice of appropriate threshold
height that may augment the prediction process. A possible
reason for the necessity of a critical threshold for accurate
prediction by the machine is explained further in light of
a coherent pattern that always appears in the ensemble of
multiple segments of data inputs that has been collected prior
to the EE.

For demonstration purpose, we use a paradigmatic model
neuron that consists of active variables (fast variables) expressing
the triggering of extreme events when its passive counterpart
(slow variable) shows no signature of extremes.

Methodology

Dataset

For data generation of EEs, we numerically simulate a
synaptically (chemically) coupled slow-fast Hindmarsh-Rose
(HR) neurons model [64],

Xi =yi+ bxl2 — axi3 —zi+1—0i(xi —vs)'(x))

o

jim e~y
Zj = p[s(x; — xr) — zl,

where x; and y; (i,j = 1,2; i # j) are the fast variables and
oscillate with firing of spiking or bursting potentials. The slow
variable z; controls the fast oscillations. Each variable has its
specific biological functional meaning. The system parameters
a, b, ¢, and s are appropriately chosen where r < 1 is the slow
parameter. xg and v, are constant biases and I'(x) = m
is a sigmoidal function, typically used [65] to represent chemical
synaptic coupling. The parameters, a = 1,b = 3,c = L,k =
—1.6,p = 0.01l,s = 51 = 4,v; = 2,A = 10,0 =
—0.25, are kept fixed for generating data. The coupling constant

5,Xp =
01,2 decides the strength of mutual communication between the
neurons via chemical synapses. We collect data on x; and z; (i =
1,2) from numerical simulations and define two new variables,
u = x1+x and v = z1+2,. Extreme events are expressed [65] in
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the fast variable u, which is denoted as our active variable, while
the slow variable v is defined as the passive variable. The passive
variable does show a signature of rising amplitude when extreme
events arrive in the active variable. However, we have to make a
cut-off in the range of the threshold as usually used from 4o to
80 in the literature. The rising peaks in the slow variable are not
significantly large than our considered significant height (3.50
to 60 ). Our motivation is to predict the precursory structures for
rare peaks, and for this purpose, we consider the v variable as a
passive variable. Information from the passive variable v is then
used as input data to the machine for predicting the preceding
structure of extremes in u.

The local maxima of a time series are identified as events and
accordingly all the events are extracted from u for a long run. A
standard definition is used for the identification of an extreme
event [14, 15, 66] with a threshold Hs = (u) + do, where ()
is the mean of the time series, o is the standard deviation and
d is a constant. Any event larger than H is considered as an
extreme where d is allowed to vary from system to system or
for a measured time series under consideration. The question
of prediction and enhancing predictability is addressed here by
setting different threshold limits of Hs by varying d.

For the purpose of numerical experimentation, we first
detect a number of extreme peaks # from a long time series of u
(total length of the time series : 2 x 107) that crosses a predefined
threshold Hj for a particular choice of d. Next, we collect k data
points prior to each of the n peaks from u, i.e.,

1 = (1 (), u1(t = 1), u1(t = 2), .., u1 (t — k)
ity = (up(t), up(t — 1), up(t — 2), ..., ua(t — k))
(2)

iy = (up(t), un(t — 1), uy(t — 2), ..., un(t — k)),

where ti1, 12, ..., i, are the n events selected from active variable
u. We also collect the corresponding data points from the v-time

series, i.e.,

=), vit = 1), vi(t —2),..,v1(t —k))
V2 = (na(t), v2(t — 1), v2(t = 2), .o v2(t — k)
(3)

V= (vu(t), va(t = 1), vy (t — 2), .o, v (t — k).

In other words, we collect n time segments each containing
k data points prior to all the n extreme events, and construct a
matrix called event matrix E of size n x k from the active variable
and, similarly, construct a matrix P of the same size n x k by
storing the corresponding data points from the passive variable.
A set of m (m < n) (gray region A in Figure 2A) time segments
each with data points p (p < k) (Figure 2B) as collected from v
is then fed into the machine for training to predict the preceding
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structure of (n — m) segments in u signals (light red region B
in Figure 2), which is considered as a precursor to the arrival
of extreme events later. How the machine extracts information
from the inputs of v and transforms them into u at the output
is defined in the input-output functional relation of the machine
as a description of the ESN in the next section. Once the training
is over, the rest of the (k — p) data points for each of the m time
segments are used for testing whether the machine can predict
the future structure of (n — m) time segments of u. The whole
process is repeated multiple times by using four different choices
of d (3.5, 4, 5, 6) for detecting extremes from the time series
of u. We emphasize once again that an input to the machine
for training and testing consists of multiple segments of data
points of identical length collected from v corresponding to the
successive number of EE detected in u for each d-value. The data
points collected from u are used at a later stage for comparison
with the machine output during the testing process. Certainly
this recipe works only when certain amount of data prior to
the extreme events is available from both the variables, and the
passive variable of the system can be identified. However, the
advantage of such a methodology is that it is data-driven and
model-free.

Reservoir computing: Echo-state
network model

An echo state network (ESN) is a type of recurrent
neural network and is extensively used due to its simple
architecture [39]. It has three parts—(1) input layer—in which
the weights are randomly chosen and fixed, (2) reservoir or
hidden layer—it is formed by randomly and sparsely connected
neurons and (3) output layer—in which the output weights
are the only trainable part by input data. A standard leaky
network with a tanh activation function is considered here as
the ESN. The dynamics of each reservoir node is governed by
the following recursive relation:

r(t+1) = (1 — a)r(t) + @ tanh (wresr(t) + Win[1; V(t)])> (4)

where r(t) is a nres-dimensional vector that denotes the state of
the reservoir nodes at time instant ¢, v(t) is the m-dimensional
input vector and 1 is the bias term. The matrices Wres (#ires X
fires) and Wi (nres X (m + 1)) represent the weights of the
internal connection of the reservoir nodes and weights of the
input, respectively. The parameter « is the leakage constant,
which can take any values between 0 to 1. It is to be noted that
the tanh function operates element-wise. The choices of o and
nres can be varied. Here, we have fixed @ = 0.6 and nyeg = 600
throughout all simulations. The reservoir weight matrix Wies
is constructed by drawing random numbers uniformly over an
interval [—1, 1] and the spectral radius of the matrix Wi is re-
scaled to less than unity. The elements of the input weight matrix
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Wi, are also generated randomly from the interval [—1, 1]. Next
we consider data of n-segments sequentially from the time series
of v corresponding to n extreme peaks in u from which a set
of first m-segments of length p of the total length of k data
points are fed into the ESN for training. Thereafter, the output
weight Wyt is optimized to capture the trend of the (n — m)
segments (each length: (k — p)) of u signals. Once the machine
is trained, the input of m-segments each with (k — p) data points
are fed into the machine to predict the trend of the (n — m)-
segments of the u signals prior to the arrival of EE in time. At
each instant of time ¢, the m—dimensional input vector of data,
v(E):[v1(8), va(£), oo, vin ()] is fed into m-number of input nodes
of the machine when the contribution of the input weight matrix
in the dynamics of the reservoir (see Equation 4) is written as,

1
Wil’l(l)l) W1n(1>m+l) Y (t)
Win(2,1) Win(2,m +1) '
. X VZ(t)
Win(71res, 1) -+ Win(f1res, m + 1) ’
Vm(t)

During the training process, at each time instant ¢, the reservoir
state r(t) and input v(t) are accumulated in Vipin(t) =
[1; v(t); x(t)]. The matrix Vi, having dimension (#1yes + m +

1) x plook like,

1 1 - 1]
v(1,1)  w(1,2) v(1,p)
v(2,1)  v(2,2) v(2,p)
v(im,1)  v(m,2) v(m, p)
r(1,1) r(1,2) r(1,p)
r(2,1)  r(2,2) r(2,p)

| 7(nres, 1) 7(nres,2) -« r(nres, p) |

The output weight is determined by:

Wout = Utrainvaain(vtrainvaam + )MI)_1> (5
where Uy, is a matrix which stores the value of u from
(n — m) segments of training length p, and A = 1078 is the
regularization factor that avoids over-fitting. Now, the output
weight is optimized, the final output is obtained by,

U=WouV, (6)

An important point to note is that we use the information of
u only to optimize the output weight.
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FIGURE 1

Time series of slow variable v and fast variable u of the coupled Hindmarsh-Rose (HR) system. (A) Horizontal red lines in the time series of u
(lower panel) and v (upper panel), indicate two threshold heights Hs, = (1) + 3.5¢ (thin line), Hs, = () + 60 (bold line); i and o are the mean
and standard deviation of the time series, respectively. Threshold height Hs, filters out many large peaks that are otherwise qualified as extremes
by the lower threshold Hs,, and thereby allows a selection of rarer extreme events only. One particular extreme peak (shaded region) is marked
in (A) as shown in u, and zoomed in the lower panel of (B) for illustration. This extreme peak is larger than both the horizontal lines Hs, and H,
so as to qualify as a rare extreme event. The corresponding part of the time series of the slow variable v in the upper panel of (A) that never
crosses either of the thresholds, Hs, and Hs,, is zoomed in and shown in the upper panel of (B). Although a slight increase in size of the peak is
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observed in u in the lower panel.

seen (B) compared to its neighboring peaks (upper panel), there is not much significant change in height in comparison to the extreme peak

Results

For illustration of our proposed scheme, the original time
series of u and v for a long run of numerical simulations are
plotted in Figure 1A. As the threshold height is increased from
H,
3.5 to 6, many large peaks are filtered out that declares only a

= (u) + 3.50 and Hs, = (u) + 60 by varying d from
few peaks as rare and extremes. The extreme peaks are selected
as those which are higher than a selected threshold height Hg
(horizontal line, Figure 1A) for a particular choice of d, and
used as data for training and testing the reservoir shown in
Figures 2B-D. It is clear that some of the peaks in u are higher
than the designated thresholds Hy, and Hy, whereas the height
of all the peaks in v are lower than both thresholds. A zoomed
version is shown in Figure 1B to demonstrate the time evolution
of u and v around a single extreme peak marked by a shaded
region in Figure 1A. Extremes are only expressed in the active
variable u with no similar manifestation in the passive variable
v, which is considered here as the input candidate to the machine
for the prediction of the a priori structure of successive EEs
in u.

An exemplary predicted output of u for (k — p) = 200
data points (blue circles) vis-a-vis the original u signal of the
same length (blue line) is plotted in Figures 3A-D for four
different d-values. A visual impression provides a clear evidence
that the error between the predicted signal (blue circles) and
the original input signal (blue line) during 1,300 to 1,500
time units decreases with the increase in the value of d.
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For a more comprehensive understanding of the scenario, the
root mean square error (RMSE) estimated for 20 predicted
output signals and the original signals of u is plotted
which confirms the increasing predictability with higher Hj
(Figures 3E-H). To verify the robustness of the outcome, we
repeat the whole process for 400 realizations drawn from 400
different initial conditions. RMSE is calculated as follows:

RMSE =

r
1
Z(uoriginal(t) - “machine(t))z- ™)
ot o

where f; and f; are training and final time respectively and
tr—tr = k — p.

To understand the reason for the machine’s improved
a Hs, all the
180 input signals of the passive variable (v) as well as

performance with higher we compare

the active variable (u) prior to the occurrence of EEs
0
Figures 4A-D represent the input signals v before the
EEs for four different threshold values. As we increase
the threshold Hs (by increasing d from 3.5, 4, 5, 6),
signals observed to get less dispersed and tend to form a

1,300 data points) (Figure4). Upper row plots in

coherent bundle.

In fact, the increasing coherent pattern among the input
signals is more prominent in the corresponding active variable
u in the lower row of Figures 4E-H than the v variable. For the
highest threshold value, the time signals are almost coherent
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FIGURE 2
Schematic diagram of the ESN and the prediction process. (A) Time series of the passive variable v (upper panel) and active variable u (lower
panel) with a number of extreme events, here selected using a threshold height Hs = 1 + 60, are shown. Data points (k = 1,500) from v, and u
prior to n extreme peaks are saved. A few exemplary extreme peaks are shown for demonstration. For our proposed scheme, data points around
such n = 200 extreme peaks are collected. (B) Two exemplary input signals corresponding to two extreme events are shown here, while the
actual number of input signals are m = 180 as for the training purpose. For each input node, p = 1, 300 data points (solid red line) are used for
training purpose and the rest of (k — p) = 200 data points (dotted red line) are used for testing, which are separated by a vertical line (black line).
(C) Echo state network structure: input layer consists of A, nodes, where m = 180 input signals (data segments prior to each of the extreme
events) are used for training. The output layer consists of B,_,, = 20 nodes. (D) Preceding pattern of predicted u signals from 20 nodes each for
(k — p) = 200 datapoints (blue circles) and the original u signal (blue line) for 200 datapoints are plotted for comparison. Two such output signals
are shown as examples.

similar to what was reported by [62], where they showed the
formation of coherent structure before the arrival of extreme
events in the active variables. The increasing coherence in v with
higher Hy enhances the machine’s predictability skill for higher
amplitude events compared to the lower amplitude ones. Thus,
the machine establishes a general fact, in quantitative terms, that
predictability is enhanced for larger value of threshold height
when the input signals are more coherent for a longer duration
of time [62, 63].

We repeat our experiments using the same ESN by
considering two different length of data inputs (p = 800, 1,300)
prior to each of the extreme events for training, and keeping
the same set length of data points (k — p) 200 for
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testing as done above. The number of inputs (A; m

of
the predicted output signals from 20 output nodes for each

180) for training and outputs for testing (By—m; n — m
20) remain unchanged. Thereafter, we calculate the RMSE

length of data inputs (p) and repeat the whole process for
increasings d-values. We plot the RMSE against the d-values
and for two different time lengths (800, 1,300) in Figure 5A.
The RMSE is high for d 3.5, and it gradually decreases
and converges to a low value for higher threshold values.

We confirm that our results machine learning framework also
work for changing the number of inputs and outputs, and
also by changing the length of the testing data length (see
Supplementary material).
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increasing d. Lower panels in (E-H) show RMSE between the original signal u and their predicted signals for (k — p) = 200 data during testing,
estimated over 20 extreme events, corresponding to (A—D), respectively. Results of 400 realizations of data from numerical simulations of the

model using 400 different initial conditions for each d-value are presented in (E-=H) and the vertical bars mark their standard deviation.
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FIGURE 4

Comparative picture of coherence in the input time signals (p) extracted before an extreme events. (A—D) Input signal of passive variable v for
threshold values (d = 3.5, 4, 5, 6). (E=H) are the corresponding active variable u for threshold values (d = 3.5, 4, 5, 6). Coherence between the
input time signals increases with the threshold height determined by higher d-values. Different color signifies different trajectories.

Next we introduce another measure 1 based on the
instantaneous phases of the time signal inputs,

2 n n 1 T
‘ﬁzmzz TZ|¢i(t)—¢j(f)| ®)

i=1j=i+1| = t=1
j#i

where ¢;(t) is the instantaneous phase of the i-th signal of the
passive variable v at time ¢, # is the total number of segments
and T is the segment length. Here, ¢;(t) of i th signal is
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calculated using the Hilbert transform [67]. High value of
indicates less coherent structure and vice-versa. This variable
Y represents the average phase difference (on the number of
segment and segment length) between all the 180 input signals
of different length.

We plot values of ¢ against d for the two different time
lengths (800, 1,300) in Figure 5B. A phase coherence is observed
with increasing d. When the threshold is low (lower value of d),
the time signals of v are dispersed (see Figure 5A). As a result,
the average phase difference v is high. ¢ gradually converges
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for higher values of d with the formation of a coherent bundle of
the input signals. This indicates that there is a higher tendency
of phase coherence between input signals for higher magnitude
EEs which enhances the ability of the machine to predict their
precursory structure.

Conclusion and discussion

We have proposed an Echo State Network based scheme
for the prediction of the preceding shape of extreme events
from a passive variable which shows no visible manifestation
of extreme events, but connected to an active variable that has
clear indications of rare and recurrent high amplitude events.
Such a situation occurs in the real world where maintaining
data records of subsidiary variable is easier, and may be useful
for studies related to prediction of extreme events in another
observable that is difficult to record. To test our scheme, we
generated data using a synaptically (chemical) coupled model
of two Hindmarsh-Rose (HR) neurons. Two types of variables
are involved in the HR model, two fast variables (defined as
active) that exhibit extreme events in their time evolution, and a
slow variable (defined here as passive) having a slower time-scale
and most importantly, showing no visible signs of extremes. The
passive variable was considered as our input candidate for the
machine for the purpose of predicting the preceding structure of
extreme events in the active variable.

Our strategy was first to identify the extreme events in a long
time series of an active variable with a choice of an appropriate
threshold height and collect data from the passive variable that
corresponds to each extreme in the active variable. We saved
the data only prior to the arrival of extreme events barring all
extremes, then a part of the collected dataset from the passive
variable is used for testing a multi-input machine and another
part of the data for testing/predicting the prior structure of
the forthcoming extremes. Our results indicated that higher the
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magnitude of extreme events, the efficiency of the machine to
predict its precursory structure is higher. Higher intensity events
are defined only by increasing the threshold height. On further
investigation, we found that for higher intensity extreme events
the input signals collectively form a coherent pattern, which
aided the machine to predict the prior structure with increased
efficiency. Thus, coherence of the multi-input time signals is the
key to a better prediction of the forthcoming extreme events
by the machine. A possible quantitative explanation of the
enhanced predictability is provided. For this purpose, a new
coherence measure ¥ is introduced to represent the average
phase differences between the segmented time signals. It was
observed that v decreases with increasing threshold height,
therefore confirming our finding that the enhanced ability of the
machine to predict higher amplitude extreme events is related to
an increase in the phase coherence of the input signals.

Our machine learning scheme opens up an alternative
strategy for predicting extreme events from passive variables
in the real world. Furthermore, our findings maintains those
reported by [37, 38] that higher the magnitude of extreme
events, higher is the predictability skill. Finding suitable passive
variables for real world systems is a challenge. Most of the
time they typically belong to very high dimensional system and
often can be a combination of multiple variables. For example,
Moon and Ha [68] identified the relation between the onset of
Indian summer monsoon with the soil moisture in the Iranian
desert, our method could be used to predict the early warning or
precursory signal to the forthcoming climate extreme if we can
identify the slow variables properly.
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This paper presents numerical treatments for a class of singularly perturbed
parabolic partial differential equations with nonlocal boundary conditions. The
problem has strong boundary layers at x = 0 and x = 1. The nonstandard
finite difference method was developed to solve the considered problem in
the spatial direction, and the implicit Euler method was proposed to solve
the resulting system of IVPs in the temporal direction. The nonlocal boundary
condition is approximated by Simpsons % rule. The stability and uniform
convergence analysis of the scheme are studied. The developed scheme is
second-order uniformly convergent in the spatial direction and first-order
in the temporal direction. Two test examples are carried out to validate the
applicability of the developed numerical scheme. The obtained numerical
results reflect the theoretical estimate.

KEYWORDS

singularly perturbed problems, partial differential equations, reaction-diffusion,
method of lines, uniform convergence, nonlocal boundary condition

1. Introduction

Differential equations that involve a small parameter in their higher order
derivative term are said to be singularly perturbed problems (SPPs) or singularly
perturbed differential equations (SPDEs). Many mathematical models, starting
from fluid dynamics to mathematical biology, are modeled using (SPPs). For
example, high Reynold’s number flow in fluid dynamics, heat transport problems
with large Péclet numbers, elastic vibration, etc. [1] and the references therein.
Such mathematical problems are extremely difficult to solve exactly. Thus, for
treating such problems numerical methods are preferable. Various scientific and
engineering processes can be modeled as integral terms over the spatial domain
that appear inside or outside of the boundary conditions [2, 3]. Such problems
are said to be nonlocal problems. Many physical phenomena are formulated as
nonlocal mathematical models. For instance, problems in thermodynamics [4],
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plasma physics [5], heat conduction [6], underground water
flow, and populace dynamics [7] can be reduced to nonlocal
problems with integral conditions. SPPs having nonlocal
boundary conditions in which the highest order derivative term
is multiplied by way of a small parameter are referred to as
SPPs with integral boundary conditions. Such problems exhibit
boundary layer phenomena wherein the solution changes.
However, the numerical treatments of SPPs attract the attention
of researchers due to the boundary layer behavior of the solution.
Since the small parameter multiplies the highest derivative,
the small regions adjoin the domain of interests boundaries
or any interior stage at which the variable quantity undergoes
a very unexpected change. As a result, these problems have
strong boundary layers, which ensures that there are small areas
where the solution rapidly changes within very small layers near
the boundary or within the problem domain [8]. Numerically
treating such SPPs with nonlocal boundary conditions is a
challenging task due to a very small perturbation parameter (¢).

In recent times, a class of SPPs involving nonlocal boundary
conditions have been obtained great attention from scholars.
To mention few of them, the authors in Bahuguna and Dabas
[9], Feng et al. [10], and Li and Sun [11] studied the existence
and uniqueness of a class of SPPs with nonlocal boundary
conditions. The authors in Raja and Tamilselvan [12] developed
a finite difference scheme for solving a class of a system of
singularly perturbed reaction diffusion equations with integral
boundary conditions. Debala and Duressa [13] built a uniformly
convergent numerical scheme for solving SPPs with nonlocal
boundary conditions. Numerical methods for solving singularly
perturbed delay differential equations (SPDDEs) are considered
in Sekar and Tamilselvan [14-17]. The authors developed finite
difference schemes with suitable piecewise uniform Shiskin
meshes. The authors in Debela and Duressa [18] used an
exponentially fitted numerical scheme to solve SPDDEs of the
convection-diffusion kind with nonlocal boundary conditions.
Debela and Duressa [19] improved the order of accuracy for
the method proposed in Debela and Duressa [18]. Kumar
and Kumari [20] developed the method based on the idea
of B-spline functions and an efficient numerical method on
a piecewise-uniform mesh was recommended to approximate
the solutions of SPPs having a delay of unit magnitude with
an integral boundary condition. In the literature, only few
authors considered a class of singularly perturbed parabolic
partial differential equations (SPPPDEs) with integral boundary
conditions. Sekar and Tamislevan [21] investigate a numerical
solution for singularly perturbed delay partial differential
equations (SPDPDEs) of the reaction-diffusion type with
integral boundary conditions. They developed the standard
finite difference on a rectangular piecewise uniform mesh for
spatial discretization and a backward difference scheme in
time derivative. Gobena and Duressa [22] constructed and
analyzed an accurate numerical method for solving SPDPDEs
with integral boundary conditions.
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In general, the classical numerical methods used for solving
SPDEs are not well-posed and fail to provide an exact solution
when a perturbation parameter (g) goes to zero. Therefore, it
is essential to develop a numerical method that offers suitable
results for small values of the perturbation parameter. As far
as the researchers’ knowledge, singularly perturbed parabolic
partial differential equations with nonlocal boundary conditions
are first being considered and have not yet been treated
numerically. In this study, we investigate a uniformly convergent
numerical method for solving the problem under consideration.
We used the nonstandard finite difference method for space
direction and the implicit Euler method for time direction.

The contents of the paper are arranged in the following
manner: A brief introduction of the given problem is discussed
in Section 1. In Section 2, the properties of continuous solutions
are given. In Section 3, a numerical method is formulated by
using the method of lines for the given problem. Stability and
convergence analysis for developed numerical methods are also
studied. Numerical results and discussions are given in Section
4. In Section 5, the conclusion of the paper is given.

Notation: In this paper, N and M denote the number
of mesh intervals in spatial and temporal discretization,
respectively. C is a generic positive constant independent of
g, N, and M. The norm used for studying the convergence
of numerical solutions is the maximum norm defined as
||z(s,0)|| : = sup |z(s,1)| , (s, 1) € D.

2. Properties of continuous problem

In this paper, we consider a class of singularly perturbed 1D
parabolic partial differential equations of the reaction-diffusion
type with non-local boundary conditions,

(s, = (—e 2 + & +als0) 260 =f(s.1) () €D,

2(5,0) = ¢p(s), (s, 1) € Ty = {(5,0)},

2(0,8) = ¢i(1), Pi(s,t) e Ty ={(0,0);0 <t < T},

Kz(s, t) = z(1,t) — & fol g(8)z(s, t)ds = ¢, (s, 1), ¢,(s,t) €
r={1n0<t<T}.

1)

where (s,t) € D = Qy x Q (0,1) x (0,T], D
[0,1] x [0, T], and ¢ is a small parameter (0 < & < 1). Suppose
that a(s,t) > a > 0, f(s1), ¢, ¢r, ¢p are sufficiently
smooth functions and g(s) is nonnegative monotone function

and satisfies fol g(s)ds < 1. The existence and uniqueness
of the problem (1) can be established under the assumption
that the data are Holder continuous and imposing proper
compatibility conditions at the corners [23]. Note that ¢;
and ¢, are only functions of t, while ¢ is a function of x
only. The problems necessarily satisfies the following sufficient

compatibility conditions ¢(0,0)
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¢r(1,0), and
2
_ gL(f’O’ +a(0,0)¢,(0,0) + 840,0) =£(0,0),
PR ot
2
00 4, 0650,0 + 0 0
PE ot

Note that ¢y, ¢r, and ¢, are assumed to be sufficiently smooth
for Equation (1) to make sense, namely ¢y, ¢r € cY([o, T]), and
oy € C(z’l)(l“b).

Next, we analyze some properties of the continuous solution
(Equation 1) which guarantee the existence and uniqueness of
the analytical solution. A replication of this belonging in semi-
discrete form can be used to present the approximate solution,
which we provide in the following section.

Lemma 1. (Continuous Maximum Principle) Let W(s,t) €
c(0.0) (D)HC(I’O) (D) ncD (D) be a sufficiently smooth function
such that W(0,¢) > 0,W(s,0) > 0, CW(1,t) > 0,LW (s, t) >
0,Y(s,t) € D. Then W(s,t) > 0, V(s,t) € D, where LW (s, 1) =
Wi(s, t) — eWg(s, t) + aW(s, t).

(s*,t*) be defined as W(s* t*) =
mingg ) iy W(s,t) and suppose that W(s*,t*) < 0. It is
known that (s*, t*) ¢ 9D. Thus,

LU 1) = We(s5 1) — eWg(s™, 1F) 4+ als, )W (s*, t¥).
Since W(s* t*) = min 5 W(s,t), which indicates that
W(s*, %) = 0, We(s™, %) = 0, Wes(s™, ¢*) > 0 and implies that
LY (s*,t*) < 0, which is contradicts with the above assumption.
LY (s*,t*) > 0,Vs € D. So that, W(s,t) > 0, V(s,t) € D. O

Proof. Assume

Lemma 2. (Stability Result) Assume z(s, t) is the solution to the
continuous problem in Equation (1). Then we have the bound

2(s,t) <! HfH -+ max {¢b(s),max{¢1(s, 1), dr (s, t)}},
where Hf” = max {f(s, t)}.

Proof. We prove this by using the maximum principle Lemma
(1) and by constructing the barrier functions 6%(s,t) =
CM =+ z(s,1),(s,t) € D, where M = o ! Hf” +
max {¢h(5)» max {¢l(5> t), Pr(s, t)} } At initial, we have

Oi(s, 0) = ol Hf|| + max {qbb(s),max {¢l(s, 0), (s, 0)}}
+2z(s,0)
LfH -+ max {¢b(s)} £ ¢p(s) = 0.

= ()[_1
For x = 0, we have

0%0,1) = a7 ! | [f‘ ! + max {¢(0), max {¢(0, 1), - (0, 1)} }
+2z(0,t)

If|| + max {¢;(1)} £ ¢y(1) = 0.

Ol_l

For x = 1, we have

K@i(l,t) =q ! HfH + max {d)b(l),max {d’l(l;f),/ctbr(l,t)}}
+Kz(1,1)
=o' |[f|| + max {¢-(1, 1)} £ ¢,(1,1) > 0.
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For 0 < s < 1, we have

LOE(s,1)

=0 (s, 1) — 02 (s, 1) + als, )OE (s, 1),

= [of1 |[f|| +max{¢b(s),max {¢1(s, 1), ¢, (s, t)}} =+ z(s, t)]t

—& [a_l |[f|| + max {¢b(s), max {qﬁl(s, 1), ¢, (s, t)}} =+ z(s, t)]ss

+a(s, t) (of1 Hf” + max {([)b(s),max {(f)l(s, 1), ¢ (s, t)}} =+ z(s, t))

= max {¢y,(s, 1), §r((s, 1)} £ 215, £) — & max { . (5), Brs (5, 1), Pros (s, 1)}
+ — cug(s, £) + aa ™" ||f]| + o max {¢y(s), max {$y(s, 1), (s, 1) }}
Taz(s, t)

>0,

where ¢ > 0,a(s,t) > « > 0. This implies that LOF(s, 1) >
0. Hence, by Lemma 1, we have, Gi(s, t) > 0,Y(s,t) € D,
which indicates

z(s, 1) < a ! Hf|| + max {¢b(s),max {(bl(s, 1), dr(s, t)}} . O

The sufficient conditions for the existence of a unique solution is
given in Lemma 3 and Theorem 1.

Lemma 3. If the coefficient satisfies a(s,t),f(s,t) € CO(D)
and boundary conditions satisfies ¢; € cl(o, T, ¢p €
C(Z’l)(Fh),rpr e cl([0, T]) and suppose that the compatibility
conditions are satisfied. Then, the problem (Equation 1) has a
unique solution z(s, t) which is satisfy z(s, t) € C(Z’l)(l_)).

Proof. Refer to LadyZenskaja et al. [23] O

To estimate the error for the fitted numerical technique below,
the idea that the solution of Equation (1) is more regular than
the one guaranteed by using the result in Theorem 1. To attain
this greater regularity, stronger compatibility conditions are
imposed at the corners.

Theorem 1. If the coeflicient satisfies a(s, t),f(s, t) € C(Z’l)(D)
and boundary conditions satisfies ¢; € C2([0, T)), ¢p €
c42(Ty), ¢, € C([0,T)), Then the problem (Equation 1)
having a unique solution z which satisfies z € C(4’2)(1_)). And
also the derivatives of solution z are bounded, Vi,j € Z > 0 such
that 0 < i+ 2j <4,

3i+jz

— || < Ce2.
ostot!

Proof. The boundedness of the solutions and its derivative is
given as follows. Under the stretched transformation 5§ =

S

problem (Equation 1) can be rewritten as

26,0 = (e + & +3G0) 260 =fG., G eD
z2G,t) = ¢i5, 1), GHel

K2G 1) =201, — ¢ [} g3G, s = 4,5 1), G el
26,0 = 4G t), Gtely

)
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where D, = (0, %) x (0, T), and the boundary condition [ to
I', where Equation (2) is independent of ¢. Then, by taking the
idea of estimation (10.6) of LadyZenskaja et al. [23] (p. 352), we

will obtain

=c(1+1Bllg, ).

8

8l+]2
asiot

V Nj in D,. Here, N5, 8 > Oisa neighborhood with diameter &
in D;. Returning to the original variable

") _ ¢ 7 (1 +Ilzllp)
— < (Ceg2 +1lz|l») -
asiar ||~ ~ D

D

Hence, the proof is complete by using the bound on z of

Lemma 2. O

The bounds of the derivatives of the solution given in Theorem 1
were derived from classical results. They are not adequate for the
proof of the & -uniform error estimate. Stronger bounds on these
derivatives are now obtained by a method originally devised in
Shishkin [24]. The main idea is to decompose the solution z into
smooth and singular components.

Lemma 4. If the coeflicient satisfies a(s, t),f(s,t) € C(4’2)(D),
and the boundary conditions satisfies ¢; € C(3)([O, T]),¢p €
C®3)(ry), ¢, € C3)([0, T]). Then we have

gitiy .
I5g51p = €(1+'772), wneD

9t =i 2

laiaﬂ'll < Ce2eve, (s,t) e D
s

aH‘j _. —(=9

| P i;t}jr Ceze V° , (st)eD
s

where C is a constant independent of parameter ¢, (s,t) €
D,i,j>0,0<i+2j <4

Proof. For proof, the interested reader can refer to Elango et al.
[21]. O

3. Numerical scheme

3.1. Spatial semi-discretization

The fundamental idea of non-standard discrete modeling
techniques is the development of the exact finite difference
technique. Micken presented methods and rules for developing
nonstandard FDMs for various types of problems [25]. To
develop a discrete scheme in keeping with Mickens™ guidelines,
the denominator characteristic for the discrete derivatives
should be described in terms of more complicated functions
with larger step sizes than those used in classical methods. These
complicated functions are a general property of the method
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that may be useful when constructing dependable methods for
such problems.

To construct a genuine finite difference scheme for the
problem of the form in Equation (1), we use the methods
described in Woldaregay and Duressa [26]. The constant
coefficient given in Equation (3) without the time variable is
considered as follows.

d%z(s)
ds?

+ az(s) = 0. (3)

By solving Equation (3), we obtain two independent solutions
eM15 and e#*2%, where

12 = EJa/e.
The spatial domain [0,1] 1is discretized on uniform
mesh length As = h as follows. DN =
{si=so+ih, i=1(1)N,so=0,sy =1L,h=1/N}, N s

taken as number of mesh points in the spatial discretization.
The approximate solution of z(s;) will be denoted by Z;. Here,
the main aim is to compute difference equations that have
similar results with the problem (Equation 1) at the mesh point
Byet15i 4 Byet2%i. Applying the
procedures given in Mickens [25], we get

si which is given by Z;

Zi—1 exp (w1si—1) exp (uasi—1)

det| Z; exp(uyisi)  exp(uasi) |=0. (4)
Ziy1 exp (p1siv1) exp (uasir1)
After simplification, Equation (4) becomes
o
Zi_1 — 2cosh <\/ih> Zi+Ziy1 =0. (5)
€

which is an exact difference scheme for Equation (3).
By performing some arithmetic manipulation and making
rearrangement on Equation (5) for the variable coefficient
problem, we obtain

_ i m2Zit Zia

2 +aiZ; =0. (6)
1
The denominator function )\12 becomes
4 .
A} = — sinh? (éh) , )
7 2

ai
=
For more information about nonstandard finite difference

where A2 is a function of &, Bi, h,and B; =
methods for reaction diffusion problems, an interested reader
can refer to the study of Munyakazi and Patidar [27].

By using Equation (7), and applying the nonstandard finite
difference method to a semi-discrete problem, we have

dzi(t) 8Zi+1(t) —2Zi(t) + Zi—1(®)

iZi(t) = f(si> £).
= 2D +a;Zi(t) = f(si, ). (8)
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with boundary conditions

Zi = ¢y;(t), i=0,

Zi= i=11)N -1,
j+1 j+1 j+1
KNZy = Zy7 — e TN gz +4gZ +gnzl O
- i=1
3
h=¢ i=N.

Here, for i N, the integral boundary condition

! (s)z(s)ds  approximated b composite  Simpson’s
08 y
integration rule.
1
/g(s)z(s)ds:
0
h N-1
3 (8020 +gMN)zN) +2 ) glsaialsai)

i=1
N
+4) glsai-1)z(s2i-1)
i=1

¢r.

(10)
Substituting Equation (10) in to Equation (9), we obtain
N—-1

8(0)2(0) + g(N)z(N) +2 Y glsz)z(s2:)
i=1

h

N
+4 Y gloi-D)z(s2i1) | = o

i=1

(11)

Equation (11) can be rewritten as

N-1

> glsai)a(si)

1=

N
4¢h 2¢h
y E g(52i—1)2(52i—1)_73
i=1

h h
+ <1 - %g(N)) Z(N) = ¢r + %g(O)Z(O)'

Assume that the approximation of z(s;,t) is denoted as Z;(t),
by using the non-standard finite difference approximation. At
this level, Equation (1) is reduced in the form of semi-discrete
as follows.

Lhz (1) = 0

_ L) = 22i(0) + Zia (1)
A2(e, h,t)

Zi(0) = ¢y (si)s

Zo(t) = ¢(0, 1),

KZN(t) = ¢r(N, t).

+a;Zi(t) = f(si, 1),
(12)

Equation (12) is the system of IVPs and its compact form is
written as

dzi(1)
dt

+ BZ;i(t) = Fi(t), (13)
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where Bis (N — 1) x (N — 1) tridiagonal matrix, Z;(t) and F;(t)
are (N — 1) entries of the column vector. The entries of B and F
respectively given as

2¢

Z(end) i=1(1)N -1

bi; = + a(si),

bii—1 = i=2(1)N—-1

__ 2
22(eht)’
biit1 = 5205y (= DN -1,

and

Fi() = fi(8) — <a(51) + %) $1(0,1),
Fi(t) =fi(t), i=2(1)N—-1

— 2¢
Fn—1(t) = fn—1(t) — W@NU)

3.2. Stability and convergence analysis

Here, we present the maximum principle and uniform
stability estimate of the semi-discrete operator £" and its
convergence analysis.

Lemma 5. (Semi-discrete Maximum Principle): Assume that
Zo(t) = 0, KZn(t) = 0. Then £'Zi(t) > 0V i = 1(1)N — 1,
implies that Z;(t) > 0V i = 0(1)N.

Proof. Assume there exists g € {0,---,N} such that Z4(t) =
ming<j<n Zi(t). Suppose Z4(t) < 0, which implies g # 0, N.
Also, we have Zq+1 —Z3>0 and Zq— Zq_l < 0. Here, we have

dzy(t) B SZq+l(t) —2Z4(t) + Zg—1(1)

2
dt Ag

chzg(t) = + agZq(D).

By using the above assumption, we get that £hzi(1) < o, for
i = 1(1)N — 1. Thus, the assumption Z;(t) < 0,7 = 0(1)N is not
correct. Hence, Z;(t) > 0V i = 0(1)N. O

This Lemma 5 is used to obtain the bounds of the discrete
solution given in Lemma 6. In general, the discrete maximum
principle is widely used to show the boundedness and positivity
of a discrete solution.

Lemma 6. The solution Z;(t) of the semidiscrete problem in
Equations (12) or (13) satisfies the following bound.

|Zi()] = é max ’[,hZi(t)) + max {¢h(5i)> max {#1(si> ), Br(sis t)}} .

q - Lmax; |z, +

max; {d)b(si), max; {qbl(s,', 1), or(si, t)}} and define a comparison
function Hii(t) as

Proof. Suppose max;

05(1) = q £ Zi(t).
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For the points on the boundary, we have

0y () = q % Zo(t) = q £ ¢y(0,1) > 0,
KNoF () = g+ KNZn () = q £ ¢r(1,0) > 0.

For1l <i < N — 1, we have

ﬁheft(t) _ d(q idtZi(t))
(@£ Zi1() —2(q £ Zi(H) + q £ Zi11 (D))
— &
)»2
+ ai(q £ Zi(t))
= aiq = L"Z(1)

a; (ot_l miax )EhZi(t)’

max {¢b(5i)> max {d1(si, 1), pr(sis 1)} }) + fij

> 0, since a; > «.

From Lemma 5, we get, Gi:t(t) >0,V (sj,t) € 5_22] x (0, 7). O

Next,
discretization. We denoted Z;(t) as approximate solution

we present the convergence analysis of spatial
for the spatial semidiscretization to the exact solution z(s, t) at
s =sj,i=0(1)N. Let us define the backward and forward finite

differences in space as:

(sist) — z(si—1)

D a5y t) = = i1, §) = 2(sir )

, D z(siy ) = ,
' h
respectively, and the second order central finite difference

operator as

DV z(si, t) — D™ z(sj, t)
h .

822(si,t) = DT D™ 2(s;, 1) =

Lemma 7. Let N be a fixed mesh. Then, for ¢ — 0, we have

exp(—psi/ /%)

lim max =0 and
e—01<i<N-1 gm/2

—p(1 —s;
lim max exp(—p( $i)/v/%) =0.
e—01<i<N—1 em/2

wherem =1,2,3,---.

Proof. Refer to Munyakazi and Patidar [27] O

Theorem 2. Let the coeflicient function a(s) and the
function f(s,t) in Equation (12) be sufficiently smooth
and z(s,t) € C*(D). Then the semidiscrete solution Z;(t) of

Equation (12) satisfies
|2 (260 — zi(0)| = o

Proof. The truncation error in spatial direction is considered as
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Lhzsit) — £z

£ (2(si,0) — Zi(t)) =
D

dZ
—& EZ(SZ-, N+

2 20 t)

2 ) dZ
(h ﬁz(s,‘, t) +

d e 4 74
—& EZ(SZ', t) + ﬁ

h* d
EEZ(S{, t)) . (14)

Note that we have used Taylor expansions of z;_;(t) and
1

A2

41 pe
B2hz 3 60 |-

Using Equation (15) in Equation (14), we obtain

zi+1(t). A truncated Taylor expansion of of order five

becomes

1 B2

2= (15)

A2
4 2
£h (atsint) = 2i(0) = — (dz<s,-, R, r)) n

ds* ds?
2 72
2.4 [ B d°z(si,t)
R
e (240 ds?

e d*z(si, 1) X et dz(si 1)
144  dst 2880 dst
(16)

We use Lemma (7), to obtain the boundedness of Equation (16).
Using Lemma (7) and Theorem (1), we obtain

| £ (et 1) — zi(0)| = N2,
The truncation error at s = sy, become

KN (2(si) — 2(s1) = KN Z(sn) — KNssi),
= ¢r — KNZ(sN),
= Kz(s;) — KN Z(sn),

1 s
=z(sN) — 8/ g(s)z(s)ds — (Z(sN) — 8[ Ng(s)z(s)ds) R
0 S0

N
Z gi—1%i—1 +4gizi + gi+1%i+1

h,
3

SN
= s/ g(s)z(s)ds — ¢
S0

i=1

" [[51 g(s)z(s)ds + /Sz g(e)z(s)ds + - - - 17)
S0 51

SN+1
+
SN

. [gOZO tagia ton

g(s)z(s)ds]

+ ...
3

4 SN-12N-1 + 4gNZN + EN+12N+1 h}
3 ,

K (2659 = 2(s0)|

= |ce (Hz0(E) + h2D &) + -+ WD)

[N (26s0) = 2(50)|

< ceht () + 2V &) + -+ D)),

d*z(&)
dxt

X

< csht < Ch?* =CN2.
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Theorem 3. The semidiscrete solutions satisfy the uniform
error bound

sup max ’z(s,-, t) — Z,'(t)’D < CN~2. (18)

O<exl !
Proof. The proof follows from Theorem (1) and Lemma (7)
under the properties of boundedness of a semi-discrete solution
and the required bound is satisfied.

3.3. Temporal discretization

A mesh with length At = t4; — t,j = 0()M — 1
[0, T], where M
is a positive integer. The IVPs Equation (13) are discretized

is constructed on the time domain Dy =
using the implicit Euler method on a uniform mesh. By
denoting the approximation of z,-(tj) as ZJI-, we construct the time
discretization as follows.

1 1

At (19)

=BZ +F

with the initial condition Zy(t)
Equation (19), we obtain

#1(t), and by rearranging

Z= 1+ a7 A+ 271 (20)

E)iz(s,tj)
at!
the local truncation error associated with the time direction

satisfies |ej’ < C(AD)2.

Lemma 8. Suppose <G, V(s,t) € D, i=0,1,2. Then

Proof. The local truncation error is defined as

J
Z(tj) -7

2() - 1+ a8~ [aeF + 271,

&

Using Taylor expansion, we obtain z(#j—1) as

)2 3

2lt-1) = )~ Mzl ozt + ) +O( AN,

However, z(tj) = F(tj) — B(tj)z(t)). Thus,

A 2
—Bp)] + A )

2(tj-1) = 2(t) — AtE(t) :

3
i)+ 0an®),

Now, the local truncation error ej becomes
¢j = z(tj) — [1 + AtB] ! [AtF; + z{’l]

At)?
2

o(tj) — I+ AtB) ! [[1 + AB(EE) +

Af)? At)3
B ) - (3?Ztn(tj>+0((m)4)]

I+ AtB]~! [
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Since the matrix B is invertible, using the relation (AD? > (A1)
for small Atand z(#j) < C, we obtain

A 2 3
el < ||+ AtB]‘lllH( )~ D zu) + 0((a0Y
< ||I+ AB] M| (An? < C(An.

O

Lemma9. The global error estimate in the time direction is
given by HEH_IH < CAt, Vj < T/At, where Ejy;
max; | Zi(tir1) = Zij1|p-

Proof. The global error estimate at (j+ 1) time step is obtained
by using the local error estimate up to j* time step as follows.

1Bl = || X e J=T/At
i=1
< llerll + lleall + lesll + lleall + - - - + || ¢
< C1(jAt)At
< C1TAt since jAt <T
< CAt.
Hence,

) =
1

J+1
Zi(tj+1) _Zi ‘D < CAt.

where C is a positive constant independent of ¢ and At. By
taking the supremum V ¢ € (0, 1], we obtained

sup max |Zi(tj11) —ZJI:+1‘D < CAt. (22)

O<ekl 1
O

We summarizes the results of this work by considering the error
estimate obtained in Equations (18) and (22) and we conclude
by the following theorem.

Theorem 4. The error estimate for the solution of the
continuous and fully discrete problems is given by

sup max max Hz(s, t) — Z{:+IH <C (N_2 + At) R

0<g<<10=<i=NO0<i<M

i+1 . .
where z(s, t) and Zé+ are the solutions to problems Equations

(1) and (12), respectively.

Proof. The error estimation of the fully discrete scheme is given
as follows.

sup max )z(si, t) — Z{‘ = sup max ‘z(si, ) — Zi(t) + Zi(t) — Z]l‘
& L] & )

< sup max |z(si, ) — Zi(tj)| + sup max ‘Zi(tj) - Zf
e L] & b]

Then, by combining the bound given in Theorem 3 and
Lemma 9, the theorem gets proved.
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FIGURE 1

3-D graph of numerical solution for Example (1) which displays the existing layer. (A) ¢ = 1072, (B) ¢ = 1012,
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FIGURE 2

3-D graph of numerical solution for Example (2) that displays the existing layer. (A) ¢ = 1072 (B) ¢ = 10~ 2.

o <)
o = o )
= « N a

Numerical Solution U(x,t)
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4. Numerical examples, results, and
discussions

Here, we developed an algorithm for the proposed method
for the problem and perform experiments to validate the
theoretical justifications and results. Since the exact solutions
of the given examples are not known, we use double mesh
techniques to obtain the maximum pointwise error of the
developed scheme. Now, let UN>A be a conducted solution of
a roblem using mesh points N and time step size At. Again,
U N-A1/2 be a conducted solution on double mesh points of 2N
and half of time step size At/2.

We calculate the maximum absolute error as EN At _

ZN At _ ZzN JAt)2

, and the parameter uniform error

Frontiers in Applied Mathematics and Statistics

estimate by using ENA! = max, (Eé\]’At). We calculate
the rate of convergence of the developed scheme by using
PéV’At = log,(E¢ At) — lo 2(E2N At/z) The parameter rate
of convergence is calculated as PNAY = log,(ENAf) —
lOgZ(EZN’At/Z).

Example 1.

0z(s,H) 88 Z(S!) + 1+s 2s,t) = e~ t_q

at
+ sin(7 ), (s, t) € (0, 1) x (0,1]
z(s,0) = 0, s€(0,1),
2(0,1) = 0, t€(0,1],

Kz(1,6) = 2(1,t) — & [} $2(s,)ds =0, t € (0,1].
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TABLE 1 Maximum absolute error and rate of convergence of the scheme for Example (1).

N=32 N =64 N =128 N = 256 N =512
At =0.1 At =0.1/4 At = 0.1/4% At =0.1/43 At =0.1/4%
107 1.2294e-02 3.3054¢-03 8.4694¢-04 2.1381e-04 5.3681¢-05
1.8951 1.9645 1.9859 1.9938 -
1078 1.2294e-02 3.3054¢-03 8.4694¢-04 2.1381e-04 5.3681¢-05
1.8951 1.9645 1.9859 1.9938 -
1071 1.2294e-02 3.3054¢-03 8.4694¢-04 2.1381e-04 5.3681e-05
1.8951 1.9645 1.9859 1.9938 -
107" 1.2294e-02 3.3054e-03 8.4694e-04 2.1381e-04 5.3681e-05
1.8951 1.9645 1.9859 1.9938 -
107 1.2294e-02 3.3054e-03 8.4694e-04 2.1381e-04 5.3681e-05
1.8951 1.9645 1.9859 1.9938 -
1072 1.2294e-02 3.3054¢-03 8.4694¢-04 2.1381e-04 5.3681e-05
1.8951 1.9645 1.9859 1.9938 -
ENA! 1.2294e-02 3.3054¢-03 8.4694¢-04 2.1381e-04 5.3681¢-05
pN-at 1.8951 1.9645 1.9859 1.9938 -
TABLE 2 Maximum absolute error and rate of convergence of the scheme for Example (2).
e N =32 N=64 N =128 N = 256 N =512
At =0.1 At =0.1/4 At =0.1/42 At =0.1/43 At =0.1/4%
10 1.5809e-02 5.4540¢-03 1.4696¢-03 3.7419¢-04 9.3970¢-05
1.5354 1.8919 1.9736 1.9935 -
1078 1.5809e-02 5.4540¢-03 1.4696¢-03 3.7419¢-04 9.3970e-05
1.5354 1.8919 1.9736 1.9935 -
1071 1.5809e-02 5.4540¢-03 1.4696¢-03 3.7419¢-04 9.3970e-05
1.5354 1.8919 1.9736 1.9935 -
107" 1.5809e-02 5.4540e-03 1.4696¢-03 3.7419¢-04 9.3970e-05
1.5354 1.8919 1.9736 1.9935 -
1071 1.5809e-02 5.4540e-03 1.4696¢-03 3.7419¢-04 9.3970e-05
1072 1.5809e-02 5.4540e-03 1.4696¢-03 3.7419¢-04 9.3970e-05
1.5354 1.8919 1.9736 1.9935 -
ENA 1.5809e-02 5.4540e-03 1.4696¢-03 3.7419¢-04 9.3970e-05
p-At 1.5354 1.8919 1.9736 1.9935 -
Example 2. surface plots for numerical solutions of Examples 1 and 2 in
das) Palsr) | 1482 , Figures 1, 2 respectively, which display the presence of boundary
Tt —E e T As ) =10, (s1) €(0,1) x(0,1] layers formation on the left and right side of the spatial domain
z(s,0) =0, s€(0,1), for different values of e. The maximum pointwise error and
2(0,1) = 0, te(0,1], rate of convergence of the proposed schemes of Examples 1

Kz(1,t) = z(1,t) — ¢ fol cos(s)z(s,t)ds =0, t e (0,1].

The solutions of the above two examples exhibit strong
1. We presented the

boundary layers near x 0 and x
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and 2 are given in Tables 1, 2 respectively for various values of
the perturbation parameter ¢, mesh number N and time step
size At. From these tables, one can observe that the developed
scheme is parameter uniform convergent, which supports the
theoretical results. Figure 3 indicates the Log-Log plots for the

frontiersin.org


https://doi.org/10.3389/fams.2022.1005330
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Wondimu et al.

10.3389/fams.2022.1005330

A
107
—_—N?)
—— 1078
102 —— =107 |]
——:=10""2
s
)
2 107}
>
2
Q
©
E
2 107
3
£
107°F
10°L - 3
10 10 10
N
FIGURE 3
Log-Log plot for Example (2).

The Log-Log plot of the maximum absolute error for different values of ¢ for Examples 1 and 2, respectively. (A) Log-Log plot for Example (1). (B)

—_N?
——-107°
——-107°
——c-10""2

maximum absolute error

maximum absolute error vs. mesh number N for the singular
perturbation parameter . One can observe that as & goes very
small, the developed method converges uniformly independent
of the perturbation parameter .

5. Conclusion

This paper investigates a numerical treatment for a class of
singularly perturbed parabolic partial differential equations of
the reaction-diffusion type with nonlocal boundary conditions.
To solve the problem at hand, we employed the method of
lines. A nonstandard finite difference scheme is used to semi-
discretize the spatial direction, and the implicit Euler method
is used to discretize the results of initial value problems. To
deal with the integral boundary condition, we used a composite

. > 1
Simpson’s 3

rule. The stability of the evolved numerical
scheme is established, and the scheme’s uniform convergence is
demonstrated. To validate the problem’s applicability, two test
examples are carried out for numerical computation for different
values of the perturbation parameter ¢ and mesh points. The
entire procedure has been demonstrated to be second-order
uniformly convergent in the spatial direction and first-order in
the temporal direction. The theoretical estimation is reflected in

our numerical results.
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Vulnerabilities, threats, and
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With the enormous usage of digital media in almost every sphere from
education to entertainment, the security of sensitive information has been a
concern. Asimages are the most frequently used means to convey information,
the issue related to the privacy preservation needs to be addressed in each
of the application domains. There are various security methods proposed by
researchers from time to time. This paper presents a review of various image
encryption schemes based on fractional integral transform. As the fractional
integral transforms have evolved through their applications from optical signal
processing to digital signal and digital image processing over the decades.
In this article, we have adopted an architecture and corresponding domain-
based taxonomy to classify various existing schemes in the literature. The
schemes are classified according to the implementation platform, that may
be an optical setup comprising of the spatial modulators, lenses, and charge-
coupled devices or it can be a mathematical modeling of such transforms.
Various schemes are classified according to the methodology adopted in
each of them and a comparative analysis is also presented in tabular form.
Based on the observations, the work is converged into a summary of various
challenges and some constructive guidelines are provided for consideration
in future works. Such a narrative review of encryption algorithm based on
various architectural schematics in fractional integral transforms has not been
presented before at one place.

KEYWORDS

fractional integral transform, image encryption, double random phase encoding,
discrete fractional Fourier transform, robust encryption

Introduction

Fractional transforms are the generalization of full transforms which we refer to as
ordinary transforms in a more generic sense. Interestingly, the idea of fractional order
in a transform first came into existence in 1695 during discussions between Leibnez
and L Hospital [1]: “Can the meaning of derivatives with integer order be generalized
to derivatives with non-integer orders?” The question that was put up more than 300
years ago did not get a solution till the work on fractional calculus got explored. Later
Jean-Baptiste Joseph Fourier in 1807 made important contributions to the study of
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trigonometric series and claimed that a periodic signal could
be represented by a series of harmonically related sinusoids
for the solution of 1D problems. Thus, the well-known Fourier
transform is named in honor of Joseph Fourier for his significant
contribution and application of the Fourier transform (FT) in
many scientific disciplines. However, with the ever-expanding
scope of research, it was found that FT has some shortcomings.
As it is a holistic transform, the time domain signal is converted
to the frequency domain and therefore is able to analyze only
time-invariant signals. In other words, it is not possible to obtain
a local time-frequency analysis which is pivotal for processing
a time-variant or nonstationary signal. Thus, fractional Fourier
transforms (FrFT), Short time Fourier transform (STFT),
Wigner-Ville distribution, Wavelet transform, Gabor transform
etc. were proposed as an alternative.

The initial work on fractional transform by Namias [2]
presented a theory on fractional powers of Fourier transform
and its application to quantum mechanics. The formal
mathematical elaboration to Namias’s theory was given by Mc
Bride and Kerr [3]. Later, Lohmann [4] illustrated the relation
of FrFT to Wigner rotation and image rotation. Almeida [5]
further elaborated the concept by proposing a time-frequency
representation of FrFT. Further, Ozakatas and Mendelovic
proposed optical implementation and interpretation of FrFT
[6-8]. With the evolution of digital channels, the digital
computation of FrFT [9] and its discrete version [10] gave
a new perspective to the application of FrFT in optical
signal processing and related applications [11]. Pei et al.
[12] established a relationship between FrFT and Discrete
fractional Fourier transform (DFrFT) using Hermite eigen
vectors based on the postulate in [13]. Various methods of
DEFrFT representations are given [14-16] with the extension to
other similar transform domains [17-20]. We won’t elaborate
much on the mathematical details of the transforms here,
interested readers may refer to above-mentioned references
for the mathematical aspect of integral transforms and more
specifically fractional Fourier transform and its variants.
However, we give a conceptual description of the definition
of fractional integral transforms. The term “fractional” in a
transform indicates that some parameter has non-integer value.
We can define any integral transform of the input function, f(x)

using any transform operator, as:

o0

T[f ] @ =/ K (x,u) f (x) dx (1)

where K (x,u) is operator kernel. For example, in Fourier

transform, K (x, u) exp (—i2mux). If it is a fractional

transform then the operator is denoted as T% with ‘@’ as a
parameter of fractionalization. Therefore,

o]

T [f 0] (w) = f K (a,x,u) f (x) dx )
o
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For instance, continuous fractional Fourier transform is the
generalization of a continuous Fourier transform. The ath order
continuous fractional Fourier Transform of a function, y(¢), is

given as:
+00
Yo (w) = / Qa (u, 1) y(t)dt (2.2)
—0oQ
where Qg (u, t) is transform kernel given by
Qa (u,t) = W'eﬁ'{(tzCDtOt—Ztucsc(a)+uzcota)
> Jjkart
= Z exp (‘T) Vi (D) Vg (1) (2.b)
k=0
Yy (¢) is kth-order Hermite Gaussian function, « = an/2
2i
2
Y () = Hy (v 27rt> e Tt (2.0)

Vv 2k ki

where Hj, is k' Hermite polynomial with k real zeros.

For the discrete version of these fractional transforms, the
postulate of discrete Fourier transform (DFT) is followed. As,
N x N DFT matrix F is defined as

L kg <kn<N-1
= —=e : == N —
VN
where N is the length of the input sequence. Thus, ath order
N x N DFRFT matrix is defined [12] as:

Fiy (2.d)

¥ =varvT
N-1 j
> eiTk“vka , for N :odd
N ke, T BNa, T
> e Ty +em 2 My, for N:even
k=0
where V. = [V] V) ... VN—2 VN_l] for N:odd and V =
[vl V) ... UN—2 VN] for N:even, vi is kth-order Hermite-

gaussian like eigenvector, A is a diagonal matrix with its diagonal
entries corresponding to eigenvalues of each column vector
vk . However, there are certain properties [2, 6, 7] that are
desirable for fractional integral transform used in Eq. (2). Some
of them are:

1. The fractional transform has to be continuous for any real

value of the parameter, ‘o’.

It should be additive: T*1 %2 = T¥17%2,

3. It should be reproducible for full transform if the
parameter is replaced by integer values.

N

=~

For « = 1, it should give T! = T, a full transform.

u

For o = 0, it should give T =1, an identity matrix.
6. From the additivity property,

f_ o:o @)

K (a1,xu) K(az, y,u)du = K (a1 + a2,x,)
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TABLE 1 Various fractional integral transforms.

Frequently used Less frequently used

Fractional Fourier Transforms Fractional Riesz Transforms
[15,21-46]

Fractional Cosine Transform Fractional F-Kravchuk
[18, 20, 41, 47-49] Transform
Fractional Sine Transforms [18, 20] Fractional Cauchy
Transforms
Fractional Hartley Transforms [50-54] Fractional Slant Transform
Fractional Mellin Transforms [55-59] Fractional Stieltjes
Transforms
Fractional Angular Transform [60-64] Fractional Abel Transforms
Fractional Hadamard Transforms [19] Fractional Sumudu
Transforms

Fractional Gyrator Transform [65-71] Fractional Brownian
Transforms
Fractional Hilbert Transforms Fractional Walsh Transforms
Fractional Affine Transforms Fractional JigsawTransforms
Fractional Random Transforms Fractional Kekre Transforms
Fractional Hankel Transforms Fractional Schrodinger
Transforms

Fractional Radon Transforms Fractional Riemann
Derivative
Fractional Wigner Distribution Fractional Fokker-Plank
Equation

Fractional DCT Transforms Fractional Lagendre
Transform
Fractional Hilbert Transforms

Fractional Laplace Transforms

Fractional S -Transform

Fractional Wavelet Transforms [69, 72]

Fractional Dual Tree Complex Wavelet

Transform

Fractional Haar Transforms

Fractional Polar Harmonic Transform

It is likely to mention here that the fractional parameter in
a fractional Fourier transform refers to an angle of rotation
(Wigner distribution) [4]. In some references, the fractional

parameter is represented as o am /2, where a: fractional

0, the transform

number. If the angle of rotation, «

is said to be in purely time domain. If o 1, it gives
the transformation to the frequency domain whereas if the
parameter is some fractional value then the transformation
output results in a collective time-frequency domain. Table 1
lists some of the fractional transforms that are used in various
applications of signal processing. Very few of them are used for
image encryption applications due to certain properties that are

required to be fulfilled for cryptographic applications.
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Contributions and outline

The major contributions of this review article are
summarized as:

e Information regarding the background and evolution of
fractional integral transforms and their application in
image encryption.

e Detailed taxonomy on various methods and corresponding
architectural schematics for implementing these transforms
in different domains.

e A brief overview and recent developments in optical
transforms for image encryption with a tabulated

review articles and various

that are adopted to break

description of recent

cryptanalytic
the encryption.

strategies

e Review recent articles on the digital implementation of
fractional integral transforms that have been merged with
other domains/schemes for enhanced of security. Each of
the classification is separately described and reviewed.

e The performance parameters adopted to evaluate an image
encryption scheme are also summarized for reference in the
comparative analysis of schemes.

e Based on the observations made in the review article, some
issues are highlighted along with some viable solutions.
A set of constructive guidelines are summarized that may
be helpful to future researchers in designing a robust
and highly sensitive encryption algorithm based on digital
implementation of these fractional integral transforms.

The paper is further organized into five more sections.
Section Taxonomy of fractional integral transforms provides
the taxonomy along with a description of each classification
and the review. Section Performance metrics for image
encryption elaborates on the performance measures of
encryption algorithms. Section Comparative analysis provides a
comparative analysis of the results of some recently proposed
articles. A summary on observations based on the literature
review is included in Section Observations based on published
literature. The review is concluded in Section Conclusion.

Taxonomy of fractional integral
transforms

The fractional integral transforms have evolved through
their applications from optical signal processing to digital
signal and digital image processing over the decades.
In this article, we have adopted an architecture and
corresponding domain-based taxonomy to classify various
existing schemes in the literature. The architecture can be
broadly classified on the bases of the platforms used for
implementation as shown in Figure 1. The platform can
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Transform based Encryption Architecture

i

. Joint transform

required

Optical setup (lenses, SLM and Double random phase encoding Mathematical Modelling
CCD) (DRPE)
e  Holography Requires random phase Requires a pre-processing
e  Ptychography masks (RPM) in spatial domain
e  Ghost imaging RPMs can be generated (permutation or
. Difﬁ'z'lcti(.m imaging optically or electronically substitution or both)
e  Polarization encoding ST E DD RPMs are not required

Transform orders are

FIGURE 1

correlator etc. "

o Secret key: Secret key: Knowledge required
wavelength, of RPMs and transform Secret key: Knowledge of
polarization, focal orders pre-processing keys and
length etc transform orders

Classification of architectures for fractional transform-based image encryption

be an optical setup that comprises of lenses, spatial light
(SLM), (CCD).
Another platform is based on the use of random phase masks

modulators and charge-coupled devices
(RPM) in transforming image pixels. Yet another is a digital
platform, where mathematical modeling is followed to achieve
the transformation.

Optical data processing

Optical data processing got introduced almost four decades
before by Van der Lugt as an optical correlator which is based
on the usage of the thin lens to produce two-dimensional
Fourier transform of an image. This further led to the
invention of other more advanced optical and optoelectronic
processors. The classical methods for the realization of the
optical scheme are based on two architectures [73]: a 4f-
Vander Lugt (VL) and a joint transform correlator (JTC)
architecture. In both of these methods, the input image is
displayed in the form of transparency or as on SLM. With
the advancement in technology, SLMs that are used these
days are electrically addressed liquid crystal-based SLMs. The
randomness in phase is obtained with ground glass or with
a nonuniform coating of gelatine on glass plates. The RPMs
thus obtained are recorded on SLMs during encryption or
decryption. The outcome of a DRPE encryption is a random
noise-like pattern with complex nature. In order to record these
complex coefficients for storage and transmission, a holographic
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technique is required. Although both architectures require two
RPMs to convert an image (amplitude or phase) to a stationary
random noise, JTC is considered superior to VLC architecture.
The VLC architecture requires conjugate RPMs and stringent
alignment for decryption, whereas JTC does not require these
two conditions and it is considered as alleviated from these
limitations. Hence, a JTC architecture is considered superior
to the VLC. To record the decrypted image, either a CCD
(charge-couple device) or a conjugate of input plane RPM is
used. In another method known as the optical phase conjugation
method [74], a conjugation of an encrypted image is obtained
with the use of optical phase conjugation in a photo-refractive
crystal through 4 wave mixing. This phase conjugation can
nullify the effect of RPM in the decryption process. A most
recent classical implementation of fractional Fourier transform
in terms of wave functions is presented in Weimann et al.
[75].

We provide a brief overview of the various optical setups that
are used for obtaining an optical transform of the scene or image.
These are categorized as:

e Holographic methods: Holography is based on using
an interference pattern generated by diffraction of the
light field in 3 dimensions. Their resultant 3D image
retains depth, parallax, and other such properties of the
scene. Thus, the hologram is an unintelligible pattern
formed by an image. Digital holography is further divided
into two categories, namely, off-axis digital holography

frontiersin.org
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and phase-shifting digital holography. Javidi et al. [76]
first presented a combined approach to providing image
security through Double Random Phase encryption
(DRPE) and holography. The author further extended his
work to 3D information encryption [77]. Some of the most
recent reviews are available in the literature [78, 79] that
give insight into the evolution of this scheme over the
last decade.

e Ptychography: It is based on coherent imaging generated
using multiple probes that generate multiple diffraction
patterns in a far field. Ptychography offers good quality of
both recovered amplitude and phase distribution. Similar
to holography, it also generates complex amplitude of the
object but it does not require any reference beam like
in holography. The application of Ptychography in image
encryption has been proposed by many researchers [80-82]
and most recently in [83, 84].

e Ghost imaging: It is also known as coherent imaging or
two-photon imaging or photon-correlated imaging. It is a
technique that produces an image formed by combining
effects from two light detectors: one from the multipixel
detector that does not view the object and another is
a single pixel detector that views the object. Clemente
et al. [85] proposed to use of ghost imaging for image
encryption. Some of the recent works [86, 87] are based on
a similar strategy.

e Diffractive imaging: It is referred to as imaging formed by a
highly coherent beam of wavelike particles like electrons, X-
rays, or other wavelike particles. The waves thus diffracted
from the object form a pattern which is recorded on
a detector. The pattern is used to reconstruct an image
with an iterative feedback algorithm. The advantage of
the absence of lenses is that the final image has no
aberrations and therefore resolution is only dependent
on the wavelength, aperture size, and exposure. The
application of diffractive imaging in image encryption is
proposed in Chen et al. [88], Quin et al. [89], He et al. [90]
and Hazer et al. [91].

e Polarization encoding: An optical plane wave is used to
illuminate the intensity key image and encoded into a
polarization state. It is then passed through a polarizer
(pixelated polarizer) to obtain the encrypted image.
Gopinathan et al. [92] proposed to use of polarization
encoding in image encryption. Some of the recent works
in encryption application are proposed in Wang et al. [93].

e Joint Transform Correlators: The joint power spectrum of
the plane image and key codes are the encrypted data in
the JTCs [94]. Joint correlator-based encryption uses the
same key code for decryption as used in encryption. This
is unlike a classical DRPE scheme where a conjugate key
is required. Many encryption schemes have been recently
proposed based on JTC in fractional transform domain
[65, 95].
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e Phase retrieval method: In addition to the methods
described above, there is an iterative phase retrieval method
[96-98] wherein a digital approach is usually applied for
embedding the input image into phase-only mask(POM),
and either a digital or optical method is employed for
image decryption. The main objective of a phase retrieval
algorithm is to find either the correct or an estimate of POM
under some constraint for a measured amplitude. Phase
retrieval algorithms can be 2D or 3D. Unlike holographic-
based or diffractive imaging-based optical encoding, a
phase retrieval-based optical security system generates
POMs as ciphertexts. Various transform domains such as
FrFT and Gyrator transform can be employed in these
encoding schemes.

Advantages of optical encryption
1. Optical instruments such as SLM and lenses have inherent
characteristics of parallel processing.
2. Optical encryption methods possess multiple-dimensional
The optical
can be wavelength,

and multiple-parameter  capabilities.

parameters for security keys
polarization, and phase.
3. For

multidisciplinary knowledge regarding optical signal

optical ~ encryption,  researchers  require
processing, image processing, optical theories, and

computer technologies as well.

Applications of optical signal processing
Fractional transforms and more precisely, fractional
Fourier transform have gained keen interest from researchers
in the area of optical signal processing. Thus, it is also
commonly referred to as “Fourier Optics” or “Information
optics.” Fractional transforms have a widespread application
in signal processing and image processing, in the area of time-
variant signal filtering, phase retrieval, image restoration,
pattern recognition, tomography, image compression,
encryption, and watermarking. This article focuses on
the image encryption application of wvarious fractional

integral transforms.

DRPE model for image encryption

DRPE-based image encryption has its roots in the work of
Refregier and Javidi [21] where two random-phase functions
in fractional Fourier domains are used to encrypt input plain
image into stationary white noise. Hennelly and Sheridan
[99] have shown image encryption as random shifting in the
fractional Fourier domain. Unnikrishnan [22] has generalized
the DRPE scheme in the fractional Fourier domain. The DRPE
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architecture is most exhaustively used and explored in various
optical processing-based applications. The research community
has been continuously exploring the possibilities to improve the
security of DRPE [23, 50, 66, 67, 100] and has also successfully
extended the DRPE scheme to other linear canonical transforms
(LCTs) domains. Figure 2 shows the schematic architecture of
DRPE-based image encryption scheme. As shown in Figure 2,
there are two RPMs also known as POMs. One of the POM
is placed at the input plane and another is placed at the
Fourier plane. The POM; at the input plane makes the input
signal/image white noise-like but nonstationary and POM; at
the Fourier plane is also a white noise but is stationary. Let
POM; at the input plane be exp(j¢ (x,y)) and POM; at Fourier
plane as exp(jo (i, v)), both being randomly distributed in the
range [0, 27 ]. Therefore, wavefront after POM; is given by

F(u,v) =FT {I (x,y) exp (j(p (x,y))} (5)

where I (x, y) is input image in the spatial domain, FT denotes
a Fourier transform operation. The wavefront, F (u,?), gets
modified by POM, in the Fourier domain and an inverse
Fourier (IFT) is performed over it. This gives a complex domain

wavefront as

C (&, ) = IFT{F (i, v) exp [jd (1, 1)]} (6)

The complex-valued coefficients are recorded on a CCD
in optical processing while the terms can be electronically
recorded in a computer. During the decryption/reverse process,
the complex domain wavefront is first transformed to POM; as

Fv) = (FT[C6 m ] few o m))* @)

where * represents a conjugate operation. IFT of Fourier
wavefront is obtained with POM; conjugate as

P(xy) = {1FT [ e ]} {exp (o (v.2) )"

Thus, 1 (x, y) is the decoded wavefront in the spatial domain.

®)

DRPE schemes are broadly classified as (1) Amplitude-only
DRPE where decoding is done without using POM;. (2) Full-
phase DRPE where the input image is fully converted into
a full-phase map. This POM is used to encode images with
the DRPE procedure. The only difference is that the input
image is first normalized and converted into a phase image as
exp [jI (x,y)] before encoding. Details of each classification are
beyond the scope of this review work. However, it is likely to
mention that each POM at the input as well as Fourier domain
can be used as secret keys. This enlarges the key space thereby
enhancing security.

Previous review articles and contributed
evaluations

There are many review articles available in the literature
[101-103] that provide the evolution of classical DRPE-based
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architecture. Some of the significant contributions in reviewing
fractional transforms are listed in Table 2. The contribution of
these reviews is summarized on various aspects and evaluations
included in them. Each review article is categorized according to
the evaluation of various schemes in the work. Whereas some
of these are based on just conceptual and theoretical aspects,
while others provide an evaluation of quantitative, qualitative,
comparative, applications, etc. We have nomenclated these
evaluations from E01 to E09 based on the criteria mentioned at
the bottom of Table 2.

This will give better clarity to the reader and future
researchers regarding various aspects discussed in each review. It
is not possible to include all the related work in this paper for the
sake of brevity. However, best efforts are put to include the most
recent developments in DRPE-based encryption schemes as
listed in Table 3. DRPE-based architecture has been extensively
used and is considered as an effective method. DRPE methods
require an RPM as the secret key that needs to be stored at the
receiver for decryption. Besides that, a careful alignment of the
RPM with received encrypted data has to be done. The inherent
property of linearity and symmetricity proves to be a bane of
encryption applications as the linearity may lead to vulnerability
to different types of attacks. Based on these vulnerabilities, some
of the recent works on cryptanalysis are summarized in Table 4.
Each reference is included with a short description of the work
and methodology adopted to cryptanalyze the security scheme.

Mathematical modeling of optical
transforms with FRFT and its variants

LCTs, time-frequency transforms, and fractional Fourier
transform (FrFT) are closely related. Since the application of
FrFT to signal processing is proposed [4, 5, 8], there has
been tremendous development in the application of FrFT
and its variants to image encryption. As fractional transform
orders serve as the secret key, the digital implementation is
particularly suitable for encryption applications [99]. Since
this work is mainly focused on the application of fractional
transform in image encryption only, we won’t elaborate the
mathematical eloquence behind the fractional transforms here.
This section specifically emphasizes the discrete realizations
(DFrFT) and their application to image encryption. There are
various methods proposed in the literature for the discretization
of fractional transforms; some of them are classified as shown in
Table 5 with pros and cons of each type. It is worth noting that
Table 5 includes only a fractional version of Fourier transform.
This is due to the fact that the fractionalization of LCTs started
with Fourier transform itself and later was extended to other
transform domains. The methods of discretization mentioned
below are therefore conceptually applicable to variants of
Fourier transforms as well, namely, Gyrator transform [57, 66],
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Mellin transform [25, 26, 58], Hillbert transform [137], Hartley
transform [17, 20], Hadamard transform [19], etc.

Figure 3 shows the basic architecture for fractional
transform-based image encryption that is digitally implemented
without an RPM in either domain (without DRPE). As depicted
in Figure 1, this method requires the knowledge of fractional
transform orders that are used along both dimensions within
a range [0,1]. The decryption is exactly similar to the forward
process and requires the same fractional orders but with
negative values to decrypt the image correctly. The encryption
is thus a symmetric scheme and a slight change in the key value
will result in incorrect decryption.

Frontiersin Applied Mathematics and Statistics

173

The major limitation of such a scheme is shorter key space
which makes it vulnerable to brute force attacks. The input
image is pre-processed for enhanced security and enlarging a
key space. The pre-processing can be a scrambling operation
that only shuffles the pixel positions to make the image,
unintelligible. In some cases, this pre-processing can be a
nonlinear operation that can be a substitution of pixel intensity
values. There are various schemes that employ either scrambling
[27-29, 47], substitution [30] or both [23, 48, 138] to enhance
the security. The following section includes all major schemes
that are proposed to improve the performance of fractional
transform-based image encryption. We have categorized them
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TABLE 2 Recent review articles on fractional transforms-based image encryption schemes.

10.3389/fams.2022.1039758

Author[Ref] Year Description Evaluations done

Moreno and Ferreira 2010 On the usage of optical signal processing and its conceptual and theoretical EO01, E08

[101] details

Sejdi¢ et al. [104] 2011 On FrFT digital realizations and related application areas EO01, E05, E06, E09

Saxena and Singh [105] 2013 On FrFT and its properties, versions in the discrete domain and some E01, E05, E09
application areas

Chen etal. [102] 2014 On the advances in optical security, various optical signal processing E01, E02, E06, E07, E08,
schemes illustrated E09

Yang et al. [106] 2016 On fractional calculus and MATLAB functions defined for same, various EO01, E02, E0O5
application areas reviewed

Javidi et al. [103] 2016 On recent advances and challenges of optical security using free space EO01, E02, E05, E06, EO08,
optics, cryptanalysis and road map to the development of secure theory in E09
optics.

Guo and Muniraj [107] 2016 On the vulnerability of LCT-DRPE based encryption to COA with EO01, E02, E03, E07, E08
numerical implementation

Situ and Wang [108] 2017 A review on phase problems in optical imaging E01, E05, E07, E08, E09

Guo etal. [97] 2017 On recent development in iterative phase retrieval and application in E01, E02, E05, E07, E08,
information security E09

Kaurl and Kumar [109] 2018 On the latest developments in the meta-heuristic methods of image E01, E02, E03, E04, E06,
encryption E07, E09

Jinming et al. [110] 2018 On research progress in theory and applications of fractional Fourier E01, E02, E05, E06, E07
transform

Gadhrilietal. [111] 2019 On different algorithms for color image encryption E02, E03, E04

Jindal and Singh [112] 2019 On the applications of fractional transforms in image processing E04, E07

Gomez-Echavarria et al. 2020 On the applications of fractional Fourier transform in biomedical signal E01, E05

[113]

processing

E01, Conceptual and Theoretical; E02, Quantitative; E03, Qualitative; E04, Comparative on results; E05, Applications explored; E06, Vulnerabilities; E07, Architecture; E08, DRPE based;

E09, Mathematical details.

in accordance with the strategical amalgamation of scheme
with fractional transform domain. The schemes proposed in
the literature are nomenclated in eight major categories (T01-
T08). Each amalgamated scheme is reviewed separately. This
portion of review article is elaborated as our emphasis is on
the digital implementation of fractional integral transforms for
image encryption.

Reality preserving with optical transform
domain (TO1)

The optical transform results in complex coefficients output
corresponding to a real domain input image. Although it is
easy to process these complex coeflicients with a holography
method but in a digital domain, it requires two images to be
processed in the encrypted domain, one for real terms and
other for imaginary terms. Therefore, storage and transmission
increase complexity and overhead in digital channels. To
overcome this limitation, Venturi and Duhamel [139] proposed
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a mathematical solution based on the properties of the complex
transform output. Reality preserving refers to real domain
output for a real domain input signal. The algorithm still
has computational complexity, O(N2) for matrix order of N.
Reality preserving transforms that are formulated with this
algorithm have most of the required properties of fractional
transforms along with a monotonously decreasing decorrelation
power. Such transforms are beneficial where orthogonal reality
preserving transform is required with their decorrelation power
controlled by some parameters such as in joint source and
channel coding. Initially, the algorithm was proposed in
fractional sine and cosine transforms. It is further extended to
other transforms with the basic properties of the transforms
retained well. Recently, Zhao et. al [25, 59] used it to
obtain fractional Mellin transform for triple image encryption.
Reality preserving is also used in discrete fractional Cosine
transform (FrCT) [47, 140], fractional Angular transform [60,
61], fractional Hartley transform [52-54, 141], besides fractional
Fourier transform [28, 29, 31].
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TABLE 3 Recent publications on evolutionary methods adopted in optical transform with DRPE-based architecture (2016—-2021).

References Method Security  Advantages Limitations
Abd-El-Atty Based on the application of DRPE and quantum Moderate 1. Higher key space 1. Non uniform histograms
etal. [114] walks. An alternate quantum walk (AQW) is used 2. Resistance to digital and 2. Classical attack analysis missing
to generate random masks as well as for quantum computer attacks. 3. Differential attack analysis not
permutation. discussed.
Zhou et al. Image is transformed in DRPE domain. The phase High 1. Simultaneous compression 1. Higher complexity
[115] information is quantized for its usage in the and encryption. 2. PSNR is lower indicating
authentication. The plaintext is compressed by CS 2. Faster and efficient. degraded reconstructed image.
where the measurement matrix is also quantized 3. Robust to differential attacks
using a sigmoid function.
Huang et al. Low-frequency subbands are extracted by High 1. Multiple image encryption 1. Performance degrades
[116] contourlet transform. Scrambled with 2D logistic 2. Uniform histograms considerably with data loss and
map. 2DLCT is applied to obtain phase truncation 3. optimum entropy and CC noise attack
and phase reservation. This is followed by an XOR of encrypted
operation with a logistic map. 4. Robust to classical and
differential attacks
Wang et al. Based on apertured Mellin transform realized by High 1. Key size increased 1. Quality of decrypted images vary
[55] log-polar transform followed by apertured 2. Non linearity in transform is with aperture length parameter
fractional Fourier transform. able to resist potential attacks 2. Mellin transform gives a lossy
recovery, resulting in signiﬁcant
degradation in recovered image
Huang et al. Original image is encoded with a modified High 1. Uniform histograms 1. Hyperchaotic map has high
[98] Gerchberg-Saxton algorithm, which is controlled 2. High sensitivity to keys complexity in hardware
by hyperchaos system derived from Chen chaotic 3. Optimum entropy implementation.
map. Josephus traversing is used for scrambling 4. Resistant to all potential attacks 2. G-S algorithm based on
the phase function followed by hyperchaos increase
diffusion-confusion by hyperchaos. encryption/decryption time
Huo et al. Based on DNA theory with DRPE technique with High 1. High security to input keys 1. Axis alignment is required for
[117] PWLCM based keys and random phase masks. 2. key space is large optical setup
Initial values of PWLCM are generated by massage 2. Lack in differential attack
digest algo5(MD5). Two rounds of process gives analysis
ciphertext.
Liansheng Based on customized data container. Using phase High 1. Solves issues related to inherent 1D logistic map has its own
etal. [100] masks that are generated from Hadamard matrix linearity of computation limitations
to collect intensities of data containers. After XOR ghost imaging.
coding, data is scrambled with logistic map 2. High sensitivity to keys
Gong et al. Based on compressive sensing (CS) and public key High 1. Enlarged key space 1. Higher complexity for
[118] RSA algo with optical compressive imaging system 2. Resistant to CPA implementation
to sample input image. Walsh Hadamard 3. Entropy is optimum for both
transform, followed by scrambling with global and local values
compound chaos 4. Robust to noise and data
loss attack
Chen et al. Chaotic Ushiki map is used to generate random High 1. Enhanced security by Ushiki 1. Lossy recovery
[119] phase masks. A single intensity image is encrypted chaotic map 2. Entropy not reported
from color image. An equal modulus 2. Enlarged key space 3. Differential attack analysis not
decomposition used to create asymmetric keys 3. Immune to CPA and KPA done

Frontiers in Applied Mathematics and Statistics

175

(Continued)

frontiersin.org


https://doi.org/10.3389/fams.2022.1039758
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Kaur et al.

TABLE 3 (Continued)
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References Method Security  Advantages Limitations
Yadav et al. Input is first transformed with chaotic Arnold High 1. Use of DVFL eliminates Robustness to classical and
[51] transform. Phase masks are based on devil’s vortex axis-alignment issues. differential attacks not presented
Fresnel lens (DVFL) 2. Parameters of DVFL, orders of
FrHT and AT serve as secret key
Faragallah Arnold transform is used to scramble RGB of High 1. Enhanced security due to 1. Histograms are not independent
etal. [50] image followed by a Fresnel based Hartley enlarged key size of plane image input to some
transform from random phase masks generated 2. limitations of logistic map extent
with a Logistic adjusted sine map are eliminated 2. UACI=0
3. Optimal CC of encrypted 3. Leakage of information due to
low entropy values
Kumar et al. security key generated from a phase retrieval High 1. Double image encryption with 1. Phase retrieval has its inherent
[120] algorithm is used obtain 2D non-separable linear asymmetric keys complexity
canonical transform of complex image formed by 2. Robust to data loss attack
combining two plane images 3. Chosen plain text
attack addressed
Jiao et al. [121] QR (quick response) code for speckle noise High 1. Speckle noise reduced in optical 1. Applicable only to gray scale
removal in Fresnel based optical transform transformed output images
Khurana et al. Phase-truncated Fourier and discrete cosine High 1. Robust to differential attack 1. Entropy is less than optimum
[122] transform (PTFDCT) with random phase as keys. 2. Enhanced security 2. Correlation plots show unequal
Decryption requires a cube root operation 3. Enlarged key space distributions along both
dimensions leading to
information leakage.
Suetal. [123] Chaotic phase masks for cascaded Fresnel Moderate 1. Reduces retrieval time using 1. decrypted image is considerably
transform holography and constrained constrained optimization deteriorated
optimization for retrieval 2. Key sensitivity high due to use 2. performance will degrade under
of chaotic Henon map noisy and occlusion attacks
Lietal. [124] Depth conversion integral imaging and hybrid High 1. PSNR of reconstructed images 1. Lossy decryption
cellular automata (CA) degraded with noise are higher 2. Differential attack analysis not

2. Key space is proved
high (multidimensional)
3. Good resistance to data

loss attack

Although certain probable drawbacks/limitations are mentioned corresponding to each scheme, some specific solutions like security enhancement methods can be applied in practice.

Application of chaos theory in optical
transforms-based image encryption (T02)

Chaos theory refers to the study of unpredictable behavior in
systems governed by deterministic laws. Chaotic properties are
closely related to cryptography [142] owing to their sensitivity
to initial conditions, randomness and ergodicity. Due to such
intrinsic characteristics, chaotic maps have been extensively used
in data encryption. Chaotic maps are used as pseudorandom
generators [143], for substitution, and permutation of image
pixels. Various schemes for encryption based on permutation
only [144, 145], or substitution only [146] or a combination
of both [138, 143] with the usage of either one-dimensional
basic maps like logistic [147], sine, the tent [148], 2D Chirikov
standard map [143], or higher dimensional compound chaos or
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higher dimensional hyperchaotic maps [149-151], depending on
the application and level of security.

Chaotic maps have been extensively used in amalgamation
with optical transforms-based image encryption for enhancing
security. Fractional transform-based image encryption schemes
have only transform orders as the secret key. However, this
key space is not large enough and is therefore vulnerable to
cryptanalysis. To enhance security, chaotic maps are used that
also enlarge the key space. There are various schemes proposed
in the literature that have used permutation with chaotic maps
along with an optical transform [23, 28, 29, 50, 66, 69, 72, 152].
The order in which these two schemes are amalgamated may
vary. Permutation in the spatial domain followed by transform
or transform followed by permutation in the transform domain.
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TABLE 4 Cryptanalytic approaches in optical/DRPE-based encryption schemes (2016-2021).

Author Year Description Methodology/ strategy
Guo etal. [107] 2016 Phase retrieval attacks on LCT based DRPE Hybrid input-output algorithm, error reduction algorithm, and
schemes combinations of both type of phase retrieval algorithms are applied for
ciphertext-only attacks on Separable LCT DRPE system.
Yuan etal. [125] 2016 Cryptanalysis and its remedy in encryption based Due to linear relation between input and output of the encryption with

on computational ghost imaging
Lietal. [126] 2016 Vulnerability of impulse attack-free DRPE scheme

to chosen plaintext attack

Wang et al. [127] 2016 Cryptanalysis in phase space

Liao et al. [128] 2017 Ciphertext only attack on optical cryptosystem
Hai et al. [129] 2018 Cryptanalysis of DRPE scheme with deep learning
Xiong et al. [130] 2018 Cryptanalysis of optical cryptosystem with

combined phase truncated Fourier transform and
nonlinear operations

Douetal. [131] 2019 Known plaintext attack in JTC-DRPE scheme

Xiong et al. [24] 2019 Cryptanalysis in optical encryption based on

vector decomposition of Fourier plane

Chang et al. [132] 2020 Ciphertext only attack in optical scanning
cryptography (OSC)
Jiao et al. [133] 2020 Known plaintext attack in cryptosystem based on

space and polarization encoding

Zhou et al. [134] 2020 Vulnerability of encryption scheme based on
diffractive imaging to machine learning attacks
He etal. [135] 2020 Cryptanalysis of optical cryptosystem using

untrained neural network

Song et al. [136] 2021 Cryptanalysis of phase only information as it is

vulnerable to chosen plaintext attack.

Lietal. [126] 2016 Vulnerability of impulse attack-free DRPE scheme

to chosen plaintext attack

Wang et al. [127] 2016 Cryptanalysis in phase space
Liao et al. [128] 2017 Ciphertext only attack on optical cryptosystem
Hai et al. [129] 2018 Cryptanalysis of DRPE scheme with deep learning

computational ghost imaging is attacked.

CPA on impulse attack free-DRPE is breached using a new
three-dimensional phase retrieval algorithm.

Phase space information vulnerable to chosen plaintext attack (CPA) and
known plain text attack (KPA).

Based on autocorrelation between plaintext and ciphertext, COA is
imposed.

Vulnerability to CPA with working mechanism-based learning with neural
network.

A phase retrieval attack with normalization and bilateral filter is proposed.

Application of denoizing operations make the cryptosystem linear. Thus,
KPA is possible.

Cascaded EMD (equal modulus decomposition)-based cryptosystem is
attacked with CPA and a special attack.

A linear system property analyzed in the ciphertext expression equation of
OSC lead to COA.

Matrix regression based on training samples is proposed to crack a
space-based optical encoding and double random polarization encoding
with KPA.

An end-to-end machine-learning strategy is adopted to establish
relationship between ciphertext and plaintext in case of diffractive imaging.
Untrained NN is used to break a phase-truncated Fourier transform-based
optical asymmetric cryptosystem. Parameters are optimized by
plain-ciphertext encryption model of phase truncated Fourier transform.
Deep learning structure is trained using sparse phase information of the
encrypted domain image as phase only information is vulnerable to classical
attacks.

CPA on impulse attack free-DRPE is breached using a new
three-dimensional phase retrieval algorithm.

Phase space information vulnerable to chosen plaintext attack (CPA) and
known plain text attack (KPA).

Based on autocorrelation between plaintext and ciphertext, COA is
imposed.

Vulnerability to CPA with working mechanism-based learning with neural

network.

Some of the schemes follow substitution-permutation and
transform collectively [138, 153, 154] to further enhance
security. We have reviewed some of the most recently proposed
schemes that use chaos-based permutation/substitution with
optical transforms.
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Wu et al. [48] proposed a color image encryption scheme
in random fractional discrete cosine transform (RFrDCT) along
with scrambling and diffusion paradigm (DSD). A logistic map
is used to generate a randomized vector of fractional order. This
enlarges key space and increases sensitivity.
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TABLE 5 Various methods for discretization of Linear Canonical transforms.

Type References Pros

Sampling type DFrFT [68] A direct and simplest of all methods

Improved Sampling type [9] It works like a continuous FrFT and is a fast algo

DFrFT

Eigen vector [10, 12, 16, 17] Based on eigen values and eigen vector of DFT

decomposition based matrix and then evaluating their fractional power.

DFrFT Retains orthogonality, reversibility, and additivity.
Further improved by orthogonal projection in [12]

Linear combination type [13, 19, 20] Eigen vectors are derived by linear combination of

DFrFT

Chirp type DFrFT

Closed form DFrFT

[56]

identity operation, DFT, time inverse operation
and IDFT. Satisfies properties of reversibility,
additivity and orthogonality.

DFrFT is derived as multiplication of DFT and
periodic chirp signals. Satisfies additivity,
reversibility property along with Wigner
distribution’s rotation property.

Derived 2 types of DFrFT and Discrete Affine
transform (DAFT). Performance is similar to
continuous FrFT for Type I and can be calculated

using FFT. Type II is improved form of Type I and

10.3389/fams.2022.1039758

Cons

Discrete version is derived at the cost of losing many
important properties like unitary, reversibility, and
additivity. Therefore, it has limited applications.
Doesn’t have orthogonal and additive property. Also, it
requires to put some constraints on input signal.
This type of DFrFT lack fast computation, and the

eigen vectors cannot be written in closed form.

The outcome of transform does not match with
continuous transform. It works very much similar to
Fourier transform and lose characteristics of

fractionalization of powers.

There are constraints on the selection of rotation angles

and also N (sample length) should not be a prime

number. This makes it complicated

Scaling property exists for only Type I and not for Type

IL.

is applicable to signal processing. Has lowest

complexity.

A multiple parameter fractional Hartley transform (FrHT) is
proposed by Kang et al. [141] with its reality preserved for a color
image encryption. The chaos is embedded into the algorithm
at each step. The original color image with individual color
components is first combined into a single image. This single
image is divided into different sub-blocks. The blocks are then
shuffled based on a pseudo-random sequence generated from
non-adjacent-coupled map lattices (NCML) based on logistic
maps. The initial parameters of NCML are generated from yet
another chaotic map (Arnold Cat map). The initial parameters
of chaotic maps at this stage serves as secret keys. Next stage
of encryption is based on a pixel scrambling operator which is
based on a 2D Chirikov standard chaotic map (CSM). Using
CSM, a series of 2D and 3D angle matrices are generated that
are used to convert images in RGB space to newer space. The
final stage is to obtain an MPFrHT in real domain (RPMPFrHT)
and to divide the image into three to get concatenated encrypted
image as ciphertext.

A new fractional transform coined as the non-separable
fractional Fourier transform is proposed by Ran et al. [32].
RPMs are generated by Arnold transform. The advantage of
this type of transform is that it is able to tangle information
along and across two dimensions together. It is closely related
to the Gyrator transform. Also, the proposed scheme is resistant
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to decryption with multiple keys, unlike ordinary fractional
Fourier transform.

Wu et al. [155] proposed a RErDCT for image encryption.
The RFrDCT domain image is subjected to confusion-diffusion
paradigm. The confusion is obtained using a game-of-life (GoL)
algorithm and diffusion in the next stage is based on an XOR
operation with another chaotic map. The initial parameters of
chaos serve as secret keys of encryption. Enhanced performance
is claimed with the adopted strategy. A perturbation factor is
applied for resistance against differential attacks.

An encryption scheme with S-box generation is proposed
in Wu et al. [72] which is unique in the way these S-boxes
are generated. Chaotic Chebyshev map and linear fractional
transform are used for the construction of S-box. Partial
image encryption is achieved by a permutation-substitution-
diffusion (PSD) network and multiple chaotic maps in the
linear wavelet transform (LWT) domain. Using dynamic keys
for controlling encryption aids in security against differential
attacks. Partial encryption of only sensitive portions not
only reduces computation complexity but is also faster and
more efficient.

Jamal et al. [156] proposed yet another scheme that
uses a combination of linear fractional transform and
chaotic systems to generate substitution boxes for image
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Schematic architecture for Fractional transform-based image encryption in digital domain.

encryption. The chaotic maps used in the scheme are generated
from a combination of seed maps to enhance the security
and chaotic range. The investigation for complexity thus
obtained with the proposed scheme is based on various
The
testimony of improved perplexity and confusion in the

algebraic and statistical tests. investigation  gives
encrypted domain.

A novel Fresnel-based Hartley transform is proposed in
Faragallah [50] for an optical-double color image encryption
scheme. The color image is first separated into individual
channels and are scrambled separately with the Arnold
transform (AT) in spatial domain. Each scrambled image is then
multiplied with a 2D chaotic Sine-adjusted logistic map (LASM)
and then a Hartley transform is applied to each channel. This
procedure is repeated once again with another set of AT-based
scrambling (now in Hartley domain), and then each channel
is multiplied with another set of 2D-LASM. The final step is
obtaining inverse Hartley transform which gives an outcome
across each channel in Fresnel domain. The color channels in
Fresnel domain are concatenated to obtain a single image which
is the final ciphered image.

A fractional angular transform (FrAT) is used in Sui et al.
[62] where plain image is substituted with a chaotic logistic
map prior to transform. The transform orders along with initial
value of logistic map serve as secret keys of encryption. The
scheme performs marginally as there are certain limitations due
to similarity in histograms of plain and encrypted domain and
correlation coefficients in encrypted domain are considerably
higher. Moreover, the scheme is not evaluated for entropy

measure and differential attack analysis.
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Compressive sensing (T03)

Compressive sensing (CS), also referred to sparse signal
sampling, was introduced by work of Donoho, Candes [157,
158]. CS is able to achieve compression and signal sampling
simultaneously [118, 159, 160]. For a signal of bandwidth, BW =
2, the sampling frequency (fs) required to represent the signal
is much smaller than Nyquist frequency (f; < ). Let RN be
the set of N-tuples of real numbers. If x € RN is input 1D
signal sampled using CS, then x can be sparsely represented
using an appropriate basis function ¥ = [y}, ¥ ... ¥N]. Thus,
x = ¥ = Zfil sivi. Let yprxn be the measured matrix
with M <« N. Then, y = @x = @W, = As where y € RN,
Thus if measurement matrix, A that is used to measure sparse
signal, s is given, then the construction of signal requires solving
an underdetermined linear system and the sparse signal can be
obtained by solving a combinatorial optimization problem given
by :min|sllg :y =2 Vs =As.

A collective compression-encryption scheme is proposed in
Santhanam and McClellan [26] with 2D compressive sensing
and fractional Mellin transform. The original image is first
measured using a measurement matrix in both dimensions to
reduce data volume with 2D CS. The measurement matrix is
constructed using partial Hadamard matrices. Chaos is used to
control the measurement matrix with its initial conditions. The
non-linear Mellin transform is used to overcome the security
issue related to linear transform.

Zhao et al. [161] proposed a double-image encryption
scheme which is claimed to be faster and more efficient.
The scheme utilizes DWT as the basis for the measurement
matrix. Both images are first transformed into DWT basis and
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are compressed with the measurement matrix derived from
2D Sine-Logistic modulation map (2D-SLMM). The images
are then combined and Arnold transformation is applied for
scrambling the coefficients. Two circular random matrices are
generated using 2D-SLMM with different seed values. These
random matrices are used to obtain DFrRT. The encrypted
image is thus in DFrRT domain.

In another CS-based scheme proposed by Zhang et al. [33],
Kronecker product (KP) is combined with the chaotic map
for the generation of measurement matrix and RPMs. Low-
dimensionality seed maps are extended to high-dimensional KP.
These high-dimensional maps are used for the measurement
matrix. The scheme is able to provide an efficient and fast
approach to color image encryption.

A comparatively simpler scheme is proposed in Deng et al.
[162] where image compression-encryption uses a combination
of 2D CS and DFrRT. The basis function for the measurement
matrix is a discrete cosine transform (DCT). The measurement
matrix is constructed with a chaotic logistic map to control row
vectors of the Hadamard matrix. The compressed image is then
encrypted by DFrRT. Reconstruction of CS requires Newton’s
smoothed Iy norm (NSL) algorithm.

An asymmetric cryptosystem for color images based on CS
and equal modulus decomposition (EMD) is proposed by Chen
etal. [163]. In this scheme, the color image is initially combined
to a single image. With the application of DWT, this image
is converted into low-frequency and high-frequency images.
The high-frequency image is compressed by a measurement
matrix generated from logistic map. The compressed image is
segmented into two matrices. One of the matrices is used as
a private key (a random matrix related to the plain image) for
DFrRT and another matrix is combined with the low-frequency
image to form a complex function. This complex function is
transformed into DFrRT with the private key (random matrix)
that is plain image-dependent. This enables the cryptosystem to
resist known and chosen plaintext attacks. The output of DFrRT
is decomposed into 2 masks using EMD where one mask is a
cipher image and another is a private key. The inverse CS in the
decryption process is based on the basis pursuit (BP) algorithm.

Yietal. [34] proposed to use multiple measurement matrices
instead of a single measurement matrix that is used to sample all
blocks of an image. This strategy enables to overcome the issue
of chosen plaintext attacks. The mother measurement matrix
is derived from a single chaotic map and other measurement
matrices are generated by exchanging rows using a random row
exchanging method. However, another chaotic map is required
to control the row-exchanging operation. The compressed image
is then transformed with FrFT. The transform is followed
by two consecutive pixel scrambling operations to guarantee
nonlinearity and to increase key sensitivity in the proposed
scheme. Ye et al. [164] proposed a compressed-sensed color
image encryption scheme based on quaternion discrete multi-
fractional random transform with the hash function SHA-512.
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The parameters of chaos are updated by randomly selected hash
values. The use of multifunctional transform not only increases
the key space but also improves the key sensitivity.

On the basis of fixed/multiparameter (T04)

Fractional transforms can decorrelate the spatial domain
pixels based on the fractional value of the transform orders.
The fractional transforms are also looked upon as Wigner
distribution where each fractional order corresponds to an
angle of rotation in the optical domain [4]. With a fixed
value of transform orders, the key space is limited and the
cryptosystem is vulnerable to brute force attack. To overcome
this limitation, various researchers proposed to use multiple
parameter-based fractional transforms [35-39, 153, 165] with
their own definitions and postulates. Mathematically, a FrFT
has multiplicity which is due to different choices of both Eigen
function and eigen value classes [35]. Thus, the multiplicity
is intrinsic in a fractional operator. Lang [31] proposed a
multiparameter FrFT where the periodicity of M is utilized.
The transform order vector, n, can be M-dimensional integer
vector. This provides an extra degree of freedom as the
periodicity parameter; M serves as a secret key along with the
vector parameters.

Sui et al. [63] proposed a multiparameter discrete fractional
angular transform (MPFAT) for image encryption that uses
fractional order and periodicity parameters to provide multiple
parameters in the transform. Similar to a discrete fractional
Angular transform (DFAT), MPDFAT also satisfies properties
such as linearity, multiplicity, and index additivity. Zhong et al.
[166] proposed a discrete multiple parameter FrFT (DMPFrFT)
for image encryption using the periodicity parameter for
extending to multiple parameters.

Azoug et al. [23] proposed yet another opto-digital image
encryption with a multiple parameter DFrFT after a non-linear
pre-processing of the image in spatial domain with a chaotic
map. The multiparameter scheme is extended based on the work
of Pei et al. [40] which extend the DFrFT to have multiple order
parameters equal to the number of input data points. If all the
parameters are made equal in an MPDFrFT, then it reduces to a
single parameter DFrFT.

A general theoretical framework of MPDFrFT is presented
in Kang et al. [153]. The work proposed two different
frameworks as Type I and Type II MPDFrFT that include
existing multiparameter transforms as their special cases.
Further, an in-detail analysis of the properties of such transforms
is discussed and higher dimensional operators are also defined.
Some new types of transforms such as MPDFrCT, MPDFrST,
and MPDFrHT (Cosine, Sine, Hartley) are constructed under
the proposed framework along with their applications such as
feature extraction and 2D image encryption.

A quaternion algebra is used with multiple parameter
fractional Fourier transform (MPFrQFT) by Chen et al. [30]
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for generalizing MPFrFT. Both forward and reverse MPFrQFT
transform are defined and a color image encryption based on
the proposed transform is evaluated for its performance as
compared to other encryption algorithms. The proposed scheme
has larger key space and is more sensitive to transform orders.

Ren et al. [41] proposed a multiple image encryption
scheme based on discrete multiple parameter fractional Fourier
transform (DMPFrFT) for which original images are filtered in
DCT domain and multiplexed into a single image. The multiple
parameters are again generated using a periodicity parameter
which serves as one of the keys. Other keys are the parameters
for scrambling the multiplexed image (random matrix), and
transform orders of DMPFrFT.

A multiparameter discrete fractional Hartley transforms for
image encryption is proposed by Kang and Tao [141]. The
multiple parameters are generated by extending the fractional
order to N-dimensional vector and the FRHT kernel is
represented as a linear summation with weighting coefficients.

DNA sequence (T05)

DNA coding method is inferred from the Deoxyribonucleic
acid and is a branch of computing based on DNA, biochemistry
and molecular biology hardware. DNA sequences appear in the
form of double helices in living cells. A DNA code is simply a
code of alphabetic set Q = {A, T, C, G}. These alphabets refer
to 4 nucleic acid bases: A (adenine), C (cytosine), G (guanine),
and T (thymine): A and T, G and C are complimentary.
The complimentary rules are referred to as Watson-Crick

compliment [167]. Thus, pairing can be described as: A
T, T=A, C=G, G = Candifabinary code is given to each as
00,11,01, 10 with (00,11) and (01, 10) as complimentary. With
vector algebraic operations based on DNA computing [168,
169], pixel permutation and substitution can be performed if the
image pixels are represented in the form of binary sequences.

Recently Farah et. al [27] proposed to use FRFT along with
chaos and DNA for image encryption. Initially, a random phase
matrix is generated using a chaotic Lorenz map. The plain
image is converted to a binary matrix and encoded according
to chosen DNA encoding rule. Also, the random phase matrix
is encoded to DNA sequence with the same rule. The coded
plain image is XORed with that of the encoded random phase
matrix. Using the RPMs generated from the 3D chaotic map
(Lorenz map), iterative FrFT is performed and the resultant
image is XORed with the third chaotic sequence to obtain the
final ciphered image.

An optical image encryption set-up based on DNA coding is
proposed by Huo et al. [117] where a piecewise linear chaotic
map (PWLCM) is used to generate a key matrix as well as a
random phase matrix. A message digest hash algorithm (MD5)
is used to generate initial values of PWLCM. An MD?5 hash of
plaintext consists of 128 bits. XOR operation for DNA is used.
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Initially, the plain image and key matrix are converted to binary
sequences with DNA coding rules that are different for different
rows in the image. The DNA-encoded plain image is XORed with
a key matrix and a forward Fresnel domain DRPE is applied to
obtain the final-ciphered image.

Cellular automata (T06)

Cellular Automata (CA) also called cellular spaces,
tessellation  automata/structures, cellular structures, or
iteration arrays find application in various fields like physics,
microstructure modeling etc. CA consists of regular rigid
cells that are generated in accordance with a fixed rule
which is nothing but a mathematical function. CA is used in
cryptography due to the possibility of pseudo-random number
generation with such rule (Rule 30) which is a class IIT rule
displaying aperiodic chaotic behavior [42, 170]. Li et. al [171]
proposed a 3D image encryption using computer-generated
integral imaging (CIIR) and cellular automata transform. An
elemental image array (EIA) recorded by light rays coming
from 3D image is mapped according to a ray-tracing theory. An
encrypted image is then generated from 2D EIA using cellular
automata transform. It is claimed that CA-based encryption
is error-free and being an orthogonal transformation, it offers
simplicity. The performance of the scheme is measured in terms
of bit correct ratio (BCR) and PSNR for reconstructed and is
compared to some similar proposed schemes. This scheme of
combining optical transforms to that of CA is unique in its
methodology. Recently, there is no further exploration of the

proposed idea.

Double image (T07.1)/multiple image (T07.2)

Double image encryption schemes are aimed to provide
more efficiency in terms of resources. A double image is
simultaneously encrypted and decrypted. Such schemes
also provide higher speed and better sensitivity besides
less storage space requirement. Therefore, double image
encryption schemes have drawn attention of various
researchers [29, 63, 70, 152, 161, 172].

Recently, Yuan et al. [173] proposed an image authentication
with double image encryption based on non-separable fractional
Fourier transform (NFrFT). The two images are combined to
form a complex image matrix and is transformed with NFrFT.
The output of the transform is also a complex matrix. The
transform orders and coefficient parameters serve as secret keys.
Novelty of the proposed work is in the selection of a partial
phase that is reserved for decryption. A nonlinear correlation
algorithm is to authenticate the two recovered images. The
cross-correlation of two compared images is referred to as
non-linear correlation (NC) whose strength is specified by a
parameter, k € [0,1]. An appropriate value of k is selected
to authenticate the images. Peak to correlation energy (PCE)
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is a ratio of maximum peak intensity value and total energy
of the non-linear correlation plane. Thus, PCE is measured to
determine k and hence authenticity.

A double image encryption scheme based on interference
and logistic map is proposed in Liansheng et al. [174] to
overcome the silhouette problem. The two input images
are initially joined to make an enlarged image. This joined
image is subjected to scrambling based on chaotic sequence
generated from a logistic map. Then, the scrambled image
is again separated into two. One of the images is directly
used to generate two-phase keys/masks based on optical
interference. Another scrambled image is encrypted with DRPE
method using first phase mask (key). This is followed by
multiplying the complex outcome with another phase mask
for transformation to the ciphertext. The author suggests to
use input parameters of the logistic map, wavelength and
axial mask as secret encryption keys to further enhance
the security.

Singh et al. [67] proposed a full-phase encryption scheme
for its better security compared to amplitude image. The scheme
uses two spatial domain input images and converts each of them
to a phase image. The phase images are then multiplied with
RPMs and transformed in the Gyrator domain with rotation
angle, «. The gyrator domain images are then added and
subtracted to get two intermediate images. The intermediate
images are then bonded with structured phase masks based on
the Devils vortex lens (DVFL) specified with certain parameters.
This is followed by another Gyrator transform with a different
rotation angle, B to obtain two encrypted images. Decryption is
exactly the inverse of the encryption process.

Similar to double image encryption schemes, there is
another category where multiple images are simultaneously
encrypted to reduce the key space as compared to the data to
be encrypted (images) but at the cost of increased complexity
[69, 175]. Recently Sui et al. [64] proposed a double image
encryption where two images are initially combined into a single
image along the column of the first image followed by the
second image. This combined image is scrambled with a 2D
sine logistic modulation map. Next, the scrambled image is
divided into two components to constitute a complex image.
One of the components is the phase part and another part is
the amplitude of the complex image. The complex image is
shared using Shamir’s three-pass protocol where the encryption
function is a multiparameter fractional angular transform which
is preferred for its commutative property.

Sui et al. [43] proposed multiple image encryption with
asymmetric keys in the FrFT domain. Initially, a sequence of
chaotic pairs is generated using symmetrically coupled logistic
maps. This chaotic sequence is used to scramble the spatial
domain images. Phase only function (POF) of image is retrieved
using an iterative process of FrFT domain. In the next stage, all
the POFs are modulated into an interim which is transformed to
real-value ciphertext by FrFT and chaotic diffusion. The three
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random phase functions are used as keys to retrieve POFs of
plain images and three decryption keys are generated in the
encryption process.

A multiple image encryption scheme is proposed [49] by
combining a non-linear fractional Mellin transform with a FrCT.
Fractional Mellin transform is used for its robustness to classical
attacks. The original images are simultaneously transformed
into a DCT domain and then re-encrypted with amplitude and
phase encoding. The transformed images have changed center-
coordinates due to fractional Mellin transform since FrMT is
a log-polar transform of the image followed by a FrFT of log-
polar image. The fractional orders of FrFT, phases v/}, ; are the
secret keys.

Recently, Guleria et al. [176] proposed to encrypt three
RGB images simultaneously using RSA cryptosystem followed
by a discrete reality preserving FrCT and the final stage of
scrambling with Arnold transform. To accomplish multiple
image encryption, 3 RGB images are combined into a single
image using a single color component of each image as R,G,B
components. All three indexed images are individually ciphered
with the proposed algorithm and then combined as a single
ciphered image. The security of the scheme depends not
only on the input parameters of RSA, Arnold transform and
orders of transform but also on their sequence of arrangement.
Decryption is exactly the inverse of the encryption scheme.

Watermarking in the encrypted domain (T08)

Recently, many researchers have proposed to use of optical
transform for watermarking applications [69, 71, 177-179].
Watermarking an image is a data-hiding method for copyright
protection and copy prevention. Depending on the application,
a watermark can be a visible pattern or can be hidden in
the host image. For copyright, its generally a visible pattern
and for resolving an authorship problem, the watermark is
secretly embedded into image which can be recovered by an
authorized user only. In the latter case, the watermark is usually
a binary logo that is encrypted into a noise-like pattern and
then embedded in the image for enhanced security. Many
researchers have followed this approach in the watermarking
algorithm. Some of the recent watermarking schemes with an
encryption algorithm using fractional transforms are reviewed
in this section.

Singh et al. [180] proposed to embed an encrypted
watermark in fractional Mellin transform (FrMT) into the host
image. The two deterministic phase masks (DPM) are generated
to be used in the input and frequency plane. The watermark
image is first converted into a log-polar image. After multiplying
the log-polar image with the first DPM, it is transformed to
a FrFT domain. This is FrMT transformation. In the next
step, again the second DPM is multiplied by the complex
outcome and inverse FrFT is obtained. For embedding, the
outcome is attenuated by a factor and then added to the host
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image. SVD decomposition is applied in the last stage to make
the watermarked image unrecognizable and is transmitted as
individual S, V, D matrices.

A quaternion algebra is used to define a quaternion discrete
fractional random transform (QDFRNT) which generalizes
DFRNT for its application in watermarking [181]. The host
image is divided into blocks and QDFRNT is applied to each
block. The scrambled watermark image is used to modify the
mid-frequency coefficients of the QDFRNT host image. The
transform orders and parameters of the scrambling scheme in
the watermark image are used as secret keys of encryption.

Liu et al. [182] proposed a novel transform, known
as fractional Krawchouk transform (FrKT), to generalize
the Krawchouk transform. Derivation of FrKT is based on
eigenvalue decomposition and eigen vectors. For validating the
imperceptibility of the proposed transform, a watermarking
application is illustrated in the work. A better robustness and
imperceptibility with proposed transform have been claimed in
the work.

Performance metrics for image
encryption

Image data have high redundancy and large volumes
as compared to text or binary data. It may also have
some real-time operations or may also be incorporated with
compressed data of a certain format. Thus, an image encryption
scheme needs to satisfy certain requirements. Some of the
commonly used performance requirements are discussed in
this section. The categorization of such performance analysis
is shown in Figure 4. Performance analysis of encryption
requires a comprehensive investigation of perceptual security
and cryptographic security. Perceptual analysis requires that the
outcome of an algorithm is unintelligible to human perception
whereas cryptographic analysis refers to the ability of the
algorithm to resist cryptanalysis that includes all possible attacks
in terms of the secret key, data statistics etc.

Perceptual security analysis

Perceptual security can be investigated with some subjective
metrics [183]. The ciphertext can be classified into typical
quality levels as shown in Table 6. QLO: signifies a completely
recognizable image which indicates that the encryption is not
valid, QL1: signifies a partially recognizable image contour like
edges and boundaries are visible but the texture is not clear.
QL2: signifies that the image is completely unintelligible and is
considered perceptually secure.

Another measure of perceptual quality is done by evaluating
a set of parameters for comparison of encrypted images with
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reference to the plain image. Some of the commonly used
objective metrics are explained below.

i. Peak signal to noise ratio (PSNR): PSNR is the measure of
spectral information in an image. A higher value indicates
greater similarity in the test images. In an encryption
algorithm, PSNR values are evaluated to quantify the
dissimilarity in the encrypted image with respect to plain
image. During decryption, the same measure indicates the
efficacy of the algorithm in the reverse process. Practically
PSNR > 28 indicates that the test images are similar. For
any pair of images, plain image (P) and ciphered image (C),
the PSNR is mathematically defined as:

(L—17°
MY Y Zjlil [Pij - CiJ]z
€]
Mean square error (MSE): It is also an error metric like
PSNR that indicates the dissimilarity between the test
images. In an ideal case, for two similar images, MSE should
be zero. PSNR and MSE are mathematically related to each

PSNR (P, C) = 10log;,

=34

ii.

other as:
L—1)?
PSNR (P, C) = 10log;, % (10)
1 M N
MSE = m L L [Pl,] — Ci,j] (11)

=
=

iii. Spectral Distortion measure (SD): It indicates the spectral
dissimilarity between the reference image and test image.
The SD measure evaluates as to how far is the spectrum of
the test image from that of the reference image. The spectral

distortion is defined as:

1

SD(P,C) =
P.C) =5

M N
Y D IEpwv) —Fcwwl (12)

u=1 v=1

where Fp (u,v) , Fc (u,v) are Fourier transforms of plain

image, fp(m, n) and encrypted image, fc(m, n), respectively.
iv. Structural Similarity Index Measure (SSIM): Wang et al.
[184] proposed a metric based on the human visual system
(HVS) that considers biological factors, namely, luminance,
contrast, and structural comparison between the image and
a reference image. This measure known as SSIM, is used to
quantify the visual image quality.

SSIM (x,y) =f (L(x.7) ¢ (xy) s (xy) ) (13)

where I(x,y), c(x,y) and s(x,y) are luminance, contrast, and
structural comparison, respectively. For any two pairs of
images P and C, it is mathematically defined as:

Qupuc + C1) 2opc + C2)

SSIM (P, C) =
" (13 + 12+ C1) (0 + 02+ C2)

\n (14)
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FIGURE 4
Performance requirements of image encryption scheme.
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TABLE 6 Subjective metrics for perceptual security analysis.

Quality Level Ciphertext quality
QL0 Image contours are
completely recognizable
QL1 Partially recognizable
contours of the image
QL2 Completely

unintelligent/ white

noise like image

v. Histogram variance: In order to quantify the
uniformity of cipher images, variances of histograms
are evaluated [185]. Variances are also evaluated

for two different cipher images that are encrypted
from two different secret keys on the same plain
images. The lower values of variance indicate higher
uniformity. The variance of histogram is mathematically
evaluated as:

var (Z) = 1/n* ZZ %(Zi - Zj)2

i=1 j=1

(15)
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Statistical analysis
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analysis. histogram

correlation analysis for the adjacent pixels in

encrypted image.

Histogram analysis

Histogram is the pixel frequency distribution where
each grey level is plotted for the number of pixels with that
particular value in the image. An effective cryptosystem
should be able to generate ciphertext with fairly uniform
histograms, which are also significantly different from

the plaintext.
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TABLE 7 Evaluation of encryption quality.

Security Level Performance

SLO High cryptography security +
High perceptual equality (QL2)

SL1 High cryptography security +Low
perceptual security (QLO, QL1)

SL2 Low cryptography security 4+ High
perceptual security (QL2)

SL3 Low cryptography security 4+ Low

perceptual security (QLO, QL1)

Chi-square test
In order to verify the uniformity of the histogram, a chi-
square test is performed [187] and defined as:

K

2
Xtest = Z
k=1

where k is gray-level (256 for 8-bit image), 0;, e; are the observed

(0; — ei)?

i
€

(16)

and expected times occurrence of each gray-level, respectively.
The test is performed with different significance levels (generally
at 0.05) for a null hypothesis.

Correlation analysis

For a perceptually meaningful image, the correlation
between adjacent pixels is very high. It is necessary for an
effective cryptosystem to significantly reduce these correlation
values by decorrelating them in the encrypted domain. For
such analysis, either all or a few pixels are randomly selected
and correlation plots are obtained for horizontally, vertically,
and diagonally adjacent pixels. The correlation plots in each
direction should display the pixels to be uniformly scattered over
the entire intensity range. For quantitative analysis, correlation
coeflicients are evaluated for two adjacent pixels in horizontal,
vertical, and diagonal directions using Egs. (17)-(19). For
Xj, yias gray values of ith pair of selected adjacent pixels,

cov (x, y)

V/D@),/D(y)

where cov (x,y) =E[x—Ex)(y—E ()’ ))]

p(x,y) = (17)

i=N

2

i=1

| =N | =N 2
D= > (=Y %),
i=1 i=1

1 1i:N . 1z=N
N [(xi—ﬁgxn(yi—ﬁl;yi)] (18)

2

i=N i=N
1 1
D)= 5 2 0i—x 2 (19)
i=1 i=1
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Entropy analysis

Information entropy is a mathematical property that depicts
the randomness associated with the information source. The
entropy of a message source s is given as:

L—-1
H (d) =— Z P (s;) log, P (s;)
i=0

(20)

where L is the highest intensity value of pixels in image, s; is
the ith symbol in message, P(.) refers to the probability. The
entropy defined in Eq. (20) is termed as Shannon’s entropy
[186]. Besides, a local entropy has been recently proposed [188]
as an extension of Shannon’s entropy measure. It is the mean
entropy of several randomly selected non-overlapping blocks
of information source. For an 8-bit image, L = 256, there
are K = 30, nonoverlapping blocks to be randomly selected
from the image with each block having 1,936 pixels (Tp=1936).
Therefore, this entropy measure is also termed as (K,Tp)-local
entropy and is evaluated using Eq. (21)

k
Hk,TB (S) = Z

i=1

H (S)

21

where S; are randomly selected non-overlapping image blocks
with T pixels in each block of S with total of L intensity scales.

Sensitivity analysis

Key sensitivity analysis

The sensitivity of an encryption scheme can be evaluated
in two aspects: (1) at encryption stage which means that a
completely different ciphertext should be generated with a very
minute change in the input key value, (2) at the decryption stage,
the ciphertext should not be correctly recovered if there is very
slight change in the correct key values. Key sensitivity (KS) is
mathematically defined as:

KS =

M N
1
M Z ZCl(m, n)® Cy(m,n) x 100% (22)
m=1 n=1

where Cy and C; are two different ciphered images with slight
change in key values corresponding to same plain image, P.
M x N is total number of image pixels in the image.

1, Cy (m, n) # Cp (m, n)

C1 (m,n) ® G (m,m) = 0,Cy (m,n) = C; (m,n)

(23)

The value of KS should be as close to 100% [183].

Key space analysis
Key space refers to the set of all possible keys that are used
in encryption of information. A brute force attack is possible if
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an intruder manages to make an exhaustive search on the set
of possibilities until the correct one is found. Thus, feasibility
of brute-force attack depends on the total number of valid keys.
This number is an important feature to determine the strength
of a cryptosystem, and it has to be large enough (> 2109) [142]
as per today’s computing power.

Differential analysis

With reference to plaintext, the sensitivity refers to change
in ciphertext with slight change in plaintext. This is termed
as differential analysis where an adversary can change a single
pixel in plaintext and compare the corresponding ciphertexts
to get some clue about secret keys. The diffusion property of
a cryptosystem enables it to spread any change in plaintext to
the entire ciphertext. There are two indicators for numerical
evaluation of resistance to such attack: NPCR (number of pixel
change rate) and UACI (unified average change in intensity).
Theoretically, the closer values of NPCR and UACI are 99.6093
and 33.4635%, respectively, indicating the effectiveness of the
applied algorithm [189]. These indicators are mathematically
defined as:

1 Z .
__ 1y [CE)=C i)
UACT = - — §i4 L % 100%  (25)

3

where C, C are two encrypted images with the same keys but
with a slight change in the corresponding plain image of size,
[M N] with the highest intensity value, L.

1, C(i,j) # C (inj)

26
0, otherwise (26)

D(i.j) =

Avalanche effect

The avalanche criterion is referred to as an average number
of bits that differ between C and C while changing a pixel in
plaintext. The ideal value of the avalanche effect is 0.5 (50%).

Noise analysis

The communication channels over which the image
information is transferred are responsible for the addition of
some noise in the form of degradation or distortion. The
performance of a cryptosystem in such a scenario requires
analysis. Gaussian noise with zero mean and varying values
for variance is added to the encrypted image for Gaussian
noise analysis. The quality of the decrypted image is checked in
perceptual as well as numerical terms with different variances
in noise [60, 190]. The results thus obtained are compared
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for the noise analysis. The Occlusion attack refers to the loss
of data or cropping of a portion of the image due to noisy
channels. The cryptosystem should be capable of recovering the
appropriate amount of information even after some occlusion
in data. In order to check for the robustness to occlusion
attack, some pixels of encrypted image (10, 15, 25, 50, 75%) are
cropped and corresponding decrypted image quality is evaluated
in perceptual and numerical analysis [25, 66, 190].

Speed analysis

Speed analysis refers to the critical execution time for
forward and reverse process in an encryption scheme. As typical
configuration and capacity of a system greatly determine its
computation speed, therefore a comparison of encryption and
decryption time is a trivial task. Different machines perform
differently. However, time analysis is an important feature,
especially where real-time application is involved. Time analysis
is performed in terms of encryption time and decryption
time separately. Generally, a large sample set of images are
considered for evaluating the average time taken in the
encryption and decryption process on a present-day commonly
used system configuration.

Randomness analysis

NIST SP800-22 is a statistical test suite for random
and pseudorandom number generators that are used for
cryptographic applications. The advantage of this test suite is
that it does not require any assumptions on the generator.
Rather, it only looks for a particular statistical recurrence in the
generated sequence (random). It consists of 15 p-value-based
tests that include frequency test, run test, and spectral test. These
tests are generally not used in transform-based cryptography.
However, we mention it here due to usage of it in some classical
methods of image encryption.

GVD analysis
The gray value difference of a pixel form its four neighboring
pixels in an image is given by:

cup - L)

@7)

The average difference in gray values corresponding to each pixel
in image is

M—-1N-1

1 .
TESTEPIPIELY

Gay (inj) = (28)
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Thus, gray value difference (GVD) parameter [191] of an
encryption scheme is defined as:

Gh,(i,j) — GS, (i, j)

GVD =
GE, (irj) + G (iv )

(29)

where G, and GS, are the average differences in gray values for
original plain image and ciphered image, respectively. The ideal
value of GVD parameter is unity. For a good encryption scheme,
this parameter should be as close to 1.

Classical attack analysis

In cryptography, classical attacks are launched to
cryptanalyze an encryption scheme. The adversary can
have certain information regarding plain text or ciphertext
that provide for cryptanalysis. If the adversary has access to
set of ciphertext, then it can launch a ciphertext only attack. If
it is able to get access to set of plain texts and corresponding
ciphertexts, then a known plaintext attack can be launched. In
a chosen plaintext attack, it is assumed that the adversary has
access to arbitrary plaintexts and can obtain the corresponding
ciphertexts. From the above-stated assumptions, a chosen
plaintext attack provides the most information to the adversary.
Thus, if a cryptosystem is able to resist chosen plaintext attack,
it is believed to be able to resist other classical attacks as well
[154, 192]. Therefore, an image encryption scheme should have
excellent diffusion properties for providing robustness to a

chosen plaintext attack analysis.

Comparative analysis

As shown in Table 8, each of the proposed schemes is
accompanied by the parameters used to evaluate the encryption
algorithm and the technique that is merged with the fractional
transform. We have categorized these techniques into eight, as
reality preserving (T01), chaos theory based (T02), compressive
sensing (T03), multiple parameters (T04), DNA sequence (T05),
cellular automata (T06), double image encryption (T07.1),
multiple image encryption (T07.2), and with watermarking
(T08). The comparative analysis is based on the results
available for Lena image only. Table 9 illustrates the subjective
comparison for the same references as listed in Table 8 along
with the probable vulnerabilities associated with each of them.
These vulnerabilities are expressed as V01-V07 (mentioned
below the Table9). It is worth mentioning here that the
vulnerabilities of each scheme can be removed by specific
methodology in practice.

It is evident from the values in Table 8 that studies in
which chaos-based permutation or substitution is merged with
fractional transform domain have higher entropy measure, low
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TABLE 8 Comparative analysis for performance metrics of proposed schemes (for Lena image).

[Reference] Year Technique Correlation Average Key Average Average Encryption
used analysis entropy space NPCR(%) UACI(%)  quality
Horizontal Vertical Diagonal
Kaur et al. [53] 2021 T02, T05 0.0015 0.0014 0.0059 7.9952 10247 99.6348 33.5816 SLO
Yeetal. [164] 2021  T02,T03,T04 - - - - 229 - - SL1
Kaur et al. [54] 2021 T02, T05 0.0033 —0.0099  —0.0046 7.9768 10228 99.5956 33.8798 SL1
Farah et al. [27] 2020 T02, T05 0.0693 0.0610 —0.0242 7.9991 — 99.5677 33.4353 SLO
Guleriaetal. [176] 2020 T02,T07.2 0.0223 0.0187 0.0137 1.0149 107 99.4664 34.1316 SL1
Kaur and Agarwal 2020 T01,T02 —0.0006 —0.0057 0.0009 7.9938 10102 99.6006 34.6379 SLO
[190]
Kaur et al. [52] 2019 T01,T02, T07.2 0.0036 —0.0038 0.0023 7.99 - - - SL2
Faragallah [50] 2018 T02,T07.1 0.0001 —0.0029  —0.0019 7.5907 - 99.7400 0 SL2
Zhang et al. [33] 2018 T02, TO3 0.0127 0.0101 0.0139 - 10%%¢ - - SL2
Kang and Tao [141] 2018  TO1, T02, T04 —0.0001 —0.0014 0.0004 - - 99.8640 33.3330 SLO
Kang et al. [60] 2018 TOL,T02, T04 0.0015 0.0017 —0.0033 - 10%8 = 23 99.9949 33.3616 SLO
Mishra et al. [28] 2018 T02 0.0020 —0.0007 0.00006 7.4739 - - - SLO
Ref. [29] 2018 TO1, T02, T07.1 - - - SL3
Kaur et al. [48] 2017 T02 0.01513 —0.0024 —0.0045 7.9974 227 - - SL2
Yuetal. [62] 2017 T02 0.1068 0.0766 0.0182 - ~ 10'° - - SL3
Deng et al. [162] 2017 T02, TO3 0.0909 0.2389 0.0126 - 10%7 - - SL2
Pan et al. [49] 2017 T07.2 0.0249 0.0505 0.0280 - 27° x 30° 99.6279 33.4599 SL2
Sui et al. [64] 2016 T02, T07.1 - - - 10% - - SL2
Santhanam and 2015 TO02 0.0104 0.0299 0.0062 - 103 x 13° x 11° - - SL2
McClellan [26]
Zhou et al. [161] 2015 T02, T03 0.0119 0.0925 0.0325 - 10%* - - SL2
Singh et al. [67] 2015 T07.1 0.0093 0.0172 0.0021 - - - - SL2
Sui et al. [43] 2014 T07.2 0.0040 —0.0018 0.0266 7.9976 - - - SL2

correlation coefficients, high NPCR and UACI, higher key space,
excellent key sensitivity, robustness to noise and data occlusion
attacks, hence having higher security levels. Reality preserving
algorithm has contributed toward the digital implementation
of optical transforms and has enabled researchers to overcome
major limitations regarding complexity issues of fractional
transforms in the digital domain. Compressive sensing is used
to reduce the data deluge while dealing with large images
for encryption but their performance is marginal in terms
of higher correlation coeflicients and vulnerability to leakage
in information.

CS-based encryption schemes are highly complex [193] and
reconstruction is time-consuming. It has been observed in the
results of the above-reviewed articles that CS-based schemes lack
uniform histograms in the encrypted domain and CC values are
considerably higher. Also, CS-based simultaneous compression
and encryption schemes are vulnerable to cryptanalysis due to
linearity [194]. In a broad sense, if the plaintext is sparse, the key
of the cryptosystem may not be safe as it is possible to exploit the
prior sparsity knowledge to extract information of the key from
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ciphertext. The key and the plaintext may be partly accessed
using some information processing technology such as Blind
source separation (BSS) [195].

Multiple parameter-based fractional transform schemes
perform better than fixed/single transform order-based schemes.
This is due to enlarged key space and better uniformity in
encrypted histograms. However, there are some deficiencies
related to multiple parameter schemes [44-46] due to linearity
that need to be avoided. The linear relation among consecutive
transform orders and periodicity is the major limitation that
can lead to multiple decryption keys corresponding to an
encryption key. This depicts its vulnerability to various attacks.
To overcome this issue, it is necessary to introduce some means
of breaking the linear relationship among consecutive transform
orders or by careful selection of transform orders through a
random selection scheme [38], [190].

DNA sequence operation is little less explored with optical
transforms. However, it is able to enhance security with
increased key space and randomness in encrypted data. Double
and multiple image encryption schemes are preferred for
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TABLE9 Comparative analysis for subjective parameters (refer Table 8 for performance metrics).

Reference Metrics for Noise Occlusion  Classical Differential Statistical Time Probable
perceptual analysis attack attacks attack attack analysis Vulnerabilities
analysis

Kaur et al. [53] v v v v v v v Vo6, V07

Yeetal. [164] v v v X X v X V02, V05, V07

Kaur et al. [54] v v v v v v v Vo7

Farah et al. [27] X X X X v v X V01, V03, V06, V07

Guleria et al. [176] v v v v v v X V03, V07

Kaur and Agarwal [190] v v v v v v X V03, V07

Kaur et al. [52] v X X X X v X Vo1, Vo2,

Faragallah [50] X v v v v v v V02

Zhang et al. [33] X X X v X v X Vo1, V02, V07

Kang and Tao [141] v v v v v v X V03, Vo7

Kang et al. [60] v v v v v v X Vo7

Mishra et al. [28] v X X X X v X V03, V04, V05, V07

Kaur et al. [29] v X X X X v X V02, V04, V06, V07

Wu et al. [48] v X X X X v X Vo02,V03, V07

Yuetal.. [62] X v v X X v X Vo02,V03, V07

Deng et al. [162] v v v X X v X Vo1, V02, V07

Pam et al. [49] X v v X v v v Vo1

Sui et al. [64] X v v X X v X Vo02,V03, V07

Santhanam and X v v v X v X V02, Vo7

McClellan [26]

Zhouetal. [161] v v v X X v v V02, Vo6

Singh et al. [67] v v v X X v X V02, Vo7

Sui et al. [43] v v v v X v X V02, Vo7

V01, High complexity; V02, Low encryption quality; V03, Dependent on diffusion; V04, Smaller key space; V05, poor efficiency; V06, Lossy; V07, may not be applicable for real

time applications.

speed and increasing encryption efficiency. Watermarking is
another domain where fractional transforms are used to
encrypt the watermark before embedding in a blind watermark
scenario. The encryption of the watermark logo in the
collective time-frequency domain increases the robustness to
various attacks.

Observations based on published
literature

In an exhaustive search performed in the month of
December 2021 on the various online databases: ACM Digital
library, Elsevier, Google Scholar, IEEE explore, Springer link,
Taylor and Francis and Wiley for the number of research papers
published related to the encryption of different multimedia
contents during the period 2015-2021. The pictorial view to
highlight the percentage of papers published on the encryption
of various multimedia contents like: images, video, audio, text
data etc. has been shown in Figure 5.
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According to search results, it is observed that the number of
publications is majorly in text and image encryption. However,
the number of image encryption works is dominating with
42% of all the metadata available. We believe that it is due to
the wide application area of image data, from platforms like
social media to sensitive data like military and telemedicine
fields. Almost every sector of communication is dependent
on image transmission in one way or the other. It is also
observed that amongst various mathematical implementations
of the fractional transforms, FrFT is most popular with more
than 60% of the total publications in fractional integral-based
image encryption schemes. This is followed by fractional wavelet
transform (FrWT) with a contribution of 16%, fractional Hartley
transform, FrHT (10%), fractional Cosine transform, FrCT (7%)
and the remaining few on other transforms (namely, Mellin,
angular, sine etc.).

As the present manuscript is mainly concerned with
image encryption using optical/fractional integral transforms,
therefore, we narrowed down our search for the number of
papers published year-wise on the fractional transform-based
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FIGURE 5

Percentage of research papers published on the encryption of
various multimedia contents like: images, video, audio, text data
during 2015-2021.

image encryption schemes. Figure 6 illustrates a graphical
representation of the related publications in all the major online
databases during the period 2015-2021.

It is observed that the number of publications on image
encryption in the fractional transform domain has considerably
increased every year. This gives testimony to the fact that
with the advent of evolutionary algorithms based on fractional
integral transforms in the digital domain has increased its
popularity and is receiving significant attention from the
researcher community.

It has been also observed that most of the encryption
algorithms with fractional transform as the main component
are evaluated for statistical analysis, noise attack, and occlusion
attack analysis only. This is probably the reason for less
popularity of optical transform-based image encryption schemes
as compared to purely chaos-based schemes or other number
theory-based approaches. According to a recent survey on
color image encryption [111], only 8.65% of the proposed
schemes are based on optical transforms. In order to widen
the contribution of optical transform-based schemes to image
encryption, certain limitations need solutions for encouraging
practical implementations.

In Section Mathematical modelling of optical transforms
with FRFT and its variants, we have described the categorization
of fractional transform-based image encryption schemes in
accordance with the strategical amalgamation of the fractional
transform domain with other evolutionary methods. There
are total of eight major categories TOl to TO8 (one of
them TO07 having two subcategories). In Figure 7, we have
shown the relative contributions in terms of the number
of papers published in each of these categories so far.
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We observe that the major contributions come from the
T07: Double Image/Multiple Image category, followed by
T02: chaos-based, T08: Watermarking, T03: Compressive
Sensing, TO1: Reality Preserving category T04: Multiple/fixed
parameter transforms, T05: DNA Sequences, and least in T06:
Cellular Automata.

Based on the observations related to security levels and
vulnerabilities mentioned in Tables 8, 9, we elaborate on the
possible ways to overcome some limitations. Most of the
algorithms mainly lack in the following aspects: (1) uniform
histograms, (2) entropy measure, (3) smaller key space, (4)
differential analysis, (5) classical attack analysis, (6) speed
analysis. In the discussion below, we try to highlight some of the
possible solutions as:

e Uniform Histogram: A majority of fractional transform-
based image encryption schemes produce cipher images
having Gaussian distribution like histograms [23, 29, 141].
It is due to the fact that the energy of a transform is
concentrated at the center. Authors have claimed the
robustness of encryption schemes only on the basis of
similarity in the distribution of histograms irrespective of
the content of the plain image. The entropy measure for
such distributions has values that is significantly less than
the ideal value (8 for 256 intensity levels image). However,
in cryptography, it is expected that the cipher image pixels
should have a uniform distribution over the entire intensity
ranges having entropy measure very near or equal to the
ideal value. This points to some information leakage, that
can make a scheme vulnerable to entropy attacks. To
overcome such limitation, a hybrid algorithm in which
fractional integral transform domains are amalgamated
with chaos based pseudorandom substitutions should
be used.

o Smaller Key space: Adopting multiple layer security for
image encryption algorithm will lead to an increase in key
space. Apart from this, making a selection of transform
orders to depend on some chaotic parameters or a similar
analogy will result in larger key space [141, 190]. Most
of the proposed schemes have added a permutation layer
along with the transform domain. Some of the schemes
that are based on permutation and substitution paradigm
are able to offer larger key space to overcome brute
force attack.

e Differential Analysis: In order to fulfill the requirement of
effective encryption algorithm, the scheme should be able
to resist differential attack analysis. The parameters NPCR
and UACI are its measures. From Table 9, it is clear that
majority of schemes lack such analysis. Even if done, the
UACI values are not optimum or even zero. This is due
to the fact that there is no significant change in intensity
values with a single pixel change in input. Therefore, for
a successful strategy, the change should be diffused over

frontiersin.org


https://doi.org/10.3389/fams.2022.1039758
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Kaur et al. 10.3389/fams.2022.1039758
4500 T T T T T T T T T T T
N /EEE
4000 |- I scienceDirect T
[ springer

@ 3500 1 | o witey 1
L 3000 |- ] Google Scholar |
S [ 1Acwm Digital Library
'g 2500 — —
o
S 2000 - B
™
]
= 1500 — —
E

1000 — =1

500 — —
o
2011 2012 2013 2014 2015 2016 2017 2018 2019 2020 2021

FIGURE 6

Number of papers published on fractional integral transform-based image encryption schemes on various online databases.
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Relative contribution in terms of the number of papers published belonging to different categories (TO1-T08) of fractional transform-based

image encryption techniques.
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the entire image coeflicients. One of the solutions to this
issue is to make the initial parameters of diffusion scheme
to depend on some significant feature of the input image
like mean or average values.

e Time analysis: A run time for an encryption algorithm
refers to the time required for its execution. Various factors
need to be considered for time analysis like the size of
image, system configuration, programming language etc.
[109]. To compare the computational performance of an
algorithm, is a crucial task as different host machines have
their own set of configurations. Due to this reason, some
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researchers have used an average time Vs size paradigm to
evaluate computational performance [143] wherein input
images with variable size are selected and the average
time of encryption is evaluated using large set of different
keys. Fractional transform-based encryption schemes have
inherent advantage of high speed and parallel processing.
However, while merging of these schemes with other
domains like chaos etc., computational optimization should
be taken care of. In summary, there should be trade-
off management between complexity and security while
designing an algorithm and some optimum suggestion for
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the choice of parameters, number of rounds etc. should
be given.

e Careful Selection of chaotic maps: The chaotic maps
wherever used in an encryption scheme, need a careful
selection. As most of the schemes that are reviewed
have employed one dimensional chaotic map [28, 66,
69].
implementation but are less secure. For instance, 1D

Although 1D maps are simplest in hardware

logistic maps have some periodic windows in the chaotic
range [196] and that Arnold transform also has periodicity
[197], hence are vulnerable. At the same time, the higher
dimensional chaotic maps are sometimes secure but
complex. To keep a balance, it is recommended to use a
coupled map scheme where two or more 1D chaotic maps
are coupled for enhanced security [50] and also robust
chaotic maps may be used with proper specification of
the range of parameters where robust chaos is observed.
Prior to selection of such chaotic map, a proper bifurcation
analysis and investigation of dynamical behavior in the
entire parameter space must be done to identify the suitable
regions of parameter space exhibiting robust chaos.

Conclusion

The evolution of digital media over the past two decades
has revolutionized the development of strategies pertaining to
security preservation of the multimedia contents. Encryption is
the most effective way to secure the data. It has been observed
in the study that out of all the data types, (audio, video,
text, image) image data are most frequently used to convey
the information. Consequently, the percentage of published
work on image encryption is dominating with 42% of all the
metadata available. However, cryptography for image data is
challenging when it comes to classical methods of encryption
due to huge volume of data and also due to the high correlation
among adjacent pixel values. Various research works have been
proposed in the literature that are specifically suitable for image
encryption. Application of fractional integral transforms in
image encryption has been an active research area and the review
work in this paper is also focused on the same. The fractional
integral transform provide an extra degree of freedom to the
encrypted data as the fractional order of the transform is used
as secret key.

The aim of this review is to build an understanding of the
reader toward application of fractional integral transforms in
image encryption. The initial description of the paper gives
a conceptual idea on using these transforms and also the
domain-based taxonomy to classify various existing schemes
in the literature. The optical image encryption that comprises
of optical setup and double random phase encoding (DRPE)
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has been discussed. Few recent review works and cryptanalysis
of these schemes are tabulated and analyzed. The digital
implementation of the fractional integral transforms is discussed
with its analogy to the optical setup. Further, various algorithms
are categorized in accordance with their merging techniques
and a comprehensive review is presented on some of the
most recently published articles. The performance criteria and
standards to be followed have been discussed. A performance
comparison in tabular format is presented for objective as
well as subjective metrics of some of the recent publications.
Finally, based on the observations, some major concerns are
listed and a few constructive guidelines are provided. This work
intends to provide the readers with an understanding of why
and how fractional integral transformations are applicable to
the encryption of images. In addition, the study highlights some
vulnerabilities and threats associated with the usage of fractional
transforms along with the probable solutions that may help
in the future design and development of hybrid and robust
encryption schemes.
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Practical data assimilation algorithms often contain hyper-parameters, which
may arise due to, for instance, the use of certain auxiliary techniques like
covariance inflation and localization in an ensemble Kalman filter, the re-
parameterization of certain quantities such as model and/or observation
error covariance matrices, and so on. Given the richness of the established
assimilation algorithms, and the abundance of the approaches through which
hyper-parameters are introduced to the assimilation algorithms, one may ask
whether it is possible to develop a sound and generic method to efficiently
choose various types of (sometimes high-dimensional) hyper-parameters. This
work aims to explore a feasible, although likely partial, answer to this question.
Our main idea is built upon the notion that a data assimilation algorithm with
hyper-parameters can be considered as a parametric mapping that links a
set of quantities of interest (e.g., model state variables and/or parameters) to
a corresponding set of predicted observations in the observation space. As
such, the choice of hyper-parameters can be recast as a parameter estimation
problem, in which our objective is to tune the hyper-parameters in such a
way that the resulted predicted observations can match the real observations
to a good extent. From this perspective, we propose a hyper-parameter
estimation workflow and investigate the performance of this workflow in
an ensemble Kalman filter. In a series of experiments, we observe that the
proposed workflow works efficiently even in the presence of a relatively large
amount (up to 103) of hyper-parameters, and exhibits reasonably good and
consistent performance under various conditions.

KEYWORDS

ensemble data assimilation, ensemble Kalman filter, iterative ensemble smoother,
hyper-parameter optimization, correlation-based adaptive localization

1. Introduction

Data assimilation leverages the information contents of observational data to
improve our understanding of quantities of interest (Qol), which could be model state
variables and/or parameters, or their probability density functions (PDF) in a Bayesian
estimation framework. Various challenges encountered in data assimilation problems
lead to a rich list of assimilation algorithms developed from different perspectives,
including, for instance, Kalman filter [1], extended Kalman filter [2], unscented Kalman
filter [3], particle filter [4, 5], Gaussian sum filter [6], for sequential data assimilation
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problems; 3D- or 4-variational assimilation algorithms [7, 8];
and smoother algorithms for retrospective analysis [9].

To the
data assimilation problems,

mitigate computational costs in practical
Monte Carlo or low-rank
implementations of certain assimilation algorithms are
investigated. Examples in this regard include ensemble Kalman
filter (EnKF) and its variants [10-16], ensemble Kalman
smoother [17], ensemble smoother [18], and their iterative
versions [19-22], low-rank unscented Kalman filter [23, 24],
ensemble or low-rank Gaussian sum filter [25-27].

In their practical forms, many assimilation algorithms
may contain a certain number of hyper-parameters. Different
from model parameters, hyper-parameters are variables that
stem from assimilation algorithms and have influences on
the assimilation results. As examples, one may consider the
inflation factor and the length scale in covariance inflation and
localization methods [13, 28-38], respectively, or parameters
that are related to model error simulations or representations
[39-42].

Often, a proper choice of algorithmic hyper-parameters
is essential for obtaining a descent performance of data
assimilation. With the presence of various mechanisms through
which algorithmic hyper-parameters are introduced, in the
literature there is a vast list of methods that are proposed
to estimate hyper-parameters (while sometimes relying on
empirical tuning). To the best of our knowledge, it appears
that the current best practice is to focus on developing tailored
estimation/tuning methods for individual mechanisms. With
this observation, a natural question would be: Is it possible
to develop a common method that can be employed to
estimate different types of hyper-parameters associated with an
assimilation algorithm?

This work can be considered as an attempt to find an
affirmative answer to the above question. Our main idea here
is to treat a data assimilation algorithm with hyper-parameters
as a parametric mapping, which maps Qol (e.g., model state
variables and/or parameters) to predicted observations in the
observation space. From this perspective, it will be shown later
that the choice of hyper-parameters can be converted to a
nonlinear parameter estimation problem, which in turn can be
solved through an iterative ensemble assimilation algorithm,
similar to what have been done in the recent work of Luo [41]
and Schefller et al. [42]. Since ensemble-based data assimilation
methods can be interpreted as some local gradient-based
optimization algorithms [16, 43], we impose a restriction on
the hyper-parameters under estimation, that is, they have to
admit continuous values. In other words, we focus on the
Continuous Hyper-parameter OPtimization (CHOP) problem,
whereas tuning discrete hyper-parameters is beyond the scope
of the current work.

It is worth mentioning that hyper-parameter optimization
is a topic also often encountered in other research areas. For
instance, in machine learning problems, there may exist various
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hyper-parameters (e.g., learning rate and batch size used in a
training algorithm) that need to be optimized. Consequently,
there are many techniques and tools developed in machine
learning community to tackle hyper-parameter optimization
problems [44-46]. Given the fact that data assimilation and
machine learning problems bear certain differences [41], and
the consideration that the focus of the current work is on
developing an ensemble-based CHOP workflow for ensemble
data assimilation algorithms, we do not introduce or compare
hyper-parameter optimization techniques adopted in machine
learning problems, although we do expect that hyper-parameter
optimization techniques in machine learning community may
also be extended to data assimilation problems.

In terms of novelty in the current work, to the best of
our knowledge, CHOP appears to be the first ensemble-based
hyper-parameter optimization workflow in the data assimilation
community. As will be elaborated later, instead of producing
a point estimation of hyper-parameters, the CHOP workflow
generates an ensemble of such estimations. In doing so, a few
practical advantages (similar to those pertaining to ensemble-
based data assimilation algorithms) can be obtained, which
include the ability of conducting uncertainty quantification and
the derivative-free nature in the course of optimizing hyper-
parameters. In addition to these practical advantages, CHOP can
be seamlessly integrated into ensemble-based data assimilation
algorithms to form a more automated assimilation workflow,
which can automatically determine an ensemble of (near)
optimal hyper-parameters with minimal manual interference,
and possesses the capacity to simultaneously handle a large
amount of hyper-parameters (a challenging issue seemingly not
addressed by existing hyper-parameter optimization methods in
the data assimilation community).

This work is organized as follows: We first formulate
the CHOP problem, and propose a workflow (called CHOP
workflow hereafter) to tackle the CHOP problem, which
involves the use of an iterative ensemble smoother (IES) and
a correlation-based adaptive localization scheme. We then
investigate and report the performance of the CHOP workflow
in a series of experiments. Finally, we conclude this study with
some technical discussions and possible future works.

2. Problem statement and
methodology

2.1. The CHOP problem

We illustrate the main idea behind the CHOP workflow in
the setting of a sequential data assimilation problem, in which
an EnKF is adopted with a certain number of hyper-parameters.
Let m € R™ be an m-dimensional vector, which contains a set
of model state variables and/or parameters. In the subsequent
derivation of the solution to the CHOP problem, the dynamical
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system is not involved. As a result, we exclude the forecast

step, and focus more on the analysis step, which applies an

EnKF to update a background estimation m®?

m“,

to the analysis

Essentially, the EnKF can be treated as a parameterized

b b to m%,

vector mapping fy :m” — m* that transforms m
where 6 represents a set of algorithmic hyper-parameters to be
estimated. In the context of data assimilation, the information
contents of observational data, denoted by d° ¢ R4 in this
work, are utilized for state and/or parameter update, whereas
the update process also involves an observation operator,
denoted by h here, which maps a background estimation

b

m” to some predicted data h (mb) in the observation space.

We assume that the observations d° contain some Gaussian
white noise, which follows the normal distribution N (0,Cy)
with mean 0 and covariance Cj. In addition, we denote
the background ensemble by Mb {mj.b}]N:el, and the

a NE
. tmjlizy
index of ensemble member, and N, represents the number of

analysis ensemble by M? , where j is the
ensemble members.

Under these settings, an analysis step of the EnKF can be
represented as follows:

y = fo (mf.M".7.h)

5f(0;m]l»’,/\/lb,dj°,h),forj:1,2,~-,Ne. 1)

In Equation (1), the concrete form of the mapping f will
depend on the specific EnKF algorithm of choice. The quantities
m]l.’, M, d9 and h are known, whereas the hyper-parameter
vector @ is to be estimated under a certain criterion, leading to a
CHOP problem.

As an example, one may consider the case that an EnKF with
perturbed observations is adopted, and covariance localization
is introduced to the EnKF, such that the update formula is given
as follows:

£(6: m!, MP,d%,h) = m! + (Ly o C) b7 (1 (Lg 0 Cyu) B

+ Cq) ' (¢ — hm}). @)

In Equation (2), we have assumed that h is a linear
observation operator in this particular example, whereas Cy,
is the sample covariance matrix induced by the background
ensemble Mb; Lg the localization matrix, which depends on
some hyper-parameter(s) 0 (e.g., the length scale); and Ly o Cy,
stands for the Schur product of Ly and Cy,. One insight from
Equation (2) is that even fis a linear function of m]l.’ ,in general f
may have a nonlinear relation to the hyper-parameters 6.
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2.2. Solution to the CHOP problem

In the current work, we treat CHOP as a parameter
estimation problem, which can be solved through an ensemble-
based, iterative assimilation algorithm, given the presence of
nonlinearity in the CHOP problem. Specifically, we follow the
idea in [22] to tackle the CHOP problem by minimizing the
average of an ensemble of N, cost functions C} (0}) at each
iteration step (indexed by i):

N,
arg min NL Z C]l: (9;) s 3)
]:

o e j=1

6(0) = 3| (- s(0) 5" (&~ (#)
e o0 () @) @
e (6)) = (m) =n(s(ojmf. M grm)).

In Equation (5), g <0]’:>, equal to h (m]’:), corresponds to

the predicted observations of m]’:, which in turn depends on the

hyper-parameters 8! for a chosen assimilation algorithm f. At
the end of the iteration process, suppose that in total K iteration

steps are executed to obtain OJK, then we take m? = mK

] ]
f(OJK; mjb,Mb,d;,h) V=12 ,Ne.
As implied in Equations (3) and (4), the main idea behind

the proposed CHOP workflow is to find, at each iteration step,

. A Ne
an ensemble of hyper-parameters @' = {0?}, . that renders
]:

J
lower average data mismatch, in terms of

Ne

> (4 -e(0) ca (4 -

j=1

() v

than the previous ensemble ® ! does. However, as in many
ill-posed inverse problems, it is desirable to avoid over-fitting
the observations. To this end, a regularization term, in the form

. . T . —1 . .

i_ pgi—1 i—1 i {—1 .. .
of <0j 0]' ) (C0 ) (0j 0] ), is introduced into the
cost function C; (0]’) in Equation (4), whereas Cfg—l corresponds
to the sample covariance matrix induced by the ensemble of

) 1 Ne
hyper-parameters @~ = {0;-_1}, Ll, and can be expressed
]:

as C;_l = Sé_l(Sé_l)T, with Sg_l being a square root‘ matrix
defined in Equation (9) later. The positive scalar y*~! can
be considered a coefficient that determines the relative weight
between the data mismatch and the regularization terms at each
iteration step, and we will discuss its choice later.

Another implication from Equations (3) to (5) is that instead
of rendering a single estimation of the hyper-parameters, we
provide an ensemble of such estimates, and each of them (e.g.,

0;) is associated with a model state and/or parameter vector
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m’. The presence of multiple estimates 0; not only provides the
possibility of uncertainty analysis in a CHOP problem, but also
avoids the need to explicitly evaluate the gradients of g with
respect to @' in the course of solving the minimization problem
in Equation (3).

Equation (3) can be approximately solved by an IES, given as
follows [22]:

o (sl ) 120
Ki-1— Sg—l(sg—l)T (ng—l(sg—l)T+yi—1Cd)_1; @
gl = Zizio;l, ®)
Séfl =

7N:_1[01—1—éi N e A HO)
e i o)) )
)l o

As one of the attractive properties of various ensemble-based
assimilation algorithms, this iteration process does not explicitly
involve the gradients of g, h (the observation operator) or f (the
assimilation algorithm) with respect to the hyper-parameters 6,
which helps to reduce the complexities of implementing the IES
algorithm.

In a practical implementation, the update formulas from
Equations (6) to (7) are re-written as follows:

6l =0 sy T (S GED )

500
St =y sy &=y g (07
=c," g (6i7). (12)

In Equation (11), I; represents the d-dimensional identity
matrix. In Equation (12), the quantities Sgl, d]‘? and g (0;71)
in the observation space are normalized by a square root
C;l/ 2 of the observation error covariance matrix. After
this normalization, a singular value decomposition (SVD) is
applied to gé—l) while avoiding the potential issue of different
magnitudes of observations when forming the square root

matrix Sé_ L Suppose that through the SVD, we have

gim1 _ pyi—15i~1 (gi—1)T
S =01 (V ) (13)

To strengthen the numerical stability of the IES algorithm,
we discard a number of relatively small singular values, which
results in a truncated SVD such that

e

sfg—l S X (14)
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The truncation criterion adopted in the current work

. il .
is as follows: Suppose that the matrix £ contains a

number of R singular values 01’ 1,62’ L.

,&}’;1 arranged
in the descending order, then we keep the first » leading
singular values such that }j_, & ~’ 1 ZZ X ” ! < 99% and

r+1 &i- I/Ze 10 ” L~ 999, In Equation (14), the matrix

< 17 ~ ~
X takes the leadlng singular values crl' L 02' L5 a

its diagonal elements. Accordingly, the matrices U'~! and V/~ 1
consist of eigen-vectors that correspond to these kept leading
singular values.

Inserting Equation (14) into Equation (11), one obtains a
modified update formula:

0i~ 07 481V <(ﬁi_1)2 + yi11r>_1
(01)" (@ -8(o")).

which is used in all numerical experiments later. In Equation

A 2 i i
(15) i—1 — Zz lzz 1

d1mens1ona1 identity matrix.

(15)

, and I, stands for the r-

As mentioned previously, "1 can be considered as a
coeflicient that determines the relative weight between the data
mismatch and regularization terms. In the update formula,
e.g., Equation (11) or (15), one can see that in effect, yi_l
affects the change 0} — 0;_1 of the hyper-parameters, which
is also referred to as the step size of the iteration hereafter.
Following the discussions in [22, 43], it can be shown that the
update formula, Equation (11) or (15), is derived by implicitly

= 1,2,---,N,, around the ensemble

hnearlzmg g 0) vj

mean 6 (through the first-order Taylor approximation) at
each iteration step'. In this regard, an implication is that the
step size cannot be too big in order to make the linearization
strategy approximately valid. On the other hand, a too small
step size will slow down the convergence of the iteration
process. As a result, in our implementation of the IES algorithm
(e.g., Equation 11), we choose y’ 1

influences of the two terms, S’g l(gé_l)T and yi_lld are

in such a way that the

comparable (in contrast to the choice that one term dominates
the other). Here, the influence is measured in terms of the
trace of the respective term. As a consequence of this notion,
we have yi=! = &/ Ltrace (Sgl(égl)T) / trace (Id)

o' trace <§§_1(§;1)T> /d, where o1 > 0 is the actual

coeflicient to be tuned.

When the truncated SVD is
choice -1

to
(15)

Qi—1
Sil,
boils

applied

the of y for  Equation

1 By “implicitly linearizing” we mean that the derivation of the update
formula adopts the concept of linearization, but there is no need to

actually evaluate the gradients of g with respect to 0"
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down to

. . ~Af— 2
y'_1= o' trace (():l 1) )/trace 1)

r
. . 2
:O[l_l E (6’271> /r,
(=1

(16)

At the beginning of the iteration, we let a® = 1.
Subsequently, We use a backtrack line search strategy similar
to that in [21] to tune the coefficient value. Specifically, if the
average data mismatch at step i is lower than that at step (i — 1),
then we accept the estimated hyper-parameters 8/, and move to
the next iteration step. To this end, we reduce the coefficient
value by setting o = 0.9/, which aims to help increase the
step size at the next iteration step, similar to the idea behind the
trust-region algorithm [47].

On the other hand, if the average data mismatch value at step
i becomes higher than that at step (i — 1), then the estimated
hyper-parameters 0! are not used for the next iteration step.
Instead, a few attempts (say Kj,,;) are conducted to search for
better estimations, leading to a so-called inner-loop iteration
(if any), which is adopted for a distinction from the upper-
level iteration process (called outer-loop iteration). These are
1 i—1

done by doubling the coeflicient value al” 20, 1,s =

1,2, -+, Kyyigp for each trial, with af)_l = o'~1, and then re-
running the update formula (Equation 15) with a new y =1 value
calculated by Equation (16), wherein the modified a7 value is
adopted for the calculation. This strategy is again similar to the
setting of the trust-region algorithm, and is also in line with the
analysis in [22], where it is shown that as long as the linearization
strategy is approximately valid, the data mismatch values tend to
decrease over the iteration steps. As such, it is sensible to increase
the coefficient value (hence shrink the step size), as this helps
to improve the accuracy of the first-order Taylor approximation
(hence the validity of the linearization strategy). The trial process
will be terminated if an average data mismatch value (obtained
by using an enlarged coefficient value a’™1) is found lower than
that at the iteration step (i — 1), or if the maximum trial number

(set to 5) is reached. At the end of the trial process, we set
1
ial

An additional aspect of the IES algorithm is the stopping

al = a}; ,and take 0! as those obtained from the last trial step.
criteria. Three such criteria are adopted in the outer-loop
iteration process, which include: (1) the maximum iteration
step, which is set to be 10; (2) the threshold for the relative
change of the average data mismatch values at two consecutive
iteration steps, which is set to be 0.01%; (3) the threshold for
the average data mismatch value, which is set to be 4 x #(d°)
(four times the number of observations, with #(d°) being the
number of elements in d°). In other words, the iteration process
will stop if the maximum iteration step is reached. Additionally,
the iteration process will also stop if the relative change of the
average data mismatch values at two consecutive iteration steps,
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or the average data mismatch value itself at a certain iteration
step, is less than their respective threshold value.

In terms of computational cost, the original analysis scheme
(e.g., Equation 1), applies the update formula only once. In
contrast, in a CHOP problem, one needs to apply the update
formula multiple times during the iteration process. As such,
it becomes computationally more expensive to solve the CHOP
problem than a straightforward application of the EnKF analysis
scheme (if one ignores the potential cost of searching for
proper hyper-parameter values). In practical problems, however,
the computationally most expensive part of an assimilation
workflow often lies in running the dynamical system (i.e., at
the forecast step), whereas it is computationally much cheaper
to execute the analysis step. Within this context, it is expected
that solving the CHOP problem will only lead to a negligible
(hence affordable) overhead of computational cost to the whole
assimilation workflow.

2.3. Localization in the CHOP problem

In many data assimilation problems, the heavy cost of
running the dynamical system also puts a constraint on how
many ensemble members one can afford to use. Often, a trade-
off has to be made so that one employs an ensemble data
assimilation algorithm with a relatively small ensemble size for
runtime reduction. One consequence of this limited ensemble
size is that there could be substantial sampling errors when using
the statistics (e.g., covariance and correlation) estimated from
the small ensemble in the update formula. In addition, rank
deficiencies of estimated covariance matrices would also take
place. These noticed issues often lead to degraded performance
of data assimilation. To mitigate the impacts of sampling errors
and rank deficiency, localization techniques (e.g., [13, 30-32, 48,
49]), are often employed.

In the CHOP problem, we note that localization is
conducted with respect to hyper-parameters (e.g., in Equations
11 or 15), in spite of the possible presence of another localization
scheme adopted in the assimilation algorithm (e.g., as in
Equation 2).

Many localization methods are based on the distances
between the physical locations of certain pairs of quantities,
which can be either pairs of two model variables as in
model-space localization schemes (e.g., [13]), or pairs of one
model variable and one observation as in observation-space
localization schemes (se.g., [49]). In the CHOP problem,
however, in certain circumstances it may be challenging to apply
distance-based localization, as in the update formula, Equations
(11) or (15), certain hyper-parameters may not possess clearly
defined physical locations, so that the concept of physical
distance itself may not be valid.

To circumvent this difficulty, we adopt a correlation-based
adaptive localization scheme proposed in [50]. For illustration,
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without loss of generality, suppose that when localization is not
adopted, the update formula is in the form of

N -e(0)),

where K'~! is a Kalman-gain-like matrix and (&]0 -

17)

5(0))

the corresponding innovation term. With the presence of

i_ gi—1
0j_0j

localization, then the update formula is modified as

R 5 e )

where L™ ! is a h x d localization matrix to be constructed,
with & and d being the vector lengths of 0; and g (0}_1) (or

i_ pgi—l1
0j = 0]- (18)

EIJQ ), respectively. In Equation (18), the localization scheme is
similar to observation-space localization, but the localization
matrix L1 acts on the Kalman-gain-like matrix K'~!

The construction of the localization matrix L1 is based on
the notion of causality detection between the hyper-parameters

01’: and the predicted observations g(olﬁ‘l) [50]. To see the
g (0;:_1) and

, and re-write Equation (18) into an

—Lpred _

rationale behind this notion, let d

i _ o0 _ 1,pred
Adj = dj dj

equivalent, element-wise form

_ i1\ . il
J 9’ +Z(L;,t Ksl)t )Ad;,t ,fors=1,2,---,h,
t=1
(19)

i pi—l Zi—1
where 9] o Gj’s . and Adj,t_
element of 0}, 0]’-_1 and Ad]"_1
and f(;?l
column of the matrices L'~ and K1, respectively.

represent the s—th or the t—th
, respectively; while Li_tl € [0,1]

stand for the elements on the s—th row and the t—th

The implication of Equation (19) is that the innovation
elements Ad]’.;l (t 1,2,---

i
ol —

contribution of each innovation element Ad;?l

,d) contribute to the change

Gj':l of the s—th hyper-parameter, and the degree of the
is determined
by the element I~<5’?1 (if no localization), together with the
tapering coefficient Li;l (if with localization).

In the notion of causality detection to choose the value of
Lot
element of hyper-parameters to the t—th element of i innovations,
then Ad) ! to 6!

. J>S°
that L;’_tl # 0. In contrast, if there is no causality therein, then it
is sensible to exclude A;ll:?

the main idea is that if there is a causality from the s—th

meaning

should be used for updating 9;
1 5o that it makes no contribution to
to 0!

J»s?
Here, the statistics used to measure the causality is the

the update of 0]-’ meaning that Li;l =0.

sample cross correlations (e.g., denoted by ,0;';1) between the

elements of an ensemble of hyper-parameters (e.g., 9}’ s_l forj =

Frontiers in Applied Mathematics and Statistics

203

10.3389/fams.2022.1021551

1,2,---,N,) and the corresponding ensemble of innovations
~ie1 )
(e.g. Adj,t for j L,2,---

,Ne). Intuitively, when the

magnitude of a sample correlation, say p;;I, is relatively high
(e.g., close to 1), then one tends to believe that there is a true
causality from the s—th element of hyper-parameters to the
t—th element of innovations. On the other hand, when the
magnitude of psi;l is relatively low (e.g., close, but not exactly
equal, to 0), then more caution is needed. This is because when
a limited ensemble size N, is adopted, the induced sampling
errors can cause spurious correlations, such that even there is no
causality between a hyper-parameter and an innovation element,
the estimated sample correlation may not be identical to zero.

Taking into account the above consideration, we assign
1 following a method in [50]:

L = foc (

where fgc is the Gaspari-Cohn (GC) function [51], which, for a
scalar input z > 0, satisfies

values to L;

i—1
1- |psl,t |

1—3/«/1\7) N > 9, (20)

foc (@) =
1 1 5 5
—Zz5+5z3+§z3—7z2+1, ifo<z<1;
1 1 5 2
S LA 22 sapa S e <2;(21)
5% 7 5% +8z +3z z+ 37 ifl <z<
0, ifz>2.

Note that in general, choosing Equation (21) as the tapering
function may not be optimal, and other types of tapering
functions may also be considered, see, for instance, [52].

0), the factor 3//Np is adopted for the
following reason: When the true correlation between the s-

In Equation (2

th hyper-parameter and the ¢-th innovation is 0, but the
sample correlation is evaluated with a sample size of N, then
the sampling errors follow a Gaussian distribution N(0,1/N,)
asymptotically, see [50] and the reference therein. Therefore,
under the hypothesis (denoted by Hy hereafter) that the true
correlation is 0, we compare the magnitude of the sample
correlation ,osi)?l with three times the standard deviation (STD)
(3/+/Ne). The larger |,o$i;1| is, the more confident we are that
Hp should be rejected, meaning it is more likely that there is
a true (non-zero) correlation between the s-th hyper-parameter
and the ¢-th innovation. As such, Li)_tl will receive a larger value.
On the other hand, the value of Li;l becomes smaller as | psi;1|
decreases.

In comparison to distance-based localization, a few
additional benefits of the above correlation-based localization
include: better abilities to hand non-local observations, time-
lapse effects of observations and big observation datasets; and
improved adaptivity to different types of model parameters/state
variables. For more details, readers are referred to [50].
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3. Numerical results

The 196 model [53] is taken as the testbed in the current
study. For a N7 -dimensional L96 model, its dynamic behavior
is described by the following ordinary differential equations
(ODEs):

dx,

T (22)

= (Xe41 — Xe—2) Xe—1 —Xe + F,e=1,-+- ,Np.

For consistency, x_1 = xn; —1, X0 = xn; and x| = xn;+1
in Equation (22). The driving force term F is set to 8 throughout
this work. The L96 model is integrated forward in time by the
fourth-order Runge-Kutta method with a constant integration
step of 0.05 time units (dimensionless).

Similar to the idea of cross-validating the reliability and
performance of a machine learning model through certain
statistical tests [54], in the experiments below, a few statistics
are adopted to characterize the performance of data assimilation.
These include the root mean square error (RMSE) E;;, ensemble
spread S.; and data mismatch E;. As will be seen below,
RMSE computes a normalized Euclidean distance between an
estimate and the ground truth in the model space, whereas data
mismatch calculates a similar distance between predicted and
real observations in the observation space. On the other hand,
ensemble spread provides a measure of ensemble variability.

To compute these statistics, let m be a m-dimensional vector
of estimated model state variables and/ or parameters that
are of interest, d?"*? = h(m) the corresponding predicted
observation, with h being the observation operator, then given
the reference m’¢ (ground truth), we define the RMSE of m as

Ep = Ilm — m™||5//m, (23)

where the operator || e |2 returns the Euclidean norm of its
operand e.

In addition, assume that the real observation is d°, which is
contaminated by some zero-mean Gaussian white noise, and is
associated with an observation error covariance matrix Cy, then
we define the data mismatch of m as

E;= (do _ dpred>TC;1 (do _ dpred) ) (24)

For the definition of ensemble spread, let M
N,
[mj = [mj,l, Mjo,- - mj,m]T]jzel be an ensemble of estimated

model state variables/parameters, where m; ;. denotes the k-th
element of m; (k = 1,2,---,m). Based on M, we construct
avector S = [01,02,--+,0m]T, where oy denotes the sample
standard deviation with respect to the ensemble {mj)k}JN:el, and
compute the ensemble spread as

Sen = [ISll2/~/m. (25)
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3.1. Experiments in a 40-dimensional L96
system

3.1.1. Experiment settings
We start from the common choice of Np

40 in the
literature, while considering a much larger Ny, value later on. We
run the L96 model from time 0 to time 5,000 (which corresponds
to 100,000 integration steps in total), and compute the long-term
(It) temporal mean ! and covariance C!* based on the model
variables at all integration steps.

In each of the experiments below, we draw a random sample
from the Gaussian distribution N (ﬁllt, C'), and use this sample
as the initial condition to start the simulation of the L96 model
in a transition time window of 250 time units (corresponding to
5,000 integration steps).

The model variables obtained at the end of the transition
time window is then taken as the initial values to simulate
reference model variables in an assimilation time window of
250 time units. Data assimilation is conducted within this
assimilation time window to estimate reference model variables
at different time steps, based on a background ensemble of
model variables and noisy observations that are related to
reference model variables through a certain observation system.
The initial background ensemble (at the first time instance
of the assimilation time window) is generated by drawing a
specified number N, of samples from the Gaussian distribution
N (ﬁllt, C"). The ensemble size N, may change with the
experiments, as will be specified later.

For a generic vector m of model state variables/parameters,
the observation system adopted in the experiments is linear and
in the form of

d=Hm
(26)
= [ml» M4 An>MI42An """ > m1+MAn] >
where H is a matrix extracting elements

M1, M4 An> M14+2An, - -+ from m, the integer An represents
an increment of model-variable index, and M is the largest
integer such that 1 + MAn < Nr. The value of An may also
vary in different experiments. As such, its concrete value will be
mentioned in individual experiments later. For convenience,
hereafter we may also use the shorthand notation {1: An:Np}
to denote the set {1,1 + An,1 + 2An,---} of indices. Similar
notations will also be used elsewhere later.

In the experiments, we assume that the observation operator
H is perfect and known to us. When applying Equation (26)
to reference model variables to generate real observations for
data assimilation, we add to the outputs of Equation (26) some
Gaussian white noise €, which is assumed to follow the Gaussian
distribution N(0pr41,Ipr41), with Opr41 and Ips41 being the
(M + 1)-dimensional zero vector, and the (M + 1)-dimensional
identity matrix, respectively. The frequency for us to collect the
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measurements is every At integration steps, whose value will
also be specified in respective experiments.

The base assimilation algorithm adopted here is the EnKF
with perturbed observations [55], in which the update formula
reads:

a_
mj =

forj=1,2,---,Ng,

m! + CHT (HcmHT + c(,,)_1 (d]‘? - Hmf) ,

@7)

where Cy; is the sample covariance matrix of the background
ensemble MY = {mjl.’ }]N:el, and d]‘.’ stands for perturbations with
respect to the real observation d°.

Covariance inflation and localization are then introduced
to Equation (27) to strengthen the performance of the EnKF.
We note that our purpose here is to demonstrate how the
CHOP workflow can be implemented on top of certain chosen
inflation and localization techniques, yet the CHOP workflow
itself cannot be used to design new inflation or localization
techniques.

Specifically, in this study, covariance inflation is conducted
on the background ensemble, in such a way that M is replaced

b Ne
= (my;

by a modified background ensemble Mb 1 with

ﬁljl? = mb + 1+6) (m]b — ﬁlh>, where m? is the ensemble

mean of the members in ./\/lb, and § > 0 is the inflation factor
to be determined through a certain criterion. Accordingly, the
sample covariance Cy; in Equation (27) should be replaced by
Cm = (1+8)2Cyy, which is larger than Cy, (hence the name
covariance inflation).

On the other hand, localization is implemented by replacing
the Kalman gain matrix K = C,,HT (HCmHT + Cd)_1 by
the Schur product L o K, where L is the localization matrix,
whose element, say, Ls; on the s-th row and the t-th column
of L, is determined by the “physical” distance between the s-
th model variable m; and the t-th observation element d;. For
the observation system in Equation (26), d; corresponds to the
observation at the model-variable location 0 = (1 + (t — 1)An)
(in terms of model-variable index). As such, the element L is
computed as follows:

dist ot
Lt =ch< )\s )

dists ;= min (|s — o|/N1,1 — |s — o|/NL) .

(28)

(29)

In Equation (28), fgc is the Gaspari-Cohn function (see
Eq. 21), dists; represents a normalized distance between the
s-th model variable and the t-th observation element (which
is located on the o-th model grid/index), and A is the length
scale, whose value is chosen under a certain criterion. Equation
(29) computes the distance between the t-th and o-th model
grids/indices, which is normalized by the total number Ny of
the model grids (equal to the dimension of the L96 model in
this case). Note that dists; takes the minimum value between
|s —o|]/Nr and 1 — |s — o|/Nr, due to the circular nature of the
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196 model. In the sequel, we re-write L as L (1) to indicate the
dependence of L on A.

Taking into account the presence of both covariance
inflation and localization, the base assimilation algorithm,
Equation (27), is modified as follows:

‘ [:ﬁb F(1+6) (m]b - mb)]

+ {L(A) o [CmHT (HCmHT +Cy/ (1+ 8)2>_1] }
(d]‘? —H |:ﬁ1b F (149 (m]b - mb)]) :

The update formula in Equation (30) thus contains two

(30)

hyper-parameters, the inflation factor § and the length scale A.

With the known background ensemble M© (hence m}’,

Ci) and the quantities d]?, C,, and H, the relation between the

m?, and

analysis m]’»‘ and the hyper-parameters is complex (and nonlinear
in general), even with a rather simple observation operator H.

Equation (30) serves as the reference algorithm hereafter,
and we will compare its performance with that of the CHOP
workflow in a number of different experiments below. In the
comparison, we do not adopt any tailored methods proposed
in the literature to tune § and/or A. Instead, we use the
grid search method to find the optimal values of the pair
(8min> Amin)> whereas the optimality is meant in the sense that
the combination (8,1, Amin) results in the lowest value of an
average RMSE within some pre-defined search ranges of § and
A. In all the experiments related to the 40-dimensional L96
model, for the reference algorithm (Equation 30), the search
range of § is set to {0:0.1:2}, and that of A to {0.05:0.05:1}.
For a given experiment, the average RMSE is obtained by first
computing the RMSEs of all analysis ensemble means at different
time instances, then averaging these RMSEs over the whole
assimilation time window, and finally averaging the previous
(average) values again over a number of repetitions of the
assimilation run. These repetitions share identical experimental
settings, except that the random seeds used to generate certain
random variables (e.g., the initial background ensemble and
the observation noise) in each repetition of the experiment are
different. In each experiment with respect to the 40-dimensional
L96 model, the number of repetitions is set to 20.

In the CHOP workflow, instead of relying on the grid
search method to find an optimal combination of § and A, the
IES algorithm presented in Section 2 is applied to estimate an
ensemble of § and A values for the reference algorithm (Equation
30). Note that there are differences between the optimality
criterion used in the grid search method and that in the CHOP
workflow. In this regard, the grid search method aims to find
a single optimal pair (§in> Amin) that leads to the globally
minimum average RMSE in the model space, within the whole
assimilation time window. In contrast, the CHOP workflow
searches for an ensemble of § and A values that help reduce
the average of an ensemble of data mismatch values in the
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observation space (cf. Equation 3) within a given number of
iteration steps, and at each data assimilation cycle (rather than
the whole assimilation time window). In this sense, the obtained
ensemble of § and A values represents, at best, locally optimal
estimates at a given time instance, with a prescribed maximum
number of iteration steps.

With these aforementioned differences, it is natural to expect
that the globally optimal criterion (global criterion for short)
used in the grid search method should result in better data
assimilation performance than the locally optimal one (local
criterion for short) adopted in the CHOP workflow. On the
other hand, it is important to notice that the superiority of
the global criterion is achieved on top of the assumption
that one has access to the ground truths of model state
variables and/or parameters during the whole data assimilation
window. As such, it is not a realistic criterion that can be
applied to practical data assimilation problems, where the
underlying ground truths are typically unknown. In contrast,
the local criterion is more realistic and can be implemented
in practice. In the experiments below, however, we still choose
to present the results with respect to the global criterion, as
this serves as a means to cross-validate the performance of the
CHOP workflow.

In the CHOP workflow, the configuration of the IES
algorithm is as follows: Equations (15) and (16) are employed
_ s 71
=[#:] },-zl
1,2,...,K),
and correlation-based localization is applied to Equation

to estimate ensembles of hyper-parameters {0]’

at different iteration steps (indexed by i, for i

(15) (in addition to distance-based localization adopted in
the reference algorithm, Equation 30). We note that the
size of a hyper-parameter ensemble is the same as that of
{m;’};v:el of model state
variables and/or parameters, so that each ensemble member

b

m;

(8},)»]’:), when using the reference algorithm (Equation 30)

a background ensemble M?

is associated with its respective hyper-parameter pair

to update m¥. To start the iteration process of the CHOP
workflow, Latin hypercube sampling (LHS) is adopted
to generate an initial ensemble of hyper-parameters at
the
ranges used for LHS are the same as those in the grid

each assimilation cycle, whereas hyper-parameter
search method.

Another remark is that the background ensemble Mb
already exists before the CHOP workflow starts, and is invariant
during the iteration process of the CHOP workflow. On the
other hand, the outputs of the reference algorithm (Equation
30) do depend on the values of (6]?,)»]’:), and can change
as the iteration proceeds. The members m? of the analysis
ensemble are taken as the outputs of Equation (30) at the
last iteration step K, which is a number jointly determined
by the three stopping criteria mentioned previously (cf.

Section 2).
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3.1.2. Results with different ensemble sizes

We first present results in a set of four experiments to
illustrate the impacts of ensemble size. In each experiment,
all state variables are observed (called full observation
scenario hereafter), corresponding to the observation-index

increment An 1, with an observation frequency of

every 4 integration steps (denoted by N/®1 = 4). These
15, 20, 25, 30,

respectively, while the remaining experimental settings (e.g.,

four experiments use ensemble sizes N, =
real observations/perturbed observations, initial background
ensemble) are identical.

Figure 1 shows the average RMSEs in the full observation
scenario, obtained by applying the grid search method to the
reference algorithm (Equation 30), when different ensemble
sizes N, are used in the experiments.

For a given ensemble size, the sub-plots of Figure 1 indicate
that in general, relatively low average RMSEs are reached
with suitable amounts of covariance inflation and localization,
whereas relatively high average RMSEs are obtained if there are
insufficient inflation (corresponding to relatively small § values)
and localization (corresponding to relatively large A values). On
the other hand, too strong inflation (corresponding to relatively
large § values) and localization (corresponding to relatively small
A values) may lead to filter divergence (represented by white
color in the sub-plots)?, which corresponds to the situation
where the RMSE values blow up with a potential issue of
numerical overflow.

On the other hand, comparing the sub-plots of Figure 1, it
can be observed that a larger ensemble size tends to result in a
larger area that is filled with relatively low average RMSEs, while
reducing the chance of filter divergence.

In company with Figure I, Table I reports the minimum
average RMSEs that the grid search method can achieve in
the four sets of experiments, their associated STDs (to reflect
the degrees of fluctuations of the average RMSEs within 20
repetition runs), and the optimal combinations (8 in, Amin)
of the inflation factor and the length scale, with which the
minimum average RMSEs are achieved. As one can see therein,
when the ensemble size increases, the minimum average
RMSE obtained by the grid search method tends to decrease.
Meanwhile, less amounts of covariance inflation (in the sense
of smaller 8,,;,) and localization (in the sense of larger A,iy,)
are required to achieve the minimum average RMSE, consistent
with the observations in Figure 1.

For comparison, Table 1 also lists the average RMSEs that
are obtained by the CHOP workflow in the full observation
scenario. Note that the CHOP workflow uses the IES to estimate
an ensemble of inflation factors and length scales at each
assimilation cycle. As such, unlike the grid search method, there

2 If filter divergence takes place in any repetition run, then we assign

NaN (not a number) to the average RMSE.
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FIGURE 1

Average RMSEs with respect to the reference algorithm (Equation 30) in the full observation scenario (An = 1, Ne9 = 4), using an ensemble size
of 15, 20, 25, and 30, respectively. The RMSE values are obtained by searching all the possible combinations of the inflation factor § € {0:0.1: 2}
(along the horizontal axis) and the length scale A € {0.05:0.05: 1} (along the vertical axis). Note that for certain combinations of § and A values,
filter divergence may take place (represented by white color in respective sub-plots). (A) Ne = 15. (B) Ne = 20. (C) N = 25. (D) N = 30.

TABLE 1 Performance comparison between the grid search method and the CHOP workflow applied to the reference algorithm (Equation 30) in the
full observation scenario, with four different ensemble sizes.

A Grid search CHOP
Ensemble size —
Minimum average RMSE (mean £ STD) (8smins> Mmin) Average RMSE (mean £ STD)
N, =15 0.5235 % 0.0104 (0.15,0.15) 1.2212 £ 0.1832
N, =20 0.4845 % 0.0112 (0.15,0.25) 0.6180 % 0.0353
N, =25 0.4711 % 0.0059 (0.15,0.30) 0.5080 % 0.0167
N, =30 0.4560 % 0.0100 (0.10,0.20) 0.4766 = 0.0096

For the grid search method, we report the minimum average RMSEs within the search ranges, and their associated STDs. In addition, we also present the combination of the inflation
factor and the length scale, (8,in> Amin), that results in the minimum average RMSE in each experiment. For the CHOP workflow, the inflation factor and the length scale are estimated at
each assimilation cycle, and thus vary with time. As such, we only report the average RMSEs and their associated STDs.

is no time-invariant, globally optimal inflation factor or length ground truths, which is typically infeasible in practical data
scale obtained from the CHOP workflow. assimilation problems.

A few observations can be obtained when comparing In comparison to the grid search method, the CHOP
the performance of the grid search method and the CHOP workflow appears to be more sensitive to the change of ensemble
workflow in Table 1. First of all, in terms of the minimum size. With N, = 15, there is a relatively large gap (around
average RMSE that one can achieve in each experiment, the 0.7) between the average RMSE of the CHOP workflow and
CHOP workflow systematically under-performs the grid search the minimum average RMSE that the grid search method can
method. This under-performance is not surprising, since, as achieve. As the ensemble size increases, the performance of the
discussed previously, the grid search method gains the relative CHOP workflow substantially improves, such that the gap drops
superiority on top of the assumption that it has access to the to only around 0.02 when N, = 30. This indicates that in
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the full observation scenario, the CHOP workflow can perform
reasonably well with a sufficiently large ensemble size.

A number of factors, including model, data, and ensemble
sizes, observation frequency and density, the number of hyper-
parameters and the searching ranges of their values, would
have an influence on the computational time required to
deploy the grid search method and/or the CHOP workflow.
As such, instead of presenting the computational time in all
possible combinations of these different factors, we compare the
computational time with respect to a normal EnKF equipped
with a specific combination of the inflation factor § = 0 and
the length scale A = 0.1 (corresponding to a single grid point
in the grid search method), and that with respect to the EnKF
equipped with the CHOP workflow. In this comparison, the
ensemble size N, = 30 (An = 1 and Nfreq — 4), and our
computing system uses Intel(R) Core(TM) i9-10900K CPU @
3.70 GHz with 64 GB memory. Under these settings, the wall-
clock time for the normal EnKF is 15.9261 + 0.4102 (mean =+
STD) seconds, while the wall-clock time for the EnKF equipped
with the CHOP workflow is 65.5915 £ 0.6852 s.

As mentioned in Section 2.2, for the EnKF with the CHOP
workflow, the maximum number of iteration steps in the
IES algorithm is set to 10, which means that the maximum
computational time at the analysis step of the EnKF equipped
with the CHOP workflow is around 10 times that at the analysis
step of the normal EnKF. From the above-reported results,
however, it appears that on average the computational time of
the EnKF equipped with the CHOP workflow is around 4.1 times
that of the normal EnKE which is substantially lower than 10.
This difference may be attributed to the following two factors:
(1) The IES may stop before reaching the maximum number of
iteration steps, due to the other two stopping criteria specified
in Section 2.2; (2) The reported computational cost includes the
time at both the forecast and the analysis steps of the EnKF
during the whole assimilation time window. While the EnKF
with the CHOP workflow has a higher computational cost at an
analysis step than the normal EnKEF, at a forecast step they would
have roughly the same computational cost instead.

Note that so far we have only compared the computational
time between the normal EnKF (at a single grid point) and
the EnKF equipped with the CHOP workflow. When the grid
search method is applied to find the optimal combination of
hyper-parameters, the total computational cost is roughly equal
to the number of grid points times the cost of a single normal
EnKF. In the current experiment setting, the grid search method
considers 21 values for the inflation factor, and 20 values for
the length scale. As such, it needs to compare the results at
21 x 20 grid points (hence 420 normal EnKF runs) in one
repetition of the experiment. Therefore, under this setting, the
grid search method will be roughly 100 times more expensive
than the EnKF with the CHOP workflow. It is expected that
similar conclusions would be obtained under other experiment
settings, but for brevity we do not present further comparison
results in this regard.
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3.1.3. Results with different observation
densities

We then examine the impact of observation density on
the performance of the grid search method and the CHOP
workflow. To this end, we conduct three more experiments with
the observation-index increment An = 2 (the half observation

scenario), An 4 (the quarter observation scenario), An

8 (the octantal observation scenario), respectively, while these
three experiments share the same ensemble size Ne = 30 and
observation frequency Nf"®d = 4,

Figure 2 reports the average RMSEs with different
combinations of the inflation factor and length scale values,
obtained by the grid search method in the half, quarter and
octantal observation scenarios, respectively. For convenience of
comparison, the results of the full observation scenario (with
N, = 30) in Figure 1D are re-plotted therein. Comparing the
results in Figure 2, it can be seen that, as the observation density
decreases (An increases), the performance of the grid search
method degrades, in the sense that the resulted average RMSEs
arise, and filter divergence tends to have a higher chance to
take place, except that the quarter observation scenario seems
to have more instances of filter divergence than the octantal
observation scenario. The degraded performance is expected,
since reduced observation density means that less information
contents can be utilized for data assimilation.

Similar to Tables 1, 2 posts the minimum average RMSEs of
the grid search method, their associated STDs, and the optimal
values of the inflation factor and the length scale. Among the
full, half and quarter observation scenarios, as the observation
density decreases, the optimal inflation factor 8,,;, does not
change, but the optimal length scale A,,;, shows a tendency of
increment, meaning that less localization is required. This trend,
however, is broken in the octantal observation scenario, in which
both §,,i,, and Ay, become smaller than those of the other three
scenarios, suggesting that it is better to have less inflation but
more localization.

For comparison, Table 2 also lists the average RMSEs with
respect to the CHOP workflow. As one can see therein, in
different observation scenarios, the average RMSEs of the CHOP
workflow stay in a relatively close vicinity of the minimum
values achieved by the grid search method. In addition, no
filter divergence is spotted in the repetition runs of the CHOP
workflow. As such, the CHOP workflow again appears to work
reasonably well with different observation densities.

3.1.4. Results with different observation
frequencies

We investigate one more aspect, namely, the impact of
observation frequency on the performance of the grid search
method and the CHOP workflow. In line with this goal,
we conduct three additional experiments, with the following
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As in Figure 1, but for average RMSEs obtained by the grid search method in the half (An = 2, N9 = 4), quarter (An = 4, N9 = 4), and octantal
(An = 8, N'®9 = 4) observation scenarios, respectively, with the ensemble sizes Ne = 30. For ease of comparison, the results of the full
observation scenario (An = 1, N9 = 4, N, = 30) in Figure 1 are re-plotted here. (A) Full observation scenario (An = 1). (B) Half observation
scenario (An = 2). (C) Quarter observation scenario (An = 4). (D) Octantal observation scenario (An = 8).

TABLE 2 As in Table 1, but for performance comparison between the grid search method and the CHOP workflow with full, half, quarter, and
octantal observations, respectively, whereas the ensemble size and the observation frequency are set to 30 and 4, respectively, in all experiments.

X . Grid search CHOP
Observation density —
Minimum average RMSE (mean £ STD) (8min> Mmin) Average RMSE (mean £ STD)
Full (An = 1) 0.4560 == 0.0100 (0.10,0.20) 0.4766 == 0.0096
Half (An = 2) 0.7975 £ 0.0257 (0.10,0.20) 0.8763 £ 0.0418
Quarter (An = 4) 2.0100 £ 0.0773 (0.10,0.25) 2.3596 £ 0.1248
Octantal (An = 8) 29129 £ 0.0353 (0.05,0.10) 32437 £ 0.0419

settings: N, = 30, An = 2 (the half observation scenario), and
Nfred = 1,2, 8, respectively.

Figure 3 shows the average RMSEs of the grid search
method, when the inflation factor and the length scale take
different values, and the observations arrive at different
frequencies. For convenience of comparison, the results with
Nfred — 4 (Ne = 30, An = 2) in Figure 2 are also included
into Figure 3. It can be clearly seen that, as the observation
frequency decreases (corresponding to increasing N/ed), the
average RMSE tends to increase. Filter divergence remains a
problem, but in this case, it appears that a lower observation
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frequency does not necessarily lead to a higher chance of
filter divergence.

Following  Tables 1-3  summarizes the minimum
average RMSEs of the grid search method at different
observation frequencies, their associated STDs and the
optimal inflation factor and length scale. As observed in
Table 3, when the observation frequency decreases (NJ/™ed
increases), the minimum average RMSE arises. In the
meantime, the corresponding optimal length scale Ay
tends to decline, while the optimal inflation factor &,

remains unchanged.
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TABLE 3 As in Table 1, but for performance comparison between the grid search method and the CHOP workflow in the half observation scenario
(An = 2), with the same ensemble size N. = 30 yet different observation frequencies.

i Grid search CHOP
Observation frequency —
Minimum average RMSE (mean £ STD) (8min> Amin) Average RMSE (mean £ STD)
NFed = 0.3948 £ 0.0124 (0.10,0.45) 0.5409 £ 0.0117
Nfed =2 05015 £ 0.0123 (0.10,0.30) 0.5471 £ 0.0193
Nfed = 4 0.7975 £ 0.0257 (0.10,0.20) 0.8763 £ 0.0418
Nfed = 8 1.8369 = 0.0557 (0.10,0.20) 2.1022 % 0.0473

In terms of the performance of the CHOP workflow, one can
observe again that its average RMSEs stay relatively close to the
corresponding minimum values of the grid search method. On
the other hand, no filter divergence is found in the repetition
runs of the CHOP workflow. Altogether, the experiment results
confirm that the CHOP workflow also performs reasonably well
at different observation frequencies.

3.2. Experiments in a 1000-dimensional
L96 system

In this subsection, we conduct an additional experiment in a
1,000-dimensional L96 model (N =1,000). The main purpose
of the experiment is to demonstrate that the CHOP workflow
can be used to tune a large number of hyper-parameters. This
feature is a natural reflection of the capacity of the IES algorithm,
which has been shown to work well in, e.g., large-scale reservoir
data assimilation problems [20-22].

The experiment settings in this subsection is largely the same
as those of the experiments with respect to the 40-dimensional
L96 model. Therefore, for brevity, in the sequel we focus more
on explaining the places where different experiment settings
are adopted.

Since the dimensionality is significantly increased, the grid
search method becomes more time-consuming. To facilitate the
investigation, we reduce the assimilation time window from
250 time units to 100 time units (corresponding to 2,000
integration steps), and the number of repetition runs of a given
experiment from 20 to 10, while keeping the search ranges
of the inflation factor and the length scale unchanged. In
the meantime, we increase the ensemble size N, to 100. The
observation system is the same as that in Equation (26), with
the same observation-noise variance. The increment of model-
variable index is set to An = 4 (quarter observation scenario),
and the observations are collected every four integration steps
(N4 = 4). Given the purpose of the current experiment,
no sensitivity study (e.g., with respect to N, An and N/"ed)
is conducted.

The base assimilation algorithm is the same as that in
Equation (27), and we introduce both covariance inflation
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and localization to the base algorithm. We use the same
localization scheme as in the 40-dimensional case (with the
length scale A as a hyper-parameter), while considering two
different ways of conducting covariance inflation. One inflation
method is again the same as that in the 40-dimensional
case, which applies a single inflation factor § to all model
state variables of the background ensemble. This leads to a
reference algorithm identical to that in Equation (30), which
contains two hyper-parameters, § and A, and the grid search
method is then applied to find the optimal combination of
8 and A for the reference algorithm. On the other hand,

the CHOP workflow is employed to estimate an ensemble
Ne

j=U
later, we call the application of the CHOP workflow to
estimate the ensemble { (Bj,kj)}]l.\]:

of N, hyper-parameter pairs {(Sj,)»j)} For distinction

| the single-inflation-factor

(SIF) method.
The other inflation method introduces multiple
inflation factors to the base algorithm. Specifically,

each model state variable of the background ensemble
Mb = {m]l"}]l.\r:e1 receives its own inflation factor, in
such a way that after inflation, the modified background

ensemble MV = {ﬁl}’}]l.\]:e1 has its member Iﬁjl.’ in the
form of rh]l? = mb + (1+4+9) o (m]b —rhb), where 1 is

a Np-dimensional vector with all its elements equal to 1,
5 =
o stands for the Schur product operator. Replacing the SIF

[81,82,-~- ,(SNL]T contains Nj inflation factors, and

method in Equation (30) by the multiple-factor one (while
keeping the localization scheme unchanged), one obtains a new
reference algorithm.

a__ -~

~ ~ —1
¢ =l + {L(A) o [CmHT <HCmHT + cd) “

m
0 _ rymb).

(a0 - mm?); (31)

~Jb:mb+(1+5)o(mf—mb), (32)

where Cm is the sample covariance

matrix with respected to the inflated
ensemble M?.

Due to the high dimensionality (N =1000), it is

computationally prohibitive to apply the grid search method
to optimize the set of hyper-parameters in Equation (31). On
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As in Figure 1, but for average RMSEs obtained by the grid search method in the half observation scenario, with the same ensemble sizes
. = 30 yet different observation frequencies. For ease of comparison, the results of the half observation scenario (An = 2, N9 = 4, N, = 30)
in Figure 2 are re-plotted here. (A) N€9 = 1. (B) N®9 = 2_(C) N9 = 4. (D) N9 = 8.
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the other hand, as will be shown later, it is still possible to
apply the CHOP workflow to estimate an ensemble of hyper-
parameters, denoted by {(8]-, )Lj)}]N:el. Such a workflow is called
the multiple-inflation-factor (MIF) method hereafter.

With these said, in the sequel, we compare the performance
of the grid search method applied to the reference algorithm in
Equation (30), the CHOP workflow with the SIF method, and
the CHOP workflow with the MIF method, respectively.

Figure 4 shows the average RMSEs obtained by the grid
search method with different combinations of § and A values.
Similar to what we have seen in the 40-dimensional L96 model,
filter divergence arises in a large portion of the searched region of
hyper-parameters. As reported in Table 4, the minimum average
RMSE of the grid search method is around 2.7667, achieved at
Smin = 0.10 and Ay = 0.05.

For comparison, Table 4 also presents the average RMSEs of
the CHOP workflow equipped with the SIF and MIF methods,
respectively. Again, no filter divergence takes place in the CHOP
workflow. Both the SIF and MIF methods result in RMSE values
that stay relatively close to the minimum RMSE value of the grid
search method. In comparison to the SIF method, however, the
MIF exhibits better performance, largely due to a higher degree

Frontiers in Applied Mathematics and Statistics

211

of freedom brought in by the larger number of inflation factors
used in the assimilation algorithm.

3.3. Behavior of the IES algorithm

Finally we take a glance at the behavior of the IES algorithm
that underpins the CHOP workflow. We do this in the 1,000-
dimensional L96 model with the MIF method, to illustrate the
efficacy of the IES algorithm in dealing with high-dimensional
problems. Note that in the CHOP workflow, the IES is adopted
to tune hyper-parameters at each assimilation cycle. For brevity,
we only use one of the assimilation cycles for illustration.

Figures 5, 6 disclose the data mismatch and RMSE values
at each iteration step, in the form of box plots. These
values are obtained as follows: At each iteration step, we first
insert the ensemble of hyper-parameters into the reference
algorithm (Equation 31) of the MIF method, in such a way
that each member of the background ensemble (of model
state variables) is associated with a member of the ensemble
of hyper-parameters. In this way, we obtain an ensemble
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FIGURE 4
Average RMSEs obtained by the grid search method (applied to Equation 30) in the 1,000-dimensional L96 model.

TABLE 4 Performance comparison between the grid search method and the CHOP workflow in the 1,000-dimensional L96 model.

Grid search CHOP (SIF) CHOP (MIF)
Minimum average RMSE (mean =+ STD) (8min> Amin) Average RMSE (mean =+ STD) Average RMSE (mean =+ STD)
2.7667 % 0.0099 (0.10,0.05) 3.4213 + 0.0552 3.0264 + 0.0116
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Iteration number

Box plots of data mismatch at different iteration steps at one of the data assimilation cycles of the 1,000-dimensional L96 model.

of updated model state variables at each iteration step. The
data mismatch and RMSE values are then calculated with
respect to the ensemble of updated model state variables.
Note that the ensemble of analysis state variables corresponds
to the ensemble of updated model state variables at the
last iteration step. Meanwhile, at iteration step 0, the data
mismatch and RMSE values are computed based on the
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initial ensemble of hyper-parameters generated through the
LHS scheme.

In Figures5, 6, both the data mismatch and RMSE
values tend to decrease as the iteration proceeds, while
in the
plots (indicating that ensemble collapse does not take

maintaining substantial ensemble varieties box

place). The IES converges relatively fast, moving into the
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Box plots of RMSE at different iteration steps at one of the data assimilation cycles of the 1,000-dimensional L96 model.

FIGURE 7

1,000-dimensional L96 model.
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vicinity of a certain local minimum after only several
iteration steps, which is a behavior also noticed in other
studies [20-22].

Corresponding to Figures 5-7 presents the values of mean
RMSE and ensemble spread at each iteration step. Here, a
mean RMSE is the average of the RMSEs over ensemble
members of the updated model state variables (i.e., the average
of the box-plot values) at a given iteration step, whereas
ensemble spread is evaluated according to Equation (25). In
consistency with Figure 6, the mean RMSE and the ensemble
spread tend to decrease along with the iterations. The overall
change of ensemble spread from the beginning to the end
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of the iteration process appears to be less significant than
that of the mean RMSE. In fact, the final ensemble spread
appears to stay close to the initial value, which also suggests
that ensemble collapse does not appear to be a problem.
On the other hand, there are substantial gaps between the
values of mean RMSE and ensemble spread at all iteration
steps, which means that ensemble spread does not match the
estimation errors of the updated model state variables. This
tendency of under-estimation seems to be largely related to
the fact that the ensemble spread at the beginning of the
iteration is already considerably smaller than the mean RMSE,
which could be due to the insufficient ensemble spread in
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FIGURE 8

Histograms of (A) the reference model state (truth), (B) the background ensemble mean, and (C) the analysis ensemble mean at one of the
assimilation cycles in the 1,000-dimensional L96 model. Both the reference model state and the background ensemble do not change over the
|[ES iteration process, whereas the analysis ensemble is obtained by inserting the ensemble of estimated hyper-parameters at the last iteration
step into the reference algorithm (Equation 31), of the MIF method.

the background ensemble, or the initial ensemble of hyper- by the grid search method), while the rest of the estimated
parameters, or both. values are less than 0.1. On the other hand, for the estimated

Figure 8 shows the histograms with respect to the reference inflation factors, one may notice that their values are less
model state variables (the truth), the background-ensemble concentrated than the length scale. In comparison to the initial
mean, and the analysis-ensemble mean, respectively. It is clear ensembles of the inflation factors, their final ensembles receive
that neither the histogram of the background-ensemble mean, somewhat narrower supports, but still maintain sufficient
nor that of the analysis-ensemble mean, resemble the histogram spreads, in consistency with the results in Figure 7. The values
of the truth well, suggesting that there are substantial estimation of estimated inflation factors are substantially larger than the
errors in the estimated model state variables. optimal inflation factor (0.10) found by the grid search method.

On the other hand, the results with respect to the The main reason behind this is that the original EnKF updates
estimated hyper-parameters appears to be more interesting. For model state variables only once, whereas the CHOP workflow
illustration, Figure 9 plots the histograms of the initial (left) does the update multiple times, each time with a smaller step
and final (right) ensembles of the inflation factors associated size (hence larger inflation factors).

with model state variable 1 (top) and 500 (middle), and the
histograms of the initial and final ensembles of the length scale
(bottom). Since we use LHS to generate the initial ensemble,

it can be observed that the histograms with respect to three 4. Discussion and conclusion

initial ensembles of hyper-parameters roughly follow certain

uniform distributions. Through the iteration process of the This study aims to develop a Continuous Hyper-parameter
IES algorithm, the shapes and supports of the histograms are OPtimization (CHOP) workflow that helps to tune hyper-
modified. This is particularly noticeable for the estimated values parameters in ensemble data assimilation algorithms. The main
of length scale in the final ensemble (Figure 9F). Initially, the idea is to treat a data assimilation algorithm with certain
range of the length scale in the initial ensemble is [0.05, 1], at hyper-parameters as a parametric mapping that transforms an
the end of the iteration, around 80% of the values of estimated ensemble of initial model state variables and/or parameters
length scale locate at 0.05 (which is the optimal value found to a corresponding ensemble of updated quantities, which in
Frontiers in Applied Mathematics and Statistics frontiersin.org
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turn are related to the predicted observations through the
observation operator.

Following this perspective, the hyper-parameters can be
tuned in such a way that the corresponding updated model state
variables and/or parameters result in lower data mismatch than
their initial values. In doing so, the CHOP problem is recast as a
parameter estimation problem. We adopt an iterative ensemble
smoother (IES) to solve the CHOP problem, as its derive-free
nature allows one to implement the algorithm without explicitly
knowing the relevant gradients. To mitigate the adverse effects
of using a relatively small ensemble size in the IES, we also
equip the IES with a correlation-based adaptive localization
scheme, which helps to handle the issue that hyper-parameters
may not possess physical locations needed for distance-based
localization schemes.
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We investigate the performance of the CHOP workflow
in the Lorentz 96 (L96) model with two different dimensions.
Experiments in the 40-dimensional L96 model aim to inspect
the impacts of a few factors on the performance of the
CHOP workflow, whereas those in the 1,000-dimensional L96
model focus on demonstrating the capacity of the CHOP
workflow to deal with a high-dimensional set of hyper-
parameters, which may not be computationally feasible for
the grid search method. Such a capacity would help enable
the developments of more sophisticated auxiliary techniques
(e.g., inflation or localization) that introduce a large number
of hyper-parameters to an assimilation algorithm for further
performance improvements.

In most of the experiments, the CHOP workflow is able to
achieve reasonably good performance, which is relatively close

frontiersin.org


https://doi.org/10.3389/fams.2022.1021551
https://www.frontiersin.org/journals/applied-mathematics-and-statistics
https://www.frontiersin.org

Luo and Xia

to the best performance obtained by the grid search method (an
unverifiable case occurs in the experiments with respect to the
multiple-inflation-factor method in the 1,000-dimensional L96
model, where we are not able to adopt the grid search method
due to its prohibitively expensive cost). Meanwhile, unlike the
grid search method, the optimality criterion in the CHOP
workflow is based on data mismatch between real and predicted
observations, which is realistic and can be implemented in
practical data assimilation problems.

So far, we have only implemented the CHOP workflow in
the ensemble Kalman filter (EnKF) with perturbed observations.
Given the varieties of different assimilation algorithms (some
of them may not even be ensemble-based), the way of
implementing a CHOP workflow may have to adapt to the
particular assimilation algorithm in choice, which is an issue to
be further studied in the future. On the other hand, though, we
expect that the notion of treating an assimilation algorithm with
hyper-parameters as a parametric mapping may still be valid. As
such, it appears sensible that one converts a generic assimilation
problem (being state estimation, parameter estimation or both)
with hyper-parameters into a parameter estimation problem,
and solve it through a certain iterative assimilation algorithm.
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In this work, a new class of spectral conjugate gradient (CG) method is
proposed for solving unconstrained optimization models. The search direction
of the new method uses the ZPRP and JYJLL CG coefficients. The search
direction satisfies the descent condition independent of the line search. The
global convergence properties of the proposed method under the strong
Wolfe line search are proved with some certain assumptions. Based on some
test functions, numerical experiments are presented to show the proposed
method'’s efficiency compared with other existing methods. The application of
the proposed method for solving regression models of COVID-19 is provided.

Mathematics subject classification: 65K10, 90C52, 90C26.
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unconstrained optimization, descent condition, global convergence, regression
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1. Introduction

The coronavirus disease, often called COVID-19, is an acute vector infectious disease
that emerged in 2019. This disease is caused by the newly discovered coronavirus (SARS-
CoV-2) and can be transmitted through droplets produced when an infected person
exhales, sneezes, or coughs. Most people infected with the virus will experience mild to
moderate symptoms, such as low-grade fever, runny nose, and difficulty breathing, and
recover without special treatment [1].

Clinically, as of December 19, 2021, a total of 4,260,544 confirmed cases of COVID-
19, with 4,111,619 recoveries and 144,002 deaths, were recorded from all regions in
Indonesia since the disease was first reported in Wuhan, China [2]. To date, many studies
have been carried out to model various aspects related to the coronavirus outbreak,
and several researchers have also applied numerical methods to several COVID-19
models. For instance, Aggarwal et al. [3] proposed a partial differential equation model to
calculate the number of COVID-19 cases in Punjab by using the modified cubic B-spline
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function and differential quadrature method. Other numerical
methods which are applied to solve the COVID-19 model
were proposed by Amar et al. [4] and Sulaiman et al. [5].
Amar et al. used various statistics and machine learning
modeling approaches to forecast the COVID-19 spread in Egypt.
Meanwhile, Sulaiman et al. proposed a new three-term conjugate
gradient optimization method for the data from the global
confirmed cases of COVID-19 from January to September 2020.

The conjugate gradient (CG) method plays an important
role in solving large-scale optimization models because it uses
low memory and good convergence properties. This method
was first introduced by Hestenes and Stiefel [26] and is
used to solve a system of linear equations. After that, in
1964, Fletcher and Reeves extended the form of the conjugate
gradient method to solve large-scale nonlinear systems of
equations and optimization problems without constraints. The
results of the expansion carried out by Fletcher and Reeves
prompted researchers to propose a new conjugate gradient
method to improve computational performance and the level
of convergence [6]. In 2020, Jian et al. proposed a conjugate
gradient method with a spectral conjugate gradient type named
the JYJLL method which is a modification of the Fletcher-Reeves
(FR) and conjugate descent (CD) methods [7]. The author
has determined the convergence analysis of the JYJLL method
which resulted in an efficient computational performance. In
addition, Zheng and Shi [8] also proposed a modification of the
conjugate gradient method with a three-term type symbolized
by ZPRP. This ZPRP method is an extension of the Polak-
Ribiére-Polyak (PRP) method [9, 10] in which modifications are
made by changing the denominator of the parameters in the
PRP method. The computational performance resulting from
this method is very efficient when compared to the CG-Descent
method [11]. Several CG methods that have been proposed can
be seen in literature [12-17]. Besides the CG method, the class
of accelerated gradient descent schemes of Quasi-Newton type
also contains very efficient and robust methods and can be
considered for solving optimization problems. The accelerated
parameters highlights can be seen in other studies [18-22].
However, in this paper we restrict the discussion to the CG
method.

The CG method has recently been used to solve various
problems related to optimization. For

example, image

reconstruction [23-25], compressed sensing [26], signal
processing [27], robotic motion control [5, 15, 16, 28, 29],
portfolio selection [5, 13, 14, 29-31], regression analysis [5, 32]
and many more.

In this paper, we consider the general unconstrained

optimization problems as follows:

min f(r),

reR”

(1)

where f:R" — R is the continuously differentiable function
and its gradient is written by h(r) = Vf(r). The iterative formula
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of the standard CG method can be formulated as

Ty =Tk + oz, k=0,1,2,... 2)
and
“hy ifk =0,
Zp = 3)
_hk =+ ,Bkzk_l, ifk > 0,

where 1y is the current iteration, hy is the gradient value of h
at ry, zj is the search direction, B is the conjugate parameter
and o > 0 is the step size to be obtained by some line search
techniques. To calculate the step size oy > 0, we can use exact
line search, weak Wolfe line search, or strong Wolfe line search.
The exact line search is computed such that o, satisfy

[ + apzi) = minf(ry + azg), o > 0.
The weak Wolfe line search is computed such that oy, satisfy

4
)

f(l‘k + Olkzk) ff(l'k) + Sakhgzk,
h(l’k + akzk)Tzk > thzk,

and the strong Wolfe line search is computed such that «, satisfy

Sl +ogezy) < f(rg) + 5akhzzk,
|h(l‘k + Otkzk)Tzkl < —o‘hgzk,

where0 <8 <o < 1.

The most well-known standard CG methods are the
Hestenes-Stiefel (HS) method [33], the Fletcher-Reeves (FR)
method [34], the Polak-Ribiére-Polyak (PRP) method [9,
10], the Conjugate-Descent (CD) method [35], the Dai-Yuan
(DY) method [36], the Liu-Storey (LS) method [37], and the
Rivaie-Mustafa-Ismail-Leong (RMIL) method [38] and their B
parameters are

T
ﬂHS _ hk Qk—1 FR _ ||hk||2
e TR el
T
gere _ Mot op _ Il?
T 2T Ty
2 T T

pPY = ([l IR Ry _ Pp G-t
2l k1 -n! g,k Iz 112

respectively, where q;_; : = hy — hy_; and ||| is a symbol for
Euclidean norm on R".

The z;. in formula (2) is the search direction used as a guide
to move to the next point and must satisfy the descent direction

property

hgzk <0, Vk. (6)
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It should be noted that formula (6) is an important property for
the CG method to be globally convergent.

Inspired by the JYJLL method, in this study we propose
a modification of the new CG method to improve the
computational performance. In addition, in this study, we also
apply the new method for solving a model of COVID-19 in
Indonesia in which the data is taken from March 2020 (the
month of the first recorded case) until May 2022.

The paper is structured as follows. In Section 2, we describe
the proposed method, algorithm, and convergence analysis.
In Section 3, we present the numerical experiments to show
the efficiency of our new method. Finally, the application of
regression models of COVID-19 using the new method is
illustrated in Section 4.

2. Proposed method, algorithm and
convergence analysis

Recently, Jian et al. [7] proposed a new spectral JYJLL
CG method where the method satisfies the descent condition
without depending on any line search. The JYJLL method is
globally convergent under a weak Wolfe line search and the
numerical result is efficient compared with HZ [39], KD [40],
ANI1 [41], and LPZ [42] methods. This new method has search
direction as follows:

—hy, ifk=0,
Zp =
—o[" g+ gy, ifk >0,
where QIZY] LL s the spectral parameter defined as
Iy 21|
oM =1 )
—hy_ 1z
and ,BI{Y] LL is formulated as
2 iz )
Iell” = oy

ﬂ]Y]LL _
k max{[[hy_; 12,2} (hy — hy_y))

Additionally, Zheng and Shi [8] proposed a modified three-term
HS method by taking a modification to the denominator of the
HS formula. The new method is named ZHS where the search
direction is defined as follows:

—hy, ifk=0,
Zj = hlz_,
—hy + BEHSy, | pZHS ULy L ifk >0,
k .Bk k—1 ﬂk h[qquk 1
and
th
K Qk—1
ﬂkZHS = w > 0.

max{sl|zi_y Il qe—11lz]_ qe—1}
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The ZHS method satisfies the sufficient descent condition
without relying on a certain line search. Under some conditions,
the ZHS method fulfills global convergence properties under a
weak Wolfe line search and the numerical results are better than
the CG-DESCENT method [39].

Motivated by the JYJLL and ZHS parameters, in this paper,
the new conjugate parameter is proposed in the form as follows:

(hfz_1)*
ll2e—1 112

max{t|zg_1 |l qk—1 11z qx—1)

byl —

FMSD
ﬂ =

P s >0, (8

that is, replacing the JYJLL denominator with the ZHS
denominator and retaining the JYJLL numerator. In addition,
we retain the same formula of the spectral parameters 915 MSD by
the JYJLL method as in formula (7). So, the search direction of
our proposed method is defined as follows:

_hk’
FMSD FMSD
—Qk $ hk+/3k S

ifk=1,
ifk > 1.

Zp = (9)

Zk—1>

Our proposed method is called the spectral FMSD (Fevi-Malik-
Sulaiman-Dipo) method.
Next, we give the algorithm of our proposed method below.

Step 1: Given any initial point r; € R”" and tolerance value
0<e<l

Step 2: Set k = 1, compute the gradient hy = Vf(ry), and set
Z) = —hk.

Step 3: Compute the step length o by using any line search.
Step 4: Update point by ry | = ry + oz

Step 5: Compute hy . If [|hy || < €, then algorithm stop. Print
r* = ryy is best solution. Otherwise, go to the next step.

Step 6: Compute ﬁ]fMSD by using Equation (8) and QIfMSD by
using Equation (7).

Step 7: Compute the search direction z;_ ; by Equation (9).
Step 8: Go to Step 3.

Algorithm 1. Spectral FMSD method.

The following lemma shows that the spectral FMSD always
satisfies the descent direction condition regardless of any line
search.

Lemma 2.1. Suppose that z;. is generated by formula (9), then

1. the search direction z;. satisfies the descent direction property,
that is, hgzk < 0fork>1.
h,{zk

FMSD
2.0< .
0= ﬂk bz

<

Proof: We will prove the theorem by induction. For k = 1,
it is true, i.e., thzl = ||hy ||%. Now, assume that hz_lzk—l < 0is
true for k — 1, thus we prove hzzk < 01is true for k. With regard
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to formula (8), the proof is divided into two cases, as presented
below:

o Casel: ifz{_lqk_l < ullzg_11lqr—1 Il and o > 0, then

T T
zj_1qx—1 = zj_;(hgy —hg_y)
= bz —hi_ 7y < lzg g s
it implies

T T
Wiz ) <z llge+h) 1z y.  (10)

Let 0y is angle between hy and zj_ 1, then

hiz
cosf = —K T (11)
Iyl zge—1 I

From formulas (8), (7), (9), (10) and (11), we have

h{zk
= h (=6 P+ Bz )

FMSD 2 FMSDy, T
—0, (Il + B hkzk—l

. [1 - } Ihel? +

hlz_
= Iy + l‘lTk—“'
k—1

el — et
k [ZETERY,

_— Zk_1
mlzei gl *
[[hgl|? —

wlzi—1 lqe1 |
[[hi]? —
wlzi—1 Qe |

T
|hk Z—1|

T
b 2k

|[hg|1* cos? 6y 1
J Zk—1

[hell® +

Wiz
[h zg 1| lhy|1? cos? 6

< —Ihgll? + gl +

hk 1 Zi—
X (el zg—1 1 qr—1l +hk 1 Zk—1)

Ihell*(1 = cos® 6 ¢

Ih) 2| -
k-1

=4 Iy ll? +

_1Zk—1 wllze—1 Q-1 |l

Iy |1> sin® 6

| k Zg—1]
wlizi-1 i qe-1 |

—|hgl|? cos® 6 < byl +

klkl

h;{_lzk—l < 0. (12)

o Case2:ifz] qui > ullzx_;lllge_1ll and pu > 0, then

k—lqk—l > 0. Using formulas (8), (7), (9), and (11), we get

hT(_ QFMSDh n ﬁFMSD

Zp_1)
= 6PV 2 4 pEMSPRT

Ihlz |
_ |:1 _ Tkikl “hk”Z
hk lzk,
(h]z_1)?

7
llzg— |l hl’fz

T
Zr_19%—1

T
hk Zj

Il —

+ k—1
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Ih! k Zj_1| N g% — [1hy]|? cos® 6,

T
Zi_19%—1

—[lhyll® + Iyl

k—1zk—1
X hzzk 1
I[hyl|* —

T
Zk, 19k—1

Il k zj 1| ([ cos? O

—[IhglI* + Iyl +

k 1Zk—1

—hz 1Zk—1 +h[_1zk_1)

Iy ll? = I ]1* cos® 6y
ZkT_l(lk—l

x (hlzg_,

|kk1|

—Ihgl1* + Iyl

k 1Zk—1
X (z{_lqk,l —|—hk_lzk,1)
LGS
k 19k—1

hlz 2
LSl I lI> + o5 %), hi_ iz
hT 1

_1Zk—1

— Iy ||? cos® 6 (13)
bz |
hl{—1zk—1

Iyl + whk 1Zk—1
Z_19%—1

— [Ihg]|? cos® 6

[ 1% sin? 6,
ZE_IQk—l

T
|kk1|

Ihyll* +
hT _1Zk—1

IA

hZ_lzk—l < 0.

Hence, h]{zk < 0 is satisfied for k > 1.

Next, we will prove the interval of ﬂF MSD  Erom formulas
(12 and (13, we obtain the relation hTzk < ,BFMSDhT Zj_1-

h Z,
FMSD k
By <7

Furthermore, since hsz < 0, we have .
Z
k—1%k—1

Now, from formulas (8) and (7), we get

(h{z;_1)?
ll2x— 112

max{sl|zg_1 lllqe—11l2]_ qe—1}
Iy ll? = g [I* cos® 6y
max{s|zg_1 lllqe—11lz]_ qx_1}
b [1% sin? 6,
 max{ullzi_ lge_1 1z qe_1}

[hyll? —

FMSD
ﬂ =

h
< ——%—=— holds. The proof is complete.
hk 1Zk—1

In the analysis below, we establish the global convergence
properties of the spectral FMSD method. First, we need the

Thus, 0 < BEMSP <

following assumption, proposition, and Zoutendijk conditions.

Assumption 2.2. (A1) The level set B: = {r € R":f(r) <
f(ro)} is bounded where rq is the starting point; (A2) In a
neighborhood L of B the function f is continuously differentiable
and its gradient Lipschitz continuous on H. That is, we can find
L > 0 such that

lh(r) — h(s)|| < L||lr —s||, Vr,s € L.
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Proposition 2.3. Suppose that z;. is generated by formula (9) and
Assumption 2.2 holds. If the step length o is calculated by weak
Wolfe line search (4) and (5), then

(0 — Dhl'z

(14)
Llizel®

o =
where o and L are positive constant in Assumption 2.2 and
formula (5) respectively.

Proof: Both sides of formula (5) are subtracted by hsz, we
get

(0 — Dhizg < () —h) Tz = qf 7 < llagllllzgll,
combining with Lipschitz continuity, we obtain
(0 — Dhlz; < oLzl

Since z; is a descent direction and o < 1, formula (14 holds
immediately.

Zoutendijk condition [43] is often used to prove the global
convergence of the CG method. The following lemma shows that
the Zoutendijk condition holds for the proposed method under
the weak Wolfe line search conditions formulas (4) and (5).

Lemma 2.4. Suppose Assumption 2.2 holds and consider any
iterative expression formula (2, where z;. is generated by formula
formula (9). If oy, is calculated by weak Wolfe line search formulas
(4) and (5), then the following so-called Zoutendijk condition
holds:

o0 T, 2
(hy z)
Z ||I; IIIC2 =
k=1 'k
Proof: From weak Wolfe condition (4), we have
f(rk) —f(l'k + Othk) > —(Szxkhzzk,
combining with formula (14), we get
8(1 — o)(hlz;)?
flrg) — o+ apzg) = ———— = (16)

Lilz)?

Summing up both sides of formula (16), and applying the
condition (A1) in Assumption 2.2, zoutendijk condition (15)
holds.

Lemma 2.5. Suppose that Assumption 2.2 holds and consider the
sequences {hy} and {z;} are generated by Algorithm 1, where o,
is calculated by weak Wolfe line search (4-(5, then

k

1
< .
=2 I[h; |12

i=1

[
(h{z)?

(17)
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Proof: From formula (9), we have
2 + OFMSPhy = gEMSDy, . (18)

Squaring up both sides of formula (18) and using the first
condition in Lemma 2.1, we obtain

2
lzll* =

hlz
< (T k%
by zk

— (0F™SP)2 ||y |12,

(BEPP gy 1 = 2P — P Iy

2
2 FMSDy, T
) lz—1 11> — 207Phy 2

1

multiplying up both sides by ——~—, we get
0z
2
Y O N S S et L1
(h{z)2 = \hl 2z, hlz (h{z)?
2 2
A= L, OFMSD |y | 1
hZ_lzk_l Ihy |l h;fzk [y [|?
Izl \* 1
Zk—1
= + .
(hZ1Zk1> Iy |12
Since z; = —h; holds, we obtain
2
2
II;kII < !Zk—ﬂl n 1 .
(hk Zk)2 hk_lzk_l ”hk”
Izl ' |
Zk—2
< + +
(h;{_zlk—2> 1112 Ihgl?
sl 1 1 |
Zk—3
< + - -
<h£3zk3> Ih_alI>  lhe_glI> IIhgll?
k 1
<..< )
B 1:21 [Ih; )12
The proof is finished.

Based on Lemmas 2.1, 2.4, and 2.5, we can establish the
theorem of global convergence of the FMSD method.

Theorem 2.6. Suppose that Assumption 2.2 is satisfied. Consider
{ry} is generated by Algorithm 1, where oy is calculated by weak
Wolfe line search (4-5), then

lim inf||hk|| =0. (19)
k—o00

Proof: We prove this theorem by contradiction. Suppose

that formula (19) is not true, then there exists a positive constant
a > 0 such that

bl = a,Vk > 1.
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Using the above relation and formula (17), we obtain

2
llz 52 12552.
(h{z)2 ~ = IIhill> ~ a
It implies
oo T, )2 00
(h]'z) a2

> e D=t
k=1 k=1

which contradicts with the Zoutendijk condition in formula
(15). Hence, formula (19) is true. The proof is finished.

3. Numerical experiments

In this part, we report the numerical experiments of the
FMSD method and compare the computational performance
with the JYJLL method proposed by Jian et al. [7]. Both the
methods were coded in MATLAB 2019a and ran using a personal
computer with an Intel Core i7 processor, 16 GB RAM, 64 bit
Windows 10 Pro operating system. The comparisons are made
under the weak Wolfe line search (4-5) with 0 = 0.2 and
8 = 0.02 for the FMSD method and ¢ = 0.1 and § = 0.01
for the JYJLL method. We tested 132 unconstrained problems in
the CUTEr library suggested by Andrei [6, 44] and Moré et al.
[45] with dimensions from 2 to 1,000,000. Mostly, we used two
different dimensions for the problem and the iteration stopped
using the ||hylloo < 1070 criteria. The initial point used for all
problems can be seen in Jiang et al. [25]. Table 1 details the test
function and dimensions of the test problems.

Detailed numerical results are provided in Table 2 which
include the number of iterations (NOI), the total number of
function evaluations (NOF), and the CPU time in seconds
(CPU). In Table 2, “-” indicates that the methods failed to solve
the corresponding problems within 2000 iterations.

To clearly determine a method that has good computational
performance, here we use the performance profiles suggested by
Dolan and Moré [46] to show the performance under NOI, NOF,
and CPU time, respectively. Comparison results are obtained by
running a solver on a set P of problems and recording relevant
information such as NOI, NOF, and CPU time. Suppose that S is
the set of solvers under consideration and assume S is made up
of ns solvers and P is made up of 11, problems. For each problem
p € Pand solver s € S, we denote ts as the CPU time (or
NOI or NOF, etc.) required to solve problem p € P by solver
s € S. The comparison between different solvers is based on the
performance ratio described by

tps

rps = —————————.
ps min{fps:s € S}

Let ps(7) be the probability for solver s € S that a performance
ratio rps is within a factor 7 € R”. For example, the value of
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TABLE 1 The problems and their dimensions.

No

Problem/Dimension No

Problem/Dimension

43

44

COSINE 6,000 67
COSINE 100,000 68
COSINE 800,000 69
DIXMAANA 2,000 70
DIXMAANA 30,000 71
DIXMAANSB 8,000 72
DIXMAANB 16,000 73
DIXMAANC 900 74
DIXMAANC 9,000 75
DIXMAAND 4,000 76
DIXMAAND 30,000 77
DIXMAANE 800 78
DIXMAANE 16,000 79
DIXMAANTF 5,000 80
DIXMAANF 20,000 81
DIXMAANG 4,000 82
DIXMAANG 30,000 83
DIXMAANH 2,000 84
DIXMAANH 50,000 85
DIXMAANI 120 86
DIXMAANI 12 87
DIXMAANJ 1,000 88
DIXMAANJ 5,000 89
DIXMAANK 4,000 90
DIXMAANK 40 91
DIXMAANL 800 92
DIXMAANL 8,000 93
DIXON3DQ 150 94
DIXON3DQ 15 95
DQDRTIC 9,000 96
DQDRTIC 90,000 97
QUARTICM 5000 98
QUARTICM 150,000 99
EDENSCH 7,000 100
EDENSCH 40,000 101
EDENSCH 500,000 102
EG2 100 103
EG2 35 104
FLETCHCR 1,000 105
FLETCHCR 50,000 106
FLETCHCR 200,000 107
Freudenstein and Roth 108
460

Freudenstein and Roth 109
10

Generalized Rosenbrock 110

10,000

Extended DENSCHNB 300,000
Generalized Quartic 9,000
Generalized Quartic 90,000
Generalized Quartic 500,000
BIGGSBI 110

BIGGSBI 200

SINE 100,000

SINE 50,000

FLETCBV 15

FLETCBV 55

NONSCOMP 5,000
NONSCOMP 80,000

POWER 150

POWER 90

RAYDANI1 500

RAYDANTI1 5,000

RAYDAN? 2,000

RAYDAN?2 20,000

RAYDANZ2 500,000
DIAGONALLI 800
DIAGONALLI 2,000
DIAGONAL?2 100
DIAGONAL2 1,000
DIAGONALS3 500
DIAGONALS3 2,000

Discrete Boundary Value 2,000
Discrete Boundary Value 20,000
Discrete Integral Equation 500
Discrete Integral Equation 1,500
Extended Powell Singular 1,000
Extended Powell Singular 2,000
Linear Full Rank 100

Linear Full Rank 500

Osborne 2 11

Penaltyl 200

Penaltyl 1,000

Penalty2 100

Penalty2 110

Extended Rosenbrock 500
Extended Rosenbrock 1,000
Broyden Tridiagonal 500
Broyden Tridiagonal 50

HIMMELH 70,000

HIMMELH 240,000

223
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TABLE 1 (Continued)

No Problem/dimension No Problem/dimension

45 Generalized Rosenbrock 111 Brown Badly Scaled 2
100

46 HIMMELBG 70,000 112 Brown and Dennis 4

47 HIMMELBG 240,000 113 Biggs EXP6 6

48 LIARWHD 15 114 Osbornel 5

49 LIARWHD 1,000 115 Extended Beale 5,000

50 Extended Penalty 1,000 116  Extended Beale 10,000

51 Extended Penalty 8,000 117 HIMMELBC 500,000

52 QUARTC 4,000 118 HIMMELBC 1,000,000

53 QUARTC 80,000 119 ARWHEAD 100

54 QUARTC 500,000 120 ARWHEAD 1,000

55 TRIDIA 300 121 ENGVALI1 500,000

56 TRIDIA 50 122 ENGVALL 1,000,000

57 Extended Woods 123 DENSCHNA 500,000
150,000

58 Extended Woods 124 DENSCHNA 1,000,000
200,000

59 BDEXP 5,000 125 DENSCHNB 500,000

60 BDEXP 50,000 126 DENSCHNB 1,000,000

61 BDEXP 500,000 127 DENSCHNC 10

62 DENSCHNF 90,000 128 DENSCHNC 500

63 DENSCHNF 280,000 129 DENSCHNF 500,000

64 DENSCHNF 600,000 130 DENSCHNF 1,000,000

65 DENSCHNB 6,000 131 ENGVALS 500,000

66 DENSCHNB 24,000 132 ENGVALS 1,000,000

ps(1) is the probability that the solver will win over the rest of
the solvers. The formula of ps(t) is defined as follows:

1

ps(t) = —size{p € P:logrps < t}.
n
P

According to the rule of the performance profile above, we
can describe the performance curves based on Table 2 as in
Figures 1-3. Based on the three figures, we can see that the
FMSD method is superior to the JYJLL method under the
unconstrained problems in Table 1.

4. Application to regression models
of COVID-19

SARS-CoV-2 virus popularly known as the COVID-19
infection was first reported in the Asian continent from Wuhan
province, Hubei city of China toward the end of 2019. As of 20
June 2022, almost all the countries in Asia except Turkmenistan
have reported at least one case of the infection [47]. However,
countries that include India, South Korea, Vietnam, Japan,
and Iran recorded the highest rates of confirmed cases of the
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TABLE 2 Numerical results.

No JYJLL FMSD

NOI NOF CPU NOI NOF CPU
1 33 103 0.1355 30 94 0.0694
2 184 374 2.8852 126 258 1.8144
3 55 170 10.2971 43 155 8.256
4 20 83 0.2293 17 80 0.1863
5 20 89 2.9297 20 92 2.7478
6 24 93 1.0052 22 91 0.7986
7 24 93 1.6604 25 87 1.4167
8 25 89 0.2524 24 87 0.1867
9 10 73 0.7633 15 79 0.7799
10 21 90 0.4765 21 99 0.4898
11 21 87 2.7908 16 89 2.6687
12 - - - 1,400 2,385 2.2021
13 - - - 1,028 1,827 2.1568
14 1,535 2,679 2.3565 744 1,317 1.1824
15 1,887 3,232 3.3751 753 1,312 1.4909
16 - - - 1,029 1,755 1.5518
17 - - - 1,081 1,815 2.0251
18 - - - 795 1,372 1.2811
19 - - - - - -
20 - - - - - -
21 1,465 2,479 0.6701 882 1,537 0.0938
2 - - - - - -
23 1,241 2,239 155235 - - -
24 829 1,490 7.6136 515 918 4.8861
25 - - - 1,172 1,994 0.202
26 - - - 1,899 3,277 3.0415
27 853 1,539 14.538 665 1,178 11.0235
28 - - - - - -
29 422 740 0.2037 472 800 0.0249
30 446 822 0.2846 343 646 0.2215
31 414 776 2.0585 301 571 0.878
32 42 143 0.2467 38 143 0.2453
33 84 250 11.6764 110 317 15.0269
34 43 165 0.3478 30 109 0.2601
35 44 192 2.3017 69 421 5.0274
36 85 603 89.6504 121 954 142.2274
37 - - - - - -
38 - - - - - -
39 116 207 0.0085 77 158 0.0066
40 109 235 0.2867 120 278 0.329
41 321 3,144 13.5325 101 777 3.0531
42 - - - 1,814 7,922 0.2898
43 - - - 1,334 2,893 0.0774
44 - - - - - -
45 - - - - - -
46 2 15 0.0425 2 16 0.0477

(Continued)
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TABLE 2 (Continued)
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TABLE 2 (Continued)

No JYJLL FMSD No JYJLL FMSD
NOI NOF CPU NOI NOF CPU NOI NOF CPU NOI NOF CPU
47 2 13 0.6799 2 13 0.1117 93 0 0 1.0216 0 0 1.0422
48 117 219 0.008 74 163 0.0051 94 13 59 4.3587 13 59 4.4905
49 836 1,428 0.0472 607 1,063 0.0383 95 16 63 433358 18 64 44.5679
50 32 212 0.3311 20 123 0.1931 9% B B _ B ) B}
51 16 93 10.9861 16 93 10.9116 97 B B . B B B
52 50 156 0.1896 46 149 0.1825 98 13 63 0.0846 15 71 0.0414
53 89 263 6.926 73 228 5.5093 99 18 84 0.4085 18 34 0.3522
54 109 323 51.3058 114 346 53.7087 100 B B , B B B
55 - - - - - - 101 - - - 1,400 2,966 0.4322
56 1,187 2028 0.2817 508 917 0.0253 102 B B B 1,268 2,517 19.2961
57 - - - 1,426 2,464 9.321 103 337 880 0.1366 310 746 0.1023
58 - - - - - - 104 202 576 0.2837 176 648 0.0872
59 2 11 0.007 2 12 0.0065 105 B B B B ) Bl
60 2 16 0.0592 2 10 0.0456 106 B B _ B ) B}
61 2 12 2.1566 2 13 0.564 107 52 115 0.1412 54 116 0.1451
62 24 102 0.154 24 102 0.1715 108 40 95 0.1788 40 95 0.0091
63 23 106 0.5798 23 106 0.6301 109 33 155 0.952 B ) B}
64 25 111 1.5076 30 115 1.309 110 23 105 2.2911 32 185 3.6654
65 21 86 0.0093 18 79 0.008 111 B B . B B B
66 21 90 0.0416 20 88 0.0446 112 266 1,125 0.0659 271 1,272 0.043
67 19 91 1.4781 19 91 0.4131 113 B B . B B B
68 19 83 0.0314 18 82 0.0296 114 B B B B ) B}
69 16 82 0.1376 17 87 0.1665 115 369 647 0.8829 344 583 0.8067
70 25 101 1.1407 17 89 0.8401 116 B B B 418 750 2253
71 1,684 2,890 0.0903 809 1,373 0.0384 117 29 110 0.8918 27 102 0.8617
72 - - - 1,350 2,316 0.0675 118 28 108 1.713 29 110 1.7295
73 61 192 1.4482 44 168 1.2826 119 25 74 0.003 2 70 0.0033
74 59 168 0.9694 28 98 0.426 120 27 99 0.0063 27 85 0.0038
75 91 195 0.0065 67 114 0.0049 121 113 1,048 10.5062 86 754 6.7726
76 1,425 2,148 1.066 1,707 2,213 0.0983 122 182 1,647 29.8122 101 836 14.5085
77 45 118 0.0164 45 118 0.0216 123 37 112 9.4347 36 108 8.7515
78 87 203 0.5009 81 184 0.2934 124 35 109 17.9446 35 109 18.1365
79 239 423 0.0113 127 228 0.0103 125 27 106 0.7703 2% 108 0.8496
80 1,817 3,102 0.0849 733 1,306 0.0503 126 23 111 1.5522 28 116 1.6992
81 713 1,266 0.0438 636 1,094 0.0428 127 38 128 0.0045 34 110 0.0061
82 - - - - - - 128 62 170 0.0254 41 127 0.0195
83 14 71 0.0054 12 67 0.0055 129 343 1,161 12.0093 531 1,857 18.929
84 15 97 0.1103 17 105 0.1101 130 387 1,366 28.4407 400 1,441 28.0926
85 37 251 3.8983 82 592 8.081 131 263 2,557 24.3792 168 1,589 14.9358
86 904 4,004 0.2162 700 4,172 0.2266 132 466 4,731 88.6258 175 1,608 28.5672
87 - - - 1,357 6,469 0.6286
88 133 265 0.0098 164 294 0.012
89 962 1,696 0.231 748 1,327 0.0893
% 1068 3805 02293 006 2470 03026 infection [48]. The first positive COVID-19 case in Indonesia
o » _ _ 1818 10110 L6853 was recorded on March 2, 2020, but within the first 6 weeks,
o . s 65431 105 200 5 4856 the presence of the virus has been confirmed in almost all
the provinces of the country [49]. Despite the early wide-scale
(Continued) response from the government, the country has recorded a high
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number of deaths from the positive cases of the infection [50].
According to the WHO, Indonesia has so far recorded a total of
156,695 deaths from a total of 6,069,255 confirmed cases of the
infection as of 20 June 2022 [51] of which more than 750 deaths
are front-line health workers. Based on recent figures, we can
say that Indonesia has been able to contain the disease outbreak.
This can be attributed to the admirable resilience of the country’s
front-line health workers, strict health protocols, and successful
vaccination programs. Data from the WHO shows that the total
of people that have been administered the vaccine doses as of 15
June 2020 stands at 417,522,347 [51].

In recent times, several works of literature have employed
different mathematical and numerical approaches for modeling
the COVID-19 outbreak [see [5, 32, 52]]. This paper aims
to study the performance of the proposed method on a
parameterized COVID-19 regression model. For deriving the
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COVID-19 regression model, the study will consider the total
Indonesian monthly positive confirmed cases of the infection
from March 2020 (the month of the first recorded case) until
May 2022. The obtained data would be transformed into an
unconstrained optimization model which would later be solved
using the proposed method.

A regression analysis function of the form:

y = h(x1,x2, ..., Xp + ), (20)

has the response variable denoted by y, ¢ represents the error,
and the predictor is given as xj, i = 1,2,..,p, p > 0. The type
of function plays an important role in the statistical modeling
of problems in applied sciences, physical sciences, management
sciences, and more. Based on the above description, we can
describe regression analysis as a statistical procedure employed
to estimate the relationships between a dependent and one or
several independent variables. For any given regression analysis-
related problem, the linear regression function can be derived by
computing y such that

y=ao+aix; +axx+...+apxp+e (21)

with ag, ..., ap representing the regression parameters. These

parameters ag, ay, . .., dp are estimated to minimize the error &
value. Based on several works of literature, the linear regression
process rarely occurs in situations because most problems are
often nonlinear in nature. Based on the non-linearity of the
problems, studies usually consider the nonlinear regression
process [5]. This and other considerations motivated the idea of
using the nonlinear regression procedure in this study.

To construct the parameterized regression model, we
considered the death cases recorded from those infected by
the COVID-19 virus from the first month Indonesia confirmed
the first case; March 2020 until May 2022, totaling 27 months.
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TABLE 3 Statistics of confirmed positive cases and death recorded
from COVID-19 infection in Indonesia from March 2020 to May, 2022.

Monthly data Total confirmed Total death
(Mar 2020 — May 2022) Cases per month Per month
(%) »

1 1,528 136
2 8,590 656
3 16,355 821
4 29,912 1,263
5 51,991 2,255
6 66,360 2,212
7 112,212 3,397
8 123,080 3,129
9 128,795 3,076
10 204,315 5,193
11 335,116 7,860
12 256,320 6,168
13 177,078 4,692
14 156,656 4,663
15 156,335 5,057
16 356,569 7,913
17 1,231,386 35,628
18 680,143 38,372
19 125,303 9,448
20 29,254 1,466
21 12,051 425
22 6,311 258
23 90,650 232
24 1,211,078 4,015
25 448,379 6,754
26 33,978 1,166
27 8,177 334

The data were obtained from the Indonesia COVID Coronavirus
Statistics Worldometer [53] and the detailed description of the
model formulation process was presented as follows. Note:
it may be confirmed that the statistics of recorded cases are
less than the actual number, this might be a result of limited
testing. From the data presented in Table 3, the x-variable would
represent the months considered while the y-variable represents
the confirmed death cases for that month. Also, only data of 26
months (March 2020 to April 2022) would be considered for
data fitting because data for May 2022 would be reserved for
error analysis.

Based on the data of x and y given in Table 3, the
approximate function for the nonlinear least square method was
obtained as follows:

f(x) = —842.24 + 35865.66x — 909.17x>. (22)

Frontiers in Applied Mathematics and Statistics

227

10.3389/fams.2022.1014956

TABLE 4 Performance results of FMSD method for optimization of the
quadratic model Equation (25).

Initial points NOI CPU time

(0.5,0.5,0.5) 13 0.11176541011740658
(5,5,5) 16 0.04775448062163305
(11,11,11) 17 0.84012854607846890

The above function (22) will be utilized when approximating
the y data values based on x data values. Since this study
considered the monthly confirmed cases, the xj would be used
to denote the months while y; will present the confirmed cases
for that month. Based on this information, the least squares
method defined by function (22) would be transformed into an
unconstrained minimization problem of the form:

n

Z ((uo + u1Xj + u2x].2> _yj)Z

j=1

min f(x) = (23)

i
xeR?

The data for the first 26 months from Table 3 will be used
to derive the nonlinear quadratic function for the least square
method. The derived function would be extended to construct
the unconstrained optimization function. Based on the above
discussion, it is obvious that there exist some parabolic relations
between the regression parameters ug, u1,us, the regression
function (20) with the data x; and the value of y;.

n n
2
i 2 _ : 2\ _ .
;Iel]llélz ZEJ = Z ((uo +urxj + uzxj> y]> . (24)
=1 =1
To define the nonlinear quadratic unconstrained

minimization model, Equation (24 would be transformed
using data from Table 3 as follows:

26u3 + 702u1uy + 12402u; u3 — 209806038 + 261062113
+ 246402uyu3 — 17172778u + 1533313

— 4006838782u3 + 4152673772991. (25)

The above nonlinear quadratic model was constructed using
data from the first month until the 26th month because the data
for the 27th month was reserved for relative error analysis of
the predicted data. Now, we can apply the proposed method to
solve the model (25). The results presented in Table 4 illustrate
the performance of the proposed FMSD algorithm for problem
(25) under the weak Wolfe line search conditions (4-5).

The proposed method was employed as an alternative
method to compute the values of ug,uj,uy because of the
difficulty faced when using matrix inverse. For the proposed
method, different initial points were considered for the model.
The iteration was terminated if the iterations exceeded 1,000 or
the method was unable to solve the problem.
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FIGURE 4
Nonlinear quadratic trend line for indonesia COVID-19 cases.

4.1. Trend line method

In finance and related areas, one of the easiest processes to
boost the likelihood of making a successful trade is to understand
the direction of an underlying trend because it assures that
the overall market dynamics are in your favor. Trend lines
are bounding lines that traders use to connect a sequence of
prices of security on charts. It is created when three or more
price pivot points or more can be connected diagonally. In this
section, the proposed FMSD and existing least squares methods
were employed to estimate data from Table 3. Microsoft Excel
software was used to plot the trend line for data for the first 26
months. The graph demonstrated in Figure 4 was obtained by
plotting the real data from Table 3 with x and y denoting the
x-axis and y-axis respectively.

The efficiency of the proposed method is further
demonstrated by comparing the approximation functions
of FMSD with those of the trend line and least squares methods.
Table 5 presents the estimation Point and relative Errors for the
three methods based on the reserved data for the 27th month.

From Table 5, we can see that the error € has been minimized
which agrees with the main purpose of regression analysis.
This shows that the proposed FMSD method is efficient and
promising, and thus, can find a wider range of other real-
life applications.

Frontiers in Applied Mathematics and Statistics

TABLE 5 Relative error analysis using the data of the 27th month.

Models Sum of error Average error
Least square -195.0314769076 -7.50119802392
EMSD -195.0314760235 ~7.50119626000

5. Conclusions

In this paper, we have presented a spectral conjugate
gradient method for solving unconstrained optimization
problems by modifying the spectral parameter of the JYJLL
method in Jian et al. [7]. Based on some conditions,
the global convergence properties were established under a
weak Wolfe line search. A numerical comparison of the
proposed method with the JYJLL method shows that the
proposed method is efficient, fast, and robust. Moreover,
our proposed method can solve the COVID-19 case model

in Indonesia.
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