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Editorial on the Research Topic

Quantum light for imaging, sensing and spectroscopy

The last two decades have witnessed an enormous progress in the development of

novel ideas and technologies for sensing and imaging based on the quantum properties of

light. Our ability to generate, manipulate and detect non-classical states of light has

opened new avenues in experimental imaging, sensing and spectroscopy, where

unprecedented levels of sensitivity and resolution can be attained. In this Research

Topic, we aim at highlighting state-of-the-art research, and their potential applications, in

imaging, spectroscopy and metrology. This includes the generation and control of

quantum optical states, such as single-photon sources, entangled photon pairs, and

structured light beams.

This Research Topic, issued within the Quantum Engineering and Technology section

of Frontiers in Physics, includes one brief research report, eight original research articles,

and one review article. These contributions cover applications of entangled light in

metrology and spectroscopy, the generation of spatially-structured non-classical states of

light, as well as imaging applications using correlated thermal light and machine learning.

Chen et al. provide a review article on both theoretical and experimental entangled-

photon-enabled quantum interferometric metrology. Topics covered by the review

include Hong-Ou-Mandel interferometry with frequency and time resolution,

entanglement-assisted single-photon absorption and two-photon absorption

spectroscopy using energy-time correlated photon pairs. Scully et al. introduce a

spectroscopy technique based on the monitoring of quantum beats in the cooperative

light emission from an atomic (or molecular) sample. The use of entangled photon pairs

in the context of spectroscopy is discussed by Schlawin, who explores the possible role of
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the sample’s inhomogeneous broadening and photons’

polarization degrees of freedom in the quantum enhancement

that entangled two-photon absorption might offer to

experimental nonlinear spectroscopy. Debnath and Rubio

further show that entangled light can also be used as a probe

for extracting information about dissipative cavity exciton-

polariton dynamics in the ultrafast regime.

The generation and control of non-classical states of light

are discussed in two contributions. Puentes discusses a

method for the generation of entangled two-photon states

in high-dimensional Hilbert spaces by placing multiple

angular slits in the path of spontaneous parametric down-

converted entangled photon pairs. This result can be relevant

for quantum information protocols where high-dimensional

encryption is required. Mendoza-López et al. demonstrate

theoretically and experimentally the frequency conversion of

multiple optical vortices by inducing a four-wave mixing

process in a hot vapor of rubidium atoms. The authors’

study adds to the available protocols for the generation

and control of photonic orbital angular momentum in

atomic ensembles.

The potential of structured light for quantum physics is

discussed by Gutiérrez-Jáuregui and Jáuregui who show that

nonlinear processes, at the single-photon level, might be

produced in the light-matter interaction of tightly trapped

atoms in the focus of vectorial waves. Furthermore, Lv et al.

demonstrate that propagating spatially-structured modes of light

can be identified (and reconstructed) using deep learning. This

method is particularly relevant in quantum applications where

structured light is susceptible to phase distortions due to

propagation in noisy environments.

Wang et al. demonstrate a theoretical and experimental

scheme for “fractional” ghost imaging. This is managed by

symmetrically placing the object to be imaged and a

fractional spiral phase filter in the test and reference

pseudo-thermal beams of a lensless ghost imaging system.

Finally, Fernandez-Guasti and Garcia-Guerrero

demonstrate an interesting scheme that allows for two

non-degenerate photon beams to exhibit first-order

optical interference. These results call for a possible

reformulation of the “which-way information” concept for

non-degenerate photon interference.

To conclude, we would like to mention that the study of

quantum light for imaging, sensing, and spectroscopy is a timely

and exciting research field at the forefront of physics and

technology. It has the potential to impact many areas of

science and engineering, from material science to quantum

communications and quantum computing. We expect this

Research Topic to provide valuable information and guidance

for future research along these lines.

Finally, we would like to thank all authors, reviewers and

administrative staff at Frontiers, without whom this Research

Topic could not have been possible.
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Time and Space Resolved First Order
Optical Interference Between
Distinguishable Photon Paths
M. Fernandez-Guasti * and C. García-Guerrero

Lab. de Óptica Cuántica, Depto. de Física, Universidad Autónoma Metropolitana–Iztapalapa, Ciudad de México, Mexico

Interference between different photons occurs and has been observed under diverse
experimental conditions. A necessary condition in order to obtain interference fringes is the
existence of at least two possible paths and unknown which-path information. If the photon
beams have different frequencies, stability of the sources and fast spatially distributed detectors
are required in order to detect the time displaced interference fringes. First order optical
interference between two truly independent CW laser sources is observed. In contrast with the
standard quantum criterion, interference is observed although the photon beams are
distinguishable and, from quantum measurements, the path is unequivocally known for
each photon beam. Segments of the continuous wave wavetrains are selected with an
acousto-optic modulator. Temporal and spatial interference are integrated in a single
combined phenomenon via streak camera detection. The displacement of the fringes in the
time versus space interferograms evince the trajectories of the labeled photons. These results
suggest that in non-degenerate frequency schemes, the ontology has to be refined and the
which-path criterion must be precisely formulated. On the one hand, if the query refers to the
frequency labeled photons, the path of each red or blue photon is known,whereas on the other
hand, if the query is performed in terms of the detected photons, the path is unknown.

Keywords: quantum interference, quantum optics, quantum measurement, monomode lasers, quantum
electrodynamics

1 INTRODUCTION

The twomanifestations of first order interference between twowave-fields are 1) spatial interference fringes
and 2) temporal interference or beating. The beams in optical spatial interference setups are usually derived
from the same source but traveling along separate paths. In contrast, temporal interference is commonly
achieved with different sources having different frequencies. Early experiments in the laser era
demonstrated the temporal [1] and spatial [2] interference of independent sources. The position-
momentum uncertainty provided an explanation of these results without having to renounce to the
Dirac statement that ’Interference between different photons never occur’ [3]. However, later experiments
where the photon source statistics were carefully controlled, showed ineluctably that independent photons
can interfere [4]. Interference fringes in the visible region of the spectrum with two different frequencies
have also been observed [5, 6]. For a constant frequency difference, a single laser source is commonly used.
The frequency of one beam can then be shiftedwith an acousto opticmodulator [7] or by selecting different
frequencies from a spatially chirped femtosecond pulsed source [8]. If separate lasers are used, the
frequency difference varies from shot to shot and so does the fringe pattern [9]. The fringes inmost of these
experiments with different frequencies have been observed using a streak camera andmore recently, with a
modulated CMOS camera [10].
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First order interference comes from the correlations between the
fields whereas second order interference arises from correlations
between the fields’ intensities. These correlations can be described
with continuum field theory (CFT) or quantum field theory (QFT).
The archetypal Young’s two slit interference experiment displays
identical first order interference patterns when produced by short
exposure with a intense light source or by a long exposure with feeble
light. However, the ontology in the two theories is rather different.
CFT requires a stable amplitude and phase correlation between the
two interfering fields during the detector integration time [11]. In
contrast, QFT asserts that interference takes place only when the path
of the photons is unknown [12]. Recall that the two theories do
produce measurable differences in second order interference
experiments [13]. Many theoretical predictions and experimental
verifications without classical analogue, favor the quantum nature of
electromagnetic fields.

The present experimental results are at odds with the standard
formulation of the quantum which path problem: “A measurement
which shows whether the photon passed through A or through B
perturbs the state of the photon to such an extent that no interference
fringes are detected. Thus, either we know which slit the photon
passed through, or we observe interference fringes. We cannot
achieve both goals: the two possibilities are incompatible ([14],
p.22).” Many authors consider that the which path
information problem is an example of Bohr’s principle of
complementarity, where the interference/which-way duality
is a manifestation of the wave/particle mutually exclusive
concepts [15]. However, Bohr’s idea of complementarity is a
much broader principle dealing with observation and the
definition of quantum states [16, 17]. As we shall presently
show, interference with which-path certainty is possible in non-
degenerate frequency schemes if the statement is made in terms
of the frequency labeled photons but without reference to a
detected photon. However, the path of a detected photon in the
interference region, cannot be traced back. This latter, more
precise assertion, is consistent with the prevailing quantum
viewpoint. Our observations are consistent with Heisenberg’s
uncertainty principle and Busch measurement/disturbance
theorem. They are also consistent with Englert, which way
detector inequality. However, they compromise certain
versions of Bohr’s complementary principle.

2 EXPERIMENTAL CONSIDERATIONS AND
SETUP

Two photon beams were generated from two independent Nd:
YAG lasers code named cheb and oxeb 1. These continuous wave
(CW), monomode lasers (AOTK 532Q) have a coherence time
greater than 300 ns [18]. The operation of each laser does not rely
in any way on the working of the other laser, nor are they
synchronized. The temperature of each of them was
monitored and controlled independently. Temperature was
measured with a 100Ω platinum resistance and controlled

with a Peltier module external to the cavity but attached to its
base. A temperature controller (Stanford Research SRC10)
provided the electronic feedback to maintain a stable
temperature within 0.01°C. The wavelengths of the two lasers,
measured with an spectrometer (Spex1704 with 0.01 nm
resolution), were temperature tuned so that their frequencies
were sufficiently close to be resolved by a streak camera (Optronis
SC-10). At sweep speeds of 10 ns/mm with the TSU-12–10 unit,
fringes are comfortably observed in the streak camera for
frequency differences below 1 GHz. The two laser beams were
steered with mirrors into a TeO2 acousto optic modulator (AOM)
(10/10 ns, 10–90% rise/fall time for a 55 μm beam-waist). The
general setup is shown in Figure 1. Preliminary results were
reported at a PIERS conference [19]. Beam splitters were avoided
(except for alignment purposes, prior to operation), so that a two
slit wavefront division interferometer is emulated throughout the
trajectories. The expanded collimated beams were overlapped
and detected with the streak camera. The beams collimation was
adjusted with the aid of a shear interferometer. A streak camera is
an optical version of an electronic oscilloscope; at the entrance slit
light impinges on a photocathode placed on the inner part of a
vacuum tube. The photo-electrons emitted by the photocathode
(8 mm × 2 mm) are accelerated and swept in the perpendicular
direction to its long axis, in this way a two dimensional image is
produced. Each photoelectron eventually impacts a multichannel
plate (MCP) and is cascaded so that the bunch of electrons
produces a bright point as it reaches a phosphor screen. TheMCP
amplification voltage is adjusted so that the intensity of the spot is
adequately detected by a CCD camera. At low intensity levels, the
streak camera operates in a spatially resolved photon counting
mode. If at some spots more than one photon is detected, this
information is encoded onto a level of gray, typically not more
than 50 events per 0.7 ns as can be seen from Figure 6B. In the
streak camera images, the abscissa corresponds to the time axis
whereas the ordinate is a transverse spatial coordinate. The
density of bright spots is proportional to the photon density in
the two dimensional time and space coordinates. Streak images
cannot be accumulated in this experiment because the frequency
and relative phase between the two lasers vary stochastically in
time from sweep to sweep. For this reason, the fringe pattern was
recorded in single exposures with a time duration of the order of
the coherence time. Low repetition rates between 1 and 3 Hz had
to be used to acquire and save the digital images in real time. The
streak camera detector performs an integration both in space and
time,

〈I t, y( )〉δt,δx,δy � 1
δtδxδy

∫
y+δy

y

∫
x+δx

x

∫
t+δt

t

I τ, ξ, η( )dτdξdη,

where I(τ, ξ, η) is the light intensity incident on the photocathode
as a function of time and the transverse dimensions. I(t, y) is
the intensity at the CCD screen as a function of the “coarse
grain” time and one spatial direction. In the transverse
dimensions, the x direction is limited to x � ±7.5 μm using
a δx � 15 μm entrance slit. In the y direction, the position
detection range is 15 mm with δy � 70 μm resolution. The1Tseltal variant of Mayan language for numbers two → cheb and three → oxeb
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temporal sweep is performed in the x direction with 0.34%
resolution of the full sweep time. The resolution of the
apparatus is given by the instrumental integration δt, δx, δy
together with the image amplification and digitization bins
(Anima-PX/25, 19.5 × 14.9 mm2, 12 bit A/D CCD 1392 ×
1024). The quantum efficiency (QE) of the low noise
photocathode is 10.37% at 532 nm with dark noise of
100 e−/cm2s (Photek ST-LNS20). The temporal resolution
at the phosphor screen placed after the image intensifier is
66 μm.

The AOM input angle was aligned with the oxeb laser
beam. In our experiments, delay generator pulses with 120,
300 and 700 ns width were used. The AOM first order
deflection angle is 25 mrad with a diffraction frequency
shift of 210 MHz. The oxeb laser beam was diffracted in
first order (210 MHz) whereas the cheb beam was operated
in second order (2 × 210 MHz). There was thus a 210 MHz
frequency difference that posed no problem because it was
compensated by the laser’s temperature tuning. Half wave
retardation plates were used at the output of each laser to

adjust the polarization plane in order to improve fringe
visibility. A typical ≈ 100 ns output pulse is shown in
Figure 2A. The cheb beam is a bit mismatched due to a
25 mrad oblique incidence in a displaced region of the
acoustic wave within the crystal. This inclination produces
a pulse delay and a pulse front tilt as may be seen in Figure 2C.
This sweep mode neatly exhibits three regions, two to the left
and right in Figure 2B, where only one of the pulses is present
and the central area where both pulses overlap in time and
interference is observed.

In a conventional single source Young’s experiment, the two
slits separate the wavefront into two distinct wave-fronts. Here,
the waves emanate from two different truly independent
sources. The physical setup can be conceived as each source
illuminating a slit. The plane where the slits are placed is any
arbitrary plane between the sources and the region where the
beams begin to overlap just before interfering at the detection
plane. Moreover, each slit could be placed at different planes,
reminiscent of second order interference patterns produced by
non-local objects [20].

FIGURE 1 | Schematic diagram of the experimental arrangement. The setup is equivalent to a Young’s two slit experiment but each ’slit’ is illuminated by an
independent laser. The slits can be conceived to be placed at any plane between the sources and the photocathode detector before the beams overlap. (Optical beams
drawn in red, electron beams within the streak camera drawn in green.)

FIGURE 2 | Streak camera images. The abscissa represents time at 10 ns/mm sweep rate with δt � 1 ns temporal resolution. The ordinate depicts the beams
transverse distance in the y direction. (A) 97 ns pulse from laser code named oxeb.; (B) Interferogram when both laser pulses are present; (C) 95 ns pulse from laser
code named cheb.
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2.1 Photon Labeling
The two beams are collimated and thereafter incident on the
streak camera photocathode at an angle of 0.14 mrad between
them in order to have comfortably resolved interference fringe
maxima separated by 1.88 mm at the detection plane.
Cartesian coordinates are set with z normal to the detector
surface and the fields are linearly polarized in the x direction.
The two waves propagate in the (y, z) plane, paraxially to the z
direction at a small but opposite angle θ in the y axis. The
wave vector of the field coming from the laser code named
cheb is

k1 � ky1 + kz1 � −k1 sin θ êy + k1 cos θ êz,

and the wave-field coming from the laser code named oxeb is

k2 � ky2 + kz2 � k2 sin θ êy + k2 cos θ êz,

where the wave vector magnitudes are |k1| � k1 � ω1
c and |k2| �

k2 � ω2
c and êy, êz are unit vectors in the y and z directions. The y

axis positive direction was set in the same direction of ky2, that is,
the photons coming from the oxeb laser have positive momentum,
Zky2 � Z|ky2|êy at the detector plane (The y axis positive direction
could have been set in the opposite sense. Either convention
applied consistently yields the same results). In addition to their

linear momentum, the photons are also labeled by their frequency.
Since each laser source has its own oscillation frequency, the wave-
field coming from the oxeb laser with Zky2 momentum projection,
has frequency ω2 and the wave-field coming from the cheb laser
with Zky1 momentum projection, has frequency ω1. The wave
vector projection in the transverse y direction and the
corresponding frequency are highly correlated. This so-called
photon’s labeling is similar to the temporal and spatial labeling
terminology in HOM second order interferometers [21]. However,
the frequency of each laser is not known a priori, due to the
fluctuations (albeit tiny) in the two lasers. As we shall presently see,
it is only when a set of quantum tests is performed that the relative
frequencies of the two lasers can be inferred.

2.2 QFT Description
In quantum field theory, the standard representation of two
quantized complex electric field operators with linear
polarization is Ê

(+)
1 (r) � iE(1)

1 exp(i k1 · r)â1 and
Ê
(+)
2 (r) � iE(1)

2 exp(i k2 · r)â2, where E(1)
1 , E(1)

2 are the one-
photon amplitudes and â1, â2 are the annihilation operators
for modes 1 and 2, respectively. The fields coming from each
monomode laser are adequately represented by single mode
coherent states |α1〉 and |α2〉 [22]. These quasi-classical states

FIGURE 3 | The steak camera image (left) shows negative slope interference fringes. Therefore, the oxeb laser emitted lower frequency photons that followed the
path BP. The higher frequency photons from the cheb laser followed the path AP.

FIGURE 4 | Positive slope interference fringes, the oxeb laser emitted higher frequency photons than the cheb laser. Photons from the oxeb laser followed the lower
path BP whereas photons from the cheb laser followed the upper path AP.
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are eigenstates of the annihilation operators â1|α1〉 � α1|α1〉 and
â2|α2〉 � α2|α2〉 with eigenvalues α1, α2. Since the two fields are
completely independent, their superposition is a two mode
factorizable state,
|ψ1,2−qc(t)〉 � |α1 exp(−iω1t)〉|α2 exp(−iω2t)〉. These states
allow for the factorization of the first order coherence function
[23]. The quantum photo detection probability is
w(r, t) � s〈ψ1,2−qc(t)|Ê(−)(r)Ê(+)(r)|ψ1,2−qc(t)〉, where s is the
sensitivity of the detector and the operator Ê

(−)(r) is the
Hermitian conjugate of the positive frequency part of the
electric field operator Ê

(+)(r). This expression evaluates to

w r, t( ) � s E 1( )
1 E 1( )

2( )2
α1| |2 + α2| |2 + αp

1α2 exp i k2 − k1( ) · r − ω2 − ω1( )t + φ2 − φ1( )[ ] + c.c.( ), (1)

where φ1, φ2 are independent stochastic functions with coherence
times τ1, τ2 due to the laser cavities instabilities. Recall that in this
experiment, the coherence time of each laser is somewhere above
300 ns.

The spatially dependent interference argument of the
exponential function is (k2 − k1) · r � 2�k sin θ y +△k cos θ z,
where 2�k � k1 + k2, △k � k2 − k1. The fields superposition is
observed at a detector placed at the z � z0 plane, thus the term
△k cos θ z0, only adds a constant phase shift. The phase as a
function of the transverse distance y and time is

ϕ � 2�k sin θ y +△k cos θ z0 −△ω t +△φ, (2)

where△ω �ω2 − ω1 and△φ � φ2 − φ1. When the two frequencies
are different, the constant phase surfaces evolve in both, time and
space. In contrast, wave-fronts in frequency degenerate setups
entail spatial coordinates alone. The velocity of an equal phase
plane, provided that △φ varies slowly in time and space, is

dy

dt
� △ω

2�k sin θ
. (3)

The fringes are therefore displaced in time with a slope dy
dt ,

whose sign is determined by the value of △ω.

3 EXPERIMENTAL RESULTS

Each point in the streak camera image represents a quantum test
of whether a photon arrived at position y of the streak camera
photocathode at a given time t. A streak camera image consists of
two sets of quantum tests, one in the spatial domain and another
in the temporal domain. In the y ordinate direction, electrons in
the photocathode long axis act as a set of spatially distributed
detectors. For each y position, there is another set of different
consecutive quantum tests that probe the dynamical evolution of
the quantum system ([24], p.33, p.237). This set is depicted in the
abscissas time axis. A photoelectron is emitted with 10.37%
quantum efficiency at the streak camera photocathode, if a
photon is present at (y, t) where the two photon beams
overlap. These events are amplified by the MCP and recorded
in the 1024 × 1392 � 1.425 × 106 detectors at the CCD. Thus, each
streak camera interferogram involves 106 quantum tests (order of
magnitude). The interferograms in Figures 3, 4 were registered at

50 ns/mm sweep speed with 3.4 ns temporal resolution. The
transverse spatial range is 15 mm with 70 μ resolution. The
655 ns segments obtained with the AOM modulator, where
the two CW lasers temporally overlap, exhibit high contrast
interference fringes with visibility above 70% as shown in the
figures before mentioned.

The interferogram shown in Figure 3 exhibits fringes with
negative slope. From Eq. 3, if the slope of the equal phase lines is
negative, the frequency difference△ω is negative and thus ω2 < ω1.
Therefore, in this particular exposure, the oxeb laser emitted
photons with lower energy Zω2, drawn in red in Figure 3. Each
of the photons comprising this beam have positive linear
momentum projection Zky2 in the y direction. These red
photons ineluctably followed the path BP, where B is the
position of the beam at the laser oxeb output and P is a point
in the streak camera photocathode screen. The converse is true for
the photons that constitute the cheb laser beam. These higher
energy photons drawn in blue in Figure 3, have negative linear
momentum projection −Z|ky1|êy in the y direction at the detector
plane. They followed the path AP, where A is the position of the
beam at the cheb laser output. From the time-space interferogram,
it is of course possible to evaluate the frequency difference△ω � −
19.4 MHz, although the specific value is irrelevant for the present
discussion. Notice that the diagram drawn on the right hand side of
Figure 3 is obtained from the 106 quantum tests. It is the spatial
and temporal distribution of these quantum tests that allow us to
figure out the path that the blue or red photons followed.

Although the lasers were carefully stabilized, tiny frequency
fluctuations produce quantitative and qualitative differences in
the interference patterns. The interferogram shown in Figure 4,
was acquired merely 1014 ms after the previous interferogram
shown in Figure 3. The lasers’ frequency drifted so that the
slope changed sign from one scan to the next. This was of course
not always the case for subsequent exposures, spatial frequency
and slope varied stochastically from frame to frame. For a
positive slope, the frequency difference △ω is positive and
then ω2 > ω1. Therefore, in this exposure, the oxeb laser
emitted photons with higher energy Zω2, drawn in blue in
Figure 4. Each of these higher energy photons necessarily
followed the path BP in this case. The photons emitted by
the cheb laser beam now have lower energy and followed the
path AP. In this interferogram, △ω � 54.9 MHz. Summing up
the two previous results: The fringes are displaced, as a function
of time, in the same direction of the transverse momentum
projection of the photons with higher energy. It should be
stressed that the detected photons are neither blue nor red
but photons with information from both sources given by the
quantum photo detection probability stated in Eq. 1.

In the interferogram of Figure 4, if there were some red
photons that had positive momentum but came from the lower
slit and some blue ones had negative momentum but came from
the upper slit, their interference would produce fringes with a
negative slope. However, the interferogram in Figure 4 does not
exhibit even the faintest fringes with negative slope, thus this
possibility is ruled out. Therefore, we must conclude that in either
case (ω2 > ω1 or ω2 < ω1), the trajectory of the photons is well
defined, yet a high contrast interference pattern is observed!

Frontiers in Physics | www.frontiersin.org January 2022 | Volume 9 | Article 8135655

Fernandez-Guasti and García-Guerrero Interference Between Distinguishable Photon Paths

10

https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


In contrast, consider the case where the frequencies are equal.
This degenerate frequency condition is easier to achieve
experimentally using the same laser source but it could actually
be accomplished with two laser sources with the appropriate stability
and bandwidth or a frame where the two lasers have the same
frequency within the exposure time. In this degenerate frequency
case, interference fringes have zero slope and the pattern is constant
in time as shown in Figure 5. Strictly speaking, there is no need of a
streak camera. There is no frequency labeling of the photons and it is
not possible to deduce which path they followed. Nonetheless, there
is still a momentum labeling but, due to the position-momentum
uncertainty, the sources are unresolved at the detector [25].

4 EVALUATION OF QUANTUM
UNCERTAINTIES

In order to establish the path of the photons, it is sufficient to
measure whether the fringes displacement is positive or
negative. Nevertheless, it is reassuring to confirm that the
actual numerical values of the measurements do not violate
an uncertainty relationship, nor are they buried below the
quantum noise.

The number of photons Φph per unit time is given by the
power Φ over the energy per photon Zωℓ. The power of each
laser is 50 mW but losses due to off optimal temperature
operation and beam steering reduces the power roughly by a
factor of 5. For a 10 mW average power with angular frequency
ωℓ � 3.54 × 1015Hz, the average number of photons per
nanosecond is Φph � Φ

Zωℓ
� 2.68 × 107photons · ns−1. The δx �

15 μ horizontal entrance slit reduces the power by a factor of
approximately 10−3 and the QE of the photodetector by 1.037 ×
10−1. The average number of photons detected per nanosecond
is then Φph � 2.68 × 103photons ns−1. The standard deviation
in the number of photons is thus					
〈Nℓ〉

√ �
				
Φph

√
� 									

2.68 × 103
√ � 51.7. The phase uncertainty

in the standard quantum limit (SQL) [26] in one nanosecond
is then approximately

△ϕSQL �
1

2
					
〈Nℓ〉

√ � 9.66 × 10−3 ≈ 10−2radians. (4)

This value of the SQL establishes the minimum achievable
uncertainty in the phase of each photon beam at the detector. On
the other hand, let us assess the measurement error in the
interference pattern produced by the two sources. From
Figure 6, the distance between maxima is △ymax � 1.88 ±

FIGURE 5 | Zero slope interference fringes. Photons are no longer frequency distinguished.

FIGURE 6 |Region of interferogram shown in Figure 4, limited to small range in t but the whole range in y. (A)Rectangle width is 0.7 ns (width is over sized in image
for clarity), height encompasses the entire y range; (B) Plot of spatial profile averaged over △t � 0.7 ns (Optoanalyze v3.71).
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0.023 mm. The main error coming from the instrumental
resolution in the y direction. The spatial resolution between
maxima located 1.88 mm apart, due to the sources phase
uncertainty △ϕSQL per nanosecond is 3 μm. The spatial
frequency measurement uncertainty due to the interference of
the two photon beams is thus about 8 times larger than the SQL of
each laser source.

The fringes observed in the various interferograms presented
in the paper follow straight lines, thus their slope is constant as
predicted by Eq. 3. Figure 7, reproduces the positive slope
interference fringes, (where the oxeb laser emits higher
frequency photons than the cheb laser) together with a
straight line fit. Therefore the lasers relative phase fluctuation
△φ must be constant (or at most linear in time) during the ≈
603 ns where there is temporal overlap of the two beams.
Frequency fluctuations are thus smaller than the long term
average △] � 3 MHz laser bandwidth in the μs timescale. For
short detection times, the laser cavity fluctuations are ’frozen’ and
the lasers bandwidth approaches the Schawlow-Townes quantum
limit, △]laser � 4πZω

τ2cavP
[27]. For these Nd:YAG monomode laser

systems, the quantum limit bandwidth is of the order of a
few kHz.

The existence of an energy-time uncertainty relation in
quantum mechanics has been subject to much debate [28, 29].
Due to the lack of a self-adjoint time operator, there is formally no
quantum uncertainty relationship of time with any other
dynamical variable [30], in particular an uncertainty
relationship with energy or linear momentum. Nonetheless,
time and frequency are, of course, Fourier transform conjugate
variables subject to the inequality, δt δω≥ 1

2 for Gaussian pulses
based on the mean square deviation ([31], p.623). For example,
the beat frequency (△ω � 54.9 MHz) in the interferogram shown
in Figure 7, is obtained from the measurement during the beam’s
temporal overlap of δt � 603 ns. The frequency resolution is thus
at most, δω≥ 1/(2δt) � 0.83MHz. In quantum parlance, photons
in different modes are distinguishable if the detection time is
longer than the inverse of the modes frequency separation.

Photons in modes separated by △ω � 54.9 MHz are
distinguishable if they are detected in times longer than 1/△ω
≈ 18 ns. This time is considerably larger than the photolelectric
response time [32] and the uncertainty in the time axis for a single
temporal event. Nonetheless, the detection is performed in
successive time measurements over a time span larger than
603 ns.

In the limit of macroscopic fields and small quantum
fluctuations, the photon number Nℓ and phase ϕℓ fluctuations
(ℓ � 1, 2), look like complementary variables in the usual sense of
quantum mechanics △Nℓ△ϕ

ℓ
≥ 1

2 [22]. For minimum
uncertainty states and in particular for coherent states, the
equality is fulfilled because fluctuations are proportional to the
square root of the average number of particles in a Poisson
distribution,

△ϕ
ℓ
� 1
2

					
〈Nℓ〉

√ . (5)

The time-space interferograms shown here nicely depict
the trend of this behavior. For a few scattered dots, 〈Nℓ〉 is
small and constant phase lines are difficult to establish.
However, as the number of events (dots) increase, the
equal-phase lines become better delineated and the
uncertainty in their slope is thus reduced. The number of
detected events Nℓ can be varied, either by attenuation of the
sources or by evaluation of a limited portion of the
interferometric frame. In the latter case, if the slope is
evaluated from a partial region of the image, the number of
dots is smaller and the uncertainty in the phase and therefore
in the fringes slope, becomes larger.

5 EXPERIMENTAL RATIONALE

Many which-path experiments have been tried out: “A succession
of suggestions for more and more ingenious experiments has
failed to provide any method for simultaneous fringe and path
observations”[33]. So called welcher weg experiments were even
proposed by eminent physicists, Einstein and Feynman amongst
them ([34], Sec.1.1.3). However, even in the thought experiments,
monitoring the path introduces an uncertainty that disrupts the
interference pattern. The less disruptive probes implemented so
far involve weak measurements that provide fuzzy quantum
information [35, 36]. We shall say more about this approach
in the following lines. Our setup, was designed to study the
dynamics of decoherence, it was not intended to undertake a
which-path problem; The before mentioned facts being enough to
deter almost anyone from doing so. Nonetheless, we should also
mention that previous interference experiments with photons of
different energy were already indicative of a well known
frequency going to a specific slit [37, 38].

Why then does this experiment succeed in the measurement of
path knowledge without destroying the interference pattern?
From our understanding, there are three reasons:

1. The path information is obtained from measurements at the
interference detection plane.

FIGURE 7 | Straight line superimposed on the interference fringes
shown in Figure 4.
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a. The trajectory is in no way perturbed since the path
detection is not performed in mid trajectory but at the
end plane where the fringes are observed. The Englert
inequality establishes that for a given fringe visibility
there is an upper bound on the amount of information
that can be stored in a which-way detector (WWD) [39].
Englert inequality is derived assuming that the WWD’s are
placed somewhere in the way between the two alternative
trajectories before the photon beams overlap. Here, the
photocathode plays the role of the WWD’s; However, it is
placed at the interference plane where the beams overlap
but not before.

b. Recall that no information can be obtained without
disturbing a quantum system [40]. In the present
experiment, photons are destroyed when detected at the
streak camera photo-cathode where information is
extracted, thus Busch theorem is not violated. Our
measurement is not a weak measurement. On the
contrary, each of the 106 quantum tests of a given frame,
destroy the photons involved in each test. The system is
destroyed, that is completely disturbed, by the measurement.

2. The fringes slope in the time-space coordinates is the decisive
parameter in order to establish the photons path.
a. It is necessary to accumulate a sufficiently large number of

photons in order to produce a fringe pattern. Whether this
pattern is obtained by intense or attenuated beam
exposures does not alter the statistics of the laser light
and are thus entirely equivalent [4]. It does not make sense
to ask whether a single photon produces a fringe pattern. At
least two dots are needed to draw a line, and if the position
uncertainty of the photons (dots) is large, many dots are
required to draw a line with some confidence. Nonetheless,
the collection of measurements gives information about
each trial even to the point of stating that “Each photon
then interferes only with itself” ([41], p.9). In an analogous
fashion, the trajectory of the photons is revealed here from
the measurement of a large number of events. Nonetheless,
information about the trajectory of each photon is
obtained.

b. Successive time measurements of the fringe pattern are
recorded. This scheme follows the rationale of quantum
measurements distributed in time where the path-integral
formulation is particularly well suited to describe time
dependent experiments [42]. Feynman’s rules for
combining probability amplitudes depend on whether
intermediate states are measured [43]. In the present
experiment no intermediate state is measured.
Nonetheless, information about intermediate states is
obtained from measurements at a succession of final
states.

3. Photons need to be frequency labeled.

As a rule, photons need to be doubly labeled with tags that are
not conjugate variables. In this experiment, labels are “photon
linear momentum projection in the y axis” and “photon energy”
or quantities derived thereof. Thus determination of one of them
does not obstruct the determination of the other. One label, in this

case its frequency, distinguishes the type of photon; while the
other, describes its momentum that ultimately establishes the
path that it followed.

Regarding point 2a, it could be argued that only the average
behavior of the system is being probed. However, this is not the
case. In the prevailing Copenhagen view of quantum mechanics,
or its modern quantum Bayesian version, the theory is
intrinsically probabilistic. A prediction can only be related to
observation in an statistical way given by Born’s rule. The larger
the number of measured events, the sharper the measured
property (within the uncertainty principle if complementary
variables are involved). From the measurement of a large
number of independent events, it is possible to infer certain
properties of each event. The fundamental reason being that
events independence imply that each event is not altered in any
way by the other events.

The uncertainty principle has been stated as “Any
determination of the alternative taken by a process capable of
following more than one alternative destroys the interference
between alternatives” ([44], 1−2, p.9). This assertion by Feynman
and coauthors is certainly compromised by the present results.
However, they do not contradict the uncertainty principle.
Heisenberg’s uncertainty principle is, strictly speaking, related
to the uncertainty between conjugate variables, that is, operators
that do not commute [24]. In Section 4, we have shown that the
present experimental results are in full accordance with quantum
uncertainties.

6 ONTOLOGY AND DISCUSSION

6.1 Which Way Query
In order to clarify the delicate conceptual difference of the which
path query, let us pose two questions that are seemingly the same
but have different answers:

• Do the experimental results reveal which path each photon
followed?

The answer is YES. Let the outcome of the 106 quantum tests
be positive slope fringes. Then, in the experimental layout that has
been presented, each red photon came through A and each blue
photon came through B. The path that each photon followed is
known, yet, an interference pattern is observed. The interference
pattern is built up by the accumulation single photon events. The
certainty of the assertion depends on the visibility of the
interference fringes, and these in turn, depend on the number
of quantum events (and of course, the appropriate experimental
arrangement with truly independent but stable enough sources).

• Do the experimental results reveal which path did a detected
photon (a white speck on the screen) followed?

The answer is NO. When we refer to “this” photon that
impinged on the screen, it is not known whether it is a red or
a blue photon or even a redblue photon. In order to specify which
way it followed, the color must be known but we only detect a
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white speck regardless of the photon frequency. Thus interference
is observed but the detected photon path is unknown.

The subtle but fundamental difference between these two
queries is that the former question does not involve the
category of the detected entity. In contrast, the detected entity
is at the core of the latter question.

6.2 Detected Photons
A closely related but different question is the nature of the
detected photons. Before embarking onto it, we should be
aware of the tacit assumption that photons are considered to
exist as an indivisible lump of electromagnetic energy or at least
provide the best description we have so far of the EM fields. To
some extent, this is a matter, as Prof. Penrose puts it, of quantum
faith [45]. A faith not exempt of support and vast evidence
considering the overwhelming success of quantum field theory.
For this reason, the alternatives mentioned here below do not
admit the possibility of a detector (say an atom) absorbing part of
one photon and part of another photon, for this would destroy the
photon concept altogether.

Two alternatives are envisaged regarding the nature of each
detected photon:

1) Detected photons are either blue or red. One possibility is to
consider that a detected photon is either blue or red but its
frequency cannot be known if interference occurs. An asset of
this approach is that the entities “red photon” or “blue photon”
retain their identity. Thus, the photon concept remains a good
concept, in the sense of good quantum numbers. However, this
view has the major problem that there is then no superposition
of the disturbances, but it is superposition that produces the
interference phenomenon. A thought experiment has been
proposed before, involving frequency sensitive photo
detectors with different predictions for the expected outcome
([37], App. A). It has also been stressed that superposition
actually takes place only in the presence of charges that respond
to the superimposed fields [46].

2) Detected photons bear information of both frequencies
(mainstream view). The other possibility is to consider that
a detected photon within the interference region has
information on both laser fields as expounded by Paul ([47],
p.221). In the present experiment, it must bear information of
both frequencies according to the superposition described in
Subsection 2.2. The difficulty with this view is that a photon
cannot give part of it to another photon because it would then
loose its entity. Somehow, it has to give information to the
other photon while retaining its photon identity. Photons
cannot be conceived like classical particles. What is more,
photons cannot even be conceived like other quantum
material particles because, in general, there is no
mathematical object that represents a photon

wavefunction [48]. The photon notion arises naturally
in number states as the elementary energy unit Zω.
Number states are eigenstates of the Hamiltonian but
their phase is random. In order to observe first order
interference, a well defined phase, up to uncertainty
limitations, is required. Single mode coherent states
exhibit a well defined phase but are not eigenstates of
the Hamiltonian. Their energy is not well defined due to
the uncertainty in photon number but, being single mode
states, the energy per photon is fixed. As mentioned by
Paul ([47], p.221), in the detection process, “an energy
packet h] is taken from the superposition field to which
both lasers contribute equally, and hence it is only
natural that this photon bears information on both laser
fields.”

6.3 Final Remark
According to the present results, the which way assertion
should be refined in order to have an unambiguous
meaning: The path that each photon followed, in a non-
degenerate frequency scheme, whether red or blue, can be
known without destroying the interference pattern. In this
formulation of the statement, the slit that each photon
passed through is known, but it is not known to which
detected spot it corresponds. Another, equally correct
formulation is that, within the interference region, the path
of a detected photon cannot be traced back. That is, if
interference occurs, it is not possible to assert the path
followed by a photon detected on the screen.
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Identification of Diffracted Vortex
Beams at Different Propagation
Distances Using Deep Learning
Heng Lv1†, Yan Guo1†, Zi-Xiang Yang1, Chunling Ding1, Wu-Hao Cai1, Chenglong You2* and
Rui-Bo Jin1,3*

1Hubei Key Laboratory of Optical Information and Pattern Recognition, Wuhan Institute of Technology, Wuhan, China, 2Quantum
Photonics Laboratory, Department of Physics and Astronomy, Louisiana State University, Baton Rouge, LA, United States,
3Guangdong Provincial Key Laboratory of Quantum Science and Engineering, Southern University of Science and Technology,
Shenzhen, China

The Orbital angular momentum (OAM) of light is regarded as a valuable resource in
quantum technology, especially in quantum communication and quantum sensing and
ranging. However, the OAM state of light is susceptible to undesirable experimental
conditions such as propagation distance and phase distortions, which hinders the
potential for the realistic implementation of relevant technologies. In this article, we
exploit an enhanced deep learning neural network to identify different OAM modes of
light at multiple propagation distances with phase distortions. Specifically, our trained deep
learning neural network can efficiently identify the vortex beam’s topological charge and
propagation distance with 97% accuracy. Our technique has important implications for
OAM based communication and sensing protocols.

Keywords: deep learning, vortex beams, orbital angular momentum, propagation, diffraction

INTRODUCTION

Vortex beam generally refers to the phase vortex beam, which has a spiral wavefront, a phase
singularity in the center of the beam, and ring-shaped intensity distribution [1, 2]. The beam
with orbital angular momentum (OAM) has the phase term eiℓϕ in the complex amplitude
equation, where ϕ is the azimuthal angle and ℓ is the angular quantum number or topological
charge. OAM is an inherent characteristic of vortex beam photons, and each photon carries
OAM, which is ℓZ [3, 4]. Due to the high-dimensional characteristics of the photon OAM, it is
utilized in applications such as optical tweezers [5, 6], micromanipulation [7, 8], angular velocity
sensing [9], quantum information [10–13], quantum computing [14–17], optical
communications [18–22] and quantum cryptography [23]. Once the value of ℓ is identified,
the orbital angular momentum can be calculated, allowing the features of the vortex beam to be
determined. Unfortunately, the vortex beam will diffract during propagation, and its spatial
profile will be easily distorted in a real-world environment [24]. Detrimentally, the information
encoded in the structured beam can be destroyed by random phase distortions [25–27] and
diffraction effects, resulting in mode loss and mode cross-talk [28, 29]. As a result, capturing the
vortex beam and identifying its information using equipment such as a charge coupled device
(CCD) camera or a complementary metal oxide semiconductor (CMOS) camera is difficult [30].
Hitherto, the traditional methods of identifying vortex beams have included methods such as the
interferometer method, plane wave interferometry, and triangular aperture diffraction
measurement, to name a few [31–34]. These traditional methods are much more challenging
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due to the need for more equipment, as well as complicated
data analysis process. In addition, some of these methods can
only identify specific vortex beams [35]. Moreover, the
accuracy of these methods will be greatly reduced when
turbulence is considered. These aforementioned factors have
significantly hampered the performance of communication,
cryptography, and remote sensing. As a result, identifying
OAM efficiently and correctly while accounting for
diffraction and turbulence is a critical and unresolved
challenge.

In recent years, methods such as deep learning algorithms [36]
and transfer learning [37] have considerably increased the accuracy
of automatic image recognition [38, 39]. A significant number of
recent articles have proved the potential of artificial neural
networks for efficient pattern recognition and spatial mode
identification [40–42], and its accuracy is far superior to some
traditional identification detectionmethods [43–45]. However, due
to the complex diffraction effect in the OAM propagation process,
there is little relevant work in the identification of the propagation
distance value. In the related research, the propagation distance of
the vortex beam ranges from the order of centimeters to the order
of kilometers, and it is used as a known parameter [46, 47].
Different propagation distance z will drastically change the size
of the central aperture of the vortex beam. As a result, it remains
difficult to identify the z value using only the intensity pattern.
Additionally, changing the value of topological charge ℓ also
changes the size of the central aperture, making the
identification task more challenging. Finally, turbulence in real-
world applications exacerbates the difficulty of such an
identification task [48].

In this report, we take advantage of the deep learning
algorithm to identify vortex beams and their propagation
distances while considering the effects of undesired turbulence.
Through theoretical simulations and experiments, we generated
vortex beams with different propagation distances and
topological charges. In addition, using the transfer learning
method, we designed a deep learning model to classify vortex
beams. For the first time, our approach utilizes artificial
intelligence to simultaneously identify the propagation distance
and topological charge of a vortex beam under turbulence’s
effects. Our research enables the encoding of vortex beams
with different propagation distances. As a result, the vortex
beam propagation distance may become a new encoding
variable. With the improvement of the accuracy of distance
recognition, it is even possible to realize precise distance
measurement based on the intensity of vortex beams. Our
research opens up a new direction for OAM communication
and has great significance in OAM based sensing.

THEORY AND METHODS

Generation of the Vortex Beam
The fundamental beam used to produce the vortex beam is a
Gaussian beam. By applying a phase mask on the spatial light
modulator (SLM), the beam amplitude on the plane of SLM
becomes [49]:

E1 r, θ( ) � exp − r
2

ω2
0

( )exp −iℓθ( ), (1)

where ℓ is the topological charge, ω0 is the Gaussian beam waist, r
and θ are radial and azimuthal coordinates, respectively.

Within the framework of paraxial approximation, the field
distribution of E1 (r, θ) after propagation can be calculated using
the Collins integral equation [50]:

E2 r1, θ1, z( ) � i

λB
exp −ikz( )∫

2π

0

∫
∞

0

E1 r, θ( )

× exp − ik

2B
Ar2 − 2rr1 cos θ1 − θ( ) +Dr21( )[ ]rdrdθ,

(2)
where r1 and θ1 are radial and azimuthal coordinates in the
output plane, z is the propagation distance, and k = 2π/λ is the
wave number with λ being the wavelength. The ABCD transfer
matrix of light propagation in free space of distant z is

A B
C D

( ) � 1 z
0 1

( ). (3)

By inserting Eq. 1 and Eq. 3 into Eq. 2, we can obtain the beam
amplitude as

E2 r1, θ1, z( ) � iℓ+1π
λz

exp −ikz( )exp −ikr
2
1

2z
( )exp −iℓθ1( )

bℓ1

ε
1+ ℓ

2
1

Γ ℓ

2 + 1( )
Γ ℓ + 1( )1F1

ℓ + 2
2

, ℓ + 1,−b
2
1

ε1
( ).

(4)

Eq. 4 represents the hypergeometric Gaussian mode. 1F1 (α, β, z)
is a confluent hypergeometric function, Γ(n) is the Gamma
function, b1 and ε1 are defined as:

b1 � kr1
2z

, ε1 � 1
ω2
0

+ ik

2z
. (5)

Based on the above calculations, we can obtain transverse
intensity images of vortex beam with different values of ℓ after
propagating different distances z.

In actual communication, turbulence can lead to phase
distortion of optical mode spatial distribution. Therefore, in
our experiment, we use the Kolmogorov model with Von
Karman spectrum of turbulence to simulate the atmospheric
turbulence in SLM to achieve a distorted communication
mode [51, 52]. The degree of distortion is quantified by the
Fried’s parameter r0. The expression of the turbulence phase
mask we added on the SLM is [42]:

Φ x, y( ) � R F −1 MNN

�������
ϕNN κ( )

√( ){ }, (6)

with ϕNN(κ) � 0.023r−5/30 (κ2 + κ20)−11/6e−κ2/κ2m and the Fried’s
parameter r0 � (0.423k2C2

nz)−3/5. The symbol R represents the
real part of the complex field, and F −1 indicates the inverse
Fourier transform operation. In addition, κ, κ0, and MNN

represent the spatial frequency, the central spatial frequency,
and encoded random matrix, respectively. C2

n is the standard
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refractive index, which is a constant representing the turbulence
intensity.

After the turbulence term is added to the original phase mask
and loaded on the SLM, beam amplitude on the plane of SLM
becomes

E1′ r, θ( ) � E1 r, θ( )exp iΦ x, y( )[ ]. (7)
By substituting Eq. 7 into Eq. 2, we can numerically obtain the
field distribution of the turbulence distorted E2′(r1, θ1, z) after
propagation.

The experimental setup and the deep learning model are
shown in Figure 1. In our experiment, the vortex beams are
generated by using an SLM and computer-generated holograms.
Utilizing the first-diffraction order of SLM, we can obtain the
vortex beam of arbitrary topological charge. A laser beam from a
He-Ne laser (wavelength of 632.8 nm) is coupled into a single-
mode fiber for spatial mode cleaning. A half-wave plate (HWP)
and a quarter-wave plate (QWP) are employed to adjust the
polarization of the laser beam at the output port of the fiber. An
objective lens (magnification of 10× and an effective focal length
of 17 mm) is used to collimate the light from the fiber, and the
beam waist after collimation is around 2 mm. By loading a
computer-generated phase hologram onto the SLM, a
Gaussian beam is converted into a vortex beam. In order to
simulate the turbulence in an atmosphere transmission process,
we can add an additional turbulence phase to the hologram.
Finally, a CCD camera is used to collect the intensity images of
the vortex beam, and the transmission distance is controlled by

changing the distance between the CCD and the SLM. The images
collected by the CCD are sent to a computer for training. Each
training set, validation set, and test set contain 86, 10, and 10
images (360 × 360 pixels), in which the value of ℓ ranges from 1 to
5, and the propagation distance z ranges from 40 to 100 cm with a
step of 5 cm. Totally, there are 86 × 5 × 13 = 5590 images for the
training set and 10 × 5 × 13 = 650 images for the validation set and
test set.

The Deep Learning Algorithm
The lower panel of Figure 1 shows our customized deep learning
algorithm model. Our model is a transfer learning network based
on the ResNet-101 network design [53]. Since our obtained
images have a high degree of similarity, the neural network
must have enough depth to extract image features. Therefore,
we adopt the CNN architecture and retrain the ResNet-101 deep
learning model rather than the shallow neural networks model.
More specifically, the top layer is removed from the original
ResNet-101. Moreover, a global max pooling layer with a node
count of 2048 is used to reduce the parameters to increase the
calculation speed. Following that, a dropout layer is added to
remove some parameters randomly to minimize over-fitting, and
then we use a fully connected (FC) layer to connect the local
features. Another dropout layer and an FC layer are added to
lower the number of nodes from 1024 to 65. Finally, a softmax
layer is applied for a 65 classification probability output.

To train and test the deep learning model, we utilize a
computer with an Intel(R) Core(TM) i5-7300HQ CPU
@2.5 GHz and an Nvidia GeForce GTX 1050 Ti GPU with

FIGURE 1 | The experimental setup (upper panel) and our customized deep learning algorithm (lower panel). We perform the experiment using a collimated He-Ne
laser beam. The vortex beam is generated using an SLM with the computer-generated hologram. Finally, the intensity images are collected by a CCD and used for
training and testing. Our deep learning network consists of the unaltered ResNet-101 bottom layer and our redesigned top layer.
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4 GB of video memory. We use an adaptive moment estimation
(Adam) optimizer throughout the algorithm [54]. In our deep
learning model, we also used the transfer learning technique
(TLT) [55], which has two benefits. Firstly, it is highly efficient;
for example, tasks that originally required months of training
without TLT can be reduced to a few hours. The second merit of
TLT is that less data is needed. This is because transfer learning
requires the use of a pre-trainedmodel, which allows us to achieve
accurate recognition results with fewer datasets [56]. Generally
speaking, only hundreds or thousands of training images (instead
of tens of thousands or even millions of images) are enough to
achieve good training results [57, 58]. Finally, the training results
in each epoch are evaluated by the categorical cross-entropy loss
function [59] which is given by

Loss � −∑n
i�1

ŷi1 lnyi1 + ŷi2 lnyi2 +/ + ŷim lnyim( ), (8)

where n is the number of samples, m is the number of
classifications, ŷim indicates that the true label (with the value
of 0 or 1), and yim is the predicted value of the mth class given by
the neural network.

RESULTS AND DISCUSSION

Figure 2 shows the spatial profiles of vortex beams with different
propagation distances z and topological charges ℓ obtained from
experiments and simulations. Figure 2A shows the vortex beams
without turbulence, and Figure 2B depicts vortex beams affected
by turbulence. The first and third rows depict the spatial profiles
of the vortex beams acquired in the experiment, while the second
and fourth rows depict the simulated ones under identical
conditions. For simplicity, we define the first aperture in the

center as the “center aperture” and other outer apertures as the
“diffraction apertures”. For a fixed value of ℓ, the size of the
central aperture becomes larger as the propagation distance z
value increases. At the same time, for a fixed propagation distance
z, the size of the central aperture also increases as the value of ℓ
increases. From Figure 2, we can observe that the spatial profiles
obtained from the experiment match well with our simulations,
therefore validating our theoretical model of the experiment. By
comparing the experimental and theoretical images of ℓ = 4 and
z = 100 cm, we can notice that the central aperture in the
experimental image is not distributed uniformly. This effect is
due to the slight misalignment of the collimated beam to the
center of the SLM. As a result, the brightness and shape of the
center aperture can vary slightly. This kind of deviation is also
included, in order to increase the diversities of the training data.
We will show later that, even with such deviations, the training
results remain excellent.

There are many situations where the size of the central
aperture is comparable for vortex beams with different ℓ and
propagation distance z. This particular effect makes the
simultaneous identification of ℓ and z difficult. For example,
by comparing the theoretical image of ℓ = 3 and z = 70 cm (second
row, second column), and the image of ℓ = 4 and z = 50 cm
(fourth row, first column) in Figure 2A, we can notice that the
sizes of the center aperture are similar, making it difficult to
distinguish between these two modes. In this case, the difference
of the diffraction apertures provides the best characteristic value
to distinguish them. More intuitively, Figure 3 shows the cross-
sectional view of the intensity for these two beams at y = 0. It is
clear that the distance between the two main peaks in Figure 3A
and Figure 3B is almost the same. However, Figure 3A has 4 side
lobes in the diffraction apertures, while Figure 3B has 6 side lobes
in the diffraction apertures. This subtle difference makes it
possible to distinguish these two cases. Finally, we note that in

FIGURE 2 | The spatial profiles of different vortex beams. We show the experimentally measured images and simulated images for different topological charges ℓ
and different propagation distances z, without turbulence in (A) and with turbulence in (B). The first and third rows are the images acquired from the experiment, and the
second and fourth rows represent the theoretically simulated images.
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Figure 3 the diffraction apertures in the region of |x| > 2.2 mm (in
black) usually cannot be well captured by a CCD in the
experiment, due to low light intensity and limited resolution
of the CCD.

In practical communication applications, the spatial profile of
the vortex beam might be distorted due to atmospheric
turbulence, underwater turbulence, or other adverse
circumstances. Therefore, the turbulence should be taken into

FIGURE 3 | The cross-sectional view of the intensity images at y = 0 for (A) ℓ = 3, z = 70 cm and (B) ℓ = 4, z = 50 cm. The size of the central apertures is comparable
in both images. However, the number of side lobes in the diffractive apertures is different. This subtle feature enables us to distinguish these two cases.

FIGURE 4 | The accuracy and confusion matrix of our trained deep learning algorithm. (A) The accuracy of the training set and the validation set versus the epochs.
The accuracy of up to 97% is achieved in identifying vortex beams with different ℓ values and different z values after 90 epochs. All shaded areas correspond to the
standard deviation of accuracy. All classification results have been tested and verified, and some test results are shown here. (B) The normalized confusion matrix
between the predicted propagation distance and the true propagation distance for ℓ = 3. (C) Normalized confusion matrix between predicted ℓ values, predicted
propagation distance and true ℓ values, true propagation distance.
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account for the propagation of the vortex beam. Figure 2B shows
the typical simulated and experimental diagrams with turbulence.
In these theoretical (the second and fourth rows) and experimental
(the first and third rows) data, a turbulence intensity parameter of
C2
n � 5 × 10−10 mm−2/3 is utilized. In these data sets, we also take

into account the fact that light might not be precisely incident on
the center of the SLM plane. It can be noticed that the turbulence
created huge distortions on the vortex beam’s center aperture and
diffraction apertures. For deep learning training, we gathered 1040
distorted light intensity images.

To show the performance of our deep learning network, we
plot the accuracy as a function of the training epochs in
Figure 4A. We can see that after 90 training epochs, the
accuracy is higher than 92% for the training set, while the
accuracy of the validation set is greater than 97%. Since we
added regularization and dropout operations during the
training process. These operations will be automatically closed
during the verification process, causing the accuracy of the
validation set to be higher than the accuracy of the training
set. A high validation accuracy of 97% indicates that our approach
provides a powerful way to identify the vortex beams with
different ℓ values and different z values, even under a
turbulent environment. Finally, we note that the number of
epochs required for convergence depends on multiple factors,
including the number of cases of different vortex beams
propagated and the degree of turbulence.

To show our results more comprehensibly, we calculated the
normalized confusion matrix for different ℓ and z. Figure 4B
shows a typical normalized confusion matrix from ℓ = 3, z =
40 cm to ℓ = 3, z = 100 cm. Figure 4C shows the normalized
confusion matrix from ℓ = 1, z = 40 cm to ℓ = 5, z = 45 cm. The
true propagation distance and the predicted propagation distance
given by our deep learning algorithm are basically on a diagonal
line. The result means almost all OAM modes and propagation
distances tested are correctly identified, only two images with ℓ =
3, z = 80 cm are predicted to be ℓ = 3, z = 75 cm in Figure 4B, and
only two images with ℓ = 2, z = 40 cm are predicted to be ℓ = 2, z =
45 cm in Figure 4C.

Finally, we want to emphasize that using classical methods
(e.g., interferometer) to analyze the distorted intensity images in
Figure 2B is quite challenging. However, according to training
and test results, our deep learning model can accurately identify
vortex beams with varying topological charges and propagation
distances even under the influence of severe turbulence. This
demonstrates that our approach has a high level of robustness and
is very useful for practical applications. We note that our
approach can be adapted to identify larger ℓ value with longer
and more accurate transmission distance. However, due to the
limitation of our equipment, such as the resolution of SLM and
CCD, as well as the experimental error caused by the laboratory
environment, we limit the size of our topological charges and the
length of the propagation distance. We believe our designed deep
learning neural network does not fundamentally limit the
recognition accuracy, and its potential is far from being
reached. Moreover, our scheme can be adapted to many
vortex beam related applications. For instance, we can adapt
our work to consider multiple types of vortex beams, and even the

combination of them. Furthermore, the accurate identification of
the propagation distance might be a novel technique for sensing
related applications. Last but not least, our approach can be
applied to free-space OAM communication, especially the
demodulation system, to increase the robustness of the
communication. We expect that by combining the unique
characteristics of vortex beams with the advantages of the
deep learning algorithm, more breakthroughs in vortex beams
research can be made in the future.

CONCLUSION

Vortex beams have enormous potential due to their versatility and
virtually unlimited quantum information resources. However, these
beams are highly susceptible to undesirable experimental conditions
such as propagation distance and phase distortions. In our work, we
exploit the deep learning algorithm to identify a vortex beam’s
topological charge and propagation distance. Specifically, we focus
on vortex beam with topological charge ℓ from 1 to 5, and the
propagation distance z ranges from 40 to 100 cm. Additionally, we
consider the effect of turbulence-induced in the propagation of the
beam. We experimentally demonstrated that our customized deep
learning algorithm could accurately identify the propagation distance
and topological charge. Our work has important implications for the
realistic implementation of OAM-based optical communications and
sensing protocols in a turbulent environment.
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Polarization-Entangled Two-Photon
Absorption in Inhomogeneously
Broadened Ensembles
Frank Schlawin1,2*

1Max Planck Institute for the Structure and Dynamics of Matter, Hamburg, Germany, 2The Hamburg Centre for Ultrafast Imaging,
Hamburg, Germany

Entangled photons are promising candidates for a variety of novel spectroscopic
applications. In this paper, we simulate two-photon absorption (TPA) of entangled
photons in a molecular ensemble with inhomogeneous broadening. We compare our
results with a homogeneously broadened case and comment on the consequences for the
possible quantum enhancement of TPA cross sections. We find that, while there are
differences in the TPA cross section, this difference always remains small and of the order
unity. We further consider the impact of the polarization degrees of freedom and carry out
the orientational average of a model system Hamiltonian. We find that certain molecular
geometries can give rise to a substantial polarization dependence of the entangled TPA
rate. This effect can increase the TPA cross section by up to a factor of five.

Keywords: entangled photons, two-photon absorption, quantum correlations, inhomogeneous broadening,
polarization entanglement

1 INTRODUCTION

Entangled photons have been identified as promising new tools for spectroscopic or imaging
applications [1–7]. Their strong quantum correlations could circumvent certain classical Fourier
uncertainties and thus enhance the sensing capabilities of optical measurements [8–16]. The
detection of quantum correlations could also provide new spectroscopic information [17–25],
and the use of quantum light in interferometric setups promises additional control knobs to analyze
spectroscopic information [26–29] as well as access to out-of-time correlations [30]. The main
driving force behind this development of entangled photon spectroscopy, however, is the linear
scaling of nonlinear optical signals such as the two-photon absorption (TPA) rate with the incident
photon flux [31–34], which could enable measurements on photosensitive samples at reduced
photon numbers. This linear scaling has been observed conclusively in atomic samples [33, 35, 36].
Similar experiments in molecular samples, however, have resulted in widely differing estimates for
the entangled two-photon absorption (ETPA) cross section σe [37–47]. The reported values range
from σe ~ 10–17 cm2 [37] or 10–21 cm2 [43] to ≤ 10−23 cm2 [46, 47].

In theoretical work, recent analyses predict a very small enhancement of the ETPA cross section
due to spectral entanglement [48, 49]. The key assumption in these publications is that molecular
resonances are broadened much more strongly than their atomic counterparts. As a consequence,
spectral quantum correlations cannot enhance the absorption probability in the same way as in
atomic samples. This would imply that the large absorption cross sections mentioned above cannot
be explained by ETPA, and have to be attributed to other processes that remain to be clarified. In
contrast, another study by Kan et al. alleges that ETPA takes place into final states with much weaker
broadening [50], such that large enhancements due to quantum correlations become possible. Here
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we investigate whether these two scenarios can give rise to vastly
different absorption cross sections. In particular, we consider
ETPA in an ensemble of inhomogeneously broadened molecules,
where sharp absorption resonances are distributed randomly
within a certain frequency distribution (see Figure 2). This
enables us to interpolate between these two scenarios
mentioned above. We will investigate whether strongly
enhanced absorption in a subset of molecules that can be
excited resonantly can overcompensate the reduced absorption
probabilities in the remaining molecules.

In addition, we will scrutinize the impact of the polarization
degrees of freedom on the ETPA cross section. By carrying out an
orientational average of the molecular dipoles, we will explore
how the relative orientation of the two dipoles affects the ETPA
process. A recent study [43] detected no discernible dependence
on the photon polarization. Here we show that this is true only for
certain molecular dipole orientations.

2 THE MODEL

We consider the interaction of broadband entangled photons
with matter. For a quantum light field propagating in a fixed
spatial direction (without loss of generality, we here consider the
z-direction), the electric field operator in the interaction picture
with respect to the field Hamiltonian reads [51]

E z, t( ) � E +( ) z, t( ) + E −( ) z, t( ), (1)
with the positive frequency component

E +( ) z, t( ) � i ∑
]�1,2

ê]∫ ∞

0

dω

2π

������
Zω

2ϵ0nA0

√
eiω z/c−t( )a] ω( ) (2)

� ∑
]�1,2

ê]E
+( )
] z, t( ) (3)

and E(−) its hermitian conjugate. Here, ϵ0 denotes the vacuum
permittivity, and A0 is the quantization area perpendicular to the
propagation direction of the field. The photon annihilation and
creation operators obey the usual permutation relations
[a](]), a†]′(ω′)] � 2πδ],]′δ(ω − ω′). The polarization vector ê]
distinguishes horizontal or vertical polarization. In the second
line, we define the scalar fields E]. In the following, we will
consider a sample, which is placed at the origin of our coordinate
system and set z = 0.

We will investigate the ETPA probability of a multilevel
system with ground state g, an off-resonant intermediate states
e, and a final state f. This is shown in Figure 1. The probability to
excite the final state f can be derived with perturbation theory
with respect to the light-matter interaction Hamiltonian, which
reads within the rotating-wave approximation for a sample
placed at the origin of our coordinate system

Hint � E +( ) t( ) · V −( ) t( ) + h.c. (4)
Here,V(−)(t) denotes the negative frequency component of the

dipole operator, i.e. it creates a molecular excitation, and we have
dropped the spatial dependence of the operators. A detailed
account for the derivation of the ETPA probability can be
found, e.g., in [49, 52]. Here, we only present the final result
which, neglecting the polarization degrees of freedom at first,
reads

PTPA
hom � σ 2( )γfg

A2
0

R∫dω′
2π

∫dω′
2π

∫dω″
2π

×
〈a† ω′( )a† ω + ω″ − ω′( )a ω( )a ω″( )〉

γfg − iωfg + iω + iω″ ,
(5)

with the classical TPA cross section given by

σ 2( ) � ω0

Zϵ0nc
( )

2
1

2γfg

defdge

ωeg − ω0

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣
2

. (6)

Here, we have defined the transition frequency to the final
state of the molecule, ωfg, as well as the inverse lifetime γfg. The
intermediate state transition frequency is denotedωeg, and dge and
def are the dipole matrix elements connecting ground and
intermediate, or intermediate and final states, respectively. In
Eq. 5, we also included the so-called entanglement area A0, which
could be a function of the entanglement of the two-photon state
[44]. Here, we will not consider this effect and treat A0 as a
constant. We further introduced the four-point correlation
function of the field in the numerator of the second line of
Eq. 5. It is evaluated with respect to the initial state of the light
field, which we will specify later in Section 2.3. In writing Eq. 5,
we require the intermediate states to be far off-resonant from the

FIGURE 1 | Level scheme and dipole orientation considered in this
paper: We consider two-photon excitation from the ground state |g〉 to the
final state |f〉. The intermediate state |e〉 is far-off-resonant from the carrier
frequencies of the two photons. The dipoles between ground and
intermediate state, �μge, and between intermediate and final state, �μef , form a
relative angle θ.
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entangled photons’ centre frequency ω0. If this condition is
violated the intermediate state resonances cannot be taken out
of the frequency integrations and need to be considered
separately [2]. In this resonant regime, which will not be
considered here, we could already show how quantum
correlations can enhance the absorption probability [53–55].

2.1 Inhomogeneous Broadening
Two-photon transitions in the presence of inhomogeneous
broadening were already discussed in [56]. Here we model it by
assuming that the resonance of the final stateωfg is distributed around
a central value ω(0)

fg with a Gaussian distribution with width σD, i.e.

p ωfg( ) � 1
σD

���
2π

√ e− ωfg−ω 0( )
fg

( )2/ 2σ2D( ). (7)

The TPA probability is then given by the average with respect
to this ensemble,

PTPA
inh � 〈PTPA〉ensemble (8)

� ∫dωfg p ωfg( )PTPA ωfg( ), (9)

where PTPA (ωfg) is given by Eq. 5 at frequency ωfg. This situation
is illustrated is Figure 2, where we plot the two-photon resonance
in Eq. 5, i.e.,R(γfg − iωfg + iω) vs. the detuning Δ � ω(0)

fg − ω. In
an inhomogeneously broadened ensemble, the broad resonance is
in fact composed of the incoherent mixture of muchmore narrow
resonances of the ensemble constituents. We note that the role of
the Lorentzian width γfg changes between the homogeneously and
inhomogeneously broadened samples. In the former case, Eq. 5,
γfg denotes the width that one would measure in a spectroscopic
experiment. In the latter case, it is the narrow linewidth of an
individual molecule, but experiments would detect the much
broader distribution described by Eq. 8. To distinguish the two
situations, we will call the Lorentzian width in the
inhomogeneously broadened sample the intrinsic width of the

resonance, γinh in the following. In contrast, we will call it the
homogeneous width γhom in the homogeneously broadened case.

2.2 Orientational Average
We next discuss how to carry out an orientational average of the
molecular absorption. To this end, the dipole elements in Eq. 5
have to be treated as vectors, i.e. dij → �dij. More specifically, we
consider dipole vectors in the molecular reference frame,

�deg � deg

1
0
0

⎛⎜⎝ ⎞⎟⎠, �def � def

cos θ
sin θ
0

⎛⎜⎝ ⎞⎟⎠. (10)

We further take the polarization of the light fields into
account, see Equation 2. We then generalize Eq. 5 to

PTPA
hom � ∑

]1 ,]2 ,]3 ,]4

σ 2( )
]1 ,]2 ,]3 ,]4

γfg
A2

0

R∫dω′
2π

∫dω′
2π

∫dω″
2π

×
〈a†]1 ω′( )a†]2 ω + ω″ − ω′( )a]4 ω( )a]3 ω″( )〉

γfg − iωfg + iω + iω″ ,

(11)

where the TPA tensor is given by

σ 2( )
]1 ,]2 ,]3 ,]4 �

ω0

Zϵ0nc
( )

2

1
2γfg

〈
�dge* · êv1( ) �def* · êv2( )

ωeg − ω0

�dge · êv3( ) �def · êv4( )
ωe′g − ω0

〉ens.

(12)
Here, we denote 〈. . .,〉ens the orientational average which

accounts for the random orientation of the molecules in the
sample with respect to the lab frame. To evaluate this average, we
have to transform from the lab frame into the molecular frame.
This orientational average was first carried out in [57]. The
application to nonlinear spectroscopy can be found, e.g., in
[58]. The result is that we can straightforwardly relate the
dipole elements in the lab frame with the corresponding
dipole vectors in the molecular frame using the transformation

〈 �dge* · êv1( ) �def* · êv2( ) �dge′ · êv3( ) �de′f · êv4( )〉ens
� ∑

α1 ,α2 ,α3 ,α4

T 4( )
]1 ,]2 ,]3 ,]4;α1 ,α2 ,α3 ,α4d

α1
ged

α2
efd

α3
ge′d

α4
e′f, (13)

where the indices αi = x, y, z label the components of the dipole
operator in the molecular frame. The transformation tensor is
given by

T 4( )
]1 ,]2 ,]3 ,]4 ;α1 ,α2 ,α3 ,α4 �

1
30

δ]4 ,]3δ]2 ,]1, δ]4 ,]2δ]3 ,]1, δ]4 ,]1δ]3 ,]1( )

×
4 −1 −1
−1 4 −1
−1 −1 4

⎛⎜⎝ ⎞⎟⎠ δα4 ,α3δα2 ,α1
δα4 ,α2δα3 ,α1
δα4 ,α1δα3 ,α2

⎛⎜⎝ ⎞⎟⎠. (14)

2.3 The Field Correlation Function
We finally have to evaluate the field correlation function in Eqs 5,
11, respectively. For an initial two-photon state, which we will
denote |ψ〉, this function factorizes as

FIGURE 2 | Inhomogeneously broadened two-photon absorption
resonance, (Δ2 + γ2)−1, vs. the detuning Δ � ω(0)

fg − ω. The gray solid line
corresponds to an homogenously broadened ensemble, whereas the small
dashed Lorentzians indicate an inhomogeneously broadened ensemble
which creates the same broad absorption feature.
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〈a†]1 ω1( )a†]2 ω2( )a]4 ω4( )a]3 ω3( )〉
� 〈ψ

∣∣∣∣a†]1 ω1( )a†]2 ω2( ) 0| 〉〈0|a]4 ω4( )a]3 ω3( ) ψ∣∣∣∣ 〉
� Ψ]1 ,]2* ω1,ω2( )Ψ]3 ,]4 ω3,ω4( ).

(15)

Here, we have inserted an identity in between a†]2(ω2) and
a]4(ω4). For a two-photon state, the only non-vanishing
contribution stems from the vacuum. In our discussion of the
inhomogeneous broadening, where we do not account for the
polarization degree of freedom, we simply drop the indices ]i.
With the entangled field propagating along the z-direction, see
Eq. 2, we consider the horizontal polarization to be along the
x-direction and the vertical polarization along the y-direction. In
the third line, we defined the function Ψ],]′(ω, ω′) = 〈 0|a](ω)
a]′(ω′)|ψ〉, which is often called the two-photon wavefunction. Its
absolute square is referred to as the joint spectral intensity. As
explained in detail in [52], in the situation described by Eq. 5
where the intermediate states are far off-resonant and can be
subsumed into σ(2), the marginal of the two-photon wavefunction
along the anti-diagonal is what is relevant for the TPA process,
and we can write Eq. 5 as

PTPA
hom � σ 2( )γfg

A2
0

R∫ dx

2π

γfg|KΨ x( )|2
ω2
fg + Δ + x( )2, (16)

where the marginal is given by

KΨ x( ) � ∫dz
2π

Ψ],]′ ω0 + z,ω0 + x − z( ). (17)

We further defined the detuning Δ = ωfg − 2ω0. In the
homogeneously broadened case, we simply set this to zero
(i.e. we assume that the entangled pair is resonant with the
transition), but in the inhomogeneous case, this detuning will be
weighted by the ensemble’s frequency distribution (7) below. In
this paper, we will focus on bi-Gaussian two-photon
wavefunctions, i.e. we write

ψ ω,ω′( ) � 1�
2

√ σNσB

2π
( )−1/2

e− ω−ω′( )2/ 4σ2N( )e− ω+ω′−2ω0( )2/ 4σ2B( ),
(18)

where σN is the spectral width of the individual photon
wavepackets and σB is the width of the sum frequency ω + ω′.
Please note the factor 1/

�
2

√
in front of the wavefunction, which

accounts for the fact that in the case of indistinguishable photons
we have the normalization 〈ψ|ψ〉 = 2∫dω∫dω′|Ψ(ω, ω′)|2/(2π)2 =
1. In a strongly entangled state, we will typically have σN ≫ σB.
This regime is dominated by strong frequency anti-correlations
between the entangled photons, as well as strong correlations in
their respective arrival times [2]. We further write the full two-
photon wavefunction as

|ψ〉 � ∫dω∫dω′ ψ ω,ω′( )f a†] , a
†
]′( )|0〉, (19)

where we consider specifically the two cases

f1 a†] , a
†
]′( ) � �

2
√

a†H ω( )a†V ω′( ), (20)
f2 a†] , a

†
]′( ) � a†H ω( )a†H ω′( ) (21)

f3 a†] , a
†
]′( ) � 1�

2
√ a†H ω( )a†H ω′( ) + eiϕa†V ω( )a†V ω′( )( ) (22)

Please not that the factor
�
2

√
is included in Eq. 20 to ensure

normalization with respect to the frequency wavefunction (18).
In the first two cases, f1 and f2, the two-photon state is not
polarization entangled, as Eq. 18 is symmetric with respect to the
exchange of its frequency arguments. In the latter case, the state is
polarization entangled. We note that, as pointed out in [52],
within the current model the molecular response is symmetric
with respect to the exchange of the frequency arguments in Eq.
15, because any photon can excite either the g → e or the e → f
transition. Consequently, even if the initial two-photon frequency
wavefunction Ψ(ω, ω′) is not symmetric (as is the case, e.g., for
type-II downconversion), the correlation function (15) selects the
symmetric superposition ~ Ψ(ω,ω′) + Ψ(ω′,ω). As a
consequence, a photonic singlet state of the form (|Hs〉|Vi〉 −
|Vs〉|Hi〉)/

�
2

√
will not give rise to a TPA signal within the current

model due to the destructive interference between the two terms.
This situation would change, for instance, in the presence of near-
resonant intermediate states or any other process that breaks the
abovementioned symmetry between the g → e and e → f
transitions.

3 RESULTS

3.1 Inhomogeneous Broadening
We now compare how inhomogeneously broadened ensembles
can affect the two-photon absorption probability. In this part of
our investigation, we will neglect the polarization degrees of
freedom at first. For simplicity, we divide the ETPA
probability, Eq. 5, by its constant prefactor σ(2)γfg/A

2
0. For

each combination of intrinsic linewidth γinh and
inhomogeneous broadening σD, we calculate the full width at
half maximum of the f-state distribution as shown in Figure 3A.
We also calculate the ETPA probability from Eq. 8. As shown in
Figure 3B, its behaviour inversely follows the broadening of the f-
state in the sense that a broader f-distribution in panel (a) results
in a reduced ETPA probability. There is however a noticeable
asymmetry between the two plots. The ETPA probability appears
to be reduced more rapidly with increasing intrinsic linewidth
γinh compared to an increase of the inhomogeneous broadening
σD. This behaviour could be a consequence of the photonic
entanglement and in the following we investigate it more closely.

To compare ETPA in homogeneously and inhomogeneously
broadened ensembles, we define the ratio between the absorption
probability in an inhomogeneously broadened sample, Eq. 8, and
in a homogeneously broadened sample, Eq. 5,

rrel ≡
PTPA
inh γinh, σD( )
PTPA
hom γhom( ) . (23)

where we use as homogeneous broadening γhom the width of the f-
state distribution, which we determined in Figure 3A. We note,
however, that the convolution of an intrinsic Lorentzian broadening
with a Gaussian as in Eq. 8 gives rise to a Voigt line profile. This is
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markedly different from the Lorentzian resonance of the
homogeneous case. As a consequence, one should keep in mind
that the ratio (23) compares two slightly different situations.

We plot the ratio (23) in Figure 4 as a function of both γinh and
σD for three different two-photon states. In Figure 4A, the
entangled photons show very strong frequency anti-
correlations, in panel (b) they are separable, and in panel (c)
the show strong positive frequency correlations. We see that, even
though there are notable differences between these cases, the
general trend is identical. The ratio of the two excitation
probabilities can be enhanced, and the effect increases with
increasing inhomogeneous broadening σD and with decreasing
intrinsic linewidth γinh. This effect is stronger when the exciting
photon pair is entangled with strong frequency anti-correlations
as in panel (a). In contrast, positive frequency correlations which
are nevertheless associated with an entangled wave function, have
the opposite effect and reduce this enhancement.

Still we also find that this enhancement saturates to increasing
inhomogeneity of the distribution. This is shown in Figure 5 for

different entanglement strengths. The broadening at which the
saturation is reached depends strongly on the degree of
entanglement. However, the ratio rrel always remains of order
unity, as the enhanced resonant excitation probability is balanced
by an increase in the number of molecules which can not be
excited resonantly and thus become dark. Therefore,
inhomogeneous broadening cannot account for the enormous
disparity in the reported ETPA cross sections in the literature.

3.2 Orientational Average
With our choice of the Gaussian two-photon wavefunction (18),
which is symmetric with respect to its frequency arguments, we
can separate the orientational average from the frequency
integrations. Thus, using the definition of our molecular
dipoles (10), their transformation to the laboratory frame in
Eqs. 13, 14, we can carry out the index summations ]1, . . . ,
]4 and α1, . . . , α4. Note that this orientational average will always
reduce the ETPA rate, since the dipole vectors in Eqs. 11 are
chosen normalized. As a consequence, their orientationally

FIGURE 3 | (A) Full width half maximum of the f-state resonance as a function of the intrinsic linewidth γinh and the inhomogeneous broadening σD. (B) ETPA
probability according toEq. 8 in units of σ(2)γfg/A

2
0 as a function of the intrinsic linewidth γinh and the inhomogeneous broadening σD. We use an frequency-anticorrelated,

entangled state with σN = 1 and σB = 1.

FIGURE 4 |Ratio of the absorption probability (23) between ETPA in an inhomogeneously broadened sample and in a homogeneously broadened sample with the
same linewidth broadening is plotted for three different input states vs. the intrinsic linewidth and the inhomogeneous broadening. As indicated above the contour plots,
the parameters are chosen as (A) σN = 10 and σB = 0.1, i.e. a two-photon state featuring strong frequency anti-correlations, (B) σN = σB = 1, i.e. almost separable photon
pairs, and (C) σN = 1 and σB = 10, i.e. a state featuring strong positive frequency correlations.
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averaged overlap with any polarization mode will be smaller
than unity.

For the polarization state (20), we obtain

PTPA
1 � PTPA

iso ×
1
15

7 + cos 2θ( )( ). (24)

Here, PTPA
iso denotes the isotropic result where the vectorial

nature of the dipoles and the photons has been neglected.
Likewise, we obtain from Eq. 21

PTPA
2 � PTPA

iso ×
4
15

2 + cos 2θ( )( ), (25)

and for the entangled polarization state (22), we arrive at

PTPA
3 � PTPA

iso ×
1
15

4cos2 θ( ) 1 + cosϕ( ) − 2 sin2 θ( ) −4 + cos ϕ( )( ).
(26)

These results are shown in Figure 6. The separable states, Eqs
24, 25, show a weaker dependence on the dipole angle compared
to the entangled state (26). The latter shows the largest
dependence at an angle ϕ = 0, i.e. for a symmetric
superposition state, where it also takes its maximal value. This
is consistent with our discussion in Section 2.3, where we pointed
out that the molecular response projects onto a symmetric
superposition. Hence, such a state is optimal for the ETPA
cross section. Conversely, the entangled state shows the
smallest variation at ϕ = π/2 (not shown), where it coincides
with the product state (25).

The polarization dependence of ETPA in rhodamine 6G
molecules was carefully examined in [43], and no discernable
dependence on the interphoton polarization angle was reported.
This can be recounciled with our simulations provided the dipole
angle is around θ ≃ π/3 or 2π/3. Indeed, as we see in Figure 6, in
such a case the polarization state should not affect the ETPA
probability regardless of the polarization state of the light. This
appears broadly consistent with measurements in [59], where an

angle of around 40° was reported, thus implying a rather weak
ETPA polarization dependence. A further possibility, which we
have not discussed here, would be the interference between
different excitation pathways. Such a situation could wash out
the strong polarization dependence observed here for a single
excitation pathway.

4 CONCLUSION

In summary, we have extended the existing theory of entangled
two-photon absorption to describe excitation in inhomogeneously
broadenedmolecular ensembles, and to investigate the influence of
the polarization degrees of freedom on ETPA.

In our investigation of inhomogeneously broadened samples,
we showed that ETPA can be enhanced compared to
homogeneously broadened samples. However, this enhancement
always remains relatively small, of order unity. It cannot explain the
several orders of magnitudes in difference among the various
measured ETPA cross sections in the literature. The presence of
near-resonant intermediate states could change this conclusion. As
shown in [53–55], optimized entangled states of light can
substantially enhance the ETPA probability. It remains an open
question, however, how these conclusions would be affected by
inhomogeneous broadening. Furthermore, entangled states with
large spectral tails in their single-photon spectrum also affect the
present conclusion. As shown in the context of virtual state
spectroscopy [60], these large frequency tails render the key
assumption in the current theoretical model - that intermediate
states are far detuned from the photonic states (see Eq. 5) -
problematic and further emphasize the need for the
investigation of near-resonant intermediate states in ETPA.

In our simulation of the orientationally averaged absorption of
polarization entangled photon pairs, we showed that polarization
entanglement can have a substantial influence on the ETPA

FIGURE 5 | Ratio rrel, Eq. 23, is plotted vs. the inhomogeneous
broadening σD and entangled states with σB = 20, σN = 1 (solid, blue), σB = 10,
σN = 1 (dot-dashed, red), σN = σB = 1 (dotted, green), and σB = 1, σN = 10
(dashed, gray). The intrinsic broadening is fixed at γinh = 0.1.

FIGURE 6 | Polarization dependence of ETPA probability on the angle
between the molecular dipoles according to Eq. 10. The gray, dashed line
depicts the dependence (24) which is created by the input state (20). The
black, dot-dashed line is given by Eq. 25, created by the state (21). The
polarization dependence (26), which is created by the state (22), is shown as a
solid, yellow line for ϕ = 0, and as a blue, dotted line for ϕ = π/3.
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absorption probability. It can increase or reduce the absorption
probability by as much as a factor of five, provided the molecular
dipoles are aligned in parallel or perpendicular. These findings
rely on a single excitation pathway, i.e. a single intermediate
molecular state. In case there are several, competing excitation
pathways, the pronounced angular dependence of the ETPA rate
could be washed out by the mixing of these pathways.
Furthermore, it is one of the consequences of the employed
theoretical model, as observed already by Landes et al. in [60],
that the molecular response projects the entangled photon
wavefunction onto a symmetrized superposition. As a
consequence, the present model predicts a vanishing ETPA
probability for a photonic singlet state due to destructive
interference. This effect could be tested experimentally, e.g., in
atomic ETPA measurements. It could further provide an
experimental test in molecular ETPA experiments to gauge the
strength of single-photon losses, which should not be suppressed
by destructive interference.
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Distributed Edge-Enhanced Imaging
With a Fractional Spiral Phase Filter
Using Random Light
Huahua Wang1,2,3, Jian Ma1,2, Zhixin Yang1, Haoran Du1,2, Xingwang Kang2, Hengzhi Su 2,4,
Lu Gao1,2* and Ze Zhang2,3,4,5*

1School of Science, China University of Geosciences, Beijing, China, 2Aerospace Information Research Institute, Chinese
Academy of Sciences, Beijing, China, 3Science and Technology on Solid-State Laser Laboratory, Beijing, China, 4School of
Electronic Engineering, Beijing University of Posts and Telecommunications, Beijing, China, 5Qilu Aerospace Information
Research Institute, Jinan, China

A gradual edge-enhanced ghost imaging method with pseudo-thermal light is proposed in
both the theory and experiment. In the experiment, a phase object and fractional spiral phase
filter are placed symmetrically in the imaging plane of the pseudo-thermal light source in the
distributed test and reference beams of the lensless ghost imaging system. The procedure of
gradual edge-enhanced ghost imaging is carried out bymodulating the fractional topological
charge from 0 to 1. We observe that the brightness of the object edge increases with the
increase of the fractional topological charge. It is also found that the intensity distribution is
uniform and isotropic when the topological charge is an integer; otherwise, the intensity
distribution is not uniform. Theoretical analysis is also provided. The proposed gradual edge-
enhanced ghost imaging scenario releases the position limitation in the Fourier plane for the
filter of the traditional phase filtering imaging process. The method is believed to have
prospective applications in microscopic imaging and biomedical detection.

Keywords: spiral phase contrast imaging, second-order correlation, edge enhancement, orbital angularmomentum,
fractional-order spiral filtering

1 INTRODUCTION

As early as the 1930s, Zernike first proposed the phase contrast imaging method and won the Nobel
Prize for employing this technology to observe the structure of living cells in 1953 [1]. Different from the
traditional optical microscopy, the phase contrast method can convert the invisible phase distributions
into visible optical field intensity [2–4] to highlight the edges of an object with phase changes, which is
called edge enhancement [5–7]. Edge-enhanced imaging, a kind of image processing, can extract the
contour features of an image, so that the boundary of the target can be displayed more clearly, and the
position of the target can be determined. Since then, the phase contrast technology has been further
developed to expand its applications from the initial differential interference phase contrast microscopy
and interference reflection contrast microscopy to the later spiral phase contrast (SPC) microscopy [8,
9]. In the 1990s, researchers realized the imaging of one-dimensional (1D) and two-dimensional (2D)
phase objects by employing the SPC technology [10, 11]. In 2006, the homogeneous enhancement of the
amplitude and phase objects was achieved using SPC technology combined with optical microscopy
[12]. In 2015, Prof. Lixiang Chen’s research group used a fractional spiral phase filter (SPF) in the Fourier
plane of the lens to achieve the isotropic edge enhancement with laser [13, 14].

SPC was applied in quantum imaging in 2009 by Jack et al. [15]. The entangled two-photon was
separated using a beam splitter (BS). The pure phase object and the SPF were symmetrically placed in the
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image plane of the entangled two photons. The phase objects can be
recognized through edge enhancement through the two-photon
coincident measurement. However, ghost imaging can not only be
implemented with an entangled two-photon light source but also be
achieved with incoherent thermal light [16–20]. The quantum
entangled source behaves like a mirror, whereas the classical
thermal source acts like a phase-conjugate mirror in the ghost
imaging [21]. It has been demonstrated that intensity fluctuations
give rise to the formation of correlations in theOAMcomponents and
angular positions of random light in [22]. It was then proved that the
spatial signatures and phase information of an object with rotational
symmetries can be identified using classical OAM correlations in
random light [23]. Furthermore, an experimental scenario of
distributed angular double-slit interference based on the OAM
correlations of pseudo-thermal light was accomplished in [24]. In
2020, we proved the classical physical essence of the spatial dimension
of the non-local edge-enhanced ghost imaging system by making use
of orientated SPF [25]. Inspired by the previous research, we proposed
the scenario here to observe the phase object edge-enhanced imaging
with a fractional-order spiral phase filter based on the OAM
components of incoherent random light. The experimental results
proved that the enhanced edge intensity of the image increased with
the increase of the topological charge from 0 to 1. The reason why the
edge brightness increases with the increase of the fractional orbital
angular momentum (OAM) is due to the pseudo-thermal light OAM
correlation and eigenvalue decomposition of the fractional topological
charge of the SPF. The theoretical analysis finds good agreement with
the experimental results. The proposed scenario can accomplish the
continuously modulated edge-enhanced ghost imaging even with the
incoherent light source.

2 EXPERIMENT

A schematic diagram of the experimental setup is shown in
Figure 1. The input light is a Gaussian beam derived from a

632.8 nm He–Ne laser (THORLABS, HNL225RB). The light
beam illuminates a slowly rotating glass (RG) with the
rotation angular velocity of 0.013 rad/s to produce a pseudo-
thermal light beam. P1 and P2 are polarizers to modulate the
intensity of the laser beam. N is a telescope (×2 magnification) to
collimate and expand the transverse size of the laser beam.
Radiation from a chaotic pseudo-thermal source via an Iris is
then divided into two optical paths, namely, a test beam and a
reference beam, by a 50:50 non-polarizing BS. The pseudo-
thermal light source is imaged, by two convex lenses L1 and
L2, to the transverse planes of the spatial light modulators (SLMs,
HOLOEYE, PLUTO-2-VIS-016), a device with full high-
definition resolutions of 1920 × 1080 square pixels. The focal
length of the convex lens is 25 cm. Then, the SLM1 and SLM2,
located at a distance of 50 cm from the biconvex lens, are re-
imaged to the charge-coupled devices (CCDs, MTV-1881EX)
with the resolution of 575 × 767 square pixels placed at the end of
each light beam, respectively. Two beams are connected with a
data acquisition card embedded in a personal computer, and the
intensity correlation calculation can be carried out.

The role of the SLMs is loading phase objects and fractional
SPF instead of the spiral phase plate, so that the gradual edge
enhancement by varying the fractional OAM value from 0 to 1
with a step length of 0.1 can be observed conveniently. The phase
object and the phase hologram are symmetrically loaded on SLM1

and SLM2 in the distributed beams. The size of the phase object
compass is 150 × 150 square pixels. The phase mutation along the
pointer and the dial is π. The black part of the phase object
presents the phase of 0, and the white part presents the phase of π.
The phase hologram placed on the SLM2 is 10 × 10 square pixels.
Correspondingly, the black part of each phase filter presents the
phase of 0, whereas the white part presents the phase of 2π. The
correlation detection is carried out through scanning
measurement. 10 × 10 square pixel points of the data obtained
from CCD2 are taken as a unit to traverse line by line to
implement the second-order correlation with the data of CCD1.

FIGURE 1 | Schematic diagram of the experimental setup. Phase objects in the upper left corner are the sketch of a compass (A) and a circle (B)which are loaded
by SLM1, and the dynamic phase hologram in the lower left corner is loaded by SLM2.
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3 RESULTS

The process of simulation calculation is as follows: first, a random
thermal light field of Gaussian distribution in both the amplitude
and phase is generated by a calculation program, which has the
same size as the phase object to be detected. Then, the thermal
light field is multiplied with the phase object and the vortex phase

filter, respectively, in the reference and test beams to obtain the
light field distributions in the detection planes. Finally, the
correlation calculation is carried out to achieve the edge-
enhanced imaging, as shown in Figure 2.

We can find in Figure 2 that the intensity at the position where
the phase gradient existed is lower than that where the phase
gradient did not exist when the fractional OAM topological

FIGURE 2 | Simulation and experimental results of the non-local edge-enhanced imaging with a fractional spiral phase filter. (a–f) in the upper row show the
simulation results, and (g–k) in the lower row show the experimental results.

FIGURE 3 | Experimental results of the circle phase with the integer and fractional vortex filters. (A–F) show the 2D edge-enhanced images and the fitted curves of
some special azimuth corresponding to different Q.
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charge Q is lower than 0.5. It is because when Q is less than 0.5,
the vortex has not formed yet, as shown in the lower right corner
of each subgraph of Figure 3. However, when Q is greater than
0.5, a black hole at the center of the vortex appears. Thus, the
contrast of the edge and background gradually reversed with the
increase of Q. The intensity distribution of the fractional-order
vortex light is not uniform along the radial direction, so the edge
enhancement is not isotropic as the integer-order condition.

Furthermore, we take a simple circular phase object as the
detected phase object to analyze the isotropic feature of the SPC
ghost imaging. The phase circle is shown in the upper left corner of
Figure 1B, whose dimension is 200 × 200 pixels and diameter is 130
pixels. The black part of the circle presents the phase of 0, whereas
the white part presents the phase of π. Figures 3A–F show the 2D
edge-enhanced intensity distribution and the fitted edge-enhanced
intensity curves of some special azimuth corresponding to the Q-
value of 0, 1.0, 0.3, 0.5, 0.7, and 0.9. The lower right corner of each
subgraph shows the vortex map of each fractional OAM. Figures
3C–F show that edge enhancement is non-isotropic of fractional Q.

4 THEORETICAL ANALYSIS

The aforementioned experimental results are based on SPC
imaging methods which are sensitive to the phase gradients by
making use of SPF. SPF is a common device to generate helical
wave fronts and vortex beams with an azimuthal structure exp
(jlϕ), in which the topological charge l is an integer and 0#ϕ <
2π. Light with this phase structure carries OAM of lZ per photon,
and the most commonly used filter in the SPC imaging is the SPF
with the integer topological charge of l = 1. All phase edges of a
sample object can be enhanced isotropically as a result of the
directional symmetry of an integer SPF.

In our case,Hi presents the impulse response functions during the
free transmission in the reference beam between RG andD1 while i =
1 and in the test beam between RG and D2 while i = 2, respectively,

Hi ri, r0( ) � exp jk 8f+ 1
2f

r20 + r2i( )[ ]− jπ{ }δ ri − r0( ) i � 1,2( ),
(1)

where k = ω/c is the wave number, f is the focal length of the
convex lens, r0 is the 2D transverse plane position vector of the
incident plane, and ri presents the 2D transverse plane position
vector of the output plate of the reference and test beams.

Then, the SPF function of the polar coordinates (r, ϕ) is
written as S (r1) = exp [jQϕ(r1)], where Q is a fraction varying
from 0 to 1 and ϕ(r1) is an angular function of the filter. The
amplitude transmittance of the input object is described by the
function of T (r2) = exp [jϕ′(r2)]. Consequently, from the cascade
relationship, the optical field in the transverse plane of the
detectors D1 and D2 can be described as follows:

Ei ri, r0( ) � E0 r0( )Hi ri, r0( )Fi i � 1, 2( ), (2)
where Fi represents the SPF function S (r1) when the value of i is 1;
otherwise, it represents the amplitude transmittance T (r2) of the
object.

The second-order correlation function of the thermal light
ghost imaging is given by [26].

〈I1 r1( )I2 r2( )〉 � 〈I1 r1( )〉〈I2 r2( )〉 + 〈E1* r1( )E2 r2( )〉| |2, (3)
where the cross-spectral density function is

〈E1 r1( )E2 r2( )〉 � ∫∫E1* r1( ) · E2 r2( )dr1dr2. (4)

The classical incoherent light source is characterized by the
cross-spectral density function as
I(r0, r0′) � E0(r0) · E0*(r0′) � I0δ(r0 − r0′), where r0 and r0′ are
the 2D transverse plane position vectors. Inserting Eqs. 1 and 2
into Eq. 4, we find that

〈E1* r1( )E2 r2( )〉 � I20 S* r1( )T r2( )| |2. (5)
It was demonstrated that the integer OAM eigenstates form a

complete and infinite basis [27–29]. A fractional vortex can be
expressed in terms of the OAM eigenstates as
S(r1) � exp(jQϕ) � ∑∞

l�−∞ Al exp(jlϕ), where |Al|2 �
|exp[jπ(Q − l)] sin[π(Q−l)]π(Q−l) |2 represents the weight of each OAM

component [30] and exp (jlϕ) is the eigenstate. Figure 4 shows the
spectra of the fractional OAM spread on its integer-order
eigenstates.

In the same way, T(r2) � exp(jϕ′) � ∑∞
m�−∞ Am exp(jmϕ),

where |Am|
2 represents the weight of each OAM component [30].

Hence, substituting the functions of the filter and object in Eq.
5, the second-order correlation function can be given as

〈I1 r1( )I2 r2( )〉 � I20 1 + ∑∞
l�−∞

∑∞
m�−∞

AmAl exp j m − l( )ϕ[ ]
∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣
2⎧⎨⎩ ⎫⎬⎭.

(6)
Equation 6 provides a clear understanding of the edge-

enhanced effect of the fractional SPF. It indicates that the
edge-enhanced image can be considered a coherent
superposition of all images that are individually picked out by

FIGURE 4 | OAM spectra of fractional SPF.
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employing integer OAM filters. The OAM spectra of the phase
platform of the object only have the composition ofm = 0, so that
the second-order correlation value represented by Eq. 6will reach
the maximum with l = 0 of the SPF and the minimum with l = 1.
When the value of Q varies from 0 to 1, the OAM spectra
composition of l = 0 decreases while l = 1 increases, as shown
in Figure 4. Thus, the correlation value of the phase platform
decreased as the value of Q increased. However, the situation of
the edge part of the object is opposite to the phase platform. The
second-order correlation value will reach the maximumwith l = 1
and the minimum with l = 0, and the correlation value of the edge
of the object increases as the value of Q increases.

5 CONCLUSION

In summary, a fractional phase filtering ghost imaging method with
pseudo-thermal light is proposed. The experimental results show
that the edge of the phase object can be gradually enhanced by the
fractional SPF spatially distributed to the object with incoherent light
beam illumination. The non-local gradual edge enhancement is also
theoretically analyzed through correlation in the OAM components
of the random fluctuations of the incoherent light beam. This effect is
very important in a situation when entanglement is not required and
when correlations in OAM suffice. The physical explanations of the
gradual edge enhancement with the fractional topological charge
change are the coherent superposition of the images filtered out by
an integer vortex filter. The proposed scenario here provided a new
edge enhancement imaging technology releasing the position of the
filter in the Fourier plane with incoherent pseudo-thermal light. It is
believed that the proposed non-locally fractional SPF imaging
scenario may find potential applications in the field of micro-
detection of quantum imaging and bioengineering.
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High-Dimensional Entanglement of
Photonic Angular Qudits
Graciana Puentes1,2*
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We propose a method for generation of entangled photonic states in high dimensions, the
so-called qudits, by exploiting quantum correlations of Orbital Angular Momentum (OAM)
entangled photons, produced via Spontaneous Parametric Down Conversion. Diffraction
masks containing N angular slits placed in the path of twin photons define a qudit space of
dimension N2, spanned by the alternative pathways of OAM-entangled photons. We
quantify the high-dimensional entanglement of path-entangled photons by the
Concurrence, using an analytic expression valid for pure states. We report numerical
results for the Concurrence as a function of the angular aperture size for the case of high-
dimensional OAM entanglement and for the case of high-dimensional path entanglement,
produced by N ×M angular slits. Our results provide additional means for preparation and
characterization of entangled quantum states in high-dimensions, a fundamental resource
for quantum simulation and quantum information protocols.

Keywords: parametric down conversion, orbital angular momentum, qudits, entanglement, angular diffraction,
quantum optics

1 INTRODUCTION

In recent years, Spontaneous Parametric Down Conversion (SPDC) has become a fundamental
process for generation of entangled photonic states, allowing for preparation of quantum states
entangled in several degrees of freedom, such as position and momentum, time and energy,
polarization or angular position and Orbital Angular Momentum (OAM), thus providing for a
key resource in fundamentals of quantum physics and quantum information. Quantum correlations
of SPDC photons in a given domain give rise to interference phenomena resulting from two-photon
coherence [1–8]. These phenomena are routinely used in fundamental tests of quantum physics
[9–11] and are a key ingredient for the implementation of quantum communication and information
protocols, including quantum teleportation and quantum cryptography [12–14]. Fourier relations
link angular position and OAM of photons, leading to angular interference in the OAM-mode
distribution, as photons diffract through angular apertures, resulting in two-photon quantum
interference [15–22].

In this article, we quantify entanglement of such high-dimensional angular qudits, in a scheme in
which OAM-entangled photons produced by SPDC are transmitted through multiple angular
apertures, in the form of N ×M angular slits in the path of signal and idler photons, which results in
path entanglement in a space of dimension D = N × M. Using this scheme, we demonstrate high-
dimensional entanglement based on angular-position correlations of down-converted photons. Our
results suggest that violations of Bell’s inequalities in even higher dimensions could in principle be
achieved. Moreover, in contrast to previous approaches [16, 17] relying on the Fourier limit only, our
results shine light on the quantum interpretation, providing new insights. Adding to the novelty of
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our work, we consider the case of asymmetric angular slits N and
M for signal and idler, which can lead to high-dimensional
angular interference phenomena. We note that linear qudits
have previously been proposed [24]. Here we propose and
characterize angular qudits, which due to their shape can
enable generation of entanglement in a larger Hilbert space
than linear qudits. In order to quantify entanglement, we
derive an analytic expression for calculation of the
Concurrence, valid for pure states. The results reported here
extend the notion of angular qudits to an arbitrary number of
angular slits N × M, which not only demonstrates two-photon
coherence effects in the angular domain but also provide
additional means for preparation and characterization of
entangled quantum states in a high-dimensional Hilbert space.
This is a fundamental resource for quantum communication
[23–40] and quantum information protocols [12, 16, 19, 41–57].

The article is organized as follows: In Section 2 we introduce
the concept of high-dimensional path-entanglement of angular
qudits [56]. Next, in Section 3 we present an overview of angular
diffraction in the position basis [57] and we derive an analytic
expression for the Concurrence of high-dimensional qudits, valid
for pure states. In Section 4 we present numerical results in two
specific scenarios, (IVA) high-dimensional OAM entanglement
and (IVB) high-dimensional path entanglement. Finally, in
Section 5 we outline the conclusions.

2 HIGH-DIMENSIONAL ANGULAR QUDITS

Consider the experimental scheme depicted in Figure 1. A
Gaussian pump beam produces signal (s) and idler (i)
entangled twin photons by the non-linear process of SPDC. In
the simplest scenario of a Gaussian pump beam with zero OAM
(l = 0), phase matching conditions determine the two-photon
down-converted state |ψ0〉, which can be expressed in the
following form [56]:

|ψ0〉 � ∑]
l�−]

cl|l〉s| − l〉i, (1)

where s and i label signal and idler photons, |l〉 refers to the OAM
eigen-mode of order l, and D = 2] + 1 is the dimension of the
OAM Hilbert space under consideration. Such OAM modes are
characterized by an helical phase front typically expressed as eilϕ.
For |ψ0〉 to represent a quantum state, the normalization
condition imposes ∑]

l�−]|cl|2 � 1. Subsequently, signal and idler
photons are transmitted through N angular slits, as shown in
Figure 1. The transmission functions Aj,n of the individual
angular slits are given by [56]:

Aj,n ϕj( ) � 1 if nβ − α/2≤ ϕj ≤ nβ + α/2 else 0, (2)
where n = 0, . . . , N − 1 is the angular slit label, α represents the
aperture of the angular slits, and β represents the separation
between consecutive angular slits. For the simplest case N = 2
slits, we recover the results reported in [49]. Considering N slits
in both arms, there are in principle N2 alternative pathways by

which the down-converted photons can pass through the
apertures and get detected in coincidence at single-photon
avalanche detectors Ds and Di. The N2 alternative paths, here
labelled by the sub-index q = 1, . . . , N2, can be expressed as the
outer product of the sub-spaces corresponding to each photon
(s, i) passing through the slits n = 0, . . . , N − 1, respectively, in
the following form [56]:

|s, 0〉⊗ |i, 0〉, |i, 1〉, . . . , |i, N − 1〉{ };
|s, 1〉⊗ |i, 0〉, |i, 1〉, . . . , |i, N − 1〉{ }; . . . .
|s,N − 1〉⊗ |i, 0〉, |i, 1〉, . . . , |i, N − 1〉{ }.

(3)

Spatial quantum correlations between the twin photons can be
controlled so that only paths of the form |i, n〉|s, n〉 will have a
significant contribution. We note there is a one to one mapping
between the path-way basis and the OAM-mode basis. For a
given path n, the two-photon state can be written in the OAM-
mode basis as [49]:

|s, n〉|i, n〉 � C∑
l

cl ∑
l′

1
2π

∫π

−π
dϕsAs,n ϕs( )ei l′−l( )ϕs |l′〉

× ∑
l″

1
2π

∫π

−π
dϕiAi,n ϕi( )ei l″+l( )ϕi |l″〉.

(4)

In this notation, the single-photon quantum state with OAM of
order l diffracted by the k-th slit, with OAMmomentum l, can be
expressed as [56]:

|ψk
l 〉s,i �

α

2π
∑
l′
e−i l′−l( )βksinc α l′ − l( )

2
[ ]|l′〉s,i, (5)

where sinc[x] � sin[x]
x . In the most general case, the overlap

between the diffracted states by slits k and j, with OAM labels
m and l, results in:

〈ψj
m|ψk

l 〉 � α

2π
( )2 ∑

l′
∑
l″
e−i l′−l( )βkei l″−m( )βj ×

sinc
α l′ − l( )

2
[ ]sinc α l″ −m( )

2
[ ]〈l″|l′〉,

(6)

where 〈l′′|l′〉 � δl′′ ,l′ due to orthonormality of OAM modes.
For the simple case of a single slit, we have j = k = 1, the mode

overlap 〈ψm|ψl〉 can be expressed as:

FIGURE 1 | Proposed experimental scheme for generation of high-
dimensional OAM-entangled photon pairs via SPDC. Spatial Light Modulators
(SLMs) containing (N,M) angular slits are placed in the path of signal and idler
photons, generating high-dimensional angular qudits. Further details are
in the text. The figure was modified from Ref. [56].
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〈ψm|ψl〉 � α

2π
( )2 ∑

l′
ei l−m( )β ×

sinc
α l′ − l( )

2
[ ]sinc α l′ −m( )

2
[ ].

(7)

3 HIGH-DIMENSIONAL SPATIAL MODE
ENTANGLEMENT AND DIFFRACTION

In this Section we derive expressions for twin photons angular
diffracted states in the position basis. As already anticipated in
Section 2, we focus on D − dimensional (D = 2] + 1) entangled
biphoton pure states of the form [57].

|ψ0〉 � ∑]
l�−]

cl|l〉| − l〉, (8)

where

|l〉 � ∫ d2rul r( )|r〉 (9)

are single photon states in the spatial modes defined by the
orthonormal transverse functions ul(r),
i.e., ∫d2rul′*(r)ul(r) � δl,l′, and ∑]

l�−]|cl|2 � 1 to ensure
normalization [57, 58].

We are interested in how the entanglement of such states is
modified by diffraction of the two photons on two independent
opaque screens of different shapes and forms. Moreover, we focus
on the case where both photons are detected after the diffracting
screens. In this post-selection scenario, entanglement is only
modified by the change of the spatial profile of the modes
occupied by the photons due to diffraction on the screens.
Under these assumptions, the quantum state of the diffracted
photons can be written [57, 58].

|ψ〉 � ∑]
l�−]

~cl|ψl〉|ψ−l〉, (10)

with

|ψl〉 � ∫ d2rψl r( )|r〉, (11)

where themodes ψl(r) are the images of themodes ul(r) that can be
computed using standard diffraction theory [57], and ~cl � cl/

��K√
with ] a renormalization constant needed to compensate for the
non orthogonality of the diffracted modes ψl(r), which we can
express as [57, 58].

K � ∑]
lk�−]

cpl ckblkb−l−k, (12)

with

blk � ∫ d2ψp
l r( )ψk r( ), (13)

the mutual overlaps between pairs of diffracted modes [57]. We
note that since the single photon states |ψl〉 are fully determined
by the modes they occupy, we also have that 〈ψl|ψk〉 = blk.

We now set to characterize the entanglement of such states
developing a high-dimensional generalization of the method
presented in [56, 57]. Following this path, we quantify the
entanglement of the diffracted state using the Concurrence,
that for pure states in arbitrary dimensions can be expressed
as a function of the purity Tr [ρ2] of the reduced density
matrix ρ = Tr2 [|ψ〉〈ψ|] [57].

C |ψ〉( ) � �����������
2 1 − Tr ρ2[ ]( )√

. (14)
The reduced density matrix can be computed using the
expression (11) for the quantum state of single photons in the
diffracted modes and the mutual overlap (13)

ρ � ∫ d2r2〈r2|ψ〉〈ψ|r2〉 � ∑]
kl�−]

~cpl ~ckb−l−k|ψl〉〈ψk|. (15)

In a similar fashion, we can determine the purity of the reduced
density matrix

Tr ρ2[ ] � ∫ d2r1〈r1|ρ2|r1〉

� ∑]
l,k,p,q�−]

~cpl ~ck~cp*~cqb−l−kb−p−qbkpblq,

�
∑]

l,k,p,q�−]c
p
l ckcp*cqb−l−kb−p−qbkpblq

∑]

lk�−]c
p
l ckblkb−l−k( )2

(16)

which fully determines the Concurrence Eq. 14. From Eq. 16,
we see that the entanglement of diffracted biphoton states is
fully characterized by the entanglement of the input state
(encoded in the coefficients cl), and by the diffraction
induced overlaps of the states |ψl〉 (quantified by the
coefficients blk).

We note that the goal of the scheme presented in Figure 1
is to provide an alternative means for generation of
entangled quantum states in high dimensions, using only
two photons. It should be mentioned that the operations
introduced by the SLMs are local and cannot increase the
total amount of entanglement, which is given by the
entanglement content present in the initial state generated
by the SPDC process, as quantified by the Concurrence (Eq.
14). In particular, for a maximally entangled pure input state
in D-dimensions, the Concurrence is given CD ����������
2(1 − 1/D)√

whose upper bound is
�
2

√
, since the reduced

density matrix of a bipartite maximally entangled state is a
maximally mixed state, proportional to the Identity
operator.

4 EXAMPLES

In the following, we will apply the theoretical framework
presented in Sections 2, 3 to two particular examples. In
particular, in Section 4A, we will consider high-dimensional
OAM-entangled biphotons diffracted on screens containing a
single angular aperture, while in Section 4B we will consider
initial biphotons entangled in few OAM modes impinging on
screens containing multiple apertures.
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A. High-Dimensional OAM Entanglement on
Angular Apertures
We now specialize to the study of maximally entangled states,
i.e., we set cl � 1/

�����
2] + 1

√
∀l in Eq. 8. Moreover, we assume the

spatial modes carrying OAM to be fully characterized by their
helical phase front so that we have

|l〉 � 1���
2π

√ ∫π

−π
dϕeilϕ|ϕ〉, (17)

where |ϕ〉 � ∫ rdrul( �r)| �r〉. After transmission through an
angular aperture of size α, |l〉 becomes:

|ψl〉 � 1��
α

√ ∫α

−α/2
dϕeilϕ|ϕ〉. (18)

Using Eq. 18, we can calculate the mutual overlaps (13) which
results into

blk � 1
α
∫α

−α/2
dϕei k−l( )ϕ � sinc

l − k( )α
2

[ ]. (19)

Eq. 19 implies that blk = b−l−k, accordingly in this case the purity
(16) can be rewritten as

Tr ρ2[ ] � ∑]
lkpq�−]blkbpqblpbkq

∑]
lk�−]b

2
lk( )2 . (20)

Combining Eqs 19, 20 into Eq. 14 we can compute the
concurrence of the diffracted state, which is plotted in Figure 2.

B. High-Dimensional Path-Entanglement on
Angular Apertures
We now consider an alternative scenario for generation of high-
dimensional entanglement relying on path-entangled modes
generated by multiple angular apertures in the path of signal

and idler photons (s, i). For simplicity, we consider twin photons
initially prepared in a OAM qubit state of the form:

|ψ0〉 � |l0〉s| − l0〉i. (21)
Whenmasks with (N,M) angular slits for (s, i) photons are placed
in each spatial mode (seen Figure 1), the biphoton state
immediately after the apertures can be expressed as [36]:

|ψ′〉∝ ∑
N−1( )
2

k�− N−1( )
2

∑
M−1( )
2

k′�− M−1( )
2

ϕ xs, xi, z( )|ψk〉s|ψk′〉i, (22)

where xs,i denote the position of signal and idler photons at the
crystal plane (z). ϕ(xs, xi, z) indicates the biphoton amplitude at z,
which can be regarded as a product of the pump transverse
amplitude and phase matching function [36]. For simplicity, in
what follows we consider the biphoton amplitude to be
approximately constant. |ψk,k′〉 describe the quantum state of
signal and idler photons diffracted by angular apertures (k, k′),
respectively.

In the notation introduced in Section 2, for an initial state of
the form |l0〉s| − l0〉i, the quantum state of (s, i) photons
diffracted by angular apertures (k, k′), respectively, can be
expressed as:

|ψk
l0
〉s � α

2π
∑
l′
e−i l′−l0( )βksinc α l′ − l0( )

2
[ ]|l′〉s, (23)

|ψk′
−l0〉i �

α

2π
∑
l″
e−i l″+l0( )βk′sinc α l″ + l0( )

2
[ ]|l″〉i. (24)

The biphoton path-entangled state diffracted by N × M angular
slits results in:

|ψ′〉 � ∑
N−1( )
2

k�− N−1( )
2

∑
M−1( )
2

k′�− M−1( )
2

α

2π
( )2

×

∑
l′

∑
l″
e−i l′−l0( )βke−i l″+l0( )βk′ ×

sinc
α l′ − l0( )

2
[ ]sinc α l″ + l0( )

2
[ ]|l′〉s|l″〉i.

(25)

A compact expression for the biphoton diffracted state can be
cast in the form:

|ψ′〉 � ∑
l′

∑
l″
cl′,l″|l′〉s|l″〉i, (26)

where the coefficients in the summation cl′,l′′ are given by:

cl′,l″ � ∑
N−1( )
2

k�− N−1( )
2

∑
M−1( )
2

k′�− M−1( )
2

α

2π
( )2

×

e−i l′−l0( )βke−i l″+l0( )βk′ ×
sinc

α l′ − l0( )
2

[ ]sinc α l″ + l0( )
2

[ ].
(27)

The Concurrence for the path-entangled biphoton states can be
derived considering the generalized overlap (blm) of the form:

FIGURE 2 | Concurrence vs. angular aperture size for different OAM
subpsace dimension (D = 2] + 1) as indicated in the label, considering a single
angular slit for both signal and idler photons (M = N = 1). Details are in the text.
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blm � ∑
k,k′

∫π

−π
dϕei m−l( )ϕAkAk′, (28)

where Ak,k′ describe the angular aperture functions introduced in
Section 2.

Figures 3–5 present numerical simulations of the
Concurrence (C) vs. Aperture Size (in radians), for different
angular slit dimensions M × N for signal and idler photons,
respectively. For the case of N and M angular slits the
maximum angular aperture size per slit is 2π/N and 2π/M,
respectively. Taking this limit into consideration, we
performed numerical simulations for aperture sizes in the
range 2π/Nmax, where Nmax is the maximum number of slits
between the values of N and M considered in the specific
numerical simulations. All angular dimensions considered are
experimentally feasible in view of the resolution of state-of-
the-art Spatial Light Modulators (SLMs) [56]. Different curves
in Figure 3 correspond to symmetric path-dimensions M × N
given by 2 × 2, 3 × 3, 4 × 4, 5 × 5, and 6 × 6 angular silts, for
aperture sizes in the range [0, 2π/Nmax], with Nmax = 6.
Different curves in Figure 4 correspond to asymmetric
path-dimensions M × N given by 2 × 2, 2 × 4, 2 × 5, 3 × 4,
3 × 5 and 4 × 5 angular silts, for aperture sizes in the range [0,
2π/Nmax], with Nmax = 5. Different curves in Figure 5
correspond to asymmetric path-dimensions M × N given by
5 × 6, 5 × 7, 5 × 8, 6 × 7, 6 × 8 and 7 × 8 angular silts, for
aperture sizes in the range [0, 2π/Nmax], with Nmax = 8.
Interestingly, within our approximation, for a sufficiently
large number of angular apertures (M × N) it is possible to
reach the same amount of entanglement as with high-
dimensional OAM.

Figure 2 indicates that for the case of OAM-entangled
modes in D-dimensions, it is possible to reach the maximal
amount of entanglement present in the initial state for a
sufficiently large angular aperture size (nearly equal to 2π).
On the other hand, a similar amount of entanglement can be

achieved with path-entangled states using smaller angular
apertures, by introducing a sufficiently large number of
angular slits (Figures 3–5). Therefore, we can conclude
that the advantage of high-dimensional path-entangled
states is that they can enable to achieve the maximal
entanglement present in the initial state at reduced
angular aperture sizes, by increasing the number of
angular slits.

Close inspection of Figures 2–5 reveals that the
monotonicity in the Concurrence is directly linked to a
symmetric slit configuration (M = N), as depicted in
Figures 2, 3. While non-monotonicity can be ascribed to
high-dimensional interference phenomena associated with
an asymmetric slit configurations (M ≠ N), as depicted in
Figures 4, 5. Therefore, a tunable slit configuration can be

FIGURE 3 | Concurrence vs. angular aperture size for different path
dimensions (M × N) and aperture sizes in the range [0, 2π/Nmax] with Nmax = 6.
Details are in the text.

FIGURE 4 | Concurrence vs. angular aperture size for different path
dimensions (M × N) and aperture sizes in the range [0, 2π/Nmax] with Nmax = 5.
Details are in the text.

FIGURE 5 | Concurrence vs. angular aperture size for different path
dimensions (M × N) and aperture sizes in the range [0, 2π/Nmax] with Nmax = 8.
Details are in the text.
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regarded as an alternative means for tailoring the
entanglement content in the angular qudit state. This
could prove a promising solution for instance for
improving the performance of next generation function-
integrated quantum circuits, among other relevant
applications [50–57].

5 EXPERIMENTAL IMPLEMENTATION

The proposed experimental scheme envisioned to
characterize high-dimensional entanglement using (N, M)
angular slits is depicted in Figure 1. It is based on the
experimental setup described in Ref. [49]. In this
experimental scenario, a Gaussian pump laser beam with
zero OAM is customarily prepared by spatial filtering using
single-mode fibers. The pump power is typically in the range
of 100 mW and typical operational wavelength is at λ =
413 nm. Degenerate down-converted photons at λ =
826 nm are created by the non-linear process of
Spontaneous Parametric Down Conversion (SPDC), where
a pump beam is normally incident on a non-linear crystal, for
either type-I or type-II phase matching conditions.
Conservation of OAM for the twin photons is granted by
the SPDC process itself, for the given pump and phase
matching conditions [49]. The novel element introduced in
the setup is given by the angular masks containing (N, M)
angular slits, for signal and idler photons, respectively. Such
angular slits are programmed using state-of-the-art Spatial
Light Modulators (SLMs). The OAM spectrum of the
diffracted states can be analyzed in terms of OAM spiral
harmonics, typically over a range from l = 12 to l = 12. This is
routinely accomplished in the laboratory using diffraction
holograms, which for ease of implementation can be
programmed in the same SLM used for the angular masks
(Figure 6). Such OAM projective measurements are
registered via Coincidence Counts (Rsi), in the (ls, li) OAM
basis. The Coincidence Count (CC) rate Rsi of single-photon
detectors Ds(i) gives the probability that signal(idler) photons
are detected at single-photon detector Ds(i) in mode |ls(i)〉, in
a given fixed-time coincidence window. Specifically, the CC
rate is given by Rsi = 〈 li|〈ls‖ρ‖li|〉ls| [49].

An alternative, more exciting, detection approach would
consist of implementing a detection scheme that could resolve

the angular slits taken by the photons and enable to reconstruct
the density matrix directly in the path-way basis. We envision
that such complex detection schemes could in principle be
implemented by means of N-arm interferometers in
combination with spatial multiplexing techniques. More
specific, spatial multiplexing could enable active stabilization
of such complex interferometers, which is a key experimental
challenge in the context [59].

As mentioned, SLMs are used both for preparation of angular
masks, and for analysis of the transmitted state in the OAM basis
via diffraction holograms. As it is well known in the literature,
SLMs are programmable refractive elements which enable full
control of the amplitude of the diffracted beams. In the standard
technique, if the index of the analysis l-forked hologram is
opposite to that of the incoming mode, planar wave-fronts
with on-axis intensity are generated in the first diffraction
order. The on-axis intensity can be coupled to single-mode
fibers with high efficiency, and can be measured with single-
photon detectors Ds,i, using a coincidence count circuit
(Figure 1). The maximum number of angular slits that can be
implemented in a realistic experimental situation will be
fundamentally limited by the finite spatial and angular
correlation width of signal and idler photons, as well as by the
resolution of the SLM itself [56].

6 DISCUSSION

We presented a method to generate entangled photonic states in
high-dimensional quantum systems, the so-called qudits, by
exploiting quantum correlations of OAM-entangled photons
produced by the non-linear process of Spontaneous Parametric
Down Conversion. Diffraction masks containing N angular slits
in the path of twin photons define a qudit space of dimension
N2, spanned by the alternative pathways of the entangled
photons. We quantify the entanglement of path-entangled
photons by an explicit calculation of the Concurrence, valid
for pure states. We reported numerical results for the
Concurrence as a function of the angular aperture size for
the case of high-dimensional OAM-entangled photons and
for the case the case of high-dimensional entanglement
produced by N × M angular slits. Interestingly, within our
approximation, it is possible to reach the same amount of
entanglement using either high-dimensional OAM-entangled

FIGURE 6 | Angular masks used to create path-entanglement and diffraction holograms used to analyze the OAM spectrum. Both the angular mask and the
diffraction hologram can be programmed using the same Spatial Light Modulator. Details are in the text.
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photons or path-entangled photons. Our results shine light into
the fundamental quantum aspects of two-photon angular
interference, and provide alternative means for preparation
of entangled quantum states in high-dimensions, a
fundamental resource for quantum information and quantum
simulation protocols [12, 16, 19, 25–57].
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Nonlinear Quantum Optics With
Structured Light: Tightly Trapped
Atoms in the 3D Focus of Vectorial
Waves
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Ciudad de México, Mexico

Atomic gases tightly trapped near the focus of an electromagnetic wave interact with
photons that exhibit a complex structure, displaying strong gradients of field amplitude and
local polarization that can lead to topological phase singularities. We illustrate the
consequences of this structure on a paradigmatic nonlinear optical process: three-
wave mixing. The process begins by proper selection of the pump field, whose spatial
structure is tailored to present huge gradients of the EM field that enhance atomic
excitations through forbidden transitions. Atoms can then be depopulated via two
electric dipole decays in a cascade configuration, thus providing the three necessary
waves. The properties of the down-converted photons are conditioned to those of the
pump field through phase matching conditions. It is emphasized that the expression of the
photons must incorporate both the structure of the vectorial EM modes and the spatial
configuration of the atomic trap. Due to the three-dimensional focusing, the slowly varying
envelope approximation becomes inadequate when describing the scattered EM field. We
discuss an alternative using a Green function formalism valid for any configuration of the
field that also allows to identify the phase matching conditions. Spherical vectorial waves
exemplify most concepts here discussed, including the possibility of observing nonlinear
quantum phenomena at the single photon level.

Keywords: quantum optics and applications, nonlinear optics and laser properties, structured light (SL), three-wave
mixing (TWM), forbidden transition

It is now 60 years from publication of the emblematic work: Interaction between light waves in a
nonlinear dielectricwhere Bloembergen and collaborators set out to connect the radiative response of
electrons in atomic gases to the nonlinear optical properties of macroscopic dielectrics [1]. The
connection was based on the collective, coherent scattering of light from atoms inside the gas and its
relation to the incident electromagnetic field. The authors showed that the coherence between
scattered and incident fields induces electric moments on the atoms that can yield nonlinear terms in
the field strength, thus coupling waves of different frequencies. To unearth these effects a
quasimonochromatic light source of high-brightness, directionality, and stable intensity as that
given by the laser was required [1]. As modern technologies delve deeper into miniaturization, we
need to look back at this connection but now placing emphasis on an efficient transfer of light at low
intensities. An efficiency that can be reached by tailoring spatial and temporal profiles of light and
matter through light-shaping techniques [2] and versatile atomic traps [3, 4].
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Considered most broadly, the nonlinear process arises from
the underlying interaction between light and matter. An
illuminated atom probes and modifies the surrounding
electromagnetic (EM) field, acquiring information on field
intensities, gradients, and temporal correlations as it scatters
photons between populated and vacuum modes. When the
illuminating field is tailored to match the spatial and temporal
profiles of the atomic radiation pattern, it can create a strong
nonlinear response. Three-wave mixing represents the most
simple response where fields of different frequencies couple
and the potential of structured light is made apparent. Its
implementation requires for three waves to induce a cycling
transition in an atomic medium: moving up via, for instance,
an electric quadrupole transition and cascading down via two
electric dipole transitions through an intermediate level. Under
adequate phase matching conditions an incident beam inducing
the quadrupole transition gives rise to lower frequency waves,
thus acting as a parametric amplifier. This example was chosen in
Ref. [1] to show how symmetry constraints affect the nonlinear
coupling. The experimental challenges to induce this process in
atomic gases at the time were, however, formidable, with the
conditions for observing quadrupole transitions being found in
astrophysical or laboratory plasmas mostly [5]. Experiments
searching to create correlated photons whose frequencies
matched the atomic transition moved towards next order [1].
The first sources of correlated photon pairs were based on a
cascade decay in a four-wave mixing process [6, 7] and led to
enabling technologies in lithography [8], tomography [9],
cryptography [10] and imaging [11, 12] with multiple physics
[13] and transdisciplinary [14, 15] applications.

Atomic electric quadrupole transitions require large gradients
in the amplitude of the incoming field. It is now possible to meet
the experimental challenges to induce these transitions and
explore three-wave mixing in atomic gases. On the one hand,
further development of high-intensity lasers allows for the
observation of quadrupole transitions even using thermal
atomic samples and paraxial pump beams [16–18]. On the
other hand, a quadrupole transition can be induced by large
gradients in the amplitude of the incident EM field down to the
limit of weak intensities. For this, spatial gradients are generated
by shaping light using either phase singularities [19, 20] or
evanescent waves [21] for which even micro-Watt intensity
lasers can suffice [22].

In this manuscript we look back at the three-wave mixing
process following ideas of light shaping and monitoring
mechanisms that have been developed since the early days of
nonlinear optics. Deep down this work is driven by the following
thought: transitions with a single photon can trigger strong
nonlinear optical processes when the spatial profile of the
photon is tailored. The ideal scenario involves spherical
vectorial waves, whose implementation remains challenging as
they require control of the full 4π angle surrounding the atom.
There are, however, experimental platforms where this control is
achieved to a good approximation. In particular a single ion
trapped at the focus of a parabolic mirror [23, 24] is a feasible
set-up for achieving nonlinear strong coupling between few
photons associated to vectorial modes. It has already been

shown that a single photon can induce an electric dipole
transition with high-probability in this set-up due to the
similarities between parabolic and spherical waves [25]. Here,
we study a three-wave mixing process based on ideal spherical
vectorial modes [26]. We consider tightly trapped atoms in the
Lamb-Dicke regime where the spatial confinement approaches the
typical transition wavelengths. Through this ideal scenario we
identify the theoretical tools necessary to understand the
nonlinear process in detail, and establish a route to perform
theoretical and experimental realizations of nonlinear optics
events with a minimum number of photons.

The manuscript is organized as follow. In Section 1 we
introduce our model where a tightly trapped atom is coupled
to a structured EM field. Emphasis is placed on the vectorial
structure of the field and effects related to the spatial extent of
the trap on the atom-light coupling. We show that the trap
strength can alter the atomic multipole decay rates through a
form factor. At the end of this Section we revisit spherical
vectorial waves and their relevance for the system under study.
Section 2 concerns the connection between atomic transitions
and nonlinear optics. We consider the specific example of an
atom in a cascade configuration driven via an electric
quadrupole transition by an incoming spherical wave. The
nonlinear susceptibilities and collective responses of atomic
systems are worked out for tightly trapped atoms. The
mesoscopic densities of electric dipole and quadrupole
polarization as sources of scattered photons are discussed. In
Section 3 we introduce a dyadic Green function formalism that
can be used to overcome the theoretical challenges that rise for
deeply focused modes, such as, non-applicability of the slowly
varying envelope approximation and the identification of the
phase matching conditions. We conclude in Section 4 with a
recapitulation of our results and the scope of our analyses.

1 ELECTRODYNAMICS BEYOND THE
ELECTRIC DIPOLE APPROXIMATION

We consider an atomic gas coupled to a free electromagnetic field.
The dynamics of this composite system are given by the
Hamiltonian

Ĥ � Ĥatom + Ĥfield + Ĥint, (1)
where Ĥfield describes the free electromagnetic field, Ĥatom the
center-of-mass and electronic state of the atomic gas in the
absence of the EM field, and Ĥint links atom and field.

The gas is assumed to be tightly trapped and formed by atoms
with three relevant electronic states |s〉(s = a, b, c) in a cascade
configuration sketched in Figure 1. It is described by the
Hamiltonian

Ĥatom � ∑ ZωA|ΦA〉〈ΦA| +∑ Zωs|s〉〈s|, (2)
where the operator σ̂ss′ � |s〉〈s′| acts over electronic states while
|ΦA〉〈ΦA| acts over vibrational states that describe the atomic
motion inside the trap; the parameters ωs and ωA refer to
electronic and vibrational frequencies, respectively. These
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states are connected by the free EM field, whose evolution is
described by

Ĥfield � ∑
γ

Zωγâ
†
γâγ (3)

with âγ the annihilation operator for an EM mode of frequency
ωγ. The index γ denotes a set of parameters that characterize the
mode, e.g., in a plane wave γ = {k, ϵk,λ} refers to modes of
wavevector k and polarization ϵk,λ. The evolution of the EM field
is given by Maxwell equations for the electric Ê and magnetic B̂
field operators that, when expanded within a normal mode basis,
read

Ê x, t( ) � ∑
γ

E +( )
γ x( )âγe−iωγt + h.c., (4)

B̂ x, t( ) � ∑
γ

i
ωγ

c
∇× E +( )

γ x( )âγe−iωγt + h.c.. (5)

It is convenient to write the mode amplitudes Eγ inside a
restricted Fourier space where the free-space dispersion relation
|k|2 = ω2/c2 has been imposed. In this space the amplitudes are

E +( )
γ x( ) � ∫ dΩke

ik·xfγ θk ,φk( ), (6)

with dΩk a solid angle element and fγ the angular spectrum of the
mode. Equation 6 gives a direct connection between plane waves
and general structured modes.

The interaction between atom and field supports a multipole
description due to the small size of the atom as compared to the
wavelengths involved in most radiative transitions [27]. For
extremely 3D-focused structured light, large gradients of the
field amplitude and spatial-dependent polarization are found
[28]. If the atom is trapped nearby the focus of the light mode
it is necessary to move beyond the dipole approximation, done
here through an interaction Hamiltonian

Ĥint � − Ê X̂, t( ) · d̂ + B̂ X̂, t( ) · m̂ + 1
2
∇Ê X̂, t( ): q̂[ ], (7)

written in terms of the atomic electric dipole d̂ � er̂, magnetic
dipole m̂ � e

2m l̂ + (μ/s)̂s, and electric quadrupole

q̂ij � e(3r̂ir̂j − |̂r|2δij), operators. These operators act over the
internal states of the atom with r̂, l̂, ŝ, refering, respectively, to the
relative electronic position, orbital angular momentum, and spin
angular momentum; while parameters e, m, and μ refer to the
electron charge, mass, and magnetic moment. The vibrational
states are accounted for through the operator X̂ that denotes the
atomic center-of-mass position where field operators are
evaluated. Notice the double product of two range tensors
defined as F: G = ∑i,jFijGij.

Equation 7 illustrates how an atom probes an electromagnetic
field by correlating its internal states to the state of the field.
Through the electric and magnetic dipole moments it probes local
field amplitudes and quadratures, through the quadrupole moment
it gains information of spatial gradients of the field. Bymoving past
the dipole moment it is possible to acquire a better landscape of the
EM field. Furthermore, the theoretical tools used to describe this
extended landscape resemble those commonly used under the
dipole approximation. The similarity is made transparent by
inserting Eq. 4 into Eq. 7 and applying the rotating-wave
approximation, such that—in a reference frame oscillating with
Ĥatom—the interaction Hamiltonian takes the form

Ĥint � ∑
γ

∑
s,s′

ei ωss′−ωγ( )tZκγss′ ~X( )âγσ̂s,s′ (8)

where ~X is evaluated in the rotating frame and the coupling
strength contains electric dipole, magnetic dipole, and electric
quadrupole contributions

κγss′ x( ) � κ ed( )
ss′;γ x( ) + κ md( )

ss′;γ x( ) + κ
eq( )

ss′;γ x( ). (9)
The contributions read explicitly as

κ ed( )
ss′;γ x( ) � E +( )

γ x( ) · dss′, (10a)
κ md( )
ss′;γ x( ) � B +( )

γ x( ) ·mss′, (10b)
κ

eq( )
ss′;γ x( ) � 1

2
∇E +( )

γ x( ): q̂ss′. (10c)

Here, the matrix elements Oss′ � 〈s|Ô|s′〉 that connect two
electronic states |s〉 and |s′〉 are used.

FIGURE 1 | (A) A three-level atom mediates the interaction between different waves. It is considered to be excited via a quadrupole transition connecting levels |a〉
and |b〉 and decays through cascade dipole transitions along level |c〉. (B) Since the atomic system is trapped in a region comparable to the involved radiative
wavelengths, vibrational motion effects must be included.
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From Eq. 7 it is possible to obtain Rabi oscillations, decay
rates, and radiative shifts caused by higher multipole terms
following standard techniques used in quantum optics. There
is, however, a difference that has to be emphasized. The coupling
depends on the trapping strength through the operator X̂, which
can induce transitions among vibrational states ruled by the
matrix element

〈ΦA|κ ed( )
ss′;γ

~X( )|ΦB〉 � dnm · ∫ d3XΦp
A X( )E +( )

γ X( )ΦB X( )[ ]eiωABt,

(11)
plus two analogue terms for the magnetic dipole and electric
quadrupole moments. With vibrational states defining the
strength at which EM field an atom interact, a natural question
is raised: Is it possible to alter the decay rate of an atom in an
structured environment by changing the location and strength of the
trap?While the effect of the location has been studied at length in the
past, where tests of the Purcell enhancement factor depend on the
location of an atom with respect to a boundary that alters the field
distribution [29], the effect of trap strength is less explored. We
answer this question in the affirmative below, where we show that for
localized environments the spontaneous decay rate can be reduced
(enhanced) for weaker (tighter) traps. The change is attributed to the
extension of the atomic trap, which leads to an average over regions
where field intensity and gradient change.

1.1 Spontaneous Emission of Tightly
Trapped Atoms in Structured Environments
To describe the spontaneous emission of an atomic gas inside a
structured environment, we consider the probability that an
excited atom emits a photon into a free mode during a time
interval τ. From Eq. 8 the probability for this process to occur,
regardless of the final vibrational state, is given by the integral

Pγ
s→s′ � ∫

τ

0

dt∑
B

ei ωss′+ωAB−ωγ( )t〈ΦB|κγss′ X( )|ΦA〉
∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣
2

, (12)

thus posing frequencymissmatch conditions on the modes the atom
interactsmost strongly with. In general these conditions depend on a
vibrational shift ωAB, but, when the electronic transition frequency is
much larger than the relevant CM transition frequencies ωss′ ≫ ωAB,
this shift can be neglected [30]. By removing these shifts from the
equation the states |ΦB〉 can be averaged out using the completeness
of the vibrational states, leading to

Pγ
s→s′ ≃ S ωab − ωγ( )〈ΦA|κγ†ss′ X( )κγss′ X( )|ΦA〉, (13)

with S(ωab − ωγ) a sharp spectral function that satisfies
S(ω) ~ 2πτδ(ω) as τ → ∞ [31].

Equation 13 should be read as a probability distribution that
weights the decay process. The atom interacts with many modes
of the environment such that the spontaneous decay rates is
obtained from the sum

Γss′;A � ∑
γ

z

zτ
Pγ
s→s′ (14)

consistent with the Born and Markov approximations. By
removing the correlations that build-up between field and
atom we have made the Born approximation, and by
extending the time integral without accounting for
selfconsistent exchanges we have performed the Markov
approximation. In this sense, the spread ωss + ωAB introduced
by vibrational states has to be much smaller than the free mode
density in order to be neglected. This is usually achieved in free
space, and is a good approximation to half cavities where modes
acquire a linewidth.

It is now possible to identify the decay rate of an atom inside
an structured environment. The transition rates between
electronic states incorporate information about the spatial
region explored by the atom and the vectorial nature of the
radiated field. By using the angular spectrum of the field defined
in Eq. 6 the spontaneous rates are found to be [25].

Γ ed( )
ab;A � ∑

σ�,±,0
∑
γ

S ωab − ωγ( ) dp
ab[ ]−σ T ed( )

γ;A[ ]
σσ

dab[ ]−σ, (15a)

Γ md( )
ab;A � ∑

σ�,±,0
∑
γ

S ωab − ωγ( ) mp
ab[ ]−σ T md( )

γ;A[ ]
σσ

mab[ ]−σ, (15b)

Γ eq( )
ab;A � ∑

σ,σ′�,±,0
∑
γ

S ωab − ωγ( ) qp
ab[ ]−σ−σ′ T eq( )

γ;A[ ]
σσ′σσ′

qab[ ]−σ−σ′,
(15c)

where we have used square brackets [x]σ to denote the σ
component of vectors and tensors and adopted the circular
polarization basis {eσ} = {e± = ex ± iey, e0 = ez}. The
contribution of each mode becomes

T ed( )
γ;A[ ]

σσ
� 2π

Z2
∫ dΩk ∫ dΩk′gA k, k′;ωγ( ) fpγ θk ,φk( )[ ]

σ
fγ θk′,φk′( )[ ]

σ
,

(16a)
T md( )

γ;A[ ]
σσ

� 2πc2

Z2ω2
γ

∫dΩk ∫ dΩk′gA k, k′;ωγ( ) k × fpγ θk ,φk( )[ ]
σ
k′ × fγ θk′ ,φk′( )[ ]

σ
,

(16b)
T eq( )

γ;A[ ]
σσ′σσ′

� 2πc2

Z2ω2
γ

∫dΩk ∫ dΩk′gA k, k′;ωγ( ) k[ ]σ fpγ θk ,φk( )[ ]
σ′ k′[ ]σ fγ θk′ ,φk′( )[ ]

σ′.

(16c)

The effect of the vibrational states for all multiple moments is
given entirely by a form factor

gA k, k′;ωγ( ) � ∫ d3XΦp
A X( )ei k̂−k̂′( )· ωγX/c( )ΦA X( ). (17)

The form factor shows that the center-of-mass motion
performs an average over the field distributions. The average
depends on the atomic center of mass initial state. For an atom
prepared in the ground state of an harmonic trap with angular
frequency components Λx,y,z centered at the position X0—which
does not need to coincide with the origin used to describe the EM
field—the form factor is

gA k, k′;ωγ( ) � ei k̂−k̂′( )· ωγX0/c( ) ∏
i�x,y,z

e−
2πηi k̂i−k̂i′( )2

2 (18)

The average carries information on the trap through the
Lamb-Dicke parameters ηi �

�����������
Zω2

γ/2Mc2Λi

√
� li/λγ relating the
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ground-state size of the trap li � 2π
�������
Z/2MΛi

√
to the wavelength

of the electromagnetic mode λγ. In the Lamb-Dicke limit ηi < 1,
the atoms are confined below the photon wavelength and will not
be heated by light scattering [32]. Notice that even if ωγ ≫Λi, the
condition is achieved for ωγ ≪

�������
2Mc2/Z

√
taking into account the

value of the atom rest energy Mc2. The Lamb-Dicke regime has
been achieved for trapped ions [33] and neutral atoms [34].

Through Eqs 15a, 15b, 15c, 16a, 16b, 16c, Eq. 17 we have
shown that decay rates depend on the EMmode density evaluated
at the atomic resonance frequency and also on the average value
determined by the vibrational states. The electromagnetic modes
γ that participate in Eqs 15a, 15b, 15c can be constrained by
imposing physical boundaries, as done in experiments with
optical cavities. Then, the enhancement [29] or inhibition [35,
36] of the spontaneous emission rate depends on the
electromagnetic structure of the environment and the location
and trapping strength of the atom. Notice that this control is
expected not only for electric dipole transitions, but for any
multipole transition as we have just illustrated for electric
quadrupole and magnetic dipole cases.

It is worth mentioning that for atoms in free-space the EM
field is homogeneous and the dipolar and quadrupolar
spontaneous emission decay rates are

Γ ed( )
ss′ � 4|dss′|2ω3

ss′
3Zc3

, (19a)

Γ md( )
ss′ � 4|mss′|2ω3

ss′
3Zc3

, (19b)

Γ eq( )
ss′ � |qss′|2ω5

ss′
15Zc5

. (19c)

This can be shown by evaluating the T (mult)
γ;A integrals with

angular spectrum

ffree
γ θk , ϕk( ) � 1

| sin θk| δ θk − θγ( )δ ϕk − ϕγ( )
for each polarization, and using the completeness relation of
polarizations ϵk,λ and wavevectors k. For a systematic approach
beyond the quadrupolar interaction, however, it is more
convenient to use the spherical modes.

1.2 Spherical Vector Waves: Atomic
Radiation Patterns
The structure of the radiated field incorporates the atomic
symmetries that arise from the central field model. In the
mean field scheme, individual radiative electronic transitions
involve a single electron that changes its orbital and yields a
non-null electromagnetic multipole for the atom as a whole. An
EMmultipole transition of an atom can be either described as the
emission or absorption of a single photon in an appropriate
spherical vectorial mode, or as divided along multiple photon
channels with wavevectors k and specific angular distribution
probabilities. Spherical vectorial modes then lead to a more
efficient transfer than their wavevector counterparts.

This efficient transfer is already suggested by the form of the
spherical vectorial modes. In free space a monochromatic

spherical wave of frequency ω and amplitude A has an
angular spectrum

fγ � A ~Y
P( )
jm θk ,φk( ). (20)

The spectrum describes the coupling of orbital and polarization
angular momenta of photons to yield a total angular momentum
{jm} as described by the functions ~Y

(P)
jm where P = E, M refers to

either transverse magnetic or transverse electric waves. These
functions are written explicitly in the Supplementary Appendix
SAI in terms of standard spherical harmonic functions Yℓm(θ, φ)—
that account for the orbital angular momentum—and spherical
polarizations e± = ex ± iey, e0 = ez. Spherical vectorial modes are
then characterized by the parameters γ: {ω/c = k, j,m, P} that can be
compared to the electronic degrees-of-freedom involved during a
transition. In particular to the atomic angular momentum that
includes both orbital and spin contributions of the electronic
configurations and the angular momentum of the nucleus. Note
that the electronic and electromagnetic fields should be described in
the same reference frame. In particular, the same quantization z-axis,
which is either arbitrarily selected or predetermined by anisotropic
environments. The latter can be, e.g., external electric and magnetic
fields selected to manipulate the internal or external degrees of the
atom, or they could refer to the geometry of cavities designed to
control the classical or quantum features of the electromagnetic field.

The radiative transitions that connect two-atomic states are
ruled by strict conservation laws for energy, linear momentum,
and angular momentum of the atom-radiation system as a whole.
These conservation laws are naturally satisfied by spherical modes
where electric and magnetic multipole transitions involve a single
Y

(E)
jm or Y(M)

jm photon [37]. As such, they can be used to connect
the atomic internal state to the most probable decay processes and
the specific EM modes involved. For example, the spatial pattern
of magnetic spherical waves Y(M)

jm is obtained from Eq. 6 as

∫ dΩke
−ik·r ~Y

M( )
jm θk ,φk( ) � 4πi−jjj kr( )Y M( )

jm θ,φ( ), (21)

with jj(kr) the spherical Bessel functions with k = ω/c and the
position r = {r, θ, ϕ}. This form was used to obtain the radiative
decay of Eqs 19a, 19b, 19c, but, by portraying the wave as a single
vectorial mode, there is no need to account for the contribution of
each wavevector and polarization. Similar descriptions are found
for the spherical electric modes. Relevant, well-known
mathematical properties of spherical vectorial modes are
summarized in Supplementary Appendix SAI including a
connection to vectorial plane waves. We show explicitly the
simple structure of the modes in k-space that is used to define
a scalar product from which the EM field can be quantized. These
properties emphasize that the mode structure results from the
direct coupling of orbital and polarization angular momenta of
the field.

Figures 2–4 are used to illustrate the rich spatial patterns of
vectorial modes. In an effort to show the symmetries involved,
isointensity surfaces are drawn for each polarization e±,0, and for
the total intensity of the spherical waves. As anticipated in the
Introduction, the polarization and configuration structure in this
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subwavelength region is complex. High gradients of the intensity
and vortices along a dislocation line for certain polarizations can
be found as shown by the phase structure in the XY plane.

We begin with Figure 2 where each polarization component of
the electric dipole spherical wave is described by a combination of
spherical functionsYℓmwith ℓ = 0 and 2, as we now discuss. Figure 2

shows the Y(E)
11 spherical wave. The σ+ polarization component is a

combination of both Y20 and Y00, the latter being independent of θ
and φ and not null at r = 0. Neither Y20 nor Y00 components exhibit
orbital vortices. For comparison, the σ− component is proportional
Y22 and displays an optical vortex with topological charge 2 along the
Z-axis. The π component is proportional to Y21 with a unit

FIGURE 2 | Isosurfaces of an electric dipole Y
(E)
11 spherical wave at 40% of the intensity divided into: (A) total intensity; (B) σ− polarization component; (C) π

polarization component; and (D) σ+ componentsof the polarization. In (E–G) the phase distributions at the z = 0 plane are plotted for different polarization components.

FIGURE 3 | Isosurfaces of an electric quadrupole Y
(E)
22 spherical wave at 40% of the intensity divided into: (A) total intensity; (B) σ− polarization component; (C) π

polarization component; and (D) σ+ components of the polarization. In (E–G) the phase distributions at the z = 0 plane are plotted for different polarization components.
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topological charge vortex. Consider next the quadrupole electric
spherical wave Y(E)

22 shown in Figure 3. An analogous description
follows but through a combination ofYℓm functions with ℓ = 1 and 3.
This implies an odd behavior for quadrupole waves in contrast to the
even behavior of dipole electric waves with respect to the parity
transformation. Finally, Figure 4 illustrates a Y(M)

11 spherical wave.
In general, each circular polarization σ±(π) component of Y(M)

jm is
proportional to the Yjm∓1(Yjm) spherical harmonic. The parity of
magnetic spherical modes is even (odd) for even (odd) values of j.

The results are to be compared with standard paraxial optics.
For paraxial optics, light polarization is approximately a global
concept. There is a main direction of propagation and the
polarization vectors are approximately perpendicular to it.
This facilitates the identification of processes where only either
σ+, σ− or π transitions occur; π-transitions require a main
direction of propagation perpendicular to a quantization-axis
defined by the environment as mentioned in the beginning of this
Subsection. For each type of transition the atomic internal states
experience a change of the internal magnetic number Δm = 1, −1,
0 respectively. If a realization of a few atomic levels model is
desired, a search of an atomic- EM field configuration is
performed to maximize the relevance of predetermined
internal atomic sublevels that participate in the nonlinear
optical process.

2 THREE-WAVE MIXING INDUCED BY A
FORBIDDEN TRANSITION

Having described how light can be tailored to induce particular
transitions with high probability, we now move to the nonlinear

response of an atomic gas. For this we are going to consider the
case drawn in Figure 1where a three-level atomic gas is driven by
a structured EM mode. States |a〉 and |b〉 are connected through
two paths: one via a quadrupole transition with moment qab; and
the other via two electric dipole transitions through an
intermediate level |c〉 with moments dac and dbc. All other
moments are considered negligible. The incident mode â1 is
tailored to display a large spatial gradient, it presents the adequate
polarization to connect a and b states, and is slightly detuned
from the quadrupole transition. It provides the conditions for
modes â2 and â3 to become populated as the atom descends down
the dipole ladder, thus describing a three-wave mixing process.
Most studies in the literature do not consider the possibility of the
quadrupole transition and focus only on the two-photon electric
dipole processes associated to the ladder configuration of a three
level atom-EM field system [38]. Nevertheless, those studies
illustrate a plethora of interesting phenomena whose analogs
and extensions when three-wave mixing is allowed deserve
further analyses.

Three-wave mixing relies on the coherent scattering from
mode â1 to modes â2 and â3. To account for this scattering we
divide the total Hamiltonian of Eq. 1 as

Ĥ � ∑
i�1,2,3

Zωiâ
†
i âi +∑

s,s′
Zκiss′

˜̂X( )âiσ̂ n( )
s,s′ +H.c.{ } + Ĥatom + Ĥfield′

+ Ĥint′
(22)

where we separated the three EM modes â1, â2, â3 from other
environment modes accounted for in the primed terms. The
evolution of the mode operators

FIGURE 4 | Isosurfaces of an magnetic dipole Y
(M)
11 spherical wave at 40% of the intensity divided into: (A) total intensity; (B) σ− polarization component; (C) π

polarization component; and (D) σ+ components of the polarization. In (E)–(G) the phase distributions at the z = 0 plane are plotted for different polarization components.
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_̂aj � −iωjâj − i∑
ss′

κjpss′σ̂ss′, (23)

naturally divides into free and scattered components. The
electromagnetic Ê and B̂ field operators are then obtained by
solving the self-consistent equations for field and atom operators
and performing a sum over all the modes (see Eq. 4 above).
Equivalently, we could define atomic polarizabilities and obtain
the evolution of the field from Maxwell equations. To do so we
consider first a density matrix for the atomic state

ρtw � ρCM ⊗ ρ (24)
where ρCM describes the vibrational motion of the atom and ρ
describes its electronic state. This form requires that center of
mass and internal states are not correlated at an initial time, and
remain so throughout the nonlinear process. This condition
could be valid in the Lamb-Dicke regime. From Eqs 23, 24
dipole and quadrupole moment densities P and Q of the
three-level atomic gas can be defined as

P X, t( ) � NρCM X( ) dacρac + dcbρcb + h.c.( ), (25a)
Q X, t( ) � NρCM X( ) qabρab + q†

abρba( ), (25b)
where the total number of trapped atoms N is first introduced.

Non-linearities enter the picture through the internal state of
the atom. They result from the participation of photons inside γ
modes at different orders in the coupling strength κ

ρ � ∑
n

gn κ( )ρ n( ). (26)

The series converges for κ lower than the detunings Δ and
decay rates Γ(mult). Three-wave mixing appears at second order in
the series, the details are described in the Supplementary
Appendix SAII following a semiclassical approach equivalent
to an adiabatic elimination of the atomic variables in the fully
quantum regime [39]. The final expression for the atomic
polarization at a position X is

P̂ X, t( ) � ∑
ℓ

P̂ℓ X,ωℓ( )e−iωℓt, (27)

where the leading terms are shown to be

P̂2 X,−ω2( ) � N

Z2
ρCM X( ) qab: ∇Eγ1aγ1( )† dcb · Eγ2aγ2( )dac

Δ3 Δ1 − i 12Γ
(eq)
ab[ ] , (28)

P̂3 X,−ω3( ) � N

Z2ρ
CsM X( ) qab: ∇Eγ1aγ1( )† dac · Eγ3aγ3( )dcb

Δ2 − i 12 Γ(eq)ab + Γ(ed)cb( )
1

Δ1 − i 12Γ
(eq)
ab

+ 1

Δ3 + i 12Γ(ed)ac

⎛⎜⎝ ⎞⎟⎠

(29)

Meanwhile, the quadrupole densities oscillate as

Q̂ X,−ω1( ) � N

Z2ρ
CM X( ) d̂cb · Eγ2aγ2( )† d̂ac · Eγ3aγ3( )†q̂ab

Δ1 − i 12Γ
(eq)
ab[ ] Δ3 − i 12Γ(ed)ac[ ] (30)

Once the electronic states are adiabatically eliminated, the
field evolution of Eq. 23 is equivalent to an effective

Hamiltonian density of the atomic gas interacting with the
EM field

Ĥeff � ∑
γ1

1
2
Q̂ ω1,X( ): ∇E γ1( ) X, t( ) +∑

γ2

P̂ −ω2,X( ) · E γ2( ) X, t( )

+∑
γ3

P̂ −ω3,X( ) · E γ3( ) X, t( ).

(31)
Here, the summation is performed over free modes γi whose

frequency ωi close to the transition frequency ωss′ and their
polarization and angular momentum jimi are adequate to
induce the atomic transition with the corresponding
multipole moment. That is, rapidly oscillating terms derived
from far from resonance conditions or an spatial configuration
out of the expected spherical vector mode one have been
discarded.

2.1 Multipole Densities as Sources of
Radiation
Having revisited the connection between electronic processes and
nonlinear optical processes, we can now exploit the connection to
Maxwell equations. For localized sources which admit an efficient
multipole expansion, the radiated field operator Ê is known to
satisfy the equation [31, 37, 40]

− ·  + 1
c2

z2

zt2
[ ]Ê � 4π

c

z

zt
Ĵ (32)

where the sources

Ĵ � Ĵ
(ed) + Ĵ(eq) (33)

divide into electric dipole Ĵ
(ed)

and quadrupole Ĵ
(eq)

operators that
satisfy

J(ed) � 1
c

zP̂
zt
, J(eq) � −1

c

z

zt
 · Q̂. (34)

It is possible to extend the formalism to include magnetic
dipole transitions through a magnetization term

Ĵ
(md) �  × M̂. (35)

In our case, Eq. 32 stems from the interaction Hamiltonian
beyond the dipole approximation written in Eq. 7 and the
decomposition of the electric fields [4]. The form of the
interaction led naturally to the vectorial spherical waves
associated to each atomic radiative transition and then to
source terms of this form. The particular atomic evolution
follows from a master equation evolution (as defined in
Supplementary Appendix SAII), but the form is universal.

Note that radiation can also be generated by so-called “free”
sources. An example is radiation scattered by structureless ideal
charges such as electrons, i.e., the Compton effect, which has
frequently been described using a plane wave expansion of the
quantized EM field [31]. Recent theoretical studies concern the
Compton effect with photons associated to structured beams
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[41], and the implementation of the inverse Compton effect for
twisted electron beams is an active area of research [42].

For the three-wave mixing process considered here, the
induced moments oscillate at frequencies ω1, ω2 and ω3. As
such, the evolution of the field amplitudes can be decomposed
into a Fourier series that leads to

− ·  − ω2
1

c2
[ ]E γ1( ) � −4πω

2
1

c2
 ·Q −ω1( ), (36a)

− ·  − ω2
i

c2
[ ]E γi( ) � 4πω2

i

c2
Ps −ωi( ), i � 2, 3 (36b)

whenever the temporal phase matching condition is imposed ω1

= ω2 + ω3. From them, conditions yielding a high efficiency of
parametric processes based on atomic coherence can be obtained
[43]. Note that the full quantum treatment implicit in Eq. 32
allows to study correlations of the quadrature equations of the
EM modes, including squeezing conditions [44].

Most implementations of nonlinear optics processes consider
input paraxial beams driving the atomic gas. The set of paraxial
modes {γpxi } neither matches the atomic symmetry nor provides
any guarantee of an adequate description of the EM field in the
radiation zone [45]. Within the paraxial regime, the theoretical
description of the classical and quantum properties of light is
incorporated using the slowly varying amplitude approximation
[1]. It states that the relative change in the amplitude per
wavelength is small and there is a main direction of
propagation z of the light fields so that the dominant spatial
variation of the amplitude can be approximated by (ω/c)zzE(γi).
This is not valid when the electromagnetic beams are focused,
but, as we now show, the vectorial waves provide a form to
describe the evolution.

3 DYADIC GREEN FUNCTIONS

Schwinger [46] introduced an elegant formalism to evaluate the
response function between the electromagnetic field and a
polarization source using the Green function dyadic. As
Maxwell equation, Eq. 32, can be worked out using this
formalism for generalized multipole sources we now revisit
this formalism.

The Green dyadic Γ is a tensor with r, s components

Grs X, t;X′, t′( ) � 〈T̂ Ê
−( )
r X, t( )Ê +( )

s X′, t′( )〉 (37)
with T̂ a time ordering operator that, in field theory applications,
leads to Feynman symmetric order; and, in optical studies, is
chosen to guarantee the retarded scheme. By being written in
normal order it also provides a natural connection to photon
detection theory and real time monitoring of the emitted field.
This tensor is responsible of the propagation of fields. It then
allows us to write the free and scattered fields discussed above as

Êr X, t( ) � Ê
free

r X, t( ) + Ê
scatt

r X, t( ) (38a)

Ê
scatt

r X, t( ) � ∑
s�1,2,3

∫ d3X′dt′Grs X, t;X′, t′( ) zct′J( )s X′, t′( ).
(38b)

Where the free field Ê
free

is, by construction, the adequate
quantum field solution of the Maxwell equations with no sources,
andmay include the incident EM field. And the scattered EM field
Ê
scatt

is created by the atomic multipole densities.
For a retarded scheme and a vectorial spherical expansion of

the electric field operators in free space, the tensor is
decomposed as

Grs X, t;X′, t′( ) � ∫ dωGrs X,X′;ω( )e−iω t−t′( )

Grs X,X′;ω( ) � ω2 ∑
P�E,M

∑
ℓ,m

jℓ
ωr<
c

( )h 1( )
ℓ

ωr>
c

( ) ~Y
P( )
ℓm( )

r
θ,φ( ) ~Y

P( )*
ℓm( )

s
θ′,φ′( ) (39)

with jℓ and h(1)
ℓ

the spherical Bessel functions.

3.1 Spatial Phase Matching Conditions
We can now use this formalism to describe the phase
matching conditions that rule the underlying nonlinear
processes. For plane waves phase matching conditions
establish the relations between the wave vectors of the
involved EM modes that guarantee the highest efficiency of
an optical nonlinear process. In the quantum realm, these
equations are interpreted as the conservation of linear
momentum of the participating photons. For a
homogeneous atomic gas, the three-wave mixing phase
matching conditions are

k1 � k2 + k3. (40)
For beams exhibiting a common dislocation line—and

correspondingly a non-trivial local orbital momentum along
that line—the phase matching conditions correlate the
topological charge of the vortices so that the angular
momentum of the photons is conserved [47, 48]. For an
isotropic atomic sample and for modes exhibiting optical
vortices of topological charge mi along a common axes, for
our process

m1 � m2 +m3. (41)
In this Section we show how they naturally emerge from the

dyadic treatment of the scattered field. To that end it is just
necessary the integrate the Maxwell Equation Eqs 38a, 38b over
the spatial variables of the localized source

∫ d3X′jℓ ωr/c( ) ~Y P( )p
ℓm θ′, φ′( ) · J X′, t′( ) (42)

If the 3D sample is in an isotropic trap, the angular
integration acquires an analytic expression (some formulae
useful for the calculation of the spatial derivatives of the
spherical waves can be found in the Supplementary
Appendix SAI). The integrals are, in general, a linear
combination of the Wigner 3-j symbols
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∫ dΩYℓ1m1 θ,φ( )Yℓ2m2 θ,φ( )Yℓ3m3 θ,φ( ) �
����������������������
2ℓ1 + 1( ) 2ℓ2 + 1( ) 2ℓ3 + 1( )

4π

√
ℓ1 ℓ2 ℓ3

0 0 0
( ) ℓ1 ℓ2 ℓ3

m1 m2 m3
( ) (43)

available in most numerical platforms. The phase matching
conditions result from the identification of non-null Wigner 3-
j symbols,

miϵ −ℓi, . . . , ℓi{ }, i � 1, 2, 3,

m1 +m2 +m3 � 0, |ℓ1 − ℓ2|≤ ℓ3 ≤ ℓ1 + ℓ2.

These phase matching conditions can be interpreted as a
conservation of the total angular momentum and not just its
z-component for the photons involved in the three-wave mixing
process.

3.1.1 Scattered Field
Since just a constrained set of γpm modes satifies the phase
matching conditions, the scattered field is given by

Ê
scatt

r X, t( ) � ∫ d3X′dt′Γrs X, t;X′, t′( ) zct′J( )s X′, t′( ) (44a)

� ∑
γpm

∑
s

α
γpm
rs h 1( )

ℓpm

ωpmr

c
( ) ~Y

P( )
ℓpmmpm

( )
r
θ,φ( ), ω1 � ω2 + ω3

(44b)
α
γpm
rs � ∫ d3X′ρCM X′( )jℓpm ωpmr′

c
( ) ~Y

P( )
ℓpmmpm

( )
r
θ′,φ′( )Js X′( )

(44c)
An advantage of working with spherical vectorialmodes is that any

set of three modes γab, γbc and γca with ω1 = ω2 + ω3 must be
considered as usual, but the phase angular matching conditions select
a discrete set of few modes specified by the polarization P and the jss′
and mss′ values that satisfy the angular phase matching conditions.
This is a basic difference with standard studies where the spatial phase
matching is satisfied by a continuous set of spatial modes.

Once few of these modes are identified one could now apply,
e.g., the semiclassical approximation or other standard
techniques [49–51] to work out the behavior of the quantum
quadratures of the field and their correlation to the atomic
degrees of freedom. The modes, of course, depend on the
experimental conditions.

4 DISCUSSION

We have presented a description of three-wave mixing inside
an atomic cloud. We began by showing how this process could
be efficiently induced by properly shaping the light field and
then moved to the description of the free and scattered field
that are ultimately measured in an experiment. For this, we
went beyond the dipole approximation and showed that the
system is naturally described by multipole spherical waves.
Multipole spherical waves yield the optimal description of the
basic radiative atomic processes. As such, they are
paradigmatic structured light fields. Yet, their use in the

description of nonlinear systems is scarse. The reason is
that most implementations of nonlinear processes employ
laser beams and assume a paraxial regime. Nowadays
technological developments go in a different direction.
Optimal coupling to minimize energy costs in, e.g.,
quantum information protocols require the realization of
nonlinear processes triggered by single photons [52]. A
natural scheme to achieve such a coupling is by trapping
atoms nearby the focus of spherical vectorial waves.

The main task in this work was to emphasize both the effects
of trapping on the radiative responses of an atom and present a
way to surmount the difficulties that arise. These included
moving beyond dipolar approximation, and the breakdown
of commonly used approximations as the slowly varying
envelope one. We showed how the dyadic Green function
formalism is easily implemented and allows for the
identification of a discrete set of modes that would
participate in the nonlinear process once the relevant atomic
states are identified.

The calculations were described by a paradigmatic process that
can now be reached in experiments with atomic gases: three-wave
mixing. Notice, however, that the general concepts introduced in
our work can be extended to any nonlinear process. In addition
the dyadic formalism can be directly applied for other
symmetries; yielding a direct route for the identication of the
phase matching condition. While standard techniques were
developed with dipolar transitions and plane waves in mind,
the extension to structured light can be readily done with the
appropriate basis in mind.
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Entangled Biphoton Enhanced Double
QuantumCoherence Signal as a Probe
for Cavity Polariton Correlations in
Presence of Phonon Induced
Dephasing
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We theoretically propose a biphoton entanglement-enhanced multidimensional
spectroscopic technique as a probe for the dissipative polariton dynamics in the
ultrafast regime. It is applied to the cavity-confined monomeric photosynthetic complex
that represents a prototypical multi-site excitonic quantum aggregate. The proposed
technique is shown to be particularly sensitive to inter-manifold polariton coherence
between the two and one-excitation subspaces. It is demonstrated to be able to
monitor the dynamical role of cavity-mediated excitonic correlations, and dephasing in
the presence of phonon-induced dissipation. The non-classicality of the entangled
biphoton sources is shown to enhance the ultra-fast and broadband correlation
features of the signal, giving an indication about the underlying state correlations
responsible for long-range cavity-assisted exciton migration.

Keywords: entanglement, exciton-polaritons, photosynthetic complex, nonlinear optics, multidimensional
spectroscopy, quantum cavity electrodynamics, dissipation

1 INTRODUCTION

The quantum aggregates consisting of multiple centers of electronic excitations, e.g., the naturally
occurring light-harvesting photosynthetic complexes, artificially designed molecular light-harvesters
offer a uniquely favorable testing ground for the entangled photon-induced dynamics. These systems
intrinsically host collective excitations, frequently termed as molecular excitons, extending over
several excitation centers/sites and often within the coherence domain of the spatial (temporal)
length (time) scales. Thus, it provides opportunities for the external modulation of delocalized
excitons and testing the limits of coherent dynamics. Further, the vibrational motions associated with
these structures often give rise to a collective dephasing mechanism for the delocalized excitons.
Additionally, the vibrational motions modulate the energy gradient of the kinetics, leading to
situations where coherent excitons undergo inter-site transport and eventually localize. The
spectroscopic investigation and control of such exciton kinetics offers insights into the
microscopic nature of the coherent energy transfer mechanism and prescribes guidelines for bio-
mimetic engineering which builds on the operational equivalence [1–6]. In a separate line of
development, there have been a series of studies that have demonstrated the effective role of external
electromagnetic cavities in manipulatingmaterial excitations. These studies range from the control of
electronic excitations [7–16], vibrational modes [17, 18], collective mode responses [19, 20] to the
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cavity mode-assisted modulation of dynamical resonances
[21–25]. Cavity mode interacting resonantly with narrow-band
of excitons and off-resonantly with the rest may modulate the
excitation dispersal by tuning the delocalization properties and
influence the dephasing properties via the spectral weight
modulation [26–28]. Hence, combining these two
developments to the case of light-harvesting quantum
aggregates offers an opportunity to investigate the role of the
cavity in controlling a prototypical, extended yet aperiodic system
that hosts collective excitons.

Previous spectroscopic studies of the cavity-modulated
dynamics [29–35] have increasingly focused their attention on
the ultrafast, nonlinear techniques analogs e.g. pump-probe here.
In the majority of these studies, participation of the higher-order
excitations remain relatively unexplored. The dynamics involving
the higher-order nonlinear excitations introduce possibilities for
cavity-modulated exciton-exciton annihilation, cavity-assisted
exciton fusion, and many more correlated mechanisms of
practical interest. On a fundamental level, the external
dielectric modification of the Coulomb interaction between
different excitons underlies all of these coherent mechanisms.

However, the nonlinear spectroscopic signatures studied so far
depend dominantly on the associated vibrational (or vibronic)
processes [37, 38]. Therefore, in order to explore the complexity
of cavity-modulated nonlinear exciton dynamics, it is desirable to
combine ultrafast spectroscopic tools that are sensitive to high-
order exciton correlations in the presence of collective vibrational
dephasing. Among the multi-pulse nonlinear spectroscopic
techniques available for mapping out the correlation between
two excitons and probing the two-exciton state-specific
dephasing in the ultrafast regime, double-quantum
multidimensional correlation spectra (DQC) have been proven
useful [39–42]. The ultrafast nature of the exciton dynamics in
aggregates results in difficulty in measuring the role of
energetically-distant states even without the presence of the
cavity mode. These delocalized multi-exciton states often
participate in dynamics within the same timescale due to
dynamical dephasing properties. Associated with the normal
exciton-number conserving dephasing process, one encounters
a dephasing mechanism that couples the energy-manifolds with
the different number of excitons. The presence of cavity adds
additional cavity-exciton hybrid states, introduces multiple

FIGURE 1 | The progression of dephasing-broadened bare polariton band with the cavity frequencies and a fixed value of cavity coupling strength are presented.
For the dephasing a representative set of values (generated from a random Gaussian distribution of mean and variance of μ1 = 25, σ1 = 10 and μ2 = 35 respectively) are
chosen for clarity. In the displayed one-polariton (left panel) and the two-polariton band (right panel), the increase in the density of states in the latter within a comparable
energy-window (e.g., ≈ 10,×, 103cm−1) is noticeable. The fundamental cavity frequencies along the x-axis are given in terms of detuning from the central region of
the one-polariton band.

Frontiers in Physics | www.frontiersin.org July 2022 | Volume 10 | Article 8791132

Debnath and Rubio Entangled Biphoton Enhanced Double-Quantum Coherence

59

https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


dynamical timescales, and gives rise to novel cavity-exciton-
phonon coupling mechanisms. These excitations are of
principal interest in this communication. The investigation of
them requires the deployment of probes that specifically excite
spectrally narrow-band states (creation of non-linear
polarization), allow the associated dynamics to evolve in time
in the presence of dephasing (evolution of the polarization), and
project them to desired frequency components of interest
(projection of polarization to signal components). Robust,
correlated state excitation can be controllably achieved by
deploying the entangled photon pairs, namely entangled
biphotons, via a scheme being referred to as entangled two-
photon absorption [43–47]. In comparison to the shaped laser
pulses, the entangled biphotons have been shown to improve the
spectral resolution while scaling favorably with the intensity of
the sources. The non-classical correlation properties can also be
utilized to obtain favorable spectral-temporal resolution in the
probing via selective state projections of the nonlinear
polarization [29, 33, 48–55]. The latter requires the selection
of a few states whose correlation properties are of particular
interest from a manifold. In this regard, a combination of the
aforementioned DQC signal measurement scheme with the
entangled photon sources may provide a technique that
studies cavity-modulated correlated exciton kinetics in the
ultrafast regime with higher spectral resolution.

In what follows, in Section 2, we introduce the Frenkel
exciton Hamiltonian and describe the underlying model. It will
be used to describe the dissipative exciton-polariton
phenomenology and obtain the relevant Green’s functions.
Subsequently, in Section 2 we introduce the DQC signal in a
modular manner, discuss the nature of the signal and present
the simulation results in the relevant parameter regime.
Section 4 discusses limitations, the scope of the presented

signal within the broader scope of entangled photon-enhanced
spectroscopies, and the outlook.

2 DISSIPATIVE EXCITON-POLARITON
PHENOMENOLOGY

Here we present the exciton Hamiltonian concurrently
interacting with a cavity mode and the phonon reservoir,
which will be used to build up the phenomenology using a
quasi-particle picture. It is given by,

H � ∑Ns

m, n�1
Emδmn + Jmn( )B†

mBn + ∑Ns

m, n�1

U 2( )
m

2
B†
mB

†
mBmBm

+ U 2( )
mn

2
B†
mB

†
nBmBn +∑

α

ωc a†αaα + 1/2( )
+∑

m,α

gc,m,α aαB
†
m + a†αBm( ) +∑

j

ωj b†jbj +
1
2

( )
+∑

m,j

gm,j b†j + bj( )B†
mBm (1)

where we set the Z to unity. The components of the Hamiltonian
are explained below.

2.1 Exciton, Cavity and Exciton-Cavity
Interactions
The first three terms constitute the bare exciton Hamiltonian
where Bm(B†

m) are the m-th site exciton creation (annihilation)
operators with the respective commutation relation, [Bm, Bn ] �
[B†

m, B
†
n ] � 0 and [Bm, B†

n ] � δmn(1 − (2 − κ2m))B†
mB

†
m) (where

κm = μ21/μ10, is given in terms of ratio of transition dipoles of ij-

FIGURE 2 | (A) Schematic description of the dynamical phenomena (in WMEL diagrammatic convention [36]) that can be addressed by the proposed DQC signal
measurement technique. The first two interactions (in red) are common to both the pathways. The last two interactions (in black and gray) are distinguished by two
alternative possibilities indicated by {k(I)s ,−k(I)3 }, {k(II)s ,−k(II)3 } pair. Entangled photons affect both these pair interactions {k1, k2} and { − k3, ks}. (B) Associated Keldysh-
Schwinger diagrams that describe the corresponding dynamical pathways in the multi-polariton basis contributing to the signal and which are distinct in the last two
interactions in time.
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th level of the m-th site) [56–58]. E(1)
m is the on-site excitation

energies and Jmn is the inter-site Coulomb-mediated hopping.
The presence of the interacting terms in the exciton
Hamiltonian indicates that the single and two exciton states
are delocalized over sites. The two-excitation manifold which is
composed of permutable composition of pure local and non-
local two-exciton, pure two cavity excitations and joint one
exciton-one photon excitation is given by,
H(2)

mnkl � H(1)
mnδkl + δmnH

(1)
kl . The terms U(1)

m , U(2)
mn further

dictates the interaction among higher-order excitonic states
which gives rise to static, local energy shifts, exciton-exciton

scattering. The values of U(1)
m is taken as

U(1)
m � 2(κ−2n E(2)

n − E(1)
n ), with κ = μ21/μ10 which accounts for

the local energy shifts for two-exciton states and U(2)
mn � 0. Bare

two-exciton energy is given by E(2)
m � 2E(1)

m + Δm (where the Δm

is the two-exciton state anharmonicity from the Harmonic
limit). The parameter values for the Hamiltonian are
obtained from the semi-empirical simulation in [59–62]
where these data-set have been shown to simultaneously fit
the spectral data obtained from the linear absorption,
fluorescence, and circular dichroism spectra. The combined
cavity and the cavity-exciton interaction Hamiltonian is be

FIGURE 3 | Field correlation functions for different entangled photon states corresponding to parameter variation of temporal entanglement parameter Tent (fs) and
pumpwidth τp (fs) for uniform pump frequency 31.0, ×, 103cm−1 and biphoton frequenciesω1 =ω2 = 15.5 × 103cm−1. The bottom right corresponds to the typical case of
a classical field two-photon pulse (A) corresponds to the Tent = 10; τp = 20 (B) corresponds to Tent = 10; τp = 50 while (C) assumes values Tent = 50; τp = 20. The (D)
corresponds to a Gaussian pair-pulse with τg (fs) = 10 with ω1,g = ω2,g = 15.5 × 103cm−1.

FIGURE 4 | Multidimensional correlation plots (A–F) for signal with parametric variation of the frequencies and the temporal entanglement parameters of the
entangled biphotons. The short-lived, intermediate one-polariton resonances along theΩ3 axis can be explored and associated with the two-polariton resonances along
the Ω2 axis. For parameters corresponding to each plot see text.
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given by the fourth and fifth term where the gc;m,α is the cavity-
exciton coupling strengths describing the resonant dipolar
interaction. The effects arising from the non-resonant cavity-
exciton interaction could be significant in the static limit if the
exciton-cavity coupling strengths are comparable to the bare
Rabi frequencies of the multi-exciton system [63–66]. The
cavity-exciton parameter considered in this communication
corresponds to moderately weak and within the close to
resonant regime which allows this term being neglected. The
cavity photonic modes are described in the oscillator basis with
the corresponding creation (annihilation) operators denoted as
a†α(aα), for the α-th mode. Within the scope of this study, a
single-mode limit (i.e. α = 1) and two-excitation per-mode (with
he fundamental frequency denoted by ωc) has been considered.
Furthermore, we assume an uniform cavity-exciton coupling
strengths for all sites, i.e. gc;m,α = gc = 100cm−1 is independent of
index m, although the analysis presented is not limited by that
choice. We note that a detailed estimation of the cavity-exciton
couplings requires investigation regarding the mode volume of
the cavity and the quality factor which is beyond the scope of the
article. The Coulombic origin inter-site hopping in the
Hamiltonian is of different magnitude, indicating a different
propensity for delocalization in the absence of cavity interaction.
The cavity coupling modulates site-delocalization at different
extents for one-exciton, local and non-local two-excitons. This
gives rise to the possibility of creating a different admixture of
cavity-matter excitations. In addition, it offers cavity mediates
coupling between these configurations, thereby coupling diverse
sets of excitations and inter-site processes. Since the cavity
accommodates two-photon excitations, the analysis is capable
of describing resonant two-polariton processes.

2.2 Phonon and Exciton-Phonon
Interactions
The exciton-phonon interactions originate from the inter and intra-
molecular vibrational motions associated with the relative nuclear
motions of the aggregate. Normal modes of the low-energy
vibrational degrees of freedom related to the collective
vibrational coordinates are assigned as phonon modes and are
mapped onto an infinite set of Harmonic oscillators. It is given by
the free phonon Hamiltonian appearing in the sixth term where υk
is the mode frequency associated with the k-th normal mode whose
creation (annihilation) operators are denoted via b†j(bj). The
phonon operators follow the free-boson commutation relations,
[ bj, bj′ ] � [ b†j , b†j′ ] � 0 and [ bj, b†j′ ] � δjj′. The seventh term
presenting the exciton-phonon interactions is taken in the site-
uncorrelated, local form and is characterized by the distribution of
the corresponding coupling functions, �gm,j. These phonon modes
are responsible for exciton dephasing, relaxation and exciton-
transport phenomena. The extent of these phenomena are
governed by the site-dependent exciton-phonon coupling
strengths gm,j which are taken as 1 (1.4) for the sites identified
to represent Chl-A (Chl-b). While constructing the two-exciton
phonon interaction Hamiltonian these coupling strengths are taken
as 0.6 (gm,j + gn,j). Due to the differential coupling strengths, the
excitations undergo dephasing at different rates, the one and two-

exciton transport occur to a different extent over the sites leading to
time-windowed interferences at a broader energy window. The
inter-band dephasing, a quantity of particular interest in this article
has contributions from the elements of the relaxation tensor that
also participates in the cavitymediated one-exciton and two-exciton
transport. Within this model, the single and the double excitons are
coupled to a common set of phonon modes which can be
characterized by the discrete distribution function, J0(ω) �
π∑j|�gj|2(δ(ω − υj) − δ(ω + υj)) from which the spectral
density function is obtained in the continuum frequency limit.
The spectral density function, presented as, J(ω) �
2λ0(γ0ω)/(ω2 + γ20)+ ∑Nb

j�12λj(υ2jγjω)/((υ2j − ω2)2 + ω2γ2j)
describes Nb = 48 multi-mode Brownian oscillator modes and
one over-damped oscillator mode. The number of multi-mode
Brownian oscillators (Nb), the respective spectral shift parameters
(λ0, λj = υjϒj where υj andϒj are the j-th oscillator frequencies and
Huang-Rhys parameters respectively), and the damping parameter
(γ0, γj) which are required to optimally describe the equilibrium
spectral density function have been obtained from the work of [35,
59–61]. The numerical values corresponding to those parameters
are enlisted in Appendix A2.

2.3 Polariton Manifolds
The polariton states are obtained as number-conserving
manifolds via exact-diagonalization of the field-free

Hamiltonian subspaces, ~H
(n)
p � ~Hs + ~Hc + ~Hsc by using

T(n),−1
p

~H
(n)
p T(n)

p � H(n)
p � ∑n�0,1,2Ep(n)Xp(n)p(n) , where we define

operators Xp(n)p(n) � |p(n)〉〈p(n)| as projectors onto the

eigenstates of the polariton Hamiltonian H(n)
p (denoted by index

n). The three distinct manifolds thus obtained corresponds to
ground n = 0, single n = 1 and double n = 2 polariton
manifolds with Np(0) � 1, Np(1) � 15, Np(2) � 120 polariton
states respectively (Figure 1). The manifolds are composed of
the cluster of states which depend on an interplay of the
hopping and cavity coupling parameters. The proposed
spectroscopic technique utilizing entangled biphotons, in the
parameter regime of interest, interact only via two-quantum
interactions, which allows the joint-excitation manifold to be
truncated at the level of the double polaritons. For the
simulation, we have chosen the cavity mode frequency and the
coupling strength parameters as ωc (cm

−1) = 15.4 × 103 and gc
(cm−1) = 0.1 × 103. The cavity frequency is resonant with the narrow
frequency band around the frequency and off-resonant with the rest
of the cluster of states in the bare absorption spectra of the excitonic
system. The cavity coupling results in the polariton states to
encompass a wider range than the cavity-free counterpart with
the close-to-resonance states becoming affected to a greater degree.
It can also be noted that the two-polariton states accommodate
more states within the comparable bandwidth which is determined
by the cavity coupling parameter. These two observations,
combined, affirm that the exciton-cavity hybridization
dominantly takes around the resonances, as expected. The
spectral weights of the resultant delocalized polariton states have
respective contributions from both the exciton and cavity modes, as
determined by the exciton-cavity coupling matrix elements.
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2.4 Polariton-Laser Interactions
The interaction between the external field i.e. biphoton sources
and polaritons are treated within the optical dipolar interaction
limit and within the rotating wave approximation.
Corresponding Hamiltonian is given by,

Hint t( ) � ∑
j

∑
n,n′�0,1,2;n≠n′

�������
2πωj/V

√( )aje−iωj tdp n( )p n′( )Xp n( )p n′( ) exp iωp n′( )p n( ) t( ) + h.c.

(2)

where external photon mode creation operators aj and dipole-
weighted inter-manifold polariton transition operators, Xp(n)p(n′)

were defined. Also, the mode quantization volume V and the
Fourier expansion frequency ωj for the photon modes have been
introduced. These operators will be used to derive the signal
expressions in the next sections. It is notable that in the spirit of
the weak laser driving limit suitable for spectroscopy only the
one-photon transition operators had been employed.

2.5 Phonon Induced State Broadening and
Polariton Green’s Functions
In this section, we introduce the framework to obtain the state-
dependent dephasing timescales and obtain the polariton Green’s
functions required for the signal expressions. It is carried out by
seeking an integral solution of the generalized master equation
(written in the multi-polariton basis) obtained in the Markovian
and the secular limit (often termed as the Redfield equation). The
secular approximation limits the polariton-phonon mode
interactions to be describable within the resonant cases only.
The latter suffices our treatment of acoustic phonons mediate
interactions are mediated by displacive perturbations of exciton
states simultaneously dressed by the cavity interactions that are
comparatively much stronger. The kinetic equation is given by,
_σ(n)(t) � −iL(n)S σ(n)(t) + ∫∞

0
dτΣ(n)(t, τ)σ(n)(t) where we denote

σ(n) as number resolved reducedmulti-polariton density operator.
We defined the super-operator as, L(n)s O � [H(n)

p , O]. The
polariton-phonon memory kernel capable of describing the
phonon-induced polariton relaxation and dephasing
(neglecting the effects of the driving field on the relaxation) is
given by, Σ(n)(t, τ)σ(n)(t) � −λ2[X,D(t)σs(t) − σs(t)D†(t)].
The kernel contains the dissipation operator D(t) = X (t − t′)
Cb(t − t′) where we have the convolution of polariton-phonon
coupling operator X(τ) � ∑p(n)Xp(n)p(n) (τ) and time-domain
correlation function given by,

Cb τ( ) � λ0γ0/2( )cot βγ0/2( )exp −γ0τ( )
+∑Nb

j�1

λj
2ζj

coth iβϕ+
j/2( )exp −ϕ+

j τ( ) − coth iβϕ−
j/2( )exp −ϕ−

j τ( )( )

+ −iλ0γ0/2( )exp −γ0τ( ) + iλjυ
2
j

2ζ j
exp −ϕ+

j t( ) − exp −ϕ−
j t( )( )

−∑∞
n�1

4λjγjυ
2
j/β( ) ]n/ υ2j + ]2n( )2 − ]2nγ

2
j( )(

+ 2λ0γ0/β( ) ]n/ ]2n − γ20( )( ))exp −i]nτ( )
(3)

In the above we have ζj �
���������
(υ2j − γ2j/4)

√
, ϕ±j � (γj/2) ± iζj,

and, matsubara frequencies, ]n = n (2π/β) (with nm = 20).
Furthermore, we defined β = 1/κT where the Boltzmann
constant κ and temperature T is denoted. The energy domain
version of the relaxation kernel was used to extract the dephasing
parameters. We define the line-broadening functions as,
γp(n)

1
(t) � θ(t)∑p2,ps

Cb(ωp1p2)T(n)
psp2

T(n)
psp2

T(n)
psp1

T(n)
psp1

where we

have Cb(Ω) = ∫dt exp iΩtC±(t) and
C±
b(t) � ∫ (dω/2π)(coth βω/2) cosωt ∓ i sinωt) which can be

evaluated using the previous expressions. With the help of the
line-broadening functions we estimate the inter-manifold
dephasing parameters as, γp(n)

1 p(m)
2

� (γp(n)
1

+ γp(m)
2
)/2. Finally, we

obtain the inter-manifold Greens functions relevant for
dephasing as, Gp(n)

1 p(m)
2
(ω) � i(ω − ωp(n)

1 p(m)
2

− iγp(n)
1 p(m)

2
)−1. The

advanced Green’s functions are defined likewise.

3 MULTIDIMENSIONAL
DOUBLE-QUANTUM COHERENCE SIGNAL
WITH ENTANGLED BIPHOTON SOURCES
The theoretical development mentioned in the preceding sections
provides us the ingredients to introduce the Double Quantum
Coherence (DQC) signal. The DQC signal, as hinted earlier,
involves excitation of state-selective (or narrow-band around the
selected state) two-polariton coherence that is followed by
projection of the oscillating polarization components onto two
plausible sets of inter-manifold coherence. Provided that the
participant two-polariton states are sufficiently correlated with
the states onto which they are being projected, the desired
nonlinear polarization have dominant component in the
phase-matched direction ks = k1 + k2 − k3. Below we present a
modular derivation of the signal starting from the time-dependent
dual-perturbation scheme, corroborate the derivation to the
Keldysh-Schwinger loop diagrams Figure 2 and introduce the
entangled biphoton sources that serves as probe.

3.1 Double Quantum Coherence Signal
The DQC signal is typically generated by inducing four external
field-matter interactions. In the case of time-domain (frequency-
domain) classical field sources, three external fields with
controllable delays (relative phases) are allowed to interact
with the matter. The radiation field emitted by the time-
dependent nonlinear polarization is registered, typically, via
suitable heterodyning after another delay (spectrally
dispersing) the signal. Typically, the deployment of quantum
fields e.g., the biphoton sources to the measurement of DQC
signals requires considerable care. These field sources are often
parametrically scanned via schemes akin to multi-pulse phase-
cycling. An involved discussion regarding the details of the
deployment and measurement scheme is beyond the scope of
the article [67, 68]. However, we assume that the biphoton
generation scheme is capable of producing two sets of
entangled photon pairs that lend themselves to external
manipulation via central frequencies and delays. Before
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proceeding further, we introduce the two sets of pathways
involved in the DQC signal generation as,

Πa τ4, τ3, τ2, τ1( ) � dp 0( )
i p 1( )

j′
τ4( )dp 1( )

j′ p 2( )
k

τ3( )dp 2( )
k

p 1( )
j

τ2( )dp 1( )
j p 0( ) τ1( )

Πb τ4, τ3, τ2, τ1( ) � dp 0( )
i p 1( )

j′
τ3′( )dp 1( )

j′ p 2( )
k

τ4′( )dp 2( )
k

p 1( )
j

τ2′( )dp 1( )
j p 0( ) τ1′( )

(4)
where the first and the second one have been written in the

Heisenberg representation and correspond to diagrams in
Figure 2). These pathways, notably, differing in the last two
components signify dynamical spectral weights. Interference
features between these pathway components depend on the
nature of the polariton correlation and dephasing properties.
We also introduce the time-domain, four-point external field
correlation function as D (τ4, τ3, τ2, τ1) which is capable of
incorporating the generalized nature of the external field. With
the help of these definitions, we present the signal expression in
the time-domain as, S � CsIm∏i∈a,b

∫∞

∞
dτ(i)4 dτ(i)3 dτ(i)2 dτ(i)1 θ(τ(i)43 )θ(τ(i)32 )θ(τ(i)21 )

× D(i)(τ(i)4 , τ(i)3 , τ(i)2 , τ(i)1 )Πi(τ(i)4 , τ(i)3 , τ(i)2 , τ(i)1 ) where Cs

represents the coefficients that arises from the perturbative
expansion and have been taken as a scaling factor. The
Heaviside functions are defined in reference to the interaction
times denoted along the loop diagrams. In going forward, the
interaction times i.e. the loop time-instance variables were
transformed to the loop-delay variables and mapped onto the
real-time parameters that are externally tunable using,
θ(s3)θ(s2)θ(s1) → θ(t3)θ(t2)θ(t1) for the diagram I and
θ(s3)θ(s2)θ(s1) → θ(s3)θ(s2 − s3)θ(s1) = θ(t3)θ(t2)θ(t1) for the
diagram II. These parameters are experimentally realizable. We
also use the time-domain phonon-averaged Green’s functions
expanded in the multi-polariton basis and write the field
correlation function in the frequency domain. Following these
exercises, we obtain the generalized signal as,

S � Cs ∫∞

−∞
dT1dT2dT3F Ω3,Ω2,Ω1;T3, T2, T1( )

∫∞

∞

d~ω3

2π
d~ω2

2π
d~ω1

2π
e−i − ~ω3+ ~ω2+ ~ω1( )T3−i ~ω1+ ~ω2( )T2−i ~ω1T1

〈E†
3 ~ω3( )E†

4 +~ω1 + ~ω2 − ~ω3( )E2 ~ω2( )E1 ~ω1( )〉

∑
p 1( )
j ,p 1( )

j′ ,p 2( )
k

w 1( )Gp 2( )
k

p 1( )
j′

~ω1 + ~ω2 − ~ω3( )Gp 2( )
k

p 0( ) ~ω2 + ~ω1( )

Gp 1( )
j p 0( ) ~ω1( ) + 〈E†

3 ~ω3( )E†
4 +~ω1 + ~ω2(

−~ω3)E2 ~ω2( )E1 ~ω1( )〉 ∑
p 1( )
j ,p 1( )

j′ ,p 2( )
k

w 2( )Gp 1( )
j′ p 0( ) −~ω3 + ~ω2 + ~ω1( )

Gp 2( )
k

p 0( ) ~ω2 + ~ω1( )Gp 1( )
j p 0( ) ~ω1( ) (5)

This expression is valid for a general class of DQC signal
measurement which may use different kinds of external field

sources beyond biphotons and simple Gaussian classical fields.
The field correlation function acts as a convolutional probing
function for the bare signal. Additional possibilities for the
external manipulation of the field correlation function extend
the applicability of DQC signals to a wide range of scenarios.
Further, we aim to introduce a two-dimensional frequency-
domain representation of the signal in order to facilitate a
visualization of the correlation features contained in the
matter correlation functions. In order to allow such
representations to be generated via real-time delay-scanning
protocols, we introduce integral transform,
F(Ω3,Ω2,Ω1;T3, T2, T1) � θ(T3)θ(T2)θ(T1)eiΩ3T3eiΩ2T2eiΩ1T1 .
We also define the following variable mapping of the parameters,
~τ021 → T1, ~τ

0
32 → T2, ~τ

0
43 → T3, for the diagram I and

τ021 → T1, τ042 − τ043 → T2, τ043 → T3, for the diagram II (the τ0ij
is the delays between the centering times). Scanning of these set of
parameters and obtaining joint Fourier transforms w. r.t the
delays generate the desired two-dimensional correlation plots.
The final expression can be presented as the following expression.

S Ω3,Ω2,Ω1( ) � Cs ∑
p 0( )p 1( )

j p 1( )
j′ p 2( )

k

w 1( ) ~F
1( )
Ω 〈E†

4 zp 2( )
k

p 1( )
j′

( )

E†
3 zp 1( )

j′ p 0( )( )E2 zp 2( )
k

p 1( )
j

( )E1 zp 1( )
j p 0( )( )

+w 2( ) ~F
2( )

Ω 〈E†
4 zp 2( )

k
p 1( )
j′

( )E†
3 zp 1( )

j′ p 0( )( )E2 zp 2( )
k

p 1( )
j

( )E1 zp 1( )
j p 0( )( )

(6)
where the functions are specified as,

~F
1( )

Ω � Ω3 − zp 1( )
2 p 0( )( ) Ω2 − zp 2( )p 0( )( ) Ω1 − zp 1( )

1 p 0( )( ){ }−1

~F
2( )

Ω � Ω3 − zp 2( )p 1( )
′

( ) Ω2 − zp 2( )p 0( )( ) Ω1 − zp 1( )p 0( )( ){ }−1 (7)

These functions encode the polariton dynamical resonances.
These resonances show up, as predicted, during the scan of the
Fourier transformed parameter. The field correlation function
encodes the information about the ability to manipulate the
spectral weights of the matter excitations and reveal desired
dynamical resonances.

3.2 Entangled Biphoton Properties
The principal aim of using the entangled biphoton sources is to
avail the non-classical relation between the joint time of arrival
and frequency pairs of the biphotons. This in turn allows one
to excite relatively short-lived two-polariton states (i.e., within
an ultra-short time window) that are outside the excitation
energy window of the classical two-photon laser pulses. These
constraints remain difficult to surpass via independent
variable manipulation, even in the case of multiple classical
pulses. Below we present some basic features of the entangled
photon source properties that were used in the simulation and
describe their correlation features. The entangled biphoton
field is traditionally generated via the spontaneous parametric
down-conversion (SPDC) process (in the weak down-
conversion limit) by pumping the source material with an
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ultra-short classical laser. The pump pulse bandwidth and the
central frequency determine the correlation properties and
time-frequency regime of the generated pairs. An effective
Hamiltonian procedure which has been used to derive the
correlation properties as outlined previously [47, 69–71] is
avoided here for succinctness. Following a similar derivation,
the entangled biphoton field correlation function can
be obtained as, 〈E†(ω4)E†(ω4)E(ω2)E(ω1)〉 �
F1*(ω4,ω3)F1(ω2,ω1) where we have, F1(ωa,ωb;ωp) �
A0(ωa,ωb) sinc[ϕ(ωa,ωb)] exp iϕ(ωa,ωb) + a ↔ b{ }. The
function ϕ(ωj,ωk) � (ωj − ωp/2)~T1 + (ωk − ωp/2)~T2 and the
temporal entanglement parameter of the pairs ~T1(~T2), via
~Tent � ~T2 − ~T1, quantifies the spectral-temporal properties of
the entangled biphotons [71–73]. The term A0 denotes the
amplitude of the pump. This form of factorization underlies
the fact that the signal scales linearly with the intensity. The
temporal entanglement parameter can be viewed as an
estimator of upper bound of delay between the time of
generation of the entangled photon pairs inside the SPDC
source material. The entanglement time parameter arises from
the phase matching function Δk (ω1, ω2) and parametrically
depends on the group velocity of propagation inside the SPDC
material. The phase mismatching function under the
linearization approximation around the central frequencies
of the beams, for the collinear case leads to the identification of
parameters, Tj = 1/vp − 1/vj where j ∈ {1, 2} and vp/j denotes the
group velocity of the pump, and two biphotons inside the
material. These values can be estimated from the inverse of the
marginal distribution function of the joint spectral amplitude
function in the frequency domain [51, 73]. In contrast, the
classical field, in a similar weak-field limit factorizes into the
product of amplitudes as, 〈E†(ω4)E†(ω3)E(ω2)E(ω1)〉 �
A4*(ω4)A3*(ω3)A1(ω2)A1(ω1) and scales quadratically with
the intensity. The biphoton field correlation properties for
different typical parameter regimes can be examined by
plotting the joint-spectral amplitude which describes the
frequency-dependent correlation of the same as shown in
Figure 3. The bottom-right plot (i.e., (d)) in Figure 3
corresponds to a classical field scenario. The simulation has
the freedom of selecting frequency pairs from the plot region
where the function has finite support.

3.3 Simulation
The correlated two-polariton excitations via entangled
biphoton sources may focus on several experimental
configurations which will be of particular interest to the
condensed phase spectroscopies. The excitation of specific
two-polariton states via higher-energy sectors of the one-
polariton manifold and contrasting them with those via the
lower-energy sectors may give information about polariton
scattering, delocalization, and dephasing. In other words, the
specific two-polariton states may have dominant contributions
from certain one-polariton states which are distant on the site
basis but energetically closer. Alternatively for the same two-
polariton excitation, projecting to the higher and lower-energy
one-polariton sector offers insights into the state
compositions. Combining two strategies may provide

important insight into the state resolved polariton
correlations. These features can be probed as shown in the
upper and lower panel of Figure 4. Particularly the polariton
states (e.g., ωp(2) � 30550cm−1) that are specifically prone to
phonon-induced dephasing (higher dephasing induced
broadened) have been excited while the temporal
entanglement parameter of the probe, projected one-
polariton sector has been varied.

In the upper panel of Figure 4, we present, along the rows,
three sets of results for the variation of the temporal entanglement
parameter ~Tent(f s. Each of them correspond to fixed ωa1(cm−1) �
15500 and ωb1(cm−1) � 14500 (therefore exciting the target at
ω(2)
p � 30550) with pump width τp (fs) = 20.0. Therefore, the two

polariton excitation occurs via the middle sector of the one-
polariton band. It also projects the two-polariton coherence to the
mixed-energy region of the one-polariton band by choosing the
corresponding frequencies as ωa2(cm−1) � ω(2)

p − 15800 and
ωb2(cm−1) � 15800. It is noticed that the strong entanglement
between the photon pairs, as we move from (A) to (C)
corresponding to ~Tent(f s) values 60.0, 50.0, 40.0 respectively,
allows correlated signal features to develop. These emergent
features may not be visible in the signal obtained by using
classical pulse pairs of comparable spectral-temporal
properties. Time-frequency correlated excitation gives the
freedom of simultaneously choosing the narrow-band target
while ensuring that system remains less affected by the high
dephasing components of the intermediate states. The latter has
the possibility of making the short-time kinetics in the one-
polariton manifold more accessible. Even an individually
controlled classical field two-pulse scenario may offer less
advantage because the temporal and spectral components
are bound.

The bottom row ((d) to (f)) accomplishes the
aforementioned goal of exploring excitation via different
energy sectors of the one-polariton manifold. Here the (d)
and (e) allow excitation via middle-sector and (f) lower-sector
while projecting all of them to the same mixed-energy sectors
as the above panel. With the increase in temporal
entanglement parameter in going from (d) to (e) ( ~Tent(f s)
values 40.0, 10.0, respectively) we find features shows
distinguishable increase. The last panel (f) whose excitation
via lower energy sector (excitation via ωa1(cm−1) � 15150 and
ωb1(cm−1) �) which reveals many more correlation features. It
reveals the higher participation of the particular set of one-
polariton states to chosen target in the two-polariton
manifold throughout the simulation. The short temporal
entanglement parameter also certifies the capability of the
biphoton sources to map out correlation involving
energetically distant states. The success of the parameter
regime and overall strategy of the simulation can be traced
back to the ability to choose the frequency pairs from a
broader distribution. In addition, the fact that they are also
bound by the temporal constraints allow excitation via fast
dephasing components in the one-polariton band (during the
first time delay i.e., T1) while simultaneously projecting the
resultant two-polariton coherence to short-lived coherences
(during the last time delay i.e., T3).
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4 CONCLUSION AND OUTLOOK

In this article, we have proposed a theoretical protocol that is
suitable for the investigation of the inter-manifold coherence
properties associated with the two-polariton manifold. We
observe that the proposal exclusively focused on the cavity
control of exciton correlation and modulation of exciton-
phonon dephasing via the former. In other words, the cavity
affects the exciton transitions directly and redistributes the
excitonic spectral weights. The extent to which this
redistribution occurs is encoded in the action of the polariton
transformationmatrices. As a result, the novel hybridized polariton
states interact with the phonons rather differently than that of the
cavity-free case. We demonstrated that biphoton sources are
capable of studying the ultrafast signatures of the related
dynamics without losing the state specificity. In the process, it is
capable of mapping out the cavity modulated exciton correlation.
In this direction, two further extensions namely, the detailed study
involving the parametric variation of the cavity-free case and a
comparison employing controlled classical fields are worth looking
at. They will be part of future communication. However, we note
that the signal expressions presented in this communication will be
sufficient for such extended analysis.

The role of cavity coupling has been included non-
perturbatively with the same quasi-particle excitation picture.
Here the real-space coupling variations were neglected for
convenience, in the spirit of the first simulation. Also, the role
of the mean number of photons in the cavity has not been
investigated and the role of the cavity has been confined to
the coherence created between the states within the proposed
regime of operation.

In comparing and contrasting the present technique to the
transmission mode pump-probe measurements several features
distinguish the present technique. DQC measures one specific
component of the nonlinear polarization of the cavity polariton,
unlike the pump-probe analog. The pump-probe technique also
includes the pathways analogous to polaritonic Raman scattering
pathways. Thus the DQC signal is more specific to the purpose of
this article. The two-polariton coherence is explicitly monitored by
isolating the signal components as suggested by the plausible
implementation via phase-cycling schemes. It can be also
highlighted that the present technique works by projecting the
two-polariton coherence in two competing coherence components
of lower order. The relevant processes leading to the signal occur
during the last two time intervals. The degree of discrimination of
the pathways, reflected in the associated dynamical spectral weights
decides the magnitude of the signal. In contrast to the pump-probe
studies, the off-diagonal spectral signatures in the correlation plots
required to be interpreted differently. In the latter, the cooperative
features appearing in the above-mentioned sector carry less specific
information regarding the physical origin of the polaritonic
correlation due to non-discrimination between pure two-one
polariton coherence and two-polariton-one polariton coherence.

The study can be extended to accommodate the explicit two-
polariton transport phenomenology by studying the fluorescence-
detected phase cycling protocols [74, 75]. The latter is a four-wave
mixing analog but aimed at investigating the longer-time state

correlation properties in the presence of phonon-induced
dynamical population redistribution. The longer-time dynamical
information thereby obtained is complementary to the information
provided by the short-time dynamics investigated in this article. An
investigation in this direction is on the way. Furthermore, one may
combine the interferometric detection schemes to separate the
pathways as recently proposed [76, 77].

The theoretical description adopted for describing the dissipative
polaritonic matter is formulated at the level of a quasi-particle
approach. The quasi-particle Green’s function was chosen to
describe the signal [78]. Over the last few years, a host of
promising methods have been proposed that can potentially deal
with the complexity of the quantum aggregates in near future. These
methods have offered several different flavors of treating the matter
and the cavity modes. We have, namely, quantum electrodynamics
based hybrid (density) functional formulation [79–82], cluster-
expansion [21], potential-energy surface-based dynamical
calculations combined with the trajectory-based propagation for
the cavity quadrature modes [83, 84], path integral based unified
framework for nuclear modes and the idealized cavity modes
[85–87], first-principles simulations [88–92]. Incorporating these
methods to describe the phenomenology described in this article
will require a qualified description of exciton formation, a
description of exciton-exciton scattering in the presence of a
dielectric environment, and nuclear propagation.

We also note that the numerical simulation adopted the
analytical expressions which have been derived under the
assumption of generalized time-translational invariance. For
systems driven out-of-equilibrium via additional laser pulses,
one may expect to see more correlation features in the signal.
The scope to add additional pulses and using the biphotons as
probes, although offers a more complicated scenario, is a
promising avenue for future study of nonlinear response in
correlated quantum materials [93–97].
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APPENDIX

In this appendix, we provide two sets of supplementary
information that aid the main text. It is composed of a
relevant figure of merit for entanglement in the biphoton
source and a description of parameters regarding the phonon
spectral density.

A1 Singular Value Decomposition of the
Biphoton Spectral Function
The singular value decomposition of the joint spectral amplitude of
the biphoton sources provides an estimate for the number of effective
modes that participated in mode-squeezing. It can be analyzed by
obtaining the singular value decomposition of the said function at
different parameter regimes. It can be seen in Figure A1 that the cases
involving the shorter temporal entanglement parameters increase the

number of effectively squeezed modes. Also, a decrease in the pump
bandwidth decreases the modal amplitudes for a case with
comparable temporal entanglement parameters. The classical two-
photon pulse, unsurprisingly, presents a plot reminiscent of the
uncorrelated feature.

A2 Phonon Parameters
The site-independent spectral function is composed of discrete
frequencies which primarily induce multiple timescales
Markovian dissipation. Here we enlist the parameter values for
the 48 structured phonon modes used in the simulation [59–62].
Along with these values, the values of other parameters are given
as, γj (cm

−1) = 30.0 for all the multimode Brownian oscillators.
Corresponding Figure A2 illustrates the spectral density
distribution. The parameter values for the overdamped
oscillator are given by, λ0 (cm

−1) = 37.0 and γ0 (cm
−1) = 30.0.

FIGURE A1 | Singular values for the three sets of entangled biphoton sources corresponding to a similar parameter regime of the ones used in the simulations of
Figure 3. For the first two plots [i.e., in (A,B)] the values are truncated at nsvd = 50, and for the third one [i.e., in (C)], at n = 25 (after normalization). The classical two-
photon pulse yields, as expected, nsvd = 1.
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FIGURE A2 | (A,B) The list of the υj (cm
−1) parameters corresponding to the multi-mode Brownian oscillators.The list of the λj (cm

−1) parameters corresponding to
the multi-mode Brownian oscillators. (C) The spectral function of the structured phonon modes (corresponding to the multi-mode Brownian oscillators) used in the
simulation.
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Frequency Conversion of Optical
Vortex Arrays Through Four-Wave
Mixing in Hot Atomic Gases
L. A. Mendoza-López, J. G. Acosta-Montes, J. A. Bernal-Orozco, Y. M. Torres, N. Arias-Téllez,
R. Jáuregui* and D. Sahagún Sánchez*

Departamento de Física Cuántica y Fotónica, Instituto de Física, Circuito de la Investigación Científica s/n, Universidad Nacional
Autónoma de México, Ciudad Universitaria, Ciudad de México, México

Arrays of multiple vortices were transferred from infrared to the blue region of the optical
spectrum. This demonstration was achieved by inducing four-wave mixing in an atomic
gas with a Gaussian beam and a quasi-invariant propagation beam of the Mathieu type.
The latter structure was analyzed in the Fourier space for the pump and the generated light.
In both cases, the phase structure can be written with a compact mathematical expression
by using the same parameters within experimental error bars. A Michelson–Morley
interferometer was used to confirm that a phase singularity was present at each site
as predicted by the theory. These studies add to the available control over orbital angular
momentum in photons generated by atoms, which has a broad span of applications in
quantum and classical information management.

Keywords: four-wave mixing, atomic gases, quantum light, structured beams, orbital angular momentum, hot
atoms, Mathieu beams, up-conversion

1 INTRODUCTION

The angular momentum of light has been the subject of fundamental discussions about its analogies
with atomic variables for nearly one century [1]. In 1993, Beijersbergen and colleagues demonstrated
that, indeed, laser light can carry orbital angular momentum (OAM) by means of an appropriate
preparation [2]. Thereafter, the OAM of light has been employed for a vast quantity of classical
applications covering from microscopy and micro-manipulation to astrophysics and medicine [3].
This variable became an additional resource of quantum engineering once researchers were able to
transfer it to correlated photons through spontaneous parametric down conversion (SPDC) [4, 5];
large Hilbert spaces became available for the subsequent treatment of entangled-photon pairs [6–8].

Since OAM can be transferred to and retrieved from atoms [9], it is also possible to generate
quantum light-carrying OAM by inducing four-wave mixing (FWM). Controlling the
electromagnetic degrees of freedom through this non-linear process makes it possible to
generate light correlated in the time [10], useful to build, for example, quantum memories [11].
Ladder-type schemes of FWM in the alkali elements allow to convert light from one end to the other
end of the optical spectrum, and even beyond. For example, exciting applications arose from
generating and detecting electromagnetic fields at terahertz frequencies through FWM [12–15].
Here, we drive attention to the double transition 5S1/2→ 5P3/2 → 5D5/2 of Rb

87, which yields a beam
at 420 nm during the second step of its cascade decay that can be readily detected [12] (Figure 1).
This scheme has been a workhorse to those interested in developing the usage of OAM on light with
atomic origin because the up-converted beam is relatively simple to collimate and optimize in setups
where FWM is induced on hot atoms [16, 17]. Thus, the experiments involving this collimated blue
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light (CBL) are suitable for building scalable and robust devices,
as desirable for practical applications. Quantum technologies are
included since phase matching during the FWMprocess indicates
that the OAM entanglement should be present between the CBL
and the electromagnetic field at 5 μm (CMW), emitted during the
cascade decay, whenever the appropriate choice in the parameters
of the pump beams is carried out, especially if the total topological
charge of the pump beams is large enough [18].

Single, optical vortices were first up-converted by [19]. In
[20], it was shown that it is possible to perform arithmetic
operations with the OAM traveling on both pump beams
through FWM. Moreover, optical vortices with a helicity up
to ±30 are transferable to the CBL as well [21]. In those
experiments, the FWM process was pumped with
Laguerre–Gauss beams that carry one phase singularity
along a straight dislocation line. However, since 2002, it has
been possible to generate arrays of optical vortices on laser
light using Mathieu modes [22], members of the quasi-
propagation invariant beam family [23]. This family of
structured beams has given birth to numerous scientific
discoveries through micro-manipulation of biological
materials [see for example [24]]. More recently, they have
yielded new methods to control the spatial and the correlation
properties of photon pairs generated by SPDC [25].

In a recent publication, we reported the up-conversion of
quasi-propagation invariant Mathieu beams through an
FWM process in hot atoms [26]. There, the light-mode
analysis was performed by studying in detail the Fourier

and configuration spaces of the electromagnetic fields.
These are well-established methods for experiments using
non-linear crystals. However, they were introduced to the
context of atomic gases in [26]. For those experiments neither
the pump beams nor the CBL exhibited vortices. In this
article, we report that modes containing arrays of optical
vortices are also inherited via FWM. We also show that
Michelson–Morley interferometry is a suitable tool to
confirm this fact. A simulation of the classical interference
pattern serves as a reference to locate the phase singularities.
We induced FWM as depicted in Figure 1: with a Gaussian
beam (G) resonant to the 5S1/2 → 5P3/2 transition and a
helical Mathieu–Gauss beam (HM-G) exciting the 5P3/2 →
5D5/2 second step. We demonstrated that a non-trivial density
of OAM was transferred from the pumping HM-G beam to
the generated CBL. Our findings complement studies of non-
linear processes, where the local density of angular
momentum of light is connected to a spatially dependent
polarization [27]. The results that we present here add two
tools to experiments of this kind: conversion of light with a
quasi-propagation invariant structure and several dislocation
lines; and an extraordinary control over the properties of the
generated light based on manipulating the atomic states
involved in the non-linear process.

2 HELICAL MATHIEU BEAMS

In this section, we describe a few basic features of the structured
light fields used in the experiment. We start with the elementary
Mathieu modes that do not exhibit vortices but are the basis from
which helical Mathieu beams—which may have more than one
dislocation line—are built.

Elementary Mathieu modes are written in terms of scalar
functions Ψ( �r, t) that solve the following wave equation:

∇2 − 1
c2

z2

zt2
[ ]Ψ �r, t( ) � 0, (1)

in elliptic-cylindrical coordinates {ξ, η, z}. These coordinates are
related to the Cartesian space {x, y, z} by the transformations:

x + iy � h cosh ξ + iη( ), ξϵ 0,∞[ ), ηϵ 0, 2π[ ); and z � z,

(2)
where the constant h corresponds to half the inter-focal distance
of the ellipses defining the coordinate system. The wave-equation
in elliptic-cylindrical coordinates can be solved by the separation
of variable method. By demanding the solutions to have a well-
defined parity with respect to reflections through the z-plane, and
to take finite value as ξ → ∞, the following expressions for the
scalar wave function Ψ( �r, t) are found [28]:

Ψ e( )
κ

�r, t( ) � AκJen ξ, q( )cen η, q( )ei kzz−ωt( ),

Ψ o( )
κ

�r, t( ) � BκJon ξ, q( )sen η, q( )ei kzz−ωt( ).
(3)

Here, cen(η, q) and sen(η, q) are the real even and odd ordinary
solutions of the Mathieu equation:

FIGURE 1 | Set of Rb87 transitions yielding collimated blue light through
its second decay during four-wave mixing. Here, the 5S1/2 → 5P3/2 was
excited by a helical Mathieu–Gauss beam, whilst the 5P3/2 → 5D5/2 was
induced with light carrying a Gaussian profile.
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d2

dη2
+ an − 2q cos 2 η[ ]f p( )

n η, q( ) � 0, q � hκ⊥
2

( )
2

,

κ2⊥ � ω/c( )2 − k2z; (4)
and Jen(η, q) and Jon(η, q) solve its modified analog as follows:

d2

dξ2
+ an − 2q cosh 2 ξ[ ]F p( )

n ξ, q( ) � 0. (5)

In general, the characteristic values an and bn, for even and odd
Mathieu functions, respectively, are ordered by the progressive
parameter n. For a given n, an ≠ bn. The label κ in Eq. 3 denotes a
set of separation constants ω, kz, n.

The wave function Ψ( �r, t) satisfies the following eigenvalue
equations [29],

i
z

zt
Ψ �r, t( ) � ωΨ �r, t( ), −i z

zz
Ψ �r, t( ) � kzΨ �r, t( ), (6a)

1
2

�̂l+( )
z

�̂l−( )
z
+ �̂l−( )

z

�̂l+( )
z

[ ]Ψ �r, t( ) � anΨ �r, t( ),
�̂l± � �r − 0, 0,± h( )( ) × −i �∇( ); (6b)

(l̂±)z is the z–component of the �̂l± vector.
As a consequence, once the generalization to vectorial

electromagnetic waves is carried out and the standard
quantization is performed [30], in the quantum realm, the
parameters {ω, kz, an} are assigned to a photon described by
these EM modes, an energy Zω, a linear momentum along the
main propagation axis Zkz, and an algebraic mean value of the z-
component of the angular momentum with respect to the axis
passing through the foci of the elliptic coordinate system, Z2an.

The angular spectrum of Mathieu fields,

S p( )
n θ �k,φ �k; a, q( ) � f p( )

n φ �k, q( )δ sin θ �k − κ⊥c/ω( ) | cos θ �k|
sin θ �k

,

(7)
allows them to be written as the superposition of plane waves,

Ψ p( ) �r, t( ) � ∫ dωα ω( )∫ d3kδ ω − c| �k|( )ei �k· �r−iωtS p( ) θ �k, φ �k( ).
(8)

The delta factor in Eq. 7 guarantees cylindrical symmetry on the
field by restricting the participating plane waves to those sharing a
common modulus κ⊥ of their transverse wave vector.
Nevertheless, actual realizations of Mathieu beams involve a
conic-shell volume within the wave-vector space derived from
replacing the delta distribution by a properly normalized
Gaussian distribution [31]:

δ sin θ − κ⊥c/ω( ) → 1
cσ/ω( ) ���

2π
√ e

− sin θ−κ⊥c/ω( )2
2 cσ/ω( )2 (9)

with waist σ. This spectrum can be codified in a spatial light
modulator (SLM) to generate electromagnetic Mathieu modes in
the paraxial regime (κ⊥≪|kz|) with a polarization determined by
the quasi-plane waves that impinge the SLM. Transfer of the
elementary Mathieu modes described here from infrared to blue
light via FWM in atomic gases has recently been reported [26].

Optical vortices in scalar fields are locations where the phase is
not well defined and exhibits a change of 2mϕ along any closed
loop around them; the integer m is called topological charge.
Close to a vortex, the field magnitude is zero, but the density of
orbital angular momentum is not null. Even though the phase
structure of scalar solutions Ψ(e)

κ ( �r, t) and Ψ(o)
κ ( �r, t) do not

exhibit this kind of singularity, a proper superposition of them
can give rise to one or more optical vortices with topological
charges ±1. This happens for generalized-helical Mathieu beams
with angular spectrum

S h( )
κ θ �k,φ �k( ) � I e( )

n cen φ �k, q( ) + iI o( )
n sen φ �k, q( ). (10)

Most studies in the literature consider the case for which the real
constants I(e)

n and I (o)
n have the same absolute value [32].

By varying the plane of observation, optical vortices create the
so-called dislocation lines. In the ideal case (σ → 0), helical
Mathieu beams are propagation invariant, and the dislocation
lines are straight and parallel to the main direction of
propagation. For actual helical Mathieu–Gauss beams, the
dislocation lines are open but exhibit a slight curvature due to
the unavoidable partial focusing of any Gaussian-like beam.

For the experiments reported here, we used a helical
Mathieu–Gauss mode with n = 4, I(e)

n � I (o)
n , κ⊥ = 11 mm−1,

σ = 0.038κ⊥, and q = 21.78 as an illustrative example. A simulation
of its intensity profile on the z = 0 plane is shown in Figure 2A;
some vortices are highlighted with blue circles where the intensity
is null. The corresponding phase diagram is shown in Figure 2A.
There, one can corroborate that the phase changes by 2π around
the neighborhood highlighted in (A), so that the topological
charge is unitary. Figures 2C,D show this beam in the Fourier
space. Figure 2C depicts its intensity in the kx − ky plane, and
Figure 2D plots its angular dependence along the central κ⊥
circle.

2.1 Phase-Matching Conditions Involving
Gaussian and Helical Mathieu–Gaussian
Pump Beams in FWM
Our experiment concerns the four-wave mixing process
illustrated in Figure 1, where the 5D5/2 state of Rb87 is
populated through a ladder transition excited by G and HM-
G. Both pump beams satisfy the paraxial condition kz ~ ω/c. The
cascade route explored in this work involves an electric-dipole
decay in the microwave region, 5D5/2 → 6P3/2, and a blue photon
arising from the 6P3/2→ 5S1/2 relaxation. A standard perturbative
analysis of the steady-state amplitude for spontaneous emission
of microwaves with electric fields �ECMW( �r)e−iωCMWt and blue
photons with �ECBL* ( �r)e−iωCBLt shows that it is proportional to

F �ECMW, �ECBL[ ] �
∫
∞

−∞
dtei ωCM+ωCBL( )t ∫ d3r �d

p

CMW · �E
p

CMW
�r( ) �dp

CBL

· �E
p

CBL
�r( )ΩG

�r, t( )ΩHM−G �r, t( )fA
�r, t( ), (11)

Frontiers in Physics | www.frontiersin.org July 2022 | Volume 10 | Article 8950233

Mendoza-López et al. Frequency Conversion of Optical Vortex Arrays

74

https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


where �dCMW ( �dCBL) is the dipole moment of the 5D5/2 → 6P3/2
(6P3/2 → 5S3/2) atomic transition and fA( �r, t) is the atomic
density; the Rabi frequencies of the pump beams, ΩG( �r, t) and
ΩHM−G( �r, t), encode their space-time structure. For ideal
monochromatic G and HM-G, the temporal integral yields the
phase matching condition

ωG + ωHM−G � ωCML + ωCBL (12)
with angular frequency ωCML (ωCBL) in the microwave (blue)
region. Meanwhile, integration over the z-coordinate and the
paraxial approximation gives rise to

kG( )z + kHM−G( )z � kCML( )z + kCBL( )z. (13)
As in [26], the transverse structure of G is a superposition of plane
waves with | �k⊥| centered at zero and the transverse structure of
HM-G centered at | �κ⊥| with a finite value. Photons of CBL have a
wider wave-vector range than the microwaves, and thus, it may
inherit the k⊥ structure of HM-G. Consequently, the down-
converted modes are expected to have a Gaussian-like
transverse configuration. An important difference with
experiments reported in [26] is the possibility that the local
phase structure of the vortices could have been transferred to

both CBL and CML. That may happen to photons in the vicinity
of a phase singularity with a topological charge m since the Rabi
frequency ΩHM−G( �r, t) is position-dependent. In such case, the
ECML* ( �r) and ECBL* ( �r) electric fields exhibit a phase singularity
where their topological charges mCBL and mCML satisfy

mHM−G � mCMW +mCBL, (14)
maximizing the integration of |F[ �ECMW, �ECBL]| in a
neighborhood around each phase singularity of ΩHM−G( �r, t).

Since for Mathieu beams, the absolute value of the topological
charge is either 1 or 0 (absence of phase singularity), it is expected
that the phase singularities of the CBL light should add to either
±1 or zero. If |mCBL| > 1, its complement would require a
topological charge of even greater absolute value |mCMW| > |
mCBL| to guarantee the local phase-matching. Thus, dislocation
lines in the pump, in the up-converted photons, and in the down-
converted photons could evolve complex enough to compromise
their stability. In a simpler scheme, vortices with a topological
charge equal to that of the pump, Mathieu beams are transferred
to the blue light. This is congruent with Ref. [26], where the
Mathieu structure of even and odd modes is directly transferred
to the CBL beam. It also extends to a local-space context, the

FIGURE 2 | Plots simulating a helical Mathieu–Gauss beam of order 4 (chosen to prepare HM-G). (A) Intensity profile; (B) spatial dependency of its phase. The blue
circles on (A) and (B) enclose zero-field regions where optical vortices are expected. (C) Fourier ring formed at the focal length of the lens used for its experimental
manipulation, and the orange curve in (D) illustrates the corresponding angular spectrum.

Frontiers in Physics | www.frontiersin.org July 2022 | Volume 10 | Article 8950234

Mendoza-López et al. Frequency Conversion of Optical Vortex Arrays

75

https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


discussion presented in [18], which predicts that the topological
charge of Laguerre–Gauss beams will preferably be transferred to
the blue light for paraxial-pump beams satisfying the Boyd
condition, unless the topological charge of those pump beams
is large enough.

3 EXPERIMENT

To perform experiments, we used a similar apparatus as that
reported in [26] with an additional interferometric module. Here,
we describe only its main features and the Michelson–Morley
arrangement by which the optical singularities were detected.

The experimental setup is schematized in Figure 3. Both HM-
G and G pump beams are frequency-stabilized in separate
spectroscopy setups which are not shown. Every data reported
in this article were taken with G resonant to the 5S1/2 → 5P3/2
transition (δ1 = 0); δ2 was set to −16.2 MHz, optimizing the
intensity of CBL on its Fourier plane within a ±20 MHz range.
The top part of Figure 3A illustrates the optical arrangement for
generating arbitrary Mathieu–Gauss beams with a phase-only
SLM [33]. Their cross section has a long diameter of about 4 mm.
This size is matched to the G beam with the help of telescope T1,
as shown in the bottom part of Figure 3A. Experiments were
performed by saturating the first FWM step with a power of
27 mW on G; HM-G carried 7 mW only. Both beams are
overlapped on an interference filter F1 to co-propagate them
across a heated spectroscopy cell. This guarantees the Boyd
criteria for the efficiency in the FWM process The Fourier
space of HM-G is imaged right before interacting with atoms
by placing CMOS-I at the focal plane of lens L1. The CBL is
equally monitored by focusing it with L2 on CMOS-2.

Figure 3B depicts the Michelson–Morley module added to
analyze the phase of CBL. This interferometer is a variation of the
simplest technique to detect an optical vortex: to interfere with

the studied beam with an inclined plane wave, resulting in a fork-
like interferogram. By counting the fork number in the resulting
pattern and observing their relative orientation, the vortex order
and its corresponding sign can be precisely assigned. We did not
try to produce a blue plane wave to interfere with CBL because
that requires an extra laser. Instead, we split the CBL, letting it to
interfere with itself. Clear inference patterns can be readily
observed by overlapping the center of one arm with the
external field of the other, where the CBL-phase structure has
its smallest variations [34].

The Michelson–Morley module is placed instead of lens L2
and CMOS-2 at the right end of Figure 3A—right after the
interference filter IF2, which removes remnants of pumping light.
Two arms with CBL are created by a 50:50 beam splitter cube.
Each one of them is retro-reflected by its respective mirror (M1
and M2 in Figure 3B) in order to overlap them on a simple
CMOS camera. For this interferometer to work, the arms should
be slightly misaligned. The distance between them when
impinging on the CMOS chip is controlled using a translation
stage driving the angle θ of M1.

4 RESULTS

We characterized both electromagnetic fields by measuring their
angular spectra from images of their Fourier plane to show that
the structure of HM-G is transferred to CBL through the FWM
process. This allows to formulate a compact expression for the
two beams in terms of parameters that define the ideal Mathieu
mode programmed to the SLM [26]. The analyses were
performed for the illustrative example described in Figure 2.
Its relevant parameters are shown in Table1. The interference
patterns of CBL with itself confirmed that the full set of vortices,
theoretically expected on the major axis of the Mathieu mode, are
present in the generated light.

FIGURE 3 | Experimental setup to induce FWM in a hot atomic vapor of Rb87 with one helical Mathieu–Gauss (top) and a Gaussian beam (bottom). (A) Both pump
beams are prepared and overlapped through the atomic sample whilst being heated by an oven. (B) Michelson–Morley interferometer that replaces the Fourier and
configuration analysis setup for locating the optical vortices.
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4.1 Analysis in the Fourier Space
Fourier rings of CBL were imaged for an atomic-gas temperature
ranging from 70 to 120°C. The data presented in this section were
taken at 95°C because this is one of temperatures for which the
angular spectrum of CBL yields a visibility that allows reliable
identification of the parameters that mathematically describe the
generated field.

Figure 4 depicts the Fourier analysis for both G-M (A) and
CBL (B). Their transverse wave-numbers are given by the radius
of the averaged ring scaled by 1/fλ, where f is the focal length of

the corresponding Fourier lens and λ is the wavelength of the light
[35]. The measured values are κHM−G

⊥ � 33.0 ± 0.34 mm−1 (red
ring) and κCBL⊥ � 33.2 ± 0.78 mm−1 (blue ring); essentially, all the
transverse momentum was inherited to the blue light through the
FWM process, as expected. The angular spectra of both
electromagnetic fields are analyzed at the right of Figure 4.
There, blue dots are data extracted from the circle with radius
κ⊥for each case, and orange curves are the best fit to them with
Eq. 10. Both graphs display a noise offset that was accounted for
by adding a constant term to the adjusted function. Table 1 shows
the parameters yielding the best fit for the angular spectra of HM-
G and CBL with a coefficient of reliability R2 of 0.89 and 0.81,
respectively. It is useful to first verify that I(e)

4 � |I (o)
4 | in HM-G,

as programed with the SLM. This is indeed the case within error
bars as can be read from the second column, where both values
normalized by I(e)

4 are shown. The full characterization of HM-G
in the wave-vector space finishes by realizing that the fitted
ellipticity parameter q (21.4 ± 0.65) agrees with its programed
value in the SLM.

Evidence of an enhanced, spatial, and spectral coherence
on the CBL has been observed [36]. This imposes an extra
difficulty on aligning and overlapping HM-G with G to

TABLE 1 | Consolidation of parameters measured from angular spectra of the
M-G pump beam and the CBL; the parameters used for simulating the chosen
illustrative mode, displayed in Figure 2, are shown for reference.

SLM (theory) HM-G CBL

κ⊥ (mm−1) 11 33.0 ± 0.34 33.2 ± 0.78

I(e)
4 (a.u.) 1.00 1.00 ± 0.06 0.99 ± 0.13

I(o)
4 (a.u.) 1.00 0.98 ± 0.08 1.00 ± 0.16

q 21.78 21.4 ± 0.65 21.1 ± 1.20
ϕ0 (degrees) 0.00 −7.70 ± 0.27 −5.38 ± 0.51

FIGURE 4 | Angular spectra of the HM-G pump beam and the CBL when Mathieu modes of order 4 were transferred from the red to the blue beam through FWM.
On the left, (A) shows an image of HM-G taken using a CMOS camera at its Fourier plane, and on the right displays the best fit (orange) to the experimental data. The data
corresponding to the CBL are depicted in (B).
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generate balanced images of blue rings; we observed that
normal incidence of the pump beams onto the input
window of the spectroscopy cell should be slightly avoided.
Figure 4B displays a sample of the best pictures that we could
achieve for CBL-Fourier rings. The best-fit parameters of its
angular spectrum are shown in the third column of Table 1.
From there, one can corroborate that I(e)

4 � |I(o)
4 | for CBL as

well. Finally, q for this measurement is equal to both the
ellipticity parameter programed in the SLM and its
measurement from the angular spectrum of HM-G, within
the experimental accuracy.

4.2 Analysis of the CBL Phase Structure
Optical vortices were detected on CBL with the
Michelson–Morley interferometer depicted in Figure 3B and
are congruent with the expectations derived from the theory,
Figure 2. Power and the detuning of the pump beams were kept
the same as for measurements in the Fourier space. We found
high-visibility interference patterns at 82°C within the
experimental temperature range. Figure 5 displays a series of
images illustrating the phase analysis carried out for the example
mode chosen in this article. The image of each arm serves as a
spatial reference in the interference pattern. They can individually
be observed by blocking its counterpart, as shown in Figures
5A,B. There, the yellow circles enclose zero-field regions that are
candidates to host phase singularities; ideal Mathieu modes of
order 4 have four vortices on their mayor axis between their foci if
I (e)
n � |I (o)

n |, shown in Figure 2. This was experimentally tested
on CBL by letting both arms to interfere and by modeling their
propagation.

The experimental interference pattern of CBL with itself is
shown in Figure 5C. Insets with white frames enclose two
regions where inline-phase singularities are expected. Each of
these areas shows four forks witnessing four optical vortices.
One can observe that the absolute value of the topological
charge is equal to one in all cases since the interference
fringes brake into two branches. In other words, we
measured mCBL = mHM−G. Therefore, even though we did not
characterize the topological structure of CMW, it is theoretically
expected that it does not carry any phase singularity and be
Gaussian-like. Note that the forks at each arm are orientated the
other way around, meaning that the rows of optical vortices
imaged from each arm have opposite helicity. This is a
consequence of the optical path difference traveled by each
beam due to the angle θ of M1. To corroborate the physical
significance of these observations, the Fresnel integral was
calculated throughout the optical path of both CBL beams
from their respective mirrors to the CMOS chip. Details on
this model are found in [37]. Figure 5D is an intensity plot
obtained with these calculations. Comparison between Figures
5C,D certifies the theoretical expectancy of the features in the
CBL-phase structure that were experimentally found. The small
tilt of the major axis present in Mathieu–Gauss beams [33] can
also be appreciated in Figure 5C. It has been attributed to the
Gaussian contribution required for their experimental
generation [22].

5 CONCLUSION

We demonstrated that non-trivial phase structures, composed of
arrays of optical vortices, are transferable through FWM in
atomic gases using a ladder-type double transition—that can
up- and down-convert light. This was carried out by,
respectively, exciting its first and second steps with Gaussian
and Mathieu–Gauss beams. We confirmed that the HM-G pump
beam was appropriately characterized by the parameters of an
ideal helical Mathieu mode, as well as the generated CBL, by
measuring their angular spectra in their respective Fourier planes.

FIGURE 5 | Illustration of the phase analysis for the CBL generated with
FWM. (A) and (B) display the intensity profile of both arms in the
Michelson–Morley interferometer for spatial reference. (C) Image of the
experimental interference pattern with its main features zoomed at the
insets with white frame. (D) Pattern modeling the propagation of the CBL arms
with their Fresnel integral throughout their respective optical paths.
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For probing phase singularities, we successfully introduced
Michelson–Morley interferometry to the analysis of light
generated by FWM in atomic gases.

Measurements in the Fourier space showed that the
transverse components κG−M⊥ ≈ κCBL⊥ . Therefore, momentum
perpendicular to the propagation of helical Mathieu modes is
fully transferred from HM-G to CBL as well as happens
individually for the odd and even cases [26]. During the
same analysis, we showed that the ellipticity parameter q of
the Mathieu modes is also transferred within our experimental
accuracy. With Michelson–Morley interferometry, we verified
that the zero-field regions on the semi-major axis of CBL carry
the optical vortices of the mode that was fed to atoms by HM-G.
We also observed that the topological charge of vortices on HM-
G is equal to the topological charge of vortices on CBL. This
testifies that the microwave field CMW should not be carrying
OAM in this very context. Nevertheless, this situation should
change if the pump beam G is imprinted with phase structure
as well.

Our work is a step forward to classical applications requiring
multiple vortices on light with frequencies hard to achieve such as
free-space multiplexing with OAM [38]. In principle, our results
can be extended to generate twin beams controllably carrying
multiple phase singularities. Therefore, they also contribute to
enhancing OAM-multiplexing with quantum light. This exciting
application has been recently demonstrated [39]. It has been
subsequently employed to perform OAM quantum teleportation,
tripartite entanglement, and quantum dense coding in photon
pairs with similar frequencies [40, 41, 42]. Therefore, our
contribution may well be the key that opens access toward
implementing these applications with differently colored,
quantum-correlated light carrying several OAM channels in
addition to remote preparation of highly structured optical
states [27].

DATA AVAILABILITY STATEMENT

The raw data supporting the conclusion of this article will be
made available by the authors, without undue reservation.

AUTHOR CONTRIBUTIONS

LM-L built the machine, in which experiments were carried out,
analyzed data, and made all the figures for this article. JA-M built
experimental prototypes to implement the techniques and
developed their procedures of analysis. JB-O contributed to
experimental-data collection and analysis. YT demonstrated
FWM for the first time in the laboratory and showed that the
Michelson–Morley interferometer is a suitable tool to analyze
helical Mathieu modes. NA-T brought back the apparatus to a
functioning status after 1 year of null experimental work in the
laboratory due the SARS-Cov-2 pandemics. RJ contributed to
invaluable expertise on quasi-invariant propagation beams and
developed the theory contained in this manuscript. DSS is the
principal investigator of the laboratory; he designed the
experimental apparatus, shaped its scientific roadmap, and
supervised all the instrumental developments involved.

FUNDING

We thank the Consejo Nacional de Ciencia y Tecnología
(CONACyT) for supporting through the National Laboratories
Program, under Grant Nos 280181, 293471, and 299057 and
through the Basic Science Grant SEP-CONACyT No. 285387.
LM-L and JA-M thank CONACyT for their postgraduate study
fellowships. YT thanks DGAPA-UNAM for postdoctoral
support. NA-T thanks SEP-CONACyT Grant No. 285387 and
CTIC for posdoctoral support. We also thank DGAPA-UNAM
for constant funding through PAPIIT under Grant Nos
IN108018, IN103020, and IN106821 and PIIF-UNAM.

ACKNOWLEDGMENTS

We thank Rodrigo A. Guitiérrez-Arenas for his contributions
on instrumentation development for this work; Ricardo
Guitérrez-Jáuregui for discussions regarding this project; K.
Volke-Sepulveda, Alejandro V. Arzola, and Pedro A.
Quinto-Su for technical support on SLM programming.

REFERENCES

1. Darwin CG. Notes on the Theory of Radiation. Proc R Soc Lond A (1932) 136:
36–52. doi:10.1098/rspa.1932.0065

2. Beijersbergen MW, Allen L, van der Veen H, Woerdman JP. Astigmatic Laser
Mode Converters and Transfer of Orbital Angular Momentum. Opt Commun
(1993) 96:123–32. doi:10.1016/0030-4018(93)90535-d

3. Torres PJP, Torner PL. Twisted Photons. Singapore: JohnWiley & Sons (2011).
4. Arnaut HH, Barbosa GA. Orbital and Intrinsic Angular Momentum of Single

Photons and Entangled Pairs of Photons Generated by Parametric Down-
Conversion. Phys Rev Lett (2000) 85:286–9. doi:10.1103/physrevlett.85.286

5. Mair A, Vaziri A, Weihs G, Zeilinger A. Entanglement of the Orbital Angular
Momentum States of Photons. Nature (2001) 412:313–6. doi:10.1038/35085529

6. Molina-Terriza G, Torres JP, Torner L. Management of the Angular
Momentum of Light: Preparation of Photons in Multidimensional Vector
States of Angular Momentum. Phys Rev Lett (2002) 88:013601. doi:10.1103/
PhysRevLett.88.013601

7. Barreiro JT, Wei T-C, Kwiat PG. Beating the Channel Capacity Limit for Linear
Photonic Superdense Coding. Nat Phys (2008) 4:282–6. doi:10.1038/nphys919

8. Forbes A, Nape I. Quantum Mechanics with Patterns of Light: Progress in
High Dimensional andMultidimensional Entanglement with Structured Light.
AVS Quan Sci. (2019) 1:011701. doi:10.1116/1.5112027

9. Tabosa JWR, Petrov Dv. Optical Pumping of Orbital Angular Momentum of
Light in Cold Cesium Atoms. Phys Rev Lett (1999) 83:4967–70. doi:10.1103/
physrevlett.83.4967

10. Kuzmich A, Bowen WP, Boozer AD, Boca A, Chou CW, Duan L-M,
et al.Generation of Nonclassical Photon Pairs for Scalable Quantum
Communication with Atomic Ensembles. Nature (2003) 423:731–4. doi:10.
1038/nature01714

11. Guo J, Feng X, Yang P, Yu Z, Chen LQ, Yuan CH, et al.High-performance
Raman Quantum Memory with Optimal Control in Room Temperature
Atoms. Nat Commun (2019) 10:148–6. doi:10.1038/s41467-018-08118-5

12. Zibrov AS, Lukin MD, Hollberg L, Scully MO. Efficient Frequency Up-
Conversion in Resonant Coherent media. Phys Rev A (2002) 65. doi:10.
1103/physreva.65.051801

Frontiers in Physics | www.frontiersin.org July 2022 | Volume 10 | Article 8950238

Mendoza-López et al. Frequency Conversion of Optical Vortex Arrays

79

https://doi.org/10.1098/rspa.1932.0065
https://doi.org/10.1016/0030-4018(93)90535-d
https://doi.org/10.1103/physrevlett.85.286
https://doi.org/10.1038/35085529
https://doi.org/10.1103/PhysRevLett.88.013601
https://doi.org/10.1103/PhysRevLett.88.013601
https://doi.org/10.1038/nphys919
https://doi.org/10.1116/1.5112027
https://doi.org/10.1103/physrevlett.83.4967
https://doi.org/10.1103/physrevlett.83.4967
https://doi.org/10.1038/nature01714
https://doi.org/10.1038/nature01714
https://doi.org/10.1038/s41467-018-08118-5
https://doi.org/10.1103/physreva.65.051801
https://doi.org/10.1103/physreva.65.051801
https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


13. Wolf J-P, Silberberg Y. Spooky Spectroscopy. Nat Photon (2016) 10:77–9.
doi:10.1038/nphoton.2015.267

14. Lam M, Pal SB, Vogt T, Gross C, Kiffner M, Li W. Collimated UV Light
Generation by Two-Photon Excitation to a Rydberg State in Rb Vapor. Opt
Lett (2019) 44:2931. doi:10.1364/ol.44.002931

15. Downes LA, MacKellar AR, Whiting DJ, Bourgenot C, Adams CS, Weatherill
KJ. Full-Field Terahertz Imaging at Kilohertz Frame Rates Using Atomic
Vapor. Phys Rev X (2020) 10:011027. doi:10.1103/physrevx.10.011027

16. Akulshin AM, McLean RJ, Sidorov AI, Hannaford P. Coherent and Collimated
Blue Light Generated by Four-Wave Mixing in Rb Vapour. Opt Express (2009)
17:22861–70. doi:10.1364/oe.17.022861

17. Vernier A, Franke-Arnold S, Riis E, Arnold AS. Enhanced Frequency Up-
Conversion in RbVapor.Opt Express (2010) 18:17020–6. doi:10.1364/oe.18.017020

18. Offer RF, Stulga D, Riis E, Franke-Arnold S, Arnold AS. Spiral Bandwidth of
Four-Wave Mixing in Rb Vapour. Commun Phys (2018) 1:84. doi:10.1038/
s42005-018-0077-5

19. Walker G, Arnold AS, Franke-Arnold S. Trans-Spectral Orbital Angular
Momentum Transfer via Four-Wave Mixing in Rb Vapor. Phys Rev Lett
(2012) 108:243601. doi:10.1103/physrevlett.108.243601

20. Akulshin AM, Novikova I, Mikhailov EE, Suslov SA, McLean RJ. Arithmetic
with Optical Topological Charges in Stepwise-Excited Rb Vapor. Opt Lett
(2016) 41:1146. doi:10.1364/ol.41.001146

21. Chopinaud A, JacqueyM, Viaris de Lesegno B, Pruvost L. High Helicity Vortex
Conversion in a Rubidium Vapor. Phys Rev A (2018) 97:063806. doi:10.1103/
physreva.97.063806

22. Chávez-Cerda S, Padgett MJ, Allison I, New GHC, Gutiérrez-Vega JC, O’Neil
AT, et al.Holographic Generation and Orbital Angular Momentum of High-
Order Mathieu Beams. J Opt B: Quan Semiclass. Opt. (2002) 4:S52–S57. doi:10.
1088/1464-4266/4/2/368

23. Durnin J, Miceli JJ, Eberly JH. Diffraction-free Beams. Phys Rev Lett (1987) 58:
1499–501. doi:10.1103/physrevlett.58.1499

24. Dholakia K, Reece P, Gu M. Optical Micromanipulation. Chem Soc Rev (2008)
37:42–55. doi:10.1039/b512471a

25. Gutiérrez-López D, Maldonado-Terrón M, Hernández RJ, Vicuña-Hernández
V, Ramírez-Alarcón R, Cruz-Ramírez H, et al.Spatial Control of Spontaneous
Parametric Down-Conversion Photon Pairs through the Use of Apertured
Bessel-Gauss Pump Beams. Phys Rev A (2019) 100:013802. doi:10.1103/
physreva.100.013802

26. Mendoza-López LA, Acosta-Montes JG, Ángeles-Aguillón IF, Sierra-Costa D,
Torres YM, Jáuregui R, et al.Generalized Angular Momentum Transfer to Up-
Converted Photons via Four-Wave Mixing in Atomic Gases. Phys Rev Res
(2021) 3:033170. doi:10.1103/physrevresearch.3.033170

27. Cameron AR, Cheng SWL, Schwarz S, Kapahi C, Sarenac D, Grabowecky M,
et al.Remote State Preparation of Single-Photon Orbital-Angular-Momentum
Lattices. Phys Rev A (2021) 104:L051701. doi:10.1103/physreva.104.l051701

28. Olver FWJ, Lozier DW, Boisvert RF, Clark CW. The NIST Handbook of
Mathematical Functions. Cambridge, New York, Melbourne, Madrid, Cape
Town, Singapore, Saõ Paulo, Delhi, Dubai, Tokyo: Cambridge Univ. Press (2010).

29. Boyer CP, Kalnins EG,MillerW. Symmetry and Separation of Variables for the
Helmholtz and Laplace Equations. Nagoya Math J (1976) 60:35–80. doi:10.
1017/s0027763000017165

30. Rodríguez-Lara BM, Jáuregui R. Dynamical Constants for Electromagnetic
fields with Elliptic-Cylindrical Symmetry. Phys Rev A (2008) 78:S52S57. doi:10.
1103/physreva.78.033813

31. Dartora CA, Zamboni-Rached M, Nóbrega KZ, Recami E, Hernández-
Figueroa HE. General Formulation for the Analysis of Scalar Diffraction-

free Beams Using Angular Modulation: Mathieu and Bessel Beams. Opt
Commun (2003) 222:75–80. doi:10.1016/s0030-4018(03)01564-5

32. Gutiérrez-Vega JC, Bandres MA. Helmholtz-Gauss Waves. J Opt Soc Am A
(2005) 22:289–98. doi:10.1364/josaa.22.000289

33. Hernández-Hernández RJ, Terborg RA, Ricardez-Vargas I, Volke-
Sepúlveda K. Experimental Generation of Mathieu-Gauss Beams with
a Phase-Only Spatial Light Modulator. Appl Opt (2010) 49:6903. doi:10.
1364/ao.49.006903

34. White AG, Smith CP, Heckenberg NR, Rubinsztein-Dunlop H, McDuff R,
Weiss CO, et al.Interferometric Measurements of Phase Singularities in the
Output of a Visible Laser. J Mod Opt (1991) 38:2531–41. doi:10.1080/
09500349114552651

35. Goodman JW. Introduction to Fourier Optics. In: JW Goodman, editor.
Introduction to Fourier Optics. 3rd ed. Englewood, CO: Roberts & Co.
Publishers (2005).

36. Akulshin AM, Budker D, McLean RJ. Parametric Wave Mixing Enhanced by
Velocity-Insensitive Two-Photon Excitation in Rb Vapor. J Opt Soc Am B
(2017) 34:1016. doi:10.1364/josab.34.001016

37. Mendoza-López LA. Análisis de luz generada vía mezclado de cuatro ondas con
densidad de momento angular. Ciudad de México: Master’s thesis, Universidad
Nacional Autónoma de México (2020).

38. Wang J, Yang J-Y, Fazal IM, Ahmed N, Yan Y, Huang H, et al.Terabit
Free-Space Data Transmission Employing Orbital Angular Momentum
Multiplexing. Nat Photon (2012) 6:488–96. doi:10.1038/nphoton.
2012.138

39. Pan X, Yu S, Zhou Y, Zhang K, Zhang K, Lv S, et al.Orbital-Angular-
Momentum Multiplexed Continuous-Variable Entanglement from Four-
Wave Mixing in Hot Atomic Vapor. Phys Rev Lett (2019) 123:070506.
doi:10.1103/physrevlett.123.070506

40. Liu S, Lou Y, Jing J. Orbital Angular Momentum Multiplexed Deterministic
All-Optical Quantum Teleportation. Nat Commun (2020) 11:3875. doi:10.
1038/s41467-020-17616-4

41. Li S, Pan X, Ren Y, Liu H, Yu S, Jing J. Deterministic Generation of Orbital-
Angular-Momentum Multiplexed Tripartite Entanglement. Phys Rev Lett
(2020) 124:083605. doi:10.1103/physrevlett.124.083605

42. Chen Y, Liu S, Lou Y, Jing J. Orbital Angular Momentum Multiplexed
Quantum Dense Coding. Phys Rev Lett (2021) 127:093601. doi:10.1103/
physrevlett.127.093601

Conflict of Interest: The authors declare that the research was conducted in the
absence of any commercial or financial relationships that could be construed as a
potential conflict of interest.

Publisher’s Note: All claims expressed in this article are solely those of the authors
and do not necessarily represent those of their affiliated organizations, or those of
the publisher, the editors, and the reviewers. Any product that may be evaluated in
this article, or claim that may be made by its manufacturer, is not guaranteed or
endorsed by the publisher.

Copyright © 2022 Mendoza-López, Acosta-Montes, Bernal-Orozco, Torres, Arias-
Téllez, Jáuregui and Sánchez. This is an open-access article distributed under the
terms of the Creative Commons Attribution License (CC BY). The use, distribution
or reproduction in other forums is permitted, provided the original author(s) and the
copyright owner(s) are credited and that the original publication in this journal is
cited, in accordance with accepted academic practice. No use, distribution or
reproduction is permitted which does not comply with these terms.

Frontiers in Physics | www.frontiersin.org July 2022 | Volume 10 | Article 8950239

Mendoza-López et al. Frequency Conversion of Optical Vortex Arrays

80

https://doi.org/10.1038/nphoton.2015.267
https://doi.org/10.1364/ol.44.002931
https://doi.org/10.1103/physrevx.10.011027
https://doi.org/10.1364/oe.17.022861
https://doi.org/10.1364/oe.18.017020
https://doi.org/10.1038/s42005-018-0077-5
https://doi.org/10.1038/s42005-018-0077-5
https://doi.org/10.1103/physrevlett.108.243601
https://doi.org/10.1364/ol.41.001146
https://doi.org/10.1103/physreva.97.063806
https://doi.org/10.1103/physreva.97.063806
https://doi.org/10.1088/1464-4266/4/2/368
https://doi.org/10.1088/1464-4266/4/2/368
https://doi.org/10.1103/physrevlett.58.1499
https://doi.org/10.1039/b512471a
https://doi.org/10.1103/physreva.100.013802
https://doi.org/10.1103/physreva.100.013802
https://doi.org/10.1103/physrevresearch.3.033170
https://doi.org/10.1103/physreva.104.l051701
https://doi.org/10.1017/s0027763000017165
https://doi.org/10.1017/s0027763000017165
https://doi.org/10.1103/physreva.78.033813
https://doi.org/10.1103/physreva.78.033813
https://doi.org/10.1016/s0030-4018(03)01564-5
https://doi.org/10.1364/josaa.22.000289
https://doi.org/10.1364/ao.49.006903
https://doi.org/10.1364/ao.49.006903
https://doi.org/10.1080/09500349114552651
https://doi.org/10.1080/09500349114552651
https://doi.org/10.1364/josab.34.001016
https://doi.org/10.1038/nphoton.2012.138
https://doi.org/10.1038/nphoton.2012.138
https://doi.org/10.1103/physrevlett.123.070506
https://doi.org/10.1038/s41467-020-17616-4
https://doi.org/10.1038/s41467-020-17616-4
https://doi.org/10.1103/physrevlett.124.083605
https://doi.org/10.1103/physrevlett.127.093601
https://doi.org/10.1103/physrevlett.127.093601
https://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


Multiple pathway quantum beat
spectroscopy

Zhenhuan Yi1*, Tuguldur Kh. Begzjav1,2,
Gombojav O. Ariunbold2,3, Aleksei M. Zheltikov1,
Alexei V. Sokolov1,4 and Marlan O. Scully1,4,5*
1Texas A and M University, College Station, TX, United States, 2National University of Mongolia,
Ulaanbaatar, Mongolia, 3Mississippi State University, Starkville, MS, United States, 4Baylor University,
Waco, TX, United States, 5Princeton University, Princeton, NJ, United States

We investigate quantum beats by monitoring cooperative emission from

rubidium vapor and demonstrate correlated beats via coupled emission

channels. We develop a theoretical model, and our simulations are in good

agreement with experimental results. The results pave the way for advanced

techniques measuring interactions between atoms that are excited to high

energy levels.

KEYWORDS

ultrafast spectroscopy, quantum beat, rubidium, quantum interference, quantum
coherence

1 Introduction

Quantum coherence plays important roles in many advances in quantum detection

and control techniques in the recent two decades, such as coherent anti-Stokes Raman

scattering (CARS) spectroscopy [1, 2], multidimensional Fourier transform spectroscopy

[3], wave packet control of atoms and molecules [4–6], and quantum interference control

of photocurrent [7], due to the fact that optical interference can reveal the quantum

pathways in which the system evolves. Quantum computers also heavily rely on coherent

manipulation of quantum states, for e.g., in atomic, ionic, and superconducting circuit

qubits [8–10]. These systems use dipole–dipole interactions to simulate many-body

physics. Thus, it is important to measure the interactions of atomic/ionic systems at

different energy states. Recent works using double-quantum two-dimensional coherent

spectroscopy were able to detect long-range dipole–dipole interactions in low-density

atomic vapors [11]. It has also been demonstrated that by comparing the shape, including

broadening and sidebands, of the Fourier spectra of measured quantum beat patterns to

theoretical models, the number of atoms involved in dipole–dipole interactions can be

characterized for an excited atomic ensemble [12]. Most importantly, this method

provides a possible route to measure dipole–dipole interactions at many highly

excited states. Therefore, improving quantum beat measurements for highly excited

atomic systems is of great interest.

Many of these quantum beating experiments [12–15] were carried out in pump–probe

configurations. Typically, a laser pulse is split into two with different intensities; the

stronger one is used as the pump pulse and the other as the probe. The delay between the
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pump and probe pulses is scanned to obtain a beat pattern. At the

density of atoms (or molecules) at which quantum beats are

observed, the first few or ten picoseconds of the coherent optical

signals exhibit exponential decay envelopes. This is attributed to

superfluorescence (SF) processes, where the single-pass gain is

large enough to overcome dephasing in a population inverted

system, and a build-up polarization results in a burst of emission

[16, 17]. In this work, we present experimental data to determine

a time scale for this process, based on our previous studies of SF

processes in the same atomic system and other systems [18, 31].

Furthermore, because we used two beams at different

wavelengths for the pump and drive/probe pulses, which

effectively couple much lower energy levels, we were able to

see some transitions which are weak or negligible in other

experiments, e.g., in [19].

We investigate multichannel quantum beats via the 420 nm

and 421 nm radiation from an atomic vapor of 87Rb, and relevant

energy levels are shown in Figure 1B. The atoms are two-photon

excited from 5S to both 9S and 7D levels by ultrashort laser pulses

with a broadband spectrum centered at 656 nm, and Δ’s are

angular frequency differences between energy levels. The

broadband drive pulses centered at 1491 nm couple the fine

structure levels of 9S and 7D to those of 6P. According to

selection rules, all transitions from 9S and 7D to 6P are

dipole-allowed, except the 7D5/2 → 6P1/2 transition. The sum

rule [20] tells us that the transition intensity of the three labeled

ones from 7D to 6P in the figure is a : b : c = 5 : 1 : 9. If we imagine

that transition b is absent, one can see that when the delay

between pump and drive pulses is scanned, the beat frequency

Δ1/2π can be seen on the 420 nm transition, while the 421 nm

transition can show the beat frequency of Δ2/2π. Furthermore,

since the two channels are coupled through levels 9S (and weakly

via 7D3/2), multi-photon processes, as shown in Figure 1C, are

revealed through the beat frequency of (Δ2 − Δ1)/2π. All these

happen in a typical SF time scale of ~ 20 picoseconds. In the

following sections of this article, we will discuss these aspects in

detail. In Sections 2, 3, we describe the experimental setup and

results. Section 4 is devoted to a theoretical model of

multichannel beat processes. An approximate formula for beat

intensity is derived using the fourth-order time-dependent

perturbation theory. We summarize the experimental and

theoretical results in the last section.

2 Experimental methods

The experimental setup is shown in Figure 1A. Femtosecond

laser pulses with wavelengths centered at 656 and 1491 nm were

collinearly focused into a thin rubidium vapor cell. The cell is

made of sapphire which allows a high temperature operation. It

has a cylindrical shape with a total length of 5.3 mm, two 1.7-

mm-thick windows, and a diameter of 1 inch. Rb vapor fills the

FIGURE 1
(A) Experimental schematics for observing the multichannel quantum beats. The pump (656 nm) and the probe (1491 nm) laser pulses were
collinearly combined and focused into the rubidium (Rb) cell. Normalized spectra of the input pulses are shown as they are generated from OPAs.
M1–M5 are mirrors. PBS is a Pellicle beamsplitter. BPF is a band-pass filter centered at 420 nmwith full width at half maximum (FWHM) of 10 nm. (B)
Simplified energy level diagram of 87Rb. Broadband pump pulses excite atoms from 5S to both 9S and 7D levels; probe pulses couple 9S and 7D
levels to 6P levels. (C) Illustrations of fourth-order quantum paths, which result in exchanging transition probabilities of the two 6P fine structure
levels and beat pattern’s envelope oscillations as discussed in the text. (D) Spectra of the emission (black and red dots) measured at a delay time of
0.5 and 5 ps between pump and probe pulses; two distinguishable lines (dashed lines) at 420 and 421 nm are fitted to each spectrum. The solid lines
are the sum of the fitted Voigt profiles.
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1.9-mm-long space sandwiched between the windows. The

generated signal was analyzed using a spectrometer (HR4000,

Ocean Optics). The pump (656 nm) and drive (1491 nm) laser

pulses were generated from two optical parametric amplifiers

(OperA, Coherent) pumped by 800 nm, 30 fs laser pulses from a

Ti:sapphire femtosecond laser system (Legend, Coherent) with a

1-kHz repetition rate. Both pulses were linearly polarized, with

the same polarization. The pulse energy of each beam was

controlled using a reflective-type continuous variable neutral

density filter. The probe beam was retro-reflected by a pair of

mirrors mounted on a digitally controlled translation stage

(Newport) to precisely adjust the time delay between pump

and drive pulses. Both beams were collinearly combined by a

pellicle beamsplitter (PBS) and were focused using a lens with

200 mm focal length into the Rb cell. The cold reservoir of the cell

was kept at 214 °C, and the number density of 87Rb atoms was

estimated to be 1.3 × 1015 cm−3 [21].

3 Experimental results and discussion

The spectra of the coherent emission in the forward direction

are shown in Figure 1D. They were obtained with an average

pump power at 2.0 mW and 0.5 mW of the drive at two different

delay times between pump and drive pulses. As we scan the delay,

two peaks clearly change their intensities; thus, we fit each

spectrum by double peaks of Voigt profiles. In the fitting, the

two peaks share the same line widths, while the positions and

intensities of two peaks plus a constant baseline are independent

parameters. Both spectra show fitted peaks at 420.2 and 421.6 nm

which match the exact values of the transitions [22] within the

calibration accuracy (0.1 nm) of our spectrometer. The fitted

spectral width of the Voigt profiles is 1.5 nm; thus, it is not

limited by the resolution (0.35 nm) of our spectrometer. A

similar spectrum was taken at every step while the translation

stage was scanned.

To resolve the beat frequencies, we used a small step size of 2 μm,

which is equivalent to 0.0133 ps time delay. In order to see a large time

scale decay curve, we also scanned with a 10 times larger step size,

corresponding to 0.133 ps per step. A sample of the typical data

scanned with a smaller step size is shown in Figure 2A. These data are

fitted by a single exponential decay curve, and on average, we get a

16.14 ps decay time constant which closely matches to the delay time

of the SF signal (17.5 ps) from our previous work [18]. There are two

time constants associated with SF processes: the collective damping

time τr governs the SF pulse width, and the delay time τD tells how

much time the system takes to evolve before emitting an SF pulse. Our

data suggest that τD is a qualitative measure of the decay time of the

FIGURE 2
Experimental data with fitted functions. (A) Long-range scanned data with a time resolution of 0.0133 ps. Solid lines represent the measured
data, and dashed red lines are fitted exponential decay curves. The fitted curves give an average decay time of 16.14 ps. (B) Fast Fourier transform
(FFT) filtered 421 nm data (black dots) fitted to a damped sine curve (red line) in a 10 ps timewindow. The DCoffset is removed by the FFT filtering. (C)
Zoomed-in window as shown in the green dashed box. (D) Data of 420 nm signal (blue dot and line) and fitted damped sine curve (red line) in
the same time window as (C).
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beating pattern. A good match between the two time scales is

reasonable because amplified spontaneous emission (ASE) rises

from the population inversion between upper levels (9S and 7D

levels) and intermediate levels (6P, and 8P, 7P, 5P) after the atoms are

optically pumped. If there is enough single-pass gain (in other words,

enough number of excited atoms within a wavelength range), the

emission will evolve into SF [16, 17]. Coherence in the atomic

ensemble builds up, and after some delay time, a burst of light is

emitted from the atoms. This argument rises naturally as many

quantum beat experiments mentioned previously rely on the

detection of the SF or yoked SF [23] signal(s).

To extract a clear beat pattern, we performed a fast Fourier

transform (FFT) filtering which filters the decay and the dc offset

components. A typical sample of the processed data is shown in

Figure 2B. To find the beat frequency, we fit the data to a damped

sine function of the form A0 + A1e−t/τ0 sin(2πft), where τ0 is the
decay time to be numerically fit. For the 420 nm signal, we get an

average beat frequency of 6.517 THz, and for the 421 nm signal, the

average is 6.563 THz, with a difference of 46.4 ± 2.8 GHz between

them. In the literature, the calculated fine splitting of 7D of Rb is

45.18 ± 0.3 GHz [22]. If we zoom in the data points in Figures 2C, D,

we see the effect of the weak transition b shown in the energy

diagram in Figure 1B. The 421 nm transition has only two quantum

paths from 9S and 7D, and the data (Figure 2C) follow closely to the

fitted curve. As a comparison, the 420 nm transition has three

upstreamquantumpaths; even though transition b is relatively weak

compared to the other two, it is enough to dither some of the data

points off the fitted sine trace as shown in Figure 2D.

After an FFT filtering of the longer scan data shown in

Figure 2A, the beat pattern shows an overall envelope with two

features: an exponential decay and an oscillation with a frequency

of 46 GHz, which matches to the fine structure splitting of 7D.

Figure 3 exhibits the experimental results together with

simulations demonstrating both features. The exponential

decay of this envelope is carried from the overall decay of the

signals. The reason of this oscillation is understood as follows. By

closely inspecting the energy diagram (Figure 1), it is obvious for

the 420 nm signal to carry a frequency of 46 GHz, since both

levels of 7D are involved in its quantum path. However, questions

arise are: how can the 421 nm signal also carry this frequency? Is

it from the coupling via 9S? To answers these questions, we

employ the following theoretical model.

4 Theoretical model and
interpretations

For the 6-level system as shown in Figure 1B, the atom–field

effective interaction Hamiltonian can be written as [24, 25]:

V t( ) � −Z Ωeff|a〉〈b| +Ωeffe
−iΔ1t|c〉〈b|(

+ Ωeffe
−iΔ2t|d〉〈b| +Ωae|a〉〈e|

+ Ωafe
iΔ3t|a〉〈f| +Ωcee

−iΔ1t|c〉〈e|
+ Ωdfe

−i Δ2−Δ3( )t|d〉〈f| +Ωdee
−iΔ2t|d〉〈e|

+ h.c.), (1)

where we assume Gaussian pulses such that

Ωeff � Ω(0)
p exp(−t2/α2p)is the pump laser effective Rabi

frequency, Ωij � Ω(0)
ij exp(−(t − τ)2/α2c ) is the drive pulse Rabi

frequency which couples i and j states, τ is the delay time between

the probe and the pump pulses, and α′s are pulse durations.

Because the pulses are very short compared to the SF time scale,

we essentially treat them in the delta function limit in our

calculation. The notations we use for detunings are Δ1 =

40.99 × 1012s−1, the energy difference between 9S1/2 and 7D5/2;

FIGURE 3
Slow varying envelopes of the beats of 420 and 421 nm signals. (A) Blue and (B) black are experimental data after an FFT high-pass filtering used
to remove the DC and exponential decay components from the raw data. (C) Blue and (D) black are numerical simulations for the corresponding
transitions to (A) and (B), both labeled with wavelength and color-coded to match the experimental results.
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Δ2 = 41.27 × 1012s−1, the energy difference between 9S1/2 and

7D3/2; and Δ3 = 14.61 × 1012s−1, the energy difference between

6P3/2 and 6P1/2. Our goal is to find the probability of finding

atoms in the |e〉 and |f〉 states using the time-dependent

perturbation theory. The second-order perturbation terms

explain the beat frequencies Δ1/2π and Δ2/2π but lack to tell

the envelope beat in the 421 nm signal. Therefore, we use the

perturbation theory up to the fourth-order terms. The

approximate solution can be written in the following form:

Pe � |e0 + e1e
iΔ1τ + e2e

iΔ2τ |2,
Pf � |f0 + f1e

iΔ1τ + f2e
iΔ2τ |2, (2)

where ej and fj (j = 0, 1, 2) are constants. e2 and f1 are explicitly

written as:

e2 � παpαcΩ 0( )p
ed Ω 0( )

p

+ π2αpα
3
c Ω 0( )p

ea Ω 0( )
ae Ω

0( )p
ed Ω 0( )

p +Ω 0( )p
ea Ω 0( )

afΩ
0( )p
fd Ω 0( )

p(
+ Ω 0( )p

ec Ω 0( )
ce Ω 0( )p

ed Ω 0( )
p +Ω 0( )p

ed Ω 0( )
de Ω 0( )p

ed Ω 0( )
p

+ Ω 0( )p
ed Ω 0( )

dfΩ 0( )p
fd Ω 0( )

p )
+ 3π2α3pαcΩ

0( )p
ed Ω 0( )

p Ω 0( )p
p Ω 0( )

p , (3)
f1 � π2αpα

3
c Ω 0( )p

fa Ω 0( )
ae Ω 0( )p

ec Ω 0( )
p + Ω 0( )p

fd Ω 0( )
de Ω 0( )p

ec Ω 0( )
p( ), (4)

where we change the indices order in the complex conjugate of

the Rabi frequency such that (Ω(0)
ij )p � Ω(0)p

ji . In this notation, we

can interpret the terms in Eqs. 3 and 4 with ease. For example,

the term Ω(0)p
ea Ω(0)

ae Ω(0)p
ed Ω(0)

p represents the fourth-order

process as pumping atoms from the ground state |b〉 → |d〉
→ |e〉 → |a〉 → |e〉, which is one of the final states.

We plot the probability of finding atoms on level |e〉 (Pe) and
level |f〉 (Pf) with parameters shown in Figure 4. For conditions

e1 ≫ e2 and f1 ≪ f2, one can verify that probabilities Pe and Pf
oscillate at angular frequencies Δ1 and Δ2, respectively.

Therefore, e1 and f2 terms in Eq. 2 give fast oscillations, as

shown in resolved time windows in Figure 4C.Moreover, because

the frequencies are different, we can also see that the relative

phase of the beat oscillation shifts as the delay time increases. The

expression which only keeps up to second-order terms is plotted

in Figure 4A, where the envelope modulation of Pf is absent;

while the plot using expression with fourth-order terms clearly

shows the modulation on Pf and a larger modulation depth on Pe.

We conclude that the e2 and f1 terms in Eqs. 3 and 4 cause the

envelope modulation shown in the analytical results (Figure 4B)

and the experimental results (Figure 3). Furthermore, the main

reasons for the envelope oscillation are the fourth-order

processes coupled through the |a〉 state (9S1/2) as well as

other processes in Eqs. 3 and 4. To see this more clearly, let

us set Ω(0)
de � 0 because |d〉→ |e〉 transition intensity is only 1/

9 of |c〉→ |e〉 and 1/5 of |d〉→ |f〉 transition intensities. Then,

Eqs. 3 and 4 become e2 � π2αpα3cΩ(0)p
ea Ω(0)

afΩ
(0)p
fd Ω(0)

p and

f1 � π2αpα3cΩ(0)p
fa Ω(0)

ae Ω(0)p
ec Ω(0)

p , which are symmetrically

FIGURE 4
(A) Probabilities of finding atoms on level |e〉 (Pe)and level |f〉 (Pf) plotted from analytical expressions up to second-order terms. (B) Same
probabilities plotted with the expressions up to fourth-order terms. The envelope modulation of Pf is a result of multi-photon (> 3) interaction
between levels |c〉 and |f〉 because single-photon transition is forbidden. (C) Probabilities zoomed in 2-ps windows, and the curves have been offset
to show a relative phase shift due to different beat frequencies of the signals. Parameters used for the plots are: αpΩ(0)

p � 0.2, αcΩ(0)
ae � 0.6,

Ω(0)
af � Ω(0)

ae /
��
2

√
, Ω(0)

ce � 0.2Ω(0)
ae , Ω(0)

df � Ω(0)
ce

����
5/9

√
, and Ω(0)

de � Ω(0)
ce

���
1/9

√
. Relative transition dipole moments are estimated by the sum rule [20].
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exchanging the excitation probability from |d〉 (|c〉) to |e〉 (|

f〉) (Figure 1D). These fourth-order processes coupled

through the |a〉 state (9S1/2) are the main reason for

envelope oscillation in the 421 nm signal and a deeper

modulation on the 420 nm signal.

5 Conclusion

In this work, we demonstrate that the beat pattern of the

421 nm signal is much less disturbed by other quantum pathways,

and it is potentially a better candidate for the technique described

in Ref. [12] to characterize dipole–dipole interactions. In general,

F = 1/2 levels have less coupled upper levels due to selection rules;

thus, they can be used to obtain cleaner beat patterns for sensing

dipole–dipole interactions. In addition, this technique requires a

long time scan (~ 100ps) in order to get enough spectral

resolution after a Fourier transform. Our experimental data

show persistence for a longer scan range despite the decay of

the signal. Because for a weak atomic excitation, both theoretical

[26] and experimental [27] works showed that the population on

the excited states can survive for hundreds of picoseconds.

It is also possible to detect the beat pattern by monitoring the

transmission of the infrared probe [14] as well as X-ray

absorption [28], as long as different quantum pathway

interferences at a common final state are realized [24, 29].

Controls of the beat pattern and thus the quantum path have

been studied in our group by shifting the pump wavelength [15]

or adding a control pulse [4]. In the present case, a shift of the

pump beam central wavelength would tune the amplitudes and

initial phase of the beat pattern. While our current system is

based on OPAs, new laser sources can provide an extended

wavelength range to cover more transition wavelengths and give

more control of the sources, such as different frequency

generation sources that extend to mid-infrared and a versatile

single-laser platform that combines a short-pulse laser source

with a tunable broadband wavelength converter based on a

highly non-linear photonic-crystal fiber (PCF), which was

recently demonstrated for single-beam dual-color two-photon

spectroscopy [30].

In conclusion, we investigate coherent emissions at

420 and 421 nm in 87Rb. We observed quantum beats at

different frequencies on these two emissions as we scan the

delay between pump and drive pulses. The profiles were

measured, and numerical simulations based on a

theoretical model are compared with the experimental

results. Our results suggest that the SF delay time is a good

measure of the exponential decay of the beating envelope.

With the help of the time-dependent perturbation method, a

higher order (five-photon) process was identified from the

beat envelope of the 421 nm emission. The results pave the

way for detecting dipole–dipole interactions of atoms at

highly excited states.
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Quantum interferences of entangled photons have engendered tremendous

intriguing phenomena that lack any counterpart in classical physics. Hitherto,

owing to the salient properties of quantum optics, quantum interference has

been widely studied and provides useful tools that ultimately broaden the path

towards ultra-sensitive quantum metrology, ranging from sub-shot-noise

quantum sensing to high-resolution optical spectroscopy. In particular,

quantum interferometric metrology is an essential requisite for extracting

information about the structure and dynamics of photon-sensitive biological

and chemical molecules. This article reviews the theoretical and experimental

progress of this quantum interferometric metrology technology along with

their advanced applications. The scope of this review includes

Hong–Ou–Mandel interferometry with ultrahigh timing resolution,

entanglement-assisted absorption spectroscopy based on a Fourier

transform, and virtual-state spectroscopy using tunable energy-time

entangled photons.
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quantum entanglement, Hong–Ou–Mandel interference, spectral and temporal
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1 Introduction

Quantum entanglement is a non-classical phenomenon that the quantum state of

each individual particle cannot be described independently of the state of the others,

whose nature reveals the most fascinating and unexpected aspects of the quantum world

[1, 2]. For example, the non-classical correlation of such entangled particles would not be

diminished even when they are spatially separated by arbitrary distances. Naturally,

quantum entanglement is an essential prerequisite for a variety of quantum experiments

in the field of fundamental tests of quantum physics, such as the investigation of the

Einstein–Podolsky–Rosen (EPR) paradox and the violation of Bell’s inequalities [3–5],

and practical applications, such as quantum information processing [6, 7]. The

exploitation of quantum entanglement in these specific scenarios has great potential

to outperform the schemes based on classical physics. As an example in metrology, while

an individual particle exhibits an inherent uncertainty, the joint correlation between

entangled photons can be exempt from such limitation. More specifically, the arriving
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time of the individual photons is completely random, but the

entangled photons always arrive simultaneously. These myriad

and significant implications of quantum entanglement make

them compelling for use in quantum optical metrology [8–12].

Quantum interference of entangled photons leads to many

counterintuitive results, which can be considered an absolute

necessity in the quantum mechanic’s toolkit. Thereinto,

Hong–Ou–Mandel (HOM) interference, the fact that two

identical photons that arrive simultaneously on different input

ports of a beam splitter would bunch into a common output port,

is a prototypical example of quantum interference [13]. Its

interference visibility, namely, the bunching probability, is

directly related to photons’ level of indistinguishability. The

definition of indistinguishability is on the bases of various

parameters in all degrees of freedom, such as polarization,

frequency, time, path, and orbital angular momentum. This

quantum effect enables a wide range of quantum information

processing tasks, in particular for the measurements of optical

delays and spectroscopy with the requirements for ultrahigh

resolution, precision and accuracy, and experimental

robustness against detrimental noise [14–17].

In the context of the applications in both metrology and

sensing, the precise and demanding measurements are most

likely performed as optical interference, including but not

limited to Ramsey interferometry in atomic spectroscopy [18],

x-ray diffraction in crystallography [19], and optical

interferometry in gravitational-wave studies [20, 21].

Quantum mechanics indicates that the fundamental shot noise

limit of the phase uncertainty in optical metrology based on

classical resources is δϕ≥ 1/
��
N

√
, where N is the number of

systems used in measurement. For quantum entanglement,

this standard limit can be beat as the fundamental precision

limit reaches δϕ ≥ 1/N by using a maximally entangled N-photon

state, i.e., the well-known Heisenberg limit [22, 23]. Thus,

quantum interferometric metrology with entangled photons

promises ultrahigh precision and accuracy in the phase

measurement that may arise from optical delay [16, 17],

spatially structured photon [24], and dephasing time [25].

Additionally, while conventional spectroscopy based on

classical light is limited by shot noise, absorption spectroscopy

with single photons can achieve a precision that is beyond the

shot-noise limit and even near the ultimate quantum limit [26].

Therefore, quantum light provides a powerful tool to extract the

spectroscopic information of target materials by using a single-

photon monochromator [27] or tunable frequency-correlated

photons [26], which may be particularly relevant for photon-

sensitive biological and chemical samples [25]. In order to tackle

the experimental issues, quantum Fourier spectroscopy is

presented as an alternative route [14, 28, 29]. In analogy to

classical Fourier transform between time and frequency domains,

the spectral and temporal degrees of freedom of biphoton

wavefunction can also be connected by a Fourier transform

[30]. Thus, quantum interferometric spectroscopy enables us

to extract the spectroscopic information from the temporal

pattern of quantum interference, but without the usual

requirement for flexible single-photon monochromator or

paired photons with tunable and narrow spectral distribution.

As an alternative route toward temporal measurement and

spectroscopy, quantum interferometric metrology with entangled

photons provides great advantages in resolution, precision, and

time efficiency. Typically, the conventional interferometric

approaches based on classical light, such as Mach–Zehnder

interferometer, are known as first-order interference, which is

extremely subject to environmental noise and photon loss. On the

contrary, the HOM interference based on quantum light is not

affected by variations in the optical phase, even when the

fluctuations of path length difference are on the order of the

wavelength [31]. This feature has resulted in proposals for

quantum interferometric metrology with provable advantages in

the robustness against noise and loss [32, 33], such as the

cancellation of some deleterious dispersion effects [31, 34].

Although photon wave packets are generally broadened and

delayed when they transmit through the dispersive optical

elements, the corresponding dispersion is balanced in both arms of

theHOM interferometer. Assisted by coincidencemeasurementmade

with entangled photon pairs, the observed interference pattern can be

free of such dispersive behavior [35, 36]. These results may indicate a

new direction toward fully harnessing quantum interference in

practical quantum metrology.

In this review, our aim is to present the theoretical and

experimental progress in the investigation of quantum

interference with entangled photons and their applications in

the field of quantum metrology. Emphasis is placed on the

preparation of energy-time entanglement and its relevant

applications in temporal measurement and spectroscopy.

This review is structured as follows: In Section 2, we discuss

the creation of quantum entanglement, which is used as the

probe in quantum interferometric metrology, in particular, the

exploitation of energy-time entanglement. In Section 3, we

review the experimental implementation and practical

applications of HOM interferometry with ultrahigh timing

resolution, regarding the enhancement of HOM

interferometry by using discrete frequency entanglement and

applications in the exploration of superluminal speeds of

structured light and dephasing time of the molecular

properties in biology and chemistry. In Section 4, we review

the quantum interferometric spectroscopy with quantum

entanglement and its applications in single-photon and two-

photon absorption spectroscopy. Section 5 contains the

conclusion and an outlook.

2 Entanglement source

Since this work focuses on the quantum interferometric

metrology with entangled photons, we first introduce the
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concept and generation of quantum entanglement, whose

specific properties enable the intriguing quantum interference

that goes beyond the possibilities of classical physics.

In the set of a quantum system consisting of n subsystems,

the Hilbert space of the whole system is the tensor product of the

subsystem spaces, namely, H � ⊗n
l�1Hl. As a direct result, the

basis can be written as a superposition state in the form of

|Ψ〉 � Σi1 ,...,inci1 ,...,in|i1〉⊗|i2〉⊗/⊗|in〉, (1)

where |i1,. . .,n〉 represents the specific state of the individual

subsystems. We consider a more general case as a multipartite

system A1, A2, . . ., Am. Typically, their many-body states can be

divided into two classes: entangled states and separable states.

One calls a state ofm systems entangled if it cannot be written as

a convex combination of product in the form of

|ΦA1 ,A2 ,...,Am〉≠|ΦA1〉⊗|ΦA2〉⊗, . . . ,⊗|ΦAn〉. (2)

In contrast, if the state can be decomposed into the tensor

products of subsystems, one calls it separable [37–39].

Intuitively, the entangled state is a prototypical quantum

phenomenon that lacks any counterpart in classical physics or

simulation by classical correlations [1, 40–42]. This work focused

on the two-photon entanglement in the bipartite systems with a

Hilbert space H = H1 ⊗ H2. The complete Bell basis in this state

space can be expressed by the well-known Bell states as

|ϕ±〉 � 1�
2

√ |00〉±|11〉( )
|ψ±〉 � 1�

2
√ |01〉±|10〉( ).

(3)

These Bell states have interesting properties [43–45].

This intriguing quantum entanglement is an enabling

resource for a large number of practical applications,

including but not limited to quantum information processing

[46–51], quantum metrology [8–12], and quantum simulation

[52–55]. Therefore, an efficient source of entangled photons has

long been hailed as an essential prerequisite in the quantum

mechanic’s toolkit. Among these available technologies, the

spontaneous parametric down-conversion (SPDC) process in

nonlinear materials is most commonly used in practice, which

provides advantages in fiber coupling efficiency, entangled

photon pair generation rates, and entanglement fidelity and

flexibility [56–61]. In an SPDC process, a pump photon with

high energy would spontaneously decay into signal and idler

photons, which can be tailored to exhibit entanglement in various

photonic degrees of freedom. For example, as the signal and idler

photons are created simultaneously, the time entanglement is an

inherent property of the down-converted photons generated by

the SPDC process. The spontaneous down conversion ensures

the time correlation between signal and idler photons, while the

coherent temporal modes of pump lasers enable the nonlocal

correlation. Thus, the time entanglement has been verified

through the violation of Bell inequality by using the Franson

interferometer [62, 63] and enabling the applications in quantum

information processing [64–66]. In addition, since the frequency

bandwidth of the pump laser is much narrower than that of the

down-converted photons, the frequency entanglement arises

quite naturally as a direct result of energy conservation. More

specifically, the central frequencies of down-converted signal,

idler, and pump photons satisfy the energy conservation as ωs +

ωi = ωp, which directly indicates the spectral correlation of

entangled photons. Backed by the coherent spectral modes of

pump lasers that enable the nonlocal correlation, the violation of

Bell inequality in the frequency domain has been verified [67].

2.1 Generation of quantum entanglement
by spontaneous parametric down
conversion

In particular, the quasi-phase matching in the SPDC process

has a strict requirement for polarization states of pump, signal,

and idler photons. Thus, polarization entanglement can be

generated using elaborate configurations such as polarization

Sagnac interferometer and crossed-crystal scheme. In order to

implement a polarization entanglement source with ultrahigh

brightness, we use the SPDC process with collinear type-0 quasi-

phase matching, which has resulted in the highest photon pair

generation rates reported to date [68]. However, the spatial

modes of down-converted photons overlap completely, these

type-0 sources typically require wavelength distinguishability to

route photons into distinct spatial modes for independent

manipulation. Consequently, these frequency-distinguishable

signal and idler photons are inapplicable for quantum

information process applications that require indistinguishable

photons, such as HOM interference. This leads to a question of

the utmost importance: How can we generate identical entangled

photons that are separated in opposite spatial modes with

ultrahigh brightness. By superimposing four pair-creation

possibilities on a polarization beam splitter, pairs of identical

photons are separated into two spatial modes as a direct

result of time-reversed HOM interference and without the

usual requirement for wavelength distinguishability or

noncollinear emission angles [69]. More specifically, while

the typical HOM interference states the fact that identical

photons that arrive simultaneously on different input ports

of a beam splitter would bunch into a common output port,

time-reversed HOM interference states that the

superposition of two-photon quantum states that arrive

simultaneously on difference input ports of a beam

splitter would deterministically anti-bunch into distinct

output ports. This intriguing interference effect enables

the deterministical separation of identical photons into

distinct spatial modes without any requirement of

photons’ distinguishability and phase stability. The

resultant polarization entanglement is in the form of
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|Ψ+
p〉 � 1�

2
√ |HV〉 + |VH〉( ), (4)

where |H〉 and |V〉 represent the horizontal and vertical

polarization, respectively. By combining the benefits of the

phase-stable polarization Sagnac sources and highly-

efficient crossed-crystal sources, we generate wavelength-

degenerate photon pairs around the center wavelength of

810 nm with a Bell-state fidelity of 99.2% and detect a pair

rate of 160 kcps per mW of pump power. Furthermore, we

believe that our source can yield entangled photon rates in

excess of 107 pairs per second for pump powers readily

attainable using compact laser diodes. These polarization-

entangled photons have been widely used in HOM

interferometry, where polarization correlation is used to

deterministically route paired photons into distinct spatial

modes such that these identical photons can arrive on

different input ports of a beam splitter.

To fulfill the requisites of specific applications,

ultrabroadband biphotons can yield a high flux of

nonoverlapping biphotons with ultrahigh brightness, which is

essential for making quantum entanglement in nonclassical

applications such as entangled-photon microscopy, quantum

spectroscopy, and optical coherence tomography. To tackle

this issue, adaptive modulation in quasi-phase-matched

nonlinear gratings that have a linearly chirped wave vector is

used to generate ultrabroadband biphotons with a spectral

bandwidth of 300 nm, which results in the observation of

ultranarrow HOM dip with a full width at half maximum of

7.1 fs [70]. Another approach to control the spectral structure of

photon pairs is based on the SPDC process in microstructured

fibers. Specifically, by fabricating fibers with design dispersion,

the photons’ wavelengths, joint spectrum, and quantum

entanglement can, thus, be manipulated [71]. In particularly,

photon pairs with no spectral correlations are produced that

allow direct heralding of single photons in pure-state wave

packets without filtering. As the theoretical analysis and

preliminary tests suggest that 94.5% purity is possible with a

much longer fiber, an experimental purity of (85.9 ± 1.6)% has

been achieved.

Additionally, photon pairs entangled in multiple properties

have remarkable advantages, such as increasing the information

capacity for quantum communication [72–74], implementing

the complete Bell state measurements for superdense coding or

larger quantum states can be transmitted in quantum

teleportation [46, 75], enhancing the fidelity of mixed

entangled states in entanglement purification [76, 77], and

increasing the state space for multiphoton entanglement and

quantum computing [78, 79]. Hence, it is of great significance to

design wieldy and practical strategies to harness

hyperentanglement. In analogy to polarization entanglement

based on time-reversed HOM interference. we use the

experimental configuration to generate and characterize the

hyperentanglement in polarization and discrete frequency

degrees of freedom [80], which can be written as

|Ψ+
p〉⊗|Ψ−

ω〉 � 1
2

|HV〉 + |VH〉( ) ⊗ |ω1ω2〉 − |ω2ω1〉( ). (5)

In the characterization process, we first measure two-photon

correlation in two mutually orthogonal polarization bases,

yielding visibilities that imply lower bounds on the Bell-state

fidelity and concurrence as Fp ≥ 0.979 and Cp ≥ 0.958 in the

polarization degree of freedom. However, as a result of the

difficulty of a mutually unbiased measurement in the

frequency domain, the verification of entanglement in the

discrete frequency subspace is more elaborate. While the

nonlocal measurement of the frequency-entangled states is

difficult without the assistance of a nonlinear optical process

and a time-resolved measurement, we use spatial beating in

HOM interference to quantify the frequency entanglement. By

scanning the time of arrival of one of the photons incident on the

HOM interferometer, the interference pattern manifests itself in

sinusoidal oscillations of the interference fringes within a

Gaussian envelope as a function of relative time delay [81].

This coincidence probability can be modeled as

pc τ( ) � 1
2
− Vω

2
cos μτ + ϕω( ) 1 + |2τ

τc
|( ) for |τ|< τc

2
, (6)

where Vω is the interference visibility, τ is the relative arrival time

delay of two photons at the beam splitter, τc is the single-photon

coherence time that equals the base-to-base envelope width, and

μ = |ω1 − ω2| is the detuning of two well-separated frequency

bins. Thus, under the assumption that energy is exactly

conserved in the SPDC process, the lower bounds on the Bell-

state fidelity and concurrence are Fp ≥ 0.971 and Cp ≥ 0.942 in the

frequency degree of freedom. These measured high fidelities in

both the polarization and frequency subspace indicate the

presence of hyperentanglement, which allows proof that high-

dimensional entanglement has indeed been produced in our

setup via hyperentanglement. Different from the general

HOM dip, quantum interference of frequency entangled

photons exhibits periodic oscillation within the coherence

time envelope. This feature provides an alternative route

toward ultra-precise HOM interferometry using superpositions

of two well-separated and entangled discrete frequency modes

and coincidence detection on the bi-photon beat note [17].

2.2 Generation of quantum entanglement
by atomic four-wave mixing

In addition to the widely used SPDC process, atomic four-

wave mixing is an alternative route toward the creation of

entanglement with high efficiency and brightness [82]. Up to

date, a large wide range of theoretical research works and

experimental implementations have been explored, including
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the generation and verification of biphotons entangled in

polarization [83], orbital angular momentum [84], and time-

frequency [85]. In this work, we focus on the energy-time

entanglement of narrow-band biphotons that is used for

quantum interferometric metrology. For example, the direct

characterization of energy-time entanglement is produced

from spontaneous four-wave mixing in cold atoms, where the

Stokes and anti-Stokes two-photon temporal correlation is

measured by using commercially available single-photon

detectors with nanosecond temporal resolution, and their joint

spectral intensity is characterized by using an optical cavity with a

narrow linewidth of 72 KHz. As a direct result, the joint

frequency-time uncertainty product of 0.063 ± 0.0044 is

verified, which violates the separability criterion and satisfies

the continuous variable Einstein–Podolsky–Rosen steering

inequality [85]. Thus, the energy-time entanglement generated

by using the atomic four-wave mixing can provide a significant

advantage in enhancing the resolution, precision, and accuracy in

quantum metrology.

Additionally, as a direct result of the ultranarrow bandwidth,

the quantum entanglement generated by using the atomic four-

wave mixing has the potential to be used in the storage of

quantum qubits. For example, the entanglement of a 795 nm

light polarization qubit and an atomic Rb spin-wave qubit for a

storage time of 0.1 s is observed by measuring the violation of

Bell’s inequality [86, 87]. On the other hand, these narrowband

photons can be used in the measurement of absorption

spectroscopy of biological and chemical molecules, and the

detection of trace molecular species [88, 89].

2.3 High-dimensional entanglement by
adaptive modulation

In addition to two-dimensional entanglement, high-

dimensional entanglement is currently one of the most prolific

fields in quantum information processing and quantum

metrology [42, 72–74, 90, 91]. For example, photon pairs

entangled in high dimensions provide the advantages of

improving noise resilience and speeding up certain tasks in

photonic quantum computation [65, 92, 93]. Although several

physical properties of photons can be used to directly encode

high-dimensional entanglement, such as orbital angular

momentum, time-energy and path, the exploitation of high-

dimensional spatial coding has strict requirements on the

quality of optical wave-fronts and shaping for generation and

measurement. In this work, we focus on time-energy

entanglement because it is intrinsically suitable for long-

distance transmission in fiber and free space and quantum

spectroscopy. As an essential prerequisite, the versatile

manipulation and characterization of frequency entanglement,

however, poses an ongoing challenge. In particular, the required

number of measurements for the task of full quantum state

tomography of high-dimensional entanglement in a large state

space would increase exponentially versus the dimensions, which

is one of the fundamental but important problems concerning

entanglement. We use spatial beating of HOM interference with

polarization-frequency hyperentangled photons to discretize

continuous and broadband spectra into a series of narrow

frequency bins [94]. Since the incident entangled photons is

in the form of polarization-frequency hyperentanglement, the

HOM interference transforms the state into

|ψ〉hyper � 1
2

|H3V4〉 + |V3H4〉( ) ⊗ ψ〉−ω + |H3V3〉 + |V4H4〉
∣∣∣∣ ) ⊗|ψ〉+ω[ ], (7)

where |ψ〉−ω (|ψ〉+ω) represents the frequency-entangled state

produced in opposite (identical) spatial modes. It is obvious

that the bi-photon components |ψ〉+ω would diminish the

visibility, which significantly limits its applicability in

quantum interference. In order to tackle this issue, we

eliminate the detrimental bunched photon events by

exploiting the anti-correlation in the polarization state,

i.e., using polarizers to filter a single non-vanishing term

|ψ〉−ω. Due to the normalized coincidence probability that

expressed as

P τ( ) � 1
4
∫∫dω1dω2f ω1,ω2( )|1 − ei ω1−ω2( )τ |2, (8)

where f(ω1, ω2) is the Gaussian spectral amplitude function

that fulfills the normalized condition, it indicates that the

anti-bunched photons are entangled in the frequency

domain as

|ψ〉 � ∑m/2

j�1
Aj αj|ωjωm−j〉 − eiϕjαm−j|ωm−jωj〉( ), (9)

where m denotes the number of dimensions, Aj is a probability

amplitude, ϕj is a phase-offset, α2j � pj, α2j + α2m−j � 1, pj is a

balance parameter, and ωj + ωm−j = ωp that satisfy the energy

conservation. Moreover, we also show that the HOM

interference can be used to characterize high-dimensional

frequency entanglement, namely, the measurements of

fringe spacing of the observed interference pattern allow

us to extract specific parameters for quantifying the high-

dimensional entanglement. Thus, the generation and

characterization of two-, four-, and six-dimensional

frequency entangled qubits are theoretically and

experimentally investigated, allowing for the estimation of

entanglement dimensionality in the whole state space. These

results indicate that the spectral and temporal domains of

biphoton wave functions can be linked by using HOM

interference, which provides an alternative platform for

the implementation of quantum interferometric

spectroscopy.

The generation, manipulation, and detection of photons that

are entangled in frequency, time, and polarization degrees of

freedom provide powerful tools for a variety of practical
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applications. Next, we present several prototypical applications

in quantum metrology by using these entangled states.

3 Hong–Ou–Mandel interferometry
with ultrahigh timing resolution

Hong–Ou–Mandel interference was first experimentally

verified by Chunk Ki Hong, Zhe Yu OU, and Leonard

Mandel in 1987 [13]. It shows a quantum phenomenon that

identical photons arriving simultaneously on different input

ports of a beam splitter would bunch into a common output

port as a direct result of bosonic nature. We consider a basic

model of two-photon HOM interference, as shown in Figure 1A.

The incident two-photon state can be expressed as

|Ψin〉ab � â†b̂
†|vac〉 � |1〉a|1〉b, (10)

where â† and b̂
†
are creation operators in mode a and b, |vac〉

denotes the vacuum state. Then these photons arrive at a

beam splitter simultaneously. The evolution of a state on the

beam splitter with reflectivity η can be modelled with a

unitary operator ÛBS, which acts on the creation operators

as follows

â† →
�����
1 − η

√
ĉ† + �

η
√

d̂
†

b̂
† → �

η
√

ĉ† − �����
1 − η

√
d̂
†
.

(11)

Thus, the combined two-photon state interferes on the beam

splitter, and the corresponding output state is

|Ψout〉cd � ÛBS|Ψin〉ab �
�����
1 − η

√
ĉ† + �

η
√

d̂
†( ) �

η
√

ĉ† − �����
1 − η

√
d̂
†( )|vac〉

�
�������
η 1 − η( )√

ĉ† ĉ† + ηĉ†d̂
†( − 1 − η( )d̂†

ĉ† −
�������
η 1 − η( )√

d̂
†
d̂
†)|vac〉. (12)

For a typically balanced beam splitter, η = 1/2, and the output

state is transformed to

|Ψout〉cd � 1
2

ĉ†ĉ† + ĉ†d̂
† − d̂

†
ĉ† − d̂

†
d̂
†( )|vac〉, (13)

whose visualization is shown as Figure 1B. Since two photons are

completely indistinguishable after the beam splitter, it indicates

that the second and third terms in Eq. 13 can be cancelled out.

Thus, Eq. 13 is simplified to

|Ψout〉cd � 1�
2

√ ĉ† ĉ† − d̂
†
d̂
†( )|vac〉. (14)

In the experimental implementation of HOM interference, we

choose to detect the coincidence probability between the opposite

spatial modes, which corresponds to the events that entangled

FIGURE 1
(A) Two photons interfere on a beam splitter. After the interaction on the beam splitter, the photons in opposite spatial modes are detected by
single photon detectors. (B)Diagram showing four different cases for two photons to interact on a balanced beam splitter, wherein the relative phase
is revealed by the signs. If these two photons are completely indistinguishable, the second and third terms can be cancelled out. (C) Taking temporal
distinguishability into consideration, it is allowed to tune the level of distinguishability by changing the time delay between two photons with
finite bandwidths. (D) The coincidence probability of HOM interference as a function of the relative time delay. Typically, the coincidence counts are
identified by using two single-photon detectors at opposite spatial modes c and d, which can be normalized to fit Eq. 15.

Frontiers in Physics frontiersin.org

Chen et al. 10.3389/fphy.2022.892519

93

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2022.892519


photons bunched into different output ports of the beam splitter.

Thus, quantum theory predicts that the coincidence probability

of HOM interference would decrease to zeros when and only

when the two incident photons are completely indistinguishable,

i.e., the well-known HOM dip.

Next, let us consider the distinguishability in the temporal

degree of freedom. Since the distribution of single photons in the

temporal domain is within a wavepacket, its coherence time refers to

the time over which the photon may be considered coherent, which

means that its average phase is predictable. By controlling the

imbalance between two paths of the HOM interferometer, a

relative time of arrival of one of the photons incidents on the

beam splitter can be introduced and parameterized by the time

delay τ. This manipulation of the temporal delay between the

entangled photons is able to tune their level of distinguishability,

which corresponds to two indistinguishable photons, partially

distinguishable photons and distinguishable photons, as shown in

Figure 1C. As a direct result of the coherence time of single photons,

the HOM interference probability manifests itself as a Gaussian

envelope, as a function of the relative time delay τ, where its

coincidence probability can be modelled in the form of

P τ( ) � 1
2

1 − exp −σ2τ2( )[ ], (15)

where σ is relevant to single photon coherence time that equals to

the base-to-base envelope width, as shown in Figure 1D [62, 81,

95–97].

3.1 Robust Hong–Ou–Mandel
interferometry for measuring optical
delays

Since the single-photon coherence time is in the order of

subpicosecond, HOM interferometry has been widely used in the

characterization of single photon source [98–101], quantum

metrology [14, 15, 32], and quantum information processing

[96, 102–104]. For example, while the speed of light in a vacuum

is constant, the phase and group velocities of light beams have

been changed because they have finite transverse sizes [24]. In

other words, the modification of the axial component of the wave

vector arises from the transverse spatial confinement of the field.

Generally speaking, themagnitude of the wave vector for the light

with center wavelength of λ is k0 = 2π/λ, which is related to its

Cartesian components {kx, ky, kz} in the form of

k2x + k2y + k2z � k20. (16)

It is obvious that the optical modes of finite transverse spatial extent

have nonzero kx and ky, and the resultant kz < k0 leads to a

corresponding modification of both the phase and group velocities

of the light. Let us consider the Bessel beam with a description of a

mode within a circular waveguide, which is a prototypical example of

a structured beam. In free space, Bessel beams can be prepared by

using an axicon that converts a plane wave into conical phase fronts,

which is characterized by a single radial component of the wave vector

as kr. As a direct result, the axial component of the wave vector is

obtained as kz � k0 − k2r/2k0. This means the phase velocity and

group velocity along z direction reads

υϕ � c 1 − k2r
2k20

( )
−1
,

υg,z � c 1 − k2r
2k20

( ).
(17)

By changing the beam’s transverse spatial structure, a relative

delay in their arrival time is introduced. However, the reported

superluminal speeds achieved with the various approaches in free

space have been to data 1.00022c [105], 1.00012c [106], 1.00015c

[107] and 1.111c in plasma [108]. Reports on measured

subluminal speeds have been lacking and limited to delays to

several micrometers over a propagation distance of ~ 1 meter.

This indicates that the verification of the modification of the

phase and group velocities has the requirement for precise

metrology with ultrahigh resolution. With the assistance of a

two-photon HOM interferometer, a reduction in the group

velocity of photons in both a Bessel beam and photons in a

focused Gaussian beam is measured, where the delay in the

magnitude of micrometers is generated between time-correlated

photon pairs as shown in Figures 2A–C. Since the superliminal

and subluminal speeds are changed by a very small factor, it is not

easy to measure the optical delay resulting from the changes in

the speed of light. To tackle this issue, a sensor with ultrahigh

resolution and precision is required, namely, HOM

interferometry provides a good candidate for this

measurement. As shown in Figure 2B, paired photons are

created by using the SPDC process in the nonlinear BBO

crystal, which are routed into a balanced beam splitter from

different input ports. One photon is used as a reference temporal

signal, and its paired photon is transferred to structured photons

using a spatial light modulator. After the transmission for a

certain distance that introduces a relative path delay as a direct

result of superluminal and subluminal speed, this structured

photon is transferred back to Gaussian mode that enables the

coupling of single mode fiber. Thus, the observation of HOM

interference dip reveals the time delay, as shown in Figure 2C.

Therefore, the HOM interferometer is suitable for the application

in measuring optical delays between different paths even when

the relative time delay reaches the magnitude of attosecond [16].

In the context of quantum metrology, the simultaneous

measurement of both the spatial and temporal degrees of

freedom has long been hailed as an absolute necessity in

quantum imaging. Since the quantum interference pattern is

determined by photons’ level of distinguishability in all degrees of

freedom, both the spatial and temporal properties can make

contributions to the final measurement results. Inversely, it is

Frontiers in Physics frontiersin.org

Chen et al. 10.3389/fphy.2022.892519

94

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2022.892519


allowed to extract the corresponding information from quantum

interference results, which inspires various applications

including but not limited to quantum imaging and sensing. In

particular, with the combination of spatially-resolved detection

implemented by single-photon cameras, quantum interference is

a powerful tool for simultaneously measuring spatial and

temporal information. For example, by detecting coincidence

events with intensified scientific complementary metal-oxide-

semiconductor cameras [109], spatiotemporal HOM interference

of biphoton states is also experimentally observed, as shown in

Figure 2D. Analogously, HOM interference in both spatial and

temporal degrees of freedom enable us to implement a variety of

applications in the field of quantum imaging, such as full-field

quantum state tomography [110]. While this work focuses on the

spectral and temporal domain in quantum interference, the

overall scheme could also be extended to other degrees of

freedom, such as orbital angular momentum, where the

precise measurement of quantum information still poses a

significant challenge.

In addition, the interference pattern of HOM interferometry

is determined by the relative phase between two photons but is

irrelevant to the global phase of single photons. Consequently,

HOM interferometry can be used in applications with the

requirements of dispersion cancellation, robustness against

noise, and photon loss [31, 111]. For example, highly

entangled states and N00N states are notoriously vulnerable to

losses, which leads to the difficulty in sharing them between

remote locations and recombining them for exploiting

interference effects. In order to tackle this challenge, the

reversed HOM interference effect is used to prepare a high-

fidelity two-photon N00N state shared between two parties

connected by a lossy optical medium [32]. Additionally,

detector side channel attack is a notoriously hard problem in

quantum key distribution. By using HOM interference between

two photons coming from users, measurement

device–independent quantum cryptography has been

experimentally implemented. While this work focuses on the

HOM interference of entangled photons created by using the

SPDC process, the visibility of HOM interference is determined

by the photons’ indistinguishability. In other words, if and only if

the two-photon incident on a balanced beam splitter is

indistinguishable in all degrees of freedom, quantum

interference can be observed. The Bell state measurement

based on quantum interference can passively reveal the

information of the incident entanglement between the

quantum state from users. Although the measurement device

knows the public Bell state measurement results, it has no

knowledge about the transmitted information such that the

measurement device–independent quantum key distribution

can be implemented. Backed by this technology, a long-

distance quantum key distribution over, say, 400 km still has

the potential to remain secure even with seriously flawed

detectors [112–115].

3.2 Hong–Ou–Mandel interferometry on
a biphoton beat note

In the context of applications in HOM interferometry for

measuring the optical delays between different paths, the

FIGURE 2
(A) Bessel beam can be created with an axicon, producing conical phase fronts of angle α. A ray entering a confocal telescope at radius r will
travel an additional distance proportional to cos−1β. (B) Experimental setup for measuring the time delay arising from spatially structure of photons by
using a ultra-precise HOM interferometry. (C) Experimental observation of the time delay for a Bessel beam. From ref. [24]. Reprintedwith permission
from AAAS.(D) Experimental setup for imaging spatiotemporal biphoton states with a HOM interferometer. Reprinted with permission from
[109]. Copyright (2021) American Chemical Society.
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engineered attosecond resolution HOM interferometry by using

statistical estimation theory has been experimentally

implemented [16]. The ultimate limit on the precision of

measurement by using quantum interference of two identical

photons can be calculated as the quantum Cram�er-Rao bound,

which is tied to a particular quantum probe state and has the

statement as

δτ � 1
N1/2

1
2σ

, (18)

where N denotes the number of independent experimental trials

[16, 116, 117]. Furthermore, backed by a measurement and

estimation strategy based on Fisher information analysis, the

precision of HOM interferometry achieves few-attosecond scale

resolutions in a dual-arm geometry. It has also been proved that

the HOM measurement can recover the quantum Cram�er-Rao

bound, which confirms that this measurement strategy is optimal

[116, 118]. However, it is obvious that the quantum Cram�er-Rao

bound of HOM interferometry is significantly limited by single

photon coherence time. Thus, it has been a broad consensus that

great precision in the measurement requires that photons are

prepared with a large bandwidth; in particular, ultra-broadband

photon sources have long been hailed as a vital prerequisite for

ultra-precise HOM interferometry. For example, the precision of

this scheme can be increased by using shorter nonlinear crystals

in the SPDC process.

We embark on an alternative scheme for ultra-precise HOM

interferometry by using two well-separated frequencies

embedded in a quantum entanglement [17], namely, discrete

color entanglement that can be written as

|Ψ〉 � 1�
2

√ ∫ dΩf Ω( ) ei Δ+2Ω( )τa†1 ω0
1 +Ω( )a†2 ω0

2 −Ω( )[

−a†1 ω0
2 + Ω( )a†2 ω0

1 −Ω( )]|vac〉 (19)

where ω0
1 and ω0

2 are central frequencies of down-converted

photons, Δ � ω0
1 − ω0

2 is the difference frequency of two well-

separated frequency bins, f(Ω) represents the joint spectral

intensity that fulfils the normalization condition as ∫dΩ|f(Ω)|
2 = 1, and |vac〉 is the vacuum state as shown in Figure 3A.

Therefore, the quantum Cram�er-Rao bound for this state on the

estimation of time delays in HOM interferometry is written as

δτω � 1
N1/2

1

Δ2 + 4σ2( )1/2, (20)

where σ �
�����������
〈Ω2〉 − 〈Ω〉2

√
is the RMS (root mean square)

bandwidth of down-converted photons, which is also relevant

to their coherence lengths, as shown in Figure 3B. In order to

demonstrate the viability principle of employing our HOM

sensor, we performed a proof of concept experiment in which

we estimate the time delay due to linear expansion of a jacket

optical fiber. The created photon pairs are separated by using

polarization correlation and arrive simultaneously on different

input ports of a balanced beam splitter. Analogously, the photon

in spatial mode 1 is used as a reference temporal signal, and its

partner photon is also coupled into a single-mode fiber that is

FIGURE 3
(A) Experimental setup for temperature sensor through the beating of frequency entanglement. (B) Two-photon HOM interference of
frequency entanglement with various different frequency detunings such as 3.65 THz (7.98 nm) at a temperature of 30°C, 7.35 THz (16.08 nm) at a
temperature of 50°C, 11.18 THz (24.45 nm) at a temperature of 70°C, and 17.08 THz (37.35 nm) at a temperature of 100°C. (C) Experimental
demonstration of thermal characteristics of jacket optical fiber by using frequency-entangled photons with various different frequencies. Pc is
the normalized probability of HOM interference as expressed in Eq. 6 [17].
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heated by a temperature controllable oven. Build on the

properties of silica fibers, the optical path would be related to

the temperature. Two polarization controllers are used to

compensate for polarization distinguishability. As shown in

Figure 3C, the normalized probability of HOM interference

and shifted phase can be expressed as a function of

temperature. Moreover, according to the classical estimation

theory, we also prove that the measurement strategy based on

HOM interferometer can also recover the quantum Cram�er-Rao

bound in the case of zero loss and perfect visibility. By evaluating

the Fisher information for the interference probabilities, we can

determine the optimal working points and also demonstrate the

experimental feasibility of this approach by detecting thermally-

induced delays in an optical fiber, as shown in Figure 3C. These

results prove that the use of frequency entanglement in HOM

interferometry for quantum sensing can avoid some stringent

conditions, such as the requirement for large bandwidth

entanglement sources. Backed by these theoretical predictions

and experimental verifications, both a wider single-photon

frequency bandwidth and a larger difference frequency of

color-entangled states can increase its achievable resolution

and sensitivity.

3.3 Hong–Ou–Mandel interferometry for
applications in biology and chemistry

In addition, since the quantum light with extremely low

energy is suitable for interacting with those photon-sensitive

samples, the HOM interferometry based on entangled photons

can also provide a useful tool to study molecular properties such

as dephasing time. Unlike other interferometric approaches

based on first-order interference and simple measurement of

intensity, HOM interference is not affected by variation in the

FIGURE 4
(A) Experimental setup for measuring the dephasing time of photons arising from its interaction with a molecular sample by using a HOM
interferometer. (B) The presence of a simple refractive or birefringent material in the interferometer pathway can lead to polarization mode
dispersion which degrades entanglement and causes temporal delays in the order of 100 fs. As a direct result, the normalized coincidence probability
as a function of the scanning time is shifted by a time delay that corresponds to the dephasing time [25].
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relative optical phase and is strongly robust against experimental

noise and channel loss. For example, a dephasing time of the

organic molecular of as low as 102 fs upon coherent excitation

and quantum interference with a path of entangled photons in

the interferometer is extracted by using HOM interferometry as

shown in Figure 4 [25]. Without inserting any molecular sample

in the optical path, a well-known HOM interference pattern that

agrees well with the theoretical prediction can be observed. By

inserting a molecular sample IR-140 dye in the optical path, it is

obvious that the observed HOM dip overall becomes narrower

and gains an asymmetry on the right side, as shown in Figure 4B.

Moreover, the center of the HOM dip with the sample is shifted

to the left compared to the dip with the solvent. These

measurement results allow extracting the information

pertaining to the linear susceptibility and absorption of the

studied sample. Additionally, HOM interference can be used

to characterize the coherence properties of single photon source

and the distinguishability of emitted single photons, which would

pave the way toward quantum applications. Thereinto, single

photons emitted by a single molecule are prepared for quantum

networks. For example, single organic molecules that are

optimized by an atomic Faraday filter are experimentally

presented to create single photons whose properties have been

verified by performing a number of nonclassical HOM

interference measurements [119]. Thus, quantum interference

has been proved to be an essential approach in the fields of

biology and chemistry.

4 Entanglement-assisted quantum
spectroscopy

Absorption spectroscopy has long been hailed as an essential

prerequisite for characterizing the optical properties of materials,

chemicals and biological samples [10, 28, 120, 121]. Typically, a

sample’s absorption spectroscopy is obtained by comparing the

spectrum and intensity of the incident light and those of the

transmitted light after the interaction with the target sample.

While absorption spectroscopy is generally implemented by

using classical light, quantum light provides an alternative

route toward quantum spectroscopy with high precision and

robustness against deleterious noise.

4.1 Absorption spectroscopy using
quantum light

While conventional laser absorption spectroscopy is

significantly limited by shot-noise due to the fundamental

Poisson-distribution of photon number in laser radiation [122,

123], quantum light provides an alternative route toward precise

absorption spectroscopy. In addition, quantum spectroscopy

with the assistance of coincidence detection can further

enhance the measurement resolution as a direct result of a

high signal-to-noise ratio. We consider a general case where

paired photons are prepared by using the SPDC process. The

down-converted photons are separated into opposite spatial

modes, referring to signal and idler photons. After the

interaction between one of the paired photons with the target

sample, a single-photon monochromator is used to filter the

photons at a specific frequency bin. The measured number of

coincidence events corresponds to the intensity of

absorption at this frequency. By scanning the

monochromator, the whole absorption spectrum can be

achieved. In this process, the single photon count is Ss,i =

ηs,iP, where P is the number of photon pairs generated by the

entanglement source, ηs,i represents the quantum efficiency

of the detectors at signal and idler channel, respectively.

Thus, the expected number of two-fold coincidence is

proportional to the probability of joint detection in the

opposite spatial modes as

R ωs( ) � ηsηiP. (21)

The accidental coincidence counts arises from the overlap of

uncorrelated photon counts within the coincidence window Δt,
which can be calculated by

RN � NsNiΔt + SsNiΔt +NsSiΔt, (22)
where Ns and Ni are the number of noise photon counts in the

signal and idler channel. In conventional transmission

spectroscopy, the transmission spectrum is obtained directly

from single photon counts, and its signal-to-noise ratio for

the transmission spectroscopy is given by SNRT = ηsP/Ns. For

the quantum spectroscopy based on coincidence detection, the

signal-to-noise ratio is given by SNRQ = R(ωs)/RN = ηsηiP/NsNiΔt,
where it is assumed thatNsNi≫ SsNi orNsSi. The contrast of these

two signal-to-noise ratios is written as SNRQ/SNRT = ηi/NiΔt,
which indicates that quantum spectroscopy can provide provable

advantages by using high-efficient, low-noise single-photon

detectors, and the narrow coincidence window. This scheme

has been used to measure the spectroscopic propertied of the

YAG: Er3+ crystals [124] and plasmonic nanostructures [27],

which proves the advantages of quantum spectroscopy based on

coincidence detection in experiments as shown in Figure 5A.

Since the entangled photons typically contain many frequencies,

namely, a large bandwidth, a grating and spatial filter are used as

a tunable monochromator to select out a specific frequency,

which can enhance the spectral resolution. Thus, the dynamic

range is limited by the frequency shape and bandwidth of

entangled photons. As an alternative method, frequency-

correlated and tunable entanglement sources are presented to

perform quantum absorption spectroscopy with precision

beyond the shot-noise limit and near the ultimate quantum

limit, as shown in [26]. The use of type-II PPKTP crystal

enables the generation of frequency-entangled photons with a

narrow bandwidth, where the central frequency can be controlled
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by tuning the phase to match the temperature of the PPKTP

crystal. Thus, by scanning the phase matching temperature, the

absorption spectroscopy of the studied sample is achieved

without any requirement of frequency filters. These theoretical

and experimental investigations show that single photons are the

optimal probes for absorption spectroscopy, and quantum-

enhanced spectroscopy can achieve great performance that is

beyond classical physics.

4.2 Entanglement-assisted absorption
spectroscopy

However, the excess noise and thermal loss channel canmake

changes in the transmission ratio, the conventional method is

susceptible to experimental imperfection, which limits its

precision and resolution. In addition, since the resolution is

determined by the bandwidth of down-converted photons, it

has been a broad consensus that single photons with narrow

frequency bandwidth enable us to obtain a higher spectral

resolution. In contrast, generating spectrally narrow photons

would reduce the brightness of the entanglement source,

which inversely imposes an ultimate limit on the precision. In

order to tackle this issue, entanglement-assisted absorption

spectroscopy is presented [34]. It uses a source of

multichromatic frequency-entangled photon pairs prepared by

the SPDC process as the probe, and the photon detection after

optical parametric amplification is used at the receiver side.

Consequently, a maximum likelihood estimation strategy on

the statistical analysis is sufficient for extracting the spectral

distribution. This scheme has been theoretically proved that it

can achieve an error probability orders of magnitude lower even

than the optimal classical systems. In particular, it is also robust

against noise and loss as a direct result of the optical parametric

amplifier on entangled photons. Nevertheless, the complexity

and efficiency in the experimental implementation of optical

parametric amplifiers still face significant technological

challenges.

Then, we present a robust and efficient entanglement-based

absorption spectroscopy by using one of the entangled photons

to interact with the target absorptive sample and exploiting the

HOM interference at the detection side as shown in Figure 6

[125]. In our experiment, we use a pair of type-0 PPKTP crystals

that are pumped with a ultra-narrow pump, broadband

frequency entanglement arises quite naturally following the

energy conservation. In order to tackle the issue of separating

indistinguishable photons to distinct spatial modes, the two

nonlinear crystals are placed in horizontal and vertical

direction such that the emission |H〉 → |HH〉 in the first

crystal and |V〉 → |VV〉 in the second crystal are generated

FIGURE 5
(A)Quantum spectroscopy setup based on coincidence detection of entangled photons and single photonmonochromator for selecting out a
specific frequency, and the conventional transmission spectroscopy by using classical light [27]. (B) Experimental setup for sub-shot-noise
spectroscopy by using tunable frequency-entangled photons. (C) Sub-shot-noise absorbance spectra ofHbO2 and HbCO [26].
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with equal probability. Then, a half wave plate and a polarizing

beam splitter are used to route paired photons into two input

ports of a HOM interferometer. The nonclassical interference of

frequency entanglement is observed by scanning the relative

arriving time of paired photons. As shown in Eq. 6, the

oscillation period in the interference pattern is determined by

the frequency detuning. It is allowed to extract the spectral

distribution from the HOM interference results by directly

using nonlinear curve fitting. For an instructive means of

understanding, this approach can be considered as a quantum

version of spectral analysis, which decomposes the complex

periodic vibration into a series of simple harmonic motions.

Accordingly, the absorption spectra can be obtained from this

spectral decomposition. As shown in Figure 6B, the observed

HOM interference exhibits asymmetric patterns, which is

relevant to the specific spectral distribution. By comparing the

spectrum before and after inserting the studied samples (the

black and red curves), it is able to extract the corresponding

information about the absorptive spectroscopy. This

entanglement-based absorption spectroscopy with the

assistance of HOM interference has the potential to provide

advantages in the robustness against detrimental noise and the

measurement precision and accuracy.

Beyond its application appeal, our approach indicates a

fundamental link between spectral and temporal degrees of

freedom of biphoton wavefunction [94]. As the normalized

coincidence probability of HOM interference is expressed as

Eq. 8, which equals to

P τ( ) � 1
2

1 + ∫∫dωsdωi|f ωs,ωi( )|2exp iΔτ( )[ ], (23)

and it corresponds to the second-order correlation function in

the form of

G τ( ) � 1 − 2P τ( ) � ∫∫dωsdωi|f ωs,ωi( )|2exp iΔτ( )], (24)

FIGURE 6
(A) Experimental setup for entanglement-assisted absorption spectroscopy by using HOM interference. (B) The experimental reconstruction of
the spectra of two optical microcavities at resonance wavelengths of 806 and 810 nm. The colorful lines represent the interference patterns of sub-
entanglement with various frequency detunings. Since the whole spectra are sampled by averaging them within each of m = 13 frequency bins, and
they satisfy the strict energy conservation as a direct result of the exploitation of the pump with ultranarrow frequency linewidth, the resultant
7 pairs of subentanglement with frequency detunings μ = 0 THz, μ = 3.2THz, μ = 6.5 THz, μ = 9.7 THz, μ = 12.9 THz, μ = 16.2 THz and μ = 19.4 THz.
Reprinted with permission from ref. [125]. Copyright (2022) by the American Physical Society.
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which can be considered as a two-photon temporal signal. The

difference-frequency spectrum intensity of biphoton state can be

defined as

F Δ( ) � 1
2
∫dτG τ( )exp iΔτ( ). (25)

It is obvious that the second-order temporal correlation and the

difference-frequency spectrum intensity can be connected by

performing a Fourier transform. As a direct result, this approach

has a variety of potential applications, such as quantum

interferometric spectroscopy [29, 30, 128] and spectral-

domain quantum coherence tomography [97, 129].

4.3 Two-photon absorption by using
entangled photons

Additionally, quantum interference with entangled photons

also provides a powerful tool toward two-photon absorption

spectroscopy, which has been widely used in many disciplines,

including but not limited to photoluminescene polymer and

light-harvesting photosynthetic complexes [130, 131]. While laser

light is typically used in absorption spectroscopy, quantum light

provides new and exciting avenues in this regime [34, 132–134].

Remarkably, as a prototypical example of quantum light that lacks any

counterpart in classical physics, the exploitation of entangled photon

pairs in two-photon absorption enables the observation of many

fascinating phenomena, such as linear dependence of two-photon

absorption rate on the photon flux [135, 136], inducing disallowed

atomic transitions [137], manipulation of quantum pathways of

matter [138, 139], and control in molecular processes [140].

However, the experimental implementation of entangled two-

photon absorption spectroscopy has two major technical

challenges. First, it has the requirement for performing multiple

experiments with two-photon states bearing different temporal

correlations. Second, it has the requirement for prior knowledge of

the absorbing medium’s lowest-lying intermediate energy level. In

order to tackle this issue, a tunable frequency entanglement source and

a HOM interferometer with controllable delay are used to detect the

two-photon absorption signal [126]. The central frequencies of down-

converted photons prepared by the SPDC process can be tuned by

changing the temperature for phasematching in the nonlinear crystal.

As discussed in Section 2, the frequency entanglement used in this

two-photon absorption spectroscopy is in the form of Eq. 5. One

advantage of the exploitation of type-II PPKTP crystal in the process

of entanglement generation is that the central frequencies of down-

converted photons can be controlled by tuning the phase match

temperature. Thus, the nondegeneracy of the signal and idler photons

wavelengths is parameterized by the temperature as

μ T( ) � ω0
i T( ) − ωs

i T( ), (26)

where ω0
s,i(T) represents the temperature-dependent central

frequencies of the photon wave packet. The controllable delay

between paired photons carries all information about the

electronic level structure of the absorbing medium, which can

be revealed by a single Fourier transformation. As a result, the

two-photon absorption signal can be expressed as

Pg→f τ, T( ) �
|δ Δ+

2π
( )|2

4πZ2ε20c
2A2

ω0
i T( )ωs

i T( )
Te

|∑
j�1

D j( ) 1 − e−i εj−ω0
i T( )[ ] 2Te−τ( )

εj − ω0
i T( )

⎧⎨⎩
+1 − e−i εj−ω0

s T( )[ ] 2Te−τ( )

εj − ω0
s T( )

⎫⎬⎭|2.

(27)

This result indicates that the absorption properties of the sample

can be tuned by appropriately controlling the time and frequency

properties of the entangled photon pairs, as shown in Figure 7A.Up to

date, the linear dependence of entangled two-photon absorption rate

as a function of photon-pair rate has been experimentally proved,

which enables the estimation for the concentration-dependent

entangled two-photon absorption cross section for Rhodamine 6G

[127, 136]. The signature of energy-time entanglement and

polarization dependence in the fluorescence rate has also been

investigated, which demonstrates a strong dependence of the signal

on the interphoton delay that reflects the coherence time of the

entangled biphoton wave packet, as shown in.

5 Discussion

We have reviewed the non-classical phenomena as quantum

interference of entangled photons, which has enabled a wide

range of fundamental tests of quantum physics and pioneering

applications such as quantummetrology. A number of important

applications have been highlighted, such as HOM-based sensors for

enhanced timing resolution and robust entanglement-assisted

absorption spectroscopy. The scope of this review is limited to

energy-time entanglement, which can be readily prepared by the

SPDC process in a nonlinear crystal. Thus, the hyperentanglement in

temporal and spectral degrees of freedom arises quite naturally as a

direct result of energy conservation. Since the quantum interference

pattern is determined by the level of photons’ distinguishability, the

temporal and spectroscopic information can be extracted from

interference patterns by using maximum likelihood estimation or

Fourier transform. Additionally, the correlation of entangled photons

has great potential to be used in studying the structure of complex

molecular systems. By tuning the different frequencies and relative

time delay between paired photons, both the spectral and temporal

properties of two-photon absorption in a molecular sample are

investigated. Therefore, quantum interferometric metrology with

entangled photons provides a powerful tool to extract the temporal

and spectroscopic information about the dynamics and structures of

complex systems, ranging from spatially structured photons, optical

materials, and biological and chemical samples, which is particularly

relevant to those photon-sensitive samples.

Armed with quantum interferometric metrology based on

entangled photons, these new techniques would inspire the
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development of quantum information processing and quantum

metrology to reach a higher level. We also expect the techniques

reviewed in this work can be applicable for more scenarios in

future quantum applications and make near-term experimental

demonstration possible.
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