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Editorial on the Research Topic

Neutrino Nuclear Responses for Astro-Particle Physics by Nuclear Reactions and Nuclear
Decays

1 AIM OF THE RESEARCH TOPICS

The special issue of the research topics “Neutrino Nuclear Responses for Astro-Particle Physics by
Nuclear Reactions and Nuclear Decays” includes 10 contributions by 88 authors. Here we briefly
report about the aim of the special issue and summarize the contributions.

Fundamental properties of neutrinos, such as the Majorana nature and the neutrino masses,
which are beyond the standardmodel, are searched for bymeasuring neutrinoless double beta decays
(DBDs) in nuclei. Astro-neutrino nucleosyntheses and astro-neutrino productions are studied by
investigating neutrino nuclear interactions. The neutrino nuclear response, given by the square of
the nuclear matrix element (NME), is crucial for neutrino studies in nuclei.

The neutrino nuclear responses have been studied experimentally by means of charge-exchange
nuclear reactions, nuclear scatterings, and ordinary muon capture reactions and theoretically by
various nuclearmodels.The present special issue reports recent experimental and theoretical studies
of the neutrino nuclear responses and discusses perspectives of these studies.

2EXPERIMENTALSTUDIESOFNEUTRINONUCLEARRESPONSES

Current experimental approaches to neutrino nuclear responses for DBDs and astro-neutrinos and
field perspectives are briefly reviewed by H. Ejiri. Recent experimental studies discuss nuclear weak
decays, charge-exchange reactions, double charge-exchange reactions, muon-capture reactions,
photon capture reactions, and neutrino reactions. It is emphasized that experimental studies of the
neutrino responses and the quenching of the axial-vector coupling are useful for neutrino studies in
nuclei.

Ordinary muon captures (OMCs), which are lepton charge-exchange reactions, are used for
studying anti-neutrino nuclear responses for astro-neutrinos and the τ+ (isospin raising operator)
responses for DBDs. Recent experimental studies of OMCs at RCNP Osaka are briefly reviewed by
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I. H. Hashim and H. Ejiri. OMCs give access to neutrino nuclear
responses in wide excitation-energy and momentum-transfer
regions, which are relevant to neutrinoless DBDs and supernova
neutrinos.

Heavy ion charge-exchange reactions are useful tools to probe
neutrino nuclear responses. A constrained analysis of the 40Ca
(18O,18F) 40K reaction mechanism at 275 MeV is reported by
M.Cavallaro et al. The elastic and inelastic scattering data at the
same energy are used for the analyses. The direct single charge-
exchange reactionmechanismdescribes the cross-section and the
shape of the angular distribution.

Double charge-exchange (DCE) reactions with light heavy
ions provide valuable information on neutrino nuclear responses
for neutrinoless DBDs. F. Cappuzzello et al. reported the
NUMEN project, which aims to access experimentally driven
information of NMEs for neutrinoless DBDs by measuring
DCE. Recent R&D activities for upgrading the superconducting
cyclotron accelerator and themagnetic spectrometer for the DCE
reactions are discussed.

In order to study the axial-vector weak coupling in nuclei,
H. Matsubara and A. Tamii discussed the quenching of the
isovector and isoscalar spin-M1 excitation strengths in N = Z
nuclei.They were studied by measuring the inelastic scattering of
295 MeV protons from the RCNP ring cyclotron. The isoscalar
M1 strengths are consistent with the shell-model predictions,
while the isovector ones are quenched in comparison with the
predictions.

3 THEORETICAL STUDIES OF NEUTRINO
NUCLEAR RESPONSES AND DOUBLE
BETA DECAY MECHANISMS

DBD NMEs have been studied theoretically using proton-
neutron quasiparticle random phase approximation (pnQRPA),
interacting boson model (IBM), interacting shell model (ISM),
and other models. A comparative analysis of the DBDNMEs and
the OMCNMEs for 106Cd is reported by L. Jokiniemi, J. Suhonen,
and J. Kotila. The NMEs are derived using the pnQRPA with
the large no-core single-particle basis. Good correspondence
between the DBD NMEs and the OMC NMEs is found.

A comparison of the microscopic IBM (IBM-2) NMEs and
the pnQRPA NMEs for DBD nuclei is made by J. Kotila. The
IBM NMEs agree with the pnQRPA ones for most DBD nuclei,
except for the nuclei with A=110 and 124, in the case of the
light-neutrino exchange. However, the IBM NMEs disagree with
the pnQRPA NMEs in the case of the heavy-neutrino exchange.
Detailed discussions are made for the two models.

ISM calculations for the 82Se DBD with the left-right
weak-boson exchange are reported by Y. Iwata and S.
Sarkar. The DBD NMEs for the λ-mechanism (the left-right
weak-boson exchange) and the neutrino-mass mechanism
(light neutrino exchange) are evaluated, and bounds on the
neutrino mass and the lepton-number violation parameters are
derived.

DBD phase space factors are required to extract the neutrino
mass and other physics parameters beyond the standard
model (BSM). Recent theoretical results of DBD NMEs and
DBD phase space factors are briefly reviewed by A. Neacsu,
V. A. Sevestreen, and S. Stoica. Constraints on the BSM
parameters are derived using the DBD NMEs, the phase space
factors, and the most stringent limit on the experimental DBD
rate.

Weak interactions of leptons with nucleons and nuclei in stars
are interesting subjects of neutrino nuclear responses. The role
of the lepton interactions in the late stage of the stellar evolution
and the astro-neutrino nuclear interactions relevant to terrestrial
detection of astro-neutrinos are briefly reviewed by T. S. Kosmas,
I. Tsoulos, O. T. Kosmas, and P. G. Giannaka.

In summary, the scientific benefits of the present special
issue are evident from the wide range of the research subjects
covered by the included papers. The selected topics fall at the
forefront ofmultidisciplinary investigations within experimental,
phenomenological, and theoretical nuclear physics, in major
overlap with atomic physics, particle physics, astrophysics, and
cosmology.
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Comparative analyses of the nuclear matrix elements (NMEs) related to the 0νβ+β+

decay of 106Cd to the ground state of 106Pd and the ordinary muon capture

(OMC) in 106Cd are performed. This is the first time the OMC NMEs are studied

for a nucleus decaying via positron-emitting/electron-capture modes of double beta

decay. All the present calculations are based on the proton-neutron quasiparticle

random-phase approximation with large no-core single-particle bases and realistic

two-nucleon interactions. The effect of the particle-particle interaction parameter gpp

of pnQRPA on the NMEs is discussed. In the case of the OMC, the effect of different

bound-muon wave functions is studied.

Keywords: nuclear double beta decay, nuclear muon capture, nuclear matrix elements, quasiparticle

random-phase approximation, bound-muon wave function, particle-particle interaction parameter

1. INTRODUCTION

Neutrinoless double beta (0νββ) decay is a process in which a nucleus (A,Z), with mass number
A and proton number Z, decays to a daughter nucleus with two more or two less protons. In the
0νβ−β− mode the final nucleus is (A,Z + 2), and two electrons are emitted. In the case of the
0νβ+β+ mode the final nucleus is (A,Z − 2), and two positrons are emitted. In the latter case also
the electron capture (EC) is possible through the mode 0νβ+EC. In this article we denote also this
mode by the generic symbol 0νβ+β+. In the case of 106Cd also the 0νECEC (neutrinoless double
electron capture) [1] is possible, but it goes to an excited state, and thus is beyond the scope of
the present work, as we analyze here only the ground-state-to-ground-state transition. In addition,
it should be noted that the same nuclear matrix elements (NMEs) are involved in the 0νβ+β+

and 0νβ+EC modes. In any case, the neutrinoless double beta decay would immediately provide
striking new-physics vistas beyond the standard model, since it not only violates lepton-number
conservation, but also requires the neutrino to be of Majorana character. After the discovery of
neutrino oscillations [2–4], this process has become even the more of vital interest because its
discovery could potentially provide us with information on the yet-unknown absolute mass scale
of neutrinos.

While neutrinoless double beta decay remains hypothetical, the two-neutrino decay mode
(2νββ), which is allowed by the standard model, has been observed in several isotopes. Most
of the observed decays are of two-neutrino double-beta minus (2νβ−β−) type, and there are
only six isotopes capable of 2νβ+β+ decaying: 78Kr, 96Ru, 106Cd, 124Xe, 130Ba, and 136Ce.
Naturally, these isotopes can also decay via the 2νβ+EC and 2νECEC (two-neutrino double
electron capture) modes. Of these isotopes, 106Cd is a particularly promising candidate for the
2νβ+β+-decay searches since it has the biggest decay energy, Qββ = 2775.39(10) keV, as well as

7
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other experimentally favorable features. At present, there are
three running experiments searching for the β+β+ decay of
106Cd, namely COBRA [5, 6], TGV-2 [7], and 106CdWO4 crystal
scintillator [8].

Ordinary muon capture (OMC) on nuclei is a weak-
interaction nuclear process, in which a negative muon µ− is
captured by a nucleus (A,Z) resulting in an atomic-number
reduction by one and emission of a muon neutrino. It can
significantly extend the kinematic region of ordinary beta decay,
owing to the high energy release and large momentum transfer
associated with the process. The energy release in the nuclear
capture process is about 100 MeV, of which the largest fraction is
donated to the neutrino, being the lightest particle in the process.
Large mass of the captured muon allows highly-forbidden
transitions and high excitation energies of the final states. These
features make the OMC a particularly promising probe for the
0νββ decay. In fact, there are several completed, ongoing and
planned experiments aiming to study OMC in double-beta-decay
triplets. In [9], partial OMC rates to numerous excited states of
intermediate nuclei of ββ-decay triplets, including the A = 106
triplet we are studying here, were extracted from γ-ray spectra.
In [10], on the other hand, OMC strength function and the
associated giant resonances in 100Nb were studied for the first
time. There is an ongoing joint program pursued at RCNP, J-
PARC, and the Paul Scherrer Institute (PSI) aiming to extend
these studies to a wide range of nuclei from sd-shell nuclei such
as 24Mg up to as heavy nuclei as 240Pu [11].

In the work of Kortelainen et al. [12] the OMC rates were
compared against the 2νβ−β−-decay NMEs for light nuclei
using the nuclear shell model. It was found that there was a
clear correlation between the energy-distributed OMC rates to
1+ states and the energy-based decomposition of the NMEs
for the 2νβ−β− decays of the sd-shell nuclei 36Ar, 46Ca, and
48Ca. In [13], we extended these studies to 0νβ−β− decays
of medium-heavy and heavy nuclei by computing the average
matrix elements corresponding to the OMC transitions to the
intermediate nuclei of 0νβ−β− decays up to some 50 MeV
using the pnQRPA formalism. We then compared these matrix
elements with the energy-multipole decompositions of the NMEs
of 0νβ−β− decays computed using the same formalism and
model spaces. We found that there are clear correspondencies
between the 0νβ−β−-decay NMEs and the average OMC matrix
elements, especially for the Jπ = 3+, 3−, 4+, and 4− states.

In [14], double beta decays of 106Cd were studied in the
pnQRPA framework using 40Ca as the inert core. Here we extend
those studies, for the ground-state-to-ground-state transition, by
making a comparative analysis of the 0νβ+β+-decay and OMC
NMEs of 106Cd in the pnQRPA formalism with large no-core
single-particle bases, in a manner pursued in [13]. The OMC
on 106Cd leads to excited states of 106Ag which, on the other
hand, act as virtual intermediate states of the β+β+ decay of
106Cd (see Figure 1). Hence, we hope the comparison between
OMC and 0νβ+β+-decay matrix elements will help improve the
accuracy of the 0νβ+β+-decay NMEs by using the data of future
muon-capture experiments. Particularly, in the case of 106Cd,
a measured OMC-strength spectrum would help pin down the
value of the particle-particle parameter gpp of pnQRPA, which in

this case cannot be adjusted to 2νββ-decay data. We also study
the effect of different bound-muon wave function on the OMC
matrix elements. This is the first time when such calculations are
being done on the positron-decay side of the nuclear chart.

2. TWO-NEUTRINO DOUBLE-BETA DECAY

The half-life of a ground-state-to-ground-state two-neutrino
double-beta decay can be written in the form

[

t
(2ν)
1/2 (0

+
i → 0+

f
)
]−1

= (geffA )4G2ν

∣

∣

∣
M(2ν)

∣

∣

∣

2
, (1)

where geffA is the effective value of the weak axial-vector
coupling strength. The factor G2ν is a leptonic phase-space factor
(in units of inverse years) defined in [15, 16]. The ground
states of the initial and final nuclei are denoted by 0+i and
0+
f
, correspondingly.

The Gamow-Teller NME involved in Equation (1) can be
written as

M(2ν) =
∑

m,n

(0+
f
‖
∑

k t
−
k

σ k‖1
+
m)〈1

+
m|1

+
n 〉(1

+
n ‖
∑

k t
−
k

σ k‖0
+
i )

Dm + 1
,

(2)
with the energy denominator

Dm =
( 1
21+ 1

2 [E(1
+
m)+ Ẽ(1+m)]−Mi

)

/me , (3)

where 1 is the nuclear mass difference between the initial and
final 0+ ground states, Mi the mass of the initial nucleus, and
me the electron rest mass. Ẽ(1+m) and E(1+m) are the (absolute)
energies of the mth 1+ state in a pnQRPA calculation based on
the left- and right-side ground states.

In principle, the expression in Equation (2) could also contain
a Fermi NME. However, the ground states of the mother and
daughter nuclei belong to different isospin multiplets, and due
to the isospin symmetry, the Fermi contribution to the 2νββ-
decay NME should vanish, leaving the Gamow-Teller NME in
Equation (2) as the sole contributor to the 2νββ-decay rate.

In [16], the phase-space factors for the 2νβ+β+ decay, as
well as for the competing modes 2νβ+EC and 2νECEC were
computed. In [8], the experimentally extracted lower limits for
half-lives of the different modes for 106Cd were given. These
values, together with the corresponding phase-space factors and
resulting experimental matrix elements, are listed in Table 1.

3. NEUTRINOLESS DOUBLE-BETA DECAY

We assume that the 0νββ decay is dominated by
the light-Majorana-neutrino-exchange mechanism, and exploit
the formalism presented in [17]. Here we are only interested in
the ground-state-to-ground-state transitions. The half-life for
such a 0νββ transition can be written as

[

t
(0ν)
1/2 (0

+
i → 0+

f
)
]−1

= (geffA )4G0ν

∣

∣

∣
M(0ν)

∣

∣

∣

2
∣

∣

∣

∣

〈mν〉

me

∣

∣

∣

∣

2

, (4)
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FIGURE 1 | Level scheme of the A = 106 system. The solid red line indicates the 0νβ+β+-decay transition from the ground state of 106Cd to the ground state of
106Pd, and the dashed red lines refer to virtual transitions related to the 0νβ+β+ decay. The green lines correspond to OMC on the ground state of 106Cd leading to

different excited states of 106Ag. The excitation energies of 106Ag are shown in units of keV.

where G0ν is a phase-space factor for the final-state leptons
in units of inverse years (see [15, 16]), defined here without
including the axial-vector coupling gA. The effective light-
neutrino mass, 〈mν〉, of Equation (4) is defined as

〈mν〉 =
∑

j

(Uej)
2mj (5)

with mj being the mass eigenstates of light neutrinos. The
amplitudes Uej are the components of the electron row of the
light-neutrino-mass mixing matrix.

The 0νββ-decay NMEM(0ν) in Equation (4) is defined as

M(0ν) = M
(0ν)
GT −

(

gV

geffA

)2

M
(0ν)
F +M

(0ν)
T , (6)

where we adopt the CVC value gV = 1.0 for the weak vector
coupling strength. The definitions for the double Fermi, Gamow-

Teller, and tensor NMEs M(0ν)
F , M(0ν)

GT , and M
(0ν)
T can be found

e.g., in [17].
For the nucleon-nucleon short-range correlations (SRC) [18,

19], included in the NMEs, we use the CD-Bonn form [20] with
the parametrization,

fCD(r) = 1− 0.46e−(1.52/fm2)r2 [1− (1.88/fm2)r2] . (7)

TABLE 1 | Phase-space factors [16], half-lives [8], and the resulting experimental

NMEs of different decay modes of 106Cd.

Decay mode G2ν [1/y] t1/2[y] M(2ν)

2νβ+β+ 2× 10−26 ≥ 1.7× 1021 ≤ 171.5

2νECβ+ 7.02× 10−22 ≥ 2.1× 1021 ≤ 0.824

2νECEC 5.41× 10−21 ≥ 4.7× 1020 ≤ 0.627

The results correspond to the effective value geffA = 1.0 of the axial coupling.

4. MUON CAPTURE

Ordinary muon capture (OMC) is a semileptonic weak
interaction process, quite like electron capture (EC). The OMC
process we are interested in here can be written as

µ− + A
ZX(0

+) → νµ + A
Z−1Y(J

π ) , (8)

where the negatively charged muon (µ−) is captured by the 0+

ground state of the even-even nucleus X of mass number A and
atomic number Z. The process leads to the Jπ multipole states of
Y, the odd-odd isobar of the mother nucleus, of atomic number
Z − 1; here J is the angular momentum and π the parity of the
final state. At the same time a muon neutrino νµ is emitted.

4.1. Bound-Muon Wave Functions
The wave function of the muon bound on an atomic orbit of the
initial nucleus can be written as an expansion in terms of the
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normalized spherical spinors χκµ

ψµ(κ ,µ; r) = ψ (µ)
κµ =

[

−iFκχ−κµ
Gκχκµ

]

, (9)

where Gκ and Fκ are the large and small radial components of
the wave functions of the bound state [21]. Here κ denotes the
atomic orbit in the following manner

{

l = κ and j = l− 1
2 , for κ > 0

l = −κ − 1 and j = l+ 1
2 , for κ < 0.

(10)

After being stopped in the outermost shell of an atom, the
negatively charged muon undergoes a cascade of transitions to
lower atomic orbitals, leaving it finally on the lowest, K atomic
orbit. Hence, the captured muon can be assumed to be initially
bound in the lowest state, 1s1/2, corresponding to κ = −1 and
µ = ± 1

2 . Making this assumption, we can estimate the bound-
muon wave function by the Bethe-Salpeter point-like-nucleus
approximation formulae [22]

G−1 = (2Z/a0)
3
2

√

1+ γ

2Ŵ(2γ + 1)

(

2Zr

a0

)γ−1

e−Zr/a0 ,

F−1 = −

√

1− γ

1+ γ
G−1 ,

(11)

where γ is defined as

γ =
√

1− (αZ)2 ,

where α is the fine-structure constant and Z the atomic number
of the nucleus. The Bohr radius of the µ-mesonic atom is

a0 =
h̄

m′
µcα

=
1

m′
µ

,

where we have adopted the values h̄ = c = 1. The

m′
µ =

mµ

1+
mµ
AM

(12)

is the reduced muon mass in the µ-mesonic atom. If we assume
that αZ is very small, γ ≈ 1, and therefore

G−1 = 2(αZm′
µ)

3
2 e−αZm

′
µr ,

F−1 = 0 .
(13)

Alternatively, we can reconstruct a realistic bound-muonwave
function by solving from the Dirac wave equations the large,G−1,
and small, F−1, parts of the wave function (9) in the Coulomb
field created by the nucleus. If we assume that the muon is in
the lowest state 1s1/2 (κ = −1), the components satisfy the
coupled differential equations (see, e.g., [23], but note that they
use different notations for the large and small parts)

{

d
drG−1 +

1
rG−1 =

1
h̄c
(mc2 − E+ V(r))F−1 ,

d
drF−1 −

1
r F−1 =

1
h̄c
(mc2 + E− V(r))G−1 .

(14)

FIGURE 2 | The large component, G−1, of the bound-muon wave function in
106Cd. Here “B-S” refers to the Bethe-Salpeter approximation formula and

“Dirac” to the wave function obtained by solving the Dirac equation.

Furthermore, “pl” refers to a point-like nucleus and “fs” to a finite-size nucleus.

Assuming finite nuclear size and uniform distribution of the
nuclear charge within a charge radius Rc = r0A

1/3 with r0 = 1.2
fm, the potential energy V(r) in Equation (14) can be written in
the form

V(r) =







(Z−1)e2

2Rc

[

3−
(

r
Rc

)2
]

, if r ≤ Rc

(Z−1)e2

r , if r > Rc ,
(15)

similarly as in [15, 16, 24] in the case of bound-electron wave
functions in the context of double beta decay. Equation (14) can
then be solved by means of the package RADIAL [25] by using
a piecewise-exact power-series expansion of the radial functions,
which then are summed up to a prescribed accuracy.

In Figure 2, we compare the large component, G−1, of
the bound-muon wave function, computed using this method
(blue line), with the approximate wave function (black line) of
Equation (13). For the sake of comparison, we have also plotted
the exact solution of the Dirac equation corresponding to point-
like nucleus (red line). The exact solution for the point-like
nucleus is notably close to the Bethe-Salpeter approximation,
whereas the finite-size-nucleus solution differs significantly from
the point-like-nucleus solution, especially at r ≤ 7 fm.

4.2. Muon-Capture Matrix Elements
We compute the OMCmatrix elements using the formalism that
was originally developed byMorita and Fujii [21]. This formalism
takes into account both the genuine and induced vector and axial-
vector weak nucleon currents. TheOMC rate from a Ji initial state
to a Jf final state can be written as

W = 2π〈|M.E.|2〉avq
2 dq

dEf
, (16)
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where

dq

dEf
=

[

1−
q

mµ + AM

]

(17)

and the Q-value of the OMC process can be computed from

q = (mµ −W0)

(

1−
mµ −W0

2(Mf +mµ)

)

, (18)

whereW0 = Mf −Mi+me+EX [21]. HereMf (Mi) is the nuclear
mass of the final (initial) nucleus, me the rest mass of an electron
and EX the excitation energy of the final Jπ state. The expectation
value in Equation (16) can be written as

〈|M.E.|2〉av =
2Jf + 1

(2j′ + 1)(2Ji + 1)

×
∑

ij

∑

κu

[

∑

ν

C(i)
M

(i)
νu

]∗ [
∑

ν′

C(j)
M

(j)
ν′u

]

,
(19)

where j′ is the angular momentum of the bound muon. The

definitions of the matrix elements M(i)
νu and the corresponding

coefficients C(i) can be found in Table 5.1 of [26] (or in Table
1 of [21]). However, note that we use different notation for the
coupling constants.

The factors C(i) contain the usual weak vector and axial-vector
couplings gV ≡ gV(q) and gA ≡ gA(q) at finite momentum
transfer q > 0. The conserved vector current (CVC) and partially
conserved axial-vector current (PCAC) hypotheses give the
values gV(0) = 1.00 and gA(0) = 1.27 for a free nucleon at zero
momentum transfer, and for finite momentum transfer we can
use the dipole approximation [27]. For the induced pseudoscalar
coupling gP the Goldberger-Treiman PCAC relation [28] gives
gP/gA = 7.0. However, at zero momentum transfer deviations
from the CVC and PCAC values have been obtained in several
analyses [29–32].

The matrix elements M(i)
νu in Equation (19) consist of radial

integrals of different integrands containing spherical harmonics,
geometric factors and components of neutrino and muon wave
functions. The different terms are listed in Table 5.1 of [26]. We
assume that the muon is bound on the κ = −1 orbit and that the
small component of the bound muon wave function is negligible,
which simplifies the expressions of the matrix elements notably
[see Equation (5.26) and Table 5.2 of [26] for the Bethe-Salpeter
approximation and Equation (5.37) and Table 5.3 for a general
muon wave function].

Here we define an average OMCmatrix element as

|M(µ)|av =
√

〈|M.E.|2〉av (20)

and compare this quantity, instead of OMC rate, with the
0νβ+β+-decay NME in order to reduce the phase-space effects.

In this work we choose the slightly quenched values of gA(0) =
geffA = 1.0 and gP(0) = 7.0 and keep the CVC value gV(0) = 1.0
for all the studied cases. In general, OMC serves as a probe
of the effective values of these parameters at the momentum-
exchange region g ≈ 100 MeV, which is particularly relevant

for 0νββ decay. These parameter values could be constrained by
the measured capture rates to individual excited nuclear states,
especially in light nuclei which are well-described by shell-model
and different ab initio methods. However, for the lack of the
OMC data on the OMC in 106Cd, this is not possible in the
present study.

5. SPHERICAL PROTON-NEUTRON QRPA
AND ITS HAMILTONIAN PARAMETERS

The results reported in the present study are based on
a spherical proton-neutron quasiparticle random-phase
approximation (pnQRPA), which describes nuclear excitations
in odd-odd nuclei (such as 106Ag) as proton-neutron
quasiparticle pairs. In order to reach wide region of excitation-
energies up to 50 MeV, we use large no-core single-particle
bases consisting of proton and neutron states from the
0s−0p−1s−0d−1p−0f −2s−1d−0g−2p−1f −0h−1g−0i
oscillator shells. As a starting point, the single-particle energies
were generated by a spherical Coulomb-corrected Woods-Saxon
(WS) potential with the parametrization of [33]. This basis is
denoted as “WS” in this study. Furthermore, we modified theWS
energies in the same way as in [34] in order to better reproduce
the spectra of the neighboring odd-A nuclei. This basis, in turn,
is denoted by “Adj.”.

For the muon-capture calculations, we generate the pnQRPA
excitations in 106Ag starting from the even-even mother nucleus,
106Cd. As for the 0νβ+β+ decay, we generate two sets of
pnQRPA excitations for each Jπ multipole—one based on the
mother nucleus 106Cd, and one based on the daughter nucleus
106Pd. We call these sets the right- and left-hand pnQRPA sets,
correspondingly. In the 0νβ+β+-decay calculations, we then use
the average of the left- and right-hand-side excitation energies as
the excitation energy of a given intermediate state. We also take
into account the overlap of these two sets in the definition of the
matrix element.

The quasiparticle spectra for protons and neutrons, needed in
the pnQRPA diagonalization, are obtained by solving the BCS
equations for protons and neutrons in the even-even reference
nuclei. The calculated BCS pairing gaps are adjusted to the
phenomenological proton and neutron pairing gaps in a way
described in detail in [35].

The X and Y amplitudes in the pnQRPA equations are
calculated by diagonalizing the pnQRPA matrix separately for
each multipole Jπ . We adopt as the two-body interaction the
one derived from the Bonn-A one-boson-exchange potential,
introduced in [36]. The particle-hole part was scaled by
a common factor gph fixed by fitting the centroid of the
Gamow-Teller giant resonance (GTGR) in the 1+ channel of
the calculations.

As for the particle-particle parameter gpp, we follow the partial
isospin-restoration scheme introduced in [37], and multiply
the isoscalar (T = 0) and isovector (T = 1) parts of

the particle-particle G-matrix elements by factors g
(T=0)
pp and

g
(T=1)
pp , respectively. The isovector parameter g(T=1)

pp is adjusted
such that the Fermi part of the corresponding two-neutrino
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TABLE 2 | Adopted values of the pairing parameters of the BCS and the

particle-hole and particle-particle parameters of the pnQRPA.

Basis 106Pd 106Cd

g
(n)
pair g

(p)
pair g

(n)
pair g

(p)
pair gph g

(T=0)
pp g

(T=1)
pp

“WS” 0.872 0.932 0.867 0.934 1.405 0.6− 0.80 0.90

“Adj.” 0.798 0.794 0.785 0.881 1.290 0.6− 0.80 0.84

The selection procedures of these values are explained in the text.

double beta (2νβ+β+) NME vanishes, leading to partial isospin-
symmetry restoration. Usually, for the 2νβ−β− decays, the value

of the isoscalar parameter g
(T=0)
pp is determined by fitting the

corresponding experimental half-life. Here we do not have a
measured half-life and the corresponding experimental NME

available (see Table 1) so that the value of g(T=0)
pp is a matter of

choice. In this work we choose to adopt the rather wide range of

values g(T=0)
pp = 0.6 − 0.8 for this parameter, where the upper

limit is at a safe distance from the collapse point of the pnQRPA
for both single-particle bases.

All the parameter values resulting from the above-described
procedures are listed in Table 2.

6. RESULTS

In order to investigate the possibility of using the OMC as a
probe of 0νββ decay, we have studied the 0νβ+β+-decay matrix
elements and the average OMC matrix elements of 106Cd in the
pnQRPA framework in detail. The results are presented in the
following subsections. In order to make the comparison between
the two processes meaningful, we need to adjust the excitation
energies in 106Ag (being the intermediate nucleus of 0νβ+β+

decay and the final nucleus of OMC) in a consistent manner.
For muon capture, the excitation energy of the lowest pnQRPA
excited state for each Jπ multipole is adjusted to the measured
excitation energy, when available. For the 0νβ+β+ decay we
adjust the right-hand pnQRPA set of states in a similar manner.
Hence, we can compare the two processes as a function of the
excitation energy in 106Ag in a consistent way.

6.1. Multipole Decompositions of the Total
0νββ-Decay and OMC Matrix Elements
In contrast to the 2νββ decay which has only the Jπ = 1+

states active in the process, in the case of the 0νββ decay all the
multipole states Jπ of the intermediate nucleus are active. On the
other hand, in the OMC the large mass of the captured muon
allows highly forbidden transitions to all possible Jπ final states
up to highest excitation energy. Hence, by studying the OMC on
relevant nuclei, one can access the intermediate states of 0νββ
decay by complementary means. In this section we investigate
the multipole decompositions of the 0νβ+β+-decay and OMC
matrix elements.

In Figures 3, 4, we show the multipole decompositions of
the total 0νβ+β+-decay NME and the average OMC matrix
element of 106Cd, respectively. The compositions correspond to

the parameter value g
(T=0)
pp = 0.7, which is at a safe distance

from the pnQRPA breaking point. In the case of the 0νβ+β+

decay, the 1+ multipole plays a dominant role both for the bare
Woods-Saxon basis and for the adjusted basis. This ensues from
the dominating role of the Gamow-Teller type of transitions. The
1− contribution is the second largest, whereas the 0+ and 0−

contributions are negligible. The contributions coming from the
higher multipoles decrease rather smoothly as a function of J.

As for the muon capture (see Figure 4), the major part of
the average matrix element consists of transitions to the states
with 1 ≤ J ≤ 4, the leading multipoles being those with Jπ =

2−, 2+, 1−, and 3+. In contrast to 0νβ+β+ decay, the strength is
more evenly distributed among the few leading multipoles. On
the other hand, the multipoles with J ≥ 6 play a minor role
compared with the 0νβ+β+ decay.

6.2. Dependence of the Matrix Elements on
the Single-Particle Bases and gpp
As mentioned in section 5, the particle-particle strength
parameter gpp strongly affects the ββ-decay rates. In the muon-
capture studies of e.g., [38, 39] it was found that gpp affects also
the muon capture rates. Hence, in this section we study the effect
of gpp on both the 0νβ+β+-decay and OMC matrix elements of
106Cd in detail. The exploration also paves the way for possible
future adjustments of gpp using, e.g., the shape of the OMC
strength function.

The total 0νβ+β+-decay NME of 106Cd is plotted as a
function of the isoscalar part of the particle-particle parameter

g
(T=0)
pp in different single-particle bases in Figure 5. For the

isovector part g(T=1)
pp , we adopt the value that was adjusted so that

the Fermi part of the 2νβ+β+-decay NME vanishes, as explained
in section 5. It is evident from the plots that the value of M(0ν)

is sensitive to the value of g(T=0)
pp : increasing g(T=0)

pp decreases the
value of the matrix element. In both bases, varying gpp from 0.6 to
0.8 reduces the value ofM(0ν) by some 25%. Hence, constraining
the value of gpp is of utmost importance in the 0νβ+β+-decay
studies. In the absence of a measured 2νβ+β+-decay half-life,
adjusting gpp to OMC data, once measured, would help reduce
the large uncertainty related to gpp. It is seen that in the adjusted
(“Adj.”) basis, the matrix element is consistently about 20% larger
than in the bare Woods-Saxon (“WS”) basis. It is to be noted
that soon after the g

(T=0)
pp values shown in the x axis, between

g
(T=0)
pp 0.82 − 0.84, depending on the single-particle basis, the

ground state of pnQRPA collapses and the value of M(0ν) blows
up: the value rapidly increases by some 10%. Since the values after
the pnQRPA breaking point are not physically meaningful, they
are not shown in the figure.

In Figure 6, we plot the average OMC matrix element

|M(µ)|av as a function of g(T=0)
pp . Contrary to the 0νβ+β+-decay

NME, the OMC matrix element is not sensitive to the small
adjustments of the single-particle bases or to the value of the

g
(T=0)
pp between g

(T=0)
pp = 0.5 − 0.8. Instead, after g(T=0)

pp = 0.8,
close to the pnQRPA breaking point, the average OMC matrix
element becomes unstable. On the other hand, the value of
the average OMC matrix element is much more dependent on
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FIGURE 3 | Multipole decomposition of the total 0νβ+β+-decay matrix element in different single-particle bases. The decompositions correspond to the parameter

value g
(T=0)
pp = 0.7. (A) Basis: “Adj.”. (B) Basis: “WS”.

FIGURE 4 | Multipole decomposition of the total OMC matrix element in different single-particle bases. Here we have used the bound muon wave function solved

from the Dirac equation. The decompositions correspond to the parameter value g
(T=0)
pp = 0.7. Note that the unit and scale of the matrix element comes from our

definition of the average OMC matrix element (20). For more information, see the text and [26]. (A) Basis: “Adj.”. (B) Basis: “WS”.

the bound-muon wave function: the use of the Bethe-Salpeter
approximation results in about three times larger values than
those obtained with the exact Dirac wave function.

The different parts of the 0νβ+β+-decay NMEs in different
single-particle bases in the adopted ranges of the parameter
g
(T=0)
pp (see Table 2) are listed in Table 3. In Table 4, we list the
corresponding values obtained in [14] in a smaller single-particle
basis, which corresponds to the “Adj.” basis in the present study.

In [14], the NMEs were computed by the use of Jastrow [18] and
UCOM [19] short-range correlations.

The total 0νβ+β+-decay NMEs computed in the present
study (Table 3) are consistently larger than those computed in
the smaller, core-based single-particle bases, used in [14]. The
values computed with the UCOM short-range correlations are
closer to the values computed in the present study, which is
natural since the presently adopted short-range correlations are
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FIGURE 5 | Dependence of the 0νβ+β+-decay NME on the isoscalar part of

the particle-particle parameter gpp in the two different single-particle bases.

FIGURE 6 | Dependence of the average OMC matrix element on the isoscalar

part of the particle-particle parameter gpp in the two different single-particle

bases, and for the exact Dirac finite-nucleus and approximate Bethe-Salpeter

point-like-nucleus bound-muon wave functions.

a parametrization of the UCOM correlator. The dependence of
the NMEs on the size of the single-particle bases is in accordance
with the findings of our previous work [40], where we noticed
that the size of the single-particle bases affects the 0νβ−β−-decay
NMEs much more than the different adjustment procedures of
the particle-hole parameter gph of the pnQRPA. This is most
likely due to the fact that in the smaller bases we cannot reach the
highly-excited intermediate states which play a non-negligible
role in the 0νββ-decay process.

According to Figures 3, 4 the multipoles Jπ = 1+ and 2+ are
among the leading ones for both the 0νβ+β+-decay and OMC

TABLE 3 | Nuclear matrix elements for 0νβ+β+ decay of 106Cd corresponding to

gA (0) = geffA = 1.0.

Basis g
(T=0)
pp M

(0ν)
F M

(0ν)
GT M

(0ν)
T M(0ν)

“WS” 0.6 −1.90 7.91 −0.41 9.40

0.7 −1.90 6.95 −0.42 8.43

0.8 −1.89 5.75 −0.43 7.21

“Adj.” 0.6 −2.34 9.24 −0.48 11.10

0.7 −2.35 8.04 −0.50 9.89

0.8 −2.35 6.47 −0.52 8.30

The matrix elements are computed in different single-particle bases with different

values of gpp.

TABLE 4 | Nuclear matrix elements for 0νβ+β+ decay of 106Cd corresponding to

gA (0) = geffA = 1.0 in the single-particle bases used in [14], corresponding to the

“Adj.” basis of the present study.

Short-range correlation gpp M
(0ν)
F M

(0ν)
GT M(0ν)

Jastrow 0.8 −2.243 6.838 5.812

UCOM 0.8 −2.718 8.307 7.056

The results are adopted from [14].

matrix elements of 106Cd. Hence, it is illuminating to study the
effect of gpp on these multipoles in more detail. In Figures 7, 8
we plot the total 0νβ+β+-decay NME on the positive y axis and
the average OMC matrix element on the negative y axis in the
cases of Jπ = 1+ and 2+, respectively.We decompose the average
OMC NME for the Jπ = 1+, 2+ multipole states within MeV
energy bins while for the 0νβ+β+ decay the energy-multipole
decomposition entails division of the NMEs into multipoles Jπ =

1+, 2+ and their energy distributions binned by MeV-energy
intervals. We have chosen to plot only the absolute values of the
matrix elements since they carry the essential information needed
in the present comparison of the basic features of the OMC and
0νβ+β+ decay.

Figures 7, 8 show similar behavior for both the multipoles

Jπ = 1+ and 2+: decreasing the value of g(T=0)
pp from 0.8 to 0.6

shifts the spectrum to lower energies for both the 0νβ+β+ decay
and OMC. Note that the present comparison does not reflect the
results of Figure 5, since here we are considering the absolute
values of the 0νβ+β+-decay NME for each bin. However, these
figures show that even though the average OMC matrix element
is quite independent of the value of gpp, the shape of the OMC
spectrum depends on gpp. This, in turn, raises interest of studying
the possibility of adjusting gpp to the locations of OMC giant
resonances, once measured.

6.3. Dependence of the OMC Matrix
Elements on the Bound-Muon Wave
Function
As mentioned in section 4.1, the OMC matrix elements have
usually been computed by approximating the bound-muon
wave function by a point-like-nucleus approximation. In our
previous works [13, 41, 42] we used the Bethe-Salpeter point-
like-nucleus approximation formula for the muon wave function.
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FIGURE 7 | Dependence of the energy distributions of the 0νβ+β+-decay and OMC matrix elements for the Jπ = 1+ multipole on the particle-particle parameter

g
(T=0)
pp in different bases. The OMC matrix elements are computed assuming the exact Dirac wave functions for a finite nucleus with uniform charge distribution. (A)

Basis: “Adj.”. (B) Basis: “WS”.

Here we study the effect of the exact muon wave function,
solved from the Dirac equation by taking into account the
finite size of the nucleus with uniform charge distribution,
on the OMC matrix elements. The effects of the two muon
wave functions (see Figure 2) on the OMC matrix element are
clearly seen in Figure 6, where the gpp dependence of the OMC
matrix element is displayed in the two different single-particle
bases and for the exact Dirac finite-nucleus and approximate
Bethe-Salpeter point-like-nucleus bound-muon wave functions.
The difference between the matrix elements is considerable.
However, one has to keep in mind that in the OMC-rate
calculations this difference is to a major part compensated by
the use of a phenomenological effective charge Zeff (the so-called
Primakoff approximation [43]) in the calculations using the
Bethe-Salpeter approximation.

Next we study the effect of the different bound-muon wave
functions on the multipole decomposition of the average OMC
matrix elements in the cases of themultipoles Jπ = 1+, 2+, which
are among the leading ones for both the 0νβ+β+ decay and the
OMC. In Figures 9, 10 we plot the energy-decompositions of the
average OMC matrix element for the transitions to Jπ = 1+

and 2+ states, respectively. In both figures, the Bethe-Salpeter
point-like-nucleus approximation (blue bars) results in notably

larger values of the average OMC matrix element than the Dirac
wave function (black and white bars). All in all, the use of
the Dirac wave function results in about 50–60% reduction of
the matrix elements in all the energy bins. This makes sense,
since looking at Figure 2, especially at r ≤ 7 fm, the behavior
of the Dirac wave function, taking into account the finite size
of the nucleus, differs significantly from the Bethe-Salpeter
approximation. The finding is also in keeping with results for the
total OMCmatrix element, depicted in Figure 6.

6.4. Comparison of the 0νβ+β+ and OMC
Matrix Elements
Here we finally compare the absolute values of the 0νβ+β+-
decay and average OMC matrix elements in the same manner
as in [13]. We analyze the summed absolute values of the
matrix elements in the same way as we did in Figures 7, 8.
We plot the summed absolute values of the 0νβ+β+-decay
NMEs and the average OMC matrix elements for Jπ =

0+, 1+, 2+, 3+, 4+, 1−, 2−, 3−, and 4− in Figure 11. The matrix
elements are computed in the adjusted Woods-Saxon basis

(“Adj.”) with the parameter value g(T=0)
pp = 0.7. The OMCmatrix

elements are computed with the exact Diracmuonwave function.
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FIGURE 8 | Dependence of the energy distributions of the 0νβ+β+-decay and OMC matrix elements for the Jπ = 2+ multipole on the particle-particle parameter

g
(T=0)
pp in different bases. The OMC matrix elements are computed assuming the exact Dirac wave functions for a finite nucleus with uniform charge distribution. (A)

Basis: “Adj.”. (B) Basis: “WS”.

Looking at Figure 11, one can see clear correspondences
between the 0νβ+β+-decay and OMC matrix elements,
especially in the cases of Jπ = 3+ (Figure 11D), Jπ = 4+

(Figure 11E) and Jπ = 4− (Figure 11I). This observation is
in accordance with our earlier study in the 0νβ−β− side of
double beta decays [13]. There are also notable similarities in the
distributions corresponding to multipoles Jπ = 2− (Figure 11G)
and Jπ = 3− (Figure 11H). For the rest of the multipoles, the
correspondencies are not so well visible. Especially, in the case
of Jπ = 1+ (Figure 11B), the major part of the 0νβ+β+-decay
NME is coming from the first energy bin E ≤ 1 MeV, while the
OMC distribution is clearly more spread to higher energies. This
is also the most notable difference between the present results
and those of our earlier study [13], where the 1+ contributions
to the 0νβ−β−-decay matrix elements were more evenly
distributed to higher excitation energies.

7. DISCUSSION

Double beta decay is one of the most intensively studied
topics in neutrino, nuclear and particle physics. While the
ordinary two-neutrino double beta decay mode has been

observed in several isotopes, the neutrinoless decay mode
remains hypothetical. Most of the observed decays are of
β−β− type, and there are only six isotopes known to
be capable of β+β+ decaying. Here we have studied a
particularly promising candidate: 106Cd, for which currently
only the lower limit of the 2νβ+β+-decay half-life has been
extracted experimentally.

In the present work, we have made a comparative analysis
of the 0νβ+β+-decay and average OMC matrix elements of
106Cd in the pnQRPA framework using large no-core single-
particle bases. This comparison is the first ever done on
the positron-emission side of the nuclear chart, and could
potentially help improve the accuracy of the 0νβ+β+-decay
matrix elements once access to the data of future muon-
capture experiments is gained. In particular, adjusting the gpp
parameter to future data on OMC giant resonances could
help reducing the sizeable uncertainty related to the unknown
value of gpp.

Analysis of the multipole decompositions of the total
0νβ+β+-decay matrix element and the average OMC matrix
element shows that the Jπ = 1+ multipole has a dominating
role in the 0νβ+β+-decay process, while the total OMC matrix
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FIGURE 9 | Average OMC matrix elements for the captures to Jπ = 1+ states computed with different bound-muon wave functions. “B-S(pl)” denotes the

Bethe-Salpeter point-like-nucleus approximation and “Dirac(fs)” the exact wave function solved from the Dirac equation taking into account the finite size of the

nucleus. The value g
(T=0)
pp = 0.7 is adopted for particle-particle interaction parameter. (A) Basis: “Adj.”. (B) Basis: “WS”.

FIGURE 10 | Average OMC matrix elements for the captures to Jπ = 2+ states computed with different bound-muon wave functions. “B-S(pl)” denotes the

Bethe-Salpeter point-like-nucleus approximation and “Dirac(fs)” the exact wave function solved from the Dirac equation taking into account the finite size of the

nucleus. The value g
(T=0)
pp = 0.7 is adopted for particle-particle interaction parameter. (A) Basis: “Adj.”. (B) Basis: “WS”.

element is more evenly distributed to a few leading multipoles.
The multipoles Jπ = 1+ and 2+ play a major role in both
processes, hence we have studied the transitions involving those
multipoles in more detail: we have studied the effect of different
particle-particle parameter values on both the 0νβ+β+-decay

and the OMC matrix elements, and the effect of different
bound-muon wave functions on the OMC matrix elements
in these cases.

Our studies indicate that the 0νβ+β+-decay matrix element
of 106Cd strongly depends on the value of the isovector
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FIGURE 11 | Multipole decompositions in terms of relative 0νβ+β+-decay matrix elements (positive y axes) and average matrix elements of the OMC (negative y

axes) for 106Cd as functions of the excitation energy E in the intermediate nucleus (106Ag) of the 0νβ+β+ decay of 106Cd. These matrix elements correspond the

adjusted Woods-Saxon basis and g
(T=0)
pp = 0.7. For the bound-muon wave function we have used the realistic exact wave function solved from the Dirac equation.

Here Jπ refer to the angular momenta and parities of the virtual states in 106Ag and all quantities have been summed within 1 MeV energy bins. The subfigures

represent different Jπ values. The scale values of the y axes have been omitted, since they are not relevant for the current analysis. For more information see the text.

part g
(T=0)
pp of the particle-particle interaction parameter

of pnQRPA. Contrary to this, the average value of the

OMC matrix element is less dependent on the g
(T=0)
pp .

However, near the pnQRPA breaking point the average
OMC matrix element becomes unstable and grows fast
in magnitude. Furthermore, when comparing the 0νβ+β+-
decay matrix elements of the present work with those
computed in (much) smaller single-particle bases in [14],
we noticed that the matrix elements are sensitive to the

size of the single-particle basis. This observation is in
accordance with our earlier work on the β−β− type of
decays [13].

Finally, we compared the energy distributions of the
multipole-decomposed 0νβ+β+-decay matrix elements and the
averageOMCmatrix elements, computed in the adjustedWoods-
Saxon single-particle basis. We identified a clear correspondence
between the absolute values of the 0νβ+β+-decay and OMC
multipole contributions, especially in the cases of the Jπ =
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3+, 4+, and 4− multipoles. This finding is in accordance with our
previous work [13], where we compared the energy distributions
of the multipole-decomposed 0νβ−β−-decay and OMC matrix
elements for several 0νβ−β−-decay triplets in a similar manner.
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Experimental Approaches to Neutrino
Nuclear Responses for ββ Decays and
Astro-Neutrinos
Hiroyasu Ejiri *

Research Center for Nuclear Physics, Osaka University, Osaka, Japan

Fundamental properties of neutrinos are investigated by studying double beta decays
(ββ-decays), while atro-neutrino nucleo-syntheses and astro-neutrino productions are
investigated by studying inverse beta decays (inverse β-decays) induced by astro-
neutrinos. Neutrino nuclear responses for these ββ and β-decays are crucial for these
neutrino studies in nuclei. This reports briefly perspectives on experimental studies of
neutrino nuclear responses (square of nuclear matrix element) for ββ-decays and astro-
neutrinos by using nuclear and leptonic (muon) charge-exchange reactions

Keywords: double beta decay, nuclear matrix element, charge exchange reaction, supernova neutrino, quenching of
axial vector coupling

1 NEUTRINOLESS ββ-DECAYS AND ASTRO-NEUTRINO NUCLEAR
INTERACTIONS

Fundamental properties of neutrinos such as the Majorana nature and the neutrino masses, which
are beyond the standard electro-weak model, are well investigated by studying neutrinoless double
beta decays (ββ-decays) in nuclei. Inverse beta decays (inverse β-decays) induced by neutrino nuclear
interactions are used to study astro-neutrino nucleo-syntheses and astro-neutrino productions [1–3].

The ββ rate T0] for the light Majorana-neutrino mass mode is expressed as [4–6].

T0] � g4AG
0]
∣∣∣∣M0]meff 2,B0] � ∣∣∣∣M0] 2,

∣∣∣∣∣∣∣∣ (1)

whereG0] is the phase space, B0] is the nuclear response andmeff is the effective neutrinomass.M0] is
the nuclear matrix element (NME). The axial vector weak coupling is gA � 1.27 in units of the vector
coupling for a free nucleon. The ββ nuclei to be considered are even-even nuclei.

Astro-neutrino (supernova- and solar-neutrinos) nuclear interaction rate T](i), i.e., the inverse
β-decay rate, for the ith nuclear state is given as [1, 2].

T](i) � ∫ g2AG
](i, E])B]

i f](E])dE],B
]
i �

∣∣∣∣M]
i
2(2J + 1)− 1,
∣∣∣∣ (2)

where G](i, E]) is the phase space volume, B]
i is the nuclear response, and f](E]) is the neutrino flux.

B]
i is expressed in terms of the NME M]

i and the initial state spin J.
The ββ NME M0] and the inverse β-decay NME M]

i are crucial for extracting the effective
neutrino-mass of the particle physic interest and the neutrino flux of the astro-physics interest from
the experimental ββ rate and the inverse β-decay rate, respectively. They are important to design the
ββ and astro-neutrino detectors since the nuclear isotopes used in ββ and astro-neutrino detectors
depend on their NMEs [2, 3]. Accurate theoretical calculations for the ββ and inverse β-decay NMEs,
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however, are very hard since they depend much on models and
parameters used for the calculations [1, 2, 7–9].

Recently, nuclear and muon (lepton) charge-exchange
reactions (CERs) have been shown to be used to provide
experimentally single-β ± NMEs associated with the ββ and
astro-neutrino NMEs [1–3, 6]. The present report aims at
critical reviews on perspectives of experimental approaches to
the ββ and astro-neutrino nuclear responses by means of the
nuclear and leptonic (muon) CERs and others.

We consider mainly the ground-state to ground-state (0+ → 0+)
ββ decay of A

ZX↔A
Z+2X, the ground-state to the ith state astro-

neutrino transition of A
ZX→ A

Z+1Xi and the ground-state to the ith
state astro-antineutrino transition of AZ+1X←A

Z+2X. The ββ decay and
astro-neutrino transition schemes are illustrated in Figure 1.
Hereafter ββ and astro-neutrino stand for, respectively,
neutrinoless ββ and astro-neutrino and astro-antineutrino unless
specified. The ββ NME is expressed as [1, 2, 6].

M0] � ∑
α

g2αM
0](α),M0](α) � ∑

i

M0]
i (α), (3)

where α �GT, T, F stand for the Gamow-Teller, tensor and Fermi
transitions and gα is the weak coupling in units of gA andM0]

i (α)
is the αmode ββNME via the ith state in the intermediate nucleus
of A

Z+1X. The ββ NME M0]
i (α) associated with the ]-exchange

between two neutrons is expressed as M0]
i (α) � <Tαhi(α)> i

with Tα and hi(α) being the α mode transition operator and the
neutrino potential for the ββ decay via the ith intermediate state
[2, 4, 6, 7]. Tα operators for α � GT. F and T are given,
respectively, by ττσσ, ττ, and ττ(σrσr − σσ/3) where τ, σ are
the isospin and spin operators and r is the distance between
the two neutrons. Among GT, F, and T NMEs, the GT and F
NMEs are dominant. Experimental measurements of the ββ
NMEs are not possible unless the ββ rates and the neutrino-
masses are measured, while two-neutrino ββ (2]ββ) NMEs have
been derived from the measured rates.

The astro-neutrino NME for the ith state is expressed as [1, 2].

M]
i � ∑

α
′

M ±
i (α′), (4)

where M ±
i (α′) is the α′-mode single-β ± NME for the ith state.

Here β+ and β− refer to the anti-neutrino τ+ transition of AZ+1X←A
Z+2X

and the neutrino τ− transition of AZX→ A
Z+1 respectively, as shown in

Figure 1. The transition modes include the allowed F transition, the
allowed GT transition, the first-forbidden unique transition, the first
forbidden non-unique transition, and so on.

2 NEUTRINO NUCLEAR RESPONSES FOR
ββ-DECAYS AND ASTRO-NEUTRINOS

So far, neutrino nuclear responses and their NMEs have been
measured mainly by β ± and electron capture, and thus they are
limited mostly to ground-state and low-momentum GT (1+)
transitions. There are several specific features of ββ and astro-
neutrino nuclear responses (NMEs) to be considered [1, 2].

1. ββ and astro-neutrino NMEs involve wide ranges of
momentum, spin and excitation energy [2, 6, 7]. In case of the
light neutrino-mass mode ββ, the Majorana neutrino is
exchanged between two nucleons with distance r in the
nucleus. Then the linear and angular momenta and the
excitation energy involved in ββ are around 1/r �
30–120MeV/c, lZ ≈ 0–5 Z and Ei � 0–30MeV. Supernova
neutrinos are in the wide energy range of 10–50MeV,
depending on the temperature. Then the energetic
neutrinos may excite final states up to around 40MeV
with spin transfers of ΔJπ � 0 ± , 1± , 2± and so on.

2. ββ and astro-neutrino interactions are expressed in terms
of the isospin (τ) and spin (σ) operators. Thus the NMEs
are necessarily very sensitive to nucleonic and non-
nucleonic τ and τσ interactions and correlations.
Nuclear τ and τσ interactions are repulsive in nature,
and thus most τ and τσ strengths are pushed up to the τ
and τσ-type giant resonances in the high excitation region,
leaving little strengths in the low-lying quasi-particle states
involved in the DBDs and astro-neutrinos [1–3].

3. The τ and τσ interactions and correlations are associated with
both the nucleons (protons and neutrons) and non-nucleonic
hadrons (mesons, Δ-baryons). The ββ and astro-neutrino
NMEs are sensitive to nuclear medium changes from the
initial to final states, resulting in the reduction of the NMEs.

4. Axial-vector NMEs for nuclear βc transitions are
quenched with respect to the NMEs calculated by the
proton-neutron quasi-particle random-phase
approximation, which includes nucleonic τσ

FIGURE 1 | Decay and interaction schemes. (A): Double beta decay. (B): Astro-neutrino and astro-antineutrino interactions. (C): Nuclear (3He) and leptonic (muon)
charge-exchange reactions (CERs). W and π are weak boson and pion involved in the weak and nuclear CERs, respectively.
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interactions and correlations but not explicitly the non-
nucleonic correlations and nuclear medium effects [1, 2,
10, 11]. Such quenching effect is incorporated by using
the effective axial-vector coupling geffA � kgA, where gA �
1.27 is the coupling for a free nucleon and k is the
quenching coefficient [1–3].

5. Accurate theoretical calculations for the ββ and astro-
neutrino NMEs are very hard since the medium heavy
nuclei involved in the NMEs are very complex many-
body strongly interacting hadron (nucleon, meson,
Δ-baryon, and others) systems [2, 7, 8]. Then the
NMEs are very sensitive to all kinds of nucleonic, non-
nucleonic and nuclear medium effects. Furthermore, the
NMEs themselves are only a very tiny (10−2–10−3)
fraction of the total strength. Actually, theoretical ββ
NMEs scatter over an order of magnitude depending on
the models and the parameters such as geffA and nuclear
interactions [2, 6].

3 EXPERIMENTAL APPROACHES TO ββ
AND ASTRO-NEUTRINO RESPONSES

The ββ and astro-neutrino NMEs have recently been studied by
using nuclear andmuon CERs as given in the reviews and references

there in [1, 2]. Here we discuss mainly the single β− NME M−
i (α′)

for A
ZX→ A

Z+1X and single β+NME M+
i (α′) for A

Z+1X←A
Z+2X (see

Figure 1). They are the τ− and τ+-side NMEs, which the ββ NME
for the ith intermediate state is associated with through the neutrino
potential, and are theNMEs relevant to the astro-neutrino and astro-
antineutrino reactions for the ith state in A

Z+1X, respectively. The
M−

i (GT) andM+
i (GT) for low-lying quasi-particle states have been

used to evaluate the 2]ββNMEs, and the evaluatedNMEs agree with
the NMEs derived from the observed 2]ββ rates [12].

Medium energy (3He,t) reactions with E(3He) � 0.42 GeV at
Research Center for Nuclear Physics (RCNP) are shown to be
powerful for studying τ−-side τσ responses in the wide
momentum (0–120 MeV/c) and excitation energy (0–30 MeV)
regions [1, 2]. The axial-vector α′ � GT(1+) and α′ � SD (spin
dipole 2−) NMEs in nuclei of ββ and astro-neutrino interests are
measured [1, 2, 13–17]. The measured spectrum for 76Ge [13] is
shown in Figure 2. GT NMEs are the NMEs involved mainly in
the 2]ββ decays and the low-energy astro-neutrinos, while SD
NMEs are major components associated with the neutrinoless
DBDs and medium energy astro-neutrinos [2].

The measured GT and SDNMEs are quenched by the coefficient
k � geffA /gA ≈ 0.4–0.6 with respect to theNMEs by the quasi-particle
random-phase approximation [1, 2, 11]. The measured GT and SD
responses (square ofNME) for low excitation region are only a few%
of the total strength and most of them are located at the highly

FIGURE 2 |CER strengths as a function of the excitation energy. Top: The 76Ge(3He,t)76As reaction for ββ responses, where the GT s-wave strengths (red lines) are
preferentially excited at the forward angles, while SD p-wave strengths (blue lines) at larger angles [13]. Bottom left-panel: The 71Ga(3He,t) 71Ge reaction for solar neutrino
responses [14]. Bottom right-panel: The 100Mo(μ, ]μ) Nb reactions [20]. The strong GT and SD giant resonances, GTR and SDR, at around 12 and 20 MeV are seen in
the spectrum of 76Ge(3He,t)76 As.
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excited giant resonances, as shown in Figure 2. The giant resonances
are coherent τσ excitations with the large NMEs. They mix in the
low-lying GT and SD states with the negative (out-phase) mixing
coefficient via the repulsive interaction. Thus the GT and SD NMEs
for the low-lying states are quenched by themixing effect of the high-
lying GT and SD giant resonances, respectively.

Ordinary muon capture (OMC) [18] is a muon charge-
exchange reaction (μ-CER). It is used for studying the M+

i (α′)
NMEs [2]. A negative muon trapped in an inner atomic orbit is
captured into the nucleus. The process is a lepton CER of
μ +A

Z+2 X→ ]μ+A
Z+1Xi. The momentum and energy transferred

to the nucleus are around 95–50 MeV/c and 5–50 MeV, which
are the regions of DBDs and astro-neutrinos.

μ-CERs on Mo isotpes [19] and ββ nuclei have been studied by
using low-momentum muons from the MuSIC beam line at RCNP
[2, 20]. The ith excited state of AZ+1Xi produced by the μ-CER on A

Z+2X
decays by emitting a number (x) of neutrons and gamma rays to the
ground state of A−xZ+1X. The number x depends on the excitation energy
Ei. The residual nuclei are identified by measuring c rays
characteristic of them. Then the μ-CER strength distribution in
A
Z+1X as a function of the excitation energy Ei is obtained from
the measured mass-number (A − x) distribution by using the
neutron cascade-emission model [20]. The μ-CER strength
distribution for 100Mo [20] show a strong μ-giant resonance
around Ei ≈ 12MeV, as shown in Figure 2. Since μ-CER excites
mainly states with Jπ � 0 ± , 1 ± , 2 ± , and 3 ± , the giant resonance is
a composite of the resonances with these spins. The observed strength
distribution agrees with the calculation using the quasi-particle
random-phase approximation [21]. The muon-capture rate is
smaller by a factor around 5 with respect to the calculated rate,
suggesting the quenching coefficient of geffA /gA ≈ 0.5 [21].

4 PERSPECTIVES AND REMARKS ON
NEUTRINO NUCLEAR RESPONSES

The high energy-resolution (3He,t) CERs at RCNP are well used
for studying the τ−-sideM−

i (α′) NMEs with α′ � GT(1+) and SD
(2−) in the wide momentum and energy regions involved in
ββ-decays and astro-neutrinos. They are extended to higher-
multipole NMEsM−

i (α′) with α′ � SQ (spin quadra-pole 3+) and
SO (spin octa-pole 4−). The τ+-side NMEs ofM+

i (α′) are studied
by using (d,2He) [22] and (t,3He) CERs [1]. Higher energy-
resolution studies of unbound 2He from the (d,2He) CER is
interesting to study the τ+-side NMEs for individual states.

The axial-vextor (GT, SD, and higher multi-pole) strength
distributions in the wide excitation region are interesting to see
how the axial vector NMEs at the low lying quasi-particle states
are quenched due to the destructive interference with the high-lying
giant resonances, and how the summed strengths over the giant
resonances are somewhat reduced by the possible effects of the Δ
baryons [2, 11].

Double charge-exchange reactions explore double τ and τσ
responses for ββ responses [2, 3, 23]. The RCNP (11B, 11Li) data
indicate a large strength at the high excitation region and little
one at the low-lying states. Extensive studies of double charge-
exchange reactions are under progress at INFN-LNS [23].

μ-CERs are used to study the NMEM+
i (α′) in wide momentum

and energy regions relevant to ββ-decays and astro-neutrinos. The
observed μ giant resonance around Ei ≈ 12MeV suggests
concentration of the τ+-strengths at the highly excited giant
resonance, resulting in the quenching of the NMEs at low-lying
states, as in case of the τ−-side responses. In fact, the absolute μ-CER
strength is much smaller than the calculated one [21, 24], suggesting
the severe quenching as in case of τ− responses. The recent
calculations, however, reproduce the observed rates with the bare
gA [25]. The two calculations are based on the quasi-particle
random-phase approximation, but use different nuclear
parameters. Thus the calculated strength distributions and the
calculated multipole components are different between the two
calculations. So the origins of the differences are open questions.
Actually, the μ-CER rate is a product of the phase space factor and
the neutrino nuclear response (square of the NME). It is important
to compare the experimental μ-CERNMEwith the theoretical NME
to see if one needs a quenched geffA as in case of the NMEs studied in
single β ± . Further experimental and theoretical studies of the
μ-CERs for nuclei of ββ and astro-neutrino interests are
interesting to investigate the NMEs M+

i (α′) up to around 50MeV.
Medium-energy neutrinos are of potential interest for direct

measurements of neutrino nuclear responses [26]. High-intensity
medium-energy (1–3 GeV) proton accelerators at SNS ORNL and
MLFKEKand others are used to produce intense pions, andneutrinos
of the order of 1015/sec are obtained from the π − μ decays. Neutrino
and anti-neutrino CERs of ](])→ e−(e+) are used to study
(M+

i (α′)) NMEs. Neutrino nuclear cross-sections are of the order
of 10−40 cm2. Thenonemayusemulti-ton scale isotopes as used for ββ
experiments to study neutrino nuclear responses.

Electro-magnetic interaction includes isovector and isoscalar
components. They are analogous to the charged and neutral
current responses of the neutrino (weak) interaction, respectively.
Thus one gets information of the neutrino NME by studying the
isovector component of the EM transition [2, 9]. The special case is
the photo-nuclear excitation of the isobaric analogue state of T−|i>
with T− being the isosin lowering operator [1, 2, 27]. The NME for
the weak transition of

∣∣∣∣i> →
∣∣∣∣f > is obtained from the analogous EM

NME for the c transition from the isobaric analogue state to
∣∣∣∣f > [2].

Nucleon transfer reactions are used to measure single quasi-
particle occupation probabilities. The summed probability is
quenched by 0.5–0.6 with respect to the nucleon-based model
value [28]. This suggests some non-nucleonic and nuclear
medium effects as in the neutrino responses [2].
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The goal of NUMEN project is to access experimentally driven information on Nuclear

Matrix Elements (NME) involved in the neutrinoless double beta decay (0νββ) by accurate

measurements of the cross sections of heavy-ion induced double charge-exchange

reactions. In particular, the (18O, 18Ne) and (20Ne, 20O) reactions are adopted as

tools for β
+
β
+ and β

−
β
− decays, respectively. The experiments are performed at

INFN–Laboratory Nazionali del Sud (LNS) in Catania using the Superconducting

Cyclotron to accelerate the beams and the MAGNEX magnetic spectrometer to detect

the reaction products. The measured cross sections are very low, limiting the present

exploration to few selected isotopes of interest in the context of typically low-yield

experimental runs. In order to make feasible a systematic study of all the candidate nuclei,

a major upgrade of the LNS facility is foreseen to increase the experimental yield by more

than two orders of magnitude. To this purpose, frontier technologies are being developed

for both the accelerator and the detection systems. An update description of the NUMEN

project is presented here, focusing on recent achievements from the R&D activity.
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INTRODUCTION

Neutrinoless double beta decay (0νββ) is a nuclear process where
a parent nucleus decays into a daughter isobar differing by two
units of charge and two electrons (or positrons) are emitted.
Although not yet observed, this phenomenon is nowadays widely
investigated since, if discovered in the experiments, it would
allow to directly determine the Majorana nature of neutrino and
unveil that the total lepton number is not necessarily conserved
in nature (Suhonen and Civitarese, 2012; Vergados et al., 2012;
Gouvea and Vogel, 2013). Moreover, the neutrino effective
mass could be extracted from decay rate measurements, with
foreseen sensitivity to normal or inverted hierarchy scenarios
in the neutrino mass distribution. Presently, this physics case is
leading the research “beyond the standard model” as it could
help to explain the matter–antimatter asymmetry observed in
the Universe and open new perspectives toward a grand unified
theory of fundamental interactions.

Double beta decay occurs in atomic nuclei, making nuclear
structure issues essential for its proper description. The 0νββ

decay rate is typically expressed as the product of three main
factors: (i) a phase-space parameter, describing the motion of
the electrons (or positrons); (ii) the square of a nuclear matrix
element (NME), connected to the overlap between the initial
and final nuclear states; (iii) a factor describing the emission
and reabsorption of the neutrino, containing physics beyond
the standard model. Thus, if the NMEs are established with
sufficient precision, new physics can be accessed from 0νββ decay
rate measurements.

A deeper knowledge of the NMEs is thus crucial to set
the strategies of future experiments of direct search for 0νββ

decay. However, an updated comparison of the results of
NMEs calculations, obtained within various nuclear structure
frameworks (Barea et al., 2013; Dell’Oro et al., 2016; Ejiri
et al., 2019), indicates that significant differences (about a factor
three) are indeed found, which makes the present situation not
satisfactory. To date the determination of the NMEs, based on
different calculation schemes, is still controversial, also due to the
lack of experimental constraints.

Over the last few years, major interest has raised for heavy-
ion induced Double Charge-Exchange (DCE) studies, especially
because of their possible connection to 0νββ decay. Exploratory
studies have been started at RIKEN in Tokyo and at RCNP in
Osaka (Matsubara et al., 2013; Kisamori et al., 2016; Takahisa
et al., 2017). An intense activity is also being pursued at the
Istituto Nazionale di Fisica Nucleare–Laboratori Nazionali del
Sud (INFN-LNS) in Catania, in the frame of the NUMEN
project. A new DCE reaction, the (20Ne,20O), has been recently
studied for the first time, looking for β

−
β
−-like transitions. In

addition, important results have been achieved on the β
+
β
+

side by the renewed use of the (18O,18Ne) reaction in upgraded
experimental conditions. NUMEN and the synergic NURE
(ERC Starting Grant 2016) project at INFN-LNS (Agodi et al.,
2015; Cappuzzello et al., 2015a, 2018; Cavallaro et al., 2017;
Cappuzzello and Agodi, 2021) aim at extracting nuclear structure
information relevant for 0νββNMEs by measuring cross sections
of DCE and Single Charge Exchange (SCE) reactions. Recent

theoretical developments suggest that besides the transition to
the ground state of the residual nucleus, the whole double
Gamow-Teller strength could, in principle, be connected to
0νββ-NME (Sagawa and Uesaka, 2016; Santopinto et al., 2018;
Shimizu et al., 2018). In particular, results from state-of-art shell-
model calculations indicate that a simple relation is expected
between the 0νββ NME for 48Ca and the centroid energy of
the still not observed double Gamow-Teller giant resonance
(DGTGR) (Shimizu et al., 2018). In addition, an interesting linear
correlation is found between the DGT transition to the ground
state of the final nucleus and the 0νββ decay NME, even adopting
other nuclear structure models.

Since the DGTGR is expected to almost exhaust the
correspondingmodel independent sum rule (Sagawa andUesaka,
2016), the experimental determination of its strength will also
give quantitative access to the quenching of the nuclear response
to second order spin-isospin operators. This is particularly
interesting because of its connection to long debated problem
of the quenching of the axial coupling constant in 0νββ decay
(Suhonen, 2017). A renormalization of the coupling constant
(quenching) of second order spin-isospin (GT-like) operators is
indeed expected, due to limitations of the model spaces adopted
in the NME calculations and to the typical neglect of two-body
currents (Engel andMenendez, 2017; Cappuzzello and Cavallaro,
2020). The exact value of this quenching is still controversial
despite it enters to the fourth power in the determination of the
0νββ decay rates and could drastically impact on the sensitivity
of different experiments searching for that. No experimental
evidence of the DGTGR has been reported until now, which
makes the possible discovery of this mode a ground-breaking
result by itself. Thus, it is not surprising that NUMEN as well as
the projects at RIKEN are also targeting the DGTGR resonance.

The aim of the NUMEN project is to measure the absolute
cross section for heavy-ion induced DCE reactions on nuclei
candidates for the 0νββ decay and find a connection between
the NMEs of the two processes. Even if 0νββ decays and DCE
reactions are mediated by different interactions, there are a
number of similarities among them: the key aspects are that
initial and final nuclear states are the same and the transition
operators in both cases are a superposition of short-range isospin,
spin-isospin and rank-two tensor components with a relevant
available momentum (100 MeV/c or so). The strong interaction
mediating the HIDCE makes these processes much more likely
to occur compared to 0νββ decay. In this way the many body
nuclear states involved in the 0νββ decay can be explored under
controlled laboratory conditions.

In DCE reactions the nuclear matrix elements enter in
the expression of the cross section, which is the observable
deserving the main interest. However, the DCE reaction channel
competes with other nuclear processes activated by the projectile-
target collision, many of which are much more likely to occur.
As a consequence, the experimental challenge is to isolate
and measure a very rare nuclear transition among a very
high rate of reaction products generated by the beam-target
interaction. In Cappuzzello et al. (2015b) the 40Ca(18O,18Ne)40Ar
reaction was studied at 15 MeV/u at the MAGNEX facility of
INFN-LNS laboratory (Cappuzzello et al., 2016), showing that
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high mass, angular and energy resolution energy spectra and
accurate absolute cross sections can be measured, even at very
forward scattering angles. With respect to this pilot experiment,
additional difficulties are foreseen for the exploration of DCE on
nuclei of interest for 0νββ research. As discussed in Cappuzzello
et al. (2018), the present limits of the facility in terms of beam
power for the Superconducting Cyclotron accelerator and the
acceptable rate of few kHz for the MAGNEX focal plane detector
(FPD) have limited so far the exploration of DCE to only few
cases (e.g., 12C, 40Ca,48Ti, 76Ge, 76Se, 116Cd, 116Sn, 130Te) with
beam power of fewW. The systematic exploration of all the nuclei
of interest for 0νββ decay, foreseen in the NUMEN project, needs
an upgraded set-up able to work with kW beam power (Agodi
et al., 2021).

NUMEN is also fostering the development of a specific
theory program to allow an accurate extraction of nuclear
structure information from the measured cross sections. Heavy
ion induced SCE reactions have been analyzed in detail in
Cappuzzello et al. (2004), Lenske et al. (2018), Lenske et al.
(2019) in view of the connection to single beta decay NME.
It was shown that the surface localization of the SCE, due
the strong absorption of the target-projectile nucleus-nucleus
potential, allows for a decisive simplification of the reaction
description, making the isovector meson exchange mechanism
dominant at forward detection angles. The development of a
second order perturbation scheme for DCE cross section is being
accomplished relying on quantum mechanical scattering theory,
within the Distorted Wave Born Approximation. The theory is
focused on the development of microscopic models for DCE
reactions, employing several approaches (QRPA, shell model,
IBM) for inputs connected to nuclear structure quantities. The
link between the theoretical description of the 0νββ decay and
DCE reactions is also under study (Santopinto et al., 2018; Lenske
et al., 2019; Bellone et al., 2020; Magana Vsevolodovna et al.,
2021).

Part of the plans and activities in view of the upgrade
of the experimental facility is described in Cappuzzello et al.
(2018), Finocchiaro et al. (2020), Agodi et al. (2021), while
recent experimental results from NUMEN are cited in Section
Experimental activity with accelerated beams during numen
phase 2. In this manuscript an update of the NUMEN R&D
activity is given, with special emphasis on recent advances on
technical aspects not presented elsewhere.

EXPERIMENTAL ACTIVITY WITH
ACCELERATED BEAMS DURING NUMEN
PHASE 2

Experimental Setup
The NUMEN experiments have been performed at INFN-
LNS, using the available high performing experimental facilities,
mainly constituted by the K800 superconducting cyclotron (CS)
and the MAGNEX magnetic spectrometer.

The CS accelerates the required ion beams, namely 18O, 20Ne,
at energies ranging from 15 to 30 MeV/u with high energy
resolution (1/1,000) (Cappuzzello et al., 2014) and low emittance

(∼2π mm mr) (Rifuggiato et al., 2013). So far, the maximum
cyclotron beam power could not exceed ∼100W, which has not
been an issue for the NUMEN Phase 2 experiments, due to more
stringent limitations from the present detectors installed at the
MAGNEX focal plane. Both facilities need to be upgraded in view
of the future experimental campaign (NUMEN Phase 4), where
beam power of few kW on target are demanded. An overview of
the ongoing upgrade of the CS is found in Agodi et al. (2021).

The MAGNEX spectrometer is a large acceptance magnetic
device consisting of a large aperture vertically focusing
quadrupole and a horizontally bending dipole magnet
(Cappuzzello et al., 2016). A picture of the MAGNEX
spectrometer is shown in Figure 1. MAGNEX was designed
to investigate heavy-ion induced reactions down to very
low cross sections allowing the identification of the reaction
products with good mass (1A/A∼1/160), angle (1θ ∼0.2◦),
and energy resolution (1E/E∼1/1,000), within a large solid
angle (Ω ∼50 msr) and momentum range (−14% < 1p/p
< +10%). High-resolution measurements for quasi-elastic
processes, characterized by differential cross sections falling
down to tens of nb/sr, were already performed with this setup
(Pereira et al., 2012; Oliveira et al., 2013; Cappuzzello et al.,
2015b,c; Calabrese et al., 2018) even at very forward scattering
angles. A crucial feature is the implementation of the powerful
technique of trajectory reconstruction, based on differential
algebra, which solves the equation of motion of each detected
particle up to 10th order (Cappuzzello et al., 2011). This is a
unique characteristic of MAGNEX, which guarantees the above-
mentioned performances and its relevance in the worldwide
scenario of heavy-ion physics also taking advantage of its
coupling to the EDEN neutron detector array (Cavallaro et al.,
2016).

The MAGNEX FPD consists of a large (active volume 1,360
× 200 × 96mm) low-pressure gas-filled tracker followed by
a wall of 60 silicon pad sensors stopping the detected ions
(Cavallaro et al., 2012; Torresi et al., 2021). A set of wire-based
drift chambers measures the vertical position and angle of the
reaction ejectiles, while the horizontal position and angle are
extracted from the induced charge distributions on a set of
segmented pads (Carbone et al., 2012). The energy loss measured
by the multiplication wires and the residual energy at the silicon

FIGURE 1 | View of the MAGNEX spectrometer at INFN-LNS.

Frontiers in Astronomy and Space Sciences | www.frontiersin.org 3 April 2021 | Volume 8 | Article 66858728

https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org
https://www.frontiersin.org/journals/astronomy-and-space-sciences#articles


Cappuzzello et al. NUMEN Updates Toward Future Experiments

TABLE 1 | List of the reactions explored during NUMEN Phase 2 together with

references.

Projectile-Ejectile

system

Reaction channel References

(18O,18O) Elastic and inelastic

scattering

Carbone et al., 2021;

Cavallaro et al., 2021; La

Fauci et al., 2021

(18O,18Ne) DCE reaction Cappuzzello et al., 2015b

(18O,18F) SCE reaction Cavallaro et al., 2021

(18O,17O) One-Neutron stripping

reaction

(Ciraldo et al., in

preparation)

(18O,16O) Two-Neutron stripping

reaction

Cappuzzello et al., 2021

(18O,19F) One-Proton pickup

reaction

(Ciraldo and Nuovo

Cimento, submitted)

(18O,20Ne) Two-Proton pickup

reaction

Ferreira et al., 2021

(20Ne,20Ne) Elastic and inelastic

scattering

Spatafora et al., 2019;

Carbone et al., 2021

(20Ne,20O) DCE reaction Calabrese et al., 2018,

2020

(20Ne,20F) SCE reaction (Burrello et al., in

preparation)

(20Ne,21Ne) One-Neutron pickup

reaction

–

(20Ne,22Ne) Two-Neutron pickup

reaction

Carbone et al., 2020

(20Ne,19F) One-Proton stripping

reaction

(Burrello et al., in

preparation)

(20Ne,18O) Two-Proton stripping

reaction

Carbone et al., 2020

detectors are used for atomic number (Z) identification of the
ions. The ratio m/q between the ion mass (m) and charge (q)
is determined by correlating the measured energy and impact
position in the spectrometer horizontal (dispersive) direction,
as described in Cappuzzello et al. (2010). The present FPD is a
suitable detector to discriminate ions with 0.6% resolution inm/q
and 2% in Z. The tracking measurement sensitivity guarantees an
overall energy resolution of about 1/1,000, which is close to the
limit of the optics for the used beams. The performances of the
present FPD are described in Torresi et al. (2021).

Experimental Activity
The Phase 2 of NUMEN has been recently concluded with the
last experiment performed at INFN LNS in June 2020 before the
shutdown of the accelerator machines needed for the planned
facility upgrade (Agodi et al., 2021).

The Phase 2 in-beam experimental activity targeted two
classes of measurements, characterized by the acceleration of
CS beams and the detection of specific reaction ejectiles with
the MAGNEX spectrometer. The two classes correspond to
the exploration of the two directions of isospin lowering and
raising operators, characteristic of β

−
β
− and β

+
β
+ decay,

respectively. In particular, the investigation of the isospin raising
transitions in the target has been performed using 18O beams and

studying the (18O,18Ne) double charge exchange transitions in
the projectile, while the isospin lowering direction in the target
has been explored using 20Ne beams via the (20Ne,20O) DCE
reaction (Cavallaro et al., 2020). For both classes of experiments,
besides the DCE reaction channel, other scattering and reactions
channels characterized by the same projectile and target at
the same dynamical conditions have been studied. Table 1 lists
the reactions investigated in NUMEN Phase 2, together with
the already available references to publication. Figure 2 gives a
comprehensive schematic representation of the already explored
reactions, where also the involved target and residual nuclei
are indicated.

A limited number of isotopes were selected as target systems
in the Phase 2 experiments as result of a compromise between
the interest of the scientific community to specific ββ emitter
candidates and technical issues. These latter are also connected
with the complex target production technologies and the
expected energy resolution necessary to isolate the ground-to
ground state transition in the DCE measured energy spectra.

The target isotopes explored via the (18O,18Ne) reaction at 15
MeV/u are 48Ti, 76Se, 116Sn with the aim of studying the 48Ti
→ 48Ca, 76Se → 76Ge and 116Sn → 116Cd DCE transitions,
respectively, together with the competing channels listed in
Table 1. The 40Ca→ 40Ar and 12C→ 12Be transitions were also
studied as test cases for the experimental and theoretical analyses
at two different energies, 15 and 22 MeV/u. The measurements
at very forward angles, including zero degree, were performed by
placing the spectrometer optical axis at +3◦ with respect to the
incident beam axis. Thanks to its large angular acceptance, the
−2◦ < θlab < +9◦ range was explored. A specifically designed
Faraday cup, located in a region aside the FPD, stopped the
beam and measured the incident charge in each run for the
determination of the absolute cross section.

The target isotopes explored by the (20Ne,20O) DCE reaction
at 15 MeV/u are 116Cd (to study the 116Cd→ 116Sn transition),
130Te (for 130Te→ 130Xe) and 76Ge (for 76Ge→ 76Se). For these
experiments, the spectrometer optical axis was typically placed at
−3◦, covering an angular range −8◦ < θlab < +3◦. A different
Faraday cup, located in the high-magnetic-rigidity region aside
the FPD was used in these experiments, as described in Cavallaro
et al. (2020).

RECENT TECHNICAL ACHIEVEMENTS

Several recent accomplishments have been achieved by NUMEN,
while it is moving from the intense experimental and R&D
activity of Phase 2 toward the construction of the new upgraded
elements. The evolution of the different aspects of the project,
by means of laboratory tests on prototypes, simulations and the
development of technical drawings is allowing for the continuous
fine tuning of all the elements under study. In this section some
of the most relevant new results are briefly presented.

Target Characterization
TheNUMEN target systemmust face twomain requirements: the
first is related to the heat dissipation, the second is related to the
energy resolution constraints (Cappuzzello et al., 2018).
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FIGURE 2 | Diagram of the reactions explored by the NUMEN project so far.

The labels inside the arrows indicate the projectile-ejectile systems for each

nuclear reaction channel, while the nuclei indicated in the squares are the

target and residual systems populated by the reaction of the corresponding

arrow.

The necessity of quickly dissipating the heat generated by
the intense ion beam (up to 1013 pps) in the target led to a
composite design of the target system. The isotopic material,
required to build the target for DCE reactions, will be deposited
on a substrate of Highly Oriented Pyrolytic Graphite (HOPG)
(Iazzi et al., 2017; Pinna et al., 2020a). This type of graphite has
a very high in-plane thermal conductivity, making this substrate

TABLE 2 | Target parameters extracted from RBS and APT measurements. See

text.

Sample x̄APT [nm] R (APT) % x̄RBS[nm] 1%

A25 (Ge) 530 6 535 1

B22 (Ge) 405 16 385 5

C11 (Ge) 350 6 535 1

A14 (Te) 430 6 425 1

B10 (Te) 435 11 415 4

C4 (Te) 435 1 420 4

A20 (Sn) 235 44 250 6

B4 (Sn) 230 68 260 12

C7 (Sn) 170 62 160 7

FIGURE 3 | FESEM images of the B22 (∼400 nm natural Germanium

evaporated on 5µm HOPG backing) (left) and B4 (∼250 nm natural Tin

evaporated on 5µm HOPG backing) (right) target samples.

able to quickly transfer the heat from the target center, hit by the
ion beam, to the target extremities in contact with a cooled frame.

The energy resolution requirements of the NUMEN
experiments limit the target thickness. Due to the interaction
of the incident ions and the ejectiles produced by the nuclear
reactions with the target material, energy dispersion and
straggling occur proportionally to the target thickness. For this
reason, the targets, including possible substrates, should be made
as thin and uniform as possible. In addition, as discussed in Lo
Presti et al. (2020) and in Section Radiation level, the amount
of target material impacts on the overall radiation level in the
MAGNEX experimental hall, during beam time operations and
on the remnant activation afterward. Thus, a thinner target
would be helpful also to mitigate this drawback. However,
the reduction of the target thickness directly suppresses the
yield collected in the experiments, which is a relevant issue
especially for suppressed reaction channels such as DCE. A
search for the optimal compromise depends on several aspects
also connected to the chemical and thermodynamical properties
of the involved materials. An extensive investigation of the
problem leads us to target thickness in the range 250–450 nm for
almost all the isotopes of interest and a few micrometers for the
HOPG substrate.

The determination of the thickness of target and substrate
is of crucial importance, as well as the knowledge of their
thickness uniformity: the target system characterization is
thus very important and has been subject of R&D study
(Capirossi et al., 2020). In order to get as much information
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as possible on the target samples and characterize the NUMEN
target system, several analysis techniques have been adopted.
In particular, Rutherford Backscattering Spectroscopy (RBS)
and Alpha Particle Transmission (APT) techniques have been
exploited to measure the thickness and the uniformity of target
layer and substrate.

Both the techniques can provide precise evaluations of the
average thickness of the sample, but only with APT the thickness
uniformity can be quantified. The thickness obtained by APT can
be verified with the RBS, while the quality of the isotopic layer
deposition can be evaluated by studying the sample surface by
Field Emission Scanning Electron Microscopy, which provides
images of the sample surface topography.

The target thickness measurements with RBS and APT are
listed in Table 2, together with the uniformity parameter R,
defined as R =

σnu
x , where σnu is the standard deviation and

x is the average value of the peak in the thickness distribution.
The first column shows the labels of the target system prototypes.
The first three rows are related to natural Germanium targets,
the following three to natural Tellurium and the last three to
natural Tin. The targets with labels beginning with the letter A,
B and C have a HOPG substrate 10 µm, 5 µm and 2 µm thick,
respectively. The fifth column indicates the parameter, calculated
as the ratio 1 = δ

x , where δ is the difference and x is the average
between the thickness measured by APT and RBS.

Table 2 shows that the agreement on the thickness evaluation
between APT and RBS techniques is within 5% for all the Ge
and Te targets. The stronger deviation for Sn targets is explained
by their larger non-uniformity (from 44 to 68%), as confirmed
by the comparison of the FESEM microscopies of B4 (Sn) and
B22 (Ge) samples shown in Figure 3. From these images the
better uniformity of the Germanium deposition in B22 can be
easily appreciated if compared with the topography of the Tin
deposition of B4. This difference is confirmed by the R values
measured by APT, that highlight the good thickness uniformity
of the B22 Germanium deposition.

To evaluate how the target characteristics affect the NUMEN
energy resolution, a Monte Carlo code has been implemented,
which simulates the DCE events and estimates the ejectiles
energy distribution using the experimental measurements as
input (Pinna et al., 2020b).

Uncertainties on the average target thickness will affect the
measured DCE cross section while the non-uniformity will affect
the energy resolution on the DCE reaction products. A typical
thickness uncertainty of 5% can be expected from the thickness
measurement itself, performed with APT or RBS. An additional
systematic uncertainty of typically a few % from the energy
loss model should also be considered. A total uncertainty on
the average thickness of 6–7% can therefore be foreseen, which
will affect directly the measured cross section. However, since
the cross section is proportional to the square of the NME, the
corresponding contribution to theNMEuncertainty will be about
a factor two smaller.

To illustrate the effects of the target non-uniformity on the
energy resolution of the DCE reaction products, we consider
depositions on a 2µm thick HOPG backing and DCE reactions
at 15 MeV/u. With the characteristics of the Ge and Te target

prototypes presented in Table 2, i.e., an average thickness of ≈
400 nm and a non-uniformity R ≈ 10%, the contribution to the
energy resolution due to the target non-uniformity would be
quite small [≈80 keV Full Width at Half Maximum (FWHM)]
leading to an overall FWHM of≈460 keV. Therefore, the present
Ge and Te uniformity appears to be acceptable. Considering a
Sn target with a thickness of ≈200 nm, the contribution to the
resolution due to the measured non-uniformity (R≈ 60%) would
be ≈300 keV, for an overall estimated resolution of ≈ 510 keV.
The latter value is comparable to the excitation energy of the
first excited state of the residual nucleus, thus increasing the Sn
thickness to typical values of 600–700 nm would not be feasible.
Additional investigations are required to improve the uniformity
of the Sn depositions.

More studies are currently ongoing, on one side, to improve
the deposition technique of Sn and, on the other side, to extend
the APT and RBS tests to the other targets of the NUMEN
foreseen experiments.

Enhancement of MAGNEX Magnetic
Elements
A key item for the accomplishment of the NUMEN project is
the upgrade of MAGNEX optical elements to higher magnetic
rigidity to allow the transport of ions at higher energy. In
particular, to match the request of the NUMEN experimental
program, the magnetic field has to be increased of about 20%
from the presently achievable highest values, preserving the
present magnetic field maps, important for the application of ray
reconstruction techniques (Lazzaro et al., 2007, 2008a,b, 2009).
The expected new maximum fields will be 1.380 T (+20%) for
the dipole magnet and 1.139 T (+20%) for the quadrupole one.

The evaluated field in the central region of the medium plane
of the dipole magnet is plotted in Figure 4 as a function of the
excitation current. The first blue dot represents the field at the
maximum current supplied by the present power supply (920A),
while the red dot is the new maximum field of 1.38 T achievable
with a circulating current of 1,160A (+26%) in the existing pair
of coils (120 turn per coils). The higher circulating current means
about 59% more power dissipation with respect to the present.
A significant upgrade of the cooling of the magnets coils is thus
needed. The usual constraint to maintain the coils at maximum
temperature of 70◦C requires the increase of the water inlet
pressure up to 8 bar, preserving the present cooling circuit. In
this way, the water flow is enough to dissipate the higher thermal
power and keep the water temperature rise below the safe value of
20◦. Nonetheless, the higher pressure also means a higher speed
of the water flow, which could reduce the coils life due to the
mechanical abrasion of the copper from the inner surface of the
coil. To mitigate this problem, a dedicated cooling circuit at 8 bar
will be used only when higher current is needed while the existing
circuit at 5 bar is used at lower currents.

An inspection of Figure 4 makes it clear that raising the
excitation current in the dipole coils does not generate a linear
increase of the magnetic field, due to the saturation of parts
of the magnet iron. Finite element calculations of the magnetic
fields generated by the bending magnet show that almost all
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FIGURE 4 | Simulated field in the center of the dipole magnet as function of the excitation current. The red straight line emphasizes the deviation from linearity of the

excitation curve.

FIGURE 5 | Left: detail of the target manipulator end-effector. Inside the scattering chamber (a) the target-holder is connected to the cryo-cooler (b). A gripper (c) with

its fingers (d) is used to disconnect the target-holder, which is rotated by a wrist (e) in horizontal position, then a pneumatic cylinder (f) moves the structure outside the

chamber. During the automatic procedure, the Faraday cup (h) is aligned to the direction of the beam line in front of the slits system (g). Right: detail of the motorized

slits system defining the MAGNEX acceptance at the entrance of the quadrupole magnet. The slits system is positioned upstream of the quadrupole shield (i) and it is

composed by four screens (l) each one equipped with a linear drive (m). The “pepperpot” (n) is included in the lower part of this system.

the corners of the pole and part of the outer return yoke reach
the saturation value of about 2 T. Because of saturation, the
magnetic field over the pole surface is less uniform than at lower
excitation. The existing MAGNEX surface coils will be used
(Cunsolo et al., 2002; Cappuzzello et al., 2016) to compensate
for the quadrupole (surface α-coil) and sextupole (surface β-coil)
effects of the magnetic field at higher fields.

As also discussed in Section The new focal plane detector
chamber, the MAGNEX surface α-coil has a key role for
NUMEN, as it can generate a tunable positive or negative
quadrupole-like field which effectively changes the focusing
properties of the spectrometer, thus guaranteeing the fine
focusing of the ejectiles onto the fixed FPD, according to the
reaction kinematics (Cunsolo et al., 2002). However, due to the
enhancement of the main field, also the surface coils need to be
upgraded by allowing more current to flow through them and

consequently more cooling. A detailed project for surface coils
refurbishing in under way.

Finite elements simulations of the field distribution on
the quadrupole magnet indicate that increasing the excitation
current to 1,500A (+50% with respect to the present maximum
value), so as to achieve the requested gradient of 5.98 T/m
(+20%), a sizable increase of the saturation is found. A further
analysis of the high-order harmonics (n > 2) content in the
field generated by the quadrupole magnet reveals that the main
contribution comes from the n= 6 component, whose integrated
strength is about 0.26% compared to the n = 2 and the trend
is decreasing at increasing currents. Resembling the situation
presented for the dipole magnet, also for the quadrupole an
upgraded cooling system is demanded to remove the extra
heat from the coils. A similar solution will be adopted with a
complementary cooling system working at inlet pressure of 8 bar,
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to maintain the water temperature increase below 20◦C, to be
used only when the experimental conditions require the highest
excitation currents.

Due to the high-power request by the power supplies for the
dipole and quadrupolemagnets, 350 and 540 kW respectively, the
overall electromagnetic noise induced by these elements could
significantly interfere with sensitive electronic devices working
in the MAGNEX hall. In particular, high sensitive charge pre-
amplifiers coupled to the FPD detectors, are affected by high
frequency components (>10 kHz) of the noise. Specific tests
with different kinds of power supplies have been performed to
characterize different sources of high-frequency electromagnetic
induced and conducted noise. Results compliant with NUMEN
specifications were found only with linear power supplies with
series transistor banks. Based on these results, new power
supplies with currents and voltages of 1,250A, 280V and
1,500A, 360V need to be built for the dipole and quadrupole
magnets, respectively.

A New Scattering Chamber
A new scattering chamber matching the physics goal of
the NUMEN experiment is under design according to the
requirements coming from the upgrade of the MAGNEX
spectrometer. As a main condition the chamber must cope with
high intensity beam (1013 pps) still leaving the possibility to work
with lower intensity beams (1011 pps).

To meet this request, two alternative beam lines, positioned
at an angle of 70◦ to each other and pointing to the object
point of the spectrometer, are foreseen. The scattering chamber,
installed on the MAGNEX rotating platform, can be alternatively
connected to each of the beam lines.

Additional rotations of the MAGNEX spectrometer with
respect to the two beam line directions are obtained with two
different mechanical systems according to the angular range
to be explored in the NUMEN experiments. In the case of
high intensity beams, a suitable mechanical bellows guarantees
small rotations around two fixed angles (+3◦ and −3◦) of the
spectrometer optical axis. For low intensity beams, a sliding
seal window allows continuous rotation of the optical axis in
the −5–+25◦ angular range. Both systems guarantee to keep
the high vacuum (10−6 mbar) in the chamber requested by the
experiments. Inside the chamber, the target is supported by a
holder, about 100mm height, made of copper and shaped to
include also slots for the beam monitoring devices. It should be
noticed that the axis of the scattering chamber corresponds to the
MAGNEX supporting platform fulcrum and, whatever chamber
rotation is obtained, the target will be keeping its position,
offering its surface to the normal incidence of the ion beam.

The target holder (Sartirana et al., 2020) is mounted over the
cold finger of a vertical cryo-cooler, which maintains it at low
temperature (∼40K). A specific actuator below the cryo-cooler
guarantees the movement of the target holder and fine alignment
of the target to the beam axis (<200 µm).

Since a not negligible radiation level is foreseen in the
scattering chamber, a significant activation of the target and its
frame is expected, making its automatic handling necessary. A
manipulator has been studied (Sartirana et al., 2020) in order

to be placed outside the chamber at 90◦ with respect the beam
line. The device is provided with a wrist featuring two degrees of
freedom and when in position it clamps the target holder by the
help of a pneumatic gripper and rotates it to disconnect from the
cold finger (Figure 5-left). A bayonet coupling between the target
holder and the cold finger facilitates the automatic procedure.
A temporary storage outside the scattering chamber is used to
collect up to 6 different targets.

The products from beam-target interactions are preferentially
emitted in the forward direction together with the unreacted
beam. A dedicated system, downstream the target, composed of
two pairs of motorized slits, is implemented to further define
the aperture of the spectrometer both in vertical and horizontal
directions by limiting its acceptance within a maximum of±7.5◦

in vertical direction and ±6.5◦ in horizontal one. The slits
are made of 2mm thick tantalum, each one controlled by a
dedicated linear driver. The right panel of Figure 5 shows the
3D CAD drawing of the motorized slit system. In addition,
immediately upstream of the slit system, a “pepperpot” screen
can be inserted by a dedicated linear driver along the beam for
trajectory calibration purposes. It is made of tantalum and it
features a matrix of holes 13 x 5, each of 1 mm diameter.

A Faraday cup (Figure 5-Left) has to be installed in the
chamber for beam diagnostics purposes and to measure the
integrated charge of the ion beam in the low intensity
configuration. The system is inserted by the top of the scattering
chamber and it is rotated in the measurement position (i.e., 0◦)
only if needed, otherwise it is kept at one side.

To keep the vacuum inside the chamber, the described
components require static or dynamic sealing, with the further
condition to guarantee an adequate radiation tolerance. This
is obtained by applying rings of copper, elastomer or specific
solutions as Helicoflex seals.

The New Focal Plane Detector Chamber
A challenging mechanical component for NUMEN is the new
vacuum chamber containing the new FPD. A 3D model of these
elements is shown in Figure 6. The chamber is coupled to the
dipole magnet chamber by a large rectangular gate valve (800
× 230mm internal clearance) to separate the magnets and focal
plane volumes when different residual pressures are needed.
This component also ensures the interchangeability of the new
chamber with the existing one in MAGNEX.

Resembling the present chamber of the MAGNEX FPD
(Torresi et al., 2021), the height of the new one will be kept larger
than 230mm to avoid interference with ion trajectories. On the
other hand, the new chamber will have a larger width to allow
both the 18O and 20Ne unreacted ion beams to be transported out
of the spectrometer toward the beam dump lines, located besides
the FPD. To guarantee the transmission of heavy ions toward the
FPD and of the beam toward the beam dump lines a residual
pressure in the range 10−5-10−6 mbar has to be preserved.

The vacuum chamber houses the FPD that is filled with
isobutane, featuring an absolute pressure of few tens of mbar.
Specific internal walls separate the gas-filled region of the FPD
from the chamber lateral regions under vacuum where the
unreacted ion beams are directed toward the beam dump lines. A
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FIGURE 6 | The new design of the MAGNEX FPD. The gate valve at the dipole

exit (a) is connected to the new FPD chamber (b). This structure connects

alternatively with 20Ne and 18O beam dump lines [(c,d), respectively]; here the
20Ne beam dump line configuration (c) is shown. On the top of the chamber

three different flanges are present: one for the FPD Mylar window maintenance

(e), the second for the tracker and its electronics (f), the last one for the PID

wall (g). The boxes on the top of these flanges contain the preamplifier circuits

(h).

FIGURE 7 | Rendering of the full-size tracker cage that will be installed in FPD

chamber.

very thin (few µm) Mylar window contains the isobutane within
the FPD minimizing the material along the paths of the ions
entering in the FPD. The FPD entrance window is tilted with an
angle of 59◦ from the rectangular gate valve.

The window will be 150mm high, and 920mm large, thus
slightly shorter than for the present detector (200 × 920mm)
(Torresi et al., 2021), reducing the overall ejectile transmission
efficiency by about 10%. This guarantees compliance with the
new FPD geometry (see Section The FPD gas tracker), and with
the constraint from the beam transport outside the FPD chamber.

Contrary to the present FPD, the new one is not designed
to move along the optical axis due to the mechanical limitation
imposed by the first magnetic elements of the two beam
dump lines. This prevents the possible fine focusing of the
reaction products, by moving the FPD along the optical axis
direction depending on the specific reaction kinematics (Cunsolo
et al., 2002). Instead, as discussed in Section Enhancement of

MAGNEX magnetic elements, the fine focusing of the reaction
products is performed using the MAGNEX dipole surface α-coil
(Cunsolo et al., 2002).

The new gas tracker and PID system, which constitute the
active elements of the FPD (see Sections The FPD gas tracker
and The particle identification system) are suspended to metal
flanges sealed on the vacuum chamber top. Short coaxial cables
are routed toward the detectors inside the FPD through SAMTEC
multipin connectors, soldered on PCB boards present on each
flange. This allows for independent and fast extraction and
insertion of both systems from the chamber in case of need. Pre-
amplifiers (CAENMOD. 1429) are positioned on the top of these
supporting flanges, outside the vacuum region. Long coaxial
cables connect the front-end electronics to the read-out based on
CAENVX2740 multichannel digitizers (Finocchiaro et al., 2020).
For the maintenance, each flange with pre-amplifiers circuits and
suspended detectors will be hooked and lifted by a dedicated
lifting system, positioned on board of the MAGNEX platform,
in order to be placed on a stand near the spectrometer. The same
lifting systemwill work on a third flange on the top of the vacuum
chamber that allows the installation of the mylar window.

The FPD Gas Tracker
The aim of the FPD-gas tracker is to provide a precise and
accurate three-dimensional tracking of the particles crossing the
focal plane. Two characteristics for the gas tracker are required
by the NUMEN project.

The first is a high resolution measurement of the phase space
parameters of the ion tracks at the focal plane: Xfoc, Yfoc, θfoc,
φfoc, where Xfoc is the horizontal coordinate (dispersive direction
in the focal plane), θfoc the horizontal angle, Yfoc the vertical
coordinate and φfoc the vertical angle. The required resolution is
lower than 0.6mm that for Xfoc and Yfoc and lower than 5 mr
for θfoc and φfoc. This requirement is of fundamental importance
because the precise and accurate particle ray reconstruction is
mandatory for the determination of the momentum vector at
the target position that, in turn, translates in scattering angle and
particle energy.

The second requirement is to withstand the expected high rate
of impinging particles. The particle rate density along the 92 cm
horizontal aperture of the FPD at full intensity is foreseen to be
about 50 kHz/cm. The tracker should be able to cope with such
a high rate managing to disentangle the track of each detected
particle and maintain the required resolutions on the phase space
parameters. For that reason, particular care has been devoted
to the choice of the multiplication stage. Among all the Micro-
Pattern Gas Detector types (MPGD), the multiple THick Gas
Electron Multipliers (THGEM) have been chosen because, based
on PCB technology, they are mechanically robust, easy to build
and to handle, and economical. Moreover, the choice of multiple
THGEM in place of a single one is motivated by the higher gain
achievable at fixed operational voltage, which allows to reduce the
voltage thus ensuring a better stability and longer average life.

The working principles of the adopted solution and first
results from a reduced size prototype of the tracker can be found
in Finocchiaro et al. (2020). As the focus of the present article
is on recent advancements, two aspects need to be specifically
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considered. First, a new full-scale project of the tracker assembly,
based on the prototype adopted solutions, is now available, as
shown in Figure 7.

The volume of the new detector, filled with gas (e.g., isobutane
at a typical pressure of few tens of mbar), will be 1,200 × 185
× 118 mm3. When an ionizing particle crosses the volume it
generates a track of primary electrons and positive ions. Under
the effect of a uniform electric field, the electrons drift, at constant
velocity, toward the multiplication stage that is based on multiple
THGEM (Sauli, 2016; Cortesi et al., 2017) that can easily cope
with the expected rate of particles. The strong electric field inside
the THGEM induces charge multiplication, generating electron
jets, which are directed toward the anode.

Second, a new anode, segmented in small pads with size of
5 × 10 mm2 was designed and is presently under construction.
Compared to the previous anode the new one allows for an easier
track reconstruction, especially at high rate, where ambiguities to
the assignment of the detector signals to a specific event could
be an important issue. Figure 8 shows a sketch of one of the
four modules which will be mounted side-by side in the new
anode. The pads are arranged in five rows each one made of
more than 200 units. Neighboring rows of pads are spaced by
10mm. In this way the ion track is sampled in five positions
inside the tracker. Knowing which pads are hit by the electrons
and the total collected charge it is possible to extract the two-
dimensional projection of the track on the horizontal plane X-Z
with a submillimeter precision. The vertical coordinate Yfoc is
determined by the measurement of the electron drift times. This
corresponds to the interval between the signal-over-threshold
time generated by the ion on a SiC detector (see Section The
particle identification system) and the signal-over-threshold time
generated by secondary electrons on the anodic pads. In this
way a full three-dimensional track is obtained on an event-by-
event basis.

The Particle Identification System
The ejectiles to be identified in the NUMEN experiments are
typically in the mass region 10 < A < 25 and atomic number
4 < Z < 12. Due to the interaction with the target (Cavallaro
et al., 2019), ions characterized by different charge states (q) are
distributed at the focal plane for each isotope species, making
the ion identification more challenging. The adopted technique
for particle identification (PID) with MAGNEX, described in
Cappuzzello et al. (2010), Calabrese et al. (2018), guarantees a
clear selection of the ions of interest in the whole range ofA and Z
produced in the collision, provided that precise measurements of
the energy loss (1E), the residual energy (Er) and the horizontal
position at the focus (Xfoc) are available.

In the new MAGNEX FPD, the gas tracker will provide
accurate measurement of the Xfoc parameter, while1E and Er are
obtained from a dedicated array of two-stage telescopes of Silicon
Carbide (SiC) (Tudisco et al., 2018) and Tallium doped Cesium
Iodide CsI(Tl) detectors. The active area of each element is 1.5×
1.5 cm, with 0.2mm dead space between adjacent cells. The SiC
detector is 100µm thick andmeasures1E. The CsI(Tl) inorganic
scintillator is 5mm thick and is coupled to a Hamamatsu S3590
photodiode of 1× 1 cm area to measure Er .

FIGURE 8 | CAD drawing of one module of the new anode of the MAGNEX

FPD for NUMEN.

FIGURE 9 | Top: mechanical arrangement of the PID detector telescopes. The

telescopes are arranged into towers, each one consisting of 20 units. Bottom:

mechanical arrangement of the PID towers. The full focal plane is covered by

36 towers rotated by 35◦ around the vertical axis (see text).

The capabilities of the system in terms of radiation hardness
and mass resolution are discussed in Finocchiaro et al. (2020).
A new mechanical arrangement of the telescopes is presented
here, as a result of optimization of the detection efficiency and
the mechanical integration. Indeed, in the configuration shown
in Finocchiaro et al. (2020), the central region of the vertical
coordinate (Yfoc∼0) was not covered as it corresponded to the
dead region between two vertical modules. This would have
determined a relevant efficiency loss, since close to theMAGNEX
symmetry plane (Yfoc ∼ 0) the ion rate is maximum (see for e.g.,
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Cappuzzello et al., 2014; Carbone, 2015). For this reason, in the
new geometry, shown in Figure 9, the telescopes are arranged in
towers (10 rows and 2 columns each) in order to avoid efficiency
losses for Yfoc ∼ 0. From the mechanical point of view, with this
new configuration the towers can be preciselymounted and easily
attached on the top flange of the FPD chamber (see Section The
new focal plane detector chamber) by means of a mechanical
stand, making also the mounting and maintenance procedures
more comfortable. A PCB board houses the pin diodes on top of
which CsI(Tl) crystals are glued. A copper grid is placed on the
top of the crystals over which the SiC detectors can be glued. The
signals are collected and sent to the front-end electronics (Caen
V1429 64-channel pre-amplifiers) bymeans of a connector on the
top of each tower (see Figure 9-top). The readout is performed
using 64-channel digitizers (Caen VX2740), as described in Ref.
(Finocchiaro et al., 2020). Since the MAGNEX FPD is rotated
around the vertical axis by 59◦ with respect to the plane normal
to the optical (Cunsolo et al., 2002), the towers are also rotated
of about 35◦ around the vertical axis, in order to minimize the
differences in the path length inside the detectors. GEANT4
simulations show that such an arrangement moreover avoids that
unwanted neutron and γ-ray fluxes, produced by the interaction
of the ejectiles with one SiC-CsI(Tl) telescope, could interfere
with the telescope beyond. With the present geometry the full
length of the FPD will be covered by 36 PID towers, placed
downstream of the tracker, for a total of 720 telescopes.

The G-NUMEN Gamma Spectrometer Array
The typical energy resolution for a NUMEN experiment is
around 500 keV (FWHM) at 15 MeV/u beam energies, which
is sufficient for the separation of the low-lying excited states
and ground state of the fragments of the DCE reaction in some
near-spherical target mass regions. However, this is not the case
for deformed nuclei, for which the low-lying states appear well-
below 500 keV, and for all cases at high beam energies (around
30 MeV/u or above) since there is a significant contribution
from the accelerated beam energy resolution itself (0.1%) and
from the MAGNEX optics (0.1%). To allow for the separate
determination of the cross sections of the ground-state and first
excited states of both the projectile (PLF) and the target (TLF)
fragments of the DCE nuclear reaction, an array of gamma-ray
detectors will be used (Oliveira et al., 2018). The gamma rays
will be detected in coincidence with the PLF, identified at the
MAGNEX focal plane. With an energy resolution at least one
order of magnitude better than the best ones achievable with
MAGNEX under NUMEN experiment conditions, it should be
possible to separate the close-to-ground state transitions and
therefore measure their cross sections.

This gamma array must fulfill a series of requirements, besides
guaranteeing sufficient energy resolution. It should have a high
photo-peak detection efficiency, due to the minute DCE cross
sections expected, the detectors should be tolerant to a high
radiation field of gamma rays and neutrons, due to the interaction
of high intensity beam with the target and tolerate high counting
rates. The timing resolution should also be high enough to clearly
separate events from subsequent accelerated beam bunches. In
order to meet those requirements, an inorganic scintillator array

FIGURE 10 | The G-NUMEN gamma spectrometer disposed around the

MAGNEX scattering chamber.

FIGURE 11 | Simulation of the G-NUMEN γ-ray spectra for transitions to

low-lying states of a typical DCE experiment.

with large angular coverage (as high as possible, given the
limitations imposed by the peripheral equipment around the
scattering chamber) and high granularity, to control pulse pile
up, was envisaged. The LaBr3(Ce) scintillator was chosen among
inorganic scintillators due to its high radiation tolerance and fast
timing response, high photopeak intrinsic efficiency and excellent
energy resolution. The scintillator crystals will be coupled to
standard photomultiplier tubes due to the fast response and
good radiation tolerance of these devices. Figure 10 presents a
CAD sketch of the gamma detector array, mounted around the
scattering chamber.

The dimensions of the crystals will be 38mm diameter and
50mm length, and their faces will be at about 245mm distance
from the target. The detectors will be disposed in rings between
43 and 149 degrees to the beam direction, covering a total solid
angle of 20% of the unit sphere. The expected total photopeak
efficiency of the array will be near 4%, and the energy resolution
around 3%, at 1.3 MeV gamma-ray energy. The expected timing
resolution should be under 1 ns. This is important to separate
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the PLF-gamma coincident events from the huge background of
gamma rays from all other nuclear reactions with the beam and
target combination of the experiment.

Extensive GEANT4 simulations (Agostinelli et al., 2003;
Folger et al., 2004; Allison et al., 2006, 2016; Oliveira et al., 2020),
based on the BIC (binary intra-nuclear cascade) model of the
reaction were performed in order to evaluate this background.
The results indicate that cross sections as low as 1 nb, can be
measured with uncertainties of the order of 10%, using a beam
intensity of the order of 1012 beam particles per second on typical
targets with tenths of mg/cm² surface density in month-long
experiments. Typical gamma count rates of 300 kHz are expected
for each detector. The beam intensity is limited to that order
of magnitude by pile-up effects and simultaneous occurrence of
more than one nuclear reaction within the same beam pulse,
which makes the gamma event time virtually undistinguishable.

Figure 11 presents the simulated gamma-ray spectra for the
reaction case of 116Cd(20Ne,20O) at 300 MeV. It illustrates
the presence of background under the transitions from the
first excited states of the target-like fragment (TLF) and the
projectile-like fragment (PLF—with Doppler correction which
is quite significant for this case), at the high beam current
conditions. This background is comparatively negligible at low
beam currents. The data acquisition will be performed with
CAEN digitizers (VX2740). The possibility to do on-line particle-
gamma coincidences with these modules is being explored
in view of possible mitigation of data storage space issues
during experiments.

Radiation Level
The knowledge of the radiation level expected inside the
MAGNEX experimental hall is of paramount importance
since high rates of neutron and gamma-rays could spoil the
performance of the electronic devices and of the detectors used
in the MAGNEX FPD. Dedicated Monte Carlo simulations
for the radiation background at the MAGNEX facility have
been performed using the FLUKA code (Ferrari et al., 2005;
Vlachoudis, 2009; Bohlen et al., 2014). A schematic geometry of
the experimental room was implemented in the simulations as
shown in Figure 12. In the present study, three main radiation
sources were considered, namely:

• The interaction of the beam particles with the target material
• The interaction of beam particles with the beam stopper inside

the beam dump
• A hypothetical 10W power loss in the beam intensity along

the beam line. This is a conservative assumption (0.5% of
the maximum beam power) to describe the possible source of
radiation represented by the interaction of beam halos with the
vacuum pipes of the magnetic elements located at the exit of
the FPD (see Section The new focal plane detector chamber).

The simulation was performed following the prescription of Ref.
(Lo Presti et al., 2020). In more details, a 20Ne10+ beam at the
energy of 60 MeV/u with an intensity of 2 kW (∼ 1 × 1013 pps)
was directed onto a 214 µg/cm2 thick 76Ge target followed by
a 2µm thick 12C layer. The simulated neutron flux, measured
at the FPD (see Figure 12), is presented in Figure 13 with the

FIGURE 12 | Estimated neutron flux inside the MAGNEX experimental hall via

FLUKA simulations. The result is obtained considering three radiation sources

namely the beam-target interaction, the beam dump and a 10W loss of the

beam power close to the MAGNEX FPD. The detector used in the simulation is

indicated by a filled black circle, while the position where the 10W loss occurs

is indicated with the blue cross (see text for details).

FIGURE 13 | Simulated neutron energy spectra at the MAGNEX FPD region.

The contributions from the beam-target interaction, the beam dump and the

10W loss along the beam line are denoted by the dotted green,

dotted-dashed blue and dashed red lines, respectively. The sum of the three

contributions is presented with the solid black line.

dashed green-line. Further on, a loss of 10W along the beam line
toward the beam dump was also considered in our simulations.
This loss is assumed to occur at the position where the second
steerer magnet will be installed (indicated with a blue cross in
Figure 12). In this case, a substantial increase in the radiation
level in the vicinity of the FPD is found. In the last part of our
simulations, the 20Ne beam was directed into the beam dump,
stopped in a thick Ag target. The beam dump is confined into a (5
× 5 × 3) m3 Portland concrete cube, providing thus an effective
shield against neutron and gamma radiation.

Considering the contribution of the radiation sources
mentioned above, the distribution of the simulated neutron flux
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inside the experimental hall is given in Figure 12, while the
corresponding energy spectra are shown in Figure 13. The total
integrated neutron flux is 7.2∗104 n∗s−1∗cm−2, dominated by
fast neutrons above 100 keV.

Both Figures 12, 13 show that the main contribution to
the neutron flux in the FPD region comes from the possible
scattering of the beam into the beam pipe close to the FPD.
Therefore, a detailed study of the beam transport is in progress
in order to quantify the beam losses in such area and reduce
them to tolerable values. Moreover, a substantial reduction of
the neutron flux is expected by the introduction of proper
shields to the detectors and electronics, which are also presently
under study.

CONCLUSION AND PERSPECTIVES

Pioneering experimental campaigns, using the (18O,18Ne) and
(20Ne,20O) DCE reactions on a few isotope candidates for 0νββ-
decay, have been recently performed at INFN-LNS Laboratory
by the NUMEN collaboration. The data analysis is ongoing, with
preliminary results showing that accurate DCE cross sections
measurements can be extracted at very forward angles for the
ground-to-ground state transitions. In the experiments a wide
net of direct reactions, generated by the beam-target interaction
was also explored, providing additional information useful to
characterize the complicated many-body nature of the involved
nuclei as well as the reaction mechanisms.

The measurement of DCE absolute cross sections and the
extraction of relevant NMEs is the main objective of the NUMEN
project. An ambitious goal of NUMEN is to investigate the
link between NMEs extracted from DCE reactions and those
characterizing 0νββ decay. In this perspective, NUMEN is
proposing an original experimental and theoretical approach to
0νββ decay NMEs that could contribute to the extraction of
the absolute value of neutrino average mass from the expected
observation of this rare decay.

The systematic exploration of all 0νββ decay candidate
isotopes is highly desirable for neutrino physics and NUMEN is
fully committed to pursue this ambitious goal. However, despite
the first promising results achieved to date, much remains to be
done toward the determination of NME for 0νββ decay, with the
necessary accuracy to foster the neutrino physics.

As described in this paper, the project promotes a
major and widely distributed upgrade of the INFN–LNS
research facility in view of a significant increase of the beam
intensity. As a consequence, several aspects of the technology
involved in heavy ion collision experiments demand for
challenging R&D.

The acceleration of heavy ion beams required by the NUMEN
experiments in the regime of kW power and at energies
from 15 to 70 MeV/u leads to substantial changes in the
adopted technologies to extract the beam from the INFN-
LNS Superconducting Cyclotron. The transport of such beams

poses important radioprotection issues which requires a careful
evaluation of radiation levels also involving the effects on
detectors, electronics and various equipment. A critical aspect
is the design of isotopically-enriched, thin and uniform targets
for DCE experiments, considering the deterioration due to
the dissipation of the enormous amount of heat deposited by
the ion beam. The copious production of reaction products
emerging from the target makes the present detectors of the
MAGNEX spectrometer unfit for this application. A dedicated
study of new classes of detectors, coping with the expected high
rate and high fluency, still preserving the high resolution and
sensitivity of the present ones is mandatory. This includes the
search of new materials, the study of new electronics and DAQ
systems, matching the rather stringent experimental requests and
a complex mechanical integration of all parts, accounting for the
limitation on human activities in the experimental hall due to
radioprotection issues. Such R&D activity is a fundamental aspect
of the NUMENproject, already supported by INFN tomove to its
construction phase.

In perspective, NUMEN aims at giving an innovative
contribution in one of the most promising fields of
fundamental physics. It indicates also a new avenue
for heavy ion physics in synergy with neutrino physics
with possible fallout in other research fields as well as in
technological developments.
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The 40Ca(18O,18F)40K single charge exchange (SCE) reaction is explored at an

incident energy of 275 MeV and analyzed consistently by collecting the elastic

scattering and inelastic scattering data under the same experimental conditions. Full

quantum-mechanical SCE calculations of the direct mechanism are performed by

includingmicroscopic nuclear structure inputs and adopting either a bare optical potential

or a coupled channel equivalent polarization potential (CCEP) constrained by the elastic

and inelastic data. The direct SCE mechanism describes the magnitude and shape

of the angular distributions rather well, thus suggesting the suppression of sequential

multi-nucleon transfer processes.
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INTRODUCTION

Single charge exchange (SCE) reactions are considered to be
the best probe to explore the isospin and spin–isospin nuclear
response to the strong interaction. Light-ion-induced SCE
reactions have been widely investigated (Taddeucci et al., 1987;
Osterfeld, 1992; Alford and Spicer, 1998) especially thanks to the
high energy resolution (30 keV) achieved in (3He,t) experiments
(Fujita et al., 1997, 2007; Douma et al., 2020) which have allowed
to study the details of the populated energy spectra, including
their relationships with beta decay transition strengths (Fujita
et al., 2011; Frekers et al., 2013; Diel et al., 2019). The use of
light-ion-induced SCE reactions for the spectroscopic studies of
Fermi (Jπ = 0+; L = 0, T = 1, S = 0) and Gamow–Teller (Jπ

= 1+; L= 0, T = 1, S= 1) excitations is well-established. Recent
studies have also shown a sensitivity of (3He,t) reactions to higher
multipoles, such as the spin dipole (Jπ = 2−; L = 1, T = 1, S =
1) (Ejiri et al., 2014; Akimune et al., 2020). The isospin response
at high multipolarity has attracted interest in the last few years in
view of its possible connection to neutrinoless double beta decay
(0νββ) nuclear matrix elements (NMEs), where indeed higher
multipoles are expected to play a relevant role in an intermediate
virtual state (Ejiri et al., 2019). Ordinary muon capture (OMC)
techniques, despite the moderate energy resolution of the order
of few MeV, have been recently developed to explore nuclear
high multipoles stimulated by isospin weak interaction operators
(Ejiri, 2005; Jokiniemi et al., 2019).

In this perspective, heavy-ion-induced SCE reactions are
particularly interesting because of their enhanced probability
to populate high-spin states, due to the large momentum
transferred from the heavy projectile to the target even at forward
scattering angles. Hence, heavy-ion SCE reactions are expected
to provide a relevant contribution to our understanding of the
matrix elements of nuclear multipole transitions (Lenske et al.,
2018, 2019). In this case, the achievable energy resolution is
a few hundred keV, mainly limited by energy straggling due
to the projectile–target interaction, which is often enough to
allow the separation of low-lying states in the inclusive spectra.
Different heavy-ion probes have been proposed in the years,
mainly induced by 6,7Li, 12,13C, 48Ti beams at energies above
the Coulomb barrier (Lenske et al., 2019). The main findings
concern the competition between direct meson exchange and
sequential nucleonic transfer mechanisms depending on the
specific dynamical conditions. When the direct mechanism is
dominant, a proportionality of SCE cross sections with beta decay
strengths is found and a general trend to favor the population
of unnatural parity transitions is observed (Cappuzzello et al.,
2004a). Not much is known about the (18O,18F) SCE reaction,
which is discussed in the present paper. Such a probe has been
studied on the 28Si and 36S targets from 3 to 19.6A MeV (Kim
et al., 1979; Horen et al., 1986; Fifield et al., 1993). In all cases,
a significant role of the direct mechanism has been deduced,
especially at the highest beam energies, but uncertainties in the
adopted models for the nuclear structure and reaction inputs did
not allow to draw any firm conclusion.

The study of such SCE reactions is of crucial importance
in the NUMEN and NURE projects (Cappuzzello et al., 2015a,
2018; Cavallaro et al., 2017) at the INFN-LNS laboratory, which
aims at investigating double-charge exchange (DCE) reactions
(18O,18Ne) and (20Ne,20O) to an unprecedented level of accuracy,
both from the experiment and theory side, in view of their
connections with 0νββ decay. The key aspects of this research
program are the similarities between the two classes of processes,
DCE and 0νββ, both characterized by the exchange of two units
of isospin between the initial state and the final state, although
mediated by the strong interaction and the weak interaction,
respectively (Cappuzzello and Cavallaro, 2020).

A theory for heavy-ion SCE and DCE reactions, describing
the two kinds of reaction in a unified manner, was missing up
to few years ago and is presently under development within
the NUMEN activities (Lenske et al., 2018, 2019; Santopinto
et al., 2018; Bellone et al., 2020; Carbone et al., 2020; Ferreira
et al., 2021; Burrello et al., in preparation). The competition
between the direct mechanisms, mediated by the exchange of
one (SCE) or two (DCE) charged mesons between the projectile
and target and probing the isospin structure of the ions, and the
sequential transfer of protons and neutrons, probing the mean
field structure of the involved nuclei, is one of the topics of
this research. In particular, Bellone et al. (2020) demonstrated
that the (18O,18F) cross section is fundamental to constrain the
DCE sequential meson exchangemechanism along the 18O→18F
→ 18Ne transition. Moreover, the experimental measurement
and analysis of the elastic scattering and inelastic scattering
cross sections for the same projectile–target system is crucial to
constrain the SCE and DCE calculations. Indeed, the projectile–
target nucleus-nucleus potential needs to be accurately modeled
both in the entrance [initial state interaction (ISI)] and exit [final
state interaction (FSI)] channels (Spatafora et al., 2019; Carbone
et al., 2021; La Fauci et al., submitted).

A case of interest for a description of charge exchange
cross sections is the 40Ca(18O,18F)40K reaction at an incident
energy of 275 MeV for which the theoretical formalism and the
details of a microscopic quantum-mechanical calculation were
reported by Lenske et al. (2018). Such an approach includes
a nuclear structure part modeled by quasi-particle random
phase approximation- (QRPA-) based transition densities, and
a reaction part via distorted wave Born approximation (DWBA)
cross section calculations. Here, we provide for the first time the
experimental cross section angular distribution data and discuss
their comparison with the theoretical calculations. Contextually,
the elastic and inelastic scattering of 18O beam on 40Ca target
at the same bombarding energy were measured in a wide
momentum transfer range and studied to extract the optical
potential to be used in the SCE calculations. The importance
of experimental constraints coming from the elastic scattering
data to the determination of the ion–ion interaction was already
stressed by Lenske et al. (2018). However, such information was
missing in that work and is available here for the first time.
The effect of the couplings with inelastic excitations is also
explored here.
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EXPERIMENT AND DATA REDUCTION

The 40Ca(18O,18F)40K charge exchange reaction was measured
at INFN-Laboratori Nazionali del Sud in Catania (Italy). A
beam of 18O4+ ions, extracted by the K800 Superconducting
Cyclotron accelerator, bombarded a 280 ± 14 µg/cm2 natural
calcium (96.9% 40Ca) target at an incident energy of 275 MeV.
The calcium material for the target was evaporated on a carbon
backing of 25 µg/cm2 thick, and a further carbon layer of 15
µg/cm2 was evaporated on the top of the calcium layer to
reduce oxidation processes. The 18O + 40Ca elastic scattering
and inelastic scattering were measured in a dedicated run using
a 250 ± 12 µg/cm2 thick calcium target evaporated on 47
µg/cm2 carbon backing. A Faraday cup located inside a scattering
chamber and 15 cm downstream of the target was used to collect
the beam charge. An electron suppressor polarized at −200V
and a low-noise charge integrator allowed a charge collection
accuracy better than 10%. The ejectiles produced in the collisions
were selected by the MAGNEX large acceptance spectrometer
(Cappuzzello et al., 2016) and identified by its focal plane detector
(Cavallaro et al., 2012; Torresi et al., 2021). For the charge
exchange measurement, the optical axis of the spectrometer was
located at θopt =+7◦ with respect to the beam direction. Thanks
to the MAGNEX angular acceptance, an angular range of 3◦ <

θlab < 9◦ in the laboratory reference frame was explored in a
single angular setting. For the measurement of elastic scattering
and inelastic scattering, the optical axis of MAGNEX was set
at θopt = +8◦, +14◦, and +18◦ in three different acquisition
runs, exploring an overall angular range of 3◦ < θlab < 19◦.
The procedure to reduce the collected data and extract the
energy spectra and the cross section angular distributions for

FIGURE 1 | Excitation energy spectrum of 40Ca obtained in the 18O + 40Ca

elastic scattering and inelastic scattering at an incident energy of 275 MeV and

8.2◦ < θlab < 9.0◦.

the measured transitions is described in detail by Cappuzzello
et al. (2010), Cappuzzello et al. (2011), Cappuzzello et al. (2014),
Calabrese et al. (2020), Cavallaro et al. (2011), and Carbone
(2015).

In Figure 1, an example of a measured spectrum is shown as
a function of excitation energy Ex = Q0 − Q (where Q is the
reaction Q-value, Q0 = 0 for elastic scattering) for the 18O+40Ca
scattering in the angular region 8.2◦ < θlab < 9.0◦. The peaks
related to the transition to the 0+ 40Ca ground state and to

FIGURE 2 | (A) Cross section angular distribution of the 18O + 40Ca elastic

scattering at 275 MeV in terms of its ratio to the Rutherford cross section

σRuth. (B) Angular distribution of the inelastic channel
40Ca(18O,18O1.982)

40Cag.s. In both plots, the blue dotted line shows the optical

model (OM; for elastic) and distorted wave Born approximation (DWBA; for

inelastic) calculations with São Paulo potential (SPP), the orange dashed line

shows the coupled channel (CC) calculations with SPP and NW = 0.6, the

green dashed line shows the CC calculations with SPP and NW = 0.78, and

the red solid line shows the OM and DWBA calculations with coupled channel

equivalent polarization potential (CCEP).
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FIGURE 3 | Excitation energy spectrum of the 40Ca(18O, 18F)40K charge

exchange reaction at 275 MeV and 3◦ < θlab < 5◦. The three hatched areas

indicate the regions of interest for the study of the angular distributions.

the first 2+ 18O excited state at Ex = 1.982 MeV are clearly
visible. The structures above Ex = 3 MeV are due to unresolved
excitations of both ejectile and residual nuclei. The contributions
arising due to the carbon and oxygen impurities in the target are
expected at Ex > 6 and Ex > 4 MeV, respectively, so not present
in the range of the explored transitions. An energy resolution of
about 500 keV (full width at half maximum) is measured.

The cross section angular distribution for the 18O + 40Ca
elastic scattering, expressed in terms of its ratio to the Rutherford
cross section, is shown in Figure 2A. The corresponding scale
of transferred linear momentum q is also given. The angular
distribution for the inelastic scattering to the first excited state
of 18O at 1.982 MeV is shown in Figure 2B.

The 40K excitation energy spectrum Ex = Q0 − Q (where Q
is the reaction Q-value and Q0 the ground state to ground state
Q-value) extracted from the 40Ca(18O,18F)40K SCEmeasurement
in the angular region of 3◦ < θlab < 5◦ is shown in Figure 3. Both
counts and energy differential cross section dσ /dE in the absolute
value (mb/MeV) are indicated in two scales. Some structures are
observed in the low excitation energy region; however, the limited
resolution and the high-level density do not allow to isolate
single transitions. The groups of levels belonging to the three
energy regions indicated in Figure 3 as well as the corresponding
integrated cross sections in the angular interval of 4.8◦ < θCM <

11.3◦ are listed in Table 1.
The angular distributions for the SCE cross section extracted

in the three regions of interest of the 18F+40K excitation energy
sketched in Figure 3 are shown in Figure 4. In particular, the
ground state region (including the unresolved transitions to the
ground state and the first excited state of 40K at 0.029 MeV),
the region at energies of 0.5 MeV < Ex < 1.2 MeV and the
region at energies of 1.7 MeV < Ex < 2.6 MeV are explored.
For the extraction of the cross section in the ground state

region, a Gaussian fitting procedure was performed for each
angular bin.

The error bars reported in the experimental data in Figures 2,
4 include the statistical contribution and the uncertainties
coming from the determination of the solid angle intervals. An
overall uncertainty of about 10%, due to the determination of
charge collection and target thickness, is not shown in Figures 2,
4 as it is common to all data points in the angular distributions.

ANALYSIS OF THE ELASTIC AND
INELASTIC SCATTERING AND
DETERMINATION OF THE OPTICAL
POTENTIAL

The measured angular distributions of the elastic and inelastic
experimental cross section are compared with the quantum-
mechanical optical model (OM), DWBA, and coupled channel
(CC) calculations, using the FRESCO code (Thompson, 1988).
The double-folding São Paulo potential (VSPP) (Chamon et al.,
2002) is adopted as the real part of a complex optical potential
U(r) = VSPP(r) + i NW VSPP(r). The imaginary part is assumed
with the same shape of the real one scaled by a factor NW =

0.78, as typically done, for example, in Alvarez et al. (2003),
Spatafora et al. (2019), and Oliveira et al. (2013). For the CC
calculations, the results obtained by using a smaller scaling factor,
NW = 0.6 (Pereira et al., 2009), are also shown and commented
in the following. In the double-folding procedure, two-parameter
Fermi distributions are adopted to describe the projectile and
target matter densities, with radius and diffuseness obtained
from systematic analyses (Chamon et al., 2002). In particular,
the diffuseness of the matter density of the projectile is set to
ap = 0.61 fm, which is increased by 10% with respect to SPP
systematics (ap = 0.56 fm), as commonly done for 18O projectile
(Crema et al., 2011; Cavallaro et al., 2013; Cappuzzello et al.,
2015b; Ermamatov et al., 2016, 2017; Carbone et al., 2017; Paes
et al., 2017; Cardozo et al., 2018; Linares et al., 2018; Fonseca et al.,
2019).

The couplings introduced in the DWBA and CC calculations
account for the collective low-lying quadrupole and octupole
transitions. Namely, we consider the first 18O(2+) excited state
at Ex = 1.982 MeV, and the first 40Ca(3−) and 40Ca(2+) excited
states, at 3.737 MeV and 3.904 MeV, respectively. The adopted
coupling scheme is sketched in Figure 5.

Both DWBA and CC calculations are performed within a
rotational model. Calculations within a vibrational model do
not give relevant differences in the results. Reduced transition
probabilities B(E2; 0+ → 2+) = 0.0043 e2b2 for 18O, B(E3 0+

→ 3−) = 0.0184 e2b3 and B(E2; 0+ → 2+) = 0.00924 e2b2

for 40Ca are taken from Pritychenko et al. (2016), Pritychenko
et al. (2017), and Kibedi and Spear (2002) and used to describe
the strength of Coulomb deformation of both the projectile and
target (Satchler, 1983; Khoa and Satchler, 2000).

Nuclear deformations (for the multipolarity λ) are described
in terms of a first-order derivative of the potential U(r), which is
used to describe the corresponding elastic channel:
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TABLE 1 | Transitions expected for the three regions of interest of the 40Ca(18O,18F)40K energy spectrum as indicated in Figure 3.

Excitation energy region

(MeV)

Final channel Calculated cross

section (µb)

Sum of calculated cross

section (µb)

Experimental cross

section (µb)

−0.5− 0.2 18Fg.s.(1
+) +40Kg.s. (4

−) 0.51 0.92 5.6 ± 0.6

18Fg.s.(1
+) +40K0.029(3

−) 0.41

0.5− 1.2 18Fg.s.(1+) +
40K0.800(2

−) 8.7 9.6 25 ± 2

18Fg.s.(1
+) +40K0.891(5

−) 4.7·10−2

18F0.937(3
+) +40Kg.s.(4

−) 0.42

18F0.937(3
+) +40K0.029 (3

−) 8.9·10−2

18F1.042(0
+) +40K0.029 (3

−) 0.19

18F1.121(5
+) +40Kg.s.(4

−) 9.6·10−2

18F1.121(5
+) +40K0.029 (3

−) 8.2·10−3

1.7− 2.6 18Fg.s.(1
+) +40K1.959(2

+) 1.3·10−2 23 31 ± 2

18Fg.s.(1
+) +40K2.047(2

−) 4.2

18Fg.s.(1
+) +40K2.070(3

−) 0.18

18Fg.s.(1
+) +40K2.104(1

−) 3.8

18Fg.s.(1
+) +40K2.260(3

+) 3.5·10−2

18Fg.s.(1
+) +40K2.290(1

+) 0.13

18Fg.s.(1
+) +40K2.290(3

−) 1.2

18Fg.s.(1
+) +40K2.397(4

−) 1.8

18Fg.s.(1
+) +40K2.419(2

−) 6.8

18Fg.s.(1
+) +40K2.543(7

+) 4.1·10−4

18Fg.s.(1
+) +40K2.576(2

+) 4.6·10−3

18Fg.s.(1
+) +40K2.626(0

−) 1.2

18F0.937(3
+) +40K0.800 (2

−) 2.1

18F0.937(3
+) +40K0.891 (5

−) 4.3·10−2

18F1.041(0
+) +40K0.891 (5

−) 0.26

18F1.121(5
+) +40K0.800 (2

−) 0.17

18F1.121(5
+) +40K0.891 (5

−) 1.7·10−2

18F1.701(1
+) +40Kg.s.(4

−) 3.7·10−2

18F1.701(1
+) +40K0.029 (3

−) 2.8·10−2

18F1.701(1
+) +40K0.800 (2

−) 1.0

18F1.701(1
+) +40K0.891 (5

−) 1.7·10−3

18F2.101(2
−) +40Kg.s.(4

−) 2.4·10−4

18F2.101(2
−) +40K0.029 (3

−) 1.1·10−4

18F2.523(2
+) +40Kg.s.(4

−) 6.8·10−5

18F2.523(2
+) +40K0.029 (3

−) 4.8·10−2

The third and fourth columns give the calculated cross sections in the angular region of 4.8◦ < θCM < 11.3◦ for each individual transition and summed over the three energy intervals,

respectively. The last column gives the measured cross sections integrated in the same angular interval.

Vλ (r) = −
δλ

√
4π

dU(r)

dr
(1)

The strength of the deformation is embedded in the deformation
length δλ (Satchler, 1983):

δλ = βλRV =
4π

3Ze

√

(2I + 1)B(Eλ; I → I′)

Rλ−1
V

(2)

where βλ is the deformation parameter characterizing the
transition (of multipole λ) of the given nucleus of charge Ze
and is deduced from the electric reduced transition probability
B(Eλ; I → I′) from a state of spin I to a state of spin I′, and
RV = 3.73 fm is the radius of the real part of the adopted

optical potential U(r), extracted from its fit with a Woods–Saxon
shape (Satchler, 1983). For the imaginary coupling potentials, the
same radial form factors are assumed. Exploratory calculations
changing the method for the determination of RV or introducing
a N/Z correction factor in Equation (2) to account for possible
differences in the density profiles for neutrons and protons
(Satchler, 1983), give very similar results, within the quoted
uncertainty of B(Eλ; I→I′) (Kibedi and Spear, 2002; Pritychenko
et al., 2016, 2017).

The results of the calculations are compared with the
experimental data in Figure 2, where all the theoretical curves
are folded with the experimental angular resolution (∼0.9◦ in
the center of mass reference frame). The OM and DWBA
calculations including São Paulo-derived optical potential
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FIGURE 4 | Angular distributions for the 40Ca(18O,18F)40K transitions

corresponding to the three selected regions in the single charge exchange

(SCE) spectrum sketched in Figure 3. The red curves are the sum of the cross

sections associated to the different transitions belonging to the three regions

resulting from the quasi-particle random phase approximation (QRPA) DWBA

calculations.

describe reasonably well the experimental cross sections at small
angles, showing an oscillatory pattern, which ismore pronounced
than the experimental data and a general overestimation of the
data especially at larger angles and momentum transfer (q >

4 fm−1). This behavior resembles the one found in the similar
analyses (Zagatto et al., 2018; Spatafora et al., 2019; Carbone et al.,
2021; La Fauci et al., submitted; Burrello et al., in preparation)
and is due to the lack of important couplings of elastic channel
with inelastic channels.

The results of the CC calculations, also reported in Figure 2,
show that the explored cross sections are affected by the couplings
among the selected channels. The main effect is to reduce
the cross section, especially at a large momentum transfer.

FIGURE 5 | Coupling scheme adopted in the DWBA (blue dotted single

arrows) and CC (green dashed double arrows) calculations in the present work.

In DWBA, the single arrows sketch that back coupling effects are not included.

Moreover, the couplings damp the oscillations and slightly shift
the positions of the minima toward larger scattering angles,
thus improving the description of the data. The coupling to the
first 2+ excited state of the 18O projectile, keeping the target
in its ground state, gives a main contribution to the elastic
channel. Nonetheless, the explicit inclusion of the coupling to
the first 3− state of 40Ca, keeping the projectile in its ground
state, improves the description of the slope of the inelastic cross
section (Ohkubo and Hirabayashi, 2014; Cappuzzello et al., 2016;
Zagatto et al., 2018). We note that the calculations with NW

= 0.78 better describe the experimental data both in absolute
cross section and shape of the angular distributions compared
to those obtained assuming NW = 0.6, which is often used
in large-scale CC calculations (Pereira et al., 2009). The larger
value for the NW scaling factor, also reported by Spatafora et al.
(2019) and Zagatto et al. (2018), may be explained due to the
few states included in the present coupling scheme (see Figure 5)
and it is compatible with uncertainties in the adopted B(E2) and
B(E3) strengths.

As mentioned above, a proper description of the experimental
elastic scattering and inelastic scattering data in the fully
explored transferred momentum range is achieved, thanks
to the introduction of couplings to inelastic channels. This
result indicates that also the optical potential necessary for
the description of the other quasi-elastic reaction channels
induced by the same projectile and target at the same incident
energy and angular momentum transfer should account for these
couplings. However, it is evident that higher-order effects as
introduced by CC calculations are most important for strong
channel couplings as, e.g., the coupling of low-lying vibrational
or rotational inelastic excitations to the elastic ground state
channel. Since the SCE channels are rather weakly coupled to the
other configurations, they are well-described already in a first-
order DWBA approach. Moreover, in a CC description, the form
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TABLE 2 | Volume integrals per interacting pair and root mean square radii for the

real (V) part and imaginary (W) part of the São Paulo potential (SPP) and coupled

channel equivalent polarization potential (CCEP) optical potentials adopted in the

calculations.

Jv (MeV fm3) JW (MeV fm3)
√

〈R2
V
〉 (fm)

√

〈R2
W

〉 (fm)

SPP −346.1 −269.9 4.75 4.75

CCEP −233.7 −205.6 4.38 4.59

factors describing each considered reaction channel should come
from consistent nuclear structure models. Developments in that
direction are the subject of ongoing theory projects and will be
discussed elsewhere.

In this view, following the approach of Thompson et al. (1989),
we have implicitly incorporated the effect of channel couplings in
the elastic optical potential by means of an effective polarization
potential term. In general, the formal theory gives a polarization
potential, which is not only complex and energy dependent but
also non-local and angular momentum dependent. The approach
of Thompson et al. (1989), instead, produces an average local and
L-independent polarization potential named trivially equivalent
local potential (TELP). Adding the TELP to the São Paulo bare
optical potential (VSPP) used in CC calculations, we get a CCEP
(Thompson et al., 1985; Rangel et al., 2016). Such CCEP has
been used herein in the OM and DWBA calculations for the
elastic scattering and inelastic scattering, respectively, and in the
DWBA calculations for the SCE channel described in Section
The Charge Exchange Reaction Channel. We emphasize that,
in the TELP approach, the effect of couplings is derived from
a CC solution of the scattering problem, guaranteeing that the
physics of coupling on average is accounted for. Thus, this
method is more accurate than the common procedure to scale
the imaginary part or slightly modify the geometry of the optical
potential (Lubian and Nunes, 2007).

The elastic scattering and inelastic scattering experimental
data are compared with the OM and DWBA calculations,
respectively, using the CCEP optical potential in Figure 2. It
is evident that the introduction of the polarization potential
is essential to reproduce the experimental cross section even
in an OM and a DWBA approach. We stress that in the
present work the use of a CCEP has been introduced in view
of its application to the SCE and DCE analyses. For the elastic
scattering and inelastic scattering studies, it would not be
necessary, since CC calculations are feasible and, indeed, have
been performed.

The volume integrals and root mean square radii obtained for
the SPP and CCEP potentials here adopted are listed in Table 2.
The results agree with the values known from systematic studies
(Satchler, 1983), confirming a very satisfactory description of the
optical potential properties.

THE CHARGE EXCHANGE REACTION
CHANNEL

As discussed in the introduction, the 40Ca(18O,18F)40K SCE
reaction could proceed via two mechanisms: one mediated

by charged meson exchange (direct SCE) and one governed
by mean field interaction among the interacting nucleons
(sequential multi-nucleon transfer). In the present work, we
show the calculations performed for the former mechanism,
which is the one of main interest in view of DCE studies.
Calculations are performed within a framework of DWBA, where
the cross section in a center of mass rest frame is given by
the expression:

d2σ

dExdΩ
=

EαEβ
(

2πℏ2c2
)2

kβ

kα

1

(2JA + 1) (2Ja + 1)
(3)

∑

MA , Ma,MB ,Mb

∣

∣

∣

∣

∫

d3rχ∗
β ,kβ

(r) F
(SCE)
αβ (r)χα,kα

(r)

∣

∣

∣

∣

2

where Eα (Eβ ) and kα (kβ ) denote the energy and relative
momentum in the entrance α = a + A (exit β = b + B)
channel; χα (χβ ) is the distorted wave, accounting for the initial
(final) state interaction, i.e., it is the solution of the Schroedinger
equation for the Hamiltonian including Coulomb and optical
potential (CCEP in the present study) of the entrance (exit)

channel. F(SCE)
αβ

(r) is the SCE form factor, given by the folding of
the nucleon–nucleon effective local interaction potential VNN(r)
and the one-body transition densities of projectile and target
nuclei ρ(r).

The effective local nucleon–nucleon direct and exchange
interaction potential VNN(r) contains both central and
tensor components. It is parameterized by the sum of three
Yukawa functions, with parameters coming from a proper
interpolation procedure (Lenske, 1988) between two different
parameterizations: (i) the G-matrix calculated by solving the
Bethe–Salpeter equation with Paris nucleon–nucleon potential
for E/A ≤ 10 MeV (Anantaraman et al., 1983) and (ii) the
Franey–Love parameterization of effective nucleon–nucleon
T-matrix for E/A ≥ 50 MeV (Franey and Love, 1985). The
one-body transition densities ρ(r) are the matrix elements of the
one-body operator describing SCE transitions in the projectile
and target nuclei (Lenske et al., 2018). These transition densities
are calculated within an extended QRPA framework, going
beyond the standard approach by accounting for the coupling
of the two-quasi-particle configurations to core excitations by
polarization self-energies. Residual interactions are determined
self-consistently in the context of Fermi-liquid theory. The single
quasi-particle states are derived from Hartree–Fock–Bogoliubov
(HFB) calculations with state-dependent pairing gaps, describing
the ground state properties of the involved nuclei very accurately
(Lenske and Tsoneva, 2019). The HFB wave functions and the
QRPA configuration amplitudes are used to construct the radial
transitions densities, entering finally into the charge exchange
transition form factors.

Calculations are performed in terms of the partial wave
decomposition of distorted waves and the multipole expansion
of the form factor, which is a quite standard procedure (Satchler,
1983). Detailed information on the adopted theoretical modeling
is given by Lenske et al. (2018). This approach has been
successfully used to also study other heavy-ion-induced SCE
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reactions (Cappuzzello et al., 2004a,b; Nociforo et al., 2006;
Cavallaro, 2011).

On the reaction side, we performed the DWBA calculations
using the CCEP optical potential defined in Section 3 for
the three excitation energy ranges for which experimental
angular distributions have been extracted. The cross sections
corresponding to transitions to different excited states
are calculated by using the HIDEX code (Lenske, private
communication). The calculations shown in Figure 4 represent
the sum of the angular distributions of the SCE reactions leading
to all the possible excited states experimentally populated both
by the ejectile and residual nucleus with total excitation energy
within the above-mentioned three ranges. These exit channels
are listed in Table 1, together with the corresponding values of
the calculated cross section integrated in the same angular range
explored by the data.

Table 1 shows that in the first region of interest, the transitions
to the 4− ground state and 3− excited state of 40K at 0.029
MeV, with the 18F ejectile at its 1+ ground state, give comparable
contributions. In the [0.5, 1.7] MeV region, the transition to
the first 2− state of 40K at 0.800 MeV and to 18Fg.s.(1+)
dominates over the other transitions. Conversely, in the [1.7,
2.6] MeV energy range, several multipolarities are comparable in
magnitude, even if the cross sections of the transitions to the 2−

states of 40K at 2.047 and 2.419 MeV, with ejectile 18Fg.s.(1+), are
somewhat larger than the others.

An interesting result comes out from a comparison of the
calculated cross sections for the 2−,3−,4−, and 5− multiplet of
states at 0.800, 0.029, 0.0, and 0.891 MeV, respectively. Although
these states refer to the same particle-hole structure with one
neutron in the 1f7/2 orbital coupled to a 1d3/2 proton hole, the
calculated cross sections strongly enhance the 2−. Indeed, the 2−

cross section is larger than the 3−, 4−, and 5−, by a factor of
21, 17, and 185, respectively. A close inspection of the calculated
form factors reveals that the (L = 1, S = 1)-component of the
2− transition carries a certain amount of collectivity, reminiscent
of the spin-dipole collectivity seen in other reactions, see Lenske
et al. (2019) and Austin et al. (2001). The L = 3 multipoles
entering in the 2−, 3−, 4−, and 5− transitions are comparable,
while the L = 5 components, contributing to the excitations
of the 4− and 5− states, are the smallest. Thus, an interesting
selectivity of the smallest L transfer for this SCE reaction is found.
Similar behavior is observed in (3He,t) (Ajzenberg-Selove et al.,
1985) and (12C,12N) reactions (von Oertzen, 1988) on the same
target, where again the 2− state is the most populated, thus
suggesting a universal property of the nuclear response to the
nucleon–nucleon isovector interaction.

The plots in Figure 4 tell us that the direct SCE mechanism
allows the reproduction of the shape of the measured angular
distribution. Regarding the absolute cross sections, the data are
slightly underestimated in the regions of low excitation, while a
good agreement is found in the excitation energy region between
1.7 and 2.6 MeV.

Simple semiclassical estimates for the energy and angular
momentum matching for the transfer processes (Brink, 1972)
suggest that a cross section of a relevant magnitude may
be expected in the region of the ground state, progressively

decreasing at higher excitation energies. Thus, the multi-nucleon
transfer mechanism is expected to play a major role in the
low excitation energy region of the spectrum explaining the
larger experimental cross section with respect to the direct
mechanism calculations.

CONCLUSIONS

The 40Ca(18O,18F)40K charge exchange reaction, together with
the elastic scattering and inelastic scattering of 18O on 40Ca, has
been studied at an incident energy of 275 MeV and at forward
angles using the MAGNEX spectrometer. The availability of this
complete set of data, where the absolute cross section at different
angles has been measured with high precision, has allowed
a constrained and reliable description of the direct reaction
mechanism for the charge exchange process. Charge exchange
cross section calculations have been performed in DWBA using
a CCEP tested against the elastic and inelastic scattering data
and form factors extracted from double folding of a nucleon–
nucleon isovector interaction with QRPA transition densities.
Such full quantum-mechanical calculations with microscopic
nuclear structure inputs describe the order of magnitude and
shape of the observed cross sections. Selectivity of this reaction
to the different angular momentum transfer components is
revealed, making this probe an interesting tool to explore the
nuclear response to isovector operators with high momentum as
those entering the 0νββ NME.

It is worthwhile to emphasize that the above-mentioned
calculations are based on a quite involved approach, starting from
microscopic nuclear response functions, combined with free-
space nucleon–nucleon interactions to derive the transition form
factors and fixing ion–ion ISI and FSI by elastic scattering and
inelastic scattering. The advantage of such a demanding program
is evident from the fact that the data are quite well-described
without the need to introduce additional scaling factors, as it was
found necessary in the former heavy-ion-induced SCE reactions
on the same target such as the 40Ca(7Li,7Be)40K reaction at 35
MeV (Williams-Norton et al., 1979) or the pioneering studies on
(18O,18F) on different targets (Kim et al., 1979; Horen et al., 1986;
Fifield et al., 1993).

The origin of the remaining difference between the theoretical
and experimental results is not easy to access. On a nuclear
structure side, there is some room left for refinements of the
nuclear response functions by going deeper into the dynamics of
polarization effects, e.g., in the multi-phonon approach of Lenske
and Tsoneva (2019) or by second RPA methods of Gambacurta
et al. (2020). On the reaction side, the competing sequential
nucleon transfer mechanism should be studied, mainly for
reasons of completeness. Based on the presently available results,
a rather successful description of the higher excitation energy
region by the direct SCE mechanism strongly hints at a rather
insignificant role of nucleon transfer, at least in that spectral
region, as indeed it is expected from the matching conditions for
transfer processes (Brink, 1972). Nevertheless, the contribution
of the transfer mechanism to the SCE process would not prevent
any extrapolation to DCE reactions, where transfer processes
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are expected to be safely negligible as experimentally checked
(Cappuzzello et al., 2015a; Ferreira et al., in preparation) and
because they are processes of a higher order than a direct DCE.
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Since the experimental discovery of neutrino oscillations, the search for the neutrinoless

double beta (0νββ) decay has intensified greatly, as this particular decay mode, if

experimentally discovered, could offer a testing ground for Beyond Standard Model

(BSM) theories related to the yet hidden fundamental properties of neutrinos and the

possibility of violating of some fundamental symmetries. In this work we make a brief

review of the nuclear matrix elements and phase space factors calculations performed

mainly by our group. Next, using these calculations and the most recent experimental

half-life limits, we revise the constraints on the BSM parameters violating the lepton

number corresponding to four mechanisms that could contribute to 0νββ decay. Finally,

using the values obtained for the BSM parameters from one of the most sensitive

double-beta decay experiments, we provide a comparison with the sensitivities of

other experiments.

Keywords: double beta decay, nuclearmatrix elements, phase-space factors, shell model, beyond standardmodel,

neutrino

1. INTRODUCTION

Two decades ago, the successful experimental measurement of neutrino oscillations [1, 2]
established that neutrinos have amass different from zero. Although this discovery was a significant
one, many of the neutrino properties still remain unknown to this day. Because in neutrino
oscillation experiments only squared mass differences can be measured, we still have unanswered
questions regarding their absolute masses, the mass hierarchy, the underlying mechanism that
gives neutrinos mass, and even the very nature of the neutrinos (whether they are Dirac or
Majorana particles). While there are many experimental and theoretical endeavors to bring clear
answers to some of these questions, like high-precision calculations, measurements of different
single-β decays, cosmological observations, the double-beta decay (DBD) and particularly the
0νββ decay mode are still considered the most appealing approaches to study the yet unknown
properties of neutrinos. However, even if one 0νββ transition event would be experimentally
observed, not all of the desired information about neutrinos would be immediately revealed.
Recording such an event would demonstrate that the lepton number conservation is violated
by two units, but cannot indicate the mechanism that dominates this process. Many large-
scale experiments dedicated to the discovery of this lepton number violating (LNV) decay are
already collecting data, with up-dates and new ones planned for the future, but so far there is
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no experimental proof of 0νββ transitions, only reports of
lower limits for the corresponding half-lives. Experimentally,
DBD of the isotopes 76Ge and 136Xe are currently the most
accurately measured, but others like 48Ca, 82Se, and 130Te are also
investigated, with 124Sn being considered for the future. There are
advantages and disadvantages to studying each of these isotopes
(costs, purity, Q-value, background signals, etc.), but the fact
that different ones are being investigated is of great importance
if an experimental confirmation is obtained for any of them.
Theoretical studies of 0νββ involve the computation of nuclear
matrix elements (NME) and phase space factors (PSF) appearing
in the half-life expressions, whose precise calculation is essential
for predicting the neutrino properties and interpretation of the
DBD experimental data. Particularly, the NME computation is
the subject of the largest uncertainties, so much effort is devoted
to their accurate estimation. The most commonly used nuclear
structure approaches for the NME calculation are proton-
neutron Quasi Random Phase Approximation (pnQRPA) [3–
11], Interacting Shell Model (ISM) [12–30], Interacting Boson
Model (IBM-2) [31–35], Projected Hartree Fock Bogoliubov
method (PHFB) [36], Energy Density Functional method
(EDF) [37], and the Relativistic Energy Density Functional
method (REDF) [38]. Each of these methods presents various
advantages and disadvantages when compared to each other,
especially when dealing with the nuclear structure of particular
isotopes. Once experimentally confirmed, it is also important
to establish the underlying mechanism(s) that may contribute
to the 0νββ decay, as to properly extend the Standard Model.
For the longest time, studies only addressed the so called “mass
mechanism” that involves the exchange of light left-handed
(LH) Majorana neutrinos. Presently, more scenarios are being
considered and their investigation consists of calculating of the
NME associated to each mechanism and the corresponding PSF.
For example, possible contributions to 0νββ decay may come
via the exchange of the right-handed (RH) heavy neutrinos [39].
Other contributions from possible RH components of the weak
currents, through the so-called “λ” and “η” mechanisms could
also be taken into account [40]. One of the most popular model
that includes these mechanisms is the left-right symmetric model
(LRSMM) [41–45]. In this work we consider several of these
scenarios for 0νββ decay, following the prescriptions of [46].
We present and discuss the NME and PSF calculations that
were recently published by our group. For the nuclear structure
calculations our group and collaborators use Shell Model (ShM)
techniques and codes [19–29]. For the PSF calculations we use
our results from [47, 48] for the light neutrino and the heavy
neutrino exchange mechanisms, and results from [49] for the
other mechanisms. Using the latest experimental limits for the
half-lives reported in literature, we up-date the constraints on
the LNV parameters corresponding to each mechanism. Finally,
we use the calculated values of the LNV parameters deduced
with the half-life limits taken from the 76Ge experiment [50],
to evaluate the half-lives of the other four isotopes that should
be achieved by their experiments to reach the sensitivity of the
Ge experiment.

2. BRIEF FORMALISM OF THE 0νββ DECAY

For a long time, most of the 0νββ decay literature has focused
its interest mainly on the mass mechanism, that assumes
that this decay mode occurs via the exchange of light LH
Majorana neutrinos between two nucleons inside the nucleus.
The inclusion of contributions coming from RH components of
the weak currents has also been discussed (for example in [40,
51]), but very few papers presented theoretical results considering
these contributions. However, any mechanism/scenario that
violates with two units the lepton number conservation may,
in principle, contribute to the decay rate. Considering several
mechanisms, the 0νββ decay half-life can be written in a
factorized compact form, as a sum of products of PSF, NME,
and the BSM parameters, corresponding to eachmechanism [52],
as follows:

[

T0ν
1/2

]−1
= g4A





∑
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2
M

2
i + Re

∑

i6=j
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Mk
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from the exchange of heavy RH neutrinos, with me being the
electron mass and mp the proton mass. MWL and MWR denote
the masses of the LH and the RH W bosons, respectively. We
assume that the neutrino mass eigenstates are separated as light,
mk(mk ≪ 1 eV), and heavy, Mk(Mk ≫ 1 GeV). Uek and Vek are
electron neutrino mixing matrices for the light LH and heavy
RH neutrino, respectively [14, 44]. Following [4–6, 39, 46], M2

i
are factors expressed in a standardized form as combinations of
NME described in Equation (2) and integrated PSF denoted with
G01 − G09. Values for the PSF used in this paper can be seen in
Table 1, together with our ShM values for the individual NME
Mα (with α = GTq, Fq, Tq, GTω, Fω, P, R, MGTN , MFN , and
MTN). Assuming that only one mechanism dominates the 0νββ
transition, we can perform a so called "on-axis" analysis where the
interference terms EiEjMij are no longer taken into account.
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TABLE 1 | In the upper part we present the Qββ values and the calculated PSF (G01 − G09) in years−1 for all five isotopes currently under investigation.

48Ca 76Ge 82Se 130Te 136Xe

Qββ [MeV] 4.272/4.271 2.039/2.041 2.995/3.005 2.527/2.533 2.458/2.481

G01 · 10
14 2.46/2.61 0.24/0.26 1.01/1.15 1.42/1.82 1.45/1.94

G02 · 10
14 16.2/17.1 0.39/0.43 3.53/4.04 3.76/4.84 3.68/4.99

G03 · 10
15 18.9/19.8 1.30/1.44 6.91/7.82 8.97/11.4 9.05/11.9

G04 · 10
15 5.33/5.55 0.47/0.51 2.14/2.39 3.02/3.72 3.10/3.96

G05 · 10
13 3.01/3.81 0.57/0.76 2.00/2.76 3.79/5.81 4.02/6.36

G06 · 10
12 3.98/4.18 0.53/0.59 1.73/1.96 2.23/2.82 2.28/2.98

G07 · 10
10 2.63/3, 35 0.27/0.36 1.16/1.59 1.76/2.69 1.81/2.88

G08 · 10
11 1.11/1.64 0.15/0.24 0.71/1.17 1.55/2.85 1.66/3.16

G09 · 10
10 16.2/17.1 1.22/1.35 4.78/5.41 4.97/6.33 4.96/6.56

MGT 0.807 3.206 3.005 1.662 1.505

MF −0.233 −0.674 −0.632 −0.438 −0.400

MT 0.080 0.011 0.012 −0.007 −0.008

MGTq 0.709 3.228 3.034 1.587 1.440

MFq −0.121 −0.383 −0.362 −0.249 −0.230

MTq −0.173 −0.059 −0.058 −0.013 −0.012

MGTω 0.930 3.501 3.287 1.855 1.682

MFω −0.232 −0.659 −0.618 −0.427 −0.391

MP 0.395 −2.466 −2.332 −1.729 −1.617

MR 1.014 3.284 3.127 2.562 2.341

MGTN 58.5 162.3 150.1 107.6 96.6

MFN −22.9 −62.6 −58.1 −41.0 −36.9

MTN 9.42 −0.8 0.4 −2.1 1.4

The s-wave electron PSF (G01 ) are from [48] and the p-wave electron PSF (G02 − G09) are from [49] are on the left side of each column, while the older, less rigorous values with the

point-like formalism of [40] are on the right side for comparison. The lower part shows the Mα NME calculated by our group.

M
2
η = G02M

2
2− −

2

9
G03M1+M2− +

1

9
G04M

2
1+, (2d)

withM1± = MGTq ± 3

(

gV

gA

)2

MFq − 6MTq,

andM2± = MGTω ±

(

gV

gA

)2

MFω −
1

9
M1±.

Detailed equations of individual NME Mα can be found in
the Appendix of [46], where they have been expressed in a
consistent form. The expressions for the PSF can be found in
[47, 49]. We note that Equations (2a, 2b) contain combinations
of NME and PSF coming from contributions of only s-wave
electron wave functions, while Equations (2c, 2d) present
combinations of NME and PSF with contributions only from
p-wave electron wavefunctions.

To use the expressions in Equation (2), we need accurate
calculations of both the PSF that embed the distortion of the
motion of outgoing electrons by the electric field of the daughter
nucleus, and of the NME that depend on the nuclear structure
of the parent and the daughter nuclei. Thus, the theoretical
investigation of 0νββ transitions is a complex task that involves
knowledge of physics at the atomic level for the PSF, nuclear level
when calculating the NME, and at the fundamental particle level
dealing with the LNV couplings.

2.1. Phase Space Factors
For a long time, PSF that enter the ββ half-life equations were
considered to be calculated accurately enough [40, 53]. However,
more recent reevaluations of their values using methods that
use improved Fermi functions and more accurate integration
routines have shown relevant differences in several cases, when
compared to the previous results. Within these new methods of
PSF calculation, the Fermi functions are constructed with "exact"
electron wave functions (w.f.) obtained by solving the Dirac
equation and consider finite nuclear size (FNS) and screening
effects [47–49, 54]. In addition, in [47, 48] a Coulomb potential
built from a realistic proton distribution in the daughter nucleus
is used and the most recent Q-values [55] are taken into account.

In the upper part of Table 1, we present our choice of values
for the nine PSF that enter Equation (2) for the five nuclei
of interest. The PSF values obtained with s-electron w.f. (G01)
are taken from [48], while the PSF values obtained with the p-
electron w.f. (G02 − G09) are from [49]. Both references provide
consistently very similar values for the PSF needed in this study.
Also, these current PSF values are compared to the previous
calculations of [40] that relied on older Qββ values and where
the proton distribution in the daughter nucleus, FNS, or electron
screening effects were not considered. This comparison is meant
to emphasize the need to use the results of newer calculations for
more reliable analyzes.
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TABLE 2 | The first line shows the experimental lower half-life limits T1/2 in years.

48Ca 76Ge 82Se 130Te 136Xe

T1/2 2.0 · 1022 [61] 1.8 · 1026 [50] 2.5 · 1023 [62] 4.0 · 1024 [63] 1.07 · 1026 [64]

M2
0ν · 10

14 2.62 3.13 11.8 5.29 4.43

M2
λ · 10

13 1.14 0.44 3.74 1.29 1.04

M2
η · 10

9 1.57 1.55 5.56 4.09 3.45

M2
0N · 1010 1.79 0.96 3.53 2.44 1.99

E0ν 2.71 · 10−5 2.61 · 10−7 3.61 · 10−6 1.35 · 10−6 2.85 · 10−7

Eλ 1.3 · 10−5 2.21 · 10−7 2.03 · 10−6 8.62 · 10−7 1.86 · 10−7

Eη 1.11 · 10−7 1.18 · 10−9 1.66 · 10−8 4.85 · 10−9 1.02 · 10−9

E0N 3.28 · 10−7 4.71 · 10−9 6.6 · 10−8 1.99 · 10−8 4.24 · 10−9

〈m0ν 〉 13.85 0.133 1.845 0.69 0.146

T
E0ν
1/2 · 10−26 2.15 1.80 0.48 1.07 1.27

T
Eλ

1/2 · 10
−26 0.69 1.80 0.21 0.61 0.75

T
Eη

1/2 · 10
−26 1.78 1.80 0.50 0.68 0.81

T
E0N
1/2 · 10−26 0.97 1.80 0.49 0.71 0.87

In the upper part, we present the M
2
i factors of Equation (2) using the NME and PSF from Table 1. Displayed in the middle section are the values of the LNV parameters Eα that can

be extracted and the corresponding light left-handed Majorana neutrino mass m0ν in units of eV. In the lower part, we estimate the 0νββ that are expected for all the 5 isotopes when

the LNV parameters of 76Ge are used in Equation (1).

2.2. Nuclear Matrix Elements
We choose our NME values from [46]. These were calculated
using ShM techniques in the closure approximation with
optimal closure energies 〈E〉 taken from [21, 23, 26]. These
values were found to reproduce the NME results obtained
in non-closure calculations. The Hamiltonians specific for
each model space are chosen such that good agrements with
experimental spectroscopic observables is achieved. The testing
of these Hamiltonians can be found in [27, 28], where we
performed calculations of 2νββ NME, the energy spectra for
the first

[

0+ − 6+
]

states, B(E2) ↑ transition probabilities,
occupation probabilities and the Gamow-Teller strengths, which
were compared to the experimental data available. For 48Ca
in the pf model space (0f7/2, 1p3/2, 0f5/2, 1p1/2) we use the
GXPF1A [56] effective Hamiltonian and 〈E〉 0.5 MeV, for 76Ge
and 82Se in the jj44 model space (0f5/2, 1p3/2, 1p1/2, 0g9/2)
we choose the JUN45 [57] effective Hamiltonian and 〈E〉 3.4
MeV, and for 130Te and 136Xe in the jj55 model space
(0g7/2, 1d5/2, 1d3/2, 1s1/2, 0h11/2) we use the SVD [58] effective
Hamiltonian and 〈E〉 3.5 MeV. For the calculation of our two-
body NME, we use finite size effects and higher order corrections
of the nucleon current (with the vector and axial-vector form
factors 3V = 850 MeV and 3A = 1086 MeV, respectively),
and we include short-range correlations by multiplying the
harmonic oscillator wave functions ψnl(lr) and the Jastrow
correlation function ψnl(r) →

[

1+ f (r)
]

ψnl(r) with the CD-

Bonn parametrization (f (r) = −c · e−ar2
(

1− br2
)

, with a =

1.59, b = 1.45, and c = 0.46) [19, 27–29].
The lower part of Table 1 shows the ShM individual NME that

enter Equation (2) which were calculated by our group using the
effective Hamiltonians and ingredients listed above. In the values
presented, the sign convention is that the Gamow-Teller NME
MGT is taken positive, with the other contributions having their
sign listed as relative to that ofMGT .

3. DISCUSSIONS

This brief review summarizes our recent calculations of the
PSF and NME involved in 0νββ decay for four possible decay
mechanisms, namely the light LH neutrino exchange, heavy RH
neutrino exchange, λ−mechanism involving RH leptonic and
RH hadronic currents, and the η−mechanism involving RH
leptonic and LH hadronic currents. The PSF are calculated with
Fermi functions built with exact electron w.f. solutions of the
Dirac equation with a Coulomb-type potential obtained from a
realistic distribution of protons in the daughter nucleus. FNS and
screening effects were taken into account, as well.G01 that include
s-w.f. are taken from [48], while G(02−09) that include p-w.f. are
taken from [49]. Between the newer and the older PSF values,
one can observe numerous differences in the range of 5–30%,
with some rising of up to 90% (see G08 of 136Xe in Table 1). Such
differences would impact the LNV values and the conclusions
regarding the sensitivity of the experiments with various isotopes
to the possible 0νββ mechanisms. In passing, we mention that in
addition to the development of the new PSF codes, our group has
also developed a very fast effective method [59] that is still based
on the formalism of [40], but is fitted and tweaked to replicate
the current results obtained with the most rigorous methods.
Within reasonable precision, this method can be used for rapid
PSF estimations and for plotting the un-integrated angular and
energy electron distributions.

The NME are calculated within a ShM approach with the
ingredients presented in section 2.2. ShM calculations are
attractive because they consider all the correlations around the
Fermi surface, respect all symmetries, and take into account
consistently the effects of the missing single particle space via
many-body perturbation theory (the effects were shown to
be small, about 20%, for 82Se [60]). In the case of closed-
shell nuclei, ShM calculations using optimized Hamiltonians
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for nucleon-nucleon interactions are very reliable and compare
well with the spectroscopic data available from experiments.
Another advantage of this approach, important for reliable
calculations, is that the calculated nucleon occupancies are close
to the experimental ones. ShM calculations were successful
in predicting the 2νββ decay half-life of 48Ca [12] before
experimental measurements. Calculations of different groups
largely agree with each other without the need to adjust
model parameters.

From Equation (2), using the NME and PSF in Table 1, we
calculate the M

2
i factors that enter the half-life in Equation (1).

Using these factors and the most recent experimental half-life
limits, we re-evaluate the LNV parameters corresponding
to the four mechanisms. These results are presented
in Table 2.

Table 2 first presents in the top section the experimental lower
half-life limits T1/2 in years. The next rows list the M

2
i factors

that contain combinations of PSF and NME for the five nuclei
of current experimental interest, in the case of four possible
0νββ decay mechanisms described in Equation (2). In the middle
section are found the values of the LNV parameters Ei deduced
from the experimental T1/2 and the M

2
i factors. For the mass

mechanism, we also show the electron neutrino mass parameters
〈m0ν〉 in units of eV that are obtained by the multiplication of
E0ν with the electron mass me. This extracted 〈m0ν〉 is what is
most commonly reported in the literature and is presented here

for the convenience of the reader and an easier comparison with
other references.

Lastly, we perform predictions of the half-lives for each
isotope that would correspond to the LNV parameters extracted
from one experiments of the highest sensitivity. Choosing the Ei
LNV deduced from the 76Ge experiment [50], we estimate the
half-lives of the other four isotopes. These values are displayed
in the lower section of Table 2 and offer an indication about the
relative sensitivity between DBD experiments.
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The fundamental nature of the neutrino is presently a subject of great interest. A way to

access the absolute mass scale and the fundamental nature of the neutrino is to utilize

the atomic nuclei through their rare decays, the neutrinoless double beta (0νββ) decay in

particular. The experimentally measurable observable is the half-life of the decay, which

can be factorized to consist of phase space factor, axial vector coupling constant, nuclear

matrix element, and function containing physics beyond the standard model. Thus

reliable description of nuclear matrix element is of crucial importance in order to extract

information governed by the function containing physics beyond the standard model,

neutrino mass parameter in particular. Comparison of double beta decay nuclear matrix

elements obtained using microscopic interacting boson model (IBM-2) and quasiparticle

random phase approximation (QRPA) has revealed close correspondence, even though

the assumptions in these two models are rather different. The origin of this compatibility

is not yet clear, and thorough investigation of decomposed matrix elements in terms

of different contributions arising from induced currents and the finite nucleon size is

expected to contribute to more accurate values for the double beta decay nuclear matrix

elements. Such comparison is performed using detailed calculations on both models and

obtained results are then discussed together with recent experimental results.

Keywords: double beta decay, nuclear matrix element, microscopic interacting boson model, quasiparticle

random phase approximation, physics beyond the standard model

1. INTRODUCTION

The question of whether neutrinos are Majorana or Dirac particles and what is the neutrino
mass parameter remains one of the most fundamental problems in physics today. Even though
the neutrino oscillation experiments can investigate the neutrino mass differences and neutrino
mixing amplitudes to high precision already, a complementary way is needed to access the absolute
neutrino mass and the fundamental nature of the neutrino (see, e.g., de Salas et al., 2021).
Observation of neutrinoless double beta decay (0νββ), hypothesized extremely rare second-order
process of weak interaction, would verify the Majorana nature of the neutrino, constrain the
absolute scale of the neutrino mass spectrum, and provide proof of lepton-number violation. It
would have fundamental implications for neutrino physics, theories beyond the standard model,
and cosmology. The 0νββ decay experiments aim to obtain the half-life of the process and
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information to be extracted from the experiments is subject to
uncertainties arising from the uncertainties in the related nuclear
matrix elements (NMEs). Hence, the reliable calculation of these
NMEs is of utmost importance.

The inverse 0νββ decay half-life in a given isotope is
conventionally expressed as

T−1
1/2 =

∣

∣f (mi,Uei)
∣

∣

2
Gν |Mν |

2, (1)

with the phase space factor (PSF) Gν and the nuclear matrix
element (NME) Mν . In particular, the mass mechanism of
0νββ decay is sensitive to the neutrino mass parameter. In
older calculations, PSFs were evaluated using approximate wave
functions for electrons (Furry, 1939; Primakoff and Rosen, 1959;
Molina and Pascual, 1977; Doi et al., 1981, 1985; Haxton and
Stephenson, 1984; Tomoda, 1991; Suhonen and Civitarese, 1998)
and in more recent calculations exact Dirac electron wave
functions have been used (Kotila and Iachello, 2012, 2013; Stoica
and Mirea, 2013; Kotila et al., 2014, 2015; Mirea et al., 2015;
Graf et al., 2018; Deppisch et al., 2020). The 0νββ NMEs have
been computed by a number of differentmodels: the quasiparticle
random-phase approximation (QRPA), in its proton-neutron
version (Šimkovic et al., 2008, 2013; Fang et al., 2011, 2018;
Faessler et al., 2012; Suhonen and Civitarese, 2012;Mustonen and
Engel, 2013; Hyvärinen and Suhonen, 2015), the interacting shell
model (ISM) (Caurier et al., 2005, 2007; Menéndez et al., 2009a,b;
Horoi and Brown, 2013; Neacsu and Stoica, 2014; Neacsu and
Horoi, 2015; Coraggio et al., 2020), the microscopic interacting
boson model (IBM-2) (Barea and Iachello, 2009; Barea et al.,
2013a,b, 2015a,b; Kotila et al., 2014, 2015; Graf et al., 2018;
Deppisch et al., 2020), the energy density functional approach
(EDF) along with density functional theory (Rodríguez and
Martínez-Pinedo, 2010; Song et al., 2014, 2017; Yao et al., 2015),
and the projected Hartree–Fock–Bogoliubov mean-field scheme
(PHFB) (Rath et al., 2010, 2019) to name some most frequently
used. In principle, the calculation of NME is straightforward
but in practice the values predicted by different nuclear models
differ by factors of up to three, causing a large uncertainty
in the half-life for a given value of neutrino mass parameter
(Rath et al., 2010). A way to avoid the model dependence and
thus the uncertainties that are caused by model assumptions
and approximation made in different models is to calculate the
NMEs from first principles, which is currently the goal of several
theoretical groups. However, applying modern ab initiomethods
to 0νββ decay is challenging and the 0νββ candidate nuclei are
generally more complicated and heavier than those treated so
far (Hergert et al., 2016; Pastore et al., 2018; Wang et al., 2019;
Basili et al., 2020). Thus, traditional nuclear model calculations
for 0νββ NMEs are still very much needed for the interpretation
of the experimental results as well as for the planning of the
future experiments. It is therefore important to try to understand
the similarities and differences of different models. In this paper,
the focus is on elaborate comparison between IBM-2 and QRPA
nuclear matrix elements. For both of these models detailed
calculations of individual NMEs that contribute to the full 0νββ

NME are available.

The paper is organized as follows: The theoretical background
is reviewed in section 2 and numerical results are summarized
in section 3 for both light and heavy neutrino exchange.
Differences and similarities of the two models are then discussed
in section 4 along with possible explanations for the obtained
results. Section 5 concludes the discussion with a summary and
an outlook.

2. THEORETICAL BACKGROUND

The theory of 0νββ decay was first formulated by Furry (1939)
and further developed by Primakoff and Rosen (1959), Molina
and Pascual (1977), Doi et al. (1981), Doi et al. (1983), Haxton
and Stephenson (1984), and, more recently, by Tomoda (1991)
and Šimkovic et al. (1999). All these formulations often differ
by factors of 2, by the number of terms retained in the non-
relativistic expansion of the current and by their contribution.
Adopting the formulation of Šimkovic et al. (1999), which is the
one used in most recent calculations, the transition operator for
0νββ in momentum space, p =

∣

∣Eq
∣

∣, can be written as

T(p) = H(p)f (mi,Uei) (2)

where for light neutrino exchange

f (mi,Uei) =
〈mν〉

me
, 〈mν〉 =

∑

k=light

(Uek)
2mk, (3)

while for heavy neutrino exchange

f (mi,Uei) = mp

〈

m−1
νh

〉

,
〈

m−1
νh

〉

=
∑

k=heavy

(

Uekh

)2 1

mkh

.
(4)

The (two-body) operator H(p) can be written as

H(p) =
∑

n,n′

τ†
n τ

†
n′

[

−hF(p)+ hGT(p)Eσn · Eσn′ −hT(p)S
p
nn′

]

, (5)

with the tensor operator defined as

S
p
nn′ = 3

[(

Eσn · p̂
) (

Eσn′ · p̂
)]

− Eσn · Eσn′ . (6)

The Fermi (F), Gamow-Teller (GT), and tensor (T) contributions
are further divided into hFVV (p), h

GT
AA(p), h

GT
AP (p), h

GT
PP (p), h

GT
WW(p),

hTAP(p), hTPP(p), and hTWW(p) terms. The terms AP, PP, and
WW are higher order corrections (HOC) arising from weak
magnetism (W) and induced pseudoscalar terms (P) in the
weak nucleon current. Finally, the terms h◦(p) can be further
factorized as

h◦(p) = v(p)h̃◦(p) (7)

where v(p) is called the neutrino potential and h̃◦(p) are the
form factors given in Table 1. The finite nucleon size (FNS) is
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TABLE 1 | Double beta decay Fermi (MF ), Gamow–Teller (MGT ), and tensor

(MT ) NMEs appearing in Equation (12), with the associated reduced form factor

product h̃(q2).

NME h̃◦(q
2)

MF = 〈hXX (q
2)〉 h̃XX (q

2) = 1
(1+q2/m2

V
)4

MAA
GT

= 〈hAA(q
2)(σ a · σ b)〉 h̃AA(q

2) = 1
(1+q2/m2

A
)4

M′AP
GT

=

〈

q2

m2
p
hAP (q

2)(σ a · σ b)

〉

h̃AP (q
2) = 1

(1+q2/m2
A
)4

1
1+q2/m2

π

M′AP
T =

〈

q2

m2
p
hAP (q

2)Sab

〉

h̃AP (q
2)

M′WW
GT

=

〈

q2

m2
p
hXX (q

2)(σ a · σ b)

〉

h̃XX (q
2)

M′WW
T =

〈

q2

m2
p
hXX (q

2)Sab

〉

h̃XX (q
2)

M′′PP
GT

=

〈

q4

m4
p
hPP (q

2)(σ a · σ b)

〉

h̃PP (q
2) = 1

(1+q2/m2
A
)4

1
(1+q2/m2

π )
2

M′′PP
T =

〈

q4

m4
p
hPP (q

2)Sab

〉

h̃PP (q
2)

taken into account by taking the coupling constants gV and gA as
momentum dependent

gV (p
2) = gV

1
(

1+ p2

M2
V

)2 ,

gA(p
2) = gA

1
(

1+ p2

M2
A

)2 .
(8)

The value ofMV is well fixed by the electromagnetic form factor
of the nucleon,M2

V = 0.71(GeV/c2)2 (Dumbrajs et al., 1983) and
gV = 1 by the hypothesis of conserved vector current (CVC). The
value of MA is estimated to be MA = 1.09(GeV/c2) (Schindler
and Scherer, 2007) and free value of gA = 1.269 (Yao et al., 2006).

The neutrino potential v(p) is written, in the closure
approximation, for light neutrino exchange as

v(p) =
2

π

1

p
(

p+ Ã
) . (9)

In non-closure calculations, an average energy Ã is replaced with
the actual intermediate state energies making the calculation
more accurate but also much more complicated. For heavy
neutrino exchange, the neutrino potential is given by

v(p) =
2

π

1

memp
. (10)

Short-range correlations (SRC) are taken into account by
multiplying the potential V(r) in coordinate space by a
correlation function f (r) squared. The most commonly used
correlation function is the Jastrow function

fJ(r) = 1− ce−ar2(1− br2) (11)

with a = 1.1 fm−2, b = 0.68 fm−2 and c = 1 for the
phenomenological Miller–Spencer parameterization (Miller and
Spencer, 1976), and, in recent years, the Argonne/CD-Bonn

parameterizations (Šimkovic et al., 2009) a = 1.59/1.52 fm−2,
b = 1.45/1.88 fm−2 and c = 0.92/0.46. Since the formulation
is in momentum space, SRC is taken into account by using the
Fourier–Bessel transform of fJ(r).

From these ingredients, one can calculate the individual
contributing NMEs listed also in Table 1. Furthermore, from
these one can calculate the final NMEs for the standard mass
mechanism,Mν and heavy neutrino exchangeMνh . To allow the
analysis to be performed in section 3, it is convenient to introduce
the quantities

MGT = M
AA
GT −

gP

6gA
M

′AP
GT +

(gV + gW)2

6g2A
M

′WW
GT +

g2P
48g2A

M
′′PP
GT

MT =
gP

6gA
M

′AP
T +

(gV + gW)2

12g2A
M

′WW
T −

g2P
48g2A

M
′′PP
T

(12)

and writeMν as

Mν = g2A

[

−

(

gV

gA

)2

MF +MGT −MT

]

, (13)

and similarly forMνh .
The obtained NMEs, both individual and compound, are

compared in two differentmodels IBM-2 andQRPA. Themethod
of evaluation 0νββ NMEs in IBM-2 is discussed in detail in Barea
and Iachello (2009); Barea et al. (2015a). For QRPA calculations,
see Suhonen and Civitarese (2012), Hyvärinen and Suhonen
(2015) and references therein. For both models, versions with
isospin restoration are used. In the case of 2νββ decay, if isospin
is a good quantum number, the Fermi matrix elements should
identically vanish. By a similar argument, the Fermi matrix
elements in 0νββ are expected to be small, although not zero,
the main difference between 2νββ and 0νββ being the neutrino

potential, which for 2νββ is v2ν(p) =
δ(p)
p2

, being the Fourier–

Bessel transform of the configuration space potential V(r) =

1. The method for isospin restoration is similar in spirit for
both models but different in practice and is discussed further in
section 4.1.

3. RESULTS

The matrix elements of the operator H(p) have dimension fm−1.
In the following, NMEs are multiplied by nuclear radius in
fm, R = R0A

1/3, with R0 = 1.2 fm in order to make them
dimensionless, which is the way they are usually quoted.

3.1. Light Neutrino Exchange
The individual IBM-2 nuclear matrix elements were recently
calculated in Deppisch et al. (2020) in order to study the
potential interplay of non-standard short-range operators of
0νββ decay with standard light Majorana neutrino exchange.
A selection of those NMEs is compared with QRPA nuclear
matrix elements reported in Hyvärinen and Suhonen (2015).
To avoid the differences arising from the use of different form
factor charges, they are explicitly factored out for both models
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TABLE 2 | Nuclear matrix elements (NMEs) for the standard light neutrino exchange 0νββ decay mechanism evaluated in the interacting boson model (IBM-2) and

quasiparticle random phase approximation (QRPA) as described in the text.

MF MAA
GT

M
′AP
GT

M
′AP
T

M
′WW
GT

M
′WW
T

M
′′PP
GT

M
′′PP
T

76Ge
IBM-2 −0.780 6.062 0.036 −0.010 0.089 −0.035 3.4× 10−4 −1.4× 10−4

QRPA −1.743 5.972 0.068 −0.011 0.224 −0.032 9.8× 10−4 −1.4× 10−4

82Se
IBM-2 −0.667 4.928 0.030 −0.010 0.073 −0.034 4.1× 10−4 −1.3× 10−4

QRPA −1.291 4.262 0.049 −0.008 0.161 −0.025 7.1× 10−4 −1.1× 10−4

96Zr
IBM-2 −0.361 4.317 0.027 0.009 0.065 0.032 3.1× 10−4 1.2× 10−4

QRPA −1.441 3.890 0.050 −0.010 0.173 −0.032 7.5× 10−4 −1.4× 10−4

100Mo
IBM-2 −0.511 5.553 0.038 0.012 0.096 0.041 4.7× 10−4 1.6× 10−4

QRPA −1.634 4.306 0.056 −0.011 0.195 −0.039 8.4× 10−4 −1.6× 10−4

110Pd
IBM-2 −0.425 4.432 0.032 0.009 0.080 0.036 3.9× 10−4 1.4× 10−4

QRPA −2.315 7.769 0.084 −0.011 0.273 −0.040 12.0× 10−4 −1.7× 10−4

116Cd
IBM-2 −0.335 3.173 0.023 0.005 0.058 0.023 2.9× 10−4 8.7× 10−5

QRPA −1.496 4.238 0.047 −0.007 0.153 −0.027 6.7× 10−4 −1.1× 10−4

124Sn
IBM-2 −0.572 3.370 0.021 −0.005 0.053 −0.018 2.5× 10−4 −7.5× 10−5

QRPA −2.332 7.519 0.083 −0.017 0.273 −0.055 11.9× 10−4 −2.4× 10−4

128Te
IBM-2 −0.718 4.321 0.027 −0.005 0.067 −0.023 3.1× 10−4 −9.1× 10−5

QRPA −1.777 5.232 0.066 −0.018 0.230 −0.060 9.9× 10−4 −2.5× 10−4

130Te
IBM-2 −0.651 3.894 0.024 −0.006 0.061 −0.021 2.8× 10−4 −8.3× 10−5

QRPA −1.523 4.878 0.060 −0.015 0.205 −0.053 8.9× 10−4 −2.2× 10−4

136Xe
IBM-2 −0.522 3.203 0.019 −0.005 0.048 −0.016 2.2× 10−4 −6.3× 10−5

QRPA −0.894 3.338 0.040 −0.009 0.133 −0.030 5.7× 10−4 −1.3× 10−4

and NMEs are presented in the notation given in Deppisch et al.
(2020). The individual QRPA nuclear matrix elements given in
Tables 2, 4, for light and heavy neutrino exchange, respectively,
are obtained from the values reported in Tables 2, 4 of Hyvärinen
and Suhonen (2015) as follows: F and AA contributions are taken
as they are; AP contributions are divided by ∓(4 ∗ m2

p/m
2
π )/6,

where − sign corresponds to M
′AP
GT and + sign to M

′AP
T ; WW

contributions (in Hyvärinen and Suhonen (2015) these are called
MM contributions): GT NMEs are divided by (µp − µn)2/6 and
T NMEs by (µp − µn)2/12 with µp − µn = 3.7; finally PP
contributions are divided by ±(4 ∗ m2

p/m
2
π )

2/48, where + sign

corresponds to M
′′PP
GT and − sign to M

′′PP
T . The thus obtained

numerical values of individual ground state to ground state
NMEs are given in Table 2 for 76Ge, 82Se, 96Zr, 100Mo, 110Pd,
116Cd, 124Sn, 128Te, 130Te, and 136Xe.

Since nuclei from A = 76 to A = 136 are covered, there
are two classes of nuclei: those in which protons and neutrons
occupy the same major shell (A = 76, 82, 124, 128, 130, 136)
and those in which they occupy different major shells (A =

96, 100, 110, 116). Clearly notable difference between the two
models is shown for the tensor matrix elements in these two
classes. For QRPA, the sign of tensor NMEs is always negative.
For IBM-2, it is negative if the protons and neutrons occupy the
same major shell and positive when they occupy different major
shells. This behavior can be traced to the fact that the neutrino
potential V(r) is different for the tensor contribution than for
Fermi and Gamow–Teller contributions. In the notation of Table
8 of Barea and Iachello (2009), V(r) = H(r) for Fermi and

Gamow–Teller matrix elements and V(r) = −rH′(r) for tensor
matrix elements.

Another considerable difference is the magnitude of MF

matrix elements. They appear twice or more larger in QRPA than
in IBM-2 for most of the studied nuclei, 136Xe being a notable
exception. On the other hand, the M

AA
GT , giving the biggest

contribution to the full NME, have rather similar magnitudes in
both models, exceptions being 110Pd and 124Sn which are much
larger in QRPA. The other contributions, AP, PP, and WW,
are orders of magnitude smaller. M′AP

GT , as well as, M
′′PP
GT , have

comparable magnitudes in both models, the exceptions again
being 110Pd and 124Sn, which are much larger in QRPA. M′WW

GT ,
however, is twice or more larger in QRPA in all the studied nuclei.
The contributions of tensor matrix elements are the smallest and
their magnitudes are fairly similar in both models.

To analyze further the similarities and differences in these two
models, it is useful to calculate the compound NMEs MGT , and
MT given in Equation (12) using the individual NMEs ofTable 2.
In the calculation, values gV = 1.0 and gW = 3.7 and quenched

values for gA = 1.0, gP = 4gA
m2
p

m2
π

(

1− m2
π

m2
A

)

= 182 are used

in order to allow straightforward use of other values of gA using
Equation (13) for the full matrix element. MF , MGT , MT , and
full matrix element Mν are listed in Table 3, along with their
ratios in the two studied models. The ratio χF = MF/MGT is
also shown for each model.

If we first look at the ratio χF = MF/MGT , we note that
QRPA gives larger absolute value in all studied nuclei. For QRPA,
this value varies between−0.30 and−0.42, largest absolute values
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TABLE 3 | Comparison between interacting boson model (IBM-2) and quasiparticle random phase approximation (QRPA) light neutrino exchange Fermi (F),

Gamow–Teller (GT), tensor (T), and full Mν NMEs as defined in Equations (12) and (13) calculated using quenched value gA = 1.0.

Isotope MF MGT MT χF Mν
M

QRPA
F

MIBM-2
F

M
QRPA
GT

MIBM-2
GT

M
QRPA
T

MIBM-2
T

MQRPA
ν

MIBM-2
ν

76Ge
IBM-2 −0.78 5.58 −0.28 −0.14 6.64

2.23 0.97 1.05 1.12
QRPA −1.74 5.41 −0.30 −0.32 7.45

82Se
IBM-2 −0.67 4.52 −0.27 −0.15 5.46

1.94 0.85 0.83 0.98
QRPA −1.29 3.85 −0.22 −0.33 5.37

96Zr
IBM-2 −0.36 3.95 0.25 −0.09 4.07

3.99 0.89 −1.01 1.28
QRPA −1.44 3.52 −0.25 −0.41 5.22

100Mo
IBM-2 −0.51 5.08 0.32 −0.10 5.27

3.20 0.77 −0.92 1.11
QRPA −1.63 3.91 −0.29 −0.42 5.84

110Pd
IBM-2 −0.43 4.03 0.24 −0.11 4.21

5.45 1.75 −1.22 2.29
QRPA −2.32 7.04 −0.30 −0.33 9.66

116Cd
IBM-2 −0.34 2.89 0.12 −0.12 3.11

4.47 1.33 −1.58 1.77
QRPA −1.50 3.84 −0.19 −0.39 5.52

124Sn
IBM-2 −0.57 3.10 −0.12 −0.18 3.79

4.08 2.20 3.72 2.53
QRPA −2.33 6.83 −0.44 −0.34 9.60

128Te
IBM-2 −0.72 3.97 −0.12 −0.18 4.80

2.47 1.20 4.07 1.46
QRPA −1.78 4.75 −0.47 −0.37 6.99

130Te
IBM-2 −0.65 3.59 −0.16 −0.18 4.40

2.34 1.24 2.56 1.45
QRPA −1.52 4.43 −0.41 −0.34 6.37

136Xe
IBM-2 −0.52 2.96 −0.12 −0.18 3.60

1.71 1.02 1.90 1.15
QRPA −0.89 3.02 −0.23 −0.30 4.15

being for 100Mo and 96Zr. For IBM-2 χF , values are between
−0.09 and−0.18 and smallest absolute values are obtained for
100Mo and 96Zr. This shows that in addition to the absolute
magnitude of MF being larger in QRPA than in IBM-2 also the
relative magnitude ofMF toMGT is larger in QRPA.

The ratios of compound NMEs MGT and MT in QRPA and
IBM-2 are shown in the last two columns of Table 3. MGT

gives the biggest contribution to the full matrix element defined
in Equation (13). For 76Ge and 136Xe,MGT are in very close
correspondence in QRPA and IBM-2. For 82Se and 96Zr, the
difference is 15% or less, and for 100Mo, 116Cd, 128Te, and 130Te,
the difference is 33% or less. The largest differences are for 110Pd
and 124Sn, as was the case also for individual NMEs. ForMT , the
situation is a bit different. Also for these nuclear matrix elements
QRPA and IBM-2 give very similar results for 76Ge and 82Se. In
96Zr, 100Mo, 110Pd, and 116Cd, the magnitude is comparable but
since these nuclei have protons and neutrons occupying different
shells there is the sign difference. For 124Sn, 128Te, 130Te, and
136Xe, the difference is as large or larger than 90%. However, it
is good to keep in mind that tensor contribution is an order of
magnitude smaller than GT contribution.

The numerical values of full matrix elementMν are discussed
in sections 4.3 and 4.4.

3.2. Heavy Neutrino Exchange
The matrix elements for heavy neutrino exchange can be simply
calculated by replacing the potential v(p) = 2π−1[p(p + Ã)]−1

of Equation (9) with the potential vh(p) = 2π−1(memp)−1

of Equation (10). Table 4 gives the corresponding individual
nuclearmatrix elements. The index h is added to distinguish these
matrix elements from those with light neutrino exchange. As can
be seen from Table 4, the situation is much more complicated
than in the case of light neutrino exchange. In addition to
Fermi matrix elements being larger in QRPA and tensor matrix
elements having sign that varies depending whether neutrons
and protons occupy the same shell in IBM-2 also the M

AA
GT are

much larger in QRPA and the sign of M′WW
GT is negative for all

studied nuclei in IBM-2 and positive in QRPA. Furthermore,
M

′WW
GT is also much larger in magnitude in QRPA than

in IBM-2.
Table 5 presents theMF ,MGT ,MT , and full matrix element

Mνh along with their ratios in the two studied models in case
of heavy neutrino exchange. Again, also the ratio χνh ,F =

Mνh ,F/Mνh ,GT is shown. Now we see that the absolute value of
χνh ,F is larger for IBM-2 in all studied nuclei on the contrary
to light neutrino exchange. On the other hand, χνh ,F ratios
are rather close to each other: for QRPA, they vary from
−0.30 to −0.39, and for IBM-2, they vary from −0.43 to
−0.48. In addition to the Fermi matrix element being ∼2 −

5 times larger in QRPA, the compound GT matrix elements
are also ∼3 − 7 larger in QRPA. As in the case of light
neutrino exchange, the difference is largest for 110Pd and
124Sn. If those two systems are disregarded, variation is much
smaller, in average 2.8 and 3.6, for F and GT, respectively. The
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TABLE 4 | Nuclear matrix elements (NMEs) for the heavy neutrino exchange 0νββ decay mechanism evaluated in the interacting boson model (IBM-2) and quasiparticle

random phase approximation (QRPA) as described in the text.

MF MAA
GT

M
′AP
GT

M
′AP
T

M
′WW
GT

M
′WW
T

M
′′PP
GT

M
′′PP
T

76Ge
IBM-2 −48.89 170.0 2.110 −1.310 −2.945 −6.541 0.028 −0.022

QRPA −139.4 458.1 7.101 −1.104 17.75 −4.821 0.117 −0.018

82Se
IBM-2 −41.22 140.7 1.758 −1.249 −2.456 −6.206 0.024 −0.021

QRPA −102.0 329.3 5.084 −0.834 12.32 −3.506 0.083 −0.013

96Zr
IBM-2 −35.31 124.3 1.523 1.090 −3.116 5.436 0.020 0.019

QRPA −114.2 359.1 5.698 −1.201 15.65 −5.698 0.095 −0.021

100Mo
IBM-2 −51.96 181.9 2.273 1.590 −4.590 8.055 0.029 0.027

QRPA −127.1 405.5 6.441 −1.438 17.53 −6.925 0.108 −0.025

110Pd
IBM-2 −43.52 151.2 1.892 1.356 −3.945 6.816 0.024 0.023

QRPA −167.6 557.5 8.552 −1.503 20.64 −7.100 0.139 −0.026

116Cd
IBM-2 −32.45 110.5 1.374 0.843 −3.069 4.222 0.017 0.015

QRPA −102.1 314.1 4.818 −1.016 11.35 −4.909 0.078 −0.018

124Sn
IBM-2 −33.19 104.2 1.321 −0.723 −1.701 −3.655 0.018 −0.012

QRPA −168.7 561.4 8.691 −1.994 21.74 −9.379 0.143 −0.034

128Te
IBM-2 −41.82 131.7 1.667 −0.890 −2.439 −4.519 0.023 −0.015

QRPA −138.5 471.9 7.481 −2.156 20.07 −10.256 0.125 −0.037

130Te
IBM-2 −38.05 119.7 1.514 −0.807 −1.951 −4.105 0.021 −0.014

QRPA −119.9 419.5 6.620 −1.909 17.62 −9.116 0.110 −0.033

136Xe
IBM-2 −29.83 94.18 1.177 −0.620 −1.625 −3.158 0.016 −0.011

QRPA −61.0 235.8 3.734 −1.214 9.95 −5.873 0.062 −0.021

TABLE 5 | Comparison between interacting boson model (IBM-2) and quasiparticle random phase approximation (QRPA) heavy neutrino exchange Fermi (F),

Gamow–Teller (GT), tensor (T), and full Mνh nuclear matrix elements (NMEs) as defined in Equations (12) and (13) and calculated using quenched value gA = 1.0.

Isotope Mνh ,F Mνh ,GT Mνh ,T χνh ,F Mνh

M
QRPA
νh ,F

MIBM-2
νh ,F

M
QRPA
νh ,GT

MIBM-2
νh ,GT

M
QRPA
νh ,T

MIBM-2
νh ,T

MQRPA
νh

MIBM-2
νh

76Ge
IBM-2 −48.9 115 −36.3 −0.43 200

2.85 3.38 0.82 2.79
QRPA −139.4 388.5 −29.8 −0.36 557.6

82Se
IBM-2 −41.2 94.7 −34.5 −0.44 171

2.47 2.93 0.64 2.35
QRPA −102.0 277.6 −22.2 −0.37 401.9

96Zr
IBM-2 −35.3 80.2 30.2 −0.44 85.4

3.23 3.86 −1.08 5.34
QRPA −114.2 309.5 −32.7 −0.37 456.3

100Mo
IBM-2 −52.0 116 44.1 −0.45 124

2.45 3.01 −0.89 4.16
QRPA −127.1 348.9 −39.2 −0.36 515.2

110Pd
IBM-2 −43.5 96.2 37.5 −0.45 102

3.85 4.89 −1.09 6.65
QRPA −167.6 470.3 −40.8 −0.36 678.7

116Cd
IBM-2 −32.5 69.6 23.3 −0.47 78.8

3.15 3.79 −1.19 5.00
QRPA −102.1 263.9 −27.7 −0.39 393.6

124Sn
IBM-2 −33.2 70.3 −20.0 −0.47 124

5.08 6.77 2.71 5.64
QRPA −168.8 476.2 −54.1 −0.35 699.2

128Te
IBM-2 −41.8 87.9 −24.7 −0.48 154

3.31 4.61 2.38 3.91
QRPA −138.5 404.8 −58.7 −0.34 602.0

130Te
IBM-2 −38.1 80.8 −22.4 −0.47 141

3.15 4.45 2.33 3.77
QRPA −119.9 359.5 −52.1 −0.33 531.5

136Xe
IBM-2 −29.8 63.5 −17.2 −0.47 111

2.05 3.18 1.93 2.67
QRPA −61.0 202.1 −33.2 −0.30 296.3
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tensor matrix elements, however, behave similarly as in the
case of light neutrino exchange and the ratios are comparable
to those.

The numerical values of full matrix elementMνh are discussed
in sections 4.3 and 4.4.

4. DISCUSSION

There are several ingredients that go into the calculation of
nuclear matrix elements. In the following, some of these are
discussed in view of explaining similarities and differences
obtained in the results of the two models studied, IBM-2 and
QRPA. Various discussed assumptions are interrelated with
each other.

4.1. Model Assumptions
4.1.1. Microscopic Interacting Boson Model
The IBM-2 is based on presentation of nucleon pairs as bosons
with certain quantum numbers and features a truncation of
the full shell-model space to a subspace. The procedure to
obtaining wavefunctions is typically more phenomenological
than inQRPA, and reliesmore on adjusting themodel parameters
to match available observables. However, there are no data on
0νββ matrix elements and the associated operators therefore
must be derived from the shell model, at least approximately.
The mapping is approximate since it involves only two- and
four-nucleon states (which are mapped to one- and two-boson
states) and a schematic surface-delta interaction (SDI) that is not
fully consistent with the phenomenological boson interaction.
In addition to three fundamental assumptions in IBM-2, those
being a shell-model assumption, a mapping assumption, and
a truncation assumption, all of which enter in a microscopic
derivation of the parameters of the IBM-2 Hamiltonian, there
are several assumptions specifically related to description of
0νββ decay, such as closure approximation, method of isospin
restoration, and inclusion of short-range correlations.

• The shell model assumption and single particle energies
It is generally accepted that the shell model provides

an appropriate microscopic framework for the description
of the low-lying states of nuclei. The basic assumption is
that nuclei contain a relatively inert doubly magic core and
additional valence nucleons (or nucleon holes) restricted
to a small number of valence shells. Interactions between
the valence nucleons scatter them over the valence orbits,
thereby dictating spectroscopic properties in the region of low
excitation energies. In practice, this means that one major shell
is active for neutrons and one for protons and corresponding
single particle energies (SPEs) play considerable role. In Kotila
and Barea (2016), the single-particle and single-hole energies
and strengths of interaction were evaluated and discussed in
connection to IBM-2. Furthermore, the occupancies of the
single particle levels were calculated and compared to QRPA
at BCS level and available experimental data in order to satisfy
a two-fold goal: to assess the goodness of the single particle
energies and check the reliability of the used wave functions.
Both tests are particularly important in the case of nuclei

involved in double beta decay, as they affect the evaluation of
the NMEs and then their reliability (Engel, 2015).

In principle, the single particle energies can be considered
as input parameters that can be fitted to reproduce the
experimental occupancies. Instead of fitting, the single particle
energies can also be calculated using, e.g., Woods–Saxon
potential or extracted from experimental data on nuclei with a
particle more or one particle less than a shell closure as is used
in IBM-2. As part of the study reported in Kotila and Barea
(2016), the single particle energies used in IBM-2 calculations
were updated and in Deppisch et al. (2020), a notable increase
for 0νββ NMEs was obtained particularly for 76Ge, 82Se and
96Zr, and 100Mo for which the SPEs changed the most. The
obtained increase,∼20− 40%, is mainly due GT contribution.
One should note that in IBM-2 the number of the valence
orbitals is dictated by magic numbers. The corresponding
single particle energies enter the calculation through mapping
procedure and the only parameter that is changed when SPEs
change is the SDI strength parameter. Also, in the IBM-2
calculation the same single particle energies and SDI strength
parameters for both initial and final states are used.

• The mapping and truncation assumption
Formally, any fermion problem can be transformed into

an equivalent boson problem by carrying out a mapping from
the original fermion space (the shell model space) onto space
composed of many-boson states. Those states, which properly
reflect the Pauli principle, define the so-called physical boson
space. To avoid violating the suppressed effects of the Pauli
principle, the boson operators that arise in such mappings
will, in general, involve infinite expansions. Their use in
practical applications requires that only low orders in the
series expansion be maintained. Implicit in the IBM-2 is the
assumption that the original fermion shell model Hamiltonian
can be mapped to a good approximation onto a boson
Hamiltonian which contains, at most, two-boson interactions.

In the current double beta decay calculations, the Otsuka–
Arima–Iachello (OAI) mapping (Otsuka et al., 1978) is
employed, where first the dominant, collective degrees of
freedom in the fermion space are isolated and then only this
collective subspace is mapped onto a boson space. In the
zeroth-order OAl mapping, the series expansion for the boson
Hamiltonian is truncated so that only one- and two-body
terms are kept. One should note that for strongly deformed
nuclei different mapping could be more suitable [e.g., the
generalized Holstein–Primakoff (GHP) expansion, Marshalek,
1980]. Bosonmapping procedures, in principle, map the entire
fermion space onto a boson space. Practical application of any
such procedure requires truncation to a small set of collective
bosons: in IBM-2, this is two collective bosons (I = 0 and
I = 2) for neutrons and likewise two collective bosons for
protons.

In Barea and Iachello (2009), the role of approximations in
the boson calculation was assessed by comparing generalized
seniority (GS), IBM-2, and IBM-2 with next to leading order
(NLO) calculation. It was observed that there was a systematic
reduction of the matrix elements by about 20% when going
from GS to IBM-2, while the effect of NLO terms was found
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to be very small. It was also found that the contribution of s
bosons is dominant, the contribution of d bosons is sizable and
of opposite sign, whereas NLO corrections are small and with
random sign. It was concluded that NLO corrections appear
to be small, they are henceforth neglected in the calculations
of Deppisch et al. (2020).

• Isospin restoration
Isospin restoration was already brieflymentioned in section

2. The need for this improvement was obvious: the Fermi

matrix elements M
(2ν)
F for 2νββ decay in IBM-2 did not

vanish in cases where protons and neutrons occupy the same

major shell. Similarly, the Fermi matrix elements M
(0ν)
F for

0νββ decay were large when protons and neutrons are in
the same major shell, as can be seen from Table 7 of Barea
et al. (2013a), where the quantity χF is reported. In IBM-2,
the isospin is restored by modifying the mapped operator by

imposing the condition that M(2ν)
F = 0. This condition is

simply implemented in the calculation by replacing the radial
integrals of Appendix A of Barea and Iachello (2009) with
ones given in Equations (9) and (10) in Barea et al. (2015a)
that guarantee that the F matrix elements vanish for 2νββ

as given in Barea et al. (2015a), and they also reduce the F
matrix elements for 0νββ by subtraction of the monopole
term in the expansion of the matrix element into multipoles.
Even though the method of isospin restoration is similar
in spirit in QRPA, it is different in practice. In IBM-2, the
isospin restoration does not affect any model parameters in
contrary to QRPA. When compared with the matrix elements
without the isospin restoration in IBM-2 (Barea et al., 2013a),
a considerable reduction of the F matrix elements to values
comparable to those of the shell model (Caurier et al., 2007;
Menéndez et al., 2009a), where isospin is a good quantum
number by definition, and uniformly small (χF∼ − 0.15), are
found. The overall reduction in full matrix element for light
neutrino exchangeM(0ν) due isospin restoration is∼15%.

• Closure approximation
A standard way to consider a double beta decay process is

to present it as a transitional process from an initial nucleus to
an intermediate nucleus and then to a final nucleus, so that the
corresponding nuclear matrix elements can be presented as a
sum over the intermediate nuclear states. To calculate these
matrix elements, one needs to calculate all the intermediate
states, which could be a very challenging task. However, this
can be avoided using closure approximation. The main idea
behind the closure approximation is to replace the energies
of the intermediate states with an average energy, and then
the sum over the intermediate states can be found explicitly
by using the completeness relation. In IBM-2, calculations
closure approximation is assumed. In Barea et al. (2013a), the
sensitivity to the closure energy (∼10MeV) is estimated to
be 5%. This uncertainty in the value of the nuclear matrix
elements is related to the ability to derive accurately enough
the average energy associated with the closure approximation.
Fortunately, the 0νββ nuclear matrix elements are not very
sensitive to the value of closure energy since the typical, large
value of momentum of the virtual neutrino is ∼100 − 200

MeV, i.e., much larger than the typical nuclear excitations. In
Yoshida and Iachello (2013), IBM-2 was employed without
closure approximation in the description of 2νββ for A =

128, 130 systems. The results were found to be comparable
with the ones using closure approximation, even though 2νββ

is muchmore sensitive to the choice of closure energy. In 2νββ

decay, the typical neutrino momentum is of the same order
than nuclear excitations. Further IBM-2 calculations without
closure approximations for 2νββ and 0νββ are in progress.

4.1.2. Quasiparticle Random Phase Approximation
The QRPA is a standard method for describing collective
excitations in open-shell nuclei with stable mean-field solutions,
either spherical or deformed. The advantage of the QRPA is
the number of single-particle orbits that can be included in the
calculation. In most QRPA calculations, all the orbitals within
one, two, or even more oscillator shells of the Fermi surface are
treated explicitly, with those further below assumed to be fully
occupied and those further above completely empty. The cost
for such large single-particle spaces in the QRPA is a restricted
set of correlations. To compensate this, the effective nucleon–
nucleon interaction used to generate the nuclear states needs
to be modified. The original interaction is typically a realistic
nucleon–nucleon potential adapted to the QRPA configuration
space through many-body perturbation theory.

• Parameter fitting and isospin restoration
The interaction is usually modified independently in the

particle-hole and pairing channels. The strengths of the pairing

interaction are renormalized independently for protons, g
pair
p ,

and neutrons, g
pair
n , to reproduce the pairing gaps. The

strengths of the interaction in the proton–neutron particle-
hole channels are usually renormalized to properly reproduce
the energies of the Gamow–Teller and spin-dipole giant
resonances, altering both the 2νββ and 0νββ matrix elements
somewhat. The particle–particle channel is used to cure the
problem of isospin violation obtained in 2νββ decay. This
is done by adjusting the renormalization constant gT=1

pp to

makeM(2ν)
F vanish (Šimkovic et al., 2013). In order to restore

the isospin symmetry, gT=1
pp should approximately equal to

gpair ’s (Rodin and Faessler, 2011). Then this adjusted value of
gT=1
pp is used in further calculations for the 0νββ decay. The

parameter gT=0
pp is usually independently fitted to reproduce

the measured 2νββ-decay half-life and thus obtained value
is then used in the calculation of the 0νββ NMEs. The
fitted gpp’s depend naturally on the chosen nucleon–nucleon
interaction. However, in Fang et al. (2018), it was found that
even though the parameters that lead to same 2νββ NME are
different for different interactions, they lead also basically to
the same 0νββ NME.

When comparing the matrix elements without and with the
restoration, the reduction is found to be smaller for QRPA
(Hyvärinen and Suhonen, 2015) than for IBM-2. The effect
on light neutrino exchange Fermi matrix elements is found
to be very small or negligible and Gamow–Teller and tensor
parts are found to be hardly affected in disagreement with

Frontiers in Astronomy and Space Sciences | www.frontiersin.org 8 May 2021 | Volume 8 | Article 65218065

https://www.frontiersin.org/journals/astronomy-and-space-sciences
https://www.frontiersin.org
https://www.frontiersin.org/journals/astronomy-and-space-sciences#articles


Kotila Comparison of IBM-2 and QRPA 0νββ NMEs

QRPA calculations reported in Šimkovic et al. (2013). This
deviation with different QRPA calculations is discussed further
in section 4.4. For heavy neutrino exchange, the effect on F
NMEs is less than 5% and very small or negligible for GT and
T nuclear matrix elements. It should also be noted that for
A = 110 and A = 124 systems, there are no 2νββ-decay
data available, and in the QRPA calculation beta decay data
were used for A = 110 and for A = 124 2νββ nuclear matrix
element proposed in Šimkovic et al. (2013) was taken. These
two nuclear systems are exactly the ones were nuclear matrix
elements in Tables 2–5 for QRPA and IBM-2 differ the most.
However, in Šimkovic et al. (2013), for these nuclei QRPA
results are presented that are much closer to IBM-2 values.

• Size of the model space
Size of the model space and SPEs play considerable role

in QRPA 0νββ calculations as was pointed out in Suhonen
and Civitarese (2008). In QRPA calculations, the valence space
usually spans more than just one harmonic oscillator shell. In
Suhonen and Civitarese (2010), the effects of different orbital
occupancies andmodel-space sizes on the magnitudes of 0νββ

nuclear matrix elements were studied. It was found that the
contributions coming from beyond the simple shell-model
space are essential in obtaining a reliable value of the nuclear
matrix element. Furthermore, inclusion of spin-orbit partners
in the single particle basis is not only possible in QRPA but also
found necessary in order to avoid underestimation of the 0νββ

NMEs. Also, in QRPA rather different sets of single particle
energies are employed for initial and final nucleus (Suhonen
and Civitarese, 2010).

The size of the model space and SPEs affect also the
fitting of gpp parameters. Usually larger values of parameters
gpp are needed to obtain agreement for the 2νββ transition
probabilities when smaller model space is considered and
the 2νββ NMEs decrease with increasing particle–particle
strength.

• Non-closure approach
In QRPA, the use of closure approximation is avoided

when evaluating 0νββ NMEs. In this so-called non-closure
approach, one needs to calculate the sum through all
intermediate states explicitly, which is an obvious challenge
due to the large number of intermediate states. As noted
earlier, use of closure approximation in the description of
0νββ decay is much more justified than in the case of 2νββ

decay. However, in QRPA 2νββ NMEs are needed to fit the
gpp parameters and thus the use of non-closure approximation
is essential.

The QRPA calculations have also been used to estimate the
difference between closure vs. non-closure and the validity
of used closure energy. For example, results from Pantis and
Vergados (1990) indicate a deviation of about up to 10%
between closure and non-closure NMEs, but its magnitude
and sign depend on the choice of gpp. In Muto (1994),
very small differences between closure and non-closure is
reported, and in most cases the magnitude of the non-
closure results is slightly smaller than the magnitude of the
closure result.

4.2. Short Range Correlations
The short range correlation is important issue in the actual
calculation of 0νββ NMEs. Early calculations use the Miller-
Spencer SRC, which gives rather large reductions to the final
results. More modern Argonne and CD-Bonn SRC behave
much milder.

The short-range correlations affect heavy neutrino exchange,
0νhββ , decay differently than light neutrino exchange, 0νββ . This
is because the neutrino potential for heavy neutrino exchange is
a contact interaction in configuration space and thus strongly
influenced by SRC. For light neutrino exchange, the effect is
very small, especially when going from Argonne SRC to CD-
Bonn SRC, which are the SRC parameterizations used in IBM-
2 and QRPA calculations of interest here, respectively. For
heavy neutrino exchange, however, the effect is considerable. In
Hyvärinen and Suhonen (2015), effect of changing fromArgonne
to CD-Bonn SRC in case of heavy neutrino exchange in QRPA
was studied and CD-Bonn NMEs were found to be roughly 1.5
larger than Argonne NMEs. Similar result is found also for IBM-
2 (Barea et al., 2013a). Taking this into account, the difference
between the results for heavy neutrino exchange obtained in
IBM-2 and QRPA is reduced to factor ∼1.9 for F nuclear matrix
elements and ∼2.5 for GT nuclear matrix elements and full
matrix element.

4.3. Sign of the Tensor Matrix Element and
Full 0νββ Nuclear Matrix Element
In recent papers (Graf et al., 2018; Deppisch et al., 2020),
the mapping of the quark current products to nucleon matrix
elements and finally to nuclear matrix elements was performed
in detail. A different relative sign between GT and T matrix
element was found than in previous papers available in literature.
In case of light neutrino exchange, the tensor contribution is
rather small, ∼1%. However, for heavy neutrino exchange the
sign affects the final 0νhββ NMEs considerably. In Figures 1, 2,
total NMEs obtained with IBM-2 and QRPA using the same form
factor charges, same overall sign for tensor matrix elements, and
the convention thatMν > 0,Mνh > 0, are plotted for light and
heavy neutrino exchange, respectively. The numerical values are
also given in Tables 3, 5. Total nuclear matrix element are found
to be systematically larger in QRPA. However, for light neutrino
exchange the correspondence is very good for A = 76, 82, 100,
and 136 systems where the deviation is less or equal to 15%.
For heavy neutrino exchange, the situation is more complicated
and a factor up to 6.65 difference is found between the two
models when 110Pd and 124Sn are included. When 110Pd and
124Sn are not included and different parameterization of short
range correlation is taken into account, the factor reduces to
∼2−3. However, even for the heavy neutrino exchange, the trend
is found to be similar for IBM-2 and QRPA. The difference also
seems to be rather regular and systematic.

The matrix elements Mν attain their smallest values at the
closed proton and neutron shells due to the form of the transition
operator, which for β−β− decay annihilates a neutron pair and
creates a proton pair. These shell effects are very clear in Figure 1
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FIGURE 1 | Total light neutrino exchange 0νββ nuclear matrix elements Mν

obtained with interacting boson model (IBM-2) and quasiparticle random

phase approximation (QRPA) using same form factor charges, same overall

sign for tensor matrix elements, and the convention that Mν > 0.

FIGURE 2 | Total heavy neutrino exchange 0νhββ nuclear matrix elements

Mνh obtained with interacting boson model (IBM-2) and quasiparticle random

phase approximation (QRPA) using same form factor charges, same overall

sign for tensor matrix elements, and the convention that Mνh > 0.

and it even seems that both calculations suggest a kind of shell
closure at A = 116 system, i.e., around N = 66. Shell effects
are also responsible for the ratio of the matrix elements of two
different isotopes of the same element. For example, a simple
calculation using the pair operators of Equation (42) of Barea
and Iachello (2009) gives Mν(128Te)/Mν(130Te) = 1.11, which
is nicely reproduced by both models.

4.4. Other QRPA Calculations
As already noted, there are also several other calculations
available using QRPA in the description of double beta decay. In
Šimkovic et al. (2013), a significant reduction in the Fermi matrix
element was observed when comparing results without and with
isospin restoration. On the other hand, the values of Fermi
NMEs without isospin restoration were considerably higher
than in the QRPA calculation analyzed here. As a consequence,

FIGURE 3 | Ratio Mνh /Mν in interacting boson model (IBM-2) and

quasiparticle random phase approximation (QRPA) using same form factor

charges, same overall sign for tensor matrix elements, and the convention that

Mν ,Mνh > 0.

after the isospin restoration the Fermi NMEs for light neutrino
exchange of these two QRPA calculations (Šimkovic et al., 2013;
Hyvärinen and Suhonen, 2015) are rather close to each other.
Also the GT NMEs are generally in good agreement in these two
calculations, exceptions being 110Pd and 124Sn, where (Šimkovic
et al., 2013) reports much smaller values that in fact are in good
correspondence with IBM-2 results. In Šimkovic et al. (2013),
the T NMEs are also found to be reduced slightly once isospin
restoration is taken into account. Nonetheless, T nuclear matrix
elements obtained in Šimkovic et al. (2013) are roughly twice as
large compared to Hyvärinen and Suhonen (2015).

The nuclear matrix elements for heavy neutrino exchange
with isospin restoration in QRPA were also calculated in
Faessler et al. (2014) where only full matrix elements are given.
The results of this calculation are somewhere between IBM-2
(Deppisch et al., 2020) and QRPA of Hyvärinen and Suhonen
(2015). The results obtained with CD-Bonn parameterization
of SRC are about 67% of those given in Hyvärinen and
Suhonen (2015) obtained with the same SRC parameterization,
exceptions being 110Pd and 124Sn. Faessler et al. (2014) also
gives results with Argonne parameterization of short range
correlations and those are very similar to the ones obtained with
IBM-2 (Deppisch et al., 2020) and calculated with same SRC
parameterization.

Double beta decay nuclear matrix elements for 76Ge, 82Se,
130Te, 136Xe, and 150Nd have also been calculated using deformed
QRPA in Fang et al. (2018), where the results are presented
for both CD-Bonn and Argonne parameterization of SRC.
It is thus convenient to compare spherical and deformed
QRPA calculations with CD-Bonn parameterization, where as
the comparison with IBM-2 and deformed QRPA is made
using Argonne parameterization. Compared to spherical QRPA
calculations a reduction of ∼30% was found for 76Ge, 82Se, and
130Te, and about 60% for 136Xe, which has a magic neutron
number and different Fermi surfaces of initial non-paired and
final paired neutrons.The reduction was concluded to be mainly
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TABLE 6 | Upper limits on |mββ ||Mν | from current experimental bounds T
exp
1/2 at

90% CL and taking gA = 1.0.

Isotope T
exp
1/2 [yr]

Gν |mββ ||Mν |

10−15yr−1 [eV]

76Ge >1.8× 1026 Agostini et al., 2020 2.36 <0.78

82Se >2.4× 1024 Azzolini et al., 2018 10.19 <3.27

96Zr >9.2× 1021 Argyriades et al., 2010 20.58 <37.14

100Mo >1.1× 1024 Arnold et al., 2015 15.91 <3.86

116Cd >2.2× 1023 Barabash et al., 2018 16.69 <8.43

128Te >1.1× 1023 Arnaboldi et al., 2003 0.59 <63.43

130Te >3.2× 1025 Adams et al., 2020 14.20 <0.76

136Xe >1.1× 1026 Gando et al., 2016 14.56 <0.40

due the presence of BCS overlap factor between the initial and
ground states. This reduction leads to light neutrino exchange
NMEs that are roughly half of those obtained with IBM-2
and spherical QRPA except for 136Xe, where the reduction is
larger. This holds also for heavy neutrino exchange between
the QRPA calculations. The IBM-2 NMEs, however, are very
close to those obtained with deformed QRPA when sign of the
tensor matrix element is taken into account (exception again
being 136Xe).

4.5. Correlation of Light and Heavy
Neutrino Exchange Matrix Elements
It has been suggested that measurement of 0νββ decay
in different nuclei could be used to distinguish between
the two mechanisms, light or heavy neutrino exchange.
Unfortunately, the results in Tables 3, 5 are highly correlated
as is evident from the fact that they are obtained one
from the other just by replacing the potential v(p) with
vh(p). Therefore, this criterion cannot be used to distinguish
between the two mechanisms (Lisi, 2011). The situation
is further illustrated in Figure 3. For QRPA, the heavy
neutrino nuclear matrix elements are roughly 80 times
larger than light neutrino ones. For IBM-2, this factor is
roughly 30.

4.6. Experimental Half-Life Limits
Table 6 summarizes current bounds for T

exp
1/2 at 90% CL from

different experiments. For 76Ge and 136Xe, limit of 1026yr has
already been exceeded. Experimental half-life limits can be
converted to limits on product of neutrino mass parameter |mββ |

and nuclear matrix element as shown in the last column of
Table 6. Once the nuclear matrix element is known accurately
enough, these can be converted to limits on neutrino mass

parameter |mββ |. As mentioned, the stringent limits are currently
found for 76Ge and 136Xe. For these two systems the IBM-2 and
QRPA give rather good correspondence as can be seen from
Figure 1, deviation being ∼15%. As a result, limits of |mββ |

∼100meV are deduced for both 76Ge and 136Xe.

5. SUMMARY

In this paper, a comparison between QRPA and IBM-2
calculations for 0νββ NMEs with isospin restoration in both
models was presented in detailed level, i.e., looking at the
individual NMEs that contribute to F, GT, and T matrix elements
and finally to total 0νββ NME when multiplied with appropriate
form factor charges. Possible explanations, including method
of isospin restoration, short range correlations, single particle
energies, and closure approximation, for obtained similarities
and differences were then discussed. The agreement is found
to be quite good in most cases for light neutrino exchange.
However, there seems to be larger deviations for theA = 110, 124
systems. In these cases, there is no 2νββ data available that is
used in the QRPA to fit parameter gT=1

pp . For heavy neutrino
exchange, the trend is found to be similar, but a factor of ∼3
difference is obtained even when the effect of different short
range correlation parameterization, which affects heavy neutrino
exchange considerably, is taken into account. This suggest a
need for a further investigation on heavy neutrino exchange
0νββ nuclear matrix elements. Once the origin of this systematic
and rather regular difference is better understood, and perhaps
solved, the connection between IBM-2 and QRPA could be used
to combine the strengths of each model, in particular the large
model space and non-closure of QRPA and capability to describe
deformed nuclei of IBM-2.
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This is a brief review on ordinary muon capture (OMC) experiments at Research Center for
Nuclear Physics (RCNP) Osaka University relevant for the study of double beta decays
(DBDs) and astro anti-neutrinos (neutrino) nuclear responses. OMC usually leaves the
nucleus in highly excited unbound state. OMC is a charge exchange reaction via the
charged weak boson as given by (μ,vμ) reactions with μ and vμ being the muon and muon
neutrino. Subjects discussed include 1) unique features of OMC for studying DBDs and
astro anti-neutrino (neutrino) nuclear responses, 2) experiments of OMCs on 100Mo and
natMo to study neutrino nuclear responses for DBDs and astro anti-neutrinos, 3) impact of
the OMC results on neutrino nuclear responses for DBDs and astro anti-neutrinos.
Remarks and perspectives on OMC experiments for neutrino nuclear responses are
briefly described.

Keywords: ordinary muon capture, muon charge exchange reaction, neutrino nuclear response, double beta decay,
supernova neutrino, nuclear matrix element, neutrino mass

1 INTRODUCTION

Double beta decays (DBDs) and astro (solar and supernova) neutrinos and anti-neutrinos are of
current interest. Neutrino-less DBDs are used to explore the fundamental neutrino properties such as
the Majorana nature, the absolute mass scale, the mass hierarchy and the CP phases beyond the
standard electroweak model. The zero-neutrino (0v) DBD rate is given by
R0] � G0] × ∣∣∣∣M0]|2 × ∣∣∣∣meff |2, where G0v is the phase space volume, meff is the effective neutrino
mass andM0v is the zero-neutrino DBD nuclear matrix element, whose squared value is the nuclear
response, i.e: B0] � ∣∣∣∣M0]|2. Here we consider the ground state (0+) to ground state (0+) transition
A
ZX→ A

Z+2X. The DBD nuclear matrix element (NME) M0v is given by the coherent sum of the
individual matrix elements M0v

i which connect the initial and final ground states via the ith
intermediate nucleus A

Z+1Xi, where these extend up to about 100 MeV.
The supernova nucleo-synthesis rates induced by neutrinos and anti-neutrinos are proportional

to the respective nuclear responses

B],] � 1
2JA + 1

∣∣∣∣∣∣∣M],] 2
∣∣∣∣ (1)

whereM],] are the NMEs, and (2JA + 1) is the spin factor for the initial nucleus. Note that the NMEs
M],] are the coherent sums of individual NMEs M],]

i

M],] � ∑
i

M],]
i (2)
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for each intermediate state (i) and in the respective isospin
directions τ− for ] or τ+ for ]. Note that the ] and ] NMEs
for the ith intermediate state are given by the τ− and τ+ NMEs of
Mi

− and Mi
+, respectively. Accordingly one needs the B0v

response to derive the effective neutrino mass meff from the
neutrino-less DBD rate and the astro neutrino (anti-neutrino)
response BV (B]) to derive the synthesis rate from the neutrino
(anti-neutrino) flux. The neutrino nuclear responses are
evaluated theoretically. However, the theoretical calculations
for the neutrino nuclear responses for DBD and astro
neutrino (anti-neutrino) depend much on the nuclear models
and the nuclear parameters used. The neutrino nuclear responses
and DBDs are extensively discussed in review articles and
references therein (Ejiri, 2000; Vergados et al., 2012).

Experimental studies for the neutrino nuclear responses are
interesting to provide the nuclear parameters to be used for
theoretical calculations. Charge exchange reactions (CERs)
using light ions have been used to study the neutrino nuclear
responses. In particular, high energy-resolution (3He, t) CERs
have been used to study the neutrino nuclear responses for nuclei
of DBD and astro neutrino interests in the broad energy and
momentum regions. The responses studied by these light-ion
CERs are the τ−-side ones, and the NMEs Mi

− are derived from
CERs. On the other hand, the τ+-side responses and the NMEs
Mi

+ are not well studied since the (t,3He) CERs to be used for
studying the τ+-side responses require the radioactive t beam, and
thus high precision measurements are difficult. Medium energy-
resolution measurements are made by using (d,2He) reactions.
Neutrino nuclear responses studied by these light-ion CERs are
discussed in the recent review articles and references therein
(Ejiri, 2000; Vergados et al., 2012; Frekers and Alanssari, 2018;
Ejiri et al., 2019; Ejiri, 2020).

Recently ordinary muon capture reactions (OMC), where a
negative muon in an atomic orbit is captured into the nucleus has
been shown useful for studying the τ+-side responses, and theMi

+

NMEs at Research Center for Nuclear Physics (RCNP) Osaka
University (Hashim, 2015; Hashim et al., 2018; Hashim and Ejiri,
2019). The present report is a brief mini-review on the OMC
studies for the DBD and astro anti-neutrinos responses and
related subjects on nuclear isotope productions at RCNP.

2 UNIQUE FEATURES OF OMCS FOR
NEUTRINO NUCLEAR RESPONSES

In OMC some of the unique feature are as follows:

(1) OMC can be used to study the τ+-responses of proton
(p)→ neutron(n) in the nucleus, and the NME Mi

+ for
DBD and astro anti-neutrino.

(2) OMC transfers energy between 0–50MeV and a momentum
up to 100 MeV/c to the nucleus that are similar to those
involved in neutrino-less DBD and supernova anti-
neutrino.

(3) A negative muon is finally captured into the nucleus via
the weak interaction. The capture probability in the
medium and heavy nuclei is around 95% after a mean

lifetime of about 100 ns in the atomic orbit. Low
momentum (a few 10 MeV/c) beam muons at
intensities of 103–104 muons/s are used for OMC studies.

(4) The OMC on A
ZX, where A and Z are the mass and the

atomic numbers, excites the nucleus A
Z−1X up to around

50 MeV, which decays by emitting a number (x) of
mostly neutrons and gamma rays to the ground state
of the residual nucleus A−x

Z−1X. The number of neutrons
reflects the excitation energy. Accordingly, the relative
strength as a function of the excitation energy is evaluated
by measuring the number (x) of the neutrons, i.e. the
mass distribution A−x of the residual nuclei.

(5) Absolute OMC rate is obtained from the measured lifetime
of the trapped muons, and thus the neutrino nuclear
responses are derived from the OMC rate.

3 NEUTRINO NUCLEAR RESPONSES FOR
MO ISOTOPES BY OMC

The intense 400 MeV proton beam with an intensity around 1 μA
from the RCNP cyclotron is used to produce pions. The
momentum (p ≈ 30–50 MeV/c) negative muons produced by
the π-decays are guided by theMuSIC beamline to the target port.
They are stopped in the target and are trapped in the inner orbit
of the atom. Then, after around 100 ns, the muon is mainly
(around 95%) captured into the nucleus via the OMC. The
μ-beam spot and the muon beam intensity at the target port
are around 6 cm × 6 cm and 5 × 103 per second (Hino et al., 2014).
The μ capture rate is derived by measuring the electrons’ time
signal from the weak decay of the μ trapped in the atomic orbit by
plastic scintillation detectors. The residual isotopes are identified
by measuring characteristic prompt c-rays of the residual nucleus
by HPGe detectors online and delayed c-rays from β-decays of
residual isotopes by HPGe detectors offline.

Recently OMCs were studied on natMo and 100Mo, which are
interesting for DBD and astro neutrino studies (Ejiri et al., 2019).
The OMC on A

42Mo isotopes with the mass-number A � 92–100
produces A

41Nb with the excitation energy E ≈ 0–50 MeV. The
excited Nb isotope decays mostly by emitting a number 10(x) of
neutrons until the final state gets particle-bound. Then it decays
by emitting prompt c rays to the ground state of A−xNb, which is
followed by beta decay with comparatively long half-lives.

The OMC strength distribution as a function of the excitation
energy E is derived from the mass-number (A−x) distribution (x
distribution) through the particle cascade model (Hashim et al.,
2018; Hashim & Ejiri, 2019; Hashim et al., 2020). The excited
states in Nb isotopes decay by emitting mostly neutrons since the
Coulomb barrier much suppresses proton emission. Thus, the
neutron cascade emission model (NEM) (Hashim et al., 2017;
Hashim et al., 2018) was developed to deduce the excitation
energy in the initial isotope of ANb from the number 10(x) of the
emitted neutrons, i.e., the mass-number A−x of the residual
isotope A−xNb after the x neutron emission. The neutron
energy spectrum for the first neutron consists of the pre-
equilibrium (PEQ) and equilibrium (EQ) stages (Ejiri and de
Voight, 1989). It is given as
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S(En1) � k[En1exp( − En1

TEQ(E)) + pEn1exp( − En1

TPEQ(E))] (3)

where TEQ(E) and TPEQ(E) are the EQ and PEQ nuclear
temperatures, respectively. TEQ(E) is given as a function of
excitation energy E (Ejiri and de Voight, 1989). The ratio of
TPEQ(E)/TEQ(E) � 3 for the medium excitation 10< E < 40 MeV.
After one neutron emission, the emission takes place only via the
EQ stage. The OMC strength distribution for 100Nb is derived
from the observed mass-number (A−x) distribution for the OMC
on 100Mo.

The NEM analysis on the observed mass-number distribution
of 100−xNb shows preferential excitation (muon giant resonance,
μ-GR) at 10–14 MeV region and a broad bump at the higher
excitation region of 25–40 MeV. The NEM analyses on other
medium-heavy nuclei by (Ibrahim, 2018) using experimental data
from (Measday et al., 2007b; Measday et al., 2007a) show similar

features of the preferential excitation of the 10–15 MeV. This
preferential excitation reflects the large branch of the one neutron
(x � 1) emission. The NME analyses on the mass-number
distributions for OMCs on light nuclei show a preferential
excitation around 4–8 MeV region by (Muslim, 2018) using
experimental data from (Evans, 1973; Measday et al., 2007c).
This observation is consistent with the calculation in (Kortelainen
and Suhonen, 2004).

The strength distribution is fitted by the sum of the μ-GR
strengths of B1(μ,E1) and B2(μ,E2) given by

B(μ, E) � ∑
i�1,2

Bi(μ, Ei),Bi(μ, Ei) � Bi(μ)
(E − EGi)2 + (Γi/2)2 (4)

where EGi and Γi with i � 1,2 are the resonance energy and the
width for the ith GR, and the constant Bi(μ) is given by σiΓi/(2π)
with σi being the total strength integrated over the excitation

FIGURE 1 | Proton neutron emission model (PNEM) (Hashim et al., 2020). (A)WhenOMC on 100Mo occurs, 100Nb is excited to some energy up to around 50 MeV,
with Bn(Bp) � 5.68 MeV (9.46 MeV), 6.87 MeV (8.34 MeV), 5.99 MeV (7.87 MeV) and 8.07 MeV (7.46 MeV) for NbA with A � 100, 99, 98, and 97, respectively. (B) The
excitation energy region of 8–16 MeV, which is strongly excited, decays by emittingmainly 1 neutron, and partly by 2 neutrons, depending on the neutron energy. (C) The
excitation region of 26–34 MeV day by emitting 3–4 neutrons and also partly by emitting 3 neutrons and 1 proton. (D) The muon strength distribution, B(μ,E) for
OMC on 100Mo from the excitation energy distribution in the daughter nucleus of Nb and Zr isotopes following the muon capture process. To reproduce the 100Mo
experimental RI mass distribution, the EG1 and EG2 are observed at 12 MeV, and 30 MeV with an intensity ratio of EG1/EG2 � 1/6 (Hashim et al., 2018).

Frontiers in Astronomy and Space Sciences | www.frontiersin.org May 2021 | Volume 8 | Article 6663833

Hashim and Ejiri OMC for DBDs and Anti-NNRs

73

https://www.frontiersin.org/journals/astronomy-and-space-sciences
www.frontiersin.org
https://www.frontiersin.org/journals/astronomy-and-space-sciences#articles


energy. The obtained GR energies are 12MeV for the first GR and
32.5MeV for the second GR, and the widths for both GRs are
8MeV, as shown in Figure 1B. Here we note the GR2 is not entirely
clear beyond the statistical error and maybe a broad bump. The
μ-GR energy peaks at around 12MeV, which is lower than the giant
dipole resonance (GDR) energy of 14MeV deduced from a photon-
induced reaction (Ejiri et al., 2011). It also features a broader width of
about 8MeV compared to the 5MeV width of the latter. This is, of
course due to the additional multipole components of higher spin
states excited by τ+, i. e.,: (n, p)-type, muon capture.

Recently a proton-neutron emission model (PNEM) has been
developed by considering the probability of proton emission as
well (Hashim et al., 2020). The proton energy spectrum is given
by S(Ep) � m × exp(−n×Ep), where m and n are the density
parameter constant with the value of 0.832 MeV and
0.163 MeV−1. Here, the proton is assumed to be emitted in the
case of Bp ≤ E ≤Bn with BP, E and Bn being the proton binding
energy, the excitation energy and the neutron binding energy,

because the neutron decays are forbidden and gamma decays are
much smaller than the proton emission even below the Coulomb
barrier. The PNEM is shown schematically in Figure 1A. The
analysis of the mass-number distribution of 100−xNb shows the
same GR1 and GR2 as in case of the NEM analysis. The missing
Zr isotopes produced by a proton emission in experimental data
are predicted by PNEM for both natMo (Ejiri et al., 2013) and
100Mo (Hashim et al., 2018). The OMC strength distribution
shown in Figure 1A reproduces the observed radioactive isotope
(RI) mass distribution.

Since then, various calculations have been made for
understanding the formation of the GR populated by muon
capture reactions in 98, <A< 209 (Hashim et al., 2020). These
calculations have been compared with previous experimental works
by OMC on the nuclei reported in references (Measday, 2001;
Measday et al., 2007b; Measday et al., 2007a). The parameters of
EG1 and EG2 as a function of A are given as EG1 � 30A−1/5 and EG2 �
75A−1/5 for OMC on natMo, 100Mo, 107Pd, 108Pd, 127I and 209Bi. They

FIGURE 2 | Radioactive isotope (RIs) mass-number distribution from the ratio of number of isotopes N (X′) where X being the atomic mass number of the daughter
nucleus in experimental observations over the total isotopes ΣN(X ′) observed for the experiment, and calculations for neutron and proton emission events after muon
capture reactions (Hashim et al., 2020). The black bar represents the experimental observation while the gray bar represents calculated value by Proton neutron emission
model (PNEM). Errors obtain for the experiment and calculation are included based on statistical and systematical study for each parameters assumption. The value
of model error are are assumed to be small since the assumption made are suitable for particle evaporation from medium-heavy nuclei (A) natMo (isotopic enrichment of
9.7% of 100Mo, 24.3% of 98Mo, 9.6% of 97Mo, 16.7% of 96Mo, 15.9% of 96Mo), 9.2% of 95Mo and 14.6% of 94Mo) (Ejiri et al., 2013), (B) 100Mo (isotopic enrichment of
96% of 100Mo, 2.5% of 98Mo, 0.5% of 97Mo and 1% of 96Mo) (Hashim et al., 2018), (C) 127I (isotopic enrichment of 100% of 127I) (Measday et al., 2007) and (D) 209Bi
(isotopic enrichment of 100% of 219Bi) (Measday et al., 2007).
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are obtained from a comparison of PNEM calculations with
experimental data. The observed mass distributions agree with
the predictions as shown in Figure 2.

4 IMPLICATIONS FOR DOUBLE BETA
DECAYS

The experimental OMC rate for 100Mo as a function of the excitation
energy is compared with the theoretical calculation by using proton-
neutron quasi-particle random-phase approximation (pn-QRPA)
(Jokiniemi et al., 2019). The pn-QRPA well reproduces the GR at
around 10–14MeVwith mainly lowmultipoles of Jπ � 0±,1± and 2±.
The observed OMC rate is the same order of magnitude as the
empirical value suggested by Primakoff (Suzuki et al., 1987) but is
lower by a factor 5 than the pn-QRPA (Jokiniemi et al., 2019;
Jokiniemi and Suhonen, 2019). This suggests a quenching coefficient

for the axial-vector weak coupling of geffA /gA ≈ 0.5 (Jokiniemi et al.,
2019; Jokiniemi and Suhonen, 2019) for μ-NMEs, being consistent
with the quenching factors for Gamow-Teller (GT) and spin dipole
(SD) NMEs (Ejiri and Suhonen, 2015; Ejiri et al., 2019). Here the
quenching is common in the wide momentum region (Ejiri, 2019a;
Ejiri, 2019b). The quenching effects are also discussed theoretically
(Menéndez et al., 2011; Suhonen, 2017; Ejiri et al., 2019).

It is interesting to note that the OMC results together with the
(3He,t) CERs and β ± data suggest severe quenching of experimental
axial-vector NMEs of Mi

− and Mi
+ for multipoles of Jπ � 1+, 2−, 3+

(Jokiniemi et al., 2019; Jokiniemi and Suhonen, 2019). The common
quenching coefficients of kNM � gA

eff/gA for them are around 0.4–0.6
with respect to the pn-QRPA. In this case, the axial-vector DBD
NMEs are quenched by the coefficient k2NM and the axial-vector anti-
neutrino NMEs by kNM. On the other hand, the recent pn-QRPA
calculations for OMC rates show no quenching (Šimkovic et al.,
2020) or only weak quenching (Ciccarelli et al., 2020). The different
quenching coefficients are partly due to the different model space
and the different muon-wave functions used in their QRPA
calculations (Jokiniemi et al., 2019; Jokiniemi and Suhonen, 2019;
Ciccarelli et al., 2020; Šimkovic et al., 2020). Further studies are
needed to see howpn-QRPA calculations reproduce both the relative
and absolute OMC rates.

5 REMARKS AND PERSPECTIVES

The relative strength distribution of OMC on Mo isotopes show
the μ-GR around E ≈ 12 MeV consistent with the pn-QRPA
calculation (Jokiniemi et al., 2019). However, the absolute
strength derived from the lifetime is much smaller than the

model value, suggesting a similar quenching of the Mi
+ NMEs

as the Mi
− NMEs derived from light-ion CERs. Another pn-

QRPA (Šimkovic et al., 2020) shows no severe quenching. The
quenching for μ NMEs remains to be studied.

The extensive experimental programs on OMC for other
nuclei of DBD and supernova anti-neutrino interests are
under progress at RCNP and Paul Scherrer Institute (PSI),
Switzerland, by the join group of Joint Institute for Nuclear
Research (JINR), Dubna, RCNP, Osaka and Universiti
Teknologi Malaysia (UTM) (Hashim and Ejiri, 2019). The pn-
QRPA theoretical calculation is also in progress at Jyvaskyla
(Jokiniemi et al., 2019).

Finally, it is remarked that muon capture isotope
production (MuCIP) is used for producing efficiently
nuclear isotopes with the atomic number Z−1, less by one
than the atomic number Z of the target isotope. By using A

ZX
target isotopes, isotopes of A−1

Z−1X are preferentially produced,
and several isotopes with A,A−2,A−3,A−4 are also produced
(Ejiri et al., 2013; Zinatulina et al., 2019). There is potential
for using them for basic and applied science. One RI used
for medical checks is the 99Mo, which is well produced
by OMC on 100Mo, as studied at RCNP (Ejiri et al., 2013).
MuCIP is complementary to photon capture reactions
where isotopes of A−1

Z X are well produced (Ejiri et al.,
2011; Szpunar et al., 2013). Note that ppb-level nuclei
(impurities) are identified by measuring gamma rays from
OMC, which are characteristic of the nuclei, as explained in
(Ejiri et al., 2013).
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Quenching of Isovector and Isoscalar
Spin-M1 Excitation Strengths in N = Z
Nuclei
Hiroaki Matsubara1,2* and Atsushi Tamii 1

1Research Center for Nuclear Physics (RCNP), Osaka University, Ibaraki, Japan, 2Department of Radiology, Kyoto Prefectural
University of Medicine, Kyoto, Japan

Spin-M1 excitations of nuclei are important for describing neutrino reactions in
supernovae or in neutrino detectors since they are allowed transitions mediated by
neutral current neutrino interactions. The spin-M1 excitation strength distributions in
self-conjugate N � Z nuclei were studied by proton inelastic scattering at forward
angles for each of isovector and isoscalar excitations as reported in H. Matsubara et al.,
Phys. Rev. Lett. 115, 102501 (2015). The experiment was carried out at the Research
Center for Nuclear Physics, Osaka University, employing a proton beam at 295 MeV
and the high-resolution spectrometer Grand Raiden. The measured cross-section of
each excited state was converted to the squared nuclear matrix elements of spin-M1
transitions by applying a unit cross-section method. Comparison with predictions by a
shell-model has revealed that isoscalar spin-M1 strengths are not quenched from the
prediction although isovector spin-M1 strengths are quenched similarly with Gamow-
Teller strengths in charged-current reactions. This finding hints at an important origin of
the quenching of the strength relevant to neutrino scattering, that is, the proton-
neutron spin-spin correlation in the ground state of the target nucleus. In this
manuscript we present the details of the unit cross-section method used in the
data analysis and discuss the consistency between the quenching of the isoscalar
magnetic moments and that of the isoscalar spin-M1 strengths.

Keywords: Sd-shell nuclei, shell-model calculation, proton inelastic scattering, spin-M1 transition, GT-transition

1 INTRODUCTION

Response of nuclei to incoming neutrinos is categorized into two types of reactions: charged-
current (CC) and neutral-current (NC). Gamow-Teller (GT) transition of nuclei belongs to the CC
neutrino reaction, while the isovector (IV) spin magnetic-dipole (M1) transition to NC. The GT
(ΔJπ � 1+, ΔT � 1 and ΔTz � ±1) transitions are analogous to the IV spin-M1 (ΔJπ � 1+, ΔT � 1
and ΔTz � 0) transitions under isospin symmetry. Relevant transition rates are predicted by
theoretical models such as the shell-model. The experimentally observed transition rates are,
however, quenched compared to the model predictions by employing bare transition operators.
Quenching is a basic property of nuclear structure and influences the neutrino reaction rates in
astrophysical processes and terrestrial neutrino detectors. The nuclear spin responses and their
quenching have strong effects on the mean free path of neutrinos in dense nuclear matter, the size
of the neutrino sphere formed in the center of a core-collapsing star, and the cooling process of
proton-neutron stars.
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The quenching has been extensively studied for the GT
transitions. The GT transition strength contained in the GT giant
resonances studied by (p, n) reactions was found to be ∼60% of the
prediction by the Ikeda-Fujii-Fujita sum-rule (Ikeda et al., 1963)
consistently for a large variety of nuclei. Two mechanisms were
presented to explain GT quenching in the context of the mixing of
higher-order configurations with the fundamental one-particle-one-
hole nature of the GT excitation. One is the Δ-hole mixing
originating from the quark degree of freedom. The other is the
two-particle-two-hole as well as the higher-order particle-hole
excitations within the nucleonic degree of freedom. Detailed
study of the GT strength distribution embedded in the
continuum located above the GT giant resonance revealed that
the major part of quenching is caused by mixing in the nucleonic
degree of freedom (Ichimura et al., 2006). The observed GT
transition strengths studied by beta-decay are also quenched from
shell-model predictions using the bare g-factor. Recent ab initio
calculations using the chiral effective field theory (Gysbers et al.,
2019) indicated that quenching was resolved by introducing two-
body currents and nuclear many-body correlations. Quenching in
the analogous spin-M1 transitions was studied by proton inelastic
scattering (Anantaraman et al., 1984; Crawley et al., 1989). The result
was unclear due to the poor quality of the experimental data and to
the ambiguity of the transition matrix element relying on the
reaction calculation. This problem has been overcome by the
achievement of a high-precision measurement (Matsubara et al.,
2015) using high-resolution proton scattering at forward scattering
angles including zero degrees that reported the quenching of the
nuclear matrix elements for the IV spin-M1 transitions, similar to
the analogous GT transitions, but no-quenching for the isoscalar (IS)
spin-M1. Exhaustion of the sum-rule of the spin-M1 strengths is
relevant to the spin susceptibility of asymmetric nuclear matter, its
response to the strong magnetic field in magnetars, and possible
phase-transition of nuclear medium in a neutron star to the
ferromagnetic state.

The experimental work gave new insight, by the use of the
non-energy-weighted sum-rule, that the underlying quenching
mechanism is embedded in the ground state property as spin-spin
correlation of neutron(n)-proton(p) pairs. The expectation value
of the correlation in the ground state is equivalent to the
difference of the quenching of nuclear matrix elements
between the IS and IV spin-M1 transitions. Thus, the
quenching of the IS and IV spin-M1 transitions needs to be
described simultaneously and mutually-consistently. The details
are described in Section 5.4.

The n-p correlation in the nuclear ground state is one of the
recent topics in nuclear physics. The short range correlation as well
as the tensor correlation are considered to be the origin of the
neutron-proton correlation and are relevant to the IS spin-triplet n-p
pairing. The high-momentum nature of the correlation has been
studied by the knockout reaction by electron scattering (Subedi et al.,
2008; Hen et al., 2014; Hen et al., 2017) or by high-momentum
transfer reaction by using (p, d) scattering (Ong et al., 2013;
Terashima et al., 2018). In both cases, dominant contribution of
the n-p pairs is reported rather than the identical pairs, n-n or p-p, to
the high-momentum component in the ground state.

In a different approach, the spin-aligned IS n-p coupling of the
valence particles around the Fermi surface was studied from a
level structure determined by gamma spectroscopy (Cederwall
et al., 2011). It is interesting to observe how those n-p paring
components and the IS spin-triplet n-p pairing are related to the
n-p spin-spin correlation in the ground state.

In the work of Matsubara et al. (2015), IS and IV spin-M1
excitation strength distributions were individually
determined by a high-resolution proton inelastic scattering
experiment at zero degrees and forward angles for self-
conjugate even-even nuclei from 12C to 36Ar. The squared
nuclear matrix element of each transition was extracted from
the observed differential cross-section by using the unit
cross-section method. The summed strength up to the
excitation energy of 16 MeV was compared with the
prediction by a shell-model for the discussion of
quenching of the IS and IV transitions. In this article we
describe in greater detail the unit cross-section method in the
data analysis. Also, the observed no-quenching of the IS spin-
M1 transitions is compared with the historical knowledge of
the quenching of the IS magnetic moment. The difference of
IS and IV quenching is discussed in terms of the n-p spin-
spin correlation in the ground state.

In Section 2, formalism is presented for discussion of the
nuclear matrix elements of the IS and IV spin-M1 transitions, the
IS and IV magnetic moments of the nuclear ground state, sum-
rules, and the n-p spin-spin correlation function. The
experimental methods and the data analysis are described in
Section 3. The nuclear matrix elements are determined from the
experimental data by using the unit cross-section method as
described in Section 4. The quenching of the IS and IV spin-M1
nuclear matrix elements, IS magnetic moment, and the n-p spin-
spin correlation are discussed in Section 5. Summary and
prospects are given in Section 6.

2 FORMALISM

2.1 Nuclear Magnetic Moment
The M1 operator Ô(M1) for magnetic dipole moments and M1
transitions consists of an orbital part ( l

→
) and a spin part ( s→).

Ô(M1) � ⎡⎣∑
k�1

Z

(gπl l
→
k + gπs s→k) + ∑

k�Z+1

A

(g]l l
→
k + g]s s

→
k)⎤⎦μN (1)

� ⎡⎢⎢⎣∑
k�1

A ⎧⎨
⎩⎛⎝gISl l

→
k + gISs

σ→k

2
⎞⎠ +⎛⎝gIVl l

→
k + g IVs

σ→k

2
⎞⎠ τ→z,k

⎫⎬
⎭⎤⎥⎥⎦μN , (2)

where μN is the nuclear magneton, σ→ is the Pauli spin matrix, the
operator τ→z,k is the third component of the isospin operator τ→
acting on the k-th nucleon and its eigen value is +1 for neutrons (ν)
and −1 for protons (π). The gyromagnetic factors (g-factors) of gISl ,
gISs , gIVl , and gIVs are taken as gISl � 1

2 (gπl + g]l ) � 0.5,
gISs � 1

2 (gπs + g]s ) � 0.880, gIVl � −1
2 (gπl − g]l ) � −0.5, and

gIVs � −1
2 (gπs − g]s ) � −4.706, where the g-factors in the free space,

gπl � 1, g]l � 0, gπs � 5.586, and g]s � −3.826, are employed. The
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suffixes of IS and IV denote isoscalar and isovector, respectively.
Thus, a magnetic moment is expressed as

μ � 〈i
∣∣∣∣Ô(M1)∣∣∣∣i〉M�J , (3)

where |i〉 denotes an initial state. Here, magnetic moments can be
divided into IS and IV parts by corresponding analogous
magnetic moments in mirror nuclei (Tz � ±T) as

μIS �
1
2
(μ+ + μ−) (4)

μIV � 1
2
(μ+ − μ−), (5)

respectively, where μ+(−) is a magnetic moment in the case of
Tz � +T(−T). Because total spin has a relation J � l + s, the
following can be obtained

J � 〈i|Lz|i〉M�J + 〈i|Sz|i〉M�J, (6)

where L � ∑A
k l
→

k and S � ∑A
k s→k (Brown and Wildenthal, 1983).

Applying the above relation to IS magnetic moment
(μIS � 〈i

∣∣∣∣gISl L + gISs S
∣∣∣∣i〉M�J ), one gets

〈S〉 ≡ 〈i|Sz|i〉M�J � μIS − gISl × J
gISs − gISl

, (7)

where we denote the function as 〈S〉 according to Brown and
Wildenthal (1983), and it will be discussed in Section 5.3.

2.2 M1 Transition Strength
The reduced transition probability (transition strength) for M1
excitation is written as

B(M1) � 3
4π

∣∣∣∣〈f ∣∣∣∣∣∣∣∣Ô(M1)����i〉∣∣∣∣2

� 3
4π

∣∣∣∣∣∣∣∣g
IS
l Mf( l

→) + gISs
2
Mf( σ→) + gIVl Mf( l

→
τz)

+ gIVs
2
Mf( σ→τz)

∣∣∣∣∣∣∣∣
2

μ2N , (8)

where
∣∣∣∣ f 〉 denotes a final state in a transition. Following the

convention of Edmonds (Edmonds, 1960; Brown andWildenthal,
1987), the reduced nuclear matrix element in spin from an initial
state to a final state is defined as

Mf(Ô) � 1������
2Ji + 1

√ 〈f

∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∑k�1
A

Ôk

∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣i〉, (9)

where Ô(k) denotes l
→

(k), σ→(k), l
→

(k)τz(,k), and σ→(k)τz(,k).
Expressing corresponding analogous M1 transitions in mirror
nuclei (Tz � ±T) as B(M1)± , IS and IV parts of a transition
strength B(M1) can be written using B(M1)± (Fujita et al., 2000;
Fujita et al., 2011) or using the reduced matrix elements as

B(M1)IS � 1
4
[ �������

B(M1)+
√

−
�������
B(M1)−

√ ]2

� 3
4π

∣∣∣∣∣∣∣∣gISl Mf( l
→) + gISs

2
Mf( σ→)

∣∣∣∣∣∣∣∣
2

μ2N (10)

B(M1)IV � 1
4
[

�������
B(M1)+

√
+

�������
B(M1)−

√
]
2

� 3
4π

∣∣∣∣∣∣∣∣gIVl Mf( l
→
τz) + gIVs

2
Mf( σ→τz)

∣∣∣∣∣∣∣∣
2

μ2N , (11)

respectively. If only spin parts are extracted as IS and IV spin-M1
transition strengths, they are expressed as

B(M1)σ � 3
4π

∣∣∣∣∣∣∣∣
gISs
2
Mf( σ→)

∣∣∣∣∣∣∣∣
2

μ2N (12)

B(M1)στ � 3
4π

∣∣∣∣∣∣∣∣
gIVs
2
Mf( σ→τz)

∣∣∣∣∣∣∣∣
2

μ2N (13)

respectively.
Here, we focus on an IS part, B(M1)IS. Because total angular

momentum operator ( j
→ � l

→+ σ→/2) gives a good quantum
number, taking a ground state as

∣∣∣∣g.s.〉, j
→∣∣∣∣∣∣g.s〉 is proportional

to
∣∣∣∣g.s〉 but is orthogonal to any other eigenstates. Thus, the

following restriction (Bernabéu et al., 1992; Kawabata et al., 2004)
can be obtained

〈f

∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∑k�1
A

( l
→

k + 1
2
σ→k)

∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣g.s.〉 � 0 (14)

Since the above restriction leads to Mf( l
→) � −1

2Mf( σ→), the
right-hand side of Eq. 10 is rewritten as

B(M1)IS � 3
4π

∣∣∣∣∣∣∣∣
gISs − gISl

2
Mf( σ→)

∣∣∣∣∣∣∣∣
2

μ2N � (g
IS
s − gISl
gISs

)
2

B(M1)σ
(15)

2.3 Squared Nuclear Matrix Element
Nuclear excitation ΔJπ � 1+ with ΔTz � 0 is an M1 transition.
When nuclear excitation at low momentum transfer is
considered, spin-parts of the M1 transition are probed due
to the local nature of the nucleon-nucleon (NN) interaction
(Petrovich and Love, 1981). Thus, the 1+ excitation by (p, p′)
reaction at forward angles is spin-M1 transition. Since spin-
M1 transition is not probed by electromagnetic interaction
but by nuclear interaction, its transition strength does not
relate to g-factors. Therefore, transition strengths of IS and IV
spin-M1 transitions from the ground state

∣∣∣∣g.s.〉 to an excited
state

∣∣∣∣ f 〉 are expressed by squared nuclear matrix element
(SNME) as

|Mf( σ→)|2 �
∣∣∣∣∣∣∣∣∣∣

1������
2Ji + 1

√ 〈f

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∑

A

k�1
σ→k

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣g.s.〉

∣∣∣∣∣∣∣∣∣∣
2

(16)

|Mf( σ→τz)|2 �
∣∣∣∣∣∣∣∣∣∣

1������
2Ji + 1

√ 〈f

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∑
k�1

A
σ→kτz,k

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣g.s.〉

∣∣∣∣∣∣∣∣∣∣
2

(17)

respectively. The factor 1/
������
2Ji + 1

√
is unity for a 0+ ground state.

2.4 Relation to Gamow-Teller Excitation
Next, reduced nuclear matrix element and transition strength in
GT excitation are defined as
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Mf( σ→τ ±) � 1������
2Ji + 1

√ 〈f

∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣
1�
2

√ ∑
k�1

A

σ→kτ ± ,k

∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣g.s.〉 (18)

B(GT ±) �
∣∣∣∣∣∣∣Mf( σ→τ ± )

∣∣∣∣∣∣∣∣
2

, (19)

respectively, where τ± � 1
2 (τx ± iτy). Applying the Wigner-

Eckart theorem in the isospin space, transition strengths of
GT and IV spin-M1 excitations are obtained as

B(GT ±) �
∣∣∣∣∣∣∣∣∣

1������
2Ji + 1

√ 〈Ti,Tiz , 1, ±1|Tf ,Tfz >������
2Tf + 1

√ 1�
2

√ M′(GT ±)
∣∣∣∣∣∣∣∣
2

,

(20)

B(M1)στ � 3
4π

∣∣∣∣∣∣∣∣∣
gIVs
2

1������
2Ji + 1

√ 〈Ti,Tiz , 1, 0
∣∣∣∣Tf ,Tfz〉������

2Tf + 1
√ M′(M1στ)

∣∣∣∣∣∣∣∣
2

μ2N ,

(21)

respectively, where M′(GT ± ) and M′(M1στ) are reduced
nuclear matrix elements in spin and isospin expressed as

M′(GT ± ) � 〈f ∣∣∣∣∣∣∣∣∣∣∣∣∑
k�1

A

σ→kτ ± ,k
∣∣∣∣∣∣∣∣∣∣∣∣g.s.〉 (22)

M′(M1στ) � 〈f
∣∣∣∣∣∣∣∣∣∣∣∣∑

k�1

A

σ→kτz,k
∣∣∣∣∣∣∣∣∣∣∣∣g.s.〉 (23)

respectively. Because
∣∣∣∣M′(GT ±)|2 � ∣∣∣∣M′(M1στ)|2 is realized

under the assumption of isospin symmetry, the following
relationship between B(GT ±) and B(M1)στ can be obtained as

B(GT ±)
B(M1)στ/μ2N � 8π

3
1

(gIVs )2
〈Ti,Tiz , 1, ± 1

∣∣∣∣Tf ,Tfz〉2

〈Ti,Tiz , 1, 0
∣∣∣∣Tf ,Tfz〉2

(24)

Here, it should be noted that the isospin symmetry is
reasonably assumed within the accuracy of the data in the
present study although the meson exchange current
contribution can be different between an IV M1 transition
measured by electron scattering and the analogous GT
transition by charge-exchange reaction (Richter et al., 1990;
Lüttge et al., 1996).

2.5 Total Spin Correlation in Ground State
For the discussion of total spin correlation in a ground state
(Matsubara et al., 2015), the difference between the sums of the IS
and IV spin-M1 SNMEs integrated up to the excitation energy of
Ex , Δspin(Ex), is defined as

Δspin(Ex) � 1
16

⎧⎪⎨
⎪⎩ ∑

Ef< Ex

∣∣∣∣Mf( σ→)∣∣∣∣2 − ∑
Ef<Ex

∣∣∣∣Mf( σ→τz)∣∣∣∣2
⎫⎪⎬
⎪⎭

With the proton (neutron) total spin operator S
→

p(n) defined as

S
→

p(n) � 1
2
∑
k�1

Z N( )
σ→k, (26)

the sum is taken for all the protons (neutron).When a ground
state is Jπ � 0+, the IS and IV spin-M1 nuclear matrix elements
are represented by

Mf( σ→) � 2〈f
∣∣∣∣∣∣ S
→

n + S
→

n

∣∣∣∣∣∣0〉 (27)

Mf( σ→τz) � 2〈f
∣∣∣∣∣∣ S
→

n − S
→

p

∣∣∣∣∣∣0〉 (28)

respectively, where |0〉 denotes the ground state. In the limit of
Ex →∞, the completeness of the final state,

∣∣∣∣f〉, yields

〈( S
→

n + S
→

p)
2〉 � ∑

f

〈g.s.
∣∣∣∣∣∣ S
→

n + S
→

p

∣∣∣∣∣∣f〉〈f
∣∣∣∣∣∣ S
→

n + S
→

p

∣∣∣∣∣∣g.s.〉

� lim
Ex →∞

1
4

∑
Ef< Ex

∣∣∣∣∣∣∣Mf( σ→)
∣∣∣∣∣∣∣
2

(29)

〈( S
→

n − S
→

p)
2〉 � lim

Ex →∞

1
4

∑
Ef<Ex

∣∣∣∣∣∣∣Mf( σ→τz)
∣∣∣∣∣∣∣
2

(30)

Here the expectation values of the left side of the equations are
taken for the 0+ ground state. We then derive

Δspin ≡ lim
Ex →∞

Δspin(Ex) � 1
4
{〈( S

→
n + S

→
p)

2

− ( S
→

n − S
→

p)
2〉}

� 〈 S→p · S→n〉 (31)

which represents the expectation value of the proton-neutron
spin-spin correlation in the ground state.

3 EXPERIMENT

In this section we briefly describe the experimental method and
the assignment of the spin-M1 excitations. Details can be found
in former publications (Tamii et al., 2009; Matsubara et al., 2015;
von Neumann-Cosel and Tamii, 2019).

3.1 Measurement of the (p,p’) Reactions
The experiment was performed at the cyclotron facility of the
Research Center for Nuclear Physics (RCNP), Osaka University.
A proton beam was accelerated by a cascade of two cyclotrons to
Ep � 295 MeV. The beam was transported to the West-South
(WS) beam line (Wakasa et al., 2002), where a high-dispersion on
target was created. An excitation-energy resolution of 18 keV
(FWHM) was achieved by applying dispersion matching (Fujita
et al., 1997; Fujita H. et al., 2002; Fujita et al., 2011) between the
WS beam line and the Grand Raiden (GR) spectrometer
(Fujiwara et al., 1999). The scattered protons by the target
were momentum-analyzed and were detected by two sets of
multi-wire drift-chambers and two plastic scintillation
counters at the focal plane by GR spectrometer. A scattering
angle range of 0–14° was covered by placing the GR spectrometer
at 0, 2.5, 4.5, 6, 8, 10, 12, and 14°. The details of the experimental
technique are described in Ref. (Tamii et al., 2009; von Neumann-
Cosel and Tamii, 2019).

Self-conjugate even-even nuclei, 12C, 24Mg, 28Si, 32S and 36Ar,
were used as the target. Areal densities of 1.0–2.5 mg/cm2 were
prepared for 12C, 24Mg, and 28Si. Magnesium and argon targets
were isotopically enriched to 100%, while the others were in
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natural abundance. The 32S target was kept at the liquid nitrogen
temperature for preventing sublimation due to heat by charged
particle irradiation (Matsubara et al., 2009) with an areal density
of 15 mg/cm2. The 36Ar target was kept at 1.0 atm in a gas cell at
room temperature (Matsubara et al., 2012) sealed by aramid foils
with a thickness of 6 μm on one side.

3.2 Assignment of Spin-M1 Excitations
Figure 1A shows an excitation energy spectrum of the 28Si(p, p′)
reaction at a scattering angle of 0.0–0.5°. The excited states below
Ex � 16 MeV are well isolated from the others. Excited state with a
spin-parity of 1+ state was identified by comparing the shape of
the measured angular distribution of the differential cross-section
with Distorted-Wave Impulse Approximation (DWIA)
calculations by using the code DWBA07 (Raynal, 2007). One-
body transition densities were obtained by shell-model
calculations with the code Nushell@MSU (Brown and Rae,
2014) and the USD interactions (Brown and Wildenthal,
1983). No sizable difference in the angular distribution was
observed depending on the choice of the effective interaction
from USD, USDA, or USDB (Brown and Richter, 2006; Richter
et al., 2008). The effective NN interaction parametrized at
325 MeV was used after conversion to a beam energy of
295 MeV as indicated in (Love and Franey, 1981; Franey and
Love, 1985). Optical potential parameters were determined by
fitting the angular distribution of the differential cross-section of
the elastic scattering measured in the same experiment

(Matsubara, 2010). Harmonic oscillator parameters were taken
from a global analysis (Kirson, 2007).

The measured angular distributions of the differential cross-
section for the excited states at Ex � 9.495 (1+: T � 0) and
11.447 MeV (1+: T � 1) in 28Si are shown in Figures 1B,C,
respectively, by the solid circles. They are compared with the
predictions of the DWIA calculation shown by the curves for Jπ �
0+, 1−, and 2+, and for each of the IS and IV 1+ transitions. The
predicted cross-sections are normalized to the experimental data
at the smallest measured angle. The angular distribution of the IS
1+ excitation is predicted to be flatter than the IV 1+ excitation at
the forward angles smaller than 5° due to the relatively stronger
contribution of the exchange tensor component compared to the
central component in the effective NN interaction (Franey and
Love, 1985; Tamii et al., 1999). Thus, the measured angular
distribution allowed determination of the transferred isospin,
ΔT � 0 (IS) or 1 (IV), for the 1+ transitions.

The IS and IV 1+ excited states were assigned from the
observed discrete excited states by the following method. First
the angular distribution of the differential cross-sections for each
of the observed discrete excited states was deduced from the data
analysis. The excited states were selected according to the angular
distribution below 5° for those having an almost flat distribution
as a signature of an IS 1+ state or a quickly dropping distribution
of an IV 1+ state as shown in Figures 1B,C, respectively. Second,
the most appropriate assignment was chosen from IS 1+, IV 1+,
0+, 1−, and 2+ distributions by comparing the angular distribution
up to 14° with the theoretical predictions. Third, the assignment
for the IS or IV 1+ states with a reduced χ2 value close to unity was
taken as confident and that for the rests as less confident. The
confident assignments of the IS and IV 1+ states were in good
agreement for the conditions studied by electron scattering
(Bendel et al., 1971; Richter et al., 1990; Foltz et al., 1994;
Lüttge et al., 1996; Hofmann et al., 2002). The high energy-
resolution measurement allowed us to observe several new states
including the less-confident assignments as shown in Section 5.1.

4 UNIT CROSS-SECTION METHOD

4.1 Definition
4.1.1 Unit Cross-Section
The differential cross-section of the 1+ excitations by proton
inelastic scattering at 0° is considered to be approximately
proportional to SNME in the intermediate energy region of
100–400 MeV. Unit cross-sections (UCSs), σ̂IS and σ̂IV, are
introduced in analogy to the study of Gamow-Teller
excitations by (p, n) reactions (Taddeucci et al., 1987; Sasano
et al., 2009). The differential cross-section at 0° is written as

dσ
dΩ (0+) � σ̂TFT(q, Ex)∣∣∣∣Mf(OT) 2

∣∣∣∣ (32)

where T stands for IS or IV. OT is the operator, σ→ or σ→τz, for IS
or IV transitions, respectively. FT(q, Ex) is the kinematic factor
that accounts for dependence on the momentum transfer (q) and
the excitation energy (Ex), and was determined by the DWIA

FIGURE 1 | (A) Excitation energy spectrum of the 28Si(p,p’) reaction at
Ep � 295 MeV and θlab � 0+ − 0.5+. The arrows in the figure indicate
conditions that are definitely determined as 1+. Angular distributions of (B) IS
and (C) IV spin-M1 excitations marked by red and blue arrows in (A),
respectively, in comparison with theoretical angular distributions for several
multipolarities. The figures were taken from Matsubara et al. (2015).
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calculation as explained in Section 4.1.2. The target mass (A)
dependence of UCSs is parameterized as (Taddeucci et al., 1987)

σ̂T(A) � NTexp(−xTA1/3) (33)

where NT and xT are the normalization and mass-dependence
parameters. The mass-dependence parameter xT essentially
originates from the distortion effect of the reaction that is
common between the IS and IV transitions. Thus we assume
xIS � xIV , which is held within an accuracy of 5% in DWIA
calculations. Details will be discussed in Section 4.4.2.

4.1.2 Kinematic Factor
The kinematic factors FIS(q, Ex) and FIV(q, Ex) were determined by
DWIA calculation using the USD interaction as shown in Figure 2 as
a case of 28Si, where only OBTDs above the experimental detection
limit were employed. The distributions were obtained from a ratio of
differential cross-section at 0° at Ex ≠ 0 to that at Ex � 0. As seen in
Figure 2B, IV distributions of the kinematic factor overlap. Since the
result suggests that FIV(q, Ex) does not depend on wavefunction,
FIV(q, Ex) was expressed as a smooth function of Ex andA by fitting.
As shown in Figure 2A, however, IS distributions of the kinematic
factor depend on wavefunction as they do not overlap. Because the
result suggests that FIS(q, Ex) cannot be expressed as a function of Ex
owing to dependence of wavefunction, FIS(q, Ex) � 1.00 ± 0.10 was
simply assumed in order to cover the variation of wavefunctions
below Ex � 15 MeV.

4.2 Derivation From Experiment
4.2.1 Cases of 12-Carbon, 26-Magnesium, 58-Nickel
Isovector UCSs of 12C, 26Mg, and 58Ni were obtained using the
data summarized in Table 1 by assuming isospin symmetry. The

differential cross-section of (p, p′) reaction at Ep � 295 MeV at
scattering angles 0.4° was taken from Tamii et al. (2009), where
0.4° is the most forward angle by selecting scattering angles
between 0.0 and 0.5°. The cross-section was extrapolated to Ex �
0 MeV using FIV(q, EX).

Log ft-value of β-decay and (3He, t) data (Alburger and
Nathan, 1978; Fujita Y. et al., 2002; Zegers et al., 2006; Fujita
et al., 2007; Fujita et al., 2011) were used to obtain GT strength
(B(GT±)) from ground state to an excited state corresponding to
the (p, p′) cross-section under the isospin symmetry. After
B(GT±) was converted to IV spin-M1 SNME following Eqs.
13, 24, σ̂IV was obtained. Here, the (p, n) data (Sasano et al.,
2009) were also employed for the calibration of B(GT−) in 58Ni.

4.2.2 Case of 11-Boron
The γ-decay widths of the mirror states in 11B and 11C from the
first excited states (Firestone, 1996), corresponding to B(M1)11B
and B(M1)11C, respectively, were employed to obtain B(M1)IS
and B(M1)IV following Eqs. 10, 11. Then, B(M1)σ and B(M1)στ

FIGURE 2 | Kinematic correction factors FIS(q,Ex) and FIV(q,Ex) in the case of 28Si obtained from DWIA calculation using USD interaction. (A) The strongest
excitation and others are drawn in red bold and black dashed curves, respectively. (B) Distributions of several IV OBTDs are overlapped.

TABLE 1 | Data used for obtaining IV UCSs.

Nuclide Ex
dσ
dΩ (0.4+) FIV(q,Ex) B(GT ± ) σ̂ IV

(MeV) (mb/sr) (mb/sr)

12C 15.113 3.429 ± 0.62 0.897 0.924 ± 0.04 2.11 ± 0.13
26Mg 13.302 0.703 ± 0.30 0.904 0.408 ± 0.018 1.92 ± 0.12
58Ni 10.655 0.981 ± 0.12 0.916 0.191 ± 0.022 0.94 ± 0.11

FIGURE 3 | Decomposition of differential cross-section of 11B(p,p′ )
reaction at Ep � 392 MeV compared to the state at Ex � 2.12 MeV. The
experimental data were taken from Kawabata et al. (2004).
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were obtained from B(M1)IS and B(GT−) � 0.402 ± 0.031
(Taddeucci et al., 1990; Kawabata et al., 2004) using Eqs. 15,
24, respectively. Finally, IS and IV spin-M1 SNMEs in the case of
11B were obtained using Eqs. 12, 13, respectively.

The differential cross-section data of the 11B(p, p′) reaction at Ep �
392 MeV and at Ex � 2.12 MeV was taken from Kawabata et al.
(2004). The angular distribution of the differential cross-section was
decomposed into IS 1+, IV 1+, and 2+ transitions using the DWIA
calculation, where an incoherent (a coherent) sum was assumed
between 1+ and 2+ (IS 1+ and IV 1+) excitations. The OBTDs
based on CKPOT interaction (Cohen and Kurath, 1965), the
effective NN interaction derived at 325MeV (Love and Franey,
1981; Franey and Love, 1985), and the global optical potential
parameters (Cooper et al., 2009) were employed in this calculation.
The OBTDs were normalized to reproduce the experimental values of
IS and IV SNMEs, and B(E2) (Firestone, 1996) in IS 1+, IV 1+, and 2+

excitations, respectively. Because the normalized OBTDs did not
reproduce the experimental angular distribution of the differential
cross-section, additional normalization factors of 1.1 and 1.3 were
applied to the 1+ and 2+ excitations, respectively, as shown in Figure 3.
The differential cross-section data of total, IS 1+, and IV 1+ atEp � 392
MeV and at 0° were decomposed as summarized inTable 2, where the
experimental uncertainty was assumed to be negligible because the

error bars were invisible in Kawabata et al. (2004). Here, choice of an
interaction with OBTDs did not change the final result because
differences among CKPOT, SFO (Suzuki et al., 2003), and MK3w
(Warburton andMillener, 1989) interactions in themodel spaces of p,
psd, and spsdpf , respectively, were within 0.5%.Next, the cross-section
data at Ep � 392 MeV were converted to those at Ep � 295 MeV by
making use of a ratio of the 12C(p, p′) reaction at 0° to the states
Ex � 12.71 and 15.11MeV known as IS 1+ and IV 1+ excitations,
respectively, where the experimental data were taken fromTamii et al.
(1999), Tamii et al. (2009). Thus, the data of 11B(p, p′) excitation to
Ex � 2.12 MeV at Ep � 295 MeV and at 0° were obtained.

Combining the SNMEs with the differential cross-section after
correction of FT(q, Ex), IS and IV UCSs in the case of 11B were
obtained as summarized in Table 2. Here, σ̂IS does not include
uncertainty owing to FIS(q, Ex).

TABLE 2 | Data used for obtaining UCSs of 11B. The upper table is expressed in unit of μ2N .

B(M1)11B B(M1)11C B(M1)IS B(M1)IV B(M1)σ B(M1)στ
0.544 ± 0.043 0.347 ± 0.024 0.0055 ± 0.0013 0.440 ± 0.012 0.030 ± 0.007 0.57 ± 0.04

dσ
dΩ (0+) 392 MeV Kawabata et al. (2004) 295 MeV Tamii et al. (1999), Tamii et al. (2009)

Total (1+ + 2+) IS 1+ IV 1+ IS 1+ IV 1+

(mb/sr) 0.820 0.0633 0.818 0.0621 ± 0.0052 0.780 ± 0.042

Nuclide Ex FIS(q � 0,Ex) σ̂ IS FIV(q � 0,Ex) σ̂ IV
(MeV) (mb/sr) (mb/sr)

11B 2.12 1.00 ± 0.10 0.0971 ± 0.025 0.9926 1.81 ± 0.16

FIGURE 4 | Empirically determined IS (left) and IV (right) UCSs. The mass dependence of the data were fit with the functional form of Eq. 33 as shown by the solid
lines in the IV panel. The band shows the uncertainty of one sigma. The IS slope parameter xIS is taken to be the same as xIV . The figures were adapted from Matsubara
et al. (2015).

TABLE 3 | Empirically determined UCS parameters from the fit shown in Figure 4.

NIS NIV xIV = xIS

(mb/sr) (mb/sr)

0.226 ± 0.043 4.85 ± 0.82 0.38 ± 0.06
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4.3 Results of Unit Cross-Section
The experimentally obtained IS and IV UCSs were plotted as a
function of the mass number in Figures 4A,B, respectively.
The mass dependence of the IV UCS data was fitted with the
functional form of Eq. 33 having free parameters of NIV and
xIV. The result is shown by the solid line in Figure 4B with the
one-sigma uncertainty band. The IS normalization parameter,
NIS, was determined from the data at A � 11. The IS slope
parameter, xIS, was taken to be the same as xIV as discussed in
Section 4.4.2. The IS uncertainty band includes contribution
of 10% from the FIS(q, Ex) (Section 4.1.2). The obtained
parameters are summarized in Table 3.

4.4 Model Study
4.4.1 Proportionality of Squared Nuclear Matrix
Elements to the Differential Cross-Section
Validity of the application of the UCS method has been
theoretically examined by the use of shell-model target
wave functions as USD interaction and DWIA calculation.
Since B(M1)σ and B(M1)στ were calculated using the code
Nushell@MSU (Brown and Rae, 2014), SNMEs were obtained

from the relations in Eqs. 12, 13. Each differential cross-
section at q � 0 and at Ex � 0 MeV was calculated using
corresponding OBTD of the USD interaction. Here the
following correction for mass dependence to be
normalized to A � 28 was applied as

dσ
dΩ

*

� dσ
dΩ × e−0.38×(281/3−A1/3) (34)

where dσ
dΩ

*
is the corrected cross-section and 0.38 comes from

xT determined in Table 3. As shown in Figure 5, good linearity
was seen especially above the experimental detection limit
shown by the lines for each target nucleus.

4.4.2 Distortion Effect
The mass-dependence term in Eq. 32, xT , essentially originates
from the distortion effect that is common between the IS and
IV transitions. A slope for each nucleus in Figure 5
corresponds to UCSs theoretically obtained, where the
weighting sum within the experimental detection limit was
taken. Those ratios of IS to IV UCSs for each nucleus are
plotted as a function of mass number in Figure 6, where the
suffix of “cal” indicates that the value of UCS is obtained from
the calculation. The result for 12C is added in Figure 6. The
SFO interaction (Suzuki et al., 2003), which is applicable to the
p-shell nuclei, is used instead of the USD interaction. The
results suggest that the assumption is supported, as the ratios
are constant within 5%.

5 RESULTS AND DISCUSSION

5.1 Strength Distribution
The SNMEs of the transitions to the excited states assigned as
T � 0 (IS) or T � 1 (IV) 1+ states were determined by using Eq.
32 from the measured differential cross-section at 0°. The
results are plotted in Figure 7 , where the figure was taken
from Matsubara et al. (2015) with addition of the 12C data. The
strengths of 12C were observed to be centered to single state,
which was consistent with previous work (von Neumann-
Cosel et al., 2000). For 24Mg, 28Si, 32S, and 36Ar, we

FIGURE 5 | Proportionality of UCS. Horizontal lines indicate experimental detection limit for 24Mg, 28Si and 32S (dotted), 20Ne (short-dashed) and 36Ar (long-
dashed). Cross-section is corrected in terms of mass dependence as in Eq. 34.

FIGURE 6 | Mass dependence of ratio of IS to IV UCSs studied by
calculation.
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identified 1–4 (4–8) states in each target nucleus
corresponding to the IS (IV) spin-M1 transitions.

Additionally, 1–3 (1–7) states were assigned as IS (IV)
spin-M1 transitions with less confidence, and they are
marked with ”+.” We reassigned 1–6 states as 0+, which
were claimed as 1+ in previous studies (Anantaraman
et al., 1984; Crawley et al., 1989).

5.2 Quenching of Squared Nuclear Matrix
Elements of Isoscalar and Isovector
Spin-M1 Transitions
The integrated values of the SNMEs up to Ex � 16 MeV were
plotted as a function of the target mass in Figure 8 for each of the
IS (left panel) and IV (right panel) transitions. Error bars show

FIGURE 7 | Observed distributions of spin-M1 SNMEs. The bars labeled + indicate states with a less confident spin assignment. The figures were taken from
Matsubara et al. (2015) with 12C data added.

FIGURE 8 | Integrated values of spin-M1 SNMEs for IS (A) and IV (B) transitions up to Ex � 16 MeV as a function of the target mass. Error bars indicate the total
experimental uncertainties, and gray bands show partial uncertainties from indefinite spin assignments. Solid and long-dashed lines indicate the prediction of a shell-
model calculation using bare USD and bare USDB interactions, respectively. Dotted and dashed-dotted lines applied empirical quenching factors (see text for more
details) to USD and USDB interactions, respectively. The short-dashed lines (green) are calculated using the USDB interaction modification in the IS spin-triplet
interaction and in the IV quenching factor from Sagawa and Suzuki (2018). The figures were taken from Matsubara et al. (2015) with some updates using the modified
interactions (Sagawa and Suzuki, 2018).
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the full experimental uncertainties, while gray bands show the
partial uncertainties originating from the less-confident spin-
parity assignment of the transitions (see Section 5.1). Predicted
SNMEs by shell-model calculation employing USD interaction
(Brown and Wildenthal, 1987) integrated up to 16 MeV is shown
by solid lines. Altering the effective interaction to USDA or USDB
(Brown and Richter, 2006; Richter et al., 2008) gave only a small
change in the prediction (<10%), as shown in Figure 8 for USDB
(dashed line). It has been found that the measured values are
significantly smaller than the model prediction for the integrated
IV SNMEs, while the values are consistent with the model
prediction of the integrated IS SNMEs within the experimental
uncertainties. We defined the quenching factor as the ratio of the
experimentally observed SNMEs integrated up to the
experimental limit of 16 MeV to the theoretical predictions
integrated to the same excitation energy. The numbers are
1.01(9) and 0.61(6), compared with predictions by the shell
model using the USD interaction for the IS and IV spin-M1
transitions, respectively, when the averages of the measured
nuclei are used.

The observed quenching factor of the IV spin-M1 transitions
is similar to the study of the quenching of the Gamow Teller
transitions that is analogous to the IV spin-M1 transitions in
terms of isospin symmetry (Anderson et al., 1987). Quenching of
the reduced transition probability B(M1) is, in a conventional
prescription, implemented by modification of the g-factors
(Brown and Wildenthal, 1987) that is multiplied to the
SNMEs to obtain B(M1). Here, we applied the same empirical
quenching factor as used in the modification of g-factors to the
SNMEs calculated by the shell model. The results are shown by
the dotted lines (USDBeff) in Figure 8. The empirical quenching
factors are similar between IS and IV transitions. SNMEs of the
IV spin-M1 transitions with the empirical quenching factor
turned out to be compatible with the data.

In contrast, description of the IS transitions became worse by
introducing the empirical quenching factor. The present result
shows that the widely-used effective g-factors lead to an over-

quenching of the IS spin component of the M1transition in the
sd-shell. It should be noted that the observed B(M1) strength of
the 1+ excited state at 10.23 MeV in 48Ca by (p, p’) scattering is
more consistent with electron scattering data when no quenching
is assumed for the IS part of the transition strength (Birkhan et al.,
2016; Mathy et al., 2017). A recent theoretical work (Sagawa et al.,
2016; Sagawa and Suzuki, 2018) reported that both the IS and IV
SNMEs can be reproduced (short dashed line) by enhancing the
IS spin-triplet pairing matrices by a factor of 1.1 in addition to
applying the empirical quenching factor to the IV spin-M1
operator but not the IS spin-M1 operator (USDB*qiv). Note
that in (Sagawa and Suzuki, 2018) the USDB*qiv result for the IS
spin-M1 excitations is not shown, but it is the same as USDB*.
The theoretical work implies that the present description of the
shell model using USD interactions and the empirical quenching
factors may have room to be improved in the IS spin-triplet
interaction channel and in the IS quenching factor.

5.3 Isoscalar Magnetic Moments
In this section, we discuss how the new finding of quenching of
the IS and IV spin-M1 SNMEs is understood in relation to the IS
and IV magnetic moment studied in the past. The magnetic
moment is described by the diagonal component of the nuclear
matrix element with the relevant M1 operator while the M1
transitions correspond to the off-diagonal components as
described in Section 2.

The experimental 〈S〉 data are plotted in the left panel of
Figure 9, and the squared values in the right panel. The 〈S〉
values calculated by the shell model with the effective IS g-factors
(Brown and Wildenthal, 1983; Brown and Wildenthal, 1987)
using the USD interaction are indicated by open circles and
crosses for the bare and effective g factors, respectively. The
results show clear discrepancies between the experimental data
and the prediction with the bare g-factor, corresponding to the
quenching, in the edge regions of the sd-shell (A � 17–19 and
35–39) close to the magic numbers of A � 16 and 40. The
difference is, however, not obvious in the mid-shell region

FIGURE 9 | The diagonal spin matrix element 〈S〉 obtained from the IS magnetic moments of mirror nuclei in the sd-shell region. The data were taken and
calculated from Brown and Wildenthal (1983), Brown and Wildenthal (1987). The lines are for guiding the viewer’s eyes.
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(A � 21–31). The discrepancies in the edge regions are reduced by
introduction of the effective IS g-factors. The IS magnetic moments
in the mid-shell region are reasonably reproduced without
introducing the effective IS g-factors, which is consistent with
our finding of no quenching of the IS spin-M1 SNMEs.

5.4 Proton-Neutron Spin-Spin Correlation in
the Ground State
Figure 10 shows the Δspin(Ex) data summed up to Ex�16 MeV
by the solid bars. Electron scattering data (von Neumann-
Cosel et al., 2000) is plotted at A � 12 by the black cross mark
with the error bar, which is consistent with the proton
scattering data within experimental uncertainty. It is
interesting to note that all the experimental data show
positive numbers. The Δspin values at A � 4 predicted by
Correlated Gaussian (CG) method (Suzuki et al., 2008), an ab
initio approach, are plotted for each of the NN interactions of
AV8’ (red solid square), G3RS (red open square) and
Minnesota (red plus). The predictions by the No-Core
Shell-Model (NCSM) (Roth et al., 2010) are plotted for
chiral NN (Entem and Machleidt, 2003) (blue open circle)
and Minnesota (blue cross) interactions. Both predictions
using the Minnesota interaction are consistent with each
other and are slightly negative. The Minnesota interaction
does not contain tensor interactions. It is illuminating to see
that the predictions are positive when more realistic NN
interactions are used: AV8’ (Pudliner et al., 1997) and
G3RS (Tamagaki, 1968) interactions for the CG method
and chiral NN interaction (Entem and Machleidt, 2003) for
NCSM. The shell model predictions of Δspin at A � 12 with
SFO interaction (solid horizontal line) and A � 20–36 with
USD interaction are slightly negative or close to zero, which is
significantly smaller than the experimental data of Δspin. The
trend of the USDB interaction (dashed line) is similar. The
predicted values increase a little but are still much smaller
than the experimental results when the IS and IV effective

quenching factors determined in the study of the g-factors
(Brown and Wildenthal, 1987) are applied to the SNME
predicted by the shell model (dot-dashed line). The
situation is similar for the other studies of effective
g-factors (Towner and Khanna, 1983; Arima et al., 1987;
Towner, 1987). The experimental data are reproduced
when IS spin-triple pairing matrices are enhanced by a
factor of 1.1, and only the IV part of SNME is quenched by
effective quenching factors (dotted line) (Sagawa and Suzuki,
2018).

NCSM with the chiral NN interaction predicts Δspin values
for 20Ne (NMAX � 4) and 24Mg (NMAX � 2), as indicated by the
open blue circles in Figure 10. Here,NMAX defines the maximal
allowed harmonic-oscillator excitation energy above the
unperturbed ground state (Roth et al., 2010), hence
representing a measure of the model space. Variation of the
values depending on NMAX shows a clear trend toward positive
when NMAX increases: −0.007, 0.028, and 0.072 for NMAX � 0, 2
and 4 for 20Ne and −0.018 and 0.011 for NMAX�0 and 2 for
24Mg, respectively. Although the values are not converged yet,
they are taken as a lower limit in the plot (expressed by
arrows). The increase of Δspin with increasing NMAX implies
that mixing of higher-lying orbits is important for reproducing
the Δspin > 0 values.

The observed positive Δspin value implies that deuteron-like
correlated np pairs are formed in the ground state of the target
nuclei. Note that Δspin takes a value of 1/4 for the IS np pair like
a deuteron, −3/4 for the IV np pair, and zero for uncorrelated
np pairs. Thus the IS np pairs are favored over the IV np pairs.
It would be interesting to see how Δspin values are predicated
by ab initio calculations (Gysbers et al., 2019) that reproduce
the GT transition strengths studied by beta-decay without a
quenching factor by introducing the contribution from the
two-body current and many-body correlations. The finding
would have relevance to the observed np pair dominance in
the correlated NN pairs with high relative momentum in
nuclei observed by electron scattering (Subedi et al., 2008;
Hen et al., 2014; Hen et al., 2017) or by 16O(p, d) reactions
(Ong et al., 2013; Terashima et al., 2018). The electron
scattering data probe all the components of the correlated
NN pairs due to the high incident energy of the electrons
without limitation placed on the excitation energy of the
residual nucleus after knockout of a correlated NN pair. In
contrast, the 16O(p, d) data would be relevant to the NN pairs
at around the Fermi surface of the target nucleus since the
excitation energy of the residual nucleus is limited in the
region of several MeV. The present experimental data of
Δspin(Ex) are also limited to 16 MeV and thus are
considered to be sensitive to the spin-spin correlation in
the np pairs at around the Fermi surface. The spin-aligned
IS np coupling of the valence particles in 92Pd was studied
from the level structure determined by gamma spectroscopy
(Cederwall et al., 2011), which also indicates the effect of IS np
pairs at around the Fermi surface. It would be interesting to
extend the study of Δspin(Ex) to higher-excitation energies to
observe how the np spin-spin correlation changes in deeper
single particle orbits.

FIGURE 10 | Experimental data of Δspin(Ex) summed up to Ex � 16MeV
are plotted for proton (electron) scattering by the horizontal bars (cross mark)
with the error bars. The definitions of error bars and gray bands are the same
as in Figure 8. Theoretical predictions of Δspin�〈S

→
p · S

→
n〉 are plotted for

the shell models, Correlated Gaussian (CG) method (Suzuki et al., 2008), and
No-Core Shell-Model (NCSM) (Roth et al., 2010). The figure was taken from
Matsubara et al. (2015) with updated predictions from Sagawa and Suzuki
(2018).
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6 SUMMARY

In summary, spin-M1 excitation in nuclei is important for the
study of NC neutrino reactions in astrophysical phenomena and
in neutrino detectors. Quenching of the IS and IV spin-M1
SNMEs for N � Z sd-shell nuclei has been studied by high
energy-resolution measurement of proton inelastic scattering
up to the excitation energy of 16 MeV. No quenching of the IS
spin-M1 SNMEs has been observed in the measured nuclei,
while the IV spin-M1 SNMEs are quenched by an amount
comparable with the analogous GT transitions. Consistency
with the study of the IS and IV magnetic moment in the
same mass region has been discussed. It has been shown by
applying the sum rule values that the difference of the IS and IV
spin-M1 SNMEs is relevant to the np spin-spin correlation in
the ground state. Thus, quenching of the IS and IV spin-M1
SNMEs needs to be described in a mutually consistent manner
by theoretical models. The np spin-spin correlation would have
a relevance to the correlated np pair with high relative
momentum studied by electron scattering and (p, d)
reactions as well as to the spin-aligned IS np coupling. It
would be of interest to extend the present study to higher
excitation energies and to mass and isotope dependencies.
For example, decomposition of the spin-M1 strength in the
continuum might be applicable by the multipole decomposition
analysis of the angular distribution in combination with an
isoscalar probe like deuteron scattering or with a pure isovector
probe like (p, n). It is worth considering the measurement of
(12C,12C*) reactions for studying each of the IS and IV spin-flip
excitations of the target nucleus by tagging the IS and IV 1+

states of the ejectile with the coincidence detection of the α or γ
emission. Also a measurement in inverse kinematics with an
active target based on a time projection chamber would be able
to extend the study to larger masses than 40 by employing
radioactive secondary beams.

We note that a theoretical work (Isacker and Macchiavelli, 2021)
appeared during the review process of this article. That study reported
that the positive Δspin values, referred as 〈 S→n · S→p〉 in their paper,
were not reproduced by Hamiltonian for all the possible parameter
values describing neutrons and protons interacting in a single-l shell
through a surface delta interaction. Theoretical interpretation of the
positive values is still an open question.
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Interacting Shell Model Calculations
for Neutrinoless Double Beta Decay of
82Se With Left-Right Weak Boson
Exchange
Yoritaka Iwata1* and Shahariar Sarkar2

1Faculty of Chemistry, Materials and Bioengineering, Kansai University, Osaka, Japan, 2Indian Institute of Technology Ropar,
Rupnagar, India

In the present work, the λ mechanism (left-right weak boson exchange) and the light
neutrino-exchange mechanism of neutrinoless double beta decay is studied. In
particular, much attention is paid to the calculation of nuclear matrix elements for
one of the neutrinoless double beta decaying isotopes 82Se. The interacting shell
model framework is used to calculate the nuclear matrix element. The widely used
closure approximation is adopted. The higher-order effect of the pseudoscalar term of
nucleon current is also included in some of the nuclear matrix elements that result in
larger Gamow-Teller matrix elements for the λmechanism. Bounds onMajorana neutrino
mass and lepton number violating parameters are also derived using the calculated
nuclear matrix elements.

Keywords: neutrinoless double beta decay, λmechanism, nuclear shell model, nuclearmatrix element, right-handed
weak boson

1 INTRODUCTION

Neutrinoless double beta decay (0]ββ) is a rare second-order weak nuclear process. In this process,
neutrino comes as a virtual intermediate particle when two neutron pairs decay into two proton pairs
inside some even-even nuclei. Thus, it violates the lepton number by two units. The 0]ββ experiment
is one of the possible ways to determine the effective neutrino mass (Schechter and Valle, 1982;
Tomoda, 1991; Avignone et al., 2008; Rodejohann, 2011; Deppisch et al., 2012) and can help to solve
many mysteries of neutrinos, such as whether neutrinos are their own anti-particle (Majorana
neutrino) or not (Dirac neutrino) (Schechter and Valle, 1982; Rodejohann, 2011; Deppisch et al.,
2012).

As lepton number conservation is not exact in most of the beyond the standard model (BSM)
physics theories, many particle mechanisms of 0]ββ have been proposed in different BSM theories
such as light neutrino-exchange mechanism (Šimkovic et al., 1999; Rodin et al., 2006), heavy
neutrino-exchange mechanism (Vergados et al., 2012), left-right symmetric mechanism (Mohapatra
and Senjanović, 1980; Mohapatra and Vergados, 1981), and the supersymmetric particles exchange
mechanism (Mohapatra, 1986; Vergados, 1987).

The decay rate for any particle mechanism of 0]ββ is connected by nuclear matrix elements
(NMEs) and absolute neutrino mass. These NMEs are calculated using theoretical nuclear many-
body models (Engel and Menéndez, 2017). Popular nuclear models are quasiparticle random
phase approximation (QRPA) (Vergados et al., 2012), the interacting shell-model (ISM) (Caurier
et al., 2008; Horoi and Stoica, 2010; Sen’kov and Horoi, 2013; Brown et al., 2014; Iwata et al., 2016),
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the interacting boson model (IBM) (Barea and Iachello, 2009;
Barea et al., 2012), the generator coordinate method (GCM)
(Rodríguez and Martínez-Pinedo, 2010), the energy density
functional (EDF) theory (Rodríguez and Martínez-Pinedo,
2010; Song et al., 2014), and the projected Hartree-Fock
Bogolibov model (PHFB) (Rath et al., 2010). Other
techniques includes, ab initio calculations for lower mass
nuclei (A � 6–12) using variational Monte Carlo (VMC)
method (Pastore et al., 2018; Cirigliano et al., 2019; Wang
et al., 2019).

In the present work, we focus on the left-right weak boson (WL-
WR) exchange λmechanism along with the standard light neutrino-
exchangemechanism (WL −WL exchange) of the 0]ββmediated by
light neutrinos (Bhupal Dev et al., 2015; Horoi and Neacsu, 2016;
Šimkovic et al., 2017). The λ mechanism has origin in the left-right
symmetric mechanism with right-handed gauge boson at the TeV
scale (Šimkovic et al., 2017). Thus, it will be interesting to study how
the λ mechanism can compete with the standard light neutrino-
exchange mechanism when both the mechanisms co-exist. Hence,
in the present work, we are eager to study the λ and light neutrino-
exchange mechanisms together.

In left-right symmetric model, there is another mass
independent mechanism called η mechanism which occurs
through WL − WR mixing. It will be interesting to study η
mechanism along with λ mechanism of 0]ββ. But, η
mechanism is suppressed due to WL − WR mixing as
compared to λ mechanism (Barry and Rodejohann, 2013).
Hence, in the present work, we are interested to study the
mass independent λ mechanism along with the mass
dependent standard light neutrino-exchange mechanism. In
future studies, we will extensively explore the η mechanism of
0]ββ along with other mass independent and dependent
mechanisms in left-right symmetric model.

One of the motivations of the present work is to include
effects of some of the revisited formalism of Ref. (Štefánik et al.,
2015) on light neutrino-exchange and λ mechanism of 0]ββ.
The revised formalism was exploited to include the effects of the
pseudoscalar term of nucleon currents. Using the revised
formalism of Ref. (Štefánik et al., 2015), the NMEs for λ, and
light neutrino-exchange mechanisms of 0]ββ are calculated
using the QRPA model for several 0]ββ decaying isotopes
using closure approximation in Ref. (Šimkovic et al., 2017).
Most of the NMEs relevant for λ and light neutrino-exchange
mechanisms are also calculated using ISM in Ref. (Horoi and
Neacsu, 2018) using the closure approximation for different
0]ββ decaying isotopes (including 82Se). In this case, some of the
NMEs are calculated without including the higher-order terms
(for example, pseudoscalar and weak magnetism terms) of the
nucleon currents. Recently, using the revised formalism of Ref.
(Štefánik et al., 2015), we have also calculated the NMEs for 48Ca
in Ref. (Sarkar et al., 2020a) using the non-closure
approximation and found a significant change in some of the
NMEs for including the pseudoscalar term. Thus, we have tried
here to include the revised higher-order effect of the
pseudoscalar term of nucleon current for the λ mechanism of
0]ββ of 82Se using ISM. The 0]ββ of 82Se is one of the
experimental interests of CUPID (Dolinski et al., 2019;

Pagnanini et al., 2019) and NEMO-3 (Arnold et al., 2020)
experiments. Hence, it is important to study the nuclear
structure aspects of 0]ββ of 82Se theoretically. In recent
years, one of the most important studies on light neutrino-
exchange 0]ββ of 82Se was performed in the ISM framework in
Ref. (Sen’kov et al., 2014) using the non-closure
approximation. Here we focus on the λ mechanism of 0]ββ
of 82Se in the closure approximation using the revised nucleon
current term.

This paper is organized as follows. In Section 2, the
expression for decay rate and the theoretical formalism to
calculate NMEs for the λ and light neutrino-exchange
mechanisms of 0]ββ are presented. The results and
discussion are presented in Section 3. A summary of the
work is given in Section 4.

2 THEORETICAL FRAMEWORK

2.1 Decay Rate for λ Mechanism of 0νββ
If both light neutrino-exchange (WL − WL exchange) and λ
mechanisms (WL − WR exchange) of 0]ββ co-exist, one can
write the decay rate for 0]ββ as (Štefánik et al., 2015; Šimkovic
et al., 2017)

[T0]
1/2]−1 � η2]Cmm + η2λCλλ + η]ηλcos ψCmλ, (1)

where the coupling constant λ is defined as (Šimkovic et al., 2017)

λ � MWL/MWR( )2. (2)

The MWL and MWR are masses of the Standard Model left-
handedWL and right-handedWR gauge bosons, respectively. The
η] of Eq. 1 is an effective lepton number violating parameters for
WL − WL exchange, ηλ is an effective lepton number violating
parameters for WL − WR exchange, and ψ denotes the CP
violating phase. These parameters are given in Ref. (Šimkovic
et al., 2017) as

η] �
mββ

me
, ηλ � λ|∑

3

j�1
mjUejT

*
ej|, (3)

ψ � arg ∑3
j�1

mjU
2
ej( ) ∑3

j�1
UejT

*
ej( )[ ]. (4)

Here, mββ is the effective Majorana neutrino mass defined by
the neutrino mass eigenvaluesmj and the neutrino mixing matrix
elements Uej (Horoi and Stoica, 2010):

〈mββ〉 � |∑
j

mjU
2
ej|. (5)

The U, and T are the 3 × 3 block matrices in flavor space,
which constitute a generalization of the Pontecorvo-Maki-
Nakagawa-Sakata matrix, namely the 6 × 6 unitary neutrino
mixing matrix (Štefánik et al., 2015; Šimkovic et al., 2017).

The amplitude of λ mechanism is given by (Bhupal Dev et al.,
2015)
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Aλ � G2
Fλ∑

i

UejT
*
ej

1
q
, (6)

where λ is defined earlier, GF is the Fermi constant for weak
interaction, and q is the virtual Majorana neutrino momentum.

The coefficients CI (I � mm, mλ and λλ) of Eq. 1 are linear
combinations of products of nuclear matrix elements and phase-
space factors (Šimkovic et al., 2017).

Cmm � g4
AM

2
]G01, (7)

Cmλ � −g4
AM](M2−G03 −M1+G04), (8)

Cλλ � g4
A M2

2−G02 + 1
9
M2

1+G011 − 2
9
M1+M2−G010( ). (9)

Calculated values of phase-space factors G0i (i � 1, 2, 3, 4, 10
and 11) for different 0]ββ decaying nuclei are given in Ref.
(Štefánik et al., 2015).

2.2 Nuclear Matrix Elements for λ
Mechanism of 0νββ
Matrix elements required in the expression of CI are (Šimkovic
et al., 2017).

M] � MGT − MF

g2
A

+MT, (10)

M]ω � MωGT − MωF

g2
A

+MωT, (11)

M1+ � MqGT + 3
MqF

g2
A

− 6MqT, (12)

M2− � M]ω − 1
9
M1+. (13)

The (MGT,ωGT,qGT) (MF,ωF,qF), and (MT,ωT,qT) matrix elements
of the scalar two-body transition operator Oα

12 of 0]ββ can be
expressed as (Brown et al., 2014)

Mα � 〈f|Oα
12|i〉 (14)

where, |i〉, and |f〉 are the initial and the final 0+ ground state
(g.s) for 0]ββ decay, respectively, and α � (GT, F, T, ], ωGT, ωF,
ωT, ]ω, qGT, qF, qT, 1 +, 2−), τ− is the isospin annihilation
operator. The scalar two-particle transition operatorsOα

12 of 0]ββ
containing spin and radial neutrino potential operators can be
written as

OGT,ωGT,qGT
12 � τ1−τ2−(σ1.σ2)HGT,ωGT,qGT(r, Ek),
OF,ωF,qF

12 � τ1−τ2−HF,ωF,qF(r, Ek),
OT,ωT,qT

12 � τ1−τ2−S12HT,ωT,qT(r, Ek),
(15)

where, S12 � 3(σ1.r̂)(σ2.r̂) − (σ1.σ2), r � r1 −r2, and r � |r| is inter
nucleon distance of the decaying nucleons. The Ek is the energy of
the virtual intermediate state (|k〉) of 0]ββ. The intermediate state
|k〉 is achieved when one neutron from the initial state |i〉 is
converted into one proton. Subsequently, from the |k〉 state,
another neutron is converted into another proton to achieve the

final state |f〉 of the 0]ββ. For the present manuscript, |i〉 is the 0+
g.s. of 82Se, |f〉 is the 0+ g.s. of 82Kr, and |k〉 are all the allowed
spin-parity states of intermediate nucleus 82Br.

There are two approximations for calculating the NME, one is
non-closure approximation and another is the widely used
closure approximation. In non-closure approximation, the
radial neutrino potential Hα(r, Ek) has explicit dependence
on energy of the intermediate state |k〉. In non-closure
approximation, the radial neutrino potential for λ mechanism
of 0]ββ are is given as integral over Majorana neutrino
momentum q (Sen’kov and Horoi, 2013):

Hα(r, Ek) � 2R
π

∫∞

0

fα(q, r)qdq
q + Ek − (Ei + Ef)/2) (16)

where R is the radius of the parent nucleus, and the fα(q, r) factor
(AppendixB) contains the form factors that incorporates the effects of
finite nucleon size (FNS), and higher-order currents (HOC) of
nucleons (Šimkovic et al., 1999), which is given in Appendix B of
themanuscript. TheEi andEf are the g.s. energy of the initial and final
nucleus of the 0]ββ decay, respectively. The non-closure
approximation is computationally very challenging, because
in this approximation, the NME has explicit dependence on
the energy of large numbers of virtual intermediate state |k〉 and
calculating these states requires enormous computational
power. Particularly, for higher mass region isotopes, some of
the calculations are still beyond the reach of current
generation’s high-performance computers. Fortunately, the
most of the contributions on NME of 0]ββ come from low
lying energy states up to 10–12 MeV of the intermediate nucleus
(Sen’kov and Horoi, 2013; Sarkar et al., 2020a). Thus, one can
replace the effects of Ek with a suitable constant energy called
closure energy 〈E〉 without affecting the value of NME too
much, and this approximation is known as closure
approximation. In this approximation, one assumes (Sen’kov
and Horoi, 2013)

(Ek − (Ei + Ef)/2)→ 〈E〉, (17)

and the radial neutrino potential operator of Eq. 16 becomes

Hα(r) � 2R
π

∫∞

0

fα(q, r)qdq
q + 〈E〉 , (18)

In closure approximation, the 0]ββ decay operators defined in
Eq. 15 become

OGT,ωGT,qGT
12 � τ1−τ2−(σ1.σ2)HGT,ωGT,qGT(r),

OF,ωF,qF
12 � τ1−τ2−HF,ωF,qF(r),

OT,ωT,qT
12 � τ1−τ2−S12HT,ωT,qT(r).

(19)

The closure approximation is widely used in literature as it
eliminates the complexity of calculating a large number of virtual
intermediate states (Horoi and Stoica, 2010; Sen’kov and Horoi,
2013; Sarkar et al., 2020a). One can find suitable values of 〈E〉
using the method described in Ref. (Sarkar et al., 2020a), such that
using closure approximation, one can get NME near to the non-
closure approximation.
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In the calculation of the NME of 0]ββ, it is also necessary to
take into account the effects of short-range correlations (SRC). A
standard method to include SRC is via a phenomenological
Jastrow-like function (Vogel, 2012; Menéndez et al., 2009;
Šimkovic et al., 2009). Including SRC effect in the Jastrow
approach, one can write the NME of 0]ββ defined in Eq. 14
as (Vogel, 2012)

Mα � 〈f|fJastrow(r)Oα
12fJastrow(r)|i〉, (20)

where Jastrow-type SRC function is defined as

fJastrow(r) � 1 − ce−ar
2(1 − br2). (21)

In literature, three different SRC
prametrizationparameterization are used: Miller-Spencer,
Charge-Dependent Bonn (CD-Bonn), and Argonne V18
(AV18) to parametrize a, b, and c (Horoi and Stoica, 2010).
These parameters are chosen in such a way that the two-body
wave function of two-body matrix elements (TBME) for 0]ββ
are still normalized. The parameters a, b, and c in different SRC
parametrizations are given in Table 1.

This approach of using a Jastrow-like function to include the
effects of SRC is extensively used in Refs. (Menéndez et al., 2009;
Horoi and Stoica, 2010; Neacsu et al., 2012).

2.3 The Closure Method of Nuclear Matrix
Elements Calculation for 0νββ in ISM
The (MGT,ωGT,qGT) (MF,ωF,qF), and (MT,ωT,qT) matrix elements of the
scalar two-body transition operatorOα

12 of 0]ββ can be expressed as
the sum over the product of the two-body transition density
(TBTD) and anti-symmetric two-body matrix elements
(〈k1′ , k2′ , JT|Oα

12|k1, k2, JT〉A) (Brown et al., 2014):

M0]
α � 〈f|Oα

12|i〉
� ∑

J,k1′ ≤ k2′ ,k1 ≤ k2
TBTD(f, i, J) × 〈k1′ , k2′ , JT|Oα

12|k1, k2, JT〉A, (22)

where, α � (F, GT, T, ωF, ωGT, ωT, qF, qGT, qT), J is the
coupled spin of two decaying neutrons or two final created
protons, τ− is the isospin annihilation operator, A denotes that
the two-body matrix elements (TBME) (Appendix A) are
obtained using anti-symmetric two-nucleon wavefunctions,
and k1 stands for the set of spherical quantum numbers (n1;
l1; j1) (similar definition for k2, k1′, k2′). The |i〉 is 0+ ground
state (g.s.) of the parent nucleus, and |f〉 is the 0+ g.s of the
granddaughter nucleus.

The TBTD can be expressed as (Brown et al., 2014)

TBTD(f, i, J) � 〈f [A+(k1′ , k2′ , J)⊗ ~A(k1, k2, J)](0)
 i〉, (23)

where,

A+(k1′ , k2′ , J) � [a+(k1′ )⊗ a+(k2′ )]JM�������
1 + δk1′ k2′

√ , (24)

and

~A(k1, k2, J) � (−1)J−MA+(k1, k2, J,−M) (25)

are the two particle creation and annihilation operator of rank J,
respectively. Most of the available public shell model code does
not provide the option to calculate TBTD directly. One of the
ways is to calculate TBTD in terms of a large number of two
nucleon transfer amplitudes (TNA), assuming 0]ββ decay
occurs through (n − 2) channel (Brown et al., 2014). In (n −
2) channel of 0]ββ, the TNA are calculated with a large set of
intermediate states |m〉 of the (n − 2) nucleons system, where n
is the number of nucleons for the parent nucleus. In this
approach, the TBTD in terms of TNA is expressed as
(Brown et al., 2014)

TBTD(f, i, J) � ∑
m

TNA(f,m, k1′ , k2′ , Jm)TNA(i, m, k1, k2, Jm),

(26)

where, TNA are given by

TNA(f,m, k1′ , k2′ , Jm) � 〈f A+(k1′ , k2′ , J)
 m〉������

2J0 + 1
√ . (27)

Here, Jm is the spin of the allowed states |m〉 of intermediate
nuclei. J0 is spin of |i〉 and |f〉. Jm � J when J0 � 0 (Brown et al.,
2014).

3 RESULTS AND DISCUSSION

We have used JUN45 effective shell model Hamiltonian
(Honma et al., 2009) of fpg model space to calculate the
relevant initial, intermediate, and final nuclear states for
0]ββ of 82Se. In the fpg model space, valence nucleons can
occupy the orbitals 0f5/2, 1p3/2, 1p1/2, and 0g9/2. For the 0]ββ
decay of 82Se through (n − 2) channel, the states of allowed
spin-parity of 80Se acts as intermediate states for TNA
calculations. The nuclear shell model code KSHELL
(Shimizu et al., 2019) was used in the calculation. For
comparing some of the TNA values, NushellX@MSU
(Brown and Rae, 2014) code was also used. In the present
calculation, we have included the first 100 states of different
allowed spin-parity of 80Se in calculating the TNA. Earlier, it
was found that considering around the first 50 states is enough
to get the saturated value of NME, as the most dominating
contributions come from the first few initial states (Brown
et al., 2014; Sarkar et al., 2020b).

We have adopted the widely used closure approximation with
the closure energy 〈E〉 � 0.5 MeV. Earlier studies of Refs. (Sarkar
et al., 2020a; Sarkar et al., 2020b) suggested that 〈E〉 � 0.5 MeV is
a suitable value that is close to optimal closure energy and, thus,
gives NME near to the NME in the non-closure approximation.

TABLE 1 | Parameters for the short-range correlation (SRC) parametrization of
Eq. 21. Values are taken from Ref. (Horoi and Stoica, 2010).

SRC type a b c

Miller-Spencer 1.10 0.68 1.00
CD-Bonn 1.52 1.88 0.46
AV18 1.59 1.45 0.92
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The non-closure method can give the exact value of NME, but the
present study is beyond the scope of studying it. But, according to
earlier results (Sarkar et al., 2020a; Sarkar et al., 2020b), with 〈E〉
� 0.5 MeV, one can get NME in the closure approximation close
to the NME in non-closure approximation (within 1%
difference).

Different types of NMEs for light neutrino-exchange and
λ mechanism of 0]ββ for 82Se is shown in Table 2. Here,
NMEs are calculated in different SRC parameterization
schemes. All standard effects of FNS + HOC are taken
care of in all calculations. It is found that the Gamow-
Teller matrix elements dominate over Fermi and tensor
type matrix elements. Also, it is found that the MqGT type
matrix element associated with the λmechanism is relatively
large as compared to standard light neutrino-exchange
Gamow-Teller matrix element MGT. This leads to the
large value of total NME M1+ for λ mechanism as
compared to total NME M] for light neutrino-exchange
mechanism.

This increment of MqGT type of NME, which is obtained
through the new revised expression of the nucleon currents of
Ref. (Šimkovic et al., 2017), is surprisingly high. It is coming
through the new revised expression of the nucleon currents of
Ref. (Šimkovic et al., 2017) which includes the higher-order
term (pseudoscalar) of the nucleon currents. In our calculation,
Eq. 39 is used to calculate MqGT type NME using the revised
formalism of nucleon currents of Refs. (Štefánik et al., 2015;
Šimkovic et al., 2017).

An old equivalent expression of Eq. 39 is also found in Ref.
(Horoi and Neacsu, 2018), which one can write using Eq. (A2c)
and Eq. (A4b) of Ref. (Horoi and Neacsu, 2018) as

fqGT(q, r) � 1

1 + q2

Λ2
A

( )4 qrj1(qr). (28)

Using this old value of fqGT (q, r), the MqGT type NME will be
significantly smaller, as reported earlier.

Here we include the higher-order current effect of
pseudoscalar term in Eq. 39 as suggested in Ref. (Šimkovic

et al., 2017) which is enhancing the MqGT type NME as
compared to standard MGT type NME. A similar type of
enhancement in MqGT type NME was also found in our earlier
study for 48Ca (Sarkar et al., 2020a).

We have also decomposed the NME in terms of coupled spin-
parity (Jπ) of two decaying neutrons and two created protons in
the decay. Decomposed NME gives us a picture of the role of
individual spin-parity on NME. The contribution of NMEs
through different Jπ is shown in Figures 1–3 for different
types of NME. Figure 1 examines the decomposition for
MF,GT,T type matrix elements associated with light neutrino-
exchange mechanism, where Figures 2, 3 examine the NME
as function of Jπ for MωF,ωGT,ωT and MqF,qGT,qT type NMEs,
respectively, for λ and interference mechanism. All results are
presented for AV18 SRC parameterization.

TABLE 2 | NMEs for 0]ββ (light neutrino-exchange and λ mechanism) of 82Se.

SRC TypeNME Type

None Miller-Spencer CD-Bonn AV18

MF −0.633 −0.442 −0.674 −0.621
MGT 3.681 2.536 3.247 3.068
MT −0.020 −0.020 −0.020 −0.020
M] 3.529 2.790 3.645 3.433
MωF −0.630 −0.441 −0.671 −0.618
MωGT 3.075 2.453 3.165 2.986
MωT −0.020 −0.020 −0.020 −0.020
M]ω 3.485 2.751 3.599 3.388
MqF −0.330 −0.274 −0.384 −0.372
MqGT 11.667 10.167 12.538 12.184
MqT −0.097 −0.097 -0.097 −0.097
M1+ 11.636 10.241 12.409 12.076
M2− 2.192 1.613 2.220 2.046

FIGURE 1 | (Color online) Variation of MF, MGT, and MT type NMEs
with Jπ of two initial neutron-neutron and final proton-proton pairs.

FIGURE 2 | (Color online) Variation of MωF, MωGT, and MωT type NMEs
with Jπ of two initial neutron-neutron and final proton-proton pairs.
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For all types of NMEs, the most dominating contribution
comes from 0+ states and 2+ states. The pairing effect is in play for
dominating even-Jπ contributions (Brown et al., 2014). The NME
from 0+ and 2+ states has opposite signs and, thus, cancel the
effects of each other. Other non-negligible contributions come
through 4+, 3−, 5−, and 7− states.

Now we will discuss how the calculated NMEs will help to
determine the bounds on Majorana neutrino mass and various
lepton number violating parameters, using the lower limit on the
experimental half-life of the decay. The inverse of half-life for
0]ββ is given in Eq. 1. It is found that the half-life is influenced by
the term CI (I � mm, mλ, λλ), lepton number violating term η]
and ηλ, which are unknown, and CP-violating phase ψ. The CI are
defined in Eq 7 and (8), (9), which contains mainly phase space
factors and relevant NMEs. To calculate CI, we have used the
improved values of phase space factors calculated in Ref. (Štefánik
et al., 2015), and for the NMEs, we have used the results of
Table 2 using ISM.

The results for CI of light neutrino-exchange and λ
mechanisms of 0]ββ decay of 82Se and 48Ca are presented in
Table 3. Here, the results for 48Ca are taken from our earlier work
using the closure approximation on the λ mechanism (Sarkar

et al., 2020a). It is found that values of Cmm (light neutrino-
exchange) and Cλλ (λ mechanism) are similar in values, which
shows the dominance of each of these mechanisms on 0]ββ half-
life. The interference term (Cmλ) of both the mechanisms are
relatively smaller, which shows the less importance of the
interference mechanism.

We have also calculated the upper bound on unknown
Majorana neutrino mass (mββ) and lepton number violating
parameter: the right-handed current coupling strength ηλ,
using the experimental constraint on T0]−exp

1/2 of Ref. (Arnold
et al., 2005) for 82Se and of Ref. (Arnold et al., 2016) for 48Ca. The
upper limits on mββ and ηλ are also presented in Table 3 for 82Se
and 48Ca when both light neutrino-exchange and λ mechanisms
co-exist. With the experimental lower limit on T0]−exp

1/2 , the upper
limits on Majorana neutrino mass (mββ) are found to be 1.83 and
17.92 eV, respectively, for 82Se and 48Ca. This difference of mββ

value for 82Se and 48Ca is quite large and also found in earlier
work (Šimkovic et al., 2017). With the recent progress and future
prospects of new generation experiments, lower limits on T0]−exp

1/2
will be gradually improved and thus, will improve the upper limit
on mββ and also reduce the differences for different isotopes.

4 SUMMARY

In summary, we have studied how the left-right weak boson
exchange (λ) mechanism of 0]ββ decay is competing with the
standard light neutrino-exchange mechanism. Our interest of
isotope was one of the prominent 0]ββ decaying isotope 82Se.
Particularly, we have calculated the NMEs for 0]ββ of 82Se when
both standard light neutrino-exchange and λ mechanisms co-
exist. The revised formalism for nucleon currents to include the
pseudoscalar term was taken care of. The nuclear shell model
framework was used in the calculation, and the widely used
closure approximation was adopted with suitable closure
energy. Nuclear states of initial, final, and intermediate states
are calculated for fpg model space with JUN45 effective shell
model Hamiltonian using shell model code KSHELL. These
nuclear states are used to calculate TNA, which comes in the
expression of NME of 0]ββ through (n − 2) decay channel. Using
the calculated NMEs, we have also calculated the upper bounds
on Majorana neutrino mass and lepton number violating
parameters.

FIGURE 3 | (Color online) Variation of MqF, MqGT, and MqT type NMEs
with Jπ of two initial neutron-neutron and final proton-proton pairs.

TABLE 3 | Results for half-life and bounds on neutrino mass and lepton number violating parameters. The T0]−exp
1/2 is taken from the experimental lower limit on half-life from

Ref. (Arnold et al., 2005) for 82Se and from Ref. (Arnold et al., 2016) for 48Ca. All results are for AV18 type SRC parameterizaionparameterization. We have assumed CP
conservation (ψ �0). The results are compared with QRPA calculations for λ mechanism of Ref. (Šimkovic et al., 2017).

Quantity 82Se 82Se Ref.
Šimkovic

et al. (2017)

48Ca 48Ca Ref.
Šimkovic

et al. (2017)

T0]−exp
1/2 [Years] 2.5 × 1023 2.5 × 1023 2.0 × 1022 2.0 × 1022

Cmm [Years]−1 31.21 × 10–14 51.3 × 10–14 4.06 × 10–14 2.33 × 10–14

Cmλ [Years]
−1 10.46 × 10–14 −27.0 × 10–14 3.37 × 10–14 −1.04 × 10–14

Cλλ [Years]
−1 36.19 × 10–14 150.0 × 10–14 5.39 × 10–14 10.1 × 10–14

mββ [eV] 1.83 1.43 17.92 23.7
ηλ 3.32 × 10–6 1.63 × 10–6 30.44 × 10–6 22.30 × 10–6
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The results show that particularlyMqGT type matrix element of λ
mechanism is significantly enhanced as compared to standardMGT

type NME for the inclusion of the higher-order effect of the
pseudoscalar term in the nucleon current. A similar type of
enhancement in MqGT type NME was also found in our earlier
study for 48Ca (Sarkar et al., 2020a). The dominance of 0+ and 2+

states of neutron-neutron (proton-proton) pairs were also observed,
just like earlier studies.

With the experimental lower limits on the half-life, we have
used our calculated NMEs to set the upper bounds on Majorana
neutrino mass (mββ). The upper limits of values ofmββ are found
to be 1.83 and 17.92 eV, respectively, for 82Se and 48Ca. With the
new generation of experiments, the lower limit on half-life will be
further improved, and thus we can expect a much more refined
upper bound on mββ, which may be below 1 eV. Also, the
difference for the value of mββ will be reduced.

The term CI (I � mm, mλ, λλ), which contains the phase space
factors and NMEs, was also evaluated. The Cmm for light neutrino
exchange and Cλλ for λ mechanism were found to be similar in
values, that were larger than the termCmλ for the interference of both
the mechanisms. This shows the dominance of light neutrino
exchange and the λ mechanisms over the interference
mechanism. The overall dominant effect of light neutrino-
exchange mechanism is observed over λ mechanism and
interference of both the mechanisms for very small values of
lepton number violating ηλ parameter.

In the future, it will be interesting to see the competing
effect of the λ mechanism on the light neutrino-exchange
mechanism and also how their contribution on 0]ββ half-life
will be evaluated in the current and future generation
experiments.
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APPENDIX A

One can write anti-symmetric two-body matrix elements for
transition operator Oα

12 of 0]ββ defined in Eq. 22 as

〈n1′ l1′j1′ , n2′ l2′j2′ : JT|τ−1τ−2Oα
12|n1l1j1, n2l2j2: JT〉A

� 1����������������
(1 + δj1′ j2′ )(1 + δj1j2)

√

(〈n1′ l1′j1′ , n2′ l2′j2′ : JT|τ−1τ−2Oα
12|n1l1j1, n2l2j2: JT〉

−(−1)j1+j2+J
×〈n1′ l1′j1′ , n2′ l2′j2′ : JT|τ−1τ−2Oα

12|n2l2j2, n1l1j1: JT〉),

(29)

where,

〈n1′ l1′j1′ , n2′ l2′j2′ : J|Oα
12|n1l1j1, n2l2j2: J〉
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S′ ,S

∑
λ′ ,λ

l1′
1
2

j1′

l2′
1
2

j2′

λ′ S′ J

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

l1
1
2

j1

l2
1
2

j2

λ S J

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

× ∑
n′ ,l′ ,N′ ,L′

∑
n,l,N,L

∑
J

1�����
2S + 1

√ 1������
2J + 1

√ U(L′, l′, J, S′: λ′J )

×U(L, l, J, S: λJ )〈n′, l′, N′, L′|n1′ , l1′ , n2′ , l2′〉λ′
×〈n, l, N, L|n1, l1, n2, l2〉λ〈l′, S′: J Sα12

 l, S: J 〉
×〈n′, l′|Hα(r)|n, l〉.

(30)

One can write in terms of 9j symbol
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(31)

In terms of 6j symbol one can write

U(L′, l′, J, S′: λ′J ) � (−1)L′+l′+S′+J ������
2λ′ + 1

√ ������
2J + 1

√
L′ l′ λ′
S′ J J{ }. (32)

〈n′, l′, N′, L′|n1′ , l1′ , n2′ , l2′〉λ′ is the harmonic oscillator bracket
used to convert the radial integral of neutrino potential from
individual coordinate system of nucleons to relative and center of
mass coordinate system of the nucleons.

APPENDIX B

The fα(q, r) factor of Eq. 16 can be written in terms of radial
dependence, spherical Bessel function jp (qr) (p � 0, 1, 2 and 3),
and FNS + HOC coupling form factors in closure approximation
as (Šimkovic et al., 2017).

fGT(q, r) � j0(qr)
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( )),

(33)
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(41)

where one can write in dipole approximation (Šimkovic et al.,
1999).

gV(q2) � gV

1 + q2

M2
V

( )
2,

(42)

gA(q2) � gA

1 + q2

M2
A

( )
2,

(43)

gM(q2) � (μp − μn)gV(q2), (44)
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gP(q2) � 2mpgA(q2)
(q2 +m2

π)
1 − m2

π

M2
A

( ). (45)

μp − μn � 4.7, MV � 850 MeV, MA � 1,086 MeV mp and mπ

are the mass of protons and pions (Sen’kov and Horoi, 2013).

In the present calculation, vector constant gV � 1.0 and bare
axial-vector constant gA � 1.27 (Sarkar et al., 2020b) are used.
Both the pseudo scalar and weak magnetism terms of the
nucleon currents are included in fGT,T,ωGT,ωT (q, r) factors
whereas pseudo scalar term is included in fqGT,qT (q, r) factors
(Šimkovic et al., 2017).
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Evolution of Hot and Dense Stellar
Interiors: The Role of the Weak
Interaction Processes
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1Department of Physics, University of Ioannina, Ioannina, Greece, 2Department of Informatics and Telecommunications,
University of Ioannina, Arta, Greece, 3Department of Mechanical, Aerospace and Civil Engineering, University of Manchester,
Manchester, United Kingdom

The evolution of the hot and dense interior of massive stars has aroused the intense interest
of researchers the last more than three decades. In this article, the role of the semi-leptonic
weak interaction processes of leptons (involving neutrinos) with nucleons and nuclei in the
late stages of stellar evolution, as well as in the relevant terrestrial neutrino detection
experiments, is reviewed. Such processes play crucial role for the massive stars’ evolution
in the final stages of their life, and specifically in the core-collapse supernova leading to the
supernova explosion phenomenon. We start by mainly focusing on the neutrino producing
charged-lepton capture, like the electron-capture and the muon-capture on nuclei and,
then, we discuss the neutrino absorbing reactions which are essential in the neutrino-
driven explosive nucleo-synthesis. These processes are also significant in many ongoing
and planned worldwide underground sensitive experiments aiming to detect astrophysical
neutrinos which rely on the interactions of neutrinos with the bound nucleons inside atomic
nuclei.

Keywords: core collapse supernova, explosive nucleo-synthesis, electron capture, muon capture, neutrino-nucleus
reactions, semi-leptonic weak processes, quasi-particle RPA

1 INTRODUCTION

It is well known that stars are born out of the gravitational collapse of cool and dense molecular
clouds when they collapse into smaller regions which finally contract to form stellar cores, the proto-
stars (Bethe, 1990; Phillips, 2013; Giannaka, 2015; Woosley, 2019). Due to the contraction of proto-
stars, the central temperature increases up to the point where nuclear reactions start by firstly
converting hydrogen into helium in the core and this way the star enters the stage of the main
sequence (Fuller et al., 1982; Bethe, 1990; Suzuki et al., 2006; Phillips, 2013; Balasi et al., 2015).
Subsequently, the interior of evolved high mass stars develop layers (fusion shells) like an onion
where the outer shell drops fuel to the lower shell while heavier and heavier nuclear isotopes are being
synthesized as we move towards the center of the star (Gastaldo et al., 2017; Woosley, 2019; Cantiello
et al., 2021).

During the evolution of the massive stars (M ≥ 8M_{solar}, withM_{solar} being the Sun’s mass),
specifically during the late stages of their life (Fuller et al., 1982; Bethe, 1990; Oda et al., 1994), a great
number of thermonuclear reactions and among them weak interaction processes on nucleons and
nuclei like the charged-lepton capture, the neutrino production and neutrino absorption, the β-decay
modes and others, play key role. In addition, other charge-changing semi-leptonic processes (the
elementary β-decay reactions, the elementary semi-leptonic ]-nucleon reactions, etc.,) play also
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significant role in core-collapse supernova (SN) (Langanke and
Martinez-Pinedo, 1998; Langanke and Martínez-Pinedo, 1999).
In this review we are going to pay special attention on the main
conclusions of the state-of-the-art approaches related to the
structure and evolution of the hot and dense stellar interior,
focusing on those reactions taking place in the presence of nuclei
as well as in the plethora of terrestrial astrophysical neutrino
detection experiments.

In general, the semileptonic weak interactions in nuclei are
of great interest for many physical reasons. At first, the
accurate knowledge of the above mentioned processes
determines to a large extent the evolution of massive stars,
especially in their pre-supernova, their core-collapse
supernova (CCSN) and their explosion phase (Fischer et al.,
2020; Nagakura and Hotokezaka, 2021). Thus, the better the
cross sections we know for these semi-leptonic processes the
better the description of successful stars’ explosions is coming
out of the various SN scenarios and relevant algorithms
(explosion codes) (Langanke et al., 2001; Langanke et al.,
2003; Langanke and Martínez-Pinedo, 2003; Titus et al.,
2017). Nowadays, this knowledge needs to be extended so
as to include as great as possible number of nuclear isotopes
and number of different semi-leptonic electro-weak processes
(Titus et al., 2017). Furthermore, various theoretical ideas
related to the fundamental theory of the weak interactions
between the involved nuclei with leptons, may be tested
through terrestrial experiments aiming to investigate the
nuclear and particle physics of these processes (Langanke
et al., 2003; Bollig et al., 2017; Sieverding et al., 2019). In
addition, once the fundamental nature of the weak interactions
is fully understood, this can be used for testing the theoretical
ideas on new nuclear excited states not being accessible by the
electromagnetic interactions (O’Connell et al., 1972; Donnelly
and Walecka, 1976; Donnelly and Peccei, 1979).

Moreover, from a nuclear theory viewpoint, it is important
to note that the semi-leptonic weak processes are studied with
the same methods employed for electron-nucleus scattering
(for example, using the Donnelly-Walecka multipole
decomposition and constructing the nuclear states within
the context of the shell models, RPA, QRPA, etc.,) because
there is a close analogy between these two classes of processes
and because the electromagnetic interaction plays a similar
role to that of the weak interactions (Donnelly and Peccei,
1979; Kosmas and Oset, 1996; Ejiri et al., 2019). Due to the fact
that, the matrix elements of the vector current component of
the operators are identical in the electromagnetic electron
scattering and the weak interactions (conserved-vector-
current, CVC theory), these operators represent half of the
overall independent operators needed to describe the weak
processes (Chasioti and Kosmas, 2009; Tsakstara and Kosmas,
2011a; Tsakstara and Kosmas, 2011b; Tsakstara and Kosmas,
2012). Furthermore, electron scattering data offer reliable tests
for the calculated nuclear wave functions in order to acquire
confidence on predictions relevant to the weak processes
which in many cases, helps to eliminate nuclear physics
uncertainties. In addition, the semi-leptonic weak reactions
are, in principle, richer sources of information on nuclear

structure because of the axial vector spin dependent operators
of the interaction between the leptons and the target nucleus
(Ejiri et al., 2019; Papoulias et al., 2019).

Regarding the ]-nucleus reactions, it is worth mentioning the
challenges of the neutral current (NC) neutrino–nucleus
scattering of which the measurements rely on a different
signal to that of the charged current (CC) ]-nucleus reactions
(Donnelly and Peccei, 1979; Kosmas and Oset, 1996). From these
two different neutrino–nucleus reaction channels, the charged-
current reaction in which the parent nucleus changes charge and
the daughter one appears, in general, in an excited (final) state,
has been firstly measured long ago. The neutral current channel
has only recently been measured for the first time (forty three
years after its first theoretical prediction), in the COHERENT
experiment at ORNL, United States (Akimov et al., 2017). Today,
the operating or planned worldwide neutral current “coherent
elastic neutrino-nucleus scattering (CEvNS) experiments” are
based on precise measurements of the nuclear-recoil and
among their highest priorities are the investigation of the
neutrino properties, the fundamental ]-matter weak
interactions, etc., (Papoulias and Kosmas, 2018; Papoulias
et al., 2020). The planned advances in the precision of these
experiments require a commensurate effort in the understanding
and modeling of the nuclear physics aspects of these interactions,
which are incorporated as a particle model in neutrino physics
and play important role in interpreting the respective
experimental results (Akimov et al., 2017; Papoulias and
Kosmas, 2018; Papoulias et al., 2020).

In core-collapse supernova simulations, precise description
of neutrino processes deep into the hot and dense matter is
required. In this review, we summarize the main conclusions
extracted from the studies aiming to estimate the rates of
charged-current weak processes involving electrons, muons
and their anti-particles inside the massive stars’matter (Suzuki
et al., 2006; Suzuki et al., 2011; Suzuki and Kajino, 2013; Suzuki
et al., 2018). The neutrino processes inside the hot and dense
stellar medium are important in many aspects of core-collapse
supernovae and, in particular for the explosion mechanism
and the explosive neutrino nucleo-synthesis leading to the
creation of the heavy elements (heavy nuclear isotopes)
(Langanke and Martinez-Pinedo, 1998; Kajino et al., 2014).
The multi-dimensional (2-D, 3-D, 4-D) simulations of
successful explosions of core-collapse supernovae have
shown that the neutrino-driven mechanism and the
neutrino transport in hot and dense proto–neutron stars
must necessarily be accurately described which means that
the cross sections and event rates of the relevant reactions are
appreciably important (Giannaka and Kosmas, 2013; Suzuki
and Kajino, 2013; Giannaka and Kosmas, 2015b; Suzuki et al.,
2018).

As is well known, in general, the gravitational collapse plays
a vital role in the structural formation of the Universe, and in
the death of massive stars through the gravitational collapse
and the subsequent supernova explosions that are spectacular
and very complex astrophysical events. Further, under the
extreme conditions of the hot and dense interior of massive
stars, all four known forces of nature are involved. Thus, the
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presence of the strong gravitational field determines the
dynamics of the astrophysical plasma while the weak
interactions govern the energy and lepton number loss of
the system through the transport of neutrinos from high-
opacity regions to the free-streaming ones (Langanke and
Wiescher, 2001; Woosley et al., 2002). Electromagnetic and
strong interactions determine the thermodynamic properties,
while nuclear and weak interactions modify the stellar gas
composition. Focusing on the stellar weak interaction
processes we are interested in the present article, in recent
years there has been much progress in describing these
processes towards many directions involving their intimate
connection with the stellar evolution phenomena. In a single
article, however, one can hardly cover all interesting aspects of
the massive star’s evolution and their death through the
gravitational collapse followed by the supernova explosion
related to the semi-leptonic weak interaction processes
(Langanke and Wiescher, 2001).

For the above reason, in the present review we will focus on
some selected topics (chosen according to our preference)
mostly related to the role of the stellar weak interaction
processes taken place in the presence of nuclei (Tsakstara
and Kosmas, 2011a; Tsakstara and Kosmas, 2011b; Tsakstara
and Kosmas, 2012; Giannaka and Kosmas, 2015a; Giannaka and
Kosmas, 2015b). For the benefit of the reader, however, we
mention some relevant topics like for example: 1) The neutrino
absorption on nucleons, which is crucial for the supernova
explosion mechanism and the explosive nucleosynthesis. 2)
The elementary pair-production processes which are
important for neutron star cooling. 3) The production
mechanisms of muon and tau neutrinos in the late stages of
collapse (because of their current interest, we will discuss in
Section 7 their detection by Earth bound detectors through the
production of muons or tau particles). 4) The neutrino–lepton
scattering (as neutrino–muon scattering) (Bollig et al., 2017).
On the other hand, we consider as purely astrophysical aspects
the following: 1) the current progress occurred in astrophysical
models and the treatment of the related uncertainties in each of
these models in connection to the relevant experimental data, 2)
phenomena related to the supernova dynamics, 3) the shock
acceleration phases and the neutrino-spectra formation, etc.,
which are, of course, important and crucial for massive stars’
evolution, but they fall out of the scope of the special Volume
and the Research Topic of the Journal for which the present
review has been written.

The article is organized as follows. At first (Section 2), we
review the general evolution of the massive stars as well as that of
their main burning stages (H, He, C, Ne, O, . . . ). Next (in Section
3), we recapitulate the relevant formalism used for the semi-
leptonic processes. Then, the muon capture (in Section 4), the
electron capture (in Section 5) and the neutrino-nucleus
reactions (in Section 6) under laboratory and stellar
conditions are discussed. While the results presented for the
muon capture rates (in Section 4) are based on a mean value of
the muon-nucleus overlap integrals, we discuss here the accurate
muon wave functions calculated by our group recently. Next
(Section 7), we review the role of the aforementioned semi-

leptonic processes in Earth neutrino detectors and, finally
(Section 8), we summarize the main research addressed in this
article and we discuss next generation investigations.

2 STELLAR EVOLUTION AND THE ROLE OF
THE WEAK INTERACTION PROCESSES

In this section, we summarize briefly the main conclusions of the
state-of-the-art approaches related to the structure and evolution
of the hot and dense stellar interior focusing on the relevance of
the weak interaction processes with the stellar dynamics and
stellar evolution. The latter includes the way that stars change
with time, although on human time-scale most stars (those being
in the main sequence stage) do not show at all changes and this
holds for millions of years. In general, the evolution of a star, is
strongly determined by its mass (M) during the long lasting main
sequence phase of its life and is expected to lead in a wide variety
of outcomes (Fuller et al., 1982; Bethe, 1990; Phillips, 2013;
Woosley, 2019). Thus, the gravitational contraction of stars is,
in general, balanced from the nuclear fusion reactions taking
place in their interior and lead to the development of a sequence
of burning shells which from outer to inner are the H-burning,
the He-, the C-, the Ne-, the O- and finally the Si-burning shell
(the cycle of contraction, heating, ignition of another nuclear fuel
is repeated several times from the outer to the inner layer).

As mentioned above, massive stars go through six burning
stages [see e.g., (Langanke andWiescher, 2001)]: H, He, C, Ne, O,
and Si burning with the lifetimes of these stages to be: H- and He-
burning stages last for roughly 106−7 y and 105−6 y, respectively,
while the lifetime for the other phases is much shorter (due to
neutrino losses dominating energy losses over radiation from C
burning onward). Therefore C-, Ne-, O-, and Si-burning phases
last about 102−3 y, 1 y, 1 y, and 10−2 y, respectively. During these
stages, the mass density ρ and temperature T of the star’s core
increase gradually and, at the end of Si-burning core, reach values
up to ρ � 109gcm−3 and up to T � 109 K, respectively. Under the
latter conditions, the bidirectional nuclear reactions reach the
equilibrium, a situation known as nuclear statistical equilibrium
(NSE). Then, the nuclear composition is described through the
three variables: T, ρ and proton-to-nucleon ratio Ye (Langanke
and Wiescher, 2001; Woosley et al., 2002).

During the NSE phase, the nuclear fusion reactions cannot
release energy anymore, which implies that the important
thermonuclear pressure that balances the gravitational
contraction is canceled. In more detail, at this stage the
star’s core (known as Fe-core) is mainly made of Fe-group
nuclei, produced by the Si-burning shell, namely nuclei in the
Fe-Ni nuclear mass region which are favored under the core
values of ρ and T mentioned above, while Ye is a bit smaller
than Ye � 0.5. But, since Fe cannot be burned to heavier
elements (this reaction requires energy to proceed and does
not generate energy), the star finally runs out of fuel and
collapses under its own gravity. The neutrinos generated at this
phase interact with matter mainly via neutral-current coherent
scattering on nucleons and nuclei (the rate is large so that their
diffusion time-scale is longer than the collapse time-scale).
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Moreover, the electrons of the core inside such an environment
form a degenerate relativistic gas that can balance the
gravitational contraction only if the stellar mass is below
the known Chandrasekhar mass limit
MCh � 1.44(Ye)2M{solar}. If this limit is exceeded (due to the
e-capture and the Si-burning that modify the Ye), the electron
gas cannot stabilize the core any more and the star collapses.

Furthermore, during the early phase of the collapse, the neutrinos
produced by the e−-capture process can leave the star unhindered
carrying away energy that constitutes an effective cooling
mechanism which keeps the entropy and core-temperature at low
levels (for low entropy heavy nuclei exist during the entire collapse
phase) (Langanke and Wiescher, 2001; Woosley et al., 2002). The
situation changes when the collapse reaches densities of the order of
ρ � 1012gcm−3. Then, due to the neutral current coherent neutrino-
nucleus scattering mentioned above (the diffusion time-scale is
longer than the collapse time of the core), neutrinos are
effectively trapped in the core. At neutrino trapping (ρ �
1012gcm−3), the values of Ye are significantly lower, while at
higher densities the total lepton fraction Ylep becomes constant
(the trapped neutrinos increase the total lepton fraction in the
core) but the Ye still decreases. We note that during neutrino
trapping, the continuous e−-capture reduces the electron
abundance. Due to this crucial role of the electron capture in
determining the dynamics of the core collapse of massive stars
for core densities in the range 109gcm−3 ≤ ρ ≤ 1012gcm−3, in this
article we discuss in detail this process (see Section 5). We mention
however that, despite the progress achieved in recent years in the
determination of stellar e−-capture rates, further improvements are
certainly required at least in specific regions of the periodic table
(Langanke et al., 2021).

As mentioned before, the star’s life depends primarily on the
star’s mass M at birth. Thus, stars with M)8M_{solar} proceed
mainly through H- and He-burning. As they lose significant mass
by stellar winds, at the end of He burning their masses are not
sufficient to ignite further burning stages. Their life ends asWhite
Dwarfs, that are compact objects with a mass limit M ≤ 1.44M_
{solar}, i.e., Chandrasekhar mass, stabilized by electron
degeneracy pressure (Hirschi et al., 2004; Jones et al., 2016;
Langanke et al., 2021). The so called intermediate-mass stars
(8)M)11M_{solar}) follow in-between fate and collapse into a
neutron star or are ending in a thermonuclear runaway which
disrupts most of the core (Langanke and Wiescher, 2001;
Woosley et al., 2002). Simulations of such stars are quite
sensitive to astrophysical uncertainties like convective mixing
or mass loss rates (Hirschi et al., 2004; Jones et al., 2016; Langanke
et al., 2021). Most of the mass loss of stars takes place during H-
and He-burning phases (mainly for red giant stars). On the other
hand, the major nuclear uncertainty, related to electron capture
on 20Ne, has recently been removed as this rate is now known
experimentally at the relevant astrophysical conditions
(Langanke et al., 2021). Finally, stars with MU11M_{solar}
develop a core at the end of each burning phase which
exceeds the Chandrasekhar mass, so that they can ignite the
full cycle of hydrostatic burning and end their lives as core-
collapse supernovae, leaving either neutron stars or black holes as
remnants (Langanke and Wiescher, 2001; Woosley et al., 2002).

3 FORMALISM FOR MODEL
CALCULATIONS ON SEMI-LEPTONIC
WEAK PROCESSES
Usually, the event rates (total cross sections) calculations of the semi-
leptonic processes (electron capture, muon-capture, neutrino
induced reactions, beta decay modes, etc.,) start from the
corresponding differential cross sections which, within the
context of the Donnelly-Walecka multipole decomposition
method, are obtained by the expression (O’Connell et al., 1972;
Donnelly and Walecka, 1976; Donnelly and Peccei, 1979).

dσec
dΩ � G2

F cos
2θc

2π
F(Z, Ee)
(2Ji + 1) ∑

J≥1
W(Ee, E]) [(1 − (]̂ · q̂)(β̂ · q̂))]{⎧⎨

⎩
|〈Jf‖T̂ mag

J ‖Ji〉|2[ + ∣∣∣∣〈Jf‖T̂ el

J ‖Ji〉|2]
−2q̂ · (]̂ − β̂)Re〈Jf‖T̂ mag

J ‖Ji〉〈Jf‖T̂ el

J ‖Ji〉p}
+∑

J≥0
W(Ee, E]) (1 + ]̂ · β̂)|〈Jf‖M̂J‖Ji〉|2{

+ 1 − ]̂ · β̂ + 2(β̂ · q̂)|〈Jf‖L̂J‖Ji〉|2(
−2q̂ · (]̂ + β̂)Re〈Jf‖L̂J‖Ji〉〈Jf‖M̂J‖Ji〉p}} (1)

(GF and θc stand for Fermi constant and the known Cabibbo angle
of the weak interactions) where W(Ee, E]) � E2

]/(1 + E]/MT),
takes into consideration the nuclear recoil (MT is the mass of the
target nucleus) (Niu et al., 2011), while F(Z, Ee) denotes the well
known Fermi function (Langanke et al., 2003; Langanke and
Martínez-Pinedo, 2003). We note that, this kind of calculations
do not take into account possible modifications due to the final
state interaction of the outgoing lepton like those applied in
electron scattering where the effective momentum approximation
may significantly improve this effect (Aste and Jourdan, 2004).

The nuclear matrix elements between the initial state |Ji〉 and a
final state |Jf〉 refer to the Coulomb M̂JM, longitudinal L̂JM,
transverse electric T̂ el

JM and transverse magnetic T̂ mag

JM multipole
operators [see Ref. (Giannaka and Kosmas, 2015a)]. Also, q̂, ]̂ are the
unit vectors of the momentum transfer q, the outgoing-particle
momentum and β̂ � k/Ee with k being the corresponding 3-
momentum of the incoming particle (Donnelly and Peccei, 1979).
For the evaluation of the wave functions |Ji〉 and |Jf〉 required for
the reaction rates of semi-leptonic nuclear processes, up to now
various microscopic models have been used which are briefly
summarized as follows. The independent particle model (Fuller
et al., 1982), the shell model for light s-d shell nuclei (Oda et al.,
1994; Suzuki et al., 2006; Suzuki et al., 2018), the large scale shell
model (Langanke andMartı´nez-Pinedo, 2000), the ordinary random
phase approximation (RPA) (Nabi et al., 2007a; Nabi et al., 2007b;
Nabi, 2011; Nabi and Riaz, 2019), the continuum RPA (CRPA)
(Kolbe et al., 1997), the relativistic RPA (Paar et al., 2009; Niu et al.,
2011; Fantina et al., 2012), the quasi-particle RPA (QRPA) (Chasioti
and Kosmas, 2009; Tsakstara and Kosmas, 2011a; Tsakstara and
Kosmas, 2011b; Tsakstara and Kosmas, 2012; Giannaka and Kosmas,
2015a; Giannaka and Kosmas, 2015b), the deformed QRPA
(Sarriguren et al., 2001), the thermal QRPA (Dzhioev et al., 2020),
and others (Hix et al., 2003). Each of these methods has advantages
and disadvantages. We mention that, several of the above
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calculations are comprehensive. What is, however, worth noting at
this point is the fact that the available results cover still a small
portion of the input required in Supernova evolution codes (mostly
those referred to the e-capture and ]-nucleus process designed to
predict the SN explosions and multi-messenger signatures of many
important astrophysical phenomena) (Titus et al., 2017).
Furthermore, in the majority of the above studies, a number of
simplifying assumptions (zero momentum transfer to the target
nucleus, forward scattering angles of the outgoing particles,
employment of schematic nucleon-nucleon interaction, etc.,)
have been made (Ejiri et al., 2019). Under these assumptions,
several authors found that the Gammow-Teller operators, GT± �
∑jτ

±
j σ(j) with ΔT � 1, ΔL � 0, ΔJπ � 1+, dominate the cross

sections of several semi-leptonic processes. Even though these
methods are still reliable and the results obtained interesting,
some important details are missing and also some computations
need to be further improved (Chasioti and Kosmas, 2009;
Tsakstara and Kosmas, 2011a; Tsakstara and Kosmas, 2011b).

In the following sections, we will summarize briefly some muon-
capture, e−-capture and neutrino-nucleus reactions cross sections
obtained within the framework of a refined version of the proton-
neutron QRPA (p-n QRPA) (Giannaka and Kosmas, 2013;
Giannaka and Kosmas, 2015b; Giannaka and Kosmas, 2015a),
but, for the sake of completeness we will also discuss the
comparison of these QRPA results with some of those computed
within the context of other methods as mentioned above. The p-n
QRPA method offers a reliable construction of the ground state |i〉
and all the accessible final states |f〉 of the daughter nuclei entering
the calculations of Eq. 1 for single charge-exchange nuclear reactions
(Kosmas et al., 1994; Kosmas and Oset, 1996; Kosmas et al., 1997a).
The method is tested through the reproducibility of: 1) nuclear
ground state properties, 2) various electron scattering data, 3)
experimental muon capture rates (Giannaka and Kosmas, 2015a),
4) beta-decay rates, etc. The corresponding QRPA predictions, may
come out of state-by-state calculations of exclusive, partial and total
rate transition matrix elements (Donnelly and Peccei, 1979; Kosmas
et al., 1997b; Eramzhyan et al., 1998; Kolbe et al., 2000; Kosmas et al.,
2001; Zinner et al., 2006). The use of the p-n QRPA with rich model
space and adopting as realistic nucleon-nucleon interaction the
Bonn C-D potential leads to reliable agreement with
experimental data. This high confidence level encouraged its use
to findmuon-capture rates, electron capture cross sections in various
nuclear isotopes (Giannaka and Kosmas, 2015a) and also neutrino
nucleus neutral current reaction (Chasioti and Kosmas, 2009;
Tsakstara and Kosmas, 2011a; Tsakstara and Kosmas, 2011b;
Tsakstara and Kosmas, 2012; Papoulias and Kosmas, 2018).

4 THE MUON CAPTURE ON NUCLEI

In the stellar interior, but also in current experimental research,
several well known processes involving muons and muonic
neutrinos take place on nuclei as: 1) The conventional bound
muon capture by the nucleus (A,Z), with A denoting the mass-
and Z the atomic-number of the parent nucleus. Most important
channels are: a) the ordinary muon-capture, represented by the
reactions

μ−b + A,Z( ) → ]μ + A,Z − 1( )p, (2)

(the asterisk * stands for “excited state” of the daughter nucleus),
b) the muon-decay-in-orbit (MDIO): μ−b → ]μ + e− + ~]e, and c)
the radiative muon capture: μ−b + (A,Z) → ]μ + (A,Z − 1)p + c.
2) The exotic neutrinoless capture of a bound muon (μ−b ), known
as muon-electron conversion: μ−b + (A,Z) → e− + (A,Z)p, as
well as the known as muon-positron conversion:
μ−b + (A,Z) → e+ + (A,Z − 2)p. 3) Reactions producing muons
through muonic neutrino absorption by nuclei inside the stellar
environment or at the terrestrial nuclear detectors (see Section 6
and Section 7). Below we will discuss briefly some recent results
obtained for the process of Eq. 2 in connection with terrestrial
relevant experiments.

An exclusive capture rate, Λi→f, of the process (2), for a
transition from the initial |i〉 to a final |f〉 state of the muonic
atom (in laboratory conditions), takes the form (Giannaka and
Kosmas, 2015a).

Λi→f � 2G2E2
f

2Ji + 1
Wf 〈Jf‖Φμ M̂J − L̂J( )‖Ji〉2 + |〈Jf‖Φμ[

T̂ el

J − T̂ magn

J( )‖Ji〉|2], (3)

whereΦμ(r) represents the exact bound muon wave function (for
the ground state of the muon-nucleus system, the muonic atom).
From the latter expression exact muon-capture rates, by using a
realistic bound-muon wave function through solving numerically
the Schroedinger (Kosmas and Lagaris, 2002) or Dirac (Tsoulos
et al., 2019) equations, may be obtained (Jokiniemi et al., 2021).
Multipole muon-capture transition rates, referred to a given
multipolarity ΛJπ , but also total muon capture rates, have been
recently obtained by various research groups (Giannaka and
Kosmas, 2015a). The evaluation of partial and total rates of
such muonic processes was mostly realized by employing
approximate wave functions for the bound muons in nuclei
(Kosmas and Oset, 1996; Giannaka and Kosmas, 2015a;
Giannaka and Kosmas, 2015b).

In Figures 1, 2we show somemultipole transition rates for the
48Ti, 56Fe, 66Zn and 90Zr isotopes obtained within the context of
the pnQRPA. Such calculations indicate the dominance of Jπ � 1−

and 1+ multipolarities in the studied nuclear isotopes. Moreover,
individual contribution of Polar-vector, Axial-vector and the
overlap part into the total muon-capture rate have also been
obtained (Giannaka and Kosmas, 2015a). Furthermore, in
Table 1, the total muon capture rates obtained by using the
pn-QRPA for the light nuclei 28Si and 32S (with the free nucleon
coupling constant gA � 1.262), and for the medium weight nuclei
48Ti,56Fe,66Zn and 90Zr (with gA � 1.135), are compared with the
available experimental data as well as with the theoretical rates of
Ref. (Zinner et al., 2006). For additional results the reader is
referred to Ref. (Giannaka and Kosmas, 2015a; Giannaka and
Kosmas, 2015b).

The nuclear method used offers the possibility of estimating
separately the individual contributions to the total and partial
rates of the polar-vector and axial-vector components of the
weak-interaction Hamiltonian for each accessible final state of the

Frontiers in Astronomy and Space Sciences | www.frontiersin.org February 2022 | Volume 8 | Article 7632765

Kosmas et al. Stellar Evolution and Semileptonic Processes

105

https://www.frontiersin.org/journals/astronomy-and-space-sciences
www.frontiersin.org
https://www.frontiersin.org/journals/astronomy-and-space-sciences#articles


daughter nucleus. One of our main goals is to provide a reliable
description of the charge-changing transitions matrix elements
entering the description of other similar semileptonic nuclear
processes like the charged-current (muonic) neutrino-nucleus
reactions, the electron capture on nuclei, the single β±-decay
modes, etc., which play important role in currently interesting

laboratory and astrophysical applications like the neutrino
detection through lepton-nucleus interaction probes and
neutrino nucleo-synthesis (Kolbe et al., 2003). Such results can
also be useful in various ongoing muon capture experiments at
Paul Scherrer Institute (PSI), at Fermilab, at Japan Proton
Accelerator Research Complex (JPARC), and at the Research
Center for Nuclear Physics (RCNP), Osaka University (Hashim
et al., 2018; Ejiri, 2019; Hashim and Ejiri, 2021).

Recently, various sensitive experiments take advantage of the
powerful muon beams produced in the above well-known muon
factories for standard and nonstandard muon physics probes
(Marketin et al., 2009; Cook et al., 2017; Hashim et al., 2018;
Jokiniemi et al., 2019; Hashim and Ejiri, 2021). Among the
standard-model probes, those involving muon capture on
nuclei, specifically those emitting X-rays and/or several
particles (p, n, α, etc.) after μ-capture (which are important
for understanding the rates and spectra of these particles) are
intensively investigated (Hashim et al., 2018; Hashim and Ejiri,
2021). For example, at PSI researchers are interested in
experiments based on the emission of charged particles from
the nuclei muonic atoms of Al, Si, and Ti or neutron emission
following muon capture from Fe, Ca, Si, and Al (Hashim et al.,
2018; Hashim and Ejiri, 2021). Also very recently, in the highly
intense facilities of Muon Science Innovation Commission
(MuSIC) at RCNP, nuclear muon capture reactions on Mo,

FIGURE 1 | Contribution of multipole transition rates ΛJπ (up to Jπ � 4±) into the total muon capture rate for the 48Ti and 56Fe isotopes with inclusion (filled
histograms) and without inclusion (double dashed histogramms) of the gA quenching effect. The dominance of Jπ � 1− and 1+ multipolarities is obvious for all nuclei.

FIGURE 2 | Same as in Figure 1 but here the muon capture rate refers to the 66Zn and 90Zr isotopes.

TABLE 1 | Individual contribution of Polar-vector, Axial-vector and Overlap part
into the total muon-capture rate. Also, the total muon capture rates obtained
by using the pn-QRPA with 1) the quenched value of gA � 1.135, for the medium-
weight nuclei 48Ti,56Fe,66Zn and 90Zr and 2) the free nucleon coupling constant gA
� 1.262, for the light nuclei 28Si and 32S, are compared with the available
experimental data and with the theoretical total rates of Ref. (Zinner et al.,
2006).

Total muon-capture rates Λtot(×10
6)s−1

Nucleus pn-QRPA calculations Experiment RPA

ΛV
tot ΛA

tot ΛVA
tot Λtot Λexp

tot Λtheor
tot (Zinner
et al., 2006)

28Si 0.150 0.751 -0.009 0.892 0.871 0.823
32S 0.204 1.078 -0.017 1.265 1.352 1.269
48Ti 0.628 1.902 -0.081 2.447 2.590 2.214
56Fe 1.075 3.179 -0.129 4.125 4.411 4.457
66Zn 1.651 4.487 -0.204 5.934 5.809 4.976
90Zr 2.679 7.310 -0.357 9.631 9.350 8.974
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Pb, etc., are planned to study nuclear weak responses for neutrino
reactions, etc., (Hashim et al., 2018; Jokiniemi et al., 2019; Hashim
and Ejiri, 2021; Jokiniemi et al., 2021). For such experiments, it is
important to know the ordinary muon capture rates to the final
(excited) states of the daughter nucleus, before proceeding to
event rates of emitted X-rays or particles through de-excitation
processes (Cook et al., 2017; Hashim and Ejiri, 2021).

4.1 Accurate Calculation of Muon-Nucleus
Overlap Integrals Entering Muonic
Reactions
The evaluation of reliable predictions in μ−-capture and e−-
capture required for various physical observables (Giannaka
and Kosmas, 2015b; Giannaka et al., 2021), must be based on
accurate muon and electron wave functions [coming out of
solutions of the Schroedinger (Kosmas and Lagaris, 2002) and
Dirac (Giannaka et al., 2021) equations] obtained through the
application of advanced algorithms (Kosmas and Vlachos, 2010;
Kosmas and Leyendecker, 2015; Kosmas and Vlachos, 2016;
Kosmas and Leyendecker, 2018). Recently, for the solution of
the Dirac equations a fast algorithm has been derived by our
group within the neural networks and stochastic optimization
techniques (Giannaka et al., 2021).

Three intelligent independent algorithms, namely the Genetic
algorithms, the Particle Swarm Optimization and the Simulated
Annealing method (Kosmas and Vlachos, 2012) each of them
with individual advantages, have been incorporated in the same
numerical method (Giannaka et al., 2021). Its use is favored from
intuitive, theoretical and practical arguments, since appropriate
multi-parametric expressions representing the radial Dirac wave
functions i.e., its small (bottom) and large (top) components for a
bound muon orbiting around complex nuclear system, are
optimized. These parameters reflect those of the assumed feed-
forward artificial neural network (Kosmas and Lagaris, 2002),
applied to obtain the ground state wave function describing a
muon-nucleus system (muonic atom). From a computational
point of view, the training in this method is performed by using
the DiracSolver software package that proved to be both
convenient and efficient (Tsoulos et al., 2019) and offers the
possibility to be effectively applied in other atomic, nuclear and
molecular systems. Among the interesting applications of the
DiracSolver algorithm are the calculations of the up (large) and
bottom (small) components of the radial wave functions for
bound leptons in the Coulomb field of nuclei (atoms) as,
electron (e−), muon (μ−) and tau (τ−), in the field of complex
nuclei (Tsoulos et al., 2019; Jokiniemi et al., 2021).

In the Dirac Hamiltonian, the potential energy V(r) describing
the extended nuclear Coulomb field, created by the nuclear
charge density distribution ρ(r), is calculated as (Kosmas and
Lagaris, 2002; Tsoulos et al., 2019).

V r( ) � −e2 ∫ ρ r′( )
|r − r′|d

3r′, (4)

where the (finite size) nuclear charge density ρ(r) is taken from
electron scattering experimental data (De Vries et al., 1987). For

the chosen nuclear systems (assuming spherically symmetric
charge distributions) the radial charge density entering Eq. 4
is described by two-parameter Fermi distributions extracted from
model-independent analysis of electron scattering data (De Vries
et al., 1987). It should be also noted that, for the Dirac solutions,
in addition, to the above potential V(r), the rather significant
vacuum polarization correction, described by an effective
potential Vvp [see e.g., Ref. (Kosmas and Lagaris, 2002)] is also
considered.

Detailed calculations of the known muon-nucleus overlap
integrals, entering the partial and total rates of the ordinary
muon capture discussed above, could be obtained through the
accurate muon wave functions Φμ(r) inserted in Eq. 3 (Jokiniemi
et al., 2021). In ref. Giannaka et al. (2021) specifically, we
concentrate on the prominent nuclear systems 28Si and 64Zn
isotopes. By using such wave functions, one may perform
accurate muon capture rate calculations for currently
interesting nuclear isotopes (e.g., 28Si, 32S, 48Ti, 56Fe, 66Zn and
90Zr studied previously by using a mean value of the ground state
muon wave functions) (Giannaka and Kosmas, 2015a). The
reader is also referred to the recent works by Jokiniemi et al.
(2021) for recent similar accurate calculations.

Before closing this Section, we should stress that current Earth
bound detectors of high energy supernova neutrinos (e.g., muonic
neutrinos, see Section 7.1) are based on signals created through
charged-current reactions taking place with the detector materials
(involving the ]μ-nucleus reaction). The latter processes are
particle conjugate reactions of the lepton-nucleus capture
including the μ−-capture on nuclei which is, for this reason
extensively discussed in the present article and is studied by
many authors, see, e.g., Ref. (Kolbe et al., 2000; Kosmas et al.,
2001; Zinner et al., 2006; Giannaka and Kosmas, 2015a; Jokiniemi
et al., 2021) and references therein. The production of the
aforementioned high energy supernova neutrinos (which are
mostly the heavy flavor neutrinos ]μ, ]τ and their anti-
particles) are closely related to processes taking place in the
late stages of core-collapse SN and also the muonization
process (see below) (Bollig et al., 2017; Fischer et al., 2020).

4.2 Muons Inside Core-Collapse
Supernovae Environment
In the stellar interior, free muons (μ−) may be produced through
the particle conjugate processes of Eq. 2 taking place when the
temperature is high enough or the matter-density in the stellar
interior is high enough so that the chemical potential difference of
nucleons, λn − λp, or the interaction potential difference, Un − Up,
reach the muon rest mass (mμ � 105.6 MeV). In such cases, the
muonization occurs in the stellar interior mainly through the
semi-leptonic processes (Bollig et al., 2017; Fischer et al., 2020).

]μ + n → μ− + p

]μ + A,Z( ) → μ− + A,Z + 1( )
The latter semi-leptonic nuclear processes always dominate at
high neutrino energies E] due to larger nuclear matrix elements.
The charged current reactions of nucleons and nuclei with the
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high energy leptons (muon anti-neutrinos, ~]μ, and muon
neutrinos, ]μ, as well as the negative muon μ−, and the
positive muon μ+) are crucial. Reaction rates of all the relevant
weak processes which involve μ− or ]μ are required as input in the
numerical simulations for the description of muonization
mechanism inside the hot and dense stellar interior (Bollig
et al., 2017; Fischer et al., 2020).

Recent calculations (Fischer et al., 2020) for the semileptonic
reactions involving the μ− with large energy-momenta transfer
concluded that the pseudoscalar coupling term in the hadronic
weak current (normally this is neglected for ]e reactions), is as
important as the weak magnetism. On the other hand, the effects
of nucleon form factors become significant as the energy-
momenta transfer increases and they must be considered
rather equally important as the weak magnetism and the
pseudoscalar corrections.

5 THE ELECTRON CAPTURE ON NUCLEI

The process of bound-electron capture by a nucleus (analogous to
the ordinary muon capture), called also orbital (ordinary)
electron capture, is represented by the reaction (Giannaka and
Kosmas, 2015b).

e−b + A,Z( ) → A,Z − 1( )p + ]e, (5)

(e−b denotes a bound electron). In the latter process, the daughter
nucleus appears at a definite energy level while, in general, the
outgoing neutrino may carry off a portion of the available energy
in process (5). Because process 5) is a charge-changing one (charge
transfer occurs from the parent to the daughter nucleus), it is
possible that, part of the available energy may escape as a c-ray
photon, so that only the remaining energy is carried away by the
neutrino. This means that transitions to intermediate states, giving
a continuous energy spectrum, are allowed. As a result, the
maximum possible energy of the emitted c-ray photon
corresponds to the case in which the neutrino carries a very
small (approximately zero) energy equal to the energy of its
production. Consequently, the maximum endpoint energy of
the above c-ray which is measured experimentally, is equal to
the energy available in the orbital electron capture process. This,
for example, in the case of 59Ni is Ec � 1.065MeV, in 65Zn it is Ec �
1.114MeV, and in 60Co it is Ec � 1.320MeV. Thus, the maximum
neutrino energy E] is rather low (lower than Ee ≤ 3me ≈ 1.5 MeV).

The ordinary electron capture differs from the stellar electron
capture which takes place under the conditions of the stellar
environment, i.e., core densities between 109 g cm−3 ≤ ρ ≤
1012 g cm−3 and temperatures 109 ≤ T ≤ 1012K (Nabi et al.,
2007a; Nabi et al., 2007b; Nabi, 2011; Giannaka and Kosmas,
2015b; Nabi and Riaz, 2019). This process is crucial for the
dynamics of the core collapse of massive stars and it is more
interesting in nuclear astrophysics. In the hot and dense stellar
environment, electrons (e−) have total energy Ee)30, − , 50MeV, so
the relevant nuclear calculations of the cross sections of process 5) in
order to be translated to stellar cross sections through the folding
procedure must have Ee up to this energy region (see below)
(Giannaka and Kosmas, 2015b).

Within the J-projected multipole decomposition
formalism of Donnelly-Walecka, the differential cross
section of electron capture on nuclei under laboratory
conditions takes the form

dσec
dΩ � G2

Fcos
2θc

2π
F(Z, Ee)
(2Ji + 1) · ∑

J≥1
W(Ee, E]) [1 − αcosΦ{⎧⎨

⎩
+bsin2Φ] |〈Jf‖T̂ mag

J ‖Ji〉|2[
+ 〈Jf‖T̂ el

J ‖Ji〉|2
∣∣∣∣∣∣ ] − (εi + εf)

q
(1 − αcosΦ)[

−d]2Re〈Jf‖T̂ mag

J ‖Ji〉〈Jf‖T̂ el

J ‖Ji〉 * }
+∑

J≥0
W(Ee, E]) (1 + αcosΦ)|〈Jf‖M̂J‖Ji〉|2+{

(1 + αcosΦ − 2bsin2Φ)|〈Jf‖L̂J‖Ji〉|2

− ω

q
(1 + αcosΦ) + d[ ]2Re〈Jf‖L̂J‖Ji〉〈Jf‖M̂J‖Ji〉p}} (6)

The latter expression is consistent with Eq. 1. The kinematical
parameters α, b, d are given e.g., in Chasioti and Kosmas (2009). In
the above equation, Φ represents the scattering angle (for forward
scattering, used bymany authors,Φ � 0) whileωif � Ef − Ei denotes the
excitation energy of the daughter nucleus. The energyE] of the outgoing
neutrino in the reaction (5), due to energy conservation, is written as

E] � Ee − Q − ωif, (7)

whereQ is the knownQ-value determined from the experimental
masses of the parent (Mi) and the daughter (Mf) nuclei as Q �Mf

− Mi (Dean et al., 1998).
Based on Eq. 6 one may perform state-by-state calculations on

the electron capture differential cross sections with respect to the
excitation energy dσ/dω defined by

dσ

dω
[ ]

Jπ
f

≡ ∫ dσec
dΩ dΩ

� G2
Fcos

2θc
2π

F(Z, Ee)
(2Ji + 1) · ∫ dΩW(Ee, E]) [1 − αcosΦ + bsin2Φ] |〈Jf‖T̂ mag

J ‖Ji〉|2[{{

+ 〈Jf‖T̂ el

J ‖Ji〉|2
∣∣∣∣∣∣ ] − (εi + εf)

q
(1 − αcosΦ) − d[ ]2Re〈Jf‖T̂ mag

J ‖Ji〉〈Jf‖T̂ el

J ‖Ji〉p

+(1 + αcosΦ)|〈Jf‖M̂J‖Ji〉|2 + (1 + αcosΦ − 2bsin2Φ)|〈Jf‖L̂J‖Ji〉|2

− ω

q
(1 + αcosΦ) + d[ ]2Re〈Jf‖L̂J‖Ji〉〈Jf‖M̂J‖Ji〉p}} (8)

(J ≡ Jπ). By evaluating the exclusive e−-capture cross sections of
Eq. 8 for all multipolarities (usually it’s enough for Jπ ≤ 5±), for
the interior of core-collapse supernova we consider incident
electron energies Ee ≤ 50.0 MeV, other authors consider Ee
energies up to Ee � 30 MeV (Fantina et al., 2012; Dzhioev
et al., 2020). In Eq. 8 the transition matrix elements are
considered to be between the ground state |Ji〉 � |i〉 ≡ |0+g.s.〉
for a spherical target nucleus and an excited state |Jπf〉 ≡ |f〉
of the resulting odd-odd nucleus. The cross sections as functions
of the incident electron energy Ee are evaluated after integrating
numerically Eq. 6 over angles for each specific final state |Jπf〉.
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In the pn-QRPA code employed in Giannaka and Kosmas
(2015b), Giannaka (2015), the excitations of the daughter nucleus
appear as sets of multipole states and provide the possibility to
calculate the contribution to the total cross sections of each
multipole set of states separately. The dependence of the
differential cross sections on the excitation energy ω through
the entire pn-QRPA spectrum of the daughter nucleus may be
illustrated (by using a special code which rearranges all possible
excitations with the corresponding cross sections) in ascending
order of the respective excitation energy ωif [see Ref. (Tsakstara
and Kosmas, 2011b; Tsakstara and Kosmas, 2011a)]. In Table 2,
we list some representative results for the total e−-capture cross
sections in 66Zn (corresponding to electron energy Ee � 25MeV).
The percentages of each low-spin multipolarity into the total e−-
capture cross section evaluated with the p-n QRPA code, are also
tabulated in this table. It is worth mentioning that, in calculating
the original total electron capture cross sections, the use of a
quenched value of the static axial-vector coupling constant gA is
necessary, for the renormalization of the transition matrix
elements (Wildenthal, 1984; Zinner et al., 2006; Marketin
et al., 2009). The coupling constant gA enters the axial-vector
form factors, FA(q

2), and in the QRPA calculations the free
nucleon value of gA � 1.262 is multiplied by a factor of about
0.8 (Wildenthal, 1984; Häusser et al., 1991; Zinner et al., 2006;
Marketin et al., 2009).

5.1 e-Capture Cross Sections in Stellar
Environment
In astrophysical environment, where the finite temperature T and
the matter density 9 effects can’t be ignored (the initial nucleus is
at finite temperature), the initial nuclear state must be a weighted
sum over an appropriate energy distribution. Assuming that this
distribution is of a Maxwell-Boltzmann type for the initial state
|i〉 (Dean et al., 1998; Langanke andMartı´nez-Pinedo, 2000), the
total e−-capture cross section is given by the expression (Paar
et al., 2009).

σ Ee, T( ) � G2
F cos

2θc
2π

∑
i

F Z, Ee( ) 2Ji + 1( )e−Ei/ kT( )

G Z,A, T( )

× ∑
f,J

Ee − Q + Ei − Ef( )2|〈i|ÔJ|f〉|2
2Ji + 1( )

(9)

with G(Z, A, T) the corresponding partition function (Paar et al.,
2009) and OJ denoting any of the multipole tensor operators [see
Appendix of Ref. (Giannaka and Kosmas, 2015b)]. In other
words, the sum over initial states in Eq. 9 denotes a thermal
average of the initial energy levels. We should stress that, the first
summation in Eq. 9 includes as initial states, in addition to the
ground state |i〉 of the parent nucleus, also some low-lying excited
states. This is because in the interior of stars the parent nucleus
appears in excited states that follow Boltzmann distributions.
Such studies have been taking into consideration in Paar et al.
(2009), Fantina et al. (2012) and references therein. For example,
48T, 56Fe and 66Zn have 2+ states below one MeV and their
contributions can be large at high densities and temperatures.

Then, one may calculate the partial rate contributions of some
specific individual multipolarities Jπ by summing over the
exclusive contributions of the multipole Jπ states as

dσ

dω
[ ]

stel

Jπ
Ee, T,ω( ) � ∑

f

dσ

dω
[ ]

stel

Jπ
f

Ee, T,ω( )

� G2
F cos

2θc
2π

∑
i

F Z, Ee( ) 2Ji + 1( )e−Ei/ kT( )

G Z,A, T( )

× ∑
f

Ee − Q + Ei − Ef( )2|〈i|ÔJ|Jπf〉|2
2Ji + 1( )

(10)

As an example, in Figure 3we illustrate the electron capture cross
sections for the 66Zn parent nucleus, being inside stellar
environment with temperature T � 0.5 MeV (high
temperature). They have been obtained by assuming that the
incident electrons follow the Fermi-Dirac energy distribution.

We, furthermore, mention that in the central core of the stellar
environment, the e− (or positron e+) spectrum is well described by
the known Fermi-Dirac distribution function parametrized with
the stellar temperature T and the chemical potential of the
electron μe as (Juodagalvis et al., 2005).

Se,p � 1

1 + exp Ee − μe,p( )/ kBT( )[ ]. (11)

The positron chemical potential is simply μp � − μe, while the
Firmi-Dirac distribution for the e+ spectrum results from Eq. 11
by replacing μe with μp. In addition, at core collapse supernova,
the neutrinos released through the weak interaction processes
that take place in the presence of nuclei (mostly with 45 ≤ A ≤ 65)
can escape (there is no-blocking of neutrinos in the phase space),
i.e., S] ≈ 0.

In the above case, the connection of the matter density 9

with the important quantity Ye, i.e., the electron to baryon
ratio, and the electron (positron) chemical potential μe (μp) is
written as

9Ye � 1
π2NA

mec

Z
( )3 ∫∝

0
Se − Sp( )p2 dp (12)

Se (Sp) is the electron’s (positron’s) distribution function,
respectively, and NA is the well known Avogadro number.

TABLE 2 | Total e−-capture cross sections (in 10−42 MeV−1 cm2) for Ee � 25MeV in
66Zn. The percentage of each multipolarity into the total e−-capture cross
section, evaluated with our pn-QRPA code, are also tabulated here.

Positive parity Negative parity

Jπ σe(×10−42 cm2

MeV) Portions (%) Jπ σe(×10−42 cm2

MeV) Portions (%)

0+ 31.164 25.96 0− 5.288 4.41
1+ 52.779 43.98 1− 13.409 11.14
2+ 6.921 5.77 2− 3.262 2.72
3+ 5.499 4.58 3− 0.905 0.75
4+ 0.244 0.20 4− 0.299 0.25
5+ 0.208 0.17 5− 0.042 0.04
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Furthermore, p � ������
w2 − 1

√
represents the electron (positron)

momentum, with w being the corresponding total energy (rest
mass plus kinetic energy), both in units of mec

2. Eq. 12, is an
important expression and may provide the Ye for a given matter
density ρ at the point in question inside the stars’ core.

6 NEUTRINO–NUCLEUS REACTIONS IN
STELLAR ENVIRONMENT

The charged-current neutrino absorption by nucleons and nuclei
and the neutral current neutrino-nucleus scattering, represented
by the reactions.

]ℓ + A,Z( ) → ℓ
− + A,Z + 1( ), (13)

]ℓ + A,Z( ) → ]ℓ + A,Z( )p (14)

(with ℓ � e, μ, τ), are significant semileptonic processes occurring
inside stellar environment. Their cross sections and event rates
are crucial and important for the description of the stars’
evolution. In general, the calculations of charged-current
]-nucleus reaction cross sections, for processes involving μ−

and μ+ (or ]μ and ~]μ), require full relativistic treatment where
the Dirac muon wave functions are employed (Giannaka et al.,
2021). On the other hand, as in any semi-leptonic reaction, the
hadronic weak current (including weak magnetism and

pseudoscalar terms as well as weak form factor effects) must
be accurately treated (Kosmas and Oset, 1996; Chasioti and
Kosmas, 2009; Tsakstara and Kosmas, 2011a; Tsakstara and
Kosmas, 2011b; Tsakstara and Kosmas, 2012). The muonic
semi-leptonic processes dominate at E] ≥ 110 MeV and play
essential role in μ− production as well as in the known
muonization process shortly after supernova core bounce. The
impact of the various weak processes, and especially of the
muonic reactions, was studied with emphasis by considering
the specific conditions (with densities ρ > 1013g cm−3)
encountered in proto-neutron star ≈ 0.4 s after the core-
bounce (Dzhioev et al., 2020).

Nowadays, neutrinos generated in astrophysical sources
(supernova explosion, interior of Sun and Earth, etc.,) are key-
role particles in studying the structure and evolution of the star’s
interior, the thermonuclear reactions taking place inside star’s,
neutrino-driven mechanisms of core-collapse of massive stars,
etc. The relevant observations, in conjunction with theoretical
and phenomenological modeling offer further insight in
deepening our knowledge on the fundamental interactions and
the nuclear weak responses. Original neutrino-nucleus cross
sections obtained with realistic nuclear structure calculations,
e.g., using the QRPA method (Tsakstara and Kosmas, 2011a;
Tsakstara and Kosmas, 2011b), through the application of the
convolution procedure by adapting specific spectral distributions

FIGURE 3 | Electron-capture cross sections for the 66Zn and 90Zr parent nuclei at high temperature (T � 0.5 MeV) in stellar environment obtained by assuming
Fermi-Dirac distribution for the incident electrons. The total cross sections and the dominant individual multipole channels (Jπ ≤ 5±) are demonstrated as functions of the
incident electron energy Ee. Moreover, the right panels show the temperature dependence of the stellar cross sections for these nuclei. As can be seen, the cross
sections increase doesn’t follow the stellar Temperature increase and a saturation of the cross sections is expected to occur at higher Temperatures (about at
T � 1.5–1.8 MeV) (Giannaka, 2015).
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describing supernova neutrino energy spectra, provide simulated
signals of the detector responses expected to be recorded by
terrestrial ]-detection experiments (Tsakstara and Kosmas,
2011a; Tsakstara and Kosmas, 2011b; Tsakstara and Kosmas,
2012).

Such convoluted cross sections, like the double-differential,
d2σ(ω)/dω, the single differential, dσ(ω)/dω, and the total, σtot,
cross sections reflect the neutrino signals generated at the chosen
nuclear isotopes in terrestrial detectors due to neutrinos
emanating from specific ]-sources. Results like, for example,
those of Refs. (Tsakstara and Kosmas, 2011a; Tsakstara and
Kosmas, 2011b) demonstrate clearly the weak responses to
pronounced low-spin multipoles (1−, 1+1, 2+, 0+, 2−, etc.,)
generated by supernova neutrino spectra in a specific detector
medium. They show rich responses in the energy range 20, − ,
30 ≤ Ex ≤ 100, − , 120 MeV, which is relevant for low- and
intermediate-energy supernova neutrinos, and also for neutral-
current neutrino-nucleus scattering processes.

Moreover, reliable descriptions of the responses of various
nuclear isotopes (Fe, Zn, Ge, Mo, Te, and others) provide
precious information for the understanding of the isospin and
spin-isospin nuclear responses for supernova physics, neutrino
physics, the fundamental weak interactions, and specifically the
SN dynamics and explosive neutrino-nucleosynthesis. Pursuing
theoretical neutrino scattering calculations, at low and
intermediate energies, is important in unraveling unknown
properties of neutrinos and in understanding deeply their role
in a plethora of open neutrino physics issues (Kosmas and Oset,
1996; Chasioti and Kosmas, 2009; Tsakstara and Kosmas, 2011a;
Tsakstara and Kosmas, 2011b).

6.1 Neutrino Induced Nucleosynthesis
Inside the hot interior of massive stars, the neutrinos created
through the various semi-leptonic processes mentioned above,
may subsequently induce reactions leading to nucleo-synthesis of
various (radioactive) isotopes as well as to the synthesis of new
elements (Suzuki et al., 2006; Cheoun et al., 2012). As the interior
of an evolved high mass star has layers (fusion shells) heavier and
heavier nuclear isotopes are being synthesized as we move
towards the center of the star (see Section 2) (Kolbe et al.,
2003; Sieverding et al., 2018). Moreover, it is known that a set
of important nuclides are produced by the neutrinos created
during supernova explosions. The latter may create abundant
nuclei in the outer stellar shells contributing this way to the
synthesis of elements with dominant galactic abundances. Such
nuclides produced in significant portion by neutrino
nucleosynthesis are the: 7Li, 11B, 15N, 19F, 138La, 180Ta, and the
radionuclides 22Na and 26Al (Sieverding et al., 2018).

In general, stellar neutrinos may induce nuclear reactions that
contribute to the synthesis of new elements (]-process). Several
important processes of this type have been studied (Sieverding
et al., 2019), as the 12C(],]′p)11B and 20Ne(],]′p)19F reactions
which produce the quite abundant 19F and 20Ne nucleides. These
reactions are mainly induced by the ]x neutrinos, with x � μ, τ,
which have larger average energies than ]e and ~]e neutrinos
(Tsakstara and Kosmas, 2011a; Tsakstara and Kosmas, 2011b).
Furthermore, from detailed stellar evolution investigation,

researchers concluded that the rare odd-odd heavy nuclides
138La and 180Ta are mainly products of the charged-current
reactions 138Ba(]e, e−)138 La and 180Hf(]e, e−)180Ta and that
the ]-process is rather sensitive to the spectra and luminosity
of ]e and ]x neutrinos (note that these neutrinos have not been
observed in the SN 1987a) (Suzuki et al., 2006; Cheoun et al.,
2012).

6.2 Neutrino Spectra in Core Collapse
Supernovae
The energy-spectra of neutrinos emanating from core-collapse
SN resembles to the two-parameter Fermi-Dirac distribution
(or to the two-parameter Power-Law distribution). They are of
quasi-thermal shape, on peak pattern, which seems to be
reliable for most of the SN phases (Langanke and Wiescher,
2001; Tsakstara and Kosmas, 2011a; Tsakstara and Kosmas,
2011b). As has been pointed out, the neutrino shock
acceleration, which may create the non-thermal shape in
the neutrino spectrum occurs in the early post-bounce
phase (this argument is also supported by recent CCSN
simulations). The main conclusions regarding the energy-
spectra of such neutrinos may be summarized as follows.
The neutrino shock acceleration is strongly ]-flavour
dependent, so the heavy neutrinos ]τ and ~]τ may acquire
energy up to about 200 MeV, while ]μ and ~]μ have similar
spectra but up to about 120 MeV where a sharp cut-off
appears. The spectra for ]e and ~]e appear to be of quasi-
thermal shape.

Recent studies of the neutrino spectra in massive stars core
collapse supernovae have shown that the outcome of the neutrino
emission (and, in particular, its time-dependence) is a combined
result of the neutrino-induced reactions and the effect of the
shock wave. The competition of these two effects depends
sensitively on the radial position into the star at which the
nucleo-synthesis reactions occur (Sieverding et al., 2018). In
the latter work, the neutrino emission from the core of a
collapsing star is considered as including the three major
distinguishable phases. Such a discussion here goes beyond the
scope of the present article and the reader is referred to Ref.
(Langanke and Wiescher, 2001) for more details.

The detection of the high energy ]μ and ]τ neutrinos
through charged-current reactions will be a clear evidence
that neutrinos undergo flavour conversions which implies that,
the neutrino shock acceleration offers the possibility of muon
productions in Earth detectors. If muons would be observed in
these detectors, this will be a precious information to put
constraints on the neutrino oscillation parameters, which will
open up the need this issue to be investigated in the future
(Dzhioev et al., 2020; Nagakura and Hotokezaka, 2021). We
should mention that, although up to now we haven’t taken into
account the neutral-current reactions of neutrinos with the
detectors, in reality, they may play important role for the data
analysis (Papoulias and Kosmas, 2018). Since these reactions
are sensitive to all ]-flavours, by combining the NC data with
those of the CC reactions, we may extract constraints on
relevant transition probabilities from each heavy neutrino-
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flavour to the other species. We also note that, it is expected the
rapid drop off of neutrino distribution at E] ≈ 100 − 120 MeV
to be more pronounced in neutral current reactions than that
of the charged current, which would be a rather direct
indication for the disappearance of ]μ and ~]μ around the
energy of the core-collapse SN ]-source.

From the above discussion, one may conclude that, the
survival probabilities of all neutrino-flavours constitute
important quantities that may be inserted in various neutrino
oscillation models. We must also remark that, in measuring the
quite small event rates of the above high energy neutrinos,
despite the fact that the neutrino shock acceleration increases
them by a few orders of magnitude, the detection statistics on
each detector will be rather poor. Hence, it will be crucial to
combine the observed data of each neutrino detector in order to
obtain reliable analyses of the high energy ]μ and ]τ neutrinos.
The joint analysis will enable us to look for flavour-dependent
features in the core-collapse SN neutrinos and put stringent
constraints on the model parameters of neutrino oscillations in
the future (Dzhioev et al., 2020; Nagakura and Hotokezaka,
2021).

7 THE ROLE OF SEMI-LEPTONIC
PROCESSES IN TERRESTRIAL
DETECTORS
A great class of Earth detectors aiming to detect cosmic
neutrinos, are based on the charge-changing neutrino-
nucleus reactions (13). In the other class of terrestrial
detectors, aiming to detect neutrinos through the neutral
current ]-nucleus scattering (14), the measured signal is the
recoil energy of the nuclear-target isotope (detector medium).
We mention that, some cosmic neutrino detectors on Earth are
based on the scattering of neutrinos with the electrons or muons
of the detector. Before closing this article, we consider of great
interest to concentrate on the heavy neutrino detection in
terrestrial ]-detectors proposed very recently focusing
specifically on the muon production in extremely sensitive
terrestrial experiments (Dzhioev et al., 2020; Nagakura and
Hotokezaka, 2021).

7.1 Muon Production in Earth Detectors
In the operating and designed to operate at the Earth neutrino
detectors, like the Super-Kamiokande (SK), the Hyper-
Kamiokande (HK) and others, the muons (μ− or μ+) can be
created from the supernova ]μ and ~]μ neutrinos if they carry
energies larger than the muon’s rest massMμ, i.e., E] >Mμ (E]
should exceed Mμ by at least the detector’s threshold energy
Ethresh). The detector signal may come out of charged current
reactions taking place with the detector materials which are
particle conjugate reactions of the muon capture on nuclei
studied by many authors [see, e.g., Ref. (Giannaka and
Kosmas, 2015a) and references therein]. As is well known,
core-collapse SN neutrinos provide precious information to
study various neutrino phenomena (neutrino properties,
neutrino oscillation, etc.). The event rates on each detector,

could be estimated on the bases of various scenarios of the
neutrino shock acceleration, and the necessary conditions to
observe a given number of events, relevant to charged-current
reactions with ]μ and ~]μ in the early post-bounce phase
(Nagakura and Hotokezaka, 2021). The expected number of
events is small (less than 1 for all detectors), indicating that
the muon production may not happen in this case. It should be
noted, however, that there remains a possibility to detect
them, in particular for Hyper-Kamiokande (HK) detector,
by taking into account uncertainties of the parameters and the
neutrino cross-sections.

Recent estimations have shown that, the possibilities for
muons to be produced in terrestrial detectors, like the Super-
Kamiokande (SK), HK, DUNE, JUNO etc., through core-
collapse SN (CCSN) neutrino, is rather high if these
neutrinos are created during the late post-bounce phase for
failed CCSN (Nagakura and Hotokezaka, 2021). For example,
these authors found that, about 10 muons may be produced in
HK (few of them having energy E] ≈ 150 MeV). The muons
created from such high energy neutrinos have large enough
kinetic energy to produce observable signal by emitting
Cherenkov lights in the HK detector. Furthermore, muon
production may also occur in SK, but the detectability
depends on other factors (e.g., the distance to the CCSN
source is an important factor). We mention that, the charged
current reaction ] −16O, with the Oxygen of the water molecule,
play dominant role for the muon productions in Water
Cherenkov detectors.

As mentioned above, the distance to the CCSN source is an
important parameter when discussing the detectability of the
heavy flavor neutrinos. For example, the muon productions
in DUNE and JUNO detectors seem to be unlikely if the
CCSN distance is smaller than 10 kpc. However, the efficiency
of neutrino shock acceleration depends on the mass accretion
rate in the late post-bounce hence, ]μ-detectability through
muon productions. Furthermore detailed studies should be
made with more quantitative arguments and statistical
improvements regarding neutrino cross-sections with
heavy nuclear detectors (Nagakura and Hotokezaka, 2021).
In the early post-bounce phase, the muon production
requires that the CCSN is located nearby about 5 kpc (for
HK) and about 3 kpc (for SK). For other detectors the
supernova should be very nearby, about 1 kpc (for DUNE)
and about 0.5 kpc (for JUNO). In the late phase for failed
CCSN, on the other hand, the threshold distance is increased
by a factor of about 4 than that in the early phase, indicating
muon productions likely occur in HK for all Galactic
failed CCSN.

8 SUMMARY AND OUTLOOK

In this article, at first we review the role of the semi-leptonic weak
interaction processes that involve leptons and nuclei in the late stages
of stellar evolution, i.e., inside the hot and dense stellar environment.
Then, we review the role of these processes in the relevant neutrino
detection experiments that operate or have been planned to operate
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in the near future at the Earth (underground, under ice, and under
sea water). Such processes are of key role in the massive stars’
evolution and specifically in the final stages of their life, i.e., the pre-
supernova and the core-collapse supernova leading to the SN
explosion phenomenon. We also focus on the neutrino
producing charged-lepton capture, like the electron-capture and
the muon-capture on nuclei, and, then, we discuss the neutrino
absorbing reactions which are essential in the neutrino-driven
explosive nucleo-synthesis. These processes are also significant in
many ongoing and planned worldwide sensitive experiments aiming
to detect astrophysical neutrinos which rely on the interactions of
neutrinos with the bound nucleons inside atomic nuclei.

Such astrophysical neutrino signals provide a precious
information on deciphering the inner dynamics of CCSN,
from which researchers may extract important constraints on
the neutrino oscillation parameters. In core-collapse supernova,
the key-particle players are the heavy neutrinos, ]μ with energies
above 110 MeV and ]τ neutrinos with energies up to about ≈ 200
MeV (in water Cherencov detectors). The neutrino energy, as
suggested recently, is acquired through the known shock
acceleration mechanism. Researches estimated that this effect
occurs in the early post-bounce phase (about 50 ms after bounce)
for all massive stellar collapse experiencing core bounce and
would reoccur in the late phase (about 100 ms after bounce) for
failed core-collapse supernovae. Due to the fact that the SN
distance is crucial for the detectability of Galactic core-collapse

SN, the event rate is not far from the sensitivity of operating
detectors like the Hyper-Kamiokande, the Super-Kamiokande,
the DUNE, and the JUNO, which offers new possibilities to detect
high energy neutrinos by terrestrial detectors.
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