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In this article, we investigate the problem of jointly estimating target location and velocity for
widely separated multiple-input multiple-output (MIMO) radar operating in correlated non-
Gaussian clutter, modeled by a complex elliptically symmetric (CES) distribution. More
specifically, we derive the Cramér–Rao lower bounds (CRLBs) when the target is modeled
by the Swerling 0model and the clutter is complex t-distributed. We thoroughly analyze the
impact of the clutter correlation and spikiness to provide accurate performance estimation.
Index terms—Cramér–Rao lower bounds (CRLBs), MIMO radar, location and velocity
estimation, performance analysis, complex elliptically symmetric (CES) distributed, and
complex t-distribution.
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1 INTRODUCTION

Multiple-input multiple-output (MIMO) radars have attracted increasing attention in recent years,
as proved by the many published articles (see, for instance, Fishler et al., 2004; Li and Stoica, 2008;
Davis, 2015). MIMO radars can be classified as coherent or noncoherent (He et al., 2010a; Derham
et al., 2010), and colocated (Li and Stoica, 2007) or widely distributed (Haimovich et al., 2007).

Estimating target parameters in MIMO radars is one of the far-reaching research topics; hence,
various research studies have considered different scenarios, with different antenna deployment
(Fishler et al., 2006; Li and Stoica, 2009), target models (in motion or static target) (Hassanien et al.,
2012), and various estimation algorithms (Stoica and Nehorai, 1990; Tajer et al., 2010; Min et al.,
2011). The Cramér–Rao lower bound (CRLB) is a well-known tool for evaluating target parameter
estimation performance in clutter. In Godrich et al., (2008a), Godrich et al., (2010), the CRLBs were
derived for target localization in noncoherent and coherent MIMO radars. The CRLB for target
velocity was presented in He et al., (2010b), while the CRLB for joint estimation of target location and
velocity in case of noncoherent MIMO radars was derived in He et al., (2010a). In Godrich et al.,
(2008b), He et al., (2008), CRLBs were derived for MIMO radars with widely separated antennas.

In all the cited articles, the clutter is modeled as a Gaussian stochastic process, white or colored.
Such assumption is a good approximation in many cases, but not always, particularly when the
clutter is very spiky, for e.g., in high resolution radars (Brekke et al., 2010). In MIMO radars,
sometime the clutter has been modeled as a non-Gaussian process by the compound-Gaussian (CG)
(Farina et al., 1997; Gini, 1998; Gini and Greco, 1999; Sangston et al., 1999; Sangston et al., 2012) or
the complex elliptically symmetric (CES) distributions (Ollila et al., 2012; Fortunati et al., 2019) that
include a wide variety of distributions such as complex normal (CN) (Goodman, 1963), complex
generalized Gaussian (Novey et al., 2009), complex-t (Ct), complex-k, and all the other CG
distributions (Krishnaiah and Lin, 1986; Zhang et al., 2014; Zhang et al., 2017).
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The novel contribution of this article is to derive the CRLBs on
the estimation of location and velocity under the assumption that
the non-Gaussian correlated clutter is modeled by a
Ct-distribution. We then analyze the impact of the clutter
correlation and spikiness on the estimation performance.

This article is organized as follows: the data model is described
in Section 2. In Section 3, the general CES model and the
complex t-distribution are summarized. In Section 4, we
derive the analytical expression of the CRLBs for the
estimation of target location and velocity, and some numerical
results are reported in Section 5 to investigate the theoretical
findings.

2 DATA MODEL

Consider a coherent MIMO radar with M transmit (TX) and N
receive (RX) antennas, widely dispersed in a 2-D plane as shown
in Figure 1. In order to simplify the CRLB derivation of target
location and velocity, we assume an isotropic target whose
unknown complex amplitude is ζ = ζR + jζI. The unknown
target location is (x, y), and the unknown target velocity is (vx,
vy). The known locations of the M transmitters are
(xt

k, y
t
k), (k � 1, . . . ,M) and of the N receivers are

(xr
l , y

r
l ), (l � 1, . . . , N). ϕk is the orientation of the kth

transmitter, and φl is the orientation of the lth receiver with
respect to the x − axis.

The echo at the lth receiver from the transmission of all theM
transmitters and reflected from the target, after down-conversion
and sampling, is

rl n[ ] �
��
E

M

√
ζ∑M
k�1

e−j2πf0τlk ej2πflknTs sk nTs − τlk( ) + zl n[ ],

l � 1, . . . , N n � 1, . . . ., Ns

, (1)

where ζ is the target complex reflectivity (unknown and
deterministic), f0 is the carrier frequency (carrier frequencies
of all transmitters are assumed to be identical), Ts is the
sampling time (chosen to satisfy the Nyquist criterion), and Ns

is the number of samples in the observation period, sk(Δn) �
f(Δn) · rect(Δn

Tp
) with Δn = (nTs − τlk), which is the complex

baseband signal received by the lth receiver sent by the kth
transmitter. The rect(Δn

Tp
) models the single pulse time interval,

while f(Δn) refers to the specific class of signal implementation,
and Tp refers to the pulse duration. Each signal is emitted by an
individual transmitter antenna with energy Es, while E = EsM is
the total transmitted energy. Finally, zl[n] is the clutter echo at the
lth receiver.

τlk represents the time delay of a signal given by

τlk � dt
k + dr

l

c
, (2)

where dtk �
������������������
(xt

k − x)2 + (yt
k − y)2

√
is the path from the kth TX

antenna to the target, drl �
������������������
(xr

l − x)2 + (yr
l − y)2

√
is the path

from the target to the lth RX antenna, and c indicates the speed
of light.

flk is the target Doppler frequency shift given by

flk � vx xt
k − x( ) + vy yt

k − y( )
λdt

k

+ vx xr
l − x( ) + vy yr

l − y( )
λdr

l

, (3)

where λ indicates the wavelength of the carrier frequency.
In our derivation, we assume that the transmitted

signals are orthogonal (Peilin Sun et al., 2014).
Furthermore, they retain approximately orthogonality,
even after a variety of allowed time delays and Doppler
frequency shifts, that is,

∑Ns

n�1
sk nTs − τlk( )sk′* nTs − τl′k′( )ej2π flk−fl′k′( )nTs

1 ł � l′, k � k′
0 ł ≠ l′, k ≠ k

{ ∀τlk, flk, τl′k′, fl′k′

. (4)

The orthogonality as given in Eq. 4 is clearly a strong
condition if applied to all possible delays and Doppler
frequencies. Despite this, for reasonable values of Doppler
frequencies and the set of target and radar parameters of
this work, we verified that the cross-ambiguity functions
are negligible compared to the auto-ambiguity functions;
thus, the orthogonal condition can be considered
approximately met.

Finally, the Ns-dimensional observation vector at the lth
receiver can be expressed as rl � rl[1] rl[2] . . . rl[Ns]{ }T.

FIGURE 1 | Transmitters and receivers location with respect to the
moving target.

FIGURE 2 | Antenna placement.
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3 COMPLEX ELLIPTICALLY SYMMETRIC
DISTRIBUTION

Complex elliptically symmetric (CES) distributions are
commonly used to model non-Gaussian heavy-tailed radar
clutter (Zhang et al., 2014; Fortunati et al., 2018; Fortunati
et al., 2019; Raninen et al., 2021). The m-variate random
vector (r.v) z ∈ Cm that follows the CES model has a
probability density function (pdf) of the form,

fz z( ) � Cm,g Σ| |−1g z − μ( )HΣ−1 z − μ( )( ), (5)
where μ ∈ Cm and the m × m matrix Σ denote the symmetry
center and scatter matrix, respectively. The function g: R+

0 → R+,
called density generator function, satisfies the constraint
δm,g ≜ ∫∞

0
tm−1g(t)dt<∞, and (.)H refers to the Hermitian

(complex conjugate and transpose) operator. Cm,g is a

normalizing coefficient such that fz(z) integrates to 1 and
Cm,g � 2(Smδm,g)−1, where Sm ≜ 2πm

Γ(m).
Then, the clutter can be represented in short notation by

z ~ CEm μ,Σ, g( ) � CEm,g μ,Σ( ). (6)

3.1 t-Distributed Clutter
A particular case of CES-distributions is the Ct-distribution
(Krishnaiah and Lin, 1986; Ollila et al., 2012), in short
notation z ~ Ctm,](μ, Σ).

For a complex t-distribution of dimension m, the generating
function is given by

g t( ) � 1 + 2t
ν( )− 2m+ν( )

2

(7)

FIGURE 3 | CRLB for target location and velocity estimation in Clutter Model I.
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and Cm,g � 2mΓ(2m+ν
2 )

(πν)mΓ(ν2) is the normalizing constant. ] is the shape

parameter of the distribution, and it is related to the spikiness of
the clutter. The lower the value of ], the spikier is the clutter
(Sangston et al., 2012). For ]→ ∞, the t-distribution degenerates
into the Gaussian one.

Here, we investigate two different scenarios for the clutter.
Model I: the clutter samples are uncorrelated in space and time.
Model II: the clutter samples are temporally uncorrelated but
spatially correlated. The mean value is 0, that is, μ = 0.

4 THE JOINT CRAMÉR–RAO LOWER
BOUND

The CRLB provides a lower bound of the variance of any unbiased
estimator of unknown deterministic parameters. Given ψ = [x, y,

vx, vy, ζR, ζI] as the vector of all the unknown parameters in the
received signal, we derive the CRLBs for the MIMO radar. Since
we assume here that the target has already been detected and we
want to estimate target range and velocity, we consider the target
reflectivity, ζR and ζI, as nuisance parameters (Gini and
Reggiannini, 2000; Fortunati et al., 2010), then we derive the
CRLBs of the unknown vector βp×1 = [x, y, vx, vy], p = 4.

4.1 CRLB for Target Range and Velocity
In order to derive the CRLB of target location and velocity, the
first step is to calculate the Fisher information matrix (FIM) and
then to invert it, CRLB(ψ) = [J(ψ)]−1.

The FIM matrix is defined as

J ψ( )[ ]i,j � −Er,ψ
z

zψi

z

zψj

lnp r;ψ( )⎡⎣ ⎤⎦⎧⎨⎩ ⎫⎬⎭, (8)

FIGURE 4 | CRLB for target location and velocity estimation in Clutter Model II.

Frontiers in Signal Processing | www.frontiersin.org March 2022 | Volume 2 | Article 8222854

Rojhani et al. CRLB, MIMO Radar, CES Distributed, Estimation

https://www.frontiersin.org/journals/signal-processing
www.frontiersin.org
https://www.frontiersin.org/journals/signal-processing#articles


where E{.} indicates the expectation operator, ln p(r; ψ) is the
log-likelihood (LL) function, and r is the data vector. The FIM is a
p × p symmetric positive semi-definite matrix after deleting the
rows and columns of the nuisance parameter.

Since (1) is a function of time delay and Doppler frequency
shift, we introduce the (2 + NM)-dimensional parameter vector
Θ � [τ11, τ12, . . . , τlk, f11, f12, . . . , flk, ζR, ζI]T, and since ψ is a
function of Θ, in order to compute the FIM, the chain rule (He
et al., 2010a) is applied; therefore, the FIM can be expressed as

J ψ( ) � PJ Θ( )PT, (9)
where P � zΘT

zψ depends on the geometry of the scenario and is
given by

P � zΘT

zψ
� U4×2NM 04×2

02×4 I2
[ ], (10)

where 0 and I are the zero and identity matrices, respectively,
while U is given by

U �

zτ11
zx

. . .
zτNM

zx

zf11

zx
. . .

zfNM

zx

zτ11
zy

. . .
zτNM

zy

zf11

zy
. . .

zfNM

zy

0 . . . 0
zf11

zvx
. . .

zfNM

zvx

0 . . . 0
zf11

zvy
. . .

zfNM

zvy

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (11)

The details on the derivation of the elements of U are in He
et al. (2010a). J(Θ) is the Jacobian matrix such that

FIGURE 5 | CRLBs vs. SCR with different ], Clutter Model I.
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FIGURE 6 | CRLBs vs. SCR with different ], Clutter Model II, ρ = 0.9.

TABLE 1 | CRLBs of x and vx in clutter Model I and Model II with different values of ], SCR = 0 dB, and ρ = 0.9.

Case I

ν = 2.1 ν = 4 ν = 6 ν = 8 ν = 16 ν = 32 ν = 64

crbx 2.49E-06 7.69E-06 8.32E-06 9.18E-06 1.00E-05 1.04E-05 1.05E-05

crbvx 0.588 1.814 1.963 2.165 2.363 2.464 2.493

Case II

ν = 2.1 ν = 4 ν = 6 ν = 8 ν = 16 ν = 32 ν = 64

crbx 2.04E-05 1.71E-05 1.09E-05 8.50E-06 5.70E-06 4.80E-06 4.40E-06

crbvx 0.117 0.057 0.053 0.051 0.048 0.047 0.046
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J Θ( )[ ]i,j � −Er,Θ
z

zΘi

z

zΘj
lnp r;Θ([ ]{ }. (12)

Matrix J(Θ), computed as in Eq. 12, can be divided into four
submatrices as follows:

J Θ( ) � D2NM×2NM G2NM×2

GT
2×2NM L2×2

[ ], (13)

whereD � Dτ Dτf
Dfτ Df

[ ] in whichDτ,Df, andDτf ∈ RNM×NM. The

lower right submatrix L involves the derivatives of the target

complex scattering coefficient, L � LζR 0
0 LζI

[ ]. Finally, the upper
right submatrix involves the derivatives related to all parameters,
time delay, the Doppler frequency, and the target complex

reflectivities, then G � GτζR GfζR
GτζI GfζI

[ ].

By exploiting the chain rule for Eq. 9, the FIM of ψ is given by

J ψ( ) � UDUT UG
GTUT L

[ ]. (14)

Eventually, since our aim is to calculate the CRLBs of the
vector β, we get it as (He et al., 2008)

CRLBβ � U D − GL−1GT( )UT[ ]−1, (15)
where the diagonal elements of the CRLB matrix represent
the lower bound of the variances of the parameters of
interest.

1) CRLB for Clutter Model I: If the clutter is
independent in both the time and space domains,
then the clutter samples zl[n] (l = 1, . . . , N n = 1, . . . ,
Ns) are IID.

In this case, the log-likelihood function is given by

FIGURE 7 | CRLBs vs. ρ, Clutter Model II with ] = 2.1, SCR = 0 dB, and vx = vy = 0 m/s.
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lnp r|Θ( ) � ln∏NS

n�1
∏N
l�1

p rl n[ ]|Θ( ) �

C +∑Ns

n�1
∑N
l�1

lnp rl n[ ]|Θ( ) � C +∑Ns

n�1
∑N
l�1

lng tl n[ ]( ),
(16)

where C is a generic constant that does not depend on the
parameters of interest, and the pdf of each sample rl[n] is
given by

p rl n[ ];Θ( ) � C1,g

σ2
g tl n[ ]( ), (17)

where C1,g � 2Γ(2+]] )
(π])Γ(]2), tl[n] is the quadratic form

tl[n] � 1
σ2 |rl[n] −

��
E
M

√
ζul[n]|2, ul[n] ≜ ∑M

k�1 ϒlk[n]sk[Δn], and

ϒlk[n] � e−j2πf0τlk ej2πflknTs represents each element of the [n]
matrix of all transmitter and receiver antennas.

Each element of the Jacobian matrix is

J Θ( )[ ]i,j�−E z2lnp r|Θ( )
zΘizΘj

[ ]�
−E ∑Ns

n�1
∑N
l�1

g
··
tl n[ ]( )

g tl n[ ]( )−
g
·
tl n[ ]( )2

g tl n[ ]( )2( )ztl n[ ]
zΘi

ztl n[ ]
zΘj

+ g
·
tl n[ ]( )

g tl n[ ]( )
z2tl n[ ]
zΘiΘj

⎡⎣ ⎤⎦
i,j�1,... ,2NM+2

(18)
yielding (g

· (tl[n])
g(tl[n])) � −(2N+]

] )(1 + 2tl[n]
] )−1, and

(g
··(tl[n])
g(tl[n]) −

g
· (tl[n])2
g(tl[n])2) � (2 2N+]

]2 )(1 + 2tl[n]
] )−2, where the first derivative

of g is g
· (tl[n]) � zg[tl]

ztl
· ztl[n]zΘ .

Note that, in computing the derivatives of the LL function with
respect to the parameters in Eq. 18, we consider the
orthogonality conditions in Eq. 4, and then the generic
element of Eq. 18 is calculated with the derivative
expressions as follows:

FIGURE 8 | CRLBs vs. ρ, Clutter Model II with ] = 2.1, SCR = 0 dB, and vx = 10, vy = 35 m/s.
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ztp n[ ]
zflk

� 4πnTs

σ2
��
E

M

√
I ζϒlk n[ ]sk Δn( )rp* n[ ]{ }(

−4πnTs

σ2
E

M
|ζ|2I ϒlk n[ ]sk Δn( )up* n[ ]{ })δ l − p( ); (19)

z2tp n[ ]
zflkzfl′k′

� 8π2n2T2
s

σ

��
E

M

√
R ζϒlk n[ ]sk Δn( ) rp* n[ ] −

��
E

M

√
ζ*up* n[ ]( ){ }(

+8π
2n2T2

s

σ

E

M
|ζ |2R e−j2πf0 τlk−τl′k′( )ej2π flk−fl′k′( )nTs sk Δn( )sk* Δn( ){ })

δ l − p, l − l′, k − k′( ),
(20)

where the aforementioned equations represent the first and
second derivatives with respect to (w.r.t.) the Doppler
frequency. The derivatives w.r.t. time delay and target complex
reflectivity are as follows:

ztp n[ ]
zτ lk

� −4πf0

σ2
��
E

M

√
I ζrp* n[ ]ϒlk n[ ]sk Δn( ){ }(

− 2

σ2

���
E

M

√
R ζrp* n[ ]ϒlk n[ ]s·k Δn( ){ } + 4πf0

σ2

E

M
|ζ |2I up* n[ ]ϒlk n[ ]sk Δn( ){ }

+ 2

σ2
E

M
|ζ |2I up* n[ ]ϒlk n[ ]s·k Δn( ){ })δ l − p( );

(21)
z2tp n[ ]
zτlkzτl′k′

� −2
σ

��
E

M

√
R ζrp* n[ ]ϒlk n[ ] −4π2f2

0sk Δn( ) − j4πf0sk
· Δn( )+({(

sk
·· Δn( ))} + 2

σ

E

M
|ζ |2R ϒlk n[ ]up* n[ ] −4π2f2

0sk Δn( ) − j4πf0sk
· Δn( ) + sk

·· Δn( )( )+{
e−j2πf0 τlk−τl′k′( )ej2π flk−fl′k′( )nTs j2πf0s

p
k Δn( ) + spk

·
Δn( )( )

−j2πf0sk Δn( ) + sk
· Δn( )( )})⎞⎠ δ l − p, l − l′, k − k′( );

(22)
ztp n[ ]
zζR

� − 2

σ2
���
E

M

√
R up n[ ]rp* n[ ]{ } + 2

σ2
E

M
ζR up n[ ]∣∣∣∣ ∣∣∣∣2; (23)

FIGURE 9 | CRLBs vs. ρ f, Clutter Model II with ] = 2.1, SCR = 0 dB, and vx = vy = 50 m/s.
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ztp n[ ]
zζ I

� 2
σ2

���
E

M

√
I up n[ ]rp* n[ ]{ } + 2

σ2
E

M
ζ I up n[ ]∣∣∣∣ ∣∣∣∣2; (24)

z2tp n[ ]
zζRzζR

� z2tp n[ ]
zζIzζI

� 2
σ

E

M
up n[ ]∣∣∣∣ ∣∣∣∣2, z2tp n[ ]

zζRzζI
� 0. (25)

The second cross-derivatives w.r.t. Doppler frequency, time
delay, and target complex reflectivity are

z2tp n[ ]
zflkzζR

� 4πnTs

σ

��
E

M

√
I ϒlk n[ ]sk Δn( )rp* n[ ]{ }(

−8πnTs

σ
E

M
ζRI ϒlk n[ ]sk Δn( )up* n[ ]{ })δ l − p( ); (26)

z2tp n[ ]
zflkzζ I

� 4πnTs

σ

��
E

M

√
R ϒlk n[ ]sk Δn( )rp* n[ ]{ }(

−8πnTs

σ
E

M
ζ II ϒlk n[ ]sk Δn( )up* n[ ]{ })δ l − p( ); (27)

z2tp n[ ]
zτlkzζR

� −2
σ

��
E

M

√
R rp* n[ ]ϒlk n[ ] −j2πf0sk Δn( ) + sk

· Δn( )( ){ }(
+4
σ

E

M
ζRR up* n[ ]ϒlk n[ ] −j2πf0sk Δn( ) + sk

· Δn( )( ){ })δ l − p( );
(28)

z2tp n[ ]
zτlkzζ I

� −2
σ

��
E

M

√
R jrp* n[ ]ϒlk n[ ] −j2πf0sk Δn( ) + sk

· Δn( )( ){ }(
+4
σ

E

M
ζIR up* n[ ]ϒlk n[ ] −j2πf0sk Δn( ) + sk

· Δn( )( ){ })δ l − p( );
(29)

FIGURE 10 | CRLBs vs. ρ, Clutter Model II for 45° shifted TX/RX antennas with ] = 2.1, SCR = 0 dB, and vx = vy = 50 m/s.
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z2tp n[ ]
zflkzτl′k′

� 4πnTs

σ

��
E

M

√
I ζrp* n[ ]ϒlk n[ ] −j2πf0sk Δn( )+sk· Δn( )( ){ }(

−4πnTs

σ

E

M
|ζ |2I up* n[ ]ϒlk n[ ] −j2πf0sk Δn( )+sk· Δn( )( ){

+e−j2πf0 τlk−τl′k′( )ej2π flk−fl′k′( )nTs sk Δn( ) j2πf0sk* Δn( )+sk*
·

Δn( )( )})
δ l−p,l−l′,k−k′( ).

(30)
Note that δ(l − p) = 1 for l = p and 0 elsewhere, and

sk
· (Δn) � zsk(Δn)

zτlk
. More details about the derivations are

presented in the Supplementary Appendix under Clutter
Model I.

2) CRLB for Clutter Model II: In this case, the clutter is
correlated in the space domain and independent in the time
domain, meaning that the Ns clutter vectors z[n] �

[z1[n], z2[n], . . . , zN[n]]T (n � 1, . . . , Ns) are IID, then the
scatter matrix Σ is a N × N semi-definite positive matrix.
Under this condition, the observed N-dimensional signal
vector can be written as

r n[ ] �
��
E

M

√
ζ n[ ]s Δn[ ] + z n[ ], n � 1, . . . ., Ns, (31)

where the s[Δn] � (s1(Δn), s2(Δn), . . . , sM(Δn))T.
The pdf of the observation vector is given by

p r n[ ];Θ( ) � CN,g

|Σ| g t n[ ]( ), (32)

where CN,g � 2NΓ(2N+]
] )

(π])NΓ(]2)
, and the quadratic form is given by

FIGURE 11 | CRLBx vs. ϕk1 antenna position, Clutter Model II for different ρ with ] = 2.1, SCR = 0 dB, and vx = vy = 50 m/s.

FIGURE 12 | CRLBy vs. ϕk1 antenna position, Clutter Model II for different ρ with ] = 2.1, SCR = 0 dB, and vx = vy = 50 m/s.
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t n[ ]�∑N
p�1
∑N
q�1

ηp,qrp* n[ ]rq n[ ]−2
���
E

M

√
R ζ∑N

p�1
∑N
q�1

ηp,qrp* n[ ]uq n[ ]⎧⎨⎩ ⎫⎬⎭
+ E

M
|ζ|2∑N

p�1
∑N
q�1

ηp,qup* n[ ]uq n[ ],

(33)
where ηp,q is the inverse of scatter matrix, ηpq�Δ[Σ−1]p,q.

Subsequently, the log-likelihood function is given by

lnp r|Θ( ) � ln∏NS

n�1
p r n[ ]|Θ( ) �

C +∑Ns

n�1
lnp r n[ ]|Θ( ) � C +∑Ns

n�1
lng t n[ ]( ),

(34)

where C is a generic constant, and each element of the Jacobian
matrix is

J Θ( )[ ]i,j � −E z2lnp r|Θ( )
zΘizΘj

[ ] �;

−E ∑Ns

n�1

g
··
t n[ ]( )

g t n[ ]( ) −
g
·
t n[ ]( )2

g t n[ ]( )2( ) zt n[ ]
zΘi

zt n[ ]
zΘj

+ g
·
t n[ ]( )

g t n[ ]( )
z′2t n[ ]
zΘiΘj

⎡⎣ ⎤⎦;
(35)

i, j � 1, . . . , 2NM + 2.

Afterward, the generic element of Eq. 35 is derived using the
derivative expressions as follows

FIGURE 13 | CRLBvx vs. ϕk1 antenna position, Clutter Model II for different ρ with ] = 2.1, SCR = 0 dB, and vx = vy = 50 m/s.

FIGURE 14 | CRLBvy vs. ϕk1 antenna position, Clutter Model II for different ρ with ] = 2.1, SCR = 0 dB, and vx = vy = 50 m/s.
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zt n[ ]
zflk

� 4πnTs

��
E

M

√
I ζϒlk n[ ]sk Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭⎛⎝ ;

−4πnTs
E

M
|ζ|2I ϒlk n[ ]sk Δn( )∑N

p�1
ηplup* n[ ]⎧⎨⎩ ⎫⎬⎭⎞⎠δ l − p( ); (36)

z2t n[ ]
zflkzfl′k′

� 8π2n2T2
s

��
E

M

√
R ζϒlk n[ ]sk Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭⎛⎝ ;

−8π2n2T2
s

E

M
|ζ|2R ϒlk n[ ]sk Δn( )∑N

p�1
ηplup* n[ ]⎧⎨⎩ ⎫⎬⎭;

8π2n2T2
s

E

M
|ζ |2R ηll′ϒlk n[ ]ϒl′k′ n[ ]sk Δn( )sk′* Δn( ){ });

δ l − p, l − l′, k − k′( ).

The aforementioned equations represent the first and second
derivatives w.r.t. Doppler frequency. Next, the derivatives w.r.t.
time delay are given as follows:

zt n[ ]
zτlk

� −4πf0

��
E

M

√
I ζϒlk n[ ]sk Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭⎛⎝ ;

−2
���
E

M

√
R ζϒlk n[ ]sk· Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭;

+4πf0
E

M
|ζ|2I ϒlk n[ ]sk Δn( )∑N

p�1
ηplup* n[ ]⎧⎨⎩ ⎫⎬⎭;

+2 E

M
|ζ |2R ϒlk n[ ]sk· Δn( )∑N

p�1
ηplup* n[ ]⎧⎨⎩ ⎫⎬⎭⎞⎠δ l − p( );

FIGURE 15 | CRLBx vs. number of antenna, Clutter Model I with ] = 2.1, SCR = 0 dB, and vx = vy = 50 m/s.

FIGURE 16 | CRLBvx vs. number of antenna, Clutter Model I with ] = 2.1, SCR = 0 dB, and vx = vy = 50 m/s.
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z2t n[ ]
zτlkzτl′k′

� 8π2f2
0

��
E

M

√
R ζϒlk n[ ]sk Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭⎛⎝ ;

−8πf0

���
E

M

√
I ζϒlk n[ ]sk· Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭;

−2
���
E

M

√
R ζϒlk n[ ] sk·· Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭;

−8π2f2
0

E

M
|ζ|2R ϒlk n[ ]sk Δn( )∑N

p�1
ηplup* n[ ]⎧⎨⎩ ⎫⎬⎭;

+8πf0
E

M
|ζ |2I ϒlk n[ ]sk· Δn( )∑N

p�1
ηplup* n[ ]⎧⎨⎩ ⎫⎬⎭;

+2 E

M
|ζ |2R ζϒlk n[ ] sk·· Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭;

8π2f2
0

E

M
|ζ |2R ηll′ϒlk n[ ]ϒl′k′ n[ ]sk Δn( )sk′* Δn( ){ };

4πf0
E

M
|ζ |2I ηll′ϒlk n[ ]ϒl′k′ n[ ]sk Δn( )sk′

·
* Δn( ){ };

−4πf0
E

M
|ζ |2I ηll′ϒlk n[ ]ϒl′k′ n[ ]sk· Δn( )sk′* Δn( ){ };

+2 E

M
|ζ |2R ηll′ϒlk n[ ]ϒl′k′ n[ ]sk· Δn( ) sk′*

·
Δn( ){ });

δ l − p, l − l′, k − k′( ).
Furthermore, the derivatives w.r.t. target complex reflectivity

are as follows:

zt n[ ]
zζR

� −2
���
E

M

√
R ∑N

p�1
∑N
q�1

ηpqrp* n[ ]uq n[ ]⎧⎨⎩ ⎫⎬⎭ + 2
E

M
ζR ∑N

p�1
∑N
q�1

ηpqup* n[ ]uq n[ ];

(40)

FIGURE 17 |Maximum achievable accuracy when the target is moving,
Clutter Model I, ] = 2.1 and SCR = −15 dB. FIGURE 18 |Maximum achievable accuracy when the target is moving,

Clutter Model II, ρ = 0.9, ] = 2.1, and SCR = −15 dB.
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zt n[ ]
zζ I

� 2

���
E

M

√
I ∑N

p�1
∑N
q�1

ηpqrp* n[ ]uq n[ ]⎧⎨⎩ ⎫⎬⎭ + 2
E

M
ζ I ∑N

p�1

× ∑N
q�1

ηpqup* n[ ]uq n[ ]; (41)

z2t n[ ]
zζRzζR

� z2t n[ ]
zζIzζ I

� 2
σ

E

M
∑N
p�1

∑N
q�1

ηpqup* n[ ]uq n[ ], z2t n[ ]
zζRzζ I

� 0.

(42)
Also, these are the cross-derivatives of unknown parameters,

for the clutter model II.

z2t n[ ]
zflkzζR

� 4πnTs

��
E

M

√
I ϒlk n[ ]sk Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭⎛⎝

×−8πnTs
E

M
ζRI ϒlk n[ ]sk Δn( )∑N

p�1
ηplup* n[ ]⎧⎨⎩ ⎫⎬⎭⎞⎠δ l − p( );

(43)

z2t n[ ]
zflkzζI

� 4πnTs

��
E

M

√
R ϒlk n[ ]sk Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭⎛⎝

×−8πnTs
E

M
ζIR ϒlk n[ ]sk Δn( )∑N

p�1
ηplup* n[ ]⎧⎨⎩ ⎫⎬⎭⎞⎠δ l − p( );

(44)

z2t n[ ]
zτlkzζR

� −4πf0

��
E

M

√
I ϒlk n[ ]sk Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭⎛⎝

−2 E

M
R ϒlk n[ ]sk· Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭

+4 E

M
ζRR ϒlk n[ ]sk· Δn( )∑N

p�1
ηplup* n[ ]⎧⎨⎩ ⎫⎬⎭

+8πf0
E

M
ζRI ϒlk n[ ]sk Δn( )∑N

p�1
ηplup* n[ ]⎧⎨⎩ ⎫⎬⎭⎞⎠ δ l−p( );

(45)

z2t n[ ]
zτlkzζI

� −4πf0

��
E

M

√
R ϒlk n[ ]sk Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭⎛⎝

+2 E

M
I ϒlk n[ ]sk· Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭

+4 E

M
ζIR ϒlk n[ ]sk· Δn( )∑N

p�1
ηplup* n[ ]⎧⎨⎩ ⎫⎬⎭

+8πf0
E

M
ζ II ϒlk n[ ]sk Δn( )∑N

p�1
ηplup* n[ ]⎧⎨⎩ ⎫⎬⎭⎞⎠ δ l−p( );

(46)

z2t n[ ]
zflkzτl′k′

� −8π2f0nTs

��
E

M

√
R ζϒlk n[ ]sk Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭⎛⎝

+ 4πnTs

���
E

M

√
I ζϒlk n[ ]sk· Δn( )∑N

p�1
ηplrp* n[ ]⎧⎨⎩ ⎫⎬⎭8π2f0nTs

E

M
|ζ|2R ζϒlk n[ ]sk Δn( )∑N

p�1
ηplup* n[ ]⎧⎨⎩ ⎫⎬⎭

− 4πnTs
E

M
|ζ |2I ζϒlk n[ ]sk· Δn( )∑N

p�1
ηplup* n[ ]⎧⎨⎩ ⎫⎬⎭

− 8π2f0nTs
E

M
|ζ |2R ηll′ϒlk n[ ]ϒl′k′ n[ ]sk Δn( )sk′* Δn( ){ }

+4πnTs
E

M
|ζ |2I ηll′ϒlk n[ ]ϒl′k′ n[ ]sk· Δn( )sk′* Δn( ){ }⎞⎠ δ l − p, l − l′, k − k′( ).

(47)
The details about derivations are reported in the

Supplementary Appendix under Clutter Model II.

FIGURE 19 | Maximum achievable accuracy when the target is still,
Clutter Model I, ] = 2.1 and SCR = −15 dB.
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5 NUMERICAL ANALYSIS

In the following, we investigate the estimation for the circular
MIMO radar shown in Figure 2. AM × N = 4 × 4 MIMO radar
is considered whose antenna orientations are [ϕt1 � φr

1 �
0, ϕt2 � φr

2 � 90, ϕt3 � φr
3 � 180, ϕt4 � φr

4 � 270] with
dtk � drl � 500 m. An isotropic target (T) with a complex
scattering coefficient ζ � 1+1j�

2
√ is placed at x = y = 0 m with

velocity vx � vy � 50 m
s .

Moreover, the carrier frequency is f0 = 10 GHz, the sampling
frequency is fS = 9MHz, the pulse duration is Tp = 0.56 ms, and
the observation time is Tobs = 2.2 ms. The received waveforms are
s(nTs − τlk) � ej2πΔfk(nTs−τlk) with frequency increment Δf =
1MHz between sk[n] and sk+1[n] to satisfy the orthogonality
assumption and with each waveform energy Es = 1. The signal-to-
clutter ratio (SCR) is defined as:

SCR � ∑M
k�1‖sk‖2
E zHl zl{ } . (48)

The clutter samples are IID and t-distributed, then
E zHl zl{ } � Ns

]
]−2σ

2, where E |zl|2{ } � ]
]−2σ

2 is the variance of a
complex-t clutter. From the last equation, it is evident that to
guarantee a finite positive power, ] > 2.

Following this, we chose the spikier clutter case ] = 2.1.
Figures 3 and 4 show the range and Doppler frequency
CRLBs of the spikier clutter case for both models I and II,
respectively. In addition, we set σ2 = 1, and the CRLBs in
Figure 4 are shown for spatially correlated clutter.

Considering (Zhang et al., 2014) the spatially correlated clutter
is such that

Σ[ ]p,q � σ2ρ| p−q( )Δαp,q |, (49)

FIGURE 20 | Maximum achievable accuracy when the target is still,
Clutter Model II, ρ = 0.9, ] = 2.1, and SCR = −15 dB.

FIGURE 21 |Maximum achievable accuracy when the target is moving,
Clutter Model II, ρ = 0, ] = 2.1, and SCR = −15 dB.
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where ρ is a constant value and we chose ρ = 0.9, and Δαp,q is the
angular distance from the pth receiver to clutter cell and from
clutter to the qth receiver.

In the following figures, the joint CRLBs of target location and
velocity for different values ] are presented for both clutter cases.
We only show CRLBx and CRLBvx, since we set the same
numerical values for x and y as well as for vx and vy;
therefore, the CRLBs along the two directions, in this case, are
the same.

According to Figure 5, a larger value of ] leads to an increase
of the CRLBs in clutter case I. It is worth noting that the clutter
power depends on both the scale parameter σ2 and the shape
parameter ]. In these figures, σ2 = 1, then to keep constant the
SCR for different values of ], the energy of the transmitted signals
is changed accordingly.

In Figure 6, we plot the CRLBs for the correlated clutter
(Model II). In this case, the CRLB tends to increase for lower ]. It

is apparent, anyway, that the differences in both models I and II
are small with varying values of ], at least in the tested
configuration.

To get a better look at the impact of the parameter ] on the
target parameter estimation, under both Model I and Model II,
Table 1 provides the CRLBs corresponding to x and vx at SCR =
0 dB with different values of ]. CRLBs of y and vy behave quite
similarly.

Next, in order to investigate the effect of the correlation
coefficient ρ in clutter Model II, Figures 7–9 show the CRLBs
as a function of ρ for ] = 2.1 and SCR = 0 dB when the target is
still, moving with vx � 10 m

s , vy � 35 m
s , and with

vx � vy � 50 m
s , respectively. When the target is still, the

CRLBs decrease with increasing values of ρ from −1 to 1, (but
ρ has a large impact only when its values are in the interval [0.8;
1]). When the target is moving, the behavior of the CRLBs
depends on the value of the target velocity. For some

FIGURE 22 | Maximum achievable accuracy for shifted receiver
antennas when the target is moving, Clutter Model I, ] = 2.1 and SCR =
−15 dB.

FIGURE 23 | Maximum achievable accuracy for shifted receiver
antennas when the target is moving, Clutter Model II, ρ = 0, ] = 2.1, and SCR =
−15 dB.
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combination of velocity and correlation values, the CRLBs show
peaks and notches but the minimum is again reached for ρ = 1. In
addition, Figure 10 presents the CRLBs as a function of ρ for ] =
2.1, SCR = 0 dB, and vx � vy � 50 m

s when the transmitter/
receiver antennas are rotated clockwise of 45° with respect to
(w.r.t.) the configuration of the previous figures. The CRLBs on
the target velocities do not depend strongly on the angular
position but the CRLBs on the positions, conversely, do. To
better analyze this dependency, keeping fixed the target velocity,
(modulus and direction) we rotated counterclockwise the 4 RX/
TXs, and in Figures 11–14 we show the CRLBs as a function of
the angle between the velocity and the TX/RX on the right (in
Figure 2, this angle is equal to −45°), for three values of the
correlation coefficient, in the range [−45°: 45°]. Due to the
symmetry of the MIMO configuration, these CRLBs are
periodic of 90°. These results confirm that for some values of ρ
the CRLBs of the target positions strongly depend on the velocity
angular direction.

In Figures 15 and 16, the relation between the bounds and the
number of antennas is shown, when the target is located in (0,0).
These figures show the effect of increasing the number of sensors
in two different scenarios: 1) the radius of the circle is constant,
r � drl � dtk � 500 m, and the TX/RX antennas are uniformly
distributed on the circumference, and 2) the linear distance
between each TX/RX antenna pair is fixed to dm = 49.06 m,
and the radius of the circle is variable as a function of the number
of antennas M, r � dm

2 sin( π
M). As shown in these figures, the

performance of the joint target parameter estimation can be
remarkably improved by increasing the number of antennas,
and this is particularly evident in the second scenario and for the
velocity.

Additionally, to assess the maximum achievable accuracy of
the considered MIMO radar over the area of interest, we define
the errors (Maddio et al., 2015; Passafiume et al., 2017; Cidronali
et al., 2020) as

errxy �
���������������
CRLBx + CRLBy,

√
errvxvy �

���������������
CRLBvx + CRLBvy

√
. (50)

Figures 17 and 18 illustrate the maximum achievable accuracy
(or the error pattern over the area) attained by Eq. 50, in terms of
CRLBs in both the clutter models I and II for varying positions
with vx = vy = 50 m/s, while Figures 19 and 20 show the
maximum achievable accuracy for a fixed target. These figures
are all calculated for SCR = −15 dB and ] = 2.1.

Depending on the value of the target velocity along the x and y
directions and on the clutter correlation, the shape of the error
functioning inside the circle is different, but the range of
variations in the considered area is always small, for both
range and velocity, for both clutter models I and II.

To check the changes in the CRLBs as a function of the
correlation coefficient ρ, in Figure 21, the maximum achievable
accuracy is shown for the same scenario described in Figure 18
but for ρ = 0. It is worth observing that ρ = 0 does not mean that
the clutter components are independent but only uncorrelated
because they are not Gaussian-distributed.

Finally, to investigate the impact of the position of the
transmitters and receivers on the performance of the radar,

the error function is shown for a different configuration in
Figures 22 and 23, where the receiver antennas are shifted of
45° with respect to the receiver; transmitters and receivers are
represented by black and red triangles, respectively. As evident in
Figures 22 and 23, configurations with shifted receiver antennas
are similar to those of colocated antennas in Figures 17 and 18.
The CRLBs are much more affected by the presence of the clutter
correlation.

6 CONCLUSION

This article presents the derivation of the CRLBs for the
estimation of position and velocity of an isotropic target in a
coherent MIMO radar with orthogonally transmitted waveforms
in the presence of correlated non-Gaussian clutter, modeled by
the complex t-distribution. We derived the CRLBs for two
different scenarios: 1) the clutter samples are independent in
space and time and 2) the clutter samples are temporally
independent but spatially correlated. We then investigated the
estimation accuracy as a function of the SCR, the clutter spikiness,
and the clutter spatial correlation as well as maximum achievable
accuracy in parameter estimation for several radar
configurations. The CRLBs show a weak dependency on the
spikiness of the clutter but, conversely, a strong dependency
on the angular correlation, particularly for the moving target.
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