'." frontiers

in Signal Processing

ORIGINAL RESEARCH
published: 25 January 2022
doi: 10.3389/frsip.2021.776825

OPEN ACCESS

Edited by:
Hadi Zayyani,
Qom University of Technology, Iran

Reviewed by:

Junfeng Yang,

Nanjing University, China
Olivier Fercoq,

Télécom ParisTech, France

*Correspondence:
Laurent Condat
laurent.condat@kaust.edu.sa

Specialty section:

This article was submitted to
Signal Processing for
Communications,

a section of the journal
Frontiers in Signal Processing

Received: 14 September 2021
Accepted: 20 October 2021
Published: 25 January 2022

Citation:

Condat L, Malinovsky G and
Richtarik P (2022) Distributed Proximal
Splitting Algorithms with Rates

and Acceleration.

Front. Sig. Proc. 1:776825.

doi: 10.3389/frsip.2021.776825

Check for
updates

Distributed Proximal Splitting
Algorithms with Rates and
Acceleration

Laurent Condat*, Grigory Malinovsky and Peter Richtarik

Visual Computing Center, King Abdullah University of Science and Technology (KAUST), Thuwal, Saudi Arabia

We analyze several generic proximal splitting algorithms well suited for large-scale convex
nonsmooth optimization. We derive sublinear and linear convergence results with new rates on
the function value suboptimality or distance to the solution, as well as new accelerated
versions, using varying stepsizes. In addition, we propose distributed variants of these
algorithms, which can be accelerated as well. While most existing results are ergodic, our
nonergodic results significantly broaden our understanding of primal—dual optimization
algorithms.
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1 INTRODUCTION

We propose new algorithms for the generic convex optimization problem:

m=1

M
miriier;gize Jl‘{’(x) = % Z(Fm (x) + H,y (Kyux)) + R(x) ]’» (1)

where M > 1 is typically the number of parallel computing nodes in a distributed setting; the
Kpn: X — U, are linear operators; X and U,, are real Hilbert spaces (all spaces are supposed of finite
dimension); R and H,, are proper, closed, convex functions with values in R U {+c0}, the proximity
operators of which are easy to compute; and the F,, are convex Lg, -smooth functions; that is VF,, is
Lp,, -Lipschitz continuous, for some Lg,, > 0.

This template problem covers most convex optimization problems met in signal and
image processing, operations research, control, machine learning, and many other fields,
and our goal is to propose new generic distributed algorithms able to deal with nonsmooth
functions using their proximity operators, with acceleration in presence of strong
convexity.

1.1 Contributions
Our contributions are the following:

(1) New algorithms: We propose the first distributed algorithms to solve (Eq. 1) in whole generality,
with proved convergence to an exact solution, and having the full splitting, or decoupling,
property: VE,,, proxg,,, K, and K;, are applied at the m-th node, and the proximity operator of R
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is applied at the master node connected to all others. No

other more complicated operation, like an inner loop or a

linear system to solve, is involved.

(2) Unified framework: The foundation of our distributed
algorithms consists in two general principles, applied in a
cascade, which are new contributions in themselves and
could be used in other contexts:

(a) We show that problem (Eq. 1) with M = 1, i.e. the
minimization of F + R + H° K, can be reformulated as the
minimization of F+ R+ H in a different space, with
preserved smoothness and strong convexity properties.
Hence, the linear operator disappears and the Davis-Yin
algorithm (Davis and Yin, 2017) can be applied to this
new problem. Through this lens, we recover many
algorithms as particular cases of this unified
framework, like the PD30O, Chambolle-Pock,
Loris-Verhoeven algorithms.

(b) We design a non-straightforward lifting technique, so
that the problem (Eq. 1), with any M, is reformulated as
the minimization of F+R+H:K in some
product space.

(3) New convergence analysis and acceleration: Even when
M = 1, we improve upon the state of the art in two ways:
(a) For constant stepsizes, we recover existing

algorithms, but we provide new, more precise,
results about their convergence speed, see Theorem
1 and Theorem 5.

(b) With a particular strategy of varying stepsizes, we exhibit
new algorithms, which are accelerated versions of them.
We prove O(1/k) convergence rate on the last iterate, see
Theorem 3 and Theorem 4, whereas current results in
the literature are ergodic, e.g. Chambolle and Pock
(2016b).

1.2 Related Work

Many estimation problems in a wide range of scientific fields
can be formulated as large-scale convex optimization
problems (Palomar and Eldar, 2009; Sra et al., 2011; Bach
etal., 2012; Bubeck, 2015; Polson et al., 2015; Chambolle and
Pock, 2016a; Glowinski et al., 2016; Stathopoulos et al., 2016;
Condat, 2017a; Condat et al., 2019b). Proximal splitting
algorithms (Combettes and Pesquet, 2010; Bot et al., 2014;
Parikh and Boyd, 2014; Komodakis and Pesquet, 2015; Beck,
2017; Condat et al., 2019a) are particularly well suited to
solve them; they consist of simple, easy to compute, steps
that can deal with the terms in the objective function
separately.

These algorithms are generally designed as sequential
ones, for M = 1, and then they can be extended by lifting
in product space to parallel versions, well suited to minimize
F+ R + ) ,H, o K,, see for instance Condat et al., 2019a,
Section 8. However, it is not straightforward to adapt lifting
to the case of a finite-sum F = ;Y F,,, with each function F,,,
handled by a different node, which is of primary importance
in machine learning. This generalization is one of our
contributions.

Distributed Proximal Splitting Algorithms

PD30O Algorithm (F + R+ H o K)

input: (Wf)keN,n> K[ ¢ e X,u’ el
for k=0,1,...

ghtl .= prokaR(fyk( — K*u k))
ql;;ﬂl — “rk1+1xk+1 _ VF(Z]C+1)
+1 .
u Ny PTOXH*/mHn)(
K( k+1 +qk+1 qk))
end for

Davis-Yin Algorithm (F'+ R+ H)

input: (v;)pen, s° € X
for k=0,1,...do

phtl . prox,mR(sk)

k 1.
o= pI"OX,Yk_HH((l + %)xkﬂ

- % st — 7k+1VF(l‘kH))

N S W SN S S|
=zy + (T — a2t

s
end for

Chambolle-Pock Algorithm I (R + H o K)

input: ('Yk)keN’Tl> K%, 2% e X, u el
for k=0,1,...

phtl = prokaR(: — K u k)
k41 . k1 1
u = PIOXH*/(y)41m) (u + EK((%H
ANkl 1k
M)
end for
Douglas—-Rachford Algorithm (R + H)
input: (v;)ren, s° € X
for k=0,1,...do
okl — prokaR(sk)
k41 .
it = prox7k+1H((1+—7§:1 )xk+1__71;;r1 Sk)
Sk—i—l _ :E]]C;l + 71:/-]:1 (sk o xk—l—l)
end for

PDDY Algorithm (F + R+ H o K)
input: (y;,)ken, n > [ K% 2% € X, v’ e U

initialize: pO = K*u0
fork=0,1,...do
YR —
prOXH S (WF + 55 Kay)

pk — C* Rt

P = o = @ )

I%+1 = prox,mﬂj:é(:lzk"'1 — Vo1 VF (2P

— Y1)

end for
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Loris—Verhoeven Algorithm (F + H o K)

input: (7k)keNv77> IK[? " e X,u’ el
for k = 0,1,...

Sl G
qk . T et VF(k )
—+ —
u PTOX /(31 1m) (U (u
1K( k+1+qk+1 qk))
end for

Chambolle-Pock Algorithm II (R + H o K)

input: (y;.)ken, n > [|K|% 2 € X, 0’ e U
for k=0,1,...do

k+1 .
U = PrOX g /(y,1) (u + WK )
k+1 .
TR = prox,YkHR(:rR = K ((n
+ Y uF T — ))
end for

Forward-Backward Algorithm (F' + R)

input: (7)ken, z1 € X,
fork=1,2,...do

RS
pI‘OXﬁ/kR(

WV F(F))
end for

There is a vast literature on distributed optimization to
minimize ;). Fm + R, with a focus on strategies based on
(block-)coordinate or randomized activation, as well as
replacing the gradients by cheaper stochastic estimates
(Cevher et al.,, 2014; Richtdrik and Takda¢, 2014; Gorbunov
etal., 2020; Salim et al., 2020). Replacing the full gradient by a
stochastic oracle in the accelerated algorithms with varying
stepsizes we propose is not straightforward; we leave this
direction for future research. In any case, the generalized
setting, with the smooth functions F, at the nodes
supplemented or replaced by nonsmooth functions H,,
possibly composed with linear operators, seems to have
received little attention. We want to make up for that.
Decentralized optimization over networks is an active
research topic (Latafat et al., 2019; Alghunaim et al,
2021). In this paper, we focus on the centralized
client-server model, with one master node connected to
several client nodes, working in parallel. We leave the
study of decentralized algorithms for future work.

When M = 1and K = I, where I denotes the identity, Davis and Yin
(2017) proposed an efficient algorithm, along with an extensive
study of its convergence rates and possible accelerations. But
the ability to handle a nontrivial K is behind the success of the
Chambolle and Pock (2011) or \Condat (2013), Vi (2013):
they are well suited for regularized inverse problems in
imaging (Chambolle and Pock, 2016a), for instance with
the total variation and its variants (Bredies et al., 2010;

Distributed Proximal Splitting Algorithms

Condat, 2014, 2017b; Duran et al., 2016); other examples
are computer vision problems (Cremers et al., 2011),
overlapping group norms for sparse estimation in data
science (Bach et al., 2012), and trend filtering on graphs
(Wangetal.,2016). Another prominent case is when H is an
indicator function, so that the problem becomes: minimize
F(x) + R(x) subject to Kx = b. If K is a gossip matrix like the
minus graph Laplacian, decentralized optimization over a
network can be tackled (Shi et al., 2015; Scaman et al., 2017;
Salim et al., 2021).

When M =1 and K is arbitrary, there exist algorithms to solve (Eq.
1) in full generality, for example, the Combettes and Pesquet (2012),
Condat, (2013), Vi (2013), PD30 (Yan, 2018) and PDDY (Salim
et al., 2020) algorithms. However, their convergence rates and possible
accelerations are little understood. Our main contribution is to derive
new convergence rates and accelerated versions of the PD30O and
PDDY algorithms, and their particular cases, including Chambolle
and Pock (2011) and Loris and Verhoeven (2011) algorithms. In order
to do this, we show that these two algorithms can be viewed as
instances of the Davis-Yin algorithm. This reformulation technique is
inspired by the recent one of O’Connor and Vandenberghe
(O’Connor and Vandenberghe, 2020); it makes it possible to split
the composition H'K and to derive algorithms, which call the
operators proxg, K, K* separately. This technique is fundamentally
different from the one in Salim et al. (2020), showing that the PD30O
and PDDY algorithms are primal-dual instances of the operator
version of Davis-Yin splitting to solve monotone inclusions.
Notably, we can derive convergence rates with respect to the
objective function and accelerations, which is not possible with
the primal-dual reformulation of Salim et al. (2020). On the other
hand, the latter encompasses the Condat-Va algorithm (Condat,
2013; Vi, 2013), which is not the case of our approach. So, these are
complementary interpretations.

1.3 Organization of the paper

In Section 2, we propose new nonstationary versions (i.e. with
varying stepsizes) of several algorithms for optimization
problems made of three terms, and we analyze their
convergence rates. The derivation details are pushed to the
end of the paper in Section 5 for ease of reading. In Section
3, we further propose distributed algorithms, which can minimize
the sum of an arbitrary number of terms. Again, the derivation
details are deferred to Section 6. Numerical experiments
illustrating the good match between our theoretical results and
practical performance are shown in Section 4.

2 MINIMIZATION OF 3 FUNCTIONS WITH A
LINEAR OPERATOR
Let us focus on the problem (Eq. 1) when M = 1:

minin;ize ¥(x) = F(x) + R(x) + H(Kx), 2)

where K: X — U is a linear operator, X" and I/ are real Hilbert
spaces, R and H are proper, closed, convex functions, and F is a
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convex and Lg-smooth function. We will see in Section 3 that
using an adequate lifting technique, (2) can be extended to (1)
and, accordingly, parallel or distributed versions of the sequential
algorithms to solve (Eq. 2) will be derived. That is why we first
study the case M = 1. For any function G, we denote by g > 0
some constant such that G is y-strongly convex; that is, G — (ug/
DIl -I? is convex.
The dual problem to (Eq. 2) is

mining‘ze (F+R)" (=K*u) + H* (u), 3)
UE

where K* is the adjoint operator of K and G* is the convex conjugate
of a function G (Bauschke and Combettes, 2017); we recall the
Moreau identity: prox,;(z) = z — T proxg; (z/7) (Bauschke and
Combettes, 2017). We suppose that the following holds:

Assumption 1. There exists x € X such that 0 € VF(x*) + OR(x*)
+ K*0H(Kx*), which implies that x* is a solution to (Eq. 2); see for
instance Combettes and Pesquet, 2012, Proposition 4.3 for
sufficient conditions on the functions for this property to hold.

2.1 Deriving the Nonstationary PD30 and
PDDY Algorithms

The main difficulty in (Eq. 2) is the presence of the linear operator
K. Indeed, if K = I, the Davis-Yin algorithm (Davis and Yin, 2017)
is well suited to minimize F + R + H. Note that there is a minor
mistake in the way Algorithm 3 in Davis and Yin (2017) is
initialized. This is corrected here. Thus, the Davis-Yin algorithm
is as follows:

Let (y;)ken be a sequence of stepsizes. Let x%;, € X andu® € X.
For k=0, 1, ... iterate

k+1 k k
X = proxy, g (xp + v u)

1
uk+1 — uk +— (xllil _ xk+1) (4)
Yk
ka-I+1 = prOXVkHH(ka - ))kJrluk+1 - YkHVF(ka))'
To make this algorithm applicable to K # I, we reformulate the
problem (Eq. 2) as follows:

(1) We choose a value 7 >|IK||*; we recommend to set n= IKI? in
practice. Then there exists a real Hilbert space V¥ and a linear
operator C: W — U such that KK* + CC* = yI. C is not
unique, for instance, we can set C = (yI - KK, We
actually don’t need to exhibit C, its existence is sufficient
here and there will be no call to C in the algorithms.

(2) Now, the problem (Eq. 2) can be rewritten as:

minimize F (x,w) + R(x,w) + H (x, w), (5)
xeX,weW

where F: (x,w)HF(x)+"7‘"'||w||2, R: (x,w)—R(x) + 10 (w),

where 1p:w—{0 if w = 0, + oo otherwise}, and

H: (x,w) = H(Kx + Cw). Indeed, we introduce the variable

w, but also the constraint that w = 0. Since F(x,0) = F(x),

R(x,0) = R(x), H(x,0)=H (Kx), the equivalence between

(2) and (5) follows.

Distributed Proximal Splitting Algorithms

We have VF (x,w) = (VF(x), ppw),
prox; (x, w) = (proxg (x),0). Most importantly, for every y >
0, we have (O’Connor and Vandenberghe, 2020):

proxg«,, (x,w) = (K*u,C*u), where u
= proxp+;(y ((Kx + Cw)/7). (6)

Note that in O’Connor and Vandenberghe (2020), the authors
use F(x,w) = F(x), whereas we add ”7F||w||2. This difference is
essential, so that F is Lg-smooth and y-strongly convex. Also, R
is ug-strongly convex.

Then, we can apply the Davis-Yin algorithm (4) to solve the
problem (Eq. 5). We set F, R, Hin (Eq. 4) as F, R, H, respectively.
The details of the substitutions yielding the algorithms are
deferred to Section 5 for the convenience of reading; most
notably, whenever CC* appears, it is replaced by nI — KK*.
The obtained algorithms turns out to be a nonstationary
version of the PD30 algorithm (Yan, 2018), shown above. On
the other hand, if we exchange the two functions and set F, R, H in
(Eq. 4) as F, H, R, we obtain a different algorithm. It turns out to
be a nonstationary version of the PDDY algorithm proposed
recently (Salim et al, 2020), shown above too. With constant
stepsizes yx = y € (0, 2/Lp), for both the PD30 and PDDY
algorithms, x* and u* converge to some solutions x* and u* of (Eq.
2) and (Eq. 3), respectively; this result was known for # > K11
(Yan, 2018; Salim et al., 2020) and shown for 7 = K| for the
PD30 algorithm in O’Connor and Vandenberghe (2020), but
convergence with # = IK]||? for the PDDY algorithm, as stated in
Theorem 2, is new.

Particular cases of the PD30 and PDDY algorithms, which are
shown above, are the following:

(1) If K = I and 5 = 1, the PD30O algorithm reverts to the
Davis-Yin algorithm (Eq. 4); the PDDY algorithm too, but
with H and R exchanged in (Eq. 4).

(2) IfF=0, the PD30 and PDDY algorithms revert to the forms I
and II (Condat et al., 2019a) of the Chambolle-Pock
algorithm, a.k.a. Primal-Dual Hybrid Gradient algorithm
(Chambolle and Pock, 2011), respectively.

(3) If R = 0, the PD30 and PDDY algorithms revert to the
Loris-Verhoeven algorithm (Loris and Verhoeven, 2011),
also discovered independently as the PDFP20 (Chen et al.,
2013) and PAPC (Drori et al., 2015) algorithms; see also
Combettes et al. (2014); Condat et al. (2019a) for an analysis
as a primal-dual forward-backward algorithm.

(4) If F =0 in the Davis-Yin algorithm or K=ITand # =1 1in
the Chambolle-Pock algorithm, we obtain the
Douglas-Rachford algorihm; it is equivalent to the
ADMM, see the discussion in Condat et al. (2019a).

(5) If H = 0, the PD30 and PDDY algorithms revert to the
forward-backward algorithm, aka. proximal gradient descent.
The Loris-Verhoeven algorithm with K = I and # = 1, too.

2.2 Convergence Analysis
We first give convergence rates for the PD30O algorithm with
constant stepsizes.
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Theorem 1. (convergence rate of the PD30O algorithm). In the
PD30 algorithm, suppose that y. =y € (0,2/Lg) and n >||K|*. Then
** and o converge to some solutions x* and u* of (2) and (3),
respectively. In addition, suppose that H is continuous on an open
ball centered at Kx*. Then the following hold:

() W) - (x*) =o(1/VEk).

Define the weighted ergodic iterate x* = ﬁzzc:lixi, for every
k = 1. Then

(i) ¥ (X)) - ¥ (x*) = O(L/k).

Furthermore, if H is L-smooth for some L > 0, we have a faster
decay for the best iterate so far:

(iii) irllink\y(x") -V (x*) = o(1/k).

Proof. The convergence of x* follows from Davis and Yin, 2017,
Theorem 2.1 and the convergence of u* follows from the one of
the variable u’g = (zF - xﬁ)/y in the notations of Davis and Yin
(2017). (i) follows from Davis and Yin, 2017, Theorem 3.1, using
the following facts; first, in this theorem, the function corresponding
to H is supposed to be Lipschitz-continuous on a certain ball,
but since the rate is asymptotic and Kx* — Kx*, it is sufficient to
consider the property around Kx*; second, it is well known that if a
convex real-valued function is continuous on a convex open set, it is
Lipschitz-continuous on every compact subset of this set (Unknown
author, 1972); third, if H is continuous, H is continuous too. (i)
follows from Davis and Yin (2017), Theorem 3.2 and (iii) follows
from Theorem D.5 in the preprint of Davis and Yin
(2017). O

Theorem 1 applies to the particular cases of the PD30O
algorithm, like the Loris-Verhoeven, Chambolle-Pock,
Douglas—-Rachford algorithms. Our results are new even for them.

Remark 1. We can note that the forward-backward algorithm
K = proxyR(xk - yVF(xk)), which is a particular case of the
PD30 algorithm when H = 0, is monotonic. So, the best iterate so
far is the last iterate. Hence, Theorem 1 (iii) yields Yk - P(xt) =
o(1/k) for the forward-backward algorithm.

For the PDDY algorithm, we cannot derive a similar theorem,
since R is not continuous around (x*, 0). Still, we can establish
convergence of the variables:

Theorem 2. (convergence of the PDDY algorithm). In the PDDY
algorithm, suppose that y = y € (0, 2/Ly) and n >|K|. Then x*
and x% both converge to some solution x* of (Eq. 2), and u*
converges to some solution u* of (Eq. 3).

Proof. The convergence of x* and x% to the same solution x* of
(Eq. 2) follows from Davis and Yin, 2017, Theorem 2.1. The
convergence of the variable ulg = (2F - xﬁ)/y, in the notations of
Davis and Yin (2017), implies in our setting, according to (6), that
K*u* and C*u* both converge to some elements. But since u* =
KK*u* + CC*u¥, uF converges to some element 1" € U. Finally, we
have x* = prox,g(x* — yVF(x*) — pK*u*), so that 0 € OR(x*) +

Distributed Proximal Splitting Algorithms

VE(x*) + K*u*, and u” = PrOXg/(yy) (u" + y—anx*), so that Kx* €
(8H)_l(u*). Hence, u* is a solution to (Eq. 3). a

We now give accelerated convergence results using
varying stepsizes, when F or R is strongly convex; that is, yp
+ ur > 0. In that case, we denote by x* the unique solution
to (Eq. 2).

Theorem 3. (convergence rate of the accelerated PD30O
algorithm). Suppose that yg + pr > 0. Let k € (0, 1) and y, €
(0, 2(1 — k)/Lp). Set y; = yo and

a “YVibipK + Yk\/(VkliFK)z + 142y,
Vi1 = 1+ zyk!’{R

, foreveryk=>1.

7)

Suppose that 1 >||K||*. Then in the PD30 algorithm, there exists
co > 0 (whose expression is given in Section 5) such that, for every k
>1,

2
Ik — P < — YR = O (1K),
1= Yotk
Proof. This result follows from Davis and Yin, 2017, Theorem 3.3,
stated for convenience as Lemma 1 in Section 5. |

Note that with the stepsize rule in (Eq. 7), we have k y; — 1/
(ppx + pg) as k — + 00, so that y, = O(1/k) and yy,1/yx — 1. Also,
when F = 0, Lg can be taken arbitrarily small, so that we can
choose any y, > 0.

Theorem 3 is new for the PD30 and Loris-Verhoeven
algorithms, but has been derived in O’Connor and
Vandenberghe (2020) for the Chambolle-Pock algorithm.
For the forward-backward algorithm, strong convexity
yields linear convergence with constant stepsizes, so this
nonstationary version does not seem interesting.

Concerning the PDDY algorithm, H is not necessarily
strongly convex, even if H is. So, we only consider the case
where F is strongly convex. As a consequence of Lemma 1, we get:

Theorem 4. (convergence rate of the accelerated PDDY
algorithm). Suppose that up > 0. Let k € (0, 1) and y, € (0, 2(1
— k)/Lg). Set y1 = yo and

Ve = ~Vitek + i\ (Vpptpk)’ +1,  foreveryk>1.  (8)

Suppose that 1 >||K|[% Then in the PDDY algorithm, there exists ¢,
> 0 (whose expression is given in Section 5) such that, for every k > 1,

2
Ik = X2 — e = O (1K)
1= Yinbek

Moreover, if n > K13, IIxII‘2 - x> = O(1/k?) as well.

Finally, we consider the case where, in addition to strong
convexity of F or R, H is smooth; in that case, the algorithms with
constant stepsizes converge linearly; that is, as a consequence of
Lemma 2, we have:

Theorem 5. (linear convergence of the PD30 and PDDY
algorithms). Suppose that pup + pur > 0 and that H is Ly-
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smooth, for some Ly > 0. Let x* and u* be the unique solutions to
(2) and (3), respectively. Suppose that y;, =y € (0, 2/Lg) and n
>||K||*. Then the PD30 algorithm converges linearly: there exists p
€ (0, 1] such that, for every k € N,

< (1-p)" (Ilyg’ -2+ yVF (x9) = yK (@’ = w)l?
2l = w P = YUK (= u)]?).

||xk+1 _

The PDDY algorithm converges linearly too: there exists p € (0, 1]
such that, for every k € N,

ek =217 < 4(1 = p) (llacg = o + yK* (0 = w)|?

+y7 7l — w*|? = PPIK* (u® = ut)]P).

Linear convergence of the other variables in the algorithms can
be derived as well, see Proposition 1. Lower bounds for p can be
derived from Theorem D.6 in the preprint version of Davis and
Yin (2017). We don’t provide them, since they are not tight, as
noticed in Remark D.2 of the same preprint. For instance, for the
PDDY or Loris—Verhoeven algorithms with yp > 0,

_ vee (2= yLe)
(1 + yyLy)*

If H = 0, by setting Ly; = 0, we get p = yup(2 — yLp). But then the
PDDY algorithm reverts to the forward-backward algorithm, for
which it is known that 1 — p = (1 - pu,)* whenever p < 2/(Lg +
ur), which corresponds to the larger value p = yup(2 — yug).

We emphasize that linear convergence comes for free with the
algorithms, if the conditions are met, without any modification.
That is, there is no need to know g, pg, Ly, since the conditions on
the two parameters y and # do not depend on these values. For the
particular case of the Chambolle-Pock algorithm, as pointed out in
O’Connor and Vandenberghe (2020), this is in contrast to existing
linear convergence results (Chambolle and Pock, 2016a), derived
for a modified version of the algorithm, which depends on these
values.

3 DISTRIBUTED PROXIMAL ALGORITHMS

We now focus on the more general problem (Eq. 1) and we derive
distributed versions of the PD30 and PDDY algorithms to solve
it. For this, we develop a lifting technique: we recast the
minimization of R(x)+ ﬁZle (Fp(x)+ Hp (Kpx)) as the
minimization of

R(%) + F (%) + H(K%),
as follows. Let (w,,)_, be a sequence of positive weights, whose
sum is 1; they can be used to mitigate different ||K,,,|, by setting
W o< VK, lI% or different Lg,,, by setting wy, ocL%m, as a rule
of thumb.

We introduce the Hilbert space X' = X x ---
endowed with the inner product

x X (M times),

M
g (B2 Y 0 X,

Distributed Proximal Splitting Algorithms

and the Hilbert space U=uU 1 X +=+ X U1, endowed with the inner

product
, M
Codgt @ii) > Y @ttty
m=1
Furthermore, we introduce
K:x= (xm) ) GXH(lel,...,KMxM)EU, and the

functions 1_: X € X—{0 if x, = -
R xe f(HR(xl)ﬂ (x), H:aelU—i¥™ H,(4,), and
FixeXw MZ 1Fm(xm). We have to be careful when
defining the gradlent and proximity operators, because of the
weighted metrics; see in Section 6 for details.

Doing these substitutions in the PD30 and PDDY algorithms, we
obtain the new Distributed PD30 and Distributed PDDY
algorithms, shown above. Their particular cases, also shown
above, are the distributed

= Xp, + 00 otherwise,

Distributed PD30O Algorithm

input: (7;)en, 7 > HKH2 (Wm)% 1

(Qm)zw 1 6 X]w ( m) E Z/{

initialize: a0, = ¢0, — K fn ms> M
for k =0, 1 d0

at master, do
k+1

=1.M

= prOXwR(M Z% 1 aﬁ@)

broadcast 2%*1 to all nodes

at all nodes, form =1,..., M, do
k+1 . — Afuhn k+1 VF ( ]C-i-l)

QTIZ Vk41 N

+1 _

Um = PYOXMw, Hy, /(Y 417) (um
1 Mw k+1 k+1 k
EK ( »ykm +q - Qm))

m

k+1 — K*u k+1

- QTTL m TTL
transmit a1 to master
end for

k+1

Distributed Loris—Verhoeven Algorithm

input: (yi)gen. 1 > HKH2 (wm) =1

(Qm)m 1 € X]w ( ) 6 Z/{
initialize: a0, = ¢0, — K;‘n me = 1..M
fork:0,1,...d0

at master, do

k41 . M k
x N T % m=1m
broadcast 2% to all nodes

at all nodes, form =1,..., M, do

qianrl Mwm, l<:+1 VF ( k+1)

’Yk+1

Ut 1= DYOXN 15, () (U
+ %}Km(]\/{yim P + qk—H qfn))
bt = gkl g gl
transmit aiﬁj’l o master
end for
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Davis-Yin algorithm when K,

=0.

Distributed PDDY Algorithm

lnput ('Yk)keN’?? > [|K[2, (wm) s,
2% e X, ( 0)M_ 6 u

initialize: p?, := K;';L =1,..M

for £ =0,1,..

at all nodes, for m=1,.
k+1

., M, do
_ k
W prOX]WWmHm/('YkW) (um
Wm k
+ Knxh
pk—‘rl K* k+1
m
k‘+1 k Ve (pk+1 k
=Ip — Muwm, (pm pm)

afn ]\mexk"+1 — Vo1 V Fp (241

+1
- 7k+1pm
transmit CL to master

at master, do
k+1 . 1 M k
Tp = prOX7k+1R(M’ Zmzl am)

broadcast xlgl to all nodes
end for

Distributed Davis—-Yin Algorithm

input: (v )ken, (sh)_; € XM, (wn)d
for k=0,1,...do
at master, do

kL M k
L prox, g(SM wish)
broadcast 2" 1! to all nodes
at all nodes, for m = , M, do

k+1 = prOX’YkJrle/(]\/[wWL) ((1 T %)

k+1 O Ok+1 ko k41 k+1
o Sm MmeFm(x ))
k+1 . k+1 Ye+1 (K k+1

Sm

transmit sk“

end for

to master

We can easily translate Theorems 1-5 to these distributed
algorithms; the corresponding theorems are given in Section 6. In
a nutshell, we obtain the same convergence results and rates with
any number of nodes M > 1 as in the non-distributed setting, for
any y, € (0,2/Lz) and > IK|1%, where L; and K are detailed in
Section 6. Hence, to our knowledge, we are the first to propose
distributed proximal splitting methods with guaranteed, possibly
accelerated, convergence, to minimize an arbitrary sum of

= I and 7 = 1, the distributed
Loris—Verhoeven algorithm when R = 0, the distributed
Chambolle-Pock algorithm when F,, = 0, the distributed
Douglas-Rachford algorithm when F,, = 0, K,,, = and 5 = 1,
the (classical) distributed forward-backward algorithm when H,,,

Distributed Proximal Splitting Algorithms

smooth or nonsmooth functions, possibly composed with
linear operators.

Distributed Chambolle-Pock Algorithm

input: (7)ien. 1 > K12 (wm) iy
z0 € X, (u )M 1eu
initialize: a0, == K*ul,m=1,..,.M
for k =0, 1 d
at master, 'do
phtl .

ko N~M k
= prOXVkR(‘r M 2om=1 am)

broadcast z# 1! to all nodes
at all nodes, form =1,..., M, do
k-‘rl k
- prox]V[WrnHm/(“/k+1’l) (
]\4wm 1 k1l 1k
+ Km((’Yk + ‘/k+1)$ %Y ))
k+1 K* k+1

transmlt ak+1 to master
end for

Distributed Douglas—Rachford Algorithm

. . M M M
input: (7;)ren, (Wm)pm—1» (321)771:1 edX
for k=0,1,...do
at master, do
okt M k
= prOX'ykR( Zm:l wmsm)
broadcast 2% 1! to all nodes

at all nodes, form =1,..., M, do
k+1
- prOX“/kﬂHm/ (Mwm)
Ve+1\ . k+1 _ Yk+1 Kk
((1 T Yk ) Vi Sm)
k:+1 karl + Vk41 (an _ xk+1)
Vi
transmit %1 to master
end for

Distributed Chambolle-Pock Alg. Form I1

inpllt' (V&) keNs 77 > ||K||2 (wm)M_4,
2% e, (w)M_ e u
for k =0,1,. do

at all nodes for m=1,...,M, do
k 1. k
+ prOX]\/[mem/ (v&m) (um

Zme
- YN L )

af, = Mwme - K} (('Yk + Vi) ul
k
- Vkum)
transmit a®, to master
at master, do

oL 1M K
Tp = prOX‘/kHR(]\l Zm 1 am)
broadcast 2" R 1 to all nodes
end for
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Distributed Forward-Backward Algorithm

input: (v )gen, 21 € X
fork=1,2,...do
at all nodes, form =1,..., M, do
ak =V E,,(a%)
transmit a®, to master
at master, do
.’L’k+1 :

— ok e M k
- pIOXVkR('I’ - M Zum=1 am)

broadcast z* 1! to all nodes
end for

4 EXPERIMENTS

4.1 Image Deblurring Regularized With Total

Variation

We first consider the non-distributed problem (Eq. 2), for the
imaging inverse problem of deblurring, which consists in restoring
an image y corrupted by blur and noise (Chambolle and Pock,
2016a). So, we set

1
F: xHEIIAx —y||2,

where the linear operator A corresponds to a 2-D convolution
with a lowpass filter, with Lr = 1. The filter is approximately
Gaussian and chosen so that F is yp-strongly convex with pyp =
0.01. y is obtained by applying A to the classical 256 x 256
Shepp-Logan phantom image, with additive Gaussian noise. R =
19 enforces nonnegativity of the pixel values. H’K corresponds to
the classical ‘isotropic’ total variation (TV) (Chambolle and Pock,
2016a; Condat, 2017b), with H = 0.6 times the /; , norm and K the
concatenation of vertical and horizontal finite differences.

We compare the nonaccelerated, i.e. with constant y;, and
accelerated versions, with decaying yy, of the PD30, PDDY and
Condat-Vu algorithms. We initialize the dual variables at zero
and the estimate of the solution as y. We set yo = 1.7, k¥ = 0.15,
n=2=8 >|K|? (except for the accelerated Condat-Vi algorithm
proposed in Chambolle and Pock (2016b), for which # = 16 and
y = 0.5).

The results are illustrated in Figure 1 (implementation in
Matlab). We observe that the PD30 and PDDY algorithms have
almost identical variables: the pink, red, blue curves are
superimposed; we know that both algorithms are identical and
revert to the Loris—Verhoeven algorithm when R = 0. Here R # 0
but the nonnegativity constraint does not change the solution
significantly, which explains the similarity of the two algorithms.

Note that x* in the PDDY algorithm is not feasible with
respect to nonnegativity, and the red curve actually shows
F(xXM) + H(Kx*) — ¥(x*). In the nonaccelerated case, ‘I’(xk)
decays faster than O(1/k) but slower than O(1/k?*), which is
coherent with Theorem 1. The same holds for |[lx* -
X P <2 (¥ () =¥ ().

Distributed Proximal Splitting Algorithms

The accelerated versions improve the convergence speed
significantly: W) and ||x* - x*|? decay even faster than o(1/i),
in line with Theorem 3 and Theorem 4. In all cases, the Condat-Vi
algorithm is outperformed. Also, there is no interest in considering the
ergodic iterate instead of the last iterate, since the former converges at
the same asymptotic rate as the latter, but slower.

4.2 Image Deblurring Regularized With
Huber-TV

We consider the same deblurring experiment as before, but we
make H smooth by taking the Huber function instead of the /;
norm in the total variation; that is, A|-| in the latter is replaced by

—t if

Ai-2)

2
for some v > 0 and A > 0 (set here as 0.1 and 0.6, respectively). We
can also write h without branching as
h(t) = %max(v— [£],0)% + A (J¢] - 3). It is known that h is Lj-
smooth with L, = A/v. For any y > 0 and t € R, we have
prox, () = t/ max ([t|/A, 1 + ﬁ). Except for H, everything is
unchanged.

The results are illustrated in Figure 2. Again, the PD30 and
PDDY algorithms behave very similarly; they converge linearly,
as proved in Theorem 5, and achieve machine precision in finite
time. x* in the PDDY algorithm is not feasible and F(x¥) + H(KxX")
— ¥(x*) (red curve) takes negative values (not shown in log scale);
s0, xk is the variable to study in this setting. We tested the
‘accelerated’ versions of the algorithms with decaying yy, but in
this scenario, they are much slower and not suitable. Again, the
Condat-Vii algorithm is outperformed and the ergodic sequences
converge much slower. Interestingly, the image x* is visually the
same with TV and with Huber-TV.

[t <,

otherwise,

4.3 SVM With Hinge Loss

Here we consider Problem (Eq. 1) in the special case with
X =R? for some d > 1, F,, = 0, and K,, = [; that is, the
problem of minimizing

M
W)= Y H ()4 R(). ©)

In particular, to train a binary classifier, we consider the
classical SVM problem with hinge loss, which has the form
(Eq. 9) with R(x) = %lellz, for some « > 0, and
H,, (x) = max(1 — bma,Tnx, 0), with data samples a,, € R? and
bne{-1,1}

For any y > 0 we have prox,g(x) = x/(1 + ya). We could view
the dot product x — b,,al x as a linear operator K,,,, but it is more
interesting to integrate it in the function H,,. Indeed, as is perhaps
not well known, the proximity operator of H,, has a closed form:
for any y > 0,

b
prox,m, : x € R?— x — " max (min (b,a’ x — 1,0), -7, ) am,

m
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— O(1/k)
— — O(1k?)

Condat-Vu

— - —- Condat-Vu ergodic

— — accelerated Condat-Vu
PDDY

PDDY xR

— - — - PDDY ergodic

— — accelerated PDDY
PD30

— - —- PD30 ergodic N\
— — accelerated PD30O

10° 10° 102 108 104

100+

U(xF) — W(2*) w.rt. # iterations

FIGURE 1 | Convergence error, in log-log scale, for the experiment of image deblurring regularized with the total variation, see Section 4.1 for details.

— O(1/k)
— — O(1/k?)

100+ Condat-Vu

— — accelerated Condat-Vu
PDDY

PDDY xR

— — accelerated PDDY

— — accelerated PDDY xR ~

PD30 N q
— — accelerated PD30 ~

10° 10° 102 108 104

105+

*||? w.r.t. # iterations

||xk —x

where 7, =ala, = |anl>. Thus, we use the Distributed
Douglas-Rachford algorithm, a particular case of the distributed
PD30O and PDDY algorithms. Since R is a-strongly convex, we
also use the accelerated version of the algorithm with varying
stepsizes, like in Theorem 3. We can note that in the context of
Federated learning (Konec¢ny et al., 2016; Malinovsky et al.,
2020), where each m corresponds to the smart phone or
computer of a different user with its own data (a,, b,,)
stored locally, the problem is solved in a collaborative way
but with preserved privacy, without the users sharing their data.

The method was implemented in Python on a single machine
and tested on the dataset ‘australian’ from the LibSVM base
(Chang and Lin, 2011), with d = 15 and M = 680. We set w,,, = 1/
M, a=0.1,yy = 0.1, and we used zero vectors for the initialization.
The results are shown in Figure 3. Despite the oscillations, we
observe that both the objective suboptimality and the squared
distance to the solution converge sublinearly, with rates looking
like 0 (1/+k ) and O(1/k?) for the nonaccelerated and accelerated
algorithms, respectively, as guaranteed by Theorem 1 and
Theorem 3. The proposed accelerated version of the
distributed Douglas-Rachford algorithm yields a significant
speedup.

5 DERIVATION OF THE ALGORITHMS

In this section, we give the details of the derivation of the PD30
and PPDY algorithms, and their particular cases, to solve:

minir)}gize F(x)+ R(x) + H(Kx),
XE,

with same notations and assumptions as above. Let 7 >|K|?, let
W be a real Hilbert space and C: W — U be a linear operator,
such that KK* + CC* = nl. We set Q : (x, w) — Kx + Cw. We have
QQ* =yl Let (y;)ken be a sequence of positive stepsizes.

5.1 The Davis-Yin Algorithm

In this section, we state the results on the Davis-Yin algorithm,
which we be needed to analyze the PD30 and PPDY
algorithms.

The Davis-Yin algorithm to minimize the sum of 3 convex
functions F + G + J over a real Hilbert space Z (assuming that
there exists a solution z* such that 0 €VF (z') + 0G(z") + 9] (z"))
is (Davis and Yin, 2017):

Let z) € Z, u, € Z. For k = 0, 1, ... iterate:

A B
1010
105 == 1 T ==z -
Condat-Vu -~
— - — - Condat-Vu ergodic 10° -~
100 | | — — accelerated Condat-Vu Condat-Vu
PDDY — — accelerated Condat-Vu
PDDY xR PDDY
— - — - PDDY ergodic 10710 PDDY xR
1005+H— — accelerated PDDY — — accelerated PDDY
PD30O — — accelerated PDDY xR
— - —- PD30 ergodic PD30
— — accelerated PD30 10—20 L | — — accelerated PD30
10-10 i i | |
10° 10’ 102 108 104 10° 10° 102 108 104
U (xF) — U(2*) w.r.t. # iterations ||z¥ — 2*||? w.r.t. # iterations
FIGURE 2 | Convergence error, in log-log scale, for the experiment of image deblurring regularized with the smooth Huber-total-variation, so that linear
convergence occurs, see Section 4.2 for detalls.

Frontiers in Signal Processing | www.frontiersin.org

January 2022 | Volume 1 | Article 776825


https://www.frontiersin.org/journals/signal-processing
www.frontiersin.org
https://www.frontiersin.org/journals/signal-processing#articles

Condeat et al.

Distributed Proximal Splitting Algorithms

A N\

10° 4 B

107 4

1072 B

1073 -

1074

10-5 4 — O(l/k)
——= O(1/k?)

106 { —— Douglas-Rachford
—— Accelerated Douglas-Rachford

1077

10° 10t 10? 10° 104 10°

W(2F) — W(x*) w.rt. # iterations

¥
B |
AY
\
10° 4 k
1071 4
10—2 4
— O(1/k)
-=- O(1/k?) \
10-3 4 —— Douglas-Rachford Y
—— Accelerated Douglas-Rachford
100 10t 10?2 103 104 10°
* . .
lz* — 2*||? w.r.t. # iterations

FIGURE 3 | Convergence error, in log-log scale, for the SVM binary classification experiment with hinge loss, see Section 4.3 for details.

k k k
zg! = prox,, 6 (2} + y,ug)
1
ug! =ug+ - (z - (10)
k

k+1 _ k+1 k+1 o k+1
Zj —PTOXVMI(ZG = Vints ~ Vi VE (25 )

Equivalently, introducing the variable r*:= z’]‘ +yuks let

re Z. Fork =0, 1, ... iterate:

z’gl = proxykc(rk)

ey = prow (110 Je - ot v

Yk k
K+l _ kil YViwl ok _k+l
r =g e (T -z,
k

(11

Equivalently: let r° € Z. For k =0, 1, ... iterate:

k k
zg! = prox, ¢ (r¥)

1 1 1 -
uk*! = prox, ((V_ + y—)z]gl - y—rk ~ VF (k! > (12)
1 Vi k

k+1 _ _k+1 o Sk+1 k+1
=20 =y VE (26 )_Vk+1“] .

In our notations, Theorem 3.3 of Davis and Yin (2017)
translates into Lemma 1 as follows; we assume that F is
Lz-smooth and pz-strongly convex and that G is pg-strongly

convex, for some Lz >0, yz >0, ug = 0.

Lemma 1. (accelerated Davis-Yin algorithm). Suppose that
Up + g > 0. Let 2* be the unique minimizer of F +G + J; that
is, 0 eVF (2") + 3G (2") + 0] (2"). Let ug; be such that ug, € 0G(2")
and 0€VF(z)+0J(z)+ug. Let « € (0, 1) and
Yo € (0,2(1 = x)/Lg). Set y; = yo and

~Vigk + v () + 1+ 2y,
1+ 2y,

Vi = , foreveryk=>1.

Then, for every k > 1,

2
"Zlgrl _ Z>+||2 < Yi+1 Co = O(l/kz),
L= Yk

where

_ L= yodix
G

Co 26 = 2717 + llug; — ug .

Note that ul, = (r° — z§)/y,.

Linear convergence occurs in the following conditions,
according to Theorem D.6 in the preprint version of Davis
and Yin (2017), which translates into Lemma 2 as follows. We
assume that F is Lz-smooth and y;-strongly convex, G is yc-
strongly convex, and ] is yj-strongly convex, for some Lz >0,
Ui=20, ug > 0, yuy > 0. We consider constant stepsizes yy = y, for
some y € (0,2/Lg).

Lemma 2. (linear convergence of the Davis-Yin algorithm).
Suppose that pgp+ug+y;>0 and that G is Lg-smooth, for
some Lg > 0, or ] is Ly-smooth, for some L; > 0. Let z* be the
unique minimizer of F+G+]J; that is,
0 eVE(z") +0G(2") + 0] (2°). The dual problem of minimizing
(F+ ) (~u) +G (u) overu € Zis strongly convex too; let u*G be
its unique  solution. We have ug;€9dG(z) and
0€eVF(2)+0J(2) +ug. Set 1 =2z +yu; Then, the
Davis-Yin algorithm (Eq. 11) converges linearly: there exists p
€ (0, 1] such that, for every k € N,

I =1 < (1= p) I = I (13)

Loose lower bounds for p are given in Davis and Yin, 2017,
Theorem D.6.
We have the following corollary of Lemma 2:

Proposition 1. (linear convergence of the other variables in the
Davis-Yin algorithm). In the same conditions and notations as in
Lemma 2, we have, for every k € N,
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lzE = 24> < (1= p)[Ir® — r*|?

14
25 - 20 <a(1- )l - PP 1

Also, in the form (Eq. 12) of the algorithm,

~ 4
™ + s+ VE (297 < = (1 - p)lIr® = |
4
and, in the form (Eq. 10) of the algorithm,

1 .
Ikt —ug, | < ?(1 )N (e

Proof. Let k € N. By nonexpansiveness of the proximity operator,
in view of the first line in (Eq. 11), we have IIZIé+1 2 <k =7,
so that (Eq. 14) follows from (Eq. 13). In addition, in view of the
second line in (Eq. 11), we have

25" = 2** < l12(285" = 2%) = (r* = r*) =y (VF (2"
- VE(z)I°
= (z](‘;+1 e N (o Iy g g yVﬁ) (z](‘;+1
- (I-yVF) ()|
= - proxyG)(rk) — (I - prox,g) (r*) + (I - yVl:") (z’g1
- I-yVE) (2

and, by nonexpansiveness of I — prox,¢ and I — yVF,

2
Iz =217 < (Il =l + 128" - 2*1)
<4lrk — )2

Using the same arguments, in view of the second line in (Eq. 12),

~ 1 2
7 ¢ VEEI s (1= 1 - )
4
< —lIrk =)
Y

Finally, as visible in the first line of (Eq. 16), since
k= z}]‘ +yuk, and using the Moreau identity, we have
ut! = proxgy (%z}]‘ +U;) = proxgy (%rk), so that

1
k- 2 k 2
lug — ugll SFIIr -

5.2 The PD30 Algorithm
We set Z=XxW, F, G=R, ] = H, as defined in Section 2.
Doing the substitutions in (Eq. 12), we get the algorithm:

Let s € X and r2 € W. For k =0, 1, ... iterate:

* = prox,, g (s)

1 1 1
uk+1 = ProXp(y, 1’7)<K(( + _)xkﬂ _ _Sk _VF (xkﬂ))/n _ CT’W(VM))
’ Vi Vi Vi

k+1 _ _k+l k+1 > k+1
$T =X =y VEGT) -y K

kel _ ¢kt
T = Ve Cuw .

We can remove the variable ,, and the algorithm becomes: Let
e Xand u® €Y. For k =0, 1, ... iterate:

Distributed Proximal Splitting Algorithms

x*! = prox,, z (s)

1 1 1 1 1
u**! = proxyy, (—K(( + —)xk*l - k- VF(xk“)> + 7CC*uk)
V)
n Ve Yk Yk n

k+1 _ k+1 k+1 * o k+1
=y VE () -y K

After replacing CC* by #I — KK*, the iteration becomes:

x*! = prox,, z (s")

1 1 1 1
U = prOXH*/(yM”(uk + ﬁK<(y + ?)xkﬂ _ ?Sk _ VF(xk+1) _ K*uk))
k+1 k 3

k+1 _ _k+1 k+1 st e+l
s =X - YkHVF(x ) - kaK u N

We can change the variables, so that only one call to VF and K*
appears, which yields the algorithm: Let q° € X and u® € Y. For
k=0,1,... iterate:

XKL = proxykR(yk (g - K*uk))

1
qk+1 — _xk+1 _VF (xk+1)
Vi1

1 1
uk+1 — pI’OXH*/(},qu)(uk + 5K<—xk+1 + qk+1 _ qk)>

Yk

When yy, = y is constant, we recover the PD30 algorithm (Yan,
2018).

To derive Theorem 3 from Lemma 1, we simply have to notice
that the variable z&'! in the latter corresponds to the pair (x*1,0).
Also, in the conditions of Theorem 3, let u* be any solution of
(Eq. 3); that is, u* € OH(Kx*) and 0 € OR(x*) + VF(x*) + K*u*.
Then the constant ¢ is

1- 1 .
co = — PRt st 4 g - —x' — K (u® — u*) + VE ()P
0 Yo

+llu® - wt? = 1K (u® - w)).

If K=1and n = 1, the PD30 algorithm reverts to
the Davis-Yin algorithm, as given in (Eq. 4). In the conditions
of Theorem 3, let u* be any solution of (Eq. 3); that is, u* € 0H(x*)
and 0 € OR(x*) + VF(x*) + u*. Then the constant ¢ is

1- K 1
co = %ux1 — P+ = (0 = )+t + VE (). (15)
0 0

5.3 The PDDY Algorithm
The PDDY algorithm is obtained like the PD30O algorithm
from the David-Yin algorithm, but after swapping the roles of
H and R.

To obtain the PDDY algorithm, starting from (Eq. 10), let us
first write the Davis-Yin algorithm as: Let z) € Z and uf, € Z.
For k=0, 1, ... iterate:

1
k+1 _ k k
MG = prOXG*/yk<y—Z] + uc>
k

k+1 _ _k k+1 k
zg =z;—y (g —ug)

k+1 _ k+1 _ (k1Y _ k+1
z; = PrOkaHI(ZG Ve VE(267) = Vit )
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Equivalently: Let r° € Z. For k =0, 1, ... iterate:

u’gl = ProXgy, (rk/yk)
kel _ Lk k+1
Zg - _qu(;k =k k (16)
1 1 1 1
ZJ+ = proXYk+|](zG+ = Vin VE(257) = Vet )

k+1 _ _k+1 k+1
r —Z] +yk+1uG.

Weset Z=XxW,F,G=H, J =R, as defined in Section 2.
Doing the substitutions in (Eq. 16), we get the algorithm: Let
0 eX, r e W Fork=0,1,... iterate:

! = proxH»/(M)( (Kr’; + Cr’;)/(ykq))
xk+1 — rl; _ yka-uk-H

k+1 _ k+1 k+1 %, k+1
Xp = pI‘OkaHR(X - Yk+1VF('x ) - YkHK u )

k+1 _ k+1 %, k+1
rzl = Xy +y,mK u

+1 __ * +
"o = Ve Cu.

We can remove the variable r,, and rename r, as s:

ukt = prOXH*,(M)(Ksk/(ykn) + CC*uk/n)
xk+1 — 5k _ ykK*uk“
xl}?l = pI'OkaHR(ka - kaVF(ka) - Vk+1K*uk+l)

k+1 _ k+1 k+1
N =X .

+ Yk+lK*u
The algorithm becomes: Let s° € X, u® e Y. For k=10, 1, ...
iterate:

ukt = proxH*,(M)(uk + K (s, - K*uk)/ﬂ)

xk+1 — Sk _ VkK uk+1

k+1 _ k+1 k+1 %, k+1
Xy = proxyMR(x — Y VE (X)) =y K¥u )
k+1 _  k+1 *, k+1
ST =xp Ay Kut

Equivalently: Let x% € X, u® € U. For k = 0, 1, ... iterate:

ukt = proxH*/(ykq)(uk + Kxﬁ/(ykn))

xk+1 — xl; _ ykK* (uk+1 _ uk)

k+1 _ k+1 _ k+1y _ g k1
Xy —proxykﬂR(x Vi1 VE (7)) =y K*u )

We can write the algorithm with only one call of K* per
iteration by introducing an additional variable p: Let x% € X,
u® eU. Set p° = K*u°. For k = 0, 1, ... iterate:

1
utt = proxH»/(ykn)<uk + MKxﬁ)
k

pk+l — K*uk+1

k+

A==y (P - P

k+1

xk PI‘OkaHR(ka _ ,kaVF (xk+1) _ YkHPkH)'

When y; = y is constant, we recover the PDDY algorithm
(Salim et al., 2020).

Let us now derive Theorem 4 from Lemma 1. The variable z’gl
in the latter corresponds to the pair (xkH1, ka*(uk —ukhy), so
that |25 - z'||* becomes

Distributed Proximal Splitting Algorithms

It = I + ly, C* (= W)
— ||xk+1 _ x*"2 + yi(CC* (uk _ uk-v—l),uk _ uk+1>
— ||xk+1 _ x*"2 + y12<<(’7[ _ KK*) (uk _ uk+1),uk _ uk+1>

= I = XTI+ il = P - R IK W - dEI (17)

Therefore, in the conditions of Theorem 4, let u* be any
solution of (Eq. 3); that is, u* € 0H(Kx*) and 0 € OR(x*) + VF(x*)
+ K*u*. Then the constant ¢, is

1- K
co = 7@“ (" = 17 + yanllu' = w1 = y3IK* (u' = u))?)
0

+ 11||u1 —ut*

The last statement in Theorem 4 is obtained as follows. First,
for every k > 1, xk=x"'-y K (uF-u*"), so that
g = X1 <20 = XTI + 20K IPlly, (u* = w2, Second,
from (Eq. 17), [x**' — x*|* = O(1/k*) and (17 - IKI*)lly; (u* —
uEDI2<y2(n T-KK) @k - uF*h),uk — 1y = O (1/k%). So,
assuming that # > K%, Ika(uk - uk“)ll2 = O(1/k?). Hence, IIxII‘2 -
x| = 0(1/k).

If K=1and = 1, the PDDY algorithm reverts to the
Davis-Yin algorithm, as given in (Eq. 4), but with R and H
exchanged. In the conditions of Theorem 4, let u* be any solution
of (Eq. 3); that is, u* € 0H(x*) and 0 € OR(x*) + VF(x*) + u*. Then
the constant ¢, is
o = LI e (0 ) -

0 0

This is the same value as in (Eq. 15), corresponding to the
Davis-Yin algorithm, viewed as the PD30O algorithm, with R and
H exchanged. Indeed, u* is defined differently in both cases; that
is, with the exchange, u* € dR(x*) in (Eq. 15).

5.4 R = 0: The Loris-Verhoeven Algorithm
If R = 0, the PD30 algorithm becomes: Let q° € X and «° € I{.
For k =0, 1, ... iterate:

xk+1 =y, (qk _ K*uk)

qk+1 — ka‘#l _VE (xk+1)
Vi1 (18)

1 1
uk+1 — prOXH*/(yk”q)(uk + EK<y_xk+l + qk+l _qk>),
k

whereas the PDDY algorithm becomes: Let x5 € X, u® € U. Set p°
= K’ For k=0, 1, ... iterate:

1
k k k
U = prOxH»/(ykﬂ)<u + ﬁKxR>
k

pk+l _ K*uk+1

k

+1 _ k Je+1
X = xp =y (p

— Pk)
1

k+1 _ . k+1 k+1 k+
Xp =X —kaVF(x )_Yk+1p .

Equivalently,
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1

Uttt = proxH»/(M)(uk + ﬁK(xk — 7. VF (x%) - ykK*uk)>
K

xk+1 — xk _ kaF (xk) _ ykK*ukH,

or:

1
qk+1 — _xk _ VF(xk)
Yk

1 .
k! = proxH*/(ykﬂ)<uk + WK(yqu*1 -y.K uk))
k

k

+1 _ k+1 * o k+1
XU Eng —nKu,

which is equivalent to (18). So, when R = 0, both the PD30O and
PPDY revert to an algorithm which, for yy y, is the
Loris-Verhoeven algorithm (Loris and Verhoeven, 2011;
Combettes et al., 2014; Condat et al., 2019a).

Let u* be any solution of (Eq. 3); that is, u* € 0H(Kx*) and 0 €
VF(x*) + K*u*. In the conditions of Theorem 3, ¢y is:

1- K 1
@ = B P g - K - )
0 0

+ VE ()P + 1l =o' |7 - IK (@ — w1

On the other hand, in Theorem 4,

1- K
co = — DR (Il — P + gl — P - IR (! = uO)PP)
0

+ 17||u1 —u|*

It is not clear how these two values compare to each other.
They are both valid, in any case.

5.5 F = 0: The Chambolle-Pock and
Douglas-Rachford Algorithms

If F = 0, the PD30 algorithms reverts to: Let x* € X and u® € U.
For k =0, 1, ... iterate:

k

X = proxykR(xk - ykK*uk)

1 1 1 1
Ukt = PTOXH*/(ykM)(uk + —K((— + _)xk+l _ —Xk>>.
n Yier Yk Y

For yx = v, this is the form I (Condat et al., 2019a) of the
Chambolle-Pock algorithm (Chambolle and Pock, 2011).

In the conditions of Theorem 3, let u* be any solution of
(Eq. 3); that is, u* € 0H(Kx*) and 0 € dR(x*) + K*u*. Then the
constant ¢q is

1 1
o= Fllx1 =P+ l— (x° = x) = K* (0 — )P + gl — )
0 0

— K" (° = w9

On the other hand, if F = 0, the PDDY algorithm reverts to: Let
x% e X, ul el Set p° = K*u’. For k=0, 1, ... iterate:

Distributed Proximal Splitting Algorithms

k+

1 K, L k
U = proxg |l ¥+ ﬁKxR
k

pk+l — K*Mk+1
= xf -y (P - pY)

k+1 _ k+1 k+1
Xp = pI‘OkaHR(X = Yk P )’

xk+1

which can be simplified as: Let x% € X, u® e . For k=0, 1, ...
iterate:

1
e proxH*,(ykq)<uk + MKxﬁ)
k

k+1 _ k _ % k+1 _ k
Xp = ProxymR(xR K ((Yk + Ve U Vil ))’
knowing that we can retrieve the variable x* as x**! = xk -

ykK* (uk+1 _ uk).

For yx = y, this is the form II (Condat et al., 2019a)
of the Chambolle-Pock algorithm (Chambolle and Pock,
2011).

Note that with constant stepsizes, the Chambolle-Pock form
II can be viewed as the form I applied to the dual problem. This
interpretation does not hold with varying stepsizes as in
Theorem 3: the stepsize playing the role of y; would be 1/
(y«xn), which tends to + oo instead of 0, so that the theorem does
not apply.

Note, also, that Theorem 4 does not apply, since F = 0 is not
strongly convex. Finally, if the accelerated Chambolle-Pock
algorithm form I is applied to the dual problem, our results
do not guarantee convergence of the primal variable x* to a
solution. So, we cannot derive an accelerated Chambolle-Pock
algorithm form II.

If K=1U = X and 5 = 1, the Chambolle-Pock algorithm form
I becomes the Douglas-Rachford algorithm: Let x° € X' and
u’ e X.Fork=0,1, ... iterate:

),
Y

We can rewrite the algorithm using only the meta-variable s* =
K~y Let s° € X. For k = 0, 1, ... iterate:

xk

k

X = prox},kR(xk - ykuk)

1 1
" = proxye, | uf+ [ —+ — &< -
Ve
Yierr Vi

1 - proxykR(sk)

1 1
u*! = proxpr, ((; * y—k>xk“ -
+1

k+1 _ k+1 k+1
s =

Using the Moreau identity, we obtain: Let s° € X. Fork=0, 1,

... iterate:
Kkt = proxykR(sk)
k+1 Y k1 Yie1 k
Xy = Pproxy, H((l + —>x - == )
! Yk Vi (19)
S = kel g Vi1 (s5 = x*),

k
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and for yx = 7y, we recognize the classical form of
the Douglas-Rachford algorithm (Combettes and Pesquet, 2010).
In the conditions of Theorem 3, let u* be any solution of (Eq.
3); that is, u* € 0H(x*) and 0 € OR(x*) + u*. Then the constant
Co is
_ 1 1 *||2 1 0 1 112
co=5lx —x* "+ —=(s"=x)+ul.
0 0
On the other hand, if K=1, Y = X and # = 1, the Chambolle-
Pock algorithm form II becomes: Let x% € X,u’ € Y. Fork=0, 1,
. iterate:

1
uk = proxH»/yk<uk +—xk
Yk

k+l _ k+1 k)

x A
kel k kel
xR = proxkaR(x AT Vo )
Using the Moreau identity, we obtain: Let x% € X, u € U. For
k=0,1,... iterate:

k+1 k k
X = proxy, y(xp + yu)
uk+1 _ uk + (x]}(z k+1)/yk

kel _ K+l k+1
XR prOkaﬂR(X Yin¥ )

Introducing the meta-variable s* = x% + y,u¥, we obtain: Let

®e X. Fork=0,1,... iterate:
Xk = proxka(sk)
i = PrOkaHR((l " Yk+1> Kk Vkﬂsk)
Yk Yk
Sk+1 ];{+1 4+ Dt yk+1 ( k _ k+1).
Yk

Thus, we recover exactly the Douglas-Rachford algorithm
(Eq. 19), with R and H exchanged.

6 DERIVATION OF THE DISTRIBUTED
ALGORITHMS

6.1 The Distributed PD30O Algorithm and its

Particular Cases
Let us adopt the notations of Section 3 and precise the different
operators. The gradient of F in X is

VF (%) :<

1 N
F ,——VF , x € X.
Mo 1V 1(x1), . " Man M(xM)> Vx €

We define the linear subspaceS ={xeX: xp == =xyh F
is Ly-smooth, with L = max,,3; F'" . But since VF is apphed to an
element of S in the algomhms we can weaken the condition on

Lz >0 to be: foreveryx—(x)mleSandx (x)MleS
N A2 1
IVF (%) = VE(x)Ily = mZ:1 wm"M—meFm(x) -
<z - %1% = Llx - x|

Distributed Proximal Splitting Algorithms

That is, L is such that, for every (x,x') € X2,

1 ¥ 1
—IIVF,, (x)
-1 Wm

N2 2 1|2
e = VE, (X" <Lgllx - x'17. (20)

Notably,

h

2
Fm
Wi

2 1 S
LF:WZ

satisfies the condition. R
The adjoint operator of K is
K*die Z;{H(Kjul, ... ,KLMM) e X.
Thus,
IKIE = 1K Kl = max, | K| 21
But if F; = --- = Fp;, we can restrict the norm to S and
IKI? = supg.s (%, KM*KJ?)X/IIXIIE

= Sup,.cy <% . WK, K /|x|

m=1

—IIZmeK Il

m=1

(22)

which is <YM @, I K,nll*.

For any ¢ > 0, we have Prox;: x—(x',...,x"), where x' =

pI'OX(R(Zm 1WmXm) and ProXgs: 4= (ProX¢r,/ (Maw,)
(ul) prOX(HM/(MwM) (uM)) We also have

Zm H,, (Mwmum) and prox(H e (Mw prox(Mwl
(Mwiuy), . ..,Mw T PTOX My H,, (Mwprupr)).

By doing all these substitutions in the PD30 algorithm, we
obtain the distributed PD3O algorithm, and all its particular
cases, shown above. Theorem 1 becomes Theorem 6 as follows.
The objective function is ¥: x € X+ R(x) + ﬁZfﬂ (F, (x) +
Hy (Kppx)).

Theorem 6. (convergence rate of the Distributed PD30O
Algorithm). In the Distributed PD30 Algorithm, suppose that
Y =y € (0,2/L;), where F satisfies (20); if F,, = 0, we can choose
any y > 0. Also, suppose that 1> K%, where | K| is defined in
(21) or (22). Then x* converges to some solution x* of (1). Also, u
converges to some element u, € U,,, for everym=1,..., M. In
addition, suppose that every H,, is continuous on an open ball
centered at K,,,x*. Then the following hold:

() W(x*) - (x*) =o(1/VEk).

Define the weighted ergodic iterate x*
k> 1. Then

k(k+1)Zz ix’, for every

(i) W(F) - ¥(x*) = O(1/k).

Furthermore, if every H,, is L,-smooth for some L,, > 0, we
have a faster decay for the best iterate so far:

(ii) min., ¥ (%) - ¥(x) = 0(1/k).
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The theorem applies to the particular cases of the Distributed
PD30 Algorithm, like the distributed Loris-Verhoeven,
Chambolle-Pock, Douglas-Rachford algorithms. We can note
that the distributed forward-backward algorithm is monotonic,
so Theorem 6 (iii) (with H,, = 0) yields ‘P(xk) —¥(x*) = 0(1/k) for
this algorithm.

We now give accelerated convergence results using
varying stepsizes, in presence of strong convexity. For this,
we have to define the strong convexity constants yp and pj.
Like for the smoothness constant, we can restrict their
definition to S. So, uz becomes the strong convexity
constant of the average function ﬁz%:IFm. That is, yz>0
is such that the function

1 < Ug 2
x € X ;Fm)—?uxu

is convex. It is much weaker to require gz > 0 than to ask all F,,, to
be strongly convex. Similarly, we have puz = g, the strong
convexity constant of R. Thus, since the Accelerated
Distributed PD30 Algorithm can be viewed as the accelerated
PD30 algorithm applied to the minimization of
F(%) + R(%) + H(K%), we have all the ingredients to invoke
Theorem 3, which is transposed as:

Theorem 7. (Accelerated Distributed PD30 Algorithm). Suppose
that up + pg > 0. Let x* be the unique solution to (1). Let k € (0, 1)
and y, € (0,2(1 - x)/Lg). Set y; = y, and

Vg 4y (et + 1+ 2y,
1+ 2y,up
Suppose that > K|, where |K|? is defined in (21) or (22).

Then in the Distributed PD30 Algorithm, there exists Co > 0 such
that, for every k > 1,

Yir = , foreveryk=>1.

2
Yis1

"xk+1 _x*”Z < Pkl
e P

60 = O ( 1/ kz)
As for Theorem 5, its counterpart in the distributed setting is:

Theorem 8. (linear convergence of the Distributed PD30O
Algorithm). Suppose that ug + up >0 and that every H,, is L,
smooth, for some L,, > 0. Let x* be the unique solution to (1). We
suppose that y, =y € (0,2/Ly) and ﬂZIIKIIz, where |K|? is
defined in (21) or (22). Then the Distributed PD30 Algorithm
converges linearly: there exists p € (0, 1] and ¢y > 0 such that, for
every k e N,

™ — x| < (1 - ).

We can remark that the Distributed Davis-Yin algorithm
(with w,, = 1/M and y, = y) has been proposed in an

Distributed Proximal Splitting Algorithms

unpublished paper by Ryu and Yin (Ryu and Yin, 2017),
where it is named Proximal-Proximal-Gradient Method. Their
results are similar to ours in Theorem 6 and Theorem 8 for this
algorithm, but their condition y < 3/(2L), with L = max,,Lg,, is
worse than ours. Also, our accelerated version with varying
stepsizes in Theorem 7 is new.

6.2 The Distributed PDDY Algorithm

The Distributed PDDY Algorithm, shown above, is derived the
same way as the Distributed PD30O Algorithm. However, the
smoothness constant cannot be defined only on S, so that we have

Ly,
Ly =
m=1,..MMw,,
and
~ = min M,
He m=1,...MMw,,
Moreover,
IKI? = max K[, (23)
m=1,...M

except if F,, = 0, in which case the Distributed PDDY Algorithm
becomes the Distributed Chambolle-Pock Algorithm Form II, for
which we can set

M
IKIP = 1), @nK*Koll. (24)
m=1

We can note that when K,, = I, the Distributed PDDY
Algorithm reverts to a form of distributed Davis-Yin
algorithm, which is different from the Distributed Davis-Yin
Algorithm obtained from the PD30O algorithm, shown above.
Similarly, when R = 0, we obtain a different algorithm than the
Distributed Loris—Verhoeven Algorithm shown above. When F,,,
= 0, the Distributed PDDY Algorithm reverts to the Distributed
Chambolle-Pock Algorithm Form II, which is still different from
the Distributed Douglas-Rachford Algorithm when K,,, = L.

The counterpart of Theorem 2 is:

Theorem 9. (convergence of the Distributed PDDY Algorithm).
In the Distributed PDDY Algorithm, suppose that y, =y € (0,2/Lg)
and n = K|, where |IK]|? is defined in (23) or (24). Then all x’;l as
well as x& converge to the same solution x* of (1), and every uk,
converges to some element u,,.

The counterpart of Theorem 4 is:

Theorem 10. (Accelerated Distributed PDDY Algorithm).
Suppose that p;>0. Let x* be the unique solution to (1). Let «
€ (0, 1) and y, € (0,2(1 —«)/Lp). Set y, = yo and

Vier = —yi/,tﬁk+ Yy (yk/,tﬁzc)2 +1, foreveryk>1.
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Suppose that n = K|, where |K|? is defined in (23) or (24).
Then in the Distributed PDDY Algorithm, there exists ¢y > 0 such
that, for every k > 1,

2
< Yi+1 Co =

M
Yl - P O(1/k).
m=1 L= ypbpk
Consequently, for every m =1, ..., M,
lf — x** = O(1/k?).

Moreover, if 5> K|, llxk — x*|*> = O(1/k?) as well.

The counterpart of Theorem 5 is:

Theorem 11. (linear convergence of the Distributed PDDY
Algorithm). Suppose that yp + pp >0 and that every H,, is L,-
smooth, for some L, > 0. Let x* be the unique solution to (1). Suppose
thaty, =y € (0,2/L;) and n = K2, where |K|? is defined in (23)
or (24). Then the Distributed PDDY Algorithm converges linearly:
there exists p € (0, 1] and ¢y >0 such that, for every k € N,

k+1

Ik — [P < (1 = p)*é.

6.3 The Distributed Condat-Vi Algorithm
We can apply our product-space technique to other algorithms;
in particular, we can derive distributed versions, shown below, of
the Condat-Vi algorithm (Condat, 2013; Vi, 2013; Condat et al.,
2019a), which is a well known algorithm for the problem (Eq. 2).

The smoothness constant L2 is the same as for the Distributed
PD30 Algorithm; we can set L2 = Mzzm 1L2 |-

Moreover, the norm of K 1s smaller for the Condat-Vi
algorithm: we have IKI? = IIZ 1“’mK K|, whatever the
functions F,,. This is because the gradient descent step is
completely decoupled from the dual variables in the
Condat-Vu algorithm.

The price to pay is a stronger condition on the parameters for
convergence:

Theorem 12. (convergence of the Distributed Condat-Vi
Algorithm). Suppose that the parameters y > 0 and o > 0 are
such that

<0||Zme K ||+><1

m=1

Distributed Proximal Splitting Algorithms

Distributed Condat-Vii Alg. Form I

input: v > 0,0 > 0, (w )% 1

zg € X, (W0 )m 161/{
initialize: o)), .= K ul, + VF,,(2"), Vm
for k=0,1,...do

at master, do

M
L pros (ot - 5 S0 ab)
broadcast %71 to all nodes
at all nodes, form =1, . M do

k+1 _
prOXJ\ImeH ( Uy,

+ MwmaK (2zFF1 —

fn+1 Kr*n +1—0—VF ( k+1)

transmit a1 to master
end for

Distributed Condat-Vii Alg. Form II

m)m=1

input: v > 0,0 > 0, (w
zg € &, ( m)m 16“
for k. =0,1,...do
at all nodes form =1,. M do
k+1 = prOX]Mwmon( Uy,
+ Mwm(mex )
ak = K (2uF+ —

m

ul)) + VEFp, (2")

transmit ¥, to master
at master, do
oS M k
prOX'yR( - % m=1 am)
broadcast 2#*1 to all nodes
end for

Then x* converges to a solution x* of (1). Also, u¥, converges to
some element u,, € Uy, for everym =1, ..., M.

When F,, = 0, the two forms of the Distributed Condat-Va
Algorithm revert to the two forms of the Distributed
Chambolle-Pock Algorithm, respectively. In that case, with
constant stepsizes y, = 7y, the convergence condition is
YU||ZZ:1me:nKm|| <1, which is the same as above with ¢ =
1/(ny).
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