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Particles with internal inclusions or cores are ubiquitous in the atmosphere. One example is
dust particles coated with water-soluble aerosols such as sulfate or nitrate. For these
particles, the dust non-sphericity and the core-shell structure of the particle both
fundamentally impact the optical properties. However, it is challenging to obtain an
accurate and comprehensive parameterization of the optical properties of coated
atmospheric particles. Recent studies have found that super-spheroids could provide
a robust model for representing the non-sphericity of irregular particles, such as dust, sea
salt, and ice particles. This important finding warrants further investigations on coated
super-spheroids for the development of mixed-aerosol models. In this study, we
developed a GPU version of the invariant imbedding T-matrix program (GPU-IITM) to
improve the computational efficiency. This version allows for efficient computation of the
optical properties of coated super-spheroids with extensive shape parameters and
refractive indices. The GPU-IITM is 8–25 times more efficient than the conventional
CPU-IITM, depending on the size parameter of the coated super-spheroids. The
single-scattering properties of coated super-spheroids computed from the GPU-IITM
allows for close examination of the optical differences between homogeneous and
inhomogeneous particles. As an example, we present the linear depolarization ratios
(LDRs) of coated super-spheroids, which have implications in active lidar remote-sensing
research. We found that the LDR decreases obviously as the real part of the shell’s
refractive index increases from 1.3 to 1.6. Greater LDRs occur for particles with a thin
coating, while a rounder shape of the particle decreases the LDRs. However, special
attention should be given to nearly spherical particles, for which the LDRs could be
enhanced. In comparison to homogeneous particles, the degree of enhancement
decreases or increases depending on whether the shell’s refractive index is smaller or
larger than the core refractive index.
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INTRODUCTION

Studies on atmospheric radiative transfer and remote sensing
fundamentally require accurate knowledge of the optical
properties of various aerosol particles (Dubovik et al., 2006;
Dubovik et al., 2019; Xu, et al., 2021). However, due to the
complexity of particle shapes and mixing states, it has been
extremely challenging to develop a universal approach to
modelling atmospheric particles. Substantial progress has been
achieved in understanding the impact of particle non-sphericity
and inhomogeneity on the optical properties by using a number
of idealized geometries or “realistic” replicas of microscopic
images of particles. Kahnert et al. (2014) and Yang et al.
(2018) reviewed research efforts in developing non-spherical
aerosol and ice models, respectively.

Regarding the mixing state of multiple aerosol components,
the particle mixtures in the atmosphere can be appropriately
classified as external, semi-external, and internal mixtures
(Mishchenko et al., 2004). Based on a two-component model,
the optical properties of semi-external and external mixtures
have been found to be similar with relatively small
differences. However, the optical properties of internal
mixtures (one or multiple aerosol components imbedded
in a large host particle) could be significantly different
from those of external mixtures. An internally mixed
aerosol optics scheme is important in remote sensing
studies and is fundamentally required in general
circulation models, and the weather research and
forecasting models for quantifying the impact of aerosols
on the planetary boundary layer (e.g., Bauer et al., 2007;
Wang et al., 2015; Chen et al., 2021; Wang et al., 2022).

Internal mixing scenarios are ubiquitous in the atmosphere
and are primarily associated with the coagulation and coalescence
of particles, or the condensation of gas precursors on aerosol
surfaces with possible heterogeneous reactions (Tomasi et al.,
2017). One important example is dust particles mixed with other
types of aerosols. When dust aerosols are transported in the
atmosphere, it is quite common to see dust particles mixed with
air pollutants such as black carbon, organic carbon, sulfate and
nitrate. Dust particles and water-soluble aerosols normally form a
core-shell structure. Li and Shao (2009) collected aerosol samples
during episodes of brown haze and dust in Beijing, China. The
transmission electron microcopy (TEM) coupled with energy-
dispersive X-ray microanalysis was used to analyze 332 mineral
dust particles, and it was found that ~90% of dust particles were
covered with nitrate coatings. Based on an analysis of 8,441
particles sampled in Northern Europe and Western Africa,
Unga et al. (2018) found that 60% of urban and 20% of desert
dust particles presented residuals of coatings. Recently, Wang
et al. (2021) reported that internally mixed particles are more
common during haze days than non-haze days. For these
internally mixed particles, both the particle non-sphericity and
the core-shell structure should be carefully examined to quantify
their impact on the optical properties (Bauer et al., 2007; Zhang
et al., 2020; Zhang et al., 2022).

There have been various advancements in relevant
computational techniques, such as the T-matrix method

(Mishchenko et al., 2002; Mackowski and Mishchenko, 1996;
Bi and Yang, 2014), the discrete dipole approximation method
(Purcell and Pennypacker, 1973; Draine, 1988; Yurkin and
Hoekstra, 2007), and the finite-difference/pseudo-spectral time
domain method (Yang and Liou, 1996; Liu et al., 2012). These
techniques make it easier to perform case studies with a few shape
parameters and refractive indices in constrained ranges of the
shape and size parameters. However, it is still challenging to
perform extensive simulations of optical properties even for a
well-defined simple model, particularly when the size parameter
is large.

To facilitate applications related to atmospheric radiative
transfer and remote sensing studies, continual research efforts
are required to comprehensively examine the optical properties of
particles in terms of the variation of shape and size parameters
and the refractive indices. For example, in a previous study, we
systematically examined the optical properties of non-spherical
particles in a super-spheroidal shape space (Bi et al., 2018a). Later,
a super-spheroidal model was applied to model the optical
properties of dust aerosols, sea salts, and ice crystals (Bi et al.,
2018b; Lin et al., 2018; Sun et al., 2021; Li et al., 2022). We believe
that the advantages of the super-spheroidal model in remote
sensing and climate research warrant further investigations of
coated super-spheroids for the study of the optical properties of
internally mixed aerosol models.

In this study, we implemented a coated super-spheroid model
in the invariant imbedding T-matrix program (IITM) to compute
the optical properties. The IITM is appliable to arbitrarily shaped
and inhomogeneous particles. The original IITM code developed
by Bi et al. (2013a, 2013b), Bi and Yang (2014), and Bi et al.
(2018a, 2018b) was built upon the OpenMP architecture with
central-processing-unit (CPU) threading. To improve the
computational efficiency of the IITM, we developed an
implementation of it on a graphics processing unit (GPU)
called GPU-IITM. GPUs have advantages in parallel
processing due to their massive computation cores. GPU
acceleration has been applied in light-scattering research to
improve the computational efficiency (e.g., Huntemann et al.,
2011; Iadarola et al., 2012; Egel et al., 2017).

The remainder of this paper is organized as follows. In Section
2, we describe the coated super-spheroidal model and
computational parameters for the optical property calculation.
The IITM algorithm and the GPU implementation are briefly
introduced, and a test of the performance of GPU-IITM is
presented with numerical examples. Computational results
of coated super-spheroids are given in Section 3. We focused
on the backscattering linear depolarization ratio (LDR),
which is an important quantity that is relevant to light
detection and ranging (lidar) observations of aerosol
mixtures. We examined the LDRs of coated super-
spheroids with respect to the refractive index of the
coating layer and comprehensively investigated how the
aspect ratio and the roundness parameters of the particles
impact the LDRs. In particular, we compared the optical
properties of coated super-spheroids and homogeneous
super-spheroids and discussed relevant implications in
lidar remote sensing.
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METHODS

Coated Super-Spheroidal Model
The super-spheroid equation in a Cartesian coordinate system is
(Barr, 1981):

(x
a
)2

n + (y
a
)2

n + (z
c
)2

n � 1, (1)

where a and c are the horizontal and vertical semi-axes,
respectively, and n is called the roundness parameter (Bi et al.,
2018a). The overall shape is determined by the aspect ratio (a/c)
and the roundness parameter (n). We used two super-spheroidal
equations to define a coated super-spheroid. The aspect ratio and
the roundness parameter of the shell and internal core can vary
independently.

Figure 1 shows a few examples illustrating the geometry of
coated super-spheroids. The roundness parameter of the internal
core (ncore) is fixed at 2.6, at which the overall shape of the
internal core is concave. The optical similarity between the
concave super-spheroid model particle and realistic dust was
examined by comparing theoretical simulations (Lin et al.,
2018) and scattering matrices measured in a laboratory
(Muñoz et al., 2012). Super-spheroids with a roundness
parameter in the range of 2.4–3.0 were found to be
optimal for representing dust particles in optical property
calculation. This finding was confirmed by comparing the
observations from the Polarization and Anisotropy of
Reflectances for Atmospheric Sciences coupled with
Observations from a Lidar and radiative transfer
simulations under dusty sky conditions (Lin et al., 2021).
Additional comparison of observations using high spectral
resolution lidar (HSRL) and the backscattering calculations
(Kong et al., 2022) also supported this conclusion. Therefore,
the choice of n � 2.6 is believed to be representative for
developing coated dust aerosol models.

In defining the coated super-spheroid, we assume that the
semi-major axes of the shell and the core are identical. For close
examination of the optical property variation with respect to
particle shapes, we considered 11 aspect ratios ranging from 0.5 to
2.0, as well as nine shell roundness parameters ranging from 1.0 to
2.6. The reason is that coated dust particles have no particular
shape and could be diverse.

When the shell roundness parameter is identical to the core
roundness parameter (2.6), the particles are basically an internal
core without a coating—that is, homogeneous super-spheroids.
When the shell roundness parameter is 1.0, the particle is an
inhomogeneous sphere (a/c � 1) or an inhomogeneous
spheroid (a/c ≠ 1), which is a well-formed rounded particle.
In this study, the maximum size parameter of coated super-
spheroids was assumed to be 50, although the size parameter of
coarse-mode dust can be larger than 50 at visible wavelengths.
The size parameter is defined in terms of the semi-major axes,
namely, 2π/λ · max(a, c), where λ is the wavelength of the
incident light in the medium. In the computation, the
resolution of size parameter is 0.1, one and two when the
size parameter is in the range of [0.1,10] [10,20], and [20,50],
respectively.

The real part of the complex refractive index of dust particles
ranges from 1.4 to 1.6, whereas the imaginary part is on the order
10−3 at short wavelengths (e.g., Di Biagio et al., 2019; Zong et al.,
2021). Therefore, we considered three real parts (1.4, 1.5, and 1.6)
and four imaginary parts (5 × 10−4, 0.001, 0.005, and 0.01) to
resolve potential uncertainties. For the shell part, we considered
four real parts (1.3, 1.4, 1.5, and 1.6) and seven imaginary parts
(10−7, 10−5, 10−4, 0.001, 0.005, 0.01, 0.05), which allow us to study
different shell compositions, including water-soluble aerosols
such as sulfate, nitrate, and sea salt aerosols.

The refractive index of water-soluble aerosols depends on the
ambient relative humidity, so it usually varies between 1.33 and
1.55. According to Mishchenko et al. (2016), sulfate’s refractive
indices at a relative humidity of 50% are 1.3813, 1.3684, and
1.3595 at 355, 532, and 1,064 nm, respectively. These values are
little bit smaller than those reported by Bauer et al. (2007). The
real part of the complex refractive index in a wavelength range of
300–2000 nm is between 1.3685 and 1.4247 for sulfate and
between 1.3745 and 1.4205 for nitrate at 75% relative
humidity. In this study, all numerical simulations were carried
out at anchor points instead of refractive indices at specific
wavelengths and relative humidity. The complex refractive
indices involved in the GPU-IITM simulations are given in
Table 1. In the following, the shell and core refractive indices
are denoted as mshell � ms

R + ims
I and mcore � mc

R + imc
I,

respectively.

FIGURE 1 | Examples of coated super-spheroids. The roundness of
core is fixed at 2.6 and 11 aspect ratios ranging from 0.5 to 2.0 and nine shell
roundness parameters ranging from 1.0 to 2.6 are considered in the GPU-
IITM simulations.

TABLE 1 | The refractive indices used in the GPU-IITM simulations. The shell and
core refractive indices are denoted asmshell � ms

R + ims
I andmcore � mc

R + imc
I ,

respectively. The values of ms
R in the parentheses indicates that simulations were

carried out for a portion of nearly spherical shapes.

mc
R 1.4, 1.5, 1.6

mc
I 5 × 10−4, 0.001, 0.005, 0.01

ms
R 1.3, (1.35), 1.4, (1.45), 1.5, (1.55), 1.6

ms
I 10−7, 10−5, 10−4, 0.001, 0.005, 0.01, 0.05
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The IITM and Graphics Processing Unit
Implementation
Consider the electromagnetic wave scattering by a macroscopic
particle in a non-absorbing medium. The incident and
scattered electric fields in terms of suitable vector spherical
wave functions can be expanded as follows (Mishchenko, et al.,
2002):

Einc(r) � ∑∞

l�1alRgMl(kr) + blRgNl(kr), (2)
Esca(r) � ∑∞

l�1plMl(kr) + qlNl(kr) (3)
Thus, the T-matrix �T is defined by relating the expansion

coefficients (pl, ql) and (al, bl):

[pl

ql
] � ∑∞

j�1
⎡⎢⎢⎢⎢⎣ �T

11

lj
�T
12

lj

�T
21

lj
�T
22

lj

⎤⎥⎥⎥⎥⎦[ aj
bj
], l � 1,∞ . (4)

In Eqs 2, 3, k is the wave vector in the medium, Rg Ml and
RgNl are the regular vector spherical functions, and Ml and Nl

are the irregular vector spherical functions. The subscript
l � n(n + 1) +m, which is defined with respect to the total
angular momentum number n and the projected angular
momentum m, which ranges from −n to n. The T-matrix
contains all the information involved in the light scattering
process.

In the IITM method, coated super-spheroids are discretized
into multiple spherical layers. The invariant imbedding equation
to compute the T-matrix is (Bi and Yang, 2014):

�T(rp) � �Q11(rp) + [�I + �Q12(rp)][�I
− �T(rp−1) �Q12(rp)]−1 �T(rp−1)[�I + �Q21(rp)], (5)

where rp is the radius of p-th layer, �T is the T-matrix of a particle
composed of p layers, �I is a unit matrix, and �Qij is a super-matrix.
A 2D diagram is given in Figure 2. For convenience, the initial
T-matrix �T(r0) was computed from Lorenz-Mie theory at the
position of the inscribed sphere (r0).

All �Qij matrices are computed from a common U-matrix �U,
which contains all the information on the particle shape and
refractive index. Specifically, �U(rp) is defined as an integral of

FIGURE 2 | A geometric illustration of the invariant imbedding principle.

FIGURE 3 | A flowchart of the GPU-IITM in calculating the T-matrix. The colored boxes means that GPU acceleration was used. The red boxes use OpenACC, and
the green boxes use cuSOLVER for matrix division, and the purple boxes use cuBLAS for matrix multiplication.
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special angular functions over the spherical surface indicated by
rp . The refractive indices of either the core or the shell are chosen
for computing the matrix �U(rp), which depends on whether the
location of the spherical surface is within the core or the shell. If
the partial surface is located in the surrounding medium, the
relevant integral in �U(rp) is zero. The super-spheroid model has
4-fold symmetry such that �T is block diagonalized. For
convenience, Eq. 5 can be separated into four independent
equations for numerical implementation, which is similar to
the procedure for ice crystals, which have 6-fold rotational
symmetry (Bi and Yang, 2014). A complete formulation of the
IITM for arbitrarily shaped non-spherical particles is available
from Bi et al. (2013a) and Bi and Yang (2014).

To implement the IITM algorithm based on a GPU, we used
the OpenACC and Compute Unified Device Architecture
(CUDA) libraries. The OpenACC directives were added to the
IITM code in a similar way to the use of OpenMP. Matrix
multiplication and division were accelerated by the CUDA
libraries. Large matrix multiplication was implemented using
the cuBLAS library, and matrix division was implemented
using the cuSOLVER library. The procedure of the GPU
acceleration is illustrated in Figure 3. Four sub-matrices of the
T-matrix are calculated separately in parallel. With each process
by the MPI, one GPU is linked with the process to calculate one
sub-T-matrix. For each new layer, the algorithm starts the
calculation of the U-matrix, which is the only part that is
dependent on the shape and refractive index.

The performance of the GPU-IITMwas compared with that of
the CPU version. For the numerical test, 24 Intel Xeon E5 CPUs
were used, while two NVIDIA Tesla K80 accelerators were used
for the GPU code. One Tesla K80 card contains two GPUs. The
computational parameters of coated super-spheroids are ncore �
2.6 (core roundness), nshell � 1.5 (shell roundness), a/c � 1.0 (for
both the shell and core),mcore � 1.5 + i0.001 (the core’s refractive
index), and mshell � 1.3 + 10−7i (the shell’s refractive index).
Figure 4 shows the wall-clock time when using 24 CPUs and
four GPUs as function of the size parameter. The GPU-IITM
implementation is about 8.4–25.9 times more efficient than the
CPU implementation, and the GPU acceleration becomes more
obvious as the size parameter increases. A drop in the
computational time was identified when the size parameter
was around 20 because the radius step (rp − rp−1) was
changed from 0.1 to 0.2 in the IITM algorithm. Although the
computations in this study were carried out at size parameters
smaller than 50, the GPU-IITM can be applied to larger size
parameters. The maximum size parameter that the current GPU-
IITM code can handle depends on the video random access

FIGURE 4 | A comparison of the computational wall-clock time used for
computing the optical properties of coated super-spheroid by using GPUs
and CPUs. The wall-clock time ratios (the CPU time divided by the GPU time)
are 8.4 and 25.9 at two chosen size parameters of 10 and 50 (indicated
with arrows), respectively.

FIGURE 5 | Linear depolarization ratios as function of size parameter and shell roundness. The core roundness is fixed to 2.6, and the aspect ratio is 1.0. The core
refractive index is 1.5 + i0.005.
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memory. Using a GPU of 12-Gb memory, the maximum size
parameter is found to be ~70. Note that the current GPU-IITM
code exploits the symmetry of T-matrix so that different GPUs
have no data communication. For arbitrarily shaped particles
lacking any rotational symmetry, the GPU implementation
requires additional technical effort and the acceleration ratio
of GPU found in this study may decrease.

All the optical properties are computed from the T-matrix.
However, in this study, we focus on analyzing the LDRs of coated
super-spheroids. LDRs with direct backscattering are computed
from the elements P11 and P22 of the scattering matrix:

LDR(θ � 180o) � 1 − P22(180o)/P11(180o)
1 + P22(180o)/P11(180o). (6)

For randomly oriented particles, P22(180o)/P11(180o) can be
proven to be larger than zero and smaller than unity, which is
fundamentally related to the reciprocal symmetry in

electromagnetic wave scattering (Mishchenko and Hovenier,
1995). As such, LDR is smaller than unity. However, the
magnitudes of LDR have no simple relation with the particle
shape and refractive index. It seems that the only known fact is
that the LDR is zero for a homogeneous or layered sphere and has
low values when the size parameter is small. This makes it
valuable to perform systematical assessments of LDRs based
on a rigorous computational method.

RESULTS AND DISCUSSION

We first look at the impact of the refractive index on the LDRs.
For simplicity, let the core refractive index bemshell � 1.5 + i0.005,
which is a representative value of atmospheric dust. To examine
the impact of absorption of the shell on the LDRs, Figure 5 shows
the results of coated super-spheroids with six refractive indices of

FIGURE 6 | Linear depolarization ratios of coated super-spheroids with 11 aspect ratios (0.5–2.0) and nine shell roundness parameters (from 1.0 to 2.6). The core
roundness is fixed at 2.6. The size parameter ranges from 0.1 to 50. The refractive indices of the core and shell are 1.5 + i0.005 and 1.3 + i0.00001, respectively.
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the shell, which have a fixed real part (1.3) and an imaginary part
ranging from 10−5 to 0.05. The size parameter ranges from 0.1 to
50. The comparison indicates that the LDRs are relatively small
when the size parameter is small (<10), regardless of the shape,
the inhomogeneity and refractive indices. As expected, this
feature should be consistent with the homogeneous cases.
Furthermore, low LDR values were identified when the
roundness parameter (nshell) was unity, at which the particle is
an inhomogeneous sphere. However, the LDRs are not exactly
zeros because the internal core is a non-spherical particle.

Five imaginary parts of the shell’s refractive index (10−5, 10−4,
10−3,0.005, and 0.01) were found to have similar impacts on the
LDRs, although differences are expected to be large when the size
parameter is sufficiently large (beyond 50 in the present study).
Of particular interest is that coated super-spheroids at all
refractive indices have higher LDRs when the shell roundness
is ~2.4, with which the particle has a thin coating (the particles are

homogeneous super-spheroids at n � 2.6). When the roundness
parameter is larger than 2.2, the LDRs for the shell’s refractive
index,mshell � 1.3 + i0.05 are not so different from the other shell
refractive indices. This phenomenon occurs because the
absorption in the shell is not significant when the coating
layer is thin, even with a large imaginary part of 0.05.
However, as the shell roundness parameter decreases (<2.2),
the absorption in the shell (with larger volume) should
become strong enough to efficiently absorb an incident wave,
causing lower LDRs upon backscattering.

Next, the imaginary part of the shell’s refractive index,ms
I, was

fixed at 0.00001 because the variation ofms
I between 0.00001 and

0.01 has little impact on the LDRs. ms
I � 0.05 was no longer

considered because coating aerosols in the atmosphere are
weakly absorptive at visible wavelengths except for black
carbon or brown carbon. In the latter case, however, an
aggregate black carbon model for the coating layer or a

FIGURE 7 | Linear depolarization ratios of coated super-spheroids with 11 aspect ratios (0.5–2.0) and nine shell roundness parameters (from 1.0 to 2.6). The core
roundness is fixed at 2.6. The size parameter ranges from 0.1 to 50. The refractive indices of the core and shell are 1.5 + i0.005 and 1.4 + i0.00001, respectively.
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semi-external mixture model is more appropriate than a
complete coating, and readers are referred to a previous
study (Tang et al., 2019).

Next, we examined the impact of the particles’ aspect ratio on the
LDRs. Figure 6 shows the results of coated super-spheroids with 11
aspect ratios. The refractive indices of the core and shell are 1.5 +
i0.005 and 1.3 + i0.00001, respectively. For each aspect ratio, we
examined the dependence of LDRs on the shell roundness parameter
and the size parameter. Of most interest is that LDRs are higher
around the shell roundness (nshell) of 2.4 for all aspect ratios. As the
aspect ratio varies, overall, the LDRs are relatively small when the
ratio becomes extreme (e.g., for cases when the aspect ratio is smaller
than 0.7 or larger than 1.8). As the shell roundness parameter
decreases, the overall shape becomes an octahedron at n � 2.0 and
a spheroid at n � 1.0. Optically, for a/c< � 0.7 and a/c> � 1.6,
the LDRs have low values when ~ 1.4< n<~ 2.0, but have relatively
large values when the particle shape is close to a spheroid.

Figures 7–9 are similar to Figure 6 except that the real parts of
the shells’ refractive indices are different. When the shell’s
refractive index is 1.4 + i0.00001, the results are similar to
those at 1.3 + i0.00001 but with the decreased LDR values.
LDRs further decrease when ms

R increases to 1.5 (Figure 8)
and 1.6 (Figure 9). The fundamental reason is similar to the
findings of a previous study for homogeneous super-spheroids
(Bi et al., 2018a). As the real part increases, the external reflection
(with no depolarization) becomes stronger, and the higher-order
wave transmitted to backscattering (with high depolarization) is
weaker, which results in smaller LDRs in the total backscattering.
This mechanism is different from that of an aggregate particle,
where multiple external reflections can also cause the
depolarization of incident light, which is expected to increase
as the real part of refractive index increases (e.g., Liu et al., 2022).
Figure 8 can be reasonably viewed as a case of homogeneous
spheroids because the refractive indices of the core and shell are

FIGURE 8 | Linear depolarization ratios of coated super-spheroids with 11 aspect ratios (0.5–2.0) and nine shell roundness parameters (from 1.0 to 2.6). The core
roundness is fixed at 2.6. The size parameter ranges from 0.1 to 50. The refractive indices of the core and shell are 1.5 + i0.005 and 1.5 + i0.00001, respectively.
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close. Thus, visual comparison of Figures 6–9 reveals the impact
of particle inhomogeneity.

Nearly spherical particles are nonspherical particles of which
both the aspect ratios and roundness parameters are close to
unity. For these particles, the LDRs could be enhanced, which can
be clearly seen in the cases (aspect ratio = 0.9 and the roundness
parameters close to unity) shown in Figures 6–9. Mishchenko
and Hovenier (1995) first discovered the remarkable
phenomenon of LDRs peaking at aspect ratios of spheroids
very close to unity at a refractive index close to 1.5. For
homogeneous spheroids and super-spheroids, higher LDRs for
nearly spherical particles were closely examined by resolving the
refractive index variation in previous studies by using a Debye
series technique (Bi et al., 2018a; 2018b). It was found that higher
LDRs (>~60%) are common for optically soft particles (the real
part of the complex refractive index is smaller than ~1.2).
However, for larger real parts of the complex refractive indices

(>1.3), higher LDRs (>~60%) are almost only observed for nearly
spherical particles. This unique phenomenon disappears as the
refractive index exceeds 1.7. We note that Gialitaki et al. (2020)
recently explored the use of near-spherical-shaped particles to
reproduce the triple-wavelength HSRL observations.

To further examine the LDRs of nearly spherical coated super-
spheroids, Figure 10 shows the LDRs for inhomogeneous
spheroidal particles with aspect ratios of 0.8–1.2 and a fine
resolution of 0.01. For the purpose of comparison, the LDRs
for homogeneous spheroids are shown in Figure 11. The
refractive index of homogeneous spheroids is the same as that
of the shell’s refractive index shown in Figure 10. It is evident that
the LDRs for inhomogeneous spheroids are smaller than those of
homogeneous spheroids when the real part of the shell’s refractive
index (1.3, 1.35, and 1.45) is smaller than the core refractive index
(1.5). However, enhanced LDRs are still obvious when the real
part of the shell’s refractive index (e.g., ms

R � 1.45) is close to the

FIGURE 9 | Linear depolarization ratios of coated super-spheroids with 11 aspect ratios (0.5–2.0) and nine shell roundness parameters (from 1.0 to 2.6). The core
roundness is fixed at 2.6. The size parameter ranges from 0.1 to 50. The refractive indices of the core and shell are 1.5 + i0.005 and 1.6 + i0.00001, respectively.
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core refractive index (mc
R � 1..5). The conclusion holds the same

when ms
R � 1.48 (results not shown). When the shell’s refractive

index is 1.5 + i0.00001, the particle is almost homogeneous except

that the imaginary parts of the shell and core refractive index have
some difference. As such, the LDRs for homogeneous and
inhomogeneous spheroids are close. Interestingly, when the

FIGURE 10 | Linear depolarization ratios for nearly spherical particles (inhomogeneous spheroids). The core refractive index is 1.5 + i0.005. When the aspect ratio is
unity, LDRs are small but not exactly zeros because the core is a non-spherical particle.

FIGURE 11 | Linear depolarization ratios for nearly spherical particles (homogeneous spheroids). Both the shell and core refractive indices are identical.
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real part of the shell’s refractive index (1.6) is larger than that of
the core (1.5), the LDRs of inhomogeneous spheroids are larger
than those of homogeneous spheroids.

From the previous results, it is clear that the LDRs of coated
super-spheroids are significantly different from those of
homogeneous super-spheroids. The most interesting
phenomenon could be the higher LDRs for super-spheroids
with thin coating. The conditions of a thin coating might be
relevant to dust particles in an ambient atmospheric environment
when the relative humidity is not high. Previous findings of
higher LDRs for nearly spherical homogeneous particles might
still be interesting for coated dust particles because nearly
spherical coated dust could be common for high relative
humilities according to TEM images. The refractive indices of
the coating (sulfate, nitrate, and water aerosols) are smaller than
the refractive index of dust, which causes lower LDRs in
comparison with homogeneous particles with respect to the
shell’s refractive index. However, higher LDRs are still
observable, particularly when the refractive index of water-
soluble aerosols is close to the refractive index of dust.

For particles with a high degree of non-sphericity, the
refractive index of the coating shell is critical to the LDRs.
The LDRs are generally larger for smaller real parts of the
shell’s refractive indices. This feature is quite interesting
because the required condition for the refractive index
(<~1.4) is close to real situations. Therefore, we believe
that these findings from a purely theoretical simulation
might be useful for relevant optical interpretation in lidar
observations. Future work could involve a systematic
comparison between simulations and lidar observations of
dust particles in a polluted region, which could provide
interesting and important results.

CONCLUSION

We have developed a GPU implementation of IITM for
computing the optical properties of coated super-spheroids,
which was much more efficient than the conventional CPU
implementation. The acceleration ratio was from
approximately 8–25 depending on the size parameter. Based
on the GPU-IITM implementation, the optical properties of
coated super-spheroids with extensive shapes, sizes, and
refractive indices were obtained, and comparisons of the
results of coated super-spheroids with those of homogeneous
super-spheroids were carried out. Substantial differences could
occur, particularly in the lidar backscattering optical properties.

Higher LDRs were found when dust particles had thin
coatings. However, the LDRs decreased as the coating
particles became rounder. In addition, the LDRs decreased
obviously as the real part of the shell’s refractive index
increased from 1.3 to 1.6. Special attention should be given
to nearly spherical particles, for which the LDRs could be

higher, particularly when the real part of shell’s refractive
index is close to or larger than the core refractive index. The
higher LDRs found for homogeneous nearly spherical particles
in the refractive range of 1.3–1.5 were lower when the particle
inhomogeneity was incorporated. These findings are expected
to have implications in lidar remote sensing, particularly on
hazy days when dust particles are mixed with air pollutants.

In this study, we only focused on analyzing the difference of
LDRs caused by the particle shell-structure. The differences in
the extinction efficiency, single-scattering albedo, and phase
matrix are relevant for improving the radiative transfer
simulations in remote sensing and climate modeling.
However, the analysis of these factors in applications of
atmospheric models is beyond the scope of this study.
Readers are referred to a recent publication on the evaluation
of an internally mixed scheme in the weather-research and
forecasting model (Wang et al., 2022).
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