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In this paper, we present and use a coupled xylem/phloem mathematical model

of passive water and solute transport through a reticulated vascular system of

an angiosperm leaf. We evaluate the effect of leaf width-to-length proportion and

orientation of second-order veins on the indexes of water transport into the leaves

and sucrose transport from the leaves. We found that the most important factor

affecting the steady-state pattern of hydraulic pressure distribution in the xylem and

solute concentration in the phloem was leaf shape: narrower/longer leaves are less

efficient in convecting xylem water and phloem solutes than wider/shorter leaves under

all conditions studied. The degree of efficiency of transport is greatly influenced by

the orientation of second-order veins relative to the main vein for all leaf proportions

considered; the dependence is non-monotonic with efficiency maximized when the angle

is approximately 45◦ to the main vein, although the angle of peak efficiency depends on

other conditions. The sensitivity of transport efficiency to vein orientation increases with

increasing vein conductivity. The vein angle at which efficiency is maximum tended to

be smaller (relative to the main vein direction) in narrower leaves. The results may help

to explain, or at least contribute to our understanding of, the evolution of parallel vein

systems in monocot leaves.

Keywords: leaf architecture, vein angle, leaf conductivity, turgor pressure, water transport, sucrose transport,

phloem-xylem interactions

1. INTRODUCTION

Vascular plants, particularly the dicot group of angiosperms, have evolved complicated hierarchical
venation systems. The first-order so-called main vein of the system enters the leaf at the petiole and
extends to the apex. Second-order veins diverge from this first-order vein. In turn, higher order
veins branch off from their lower order neighbors to form a complex reticulated vein network
extending across the entire leaf (Esau, 1953; Sack and Scoffoni, 2013). The detailed structure of the
network differs notably from species to species, and potentially even from variety to variety within
the same species. It is generally accepted that the whole-of-plant hydraulic system is significantly
influenced by the hydraulic conductance of the plant’s leaves (Sack and Holbrook, 2006). It follows
then that leaf vasculature plays an important role in the response of a plant to water stress. In its
evolution, however, a plant has also come to utilize this physical infrastructure to translocate to the
rest of the plant, via a parallel phloem system connected to the petiole, photosynthetic products
produced across the leaf (Roth-Nebelsick et al., 2001).
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An underlying feature of note is that the network of xylem
vessels runs parallel to the network of phloem vessels. Therefore,
to properly appreciate the functionality of the vein architecture as
a whole it is important to represent both the network’s ability to
conduct water from the petiole to the lamina and its capability to
transport sucrose from the lamina to the petiole. This can only
be achieved by allowing for the existence of both the phloem
and the xylem sub-systems. In other words, it is important to
represent both transport mechanisms as their respective roles
perform in parallel. This is one of the objectives of our ongoing
efforts.We note, however, that as the xylem and phloem networks
do perform different functions it is equally interesting to identify
conditions under which the two act independently, as it is to
identify conditions under which the two influence each other, and
naturally to understand the reasons for these opposing effects.

A large number of studies have reported on the relationship
between leaf conductivity and vein architecture in conjunction
with leaf shape. At a very basic level, leaf conductivity depends
principally on vein density (Sack and Frole, 2006; Sommerville
et al., 2012) and vein diameter (Cochard et al., 2004). But it has
also been suggested that vein hierarchical architecture and vein
tapering contribute to leaf conductivity (McKown et al., 2010). To
what extent this is the case is still to be confirmed, but the number
of connections among veins may be important (Brodersen et al.,
2012). As for leaf shape, it is possible that the shape of lobed leaves
confers the benefit of a high degree of conductivity by shortening
the pathway toward sites of evaporation (Nicotra et al., 2011).
Despite a high level of interest there has not been a systematic
study of the effect of leaf shape or other important geometric
characteristics, such as vein angle, on leaf water conductivity.

The majority of theoretical contributions to the study of plant
vascular systems has focused on transport in stems or shoots.
Early models considered xylem and phloem as isolated systems
(Goeschl et al., 1976; Lhomme et al., 2001; Thompson and
Holbrook, 2003; Steppe et al., 2006; Seki et al., 2015). More recent
studies, however, explore the effects of the mutual influence of
phloem and xylem in stems and roots of plants (Boersma et al.,
1991; Daudet et al., 2002; Hölttä et al., 2006, 2009; Lacointe
and Minchin, 2008; Foster and Miklavcic, 2013, 2014, 2016,
2017, 2019; Nikinmaa et al., 2013). These models confirmed
the considerable influence of the phloem-xylem interaction on
water transport (and in some cases solute transport). While some
theoretical studies included a leaf component in a whole-of-plant
transport system, no detailed description of leaf venation was
featured; leaf transport properties were usually represented by a
single parameter corresponding to a whole-of-leaf phloem and/or
xylem conductance or resistance contribution.

Only a few studies focus attention on detailed modeling of
water transport in leaves. But even these models considered
the xylem as an isolated pathway, in a similar fashion to
early stem models. Meinzer et al. (Meinzer and Grantz, 1990;
Meinzer et al., 1992) used the well-known Ohm’s law analogy
to calculate sugarcane leaf conductance based on measurements
of transpiration flow and water potentials. This analogy was
utilized by subsequent authors (Zwieniecki et al., 2004, 2006).
Xylem conductivity in another monocot plant, tall fescue
Festuca arundinacea Schreb., was measured and compared to

a theoretical estimate (Martre et al., 2001). The much more
detailed model study of leaf vascular systems by Cochard et al.
(2004) was then utilized by McKown et al. (2010) to study
the impact of altering venation architecture traits. Measured
pressure differences were used to model hydraulic architecture
in dicot leaves of Laurus nobilis (Zwieniecki et al., 2002), while
the pressure distribution in the xylem of a pine needle vein
has also been modeled (Zwieniecki et al., 2006). North et al.
(2013) developed a model for a monocot plant, tank bromeliad
Guzmania lingulata, using leaky cable theory. What is common
to all these studies is that the models employed only considered
the xylem network.

In this paper we present and explore a detailed leaf model
that features both the xylem and phloem networks. The xylem
network model is the same as earlier models [particularly the
model of Cochard, McKown and colleagues (Cochard et al.,
2004; McKown et al., 2010)]. Our additional phloem network
parallels the xylem network and is intimately coupled to the latter
via additional conduits, as in an actual leaf; the phloem sap is
modeled to flow according to well-defined hydraulic and osmotic
pressure gradients in the phloem network. The coupled xylem-
phloem network system we have adopted aims to imitate the
hierarchical architecture of angiosperms.

The focus of this paper is on evaluating the effect of leaf shape
and vein geometry on the functionality of both the xylem and
the phloem networks. In our study, we consider, specifically,
the effect of changing leaf shape (the length-to-width ratio),
vein angle (and consequently vein density), and individual vein
conductivities. We address the question of what is the resulting
distribution of sucrose (a 2D leaf area concentration map) and
the resultant hydraulic pressure pattern across the leaf, where the
latter is used here as an index that characterizes the transport of
both water and sucrose out of the leaf.

2. METHOD

2.1. Physical and Mathematical Model
The coupled xylem-phloem system we adopt is a significant
extension of, but analogous to, the model developed by Cochard
et al. (2004) and further utilized by McKown et al. (2010). In the
original model the complex leaf vein architecture is presented as
a two-dimensional network comprising xylem veins of different
sizes (i.e., vein orders). The transport of fluid in the xylem
and phloem systems is here modeled as a system of equations,
founded on Darcy’s law of plug flow (Batchelor, 1967): µu =

−k∇p, expressing the fact that in the conduit between two
consecutive nodes the fluid velocity, u, is proportional to the
pressure gradient across the conduit joining those nodes, with the
vein conductance (k/µ) being the coefficient of proportionality;
here k is a fluid permeability (m2) and µ is the fluid viscosity
(Pa s), and the negative sign is consistent with flow from a
point of high to a point of low hydraulic pressure. One of
the main developments featured in our extended model is the
addition of a parallel network of phloem veins, connected to
the two-dimensional xylem network at corresponding nodes. In
our model, every node (vein confluence) of the two-dimensional
xylem system (blue points in the upper grid in Figure 1) is
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FIGURE 1 | The xylem (upper blue) and phloem (lower green) networks, and their connections. The black arrows indicate the possible flow directions (d) to or from a

single node to nearest and next nearest neighbor nodes within each network (these are numbered d = 1 to d = 8). The orange conduit connects a node in the xylem

network to its corresponding partner node in the phloem network. The light blue arrow indicates transpiration from a xylem node, while the light green arrow indicates

sucrose loading to a phloem node. In the xylem network, only water is transported, while in the phloem network both water and sucrose are transported. In our

computations, the nodes are numbered in a grid-like fashion: (i, j) = (1, 1) . . . (N,M), as indicated by the red numbering. The identities of nearest and next-nearest

neighbor nodes to node (i, j) are identified at the leaf creation stage and recorded for later recall.

TABLE 1 | Xylem flux directions (d).

Number (d) Direction Variable name

(1) North F
xyl
ij−1

(2) North-east F
xyl
ij−2

(3) East F
xyl
ij−3

(4) South-east F
xyl
ij−4

(5) South F
xyl
ij−5

(6) South-west F
xyl
ij−6

(7) West F
xyl
ij−7

(8) North-west F
xyl
ij−8

connected to a corresponding node in the phloem network (green
points in the lower grid in Figure 1). In this phloem network
we factored in the transport of sucrose solutes as well as water.
The sucrose transport is influenced both by diffusive effects due
to concentration differences between nodes, and by convective
influences determined by hydraulic pressure differences between
those nodes (see below).

At the (i, j)th xylem node (hereafter abbreviated to ij, for
i = 1, . . . ,N, j = 1, . . . ,M), we apply the mass conservation
constraint of zero net water flux (mmol s−1) out of the
xylem node (i.e., total influx is balanced by total efflux).
The conservation constraint asserts that the sum of the fluxes in

the eight xylem conduit directions (see Table 1 and Figure 1),
plus the flux from the xylem node to its corresponding phloem

node, F
xyl
ij−c, and the transpiration flux, F

xyl
ij−T , is equal to zero.

8
∑

d=1

F
xyl

ij−d
+ F

xyl
ij−T + F

xyl
ij−c = 0, (1)

(i, j) = (1, 1), . . . , (N,M).

In the above equation, the transpiration flux (F
xyl
ij−T) is given as the

product of a transpiration rate, Eij (m s−1), and the 2D area per

grid point (i.e., area per transpiring node), aij (m
2): F

xyl
ij−T = Eijaij

(Figure 1). In the original model of Cochard et al. (2004), a xylem
node only possessed links with its four nearest neighbor nodes.
In our extension, we also consider connections with next nearest
neighbor xylem nodes, as indicated in the figure.

Arguing in a completely analogous fashion and therefore at
a consistent level of approximation, we have, at the ijth phloem
node, the zero sum of water fluxes in the eight lateral directions,

{F
ph
ij−1, . . . , F

ph
ij−8}, as well as the cross flow from the phloem node
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to its corresponding xylem node, F
ph
ij−c (= −F

xyl
ij−c):

8
∑

d=1

F
ph

ij−d
+ F

ph
ij−c = 0, (2)

(i, j) = (1, 1), . . . , (N,M).

Invoking a discrete, cross-sectional area-integral version of
Darcy’s law (expressed in current nomenclature) the flux between
two consecutive xylem nodes is determined from the relation

F
xyl

ij−d
=

k
xyl

ij−d
A
xyl

ij−d

µ

(p
xyl

d
− p

xyl
ij )

l
xyl

ij−d

,

= K
xyl

ij−d
(p

xyl

d
− p

xyl
ij ), (3)

(i, j) = (1, 1), . . . , (N,M).

In Equation (4), F
xyl

ij−d
is the (signed) water flux from xylem node

ij to the xylem node connected to it in the direction d. Lastly,

K
xyl

ij−d
=

k
xyl

ij−d
A
xyl

ij−d

µ l
xyl

ij−d

= L
xyl

ij−d
A
xyl

ij−d
(4)

is the conductance of the conduit between those nodes in terms
of its cross-sectional area, A, length, l, permeability k, and fluid

viscosity, µ. L
xyl

ij−d
is the local water permeability.

In the phloem, fluid motion is driven by hydraulic and
osmotic pressure influences. Darcy’s law must then be modified
to include an osmotic pressure contribution resulting from a
concentration difference:

5 = −γRT1C,

where R is the universal gas constant (8.314 J mol−1 K−1), T is
temperature (in degrees K), and C is the local concentration (mol
m−3) of solute (sucrose) inside the sieve tube. The parameter γ is
a proportionality constant.

In discrete form, the cross-sectional area-integral of the flux in
the phloem becomes

F
ph

ij−d
= K

ph

ij−d

(

(p
ph

d
− p

ph
ij )

−σij−dRT(C
ph

d
− C

ph
ij )

)

, (5)

(i, j) = (1, 1), . . . , (N,M).

where, in direct analogy with the xylem case, F
ph

ij−d
is the (signed)

fluid volume flux from phloem node ij to the phloem node
connected to it in the direction d (one of eight neighbors).
The position dependent parameter σij−d is called the reflection
coefficient (Katchalsky and Curran, 1965; Kramer and Boyer,
1995; Foster and Miklavcic, 2014, 2016). In Equation (6), σij−d =

0 since the solute movement is assumed not to be impeded

(Kramer and Boyer, 1995). K
ph

ij−d
= L

ph

ij−d
A
ph

ij−d
is the fluid

conductance of the phloem conduit between the ijth node and

its neighbor in the direction d, L
ph

ij−d
is its water permeability.

The (signed) volume flux of water from the xylem to the

phloem, F
xyl
ij−c, (or vice versa) is determined by the difference

between the hydraulic pressure at the xylem node and the sum
of hydraulic pressure and osmotic pressure at the corresponding
phloem node, multiplied by the conductance of the conduit
linking those nodes. This is expressed by the relation:

F
xyl
ij−c = −F

ph
ij−c

= Kij−c

(

(p
ph
ij − σij−cRTC

ph
ij )− p

xyl
ij

)

,

(6)

(i, j) = (1, 1), . . . , (N,M).

Kij−c is the conductance of the conduit between the two nodes,
defined as in Equation (4) and σij−c is a reflection coefficient for
this pathway, which is here set to unity (i.e., σij−c = 1). From
this we see that even if the hydraulic pressures in the xylem and
phloem networks are equal, the presence of a solution in the
phloem will drive fluid from the xylem to the phloem network.

We note in passing that at the scale of a typical leaf it is
legitimate to ignore the influence of gravity when calculating
water fluxes.

In direct analogy with the water fluxes, we assume a
conservation of sucrose fluxes. Namely, we specify that the sum
of all sucrose fluxes into and out from a given node in the
eight lateral directions (Sij−1, ..., Sij−8), plus a contribution from
sucrose loading into the sieve tube (Sij−L) should be equal to zero:

8
∑

d=1

Sij−d + Sij−L = 0. (7)

In the above equation, the sucrose loading into the sieve tube
(Sij−L) is calculated as Sij−L = 3ijaij, where 3ij is the local
sucrose loading rate per unit area and aij is the 2D grid area
assigned to that node ij. We do not assume there to be any local
depletion of sucrose due to consumption by metabolic processes,
i.e., we assume no unloading of sucrose into leaf mesophyll
tissue (although this may easily be added). On the other hand
we do assume photosynthetic activity (sucrose production) at
all nodal points and in all veins. Sucrose flow is driven by a
combination of convection, which is proportional to the total
pressure difference between neighboring phloem nodes, and
diffusion, which depends on the sucrose concentration difference
between those same two phloem vein nodes. This sum is
expressed by the equation,

Sij−d = (1− σij−d)vµF
ph

ij−d
C
ph
ij

+ DsuA
ph

ij−d

C
ph

d
− C

ph
ij

lij−d
,

= (1− σij−d)vµF
ph

ij−d
C
ph
ij + G

ph

ij−d

(

C
ph

d
− C

ph
ij

)

,

i = 1, . . . ,N, (8)
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TABLE 2 | Summary of parameters and function variables (at node ij, subscripts

not shown).

Symbol Description Units

pxyl Xylem hydraulic pressure MPa

pph Phloem total pressure MPa

5 Phloem osmotic pressure MPa

kxyl Xylem water permeability m2

µ Fluid (water) viscosity Pa s

Cph Phloem sucrose concentration mol m−3

Fxyl Xylem water flux mmol s−1

Fph Phloem water flux mmol s−1

S Phloem sucrose flux mol s−1

Kxyl Xylem conductance mmol s−1 MPa−1

Kph Phloem conductance mmol s−1 MPa−1

Kc Phloem/xylem connection conductance mmol s−1 MPa−1

F
xyl
T Transpiration flux mmol s−1

SL Sucrose loading flux mol s−1

E Transpiration rate mmol s−1 m−2

3 Sucrose loading rate mol s−1 m−2

a Area per grid point m2

Aph Phloem vein cross-sectional area m2

l−d Distance between nodes m

Dsu Sucrose diffusivity m2 s−1

σ Reflection coefficient -

vµ Molal volume of water m3 mmol−1

T Temperature of the leaf K

R Universal Gas constant MPa m3 mol−1 K−1

where

G
ph

ij−d
= Dsu

A
ph

ij−d

lij−d
.

Sij−d is defined as the mass flux (mol s−1) from node ij to the

neighbor node in the d direction, F
ph

ij−d
is the corresponding

volume flow of water, σij−d = 0, and Dsu is the free diffusion

sucrose diffusivity (m2 s−1), and vµ is the molal volume of water.
All the symbols used in the model are summarized in Table 2.

2.2. Boundary Conditions
At every node, except the petiole, we adopt Dirichlet-type
boundary conditions in which we assume fixed values of
transpiration flow at all xylem nodes, and fixed sucrose loading
at phloem nodes. By adopting Dirichlet boundary conditions, we
essentially circumvent the need to calculate the water potential in
the mesophyll wherein conductances in the narrow transpiration
pathway between xylem conduits and mesophyll are uncertain.
For the transpiration rate, Eij, we set (for comparative reasons) a
baseline or reference value of −2.00 mmol s−1 m−2, although in
our exploration we also consider lower values. For the sucrose
loading rate, 3ij, we assigned a reference value of 2.78×10−7

mol s−1 m−2, although in this case too we consider lower
values. With this choice of parameters we arbitrarily assume

that approximately one-third of all photosynthate production is
loaded into phloem sieves given an ordinal leaf photosynthesis
production of 1.00×10−6 mol (CO2) s

−1 m−2.
At the petiole, the hydraulic pressure in the xylem we

arbitrarily set to 0.00 MPa, while the pressure in the phloem
was set to 0.20 MPa. With regard to sucrose transport, we adopt
a zero Neumann boundary condition at the petiole, which is
equivalent to stating that the sucrose concentration at the petiole
is equal to the sucrose concentration at the exterior phloem
“node” connected immediately to it.

The choices of these types of boundary conditions, as well
as the actual values set, are purely for pragmatic reasons as we
wish to explore the effects of other variables on water and solute
transport. In subsequent studies we shall adopt more physically
relevant conditions as we move from the present steady-state
model to a time-dependent model.

2.3. Leaf and Vein Structure
In the present paper we shall often refer to so-called baseline
or reference models of leaf shape and vein architecture. These
correspond to the Laurel leaf shape and vein structure adopted
and studied in the work of Cochard et al. (2004). The first-order
vein is marked by the red line in Figure 2, and depicts the main
vein connected directly to the petiole at the base of the leaf. The
second-order veins shown in purple in Figure 2, branch directly
off from the first-order vein at regular intervals and at a finite,
acute angle, as measured from the main vein. Higher order veins
(third, fourth, and fifth order veins) are arranged on and aligned
with a rectangular lattice of nodal points (blue dots in Figure 2).
They are distinguished by their frequency of occurrence as well
as by their cross-sectional areas and permeabilities. The third-
order veins (marked by orange lines in Figure 2) are distributed,
both vertically and horizontally, at a frequency of every six
nodal points. The two narrowest veins, the fourth and fifth order
veins, marked by yellow and black lines, respectively in Figure 2,
occur at the same frequency, but with their respective networks
displaced by one rectangular grid unit so as to appear alternately
in a similar rectangular pattern. On the main vein, which is
the leaf ’s symmetry axis, the internal node which is connected
directly to the petiole is set a distance of 5 mm from the petiole.

In our study we considered the effect on the xylem hydraulic
pressure, the phloem pressure, and the phloem distribution
of sucrose, of varying the angle of the second-order veins
relative to the main vein direction. In order to make a
reasonable comparison of quantities under different simulation
conditions the total lengths of the veins of all orders were kept
fixed. Two factors need considering in implementing this vein
length constraint.

First, increasing the angle θ of the second-order veins reduces
their lengths, since the distance from the main vein to the edge
of the leaf along a second-order vein becomes shorter. Therefore,
to maintain the total length of second-order veins at all angles
we reduced the interval between the second-order veins and
increased their number as the angle of the veins increased. As a
reference state we assign the case of θ = 0◦ where the second-
order veins are perpendicular to the first-order vein; the vein
spacing was then set at 10.00 mm, while the distance between the
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FIGURE 2 | Vein architecture of the model leaf. In our simulations, the angle of the second-order vein to the main vein is varied. Accordingly, the vein distances Lv1
and Lv2 are also varied (alternately) to ensure a constant total vein length.

very first second-order vein and the petiole was set at 5.00 mm
(Figure 2). The intervals, Lv1 and Lv2, between connection points
of alternate second-order veins (shown in Figure 2) were then
adjusted (to different extents) in order to keep constant the total
length of second-order veins. The total length of second-order
veins was set at 0.74± 0.01 m S.D.).

2.4. Parameter Settings
The main aim of the study was to evaluate the effects of changing
leaf shape and changing vein angle on the indices that reflect
water flow into and through leaves, as well as on the sucrose
flow from leaves. We designed three (virtual) leaf shapes that
differ in their length-to-width ratio. These are illustrated in
Figures 3–5. As mentioned earlier, the reference leaf shape with
which we compare other shapes and vein architectures is that
of the Laurel leaf described in Cochard et al. (2004). For this
leaf we have assumed a leaf length of 16.00 cm and maximum
leaf width of 6.47 cm. The other cases we consider are either
wider (8.09 cm) or narrower (5.39 cm) leaves, with leaf lengths
being, respectively, 80 and 120% of the length of the reference
leaf shape. In all three cases the leaf areas are maintained at

73.35 cm2. For each leaf shape, our simulations were conducted
assuming the following 2nd order vein angles (differing from each
other by approximately 6◦): 0.00◦, 7.13◦, 14.03◦, 21.80◦, 30.96◦,
36.87◦, 40.60◦, 45.00◦, 49.40◦, 53.13◦, 59.06◦, 68.20◦, and 75.96◦.
The irregular increments are due to the need to adapt angles to
our discrete grid. The vein angle of θ = 0◦ corresponds to our
reference state of perpendicular 2nd order veins.

As for the choice of values of individual vein conductances,
we defer to the values adopted in (Cochard et al., 2004).
Consequently, the 5th order veins have the lowest conductance
values, with the conductances increasing with decreasing vein
order in correspondence with the envisaged increases in vein
diameter. The specific reference values are tabulated in Table 3.

Apart from studying the effect of leaf shape and vein angle we
also consider the influence of 2nd order vein conductance. To this
end we performed simulations with 2nd order vein conductances
that were 5 times larger and 5 times smaller than the reference
value given in Table 3.

It is important to point out here that, as suggested by Daudet
et al. (2002), we have assigned values for the conductances in
the phloem network that were smaller than the conductances
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FIGURE 3 | Leaf area distributions of xylem hydraulic pressure. In this and the next three figures, (A) depicts the wide leaf, (B) shows the reference leaf, while (C)

shows the narrow leaf distribution. In addition, second-order veins are 45◦ to the main vein (i.e., 45◦ to the reference state of perpendicular veins). Parameter

conditions under which the simulations were performed are summarized in Table 3 and the core values in Table 4.

FIGURE 4 | Leaf area distribution of hydraulic pressure in the phloem network. (A) Wide leaf, (B) reference leaf, and (C) narrow leaf. Details as in Figure 3.

of corresponding veins in the xylem by a uniform factor of
3/100 (Not being the focus of this paper, with this single choice
of relation between the two networks it is not possible to
draw any significant conclusions on the interaction between the
two networks).

A uniform value of conductance for the conduits between the
phloem and xylem networks was set at 0.50 mmol s−1 MPa−1

(Daudet et al., 2002). Other fixed parameters are the gas constant
as R = 8.31 × 10−6 MPa m3 mol−1 K−1, sucrose diffusion
coefficient as Dsu = 5.22 × 10−10 m2 s−1, water volume per
mmol as vµ = 18.00 × 10−9 m3 mmol−1, and leaf temperature
as T = 293.00 K.

Finally, under the reference simulation condition, the sucrose
loading rate in the phloem network was set initially to be
uniform across the grid. However, given that leaf conductance,
hydraulic pressure, and sucrose concentration may vary if the
loading rate is not uniform, we considered also a case of
non-uniform sucrose loading profile: a linear gradient starting
with a 50% higher loading rate at the leaf base than the
average, linearly decreasing to a 50% lower loading rate at
the leaf tip. The average loading rate in both cases was
kept the same. The summary of the parameter values of the
base experimental setting and optional settings are shown in
Table 4.

Frontiers in Plant Science | www.frontiersin.org 7 February 2021 | Volume 12 | Article 615457

https://www.frontiersin.org/journals/plant-science
https://www.frontiersin.org
https://www.frontiersin.org/journals/plant-science#articles


Sakurai and Miklavcic Coupled Xylem-Phloem Model

FIGURE 5 | Leaf area distribution of sucrose concentration in the phloem network. (A) Wide leaf, (B) reference leaf, and (C) narrow leaf. Details as in Figure 3.

In this work, we present the majority of our results in terms of
the average leaf xylem hydraulic pressure, defined as

〈
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xyl

leaf

〉
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An analogous expression applies to the average phloem pressure,
〈
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〉

.

By solving Equations (2), (3), and (7), we determined values

for p
xyl
ij , p

ph
ij , andCij for each node. Equations (2), (3), and (7) were

solved numerically using the Matlab (Mathworks, 2020) non-
linear system solver fsolve, with the default setting employing the
Trust-Region Dogleg Method.

3. RESULTS

3.1. Pressure and Solute Distribution
Patterns
Figure 3 shows the 2D distribution of the xylem hydraulic
pressure for our three leaf shapes: the wide leaf (Figure 3A),
the reference leaf (Figure 3B), and the narrow leaf (Figure 3C),
assuming that 2nd order veins are 45◦ to the main vein (i.e.,
45◦ to the reference state of perpendicular veins). Although the
boundary conditions and total vein lengths were identical in
these three cases, the pressure distributions were different. While
all three cases showed similar qualitative behavior: the xylem
hydraulic pressure was lower at the leaf tip and higher closer
to the petiole, the rate of decrease of hydraulic pressure (from
the petiole to the leaf tip) was greater for narrower leaves. In
contrast, Figure 4 shows the distribution of hydraulic pressure
in the phloem network. An inverse correspondence to that of
the xylem hydraulic pressure distribution is apparent, the phloem
pressure increased from the leaf petiole to the leaf tip. Once again

we found that the narrower was the leaf, the steeper was the
gradient. On the other hand, the area-average phloem pressure
in the three leaves varied only marginally from 0.33 MPa for the
wide leaf, to 0.34, and 0.36 MPa, respectively, for the reference
leaf and the narrow leaf.

The data in Figures 3, 4 shows that while water in the xylem
flowed from the petiole out toward the extremities, water in the
phloem flowed in the opposite direction, from the extremities
to the petiole. This suggests there was a degree of circulation
between the two networks, on a length scale of the whole leaf.

Figure 5 shows the sucrose concentration profiles in the
three leaf shapes. The predicted sucrose concentration pattern
mimicked that of the pressure pattern in the phloem: higher
at the extremities and lower at the petiole. However, the solute
concentration gradient appears somewhat different in shape
compared with the pressure gradient suggested in Figure 4,
with the concentration being more uniform over a larger part
of the leaf before decreasing very rapidly over the one-third
leaf section closest to the petiole. This pattern is reflected
also in the larger differences between the area-average sucrose
concentrations found for the three leaf shapes: 159.30, 169.37,
and 181.82 mol m−3 for the widest, the reference and the
narrowest leaf, respectively.

3.2. Effect of Vein Angle and Leaf Shape
In this section, we compare the effect of varying the angle
of second-order veins (with respect to the main vein) on
the xylem hydraulic pressure, phloem hydraulic pressure and
sucrose concentration. As mentioned earlier the reference state
(θ = 0) has 2nd order veins being perpendicular to the main
vein. Figure 6 shows the effect on the distribution of hydraulic
pressure in the xylem for a leaf of a given shape (the reference
shape) as a result of varying the angle of orientation of second-
order veins. Note that increasing θ (from θ = 0 corresponding
to perpendicular 2nd order veins) means veins become more
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TABLE 3 | Xylem vein conductivities; phloem conductivities are a factor of 3/100

lower.

Vein order Conductance Vein diameter

(m mmol s−1 MPa−1) (µm)

1 1.00×10−2 15.50

2 5.00×10−4 11.30

3 6.00×10−5 7.50

4 4.00×10−5 7.20

5 4.00×10−6 4.34

TABLE 4 | Summary of system parameters with core and additional values.

Parameter Unit Core model

value

Altered value(s)

Inter-vein interval

(Lv1; Lv2)

(mm) 10.00 15.00

Sucrose loading

gradient

(∂Sij−L/∂z)

(%) 0.00 (uniform) 1.0 (linear gradient)

Uniform

transpiration rate

(E)

(mmol s−1 m−2) -2.00 -1.00; 0.00

Phloem/xylem

conduit

conductance

(Lij−c)

(mmol s−1 MPa−1) 0.5 0.0005

Second-order vein

conductance

(Kxyl = Kph)

(m mmol s−1 MPa−1) 5.00×10−4 1.00×10−4;

2.50×10−3

aligned with the main vein. Although 13 different θ angles were
sampled, only four case distributions are shown here. All cases are
summarized in Figures 7, 8, where we have plotted area-average
quantities against vein angle.

While the quantitative differences in the area-average xylem
hydraulic pressure, over the angle range studied, were not great, it
is nevertheless significant that the effect of a monotonic decrease
in 2nd order vein angle was a non-monotonic response. This non-
monotonic response itself appeared to be non-uniform across
the leaf as can be observed in Figure 6, where close to the
petiole and close to the main vein, the response appeared to be
directly proportional. Elsewhere, e.g., toward the leaf edge, the
effect was clearly non-monotonic. Given that the area-averages
in Figures 7, 8 were themselves non-monotonic, it would appear
that the observed non-uniform effect away from the symmetry
line dominated.

The summary relationships between second-order vein angle
and leaf area-average xylem hydraulic pressure is shown in
Figure 7. In concert with the specific case of 45◦ aligned 2nd

order veins (shown in Figures 3–5), the area-averaged hydraulic
pressure was generally lower the narrower was the leaf, at all
angles. We also noted that the peak in the average pressure was
around 45◦, although the angle at which the peak was reachedwas
not constant (varying from 40.60◦ for the widest leaf to 53.13◦ for
the narrowest leaf). Moreover, it is distinctive that the shapes of
the curves were not symmetric about the peak position, with a

steeper decay in average hydraulic pressure for larger angles (i.e.,
for veins more acutely aligned with the main vein).

As may be expected, the response of the leaf area-averaged
phloem hydraulic pressure (Figure 8) was approximately the
inverse of that of the xylem hydraulic pressure. The average
phloem pressure was higher in the narrowest leaf, at all angles
of 2nd order veins. This is consistent with the earlier finding that
the solute concentration was higher generally in the narrowest
leaf. Interpreting the pressure as a potential for transporting
photosynthate solutes out of the leaf via the phloem (by
diffusion), the results suggest that narrow leaves have (and
probably need) a greater potential to convey these solutes than
do wider leaves. Moreover, leaves attain a still higher pressure by
increasing or decreasing the angle of their 2nd order veins relative
to the roughly 45◦ orientation.

3.3. Effect of Vein Angle and Leaf Shape
Under Other Conditions
Steady state simulations investigating the effect of 2nd order
vein angle on the leaf hydraulics were also performed under
other external condition settings (see the final column in
Table 4). These included different pressure boundary condition
at the petiole, evaporation rates, E, sucrose loading rate, Sij−L,
and vein conductances. As these results appear qualitatively
similar to the results shown above, we simply comment here
on the simulation outcomes and relegate the figures to the
Supplementary Material.

With regard to the influence of transpiration rate, we
considered rates of transpiration reduced (in magnitude) from
our reference value of −2.00 mmol s−1 m−2 to E = −1.00
and to E = 0.00 mmol s−1 m−2 (i.e., no transpiration). Even
under the extreme condition of no transpiration, the results
of leaf area-average xylem hydraulic pressure and area-average
phloem total pressure were qualitatively the same as found with
a transpiration setting of E = −2.00 mmol s−1 m−2) (see
Supplementary Figures 1–3). This suggests that the nature of
the response is intrinsic to the leaf itself and not a consequence
of transpiration.

Adjusting the pressure boundary condition from P = 0.0MPa
to P = −2.0 MPa, while maintaining the same difference in
pressure between xylem and phloem at the petiole (so the phloem
pressure was then −1.8 MPa) resulted only in a magnitude
change in the average xylem pressure but no relative difference in
either the trend with 2nd order vein angle or the relation between
the different leaf shapes (Supplementary Figure 4).

Thirdly, as another external condition that might influence
the behavior of the pressure distributions, we considered a non-
uniform (linear gradient) sucrose loading rate, ranging from 50%
higher than the average at the leaf base to 50% lower at the leaf
tip. Although the distribution pattern of sucrose concentration
with this uneven sucrose loading was different from that found
with a uniform distribution (see Supplementary Figure 5), the
relationships between the leaf area-average xylem hydraulic
and phloem hydraulic pressure, the vein angle (or leaf shape)
were similar to those found with a uniform sucrose loading
(Supplementary Figures 6, 7).
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FIGURE 6 | Leaf area distribution of xylem hydraulic pressure and its response to varying angle of second-order veins. The resulting patterns for four θ angles are

shown in (A–D). The definition of the angle θ is shown adjacent to (D). The pressure scale is given on the right. Other parameter details are as in Figure 3.

FIGURE 7 | The functional relationship between leaf area-average, xylem hydraulic pressure and second-order vein angle. The different curves refer to the

narrower/longer leaf (blue dashed line), the reference leaf (green dotted line), and the wider/shorter leaf (red solid line). The parameter values for these results are as in

Figure 3.

Since previous whole-leaf models treated only the xylem
network (Meinzer and Grantz, 1990; Meinzer et al., 1992;
Cochard et al., 2004; Zwieniecki et al., 2004, 2006; McKown
et al., 2010) we thought, in our fourth exercise, to see whether
the hydraulic response in the leaf xylem to a variation of
2nd order vein angle was influenced by the connection to
the phloem network. We considered one case where the
conductance of the phloem/xylem conduit connection was
significantly reduced (by three orders of magnitude) to virtually
isolate the xylem and phloem networks. Interestingly, the leaf
area-average xylem hydraulic pressures were largely unaltered

(Supplementary Figure 8). As for the leaf area-average phloem
pressure, although the magnitudes were lower than under a
higher xylem/phloem conductance, the resulting dependencies
on 2nd order vein angle (or leaf shape) were qualitatively similar
(Figure 9). It is a little premature to draw any general conclusion
from this single result as the outcome may be a consequence of
the particular set of all parameters.

To address the question of whether the higher order veins
play a critical role in the xylem hydraulic pressure distribution,
in our fifth effort we repeated our simulations for the two cases
of either both 4th and 5th order veins having the higher of
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FIGURE 8 | The functional relationship between leaf area-average, hydraulic pressure in the phloem, and second-order vein angle. Curve descriptions and simulation

conditions are as in Figure 3.

FIGURE 9 | The functional relationship between leaf area-average, hydraulic pressure in the phloem and second-order vein angle. Curve descriptions and simulation

conditions are as in this figure except with a xylem/phloem conduit conductance of Kij−c = 5× 10−4 mmol s−1 m−2 (i.e., reduced by a factor of 103).

the two original conductivities (Supplementary Figures 9, 10),
or both having the lower of the two original conductivities
(Supplementary Figures 11, 12). Although the magnitudes were
(again) different in either case, the qualitative behavior of the
leaf area-average xylem hydraulic pressure to 2nd order vein
angle (and leaf shape) were similar. The leaf area-average phloem

hydraulic pressure followed suit. Somewhat unsurprisingly,
increasing the conductances of the higher order veins, such
as fifth order veins (Supplementary Figure 9), demonstrates a
weakening of the influence of the 2nd order veins. As higher
order veins become more conductive the dependence of the 2nd

order vein angle becomes less pronounced since the distribution
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of water (and solutes) is more equally shared between 2nd order
and higher order veins. As could be expected, by lowering the
conductivities of higher order veins (relative to 2nd order veins)
the effect of 2nd order vein angle (Supplementary Figure 11)
was enhanced.

Somewhat on the same theme, we evaluated the leaf response
for different conductances of the 2nd order veins themselves.
Figure 10 shows the dependence on 2nd order vein angle of
the leaf area-average xylem hydraulic pressure for a reduced
2nd order vein conductance of one-fifth that of the core model
setting. While the overall magnitudes were very low, it is
nevertheless distinguishable in that, within a class of leaf shape,
the response to a change of angle was weakened: the degree of
variation was 2, 1.3, and 0.9% for the wide leaf, the reference
leaf and the narrow leaf, respectively. This result was also
consistent with the diminished role of 2nd order veins when the
conductances of the higher order veins were increased relatively
speaking (Supplementary Figures 9, 10). As previously, the
phloem hydraulic pressure shows an inverted response (see
Supplementary Figure 13).

Not surprisingly, in the contrasting case of an increase in 2nd

order vein conductance, the dependence on vein orientation was
enhanced, as shown in Figure 11 for which the conductance of
second-order veins was increased by a factor of 5. The estimated
degrees to which the average xylem pressure changed with angle
were 11, 12, and 13% for the wide leaf, the reference leaf, and
the narrow leaf, respectively. The angle at which the xylem
pressure peaked changed significantly: 49◦, 68◦, and 76◦. Again
the angular dependence of leaf area-average phloem pressure
showed an inverted relationship to that of the leaf area-average
xylem hydraulic pressure (see Supplementary Figure 14).

4. DISCUSSION

This study of a coupled xylem/phloem model of an angiosperm
leaf with a reticulated vein network focused on the effect of
specific geometrical features (leaf shape and second-order vein
angle) on the hydraulic capability of the interconnected xylem
and phloem system. The indices we have used to quantify these
hydraulic capacities, namely leaf area-average xylem and phloem
pressures, have some experimental relevance. For example, since
most of the calculations were performed under the condition
of constant transpiration, our results could be re-formulated
as the experimentally acceptable definition of leaf conductance
(Cochard et al., 2004; Zwieniecki et al., 2004; Sack and Holbrook,
2006; Prado and Maurel, 2013) by simply dividing the (constant)
transpiration flux by the difference between the leaf-area average
hydraulic pressure and the petiole pressure. Since the hydraulic
pressure in the xylem has been determined for the coupled xylem-
phloem system, the contributions of flows in both the xylem and
the phloem have been included.

Based on our chosen indices, many interesting facts about
the leaf response to factors such as leaf shape and vein angle
come to light. These are discussed below. In this discussion it is
necessary to keep in mind that the angiosperm model we have
adopted, irrespective of the angle of the 2nd order veins, remains

that of a reticulate vein structure (vasculature) and is therefore
exclusively pertinent to that of a dicot (eudicot, Rudall, 2007)
leaf. Consequently, although we may in the discussion below
speculate on implications for monocot leaves, the connection
remains tenuous since leaves of true monocots have parallel vein
structures connected to the petiole in a significantly different way.
Here, we have not simulated monocot leaves.

We remark further that although convenient and of arguable
experimental relevance, the boundary conditions of a stipulated
constant transpiration rate in the xylem and a constant sucrose
loading rate in the phloem network were somewhat artificial.
Transpiration is firstly a time dependent phenomenon and
secondly its magnitude is very much linked to the surrounding
atmospheric condition. Setting a condition of given atmospheric
pressure external to the leaf and monitoring the leaf ’s response in
terms of the rate at which the leaf—as a whole—transpires would
seem more in line with in vivo circumstances. But, as the focus
of interest of the paper is on the internal movement of water we
have chosen, for simplicity, to set the rate of transpiration as a
boundary condition. Similarly, the production of photosynthetic
compounds is also time dependent and a function of external
variables (light intensity). However, here too we have simply set a
fixed rate of production in order to explore the ramifications on
the internal re-distribution of sucrose.

We should also point out that our study of the effect of 2nd

order vein angle was conducted under the constraint of constant
total vein length. In this convolved system, we cannot alter
vein angle at constant length without changing other structural
variables (such as the spacing of connection points along the
midrib vein and the total number of 2nd order veins. On the
other hand, by keeping the vein conductance and total vein
length constant while altering the vein angle, we maintain the
flow resistance through those veins; the hydrodynamic condition
within the 2nd veins remains unaffected (this is true as we have
not included the feature of vein tapering).

To exhibit the contrast, in Supplementary Figure 15, we show
the case where we have altered vein angle in the absence of
the total length constraint, instead keeping fixed the total vein
number and the spacing of branching or connecting points. The
different conditions resulted, for the long leaf, in a monotonic
increase in average xylem pressure. For shorter and wider leaves
there is an optimal vein angle. Presumably, this arises from the
fact that at large θ angles a significant area of the bottom part of
the leaf is not serviced by 2nd order veins, so water distribution
to this region must be performed by the more highly resistive,
higher order veins.

As a final general comment, in earlier papers by Foster and
Miklavcic (Foster and Miklavcic, 2013, 2014) transport of water
and solutes through the symplast and apoplast of living root
tissues was treated as single pathway. Later efforts differentiated
the two pathways Foster and Miklavcic (2013). In the present
study of passive transport through parallel 2D networks, the
leaf xylem forms part of the apoplast while the leaf phloem
has been assumed to be solely the symplast. That is, we have
modeled flow through the phloem as a single pathway when
in real leaves the phloem (as well as surrounding living tissues
such as the bundle sheath, sheath extension, the mesophyll,
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FIGURE 10 | The functional relationship between leaf area-average, xylem hydraulic pressure, and second-order vein angle. Curve descriptions and simulation

conditions are as in Figure 7 except with a uniform second-order vein conductance of Kxyl = 100Kph/3 = 1× 10−4 mmol s−1 m−2 (i.e., a factor of one-fifth that of

the core value).

FIGURE 11 | The functional relationship between leaf area-average, xylem hydraulic pressure, and second-order vein angle. Curve descriptions and simulation

conditions are as in Figure 7 except with a uniform second-order vein conductance of Kxyl = 100Kph/3 = 2.5× 10−3 mmol s−1 m−2 (i.e., an increase by a factor of 5

of the core value).

etc.) comprises both a symplastic pathway via cells that are
interconnected by plasmadesmata and an apoplastic pathway
through the porous cell wall region external to the contiguous
plasmalemma network. The parameter values we have used to

represent the conductivities of the phloem veins are therefore
in some sense a weighted average of the conductances typical
of the two phloem pathways. This idea has been discussed in
detail in Foster and Miklavcic (2013). In a future model in which
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we include the mesophyll and other tissue elements we shall
differentiate the two transport pathways.

For the same leaf shape (and vein conductivities) as that
modeled by Cochard and co-workers (Cochard et al., 2004),
we point out that our predicted hydraulic pressure distribution
was qualitatively similar to their water potential distribution. Of
course, since the detailed modeling of the vein network used in
this study was somewhat different from that adopted in Cochard
et al. (2004), the finer details of the distribution pattern were
understandably slightly different.

We found the most important influencer of the xylem
hydraulic pressure distribution to be the leaf shape. The
leaf area-average xylem water pressure was lowest in the
narrowest leaf, at all angles (Figure 7). Since the leaf areas
and total vein lengths were fixed properties in all leaf shapes
adopted in this study, this outcome cannot be attributed
to differences in either total transpiration volume per unit
time or total length of travel of water. This finding was
true under all conditions studied, as evidenced also by
Figures 10, 11 (e.g., see also Supplementary Figures 1, 4, 6,
9, 11).

With regard to the angle of 2nd order veins, we have
consistently found that at a vein angle within a small angular
range roughly centered at 45◦ (Figure 7) the leaf area-
average xylem hydraulic pressure is maximized. This finding
was irrespective of external conditions of, say, transpiration
and sucrose loading rates (Supplementary Figures 1, 4, 6, 8).
However, we found that the response to vein angle exhibited
a strong dependence on vein conductivity. For low 2nd order
vein conductances [lower than that adopted by Cochard et al.
for a Laurel leaf (Cochard et al., 2004)], the response overall
became less dependent on angle, indeed largely independent of
angle in the range 0 − 45◦ from the perpendicular. Even beyond
the upper limit of the latter range (at which the xylem pressure
was a maximum) the dependence of the decay with angle was
weaker (Figure 10). For high 2nd order vein conductances, on
the other hand, there was a strong linear dependence on angle up
to a maximum pressure, which appeared at significantly larger
angles [for the narrow leaf the angle at which the maximum
occurred was 76◦ (Figure 11)]. Given other findings, these traits
are relative the conductivities of higher order veins.

In the phloem, we have consistently found that the two-
dimensional phloem pressure distribution showed an inverted
behavior to that of the xylem hydraulic pressure distribution
(Figure 4). A similar inverted response is also exhibited by the
sucrose distribution (Figure 5). So, in a direct mirror reflection
of the xylem hydraulic pressure, the narrower the leaf, the higher
the phloem pressure, for all 2nd order vein angles and under all
the other conditions we’ve investigated, Figures 8, 9 (see also
Supplementary Figures 2, 3, 7, 10, 12–14).

We infer from these results the important consequence that
the angle of second-order veins, relative to the main vein, is a
significant factor governing the efficient flow of water across a
leaf, depending only on intrinsic vein properties such as the vein
conductance and vein number and its connection with higher-
order veins, but not on external factors such as transpiration rate
or sucrose loading rate.

With our simulations were conveniently conducted at fixed
rates of transpiration and sucrose loading (mostly uniformly
across the leaf), it is possible to draw some further inferences.

To achieve the same constant rate of evaporation over the leaf,
the xylem pressure must reach a much lower (more negative)
value in the narrow leaf than in the case of the wider leaf
case, This points to a less efficient xylem water transport system
in narrow leaves. The (poor) efficiency is maximized when
the veins are aligned roughly 45◦ to the main vein, although
this depends on vein conductivity. The architecture is least
efficient in transporting water when the 2nd order veins are
perpendicular to the main vein. Again, one imagines that narrow
leaves would be more suited to having a parallel vein structure.
Arguing similarly, the constant production of sucrose leads to a
higher concentration distributed across the narrow leaf at steady
state compared with the two wider leaves. This too suggests
that narrow leaves are less effective in passively translocating
photosynthates out through the petiole. Here, again it would be
interesting to compare this narrow, reticulated leaf result with
that of a monocot’s parallel vein system to see whether there may
be an evolutionary advantage of having the latter system in a leaf
that is narrow.

As a final comment we might mention that one utility of
a coupled xylem/phloem model is its potential to evaluate the
degree to which water circulates between the xylem and the
phloem networks. The degree to which plant nutrients are
transported into the leaf in the xylem stream and delivered to
sites in the phloem and mesophyll tissues will largely depend
on this circulation flow. So, while membrane transporters
of elemental nutrients are important to effect the transfer
of nutrients into the symplast and hence living cells, the
stream carrying the nutrients to membrane sites is critically
important (Yamaji and Ma, 2014). Although we have not fully
investigated this aspect here, our model represents an essential
step to understanding this complex circulatory dynamic. In
Supplementary Figure 16, we show an areamap of the difference
between xylem water hydraulic pressure and phloem total
pressure. The difference is non-uniform with the xylem pressure
generally higher than the total phloem pressure particularly near
the leaf petiole. The leaf area-average pressure difference is shown
in Supplementary Figure 17). Any further comments will have
to wait until for a more representative model of the complicated
dynamics of water and solutes in the xylem and phloem (Foster
and Miklavcic, 2016, 2017; Sakurai et al., 2017).

5. CONCLUDING REMARKS

Despite the model resources developed in this work, it is not
possible to draw authoritative conclusions on the evolutionary
implications of leaf shape. As such, we cannot speculate on some
questions such as why a leaf is broad or narrow. It is well-
recognized that a very broad spectrum of leaf shapes in the
angiosperm class of plants exist. The shape of leaves is a result of
a complex combination, cooperation and competition between
various external and internal influences. Which factor is most
influential, if any, in determining the evolution of a given shape
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cannot be addressed here. For the moment, our model does
not incorporate important external factors such as degree and
duration of light intensity, temperature, air moisture, etc. On the
other hand, what we can do is speculate, for a given shape, on
what vein arrangement is optimal. In this regard our investigation
has complemented the many early studies leaf shape evolution
that have focused more on the edge shape of leaves, but also
on the vasculature system (Cochard et al., 2004; Sack and Frole,
2006; McKown et al., 2010; Nicotra et al., 2011; Sommerville
et al., 2012; Tsukaya, 2018). Those studies did not consider the
contribution of vein angle, nor did they indicate that it could be
one of the more important geometric characteristic. We believe
that our model study contributes to the body of knowledge
and improved understanding of how vein angles feature in an
evolutionary perspective.

On the whole, our results suggest that it may be of some
evolutionary hydraulic advantage for plants to have broader
leaves. As for narrow leaves it appears that the disadvantage can
be minimized if the 2nd order veins (at least) are both highly
conductive and arranged at small acute angles to the main vein.
If the alignment is too great, however, (approaching a parallel
vein system) the efficiency again decreases. Although we did not
model the parallel vein system itself, one can conjecture that from
this point a narrow leaf might well be better suited to have more
a parallel 2nd order vein arrangement.

In a future exercise it should be possible to compare our
theoretical results with those measured on real leaves, although a
comparison would require a good deal of quantitative anatomical
and physiological information such as vein network structure
and hierarchy and vein conductances. One means of bringing
a comparison about would involve a series of measurements
of water potential as a function of transpiration (and other
external conditions) across many different species, and for us to
compare our representative calculations based on the quantified
vein architectures of those species. Alternatively, based on the
higher level predictions of our model, we imagine the possibility
of a collecting information on leaf size and shape, and leaf vein
architecture from leaves from different locations around the
world, and then correlate this information with the climate at
their origin to see if our general conclusions (such as long thin
veins having more acute 2nd order vein angles) are verified.

The model we have utilized in this work presents a
relatively simple description of actual vein architecture. No
account has been taken of details such as the curving and
tapering of veins, which are features of eucamptodromous
venation. Moreover, branched veins as in craspedodromous
and actinodromous vascular systems (Hickey, 1973) were not
considered in this study. Secondly, we only simulated systems
using (mostly) the vein conductivities referred to in the works
of Cochard et al. (2004), although other 2nd order vein

conductivities were also considered. But to properly understand
the functionality and evolution of angiosperm vein systems,
we aim in our future investigations to entertain more accurate
vascular architectures with measured vein conductivities for
different species. Nevertheless, even with the simple geometric
vein arrangement we have employed in the model that we have
presented we are able to show some interesting consequences
of leaf venation. The present study is our initial attempt toward
understanding the evolution of the complicated vein systems
and leaf shapes of plants. In future work, the model will be
improved to also feature more tissue-specific details such as the
bundle sheath surrounding veins and the mesophyll. That level
of elaboration is needed in order to include a more detailed
representation of both symplastic and apoplastic pathways for
water and solutes.
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