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Introduction: Mechanical stresses and strains exerted on the glomerular cells
have emerged as potentially influential factors in the progression of glomerular
disease. Renal autoregulation, the feedback process by which the afferent
arteriole changes in diameter in response to changes in blood pressure, is
assumed to control glomerular mechanical stresses exerted on the glomerular
capillaries. However, it is unclear how the two major mechanisms of renal
autoregulation, the afferent arteriole myogenic mechanism and
tubuloglomerular feedback (TGF), each contribute to the maintenance of
glomerular mechanical homeostasis.

Methods: In this study, we made a mathematical model of renal autoregulation
and combined this model with an anatomically accurate model of glomerular
blood flow and filtration, developed previously by us. We parameterized the renal
autoregulation model based on data from previous literature, and we found
evidence for an increased myogenic mechanism sensitivity when TGF is operant,
as has been reported previously. We examined the mechanical effects of each
autoregulatory mechanism (the myogenic, TGF and modified myogenic) by
simulating blood flow through the glomerular capillary network with and
without each mechanism operant.

Results:Ourmodel results indicate that the myogenic mechanism plays a central
role in maintaining glomerular mechanical homeostasis, by providing the most
protection to the glomerular capillaries. However, at higher perfusion pressures,
the modulation of the myogenic mechanism sensitivity by TGF is crucial for the
maintenance of glomerular mechanical homeostasis. Overall, a loss of renal
autoregulation increases mechanical strain by up to twofold in the capillaries
branching off the afferent arteriole. This further corroborates our previous
simulation studies, that have identified glomerular capillaries nearest to the
afferent arteriole as the most prone to mechanical injury in cases of disturbed
glomerular hemodynamics.

Discussion: Renal autoregulation is a complex process bywhichmultiple feedback
mechanisms interact to control blood flow and filtration in the glomerulus.
Importantly, our study indicates that another function of renal autoregulation is
control of themechanical stresses on the glomerular cells, which indicates that loss
or inhibition of renal autoregulation may have a mechanical effect that may
contribute to glomerular injury in diseases such as hypertension or diabetes.
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This study highlights the utility of mathematical models in integrating data from
previous experimental studies, estimating variables that are difficult to measure
experimentally (i.e. mechanical stresses in microvascular networks) and testing
hypotheses that are historically difficult or impossible to measure.
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glomerulus, mathematical modeling, renal autoregulation, tubuloglomerular
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Introduction

Alterations in mechanical stresses on the glomerular capillaries
have been implicated in the progression of glomerulopathy in
numerous kidney diseases (Endlich and Endlich, 2012; Kriz and
Lemley, 2015; Endlich et al., 2017; Kriz and Lemley, 2017; Srivastava
et al., 2017), and the magnitude of the mechanical stresses in the
glomerulus depends on the efficiency of autoregulatory control. In
the renal microcirculation, the myogenic and tubuloglomerular
feedback (TGF) mechanisms of renal autoregulation maintain
glomerular blood flow and pressure at optimum levels (Navar
et al., 2008). These mechanisms respond to different chemical
and physical signals; the myogenic mechanism causes a fast
constriction of the afferent arteriole in response to increases in
afferent arteriole wall tension, whereas TGF causes slower
constriction and is mediated by signals from the macula densa
cells that sense increases in tubular fluid osmolality or sodium
concentration. Both mechanisms converge at the level of the
afferent arteriole smooth muscle cells (SMC), and it is unclear to
what degree the TGF and myogenic mechanisms dynamically
interact to control SMC tone (Cupples, 2007).

Numerous studies have supported the theory that TGF
modulates the sensitivity of the myogenic mechanism (Walker
et al., 2000; Walker, 2001; Scully et al., 2013; Mitrou et al., 2015;
Scully et al., 2016; Scully et al., 2017); the afferent arteriole constricts
faster and with greater magnitude when TGF is intact as opposed to
when TGF is inoperant (Walker et al., 2000; Walker, 2001), but it is
unclear if this is a result of the TGF mechanism acting additively
with the myogenic mechanism, or whether the TGF mechanism
directly influences the magnitude and/or kinetics of the myogenic
response. Mathematical models of hemodynamic autoregulation
allow for the interrogation of hypotheses regarding relative
strengths of the myriad factors controlling SMC tone (Carlson
and Secomb, 2005; Carlson et al., 2008; Sgouralis and Layton,
2014). We developed a model of renal autoregulation that
combines our previously developed model of blood flow and
filtration in an anatomically accurate rat glomerular capillary
network (Richfield et al., 2020; Richfield et al., 2021) with models
of the renal tubule and afferent arteriole to quantitatively
characterize interactions between the myogenic and TGF
mechanisms and their impact on glomerular mechanics.

The model presented here provides estimates of the mechanical
stresses and strains in the glomerular capillaries under different
autoregulatory conditions. By modifying the magnitude and kinetics
of the autoregulatory mechanisms and their interactions, we estimate
each mechanism’s impact on the magnitude of different glomerular
mechanical stresses. While previous studies have used mathematical
models to comprehensively investigate renal autoregulatory dynamics

(Sgouralis and Layton, 2012; Edwards and Layton, 2014; Sgouralis and
Layton, 2014; Sgouralis and Layton, 2015; Sgouralis et al., 2016;
Ciocanel et al., 2018), no studies have quantitatively related these
dynamics to the mechanical consequences experienced by the
glomerular cells. Our goal in this study was to quantify the
contribution of each autoregulatory mechanism and their
interactions to glomerular mechanical homeostasis. Our results
indicate that the TGF mechanism directly modulates the sensitivity
of the myogenic mechanism, and that this interaction is required to
maintain mechanical homeostasis of the glomerular cells when blood
pressure is elevated. These findings corroborate previous studies of
myogenic mechanism-TGF interaction, suggest mechanisms of
glomerular injury in diseases such as hypertension and diabetes,
and highlight the utility of mathematical models in probing
questions in renal physiology.

Mathematical model

We developed a model of renal autoregulation that portrays the
interaction of the TGF and myogenic mechanisms in maintaining
single nephron glomerular filtration rate (SNGFR). The model was
composed of an afferent arteriole model, a glomerulus model and a
tubule model run in series such that the output of each model was
used as input for the next (Figure 1). The afferent arteriole model was
derived from a model of cerebral autoregulation (Carlson et al., 2008)
and the model was fit to data from previous studies that used the
juxtamedullary nephron preparation to measure changes in afferent
arteriole diameter and flow in response to changes in perfusion
pressure (Takenaka et al., 1994; Walker et al., 2000). A glomerulus
model previously developed by us (Richfield et al., 2020) was used to
estimate magnitudes of SNGFR and mechanical stresses in the
glomerular capillaries. To model solute exchange on the length of
the tubule, we used a model of solute concentration along the relevant
tubular segments (proximal tubule and the descending and ascending
limbs of the Loop of Henle) to estimate macula densa solute
concentration as a function of SNGFR (Layton et al., 1991). We
briefly discuss each sub-model and describe the parameterization of
the renal autoregulation model.

Glomerulus model

To estimate the effect of alterations in afferent arteriole diameter
on glomerular filtration and mechanics, we used a previously
developed model of glomerular hemodynamics that models blood
flow and filtration throughout an anatomically accurate glomerular
capillary network (Richfield et al., 2020). We briefly describe the
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main equations of the model and discuss our methods for allowing
for elastic deformation of the simulated glomerular capillaries,
which we have modeled previously (Richfield et al., 2021).
Incorporation of an anatomically accurate model of the
glomerulus into our model of renal autoregulation constitutes a
novel step forward in modeling renal autoregulation, as this model
allows us to estimate filtration dynamics andmechanical stress at the
glomerular capillary level. This has never been done in previous
models of autoregulation.

The anatomical data used in this model were obtained via
perfusion fixation and ultrathin sectioning in a previous study
(Shea, 1979). The glomerular capillary network used in the
model is composed of 320 capillary segments with known length
and diameter, and 195 nodes at which the capillary segments
bifurcate and/or coalesce. The glomerulus model uses
conservation laws to calculate changes in plasma protein
concentration and hematocrit as the plasma water is filtered

along the length of the network. Thus, for a given systemic
plasma protein concentration CA and hematocrit Ht, we calculate
the concentration of plasma protein, C and erythrocyte volume in
each capillary in the network. Erythrocyte volume is distributed at
network nodes nonlinearly according to previously developed
empirical models of blood phase separation in the
microvasculature (Pries et al., 1996) and the hematocrit in each
capillary segment nonlinearly affects blood viscosity according to
previous experimental findings (Pries et al., 1994). Improving on
previous models of blood flow and filtration in an anatomically
accurate rat glomerular capillary network (Lambert et al., 1982;
Remuzzi et al., 1992), our glomerulus model does not assume a
linear pressure profile on the length of each capillary but instead
takes the filtration of fluid into account in calculating the pressure
profile p(x). For x = 0 to the capillary length, denoted L, and for Rf

the resistance of the glomerular capillary wall to filtration, we obtain
the second-order differential equation for the pressure profile:

FIGURE 1
Autoregulation model schematic. Models of the glomerulus and tubule are used to estimate SNGFR and macula densa solute concentration, CMD.
The afferent arteriole model calculates wall tension TP, and TP and CMD are used to calculate the myogenic and TGF tones, denoted SMyo and STGF,
respectively. The interaction between SMyo and STGF is denoted by Ψ in the diagram and will be referred to as such throughout this article. References are
included to indicate the core references used to construct each model, with the novelty of the glomerulus sub-model accentuated.

TABLE 1 Glomerulus model and systemic parameters. ‘ND’ denotes ‘non-dimensional.’

Parameter Description Value Units References

k Capillary hydraulic conductivity 3 × 10−5 nl/min/mmHg Richfield et al. (2020), Richfield et al. (2021)

E Capillary Young’s modulus 14.4 MPa

tGFB Capillary wall thickness 360 nm

μpl Plasma viscosity 1.24 cP

CP
sys Plasma protein concentration 5.94 g/dl

CS
sys Plasma osmolality 275 mosmol/kg H2O Navar et al. (1986)

Ht
sys Systemic hematocrit 0.4 ND

PA
0 Baseline arterial pressure 100 mmHg

PBS
0 Baseline Bowman’s Space pressure 13 mmHg

Frontiers in Physiology frontiersin.org03

Richfield et al. 10.3389/fphys.2024.1410764

https://www.frontiersin.org/journals/physiology
https://www.frontiersin.org
https://doi.org/10.3389/fphys.2024.1410764


d2p

dx2
x( ) − a2p x( ) � −a2pBS, (1)

Where pBS denotes Bowman’s Space pressure, a2 = R/(Rf L2) for
R the capillary resistance, which we calculate assuming Poiseuille
flow. Glomerular model parameters are available in Table 3. The
apparent viscosity μ in each capillary segment is nonlinearly
dependent on plasma viscosity μpl, hematocrit Ht and the
capillary diameter D (Pries et al., 1994):

μ � μplλ D,Ht( ). (2)

In contrast to our previous publications (Richfield et al., 2020;
Richfield et al., 2021), λ is defined as in (Remuzzi et al., 1992).We obtain
the filtered volume or “capillary segment glomerular filtration rate”
(CSGFR) by integrating over the length of each glomerular capillary:

CSGFR � ∫L

0
p x( ) − pBS( )dx

RfL
, (3)

and total SNGFR is taken to be the sum of the individual CSGFRs.
The filtration resistance Rf is not fixed but is calculated iteratively as
a function of plasma protein concentration and the pressure profile
on the length of the capillary. According to the fundamental
equations of glomerular filtration (Deen et al., 1972) the blood
flow through each capillary changes as a function of the pressure
profile p(x) on the length of the capillary and the colloid osmotic
pressure Π(x) that opposes filtration according to the concentration
of plasma protein within the capillary lumen:

dQ

dx
� −kπD p x( ) − pBS − Π x( )( ), (4)

For k the hydraulic conductivity of the glomerular capillary wall,
defined as the permeability of the wall to water, D the capillary
diameter, and

Π x( ) � 2.1C x( ) + 0.16C2 x( ) + 0.009C3 x( ). (5)

(Papenfuss and Gross, 1978). Assuming Poiseuille flow,

Q x( ) � −L
R

dp

dx
x( ). (6)

Taking the derivative with respect to x,

dQ

dx
x( ) � −L

R

d2p

dx2
x( ) � a2 p x( ) − pBS( ). (7)

To enforce equality between Equations 4 and 7 we let

Rf � ∫L

0
p x( ) − pBS( )dx

kπDL∫L

0
p x( ) − pBS − Π x( )( )dx. (8)

This formulation allows for Rf to be iteratively updated for each
capillary segment, as discussed in our previous work (Richfield
et al., 2020).

To assess pressure boundary conditions for Equation (10), we
calculate the pressure at each network node assuming conservation
of blood flow, Q. Specifically, if we let J be the set of nodes j connected to
node i, conservation of blood flow at node i is represented by

∑
j∈J

Qij � 0, (9)

Where Qij denotes the blood flow between nodes i and j
through capillary ij. This relation defines a system of linear
equations that can be used to calculate node pressures
simultaneously, given pressure boundary conditions at the
inlet and outlet, denoted Pa and Pe, respectively. In model
simulations, Pa and Pe are set equal to mean arterial pressure
and peritubular capillary pressure, respectively.

In addition to predicting aspects of glomerular function, our
glomerulus model estimates mechanical stresses in the individual
glomerular capillaries. We calculate shear stress, τ assuming
Poiseuille flow:

τ � 32μ 1
L∫L

0
Q x( )dx

πD3
. (10)

Hoop stresses on each capillary segment, denoted by σ are
calculated using the Young–Laplace equation:

σ �
D 1

L ∫L

0
p x( ) − pBS( )dx( )
2tGFB

, (11)

For tGFB the thickness of the glomerular filtration barrier.
Further details of the glomerulus model algorithm and derivation
are available in our previous work (Richfield et al., 2020).

TABLE 2 Autoregulation model parameters gathered from literature. ‘ND’ denotes ‘non-dimensional.’ ‘D’ denotes ‘derived’ parameter, estimated by fitting
the model to data.

Parameter Description Value Units References

DAA
0 Baseline afferent arteriole diameter 7 μm D

DEA
0 Baseline efferent arteriole diameter 7.3 μm D

LAA Afferent arteriole length 107 μm Gattone et al. (1983)

LEA Efferent arteriole length 107 μm Gattone et al. (1983)

Pext Interstitial pressure 5 mmHg Sgouralis and Layton (2014)

RRA Pre-afferent arteriolar resistance 1.09 nl mmHg s−1 Sgouralis and Layton (2014)

τc Arteriole diameter rate constant 675 s−1 Sgouralis and Layton (2014)

Cact,2 Arteriole constriction shape parameter 0.54 ND Sgouralis and Layton (2014)
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In previous iterations of the model (Richfield et al., 2020), the
afferent and efferent arterioles were represented as fixed resistors
that were tuned to recapitulate rat glomerular hemodynamics in
control and disease conditions (Zatz et al., 1986; Kasiske et al., 1988;
Franco et al., 2011). In the current study, the afferent arteriole
diameter changes as a function of perfusion pressure, which in turn
affects pressure and filtration in the glomerulus. In our model
formulation the afferent arteriole model determines the change in
DAA based on autoregulatory inputs and this diameter is translated
to an afferent resistance RAA in the glomerular model. The efferent
arteriole length LEA and diameter DEA remain fixed and are used to
maintain an adequate glomerular pressure in the control state
(Sgouralis and Layton, 2014).

To calculate strain (stretch) of the glomerular capillary walls,
we use a constitutive relation assuming that the glomerular
filtration barrier is a neo-Hookean solid whereby the hoop
stress σ alters the diameter (subscript θ), length (subscript x)
and wall thickness (subscript r) of the glomerular capillaries
(Richfield et al., 2021):

σr � E

3
εr, (12)

σθ � E

3
εθ , (13)

σx � E

3
εx. (14)

Where ε denotes the relative change in the glomerular capillary
diameter (strain) over the diameter in control conditions, and E is the
Young’s modulus of the glomerular capillary walls. Based on data from
previous experimental studies wherein glomerular compliance was
estimated by quantifying alterations in glomerular volume in response
to changes in perfusion pressure (Cortes et al., 1996), we estimate that
E for the rat glomerular capillary walls is 14.4 MPa (Richfield et al.,
2021). Dividing E by 3 asserts that the wall has the same elasticity in all
three directions: axial, radial, and circumferential. In other words, we
assume the wall is isotropic, and that the strains are sufficiently small
(<10%) to justify a linear stress-strain relationship (Breslavsky et al.,
2016). We use this relation to update the diameter, length and
thickness of the glomerular capillary walls in response to changes
in σ, which allows us to calculate strain of the glomerular capillary walls
for a change in arterial pressure. We defer to our previous work
(Richfield et al., 2021) for specifics on model implementation.

Afferent arteriole model

The diameter of the afferent arteriole, denoted DAA, changes as a
function of the difference between the tension due to blood pressure
along the length of the afferent arteriole, denoted TP, and the tension
produced by the wall as a function of the myogenic and TGF
mechanisms, denoted Twall (Carlson et al., 2008; Sgouralis and

TABLE 3 Tubule model parameters. ‘D’ denotes ‘derived’ parameter from data.

Parameter Description Tubule segment Value Units References

rT Tubule radius PCT 12.5 μm Weinstein (1986)

DL 12.5 Layton et al. (2012)

AL 10 Layton et al. (1991)

LT Tubule length PCT (LPT) 0.5 cm Layton et al. (2012)

DL (LDL) 0.4 Sgouralis and Layton (2014)

AL (LAL) 0.5 Layton et al. (2012)

PS Passive solute permeability PCT 0 μm s−1 D

DL 0 D

AL 0.15 Layton et al. (2012)

Vmax Maximum active transport rate PCT 28 nmol cm−2 s−1 Layton et al. (2012)

DL 0 Layton et al. (2012)

AL 16.6 Layton et al. (2012)

CTv,1 Glomerulotubular balance parameters 350 s cm−1 D

CTv,2 0.03 cm s−1 D

Pv,c Volumetric permeability PCT 0.15 μm s−1 (mOsmol/kg H2O)
−1 D

DL 0.15 D

AL 0 Layton et al. (1991)

Km Michaelis-Menten constant 70 mOsmol/kg H2O Layton et al. (1991)

Ce
LDL Interstitial osmolality at loop bend 650 mOsmol/kg H2O Knepper et al. (2003)

Ce
LAL Interstitial osmolality at the macula densa 150 mOsmol/kg H2O Layton et al. (1991)
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Layton, 2014). We use the following differential equation to describe
these dynamics:

dDAA

dt
� 1
τc

TP t( ) − Twall t( )( ), (15)

For τc constant (Table 1). The tension of the wall due to blood
pressure is modeled as

TP t( ) � Pavg t( ) − Pext( )DAA t( )
2

, (16)

For Pavg the average pressure on the length of the afferent
arteriole. The interstitial fluid pressure, Pext, is assumed to be
constant and equal to 5 mmHg (Sgouralis and Layton, 2014).

We calculate Pavg given an inlet pressure Pa (equal to arterial
pressure) by assuming Poiseuille flow in calculating the total afferent
resistance RAA:

RAA t( ) � RRA + 128 μLAA

πD4
AA t( ) , (17)

For RRA a fixed resistance provided by the vessels upstream of
the afferent arteriole, μ the apparent viscosity of blood as it traverses
the arteriole, and LAA the length of the afferent arteriole (Table 2). In
previous autoregulation models (Sgouralis and Layton, 2014) the
afferent arteriole blood viscosity is increased roughly ten-fold to
provide the resistance necessary to maintain control levels of
glomerular blood flow and pressure. In our model we take into
account the alteration of blood viscosity as a function of vessel
diameter and hematocrit (Pries et al., 1994) (described below), thus
we model the afferent arteriole segment within a fixed length LAA
upstream from the glomerulus and assume a fixed resistance RRA

upstream of this main arteriole segment. The baseline diameter
DAA

0 was selected to enforce a specified baseline glomerular blood
flow, pressure and SNGFR, as described below.

The wall tension, Twall is represented by the sum of a passive
tension component, Tpass and an active tension component, Tact

(Carlson et al., 2008):

Twall t( ) � Tpass t( ) + Tact t( ). (18)

The passive tension describes the nonlinear response of the
arteriole wall to changes in diameter, independent of the
contractile process of the smooth muscle cells (Carlson
et al., 2008):

Tpass t( ) � Cpass,1 exp Cpass,2
DAA t( )
D0

AA

− 1( )( ), (19)

Where DAA
0 corresponds to the afferent arteriole diameter at

baseline. In general, the superscript 0 indicates the baseline state
value, and baseline state values are included in Table 1. The active
tension, Tact is a sigmoidal function of smooth muscle cell (SMC)
tone, denoted Stone:

Tact t( ) � Cact,1

1 + exp −Stone t( )( ) exp −
DAA t( )
D0

AA
− 1

Cact,2

⎛⎝ ⎞⎠2⎛⎜⎜⎝ ⎞⎟⎟⎠, (20)

Where Cact,1 denotes the maximum contractility of the afferent
arteriole and Cact,2 is a shape parameter that describes the nonlinear
relationship between afferent contractility and the deviation of DAA

from the control state (Sgouralis and Layton, 2014). We model Stone
as a linear combination of autoregulatory signals:

Stone t( ) � SMyo t( ) + STGF t( ). (21)

The myogenic mechanism signal (SMyo) and TGF signal
(STGF) are included. We represent each of these signals as
functions of their respective inputs: the myogenic mechanism
is modeled as a sigmoid function of the change in afferent
arteriole wall tension TP from a reference tension TP

ref and the
TGF mechanism is modeled as a sigmoid function of the change
in macula densa concentration CMD from a reference macula
densa concentration CMD

ref:

SMyo TP( ) � CMyo,max

1 + exp −CMyo TP − Tref
P( )( ) + CMyo,min (22)

STGF CMD( ) � CTGF,max

1 + exp −CTGF CMD − Cref
MD( )( ) + CTGF,min, (23)

FIGURE 2
Tubule model predicts osmolality, fluid velocity and the reabsorbed fluid load on the length of the tubule and at varied pressures. (A) Tubular fluid
osmolality (black) and velocity (blue) as a function of length along the tubule in the baseline case. (B)Macula densa osmolality (CMD) and fluid velocity at
the macula densa as a function of perfusion pressure. (C) SNGFR and the reabsorbed fluid load change with altered perfusion pressure. In (B–C), the
afferent arteriole and glomerulus models were used to translate perfusion pressure into SNGFR (Figure 1), assuming no feedback (open-loop). The
tubule model was then used to compute macula densa osmolality and fluid velocity (B), as well as the reabsorbed fluid load (C).
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Stone = 0 at baseline, thus Stone is not representative of the absolute
magnitude of SMC tone, but the deviation of the SMC tone from
baseline, wherein a positive Stone elicits a reduction inDAA frombaseline
and a negative Stone elicits an enhancement of DAA from baseline.

The baseline afferent and efferent arteriole diameters were
derived (reference ‘D’ in Table 2) based on the assumption that
at the steady-state control arterial pressure, PA

0 = 100 mmHg,
SNGFR, 30 nL/min, PG, 50 mmHg, and an afferent arteriole
plasma flow of 100 nL/min (blood flow QAA, 166 nL/min) (Navar
et al., 1986; Richfield et al., 2020; Richfield et al., 2021). We refer to
the interaction between SMyo, and STGF, asΨ, which we discuss in the
model parameterization subsection.

Tubule model

To accurately model TGF responses to changes in perfusion
pressure, it is necessary to model tubular fluid flow and osmolality
up to the macula densa, taking into account the functional
heterogeneity along the nephron’s length. In general, we model
the change of osmolality CT on the length of the nephron and the
tubular fluid velocity v as:

∂CT

∂t
+ v

∂CT

∂x
� −2πrTJs (24)

∂v
∂x

� −2πrTJv (25)

For v the tubular fluid velocity, rT the tubule radius, Jv the
volumetric flux, and Js the solute flux defined as:

Js � Jv
CT

A
− Ps

A
CT − Ce( ) + Vmax

A

CT

CT +Km
, (26)

For A the tubule cross-section. Each term in the right-hand side
of Equation (26) represents solute transport by a different
mechanism. The first term on the right-hand side of Equation
(26) represents the reabsorption of solute due to solute drag,

wherein water that is transported across the tubule wall carries
dissolved electrolytes through the paracellular channel. The volume
flux Jv is defined as:

Jv � Pv v( ) CT − Ce( ), (27)
Where the volumetric permeability Pv is a sigmoid function of

the velocity:

Pv v( ) � Pv,c

1 + exp −CTv,1 v − CTv,2( )( ). (28)

The incorporation of a sigmoid curve into the permeability
coefficient Pv is used to assert glomerulotubular balance such that a
lack of flow results in a lack of fluid reabsorption. The constants
CTv,1 and CTv,2 control the shape of the sigmoid curve. The volume
flux is dependent on the difference between the osmolality in the
tubule, CT, and the interstitial osmolality, Ce, where

Ce x( )

�

C0
e � CT 0( ) 0≤ x< LPT

C0
e A1,DL exp

−A3,DL x − LPT( )
LDL

( ) + A2,DL( ) LPT ≤x≤ LPT + LDL

Ce LPT + LDL( ) A1,AL exp
−A3,AL x − LPT − LDL( )

LAL
( ) + A2,AL( ) LPT + LDL < x≤LPT + LDL + LAL

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
(29)

For L the length of the tubular segment, with subscripts ‘PT,’
‘DL,’ and ‘AL’ denoting the proximal tubule, descending limb of the
Loop of Henle and ascending limb of the Loop of Henle, respectively
(Layton et al., 1991). The additional parameters used in these
equations are defined as:

A1,DL �
1 − CLDL

e
C0
e

1 − exp −A3,DL( ) (30)

A2,DL � 1 − A1,DL (31)
A3,DL � −2 (32)

A1,AL �
1 − CLAL

e
Ce LPT+LDL( )

1 − exp −A3,AL( ) (33)

FIGURE 3
Renal autoregulationmodel parameterization. Data obtained from literature from Takenaka (Takenaka et al., 1994) and Bell (Bell and Navar, 1982) are
represented as points, wherein (A) open circles indicate the control animals, closed circles indicate the animals that received furosemide, open triangles
indicate animals that received diltiazem, and (B)open squares indicate animals whose TGF responsewasmanually controlled by placing awax block in the
proximal tubule. Model results are shown as curves, (A) black indicating a passive afferent arteriole, blue indicating only the myogenic mechanism is
active, dashed magenta indicates both myogenic and TGF mechanisms are active but do not interact (no Ψ), red indicates that both mechanisms are
operant and that the myogenic mechanism sensitivity is modified by the TGF (Ψ). (B) The solid magenta line indicates that the myogenic mechanism is
active, but TGF is manually controlled (i.e., tubular fluid concentration is stable, without TGF operant).
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A2,AL � 1 − A1,AL (34)
A3,AL � 2. (35)

The notation Ce (LPT + LDL) refers to a recursive calculation of
Ce at x = LPT + LDL, whereas Ce

LDL and Ce
LAL refer to the constant

expected values of interstitial osmolality at the end of the descending
and ascending limbs, respectively (Layton et al., 1991).

The second term on the right-hand side of Equation (26)
describes passive solute transport (“leak” of solutes back into the
tubule) as a function of the difference in osmolality between the
tubule lumen and the interstitium (Ps is the solute permeability
parameter). It is assumed that this passive leak only occurs in the
ascending limb, where the volumetric permeability is zero and thus

passive leakage of solutes is not ameliorated by solute drag as in the
proximal tubule and descending limb. The third term on the right-
hand side of Equation (26) corresponds to the active reabsorption of
solutes, which is a Michaelis-Menten process with maximum uptake
rate denoted by Vmax. The Michaelis-Menten constant, Km, is
incorporated into this term (Layton et al., 1991).

As stated earlier, each segment of the tubule (assuming three
segments: the proximal tubule and the descending and ascending
limbs of the Loop of Henle) exhibit different transport processes.
This is modeled by altering the parameters depending on the tubular
segment (Table 3). Equations 24 and 25 are solved for each segment
of the tubule, with the concentration and velocity at the end of the
segment acting as the boundary conditions for the next segment

FIGURE 4
Myogenic mechanism and TGF signal curves. (A) The myogenic curve (blue) is a function of the afferent arteriole wall tension. The TGF-mediated
modification to themyogenic curve, in red, is included to show the difference between themyogenic mechanism with and without TGF operant. (B) The
TGF curve is black and is a function of the macula densa osmolality.

TABLE 4 Autoregulation model parameters fit to data from literature (Bell and Navar, 1982; Takenaka et al., 1994).

Parameter Ψ Value Units Source data NSC, 100 mmHg NSC, 130mmHg

CPass,1 - 83.0 μm mmHg (Takenaka et al., 1994), diltiazem −0.06 −0.03

CPass,2 - 4.41 ND (Takenaka et al., 1994), diltiazem 0 0.02

CAct,1 - 310 μm mmHg (Takenaka et al., 1994), control −0.12 −0.15

TP
ref No 330 μm mmHg (Takenaka et al., 1994), furosemide 0.60 0.97

Yes 265 μm mmHg (Takenaka et al., 1994), control

CMyo No 0.029 μm−1 mmHg−1 (Takenaka et al., 1994), furosemide 0.05 0.03

Yes 0.092 μm−1 mmHg−1 (Takenaka et al., 1994), control

CMyo,max - 4.58 ND (Takenaka et al., 1994), furosemide −0.03 −0.06

CMyo,min - −0.92 ND (Takenaka et al., 1994), furosemide 0.05 0.04

CTGF,max - 1.06 ND Bell and Navar (1982) −0.06 −0.03

CTGF,min - −0.200 ND Bell and Navar (1982) 0.03 0.02

CTGF - 0.042 (mosmol/kg H2O)−1 Bell and Navar (1982) −0.06 0

CMD
ref - 50.0 mosmol/kg H2O Bell and Navar (1982) 0.02 0.02
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(Figure 2). In the steady-state condition, Equations 24 and
25 become:

dCT

dx
� −2π rTJs

v
(36)

dv

dx
� −2πrTJv. (37)

The glomerulotubular balance parameters CTv,1 and CTv,2 were
estimated to ensure that Equation (35) remained stable at low
SNGFR values, wherein the tubular fluid velocity approached 0.
We assumed that there was 0 effective passive solute permeability in
the proximal tubule (PCT) and distal limb of the Loop of Henle
(DL), because the meager impact of passive transcellular transport is
dwarfed by the active transport of solutes and solute drag (García
et al., 1998).We then adjusted the volumetric permeability Pv,c of the
PCT and DL until the fluid flow at the loop bend equaled ~20%
of SNGFR (Layton et al., 1991; Layton et al., 2012) and the
CMD = 100 mosmol/kg H2O (Bell and Navar, 1982; Navar et al.,
1982), at baseline.

Renal autoregulation model algorithm

The afferent arteriole, glomerulus and tubule models were linked in
series, wherein each model fed into the next model, creating a feedback
loop (Figure 1). In the model, an input pressure (equal to arterial

pressure, assumed 100 mmHg at baseline), is translated into an input
pressure and flow for the glomerulus model. The glomerulus model
calculates the filtered volume of fluid (SNGFR), which is input for the
tubule model. The tubule model calculates the osmolality at the macula
densa, denoted CMD. This osmolality and the tension of the afferent
arteriole are converted into autoregulatory signals STGF and SMyo,
respectively (equations 22 and 23). These are summed and used to
modify the afferent arteriole diameter. This feedback loop can be used to
simulate transient changes in afferent arteriole diameter, however, we
trained our model on steady-state data, as described below. As such, the
model was solved assuming that the afferent arteriole diameter is
steady-state, and

TP � Twall. (38)
This assumption implies that the insights we gained from our

model are limited to the steady-state stresses exerted on the
glomerular capillaries, and the mechanical stresses/strains that
these capillaries undergo in transient changes in blood pressure
that occur at high speeds. We assumed that we could estimate the
latter under steady-state conditions because at the frequency of a rat
heartbeat (400 Hz), afferent arterioles are unlikely to change their
diameter; studies byWalker et al. showed that, in response to a rapid
step in pressure, afferent arterioles take over a minute to fully
respond (Walker et al., 2000; Walker, 2001). Any spontaneous
oscillations of the afferent arteriole occur at a frequency more
than two magnitudes lower than the rat heart rate (Holstein-

FIGURE 5
Steady-state glomerular hemodynamics with each autoregulatory mechanism removed to show the functional results of reduction in
autoregulatory efficiency.
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Rathlou, 1987; Holstein-Rathlou andMarsh, 1990; Holstein-Rathlou
and Marsh, 1994; Marsh et al., 2005a; Marsh et al., 2005b). Thus,
after parameterizing our model, we used it to evaluate the impact of
the autoregulatory mechanisms on transient and steady-state
mechanical stresses exerted on the glomerular capillary walls.

Renal autoregulation model
parameterization

The mathematical model was partially parameterized using
afferent arteriole blood flow data gathered from a previous study
(Takenaka et al., 1994). In this study, the juxtamedullary nephron
preparation was used to investigate the impact of myogenic and TGF
mechanisms on afferent arteriole diameter. A high dose of
furosemide was administered to block TGF activity; the same
experiment was performed with a papillectomy as the
intervention (essentially guaranteeing a loss of TGF), which
showed the same results. Additionally, diltiazem, a calcium
channel blocker, was used to negate both the TGF and myogenic
mechanisms. Using the juxtamedullary nephron preparation, and
under each of these experimental conditions, steady-state perfusion
pressure was increased from 100 mmHg (baseline) to 150 mmHg,
and steady-state afferent arteriole diameter and blood flow
were measured.

Our model of renal autoregulation was fit to this data (Figure 3)
by using each experimental group as a limit case: the diltiazem data
(3 datapoints) were used to estimate the passive parameters Cpass,1

and Cpass,2 (2 parameters) by setting CAct = 0. The maximum active
contractility CAct,1 was estimated assuming Stone = 0 in the baseline
case and solving Equation (15) assuming steady-state conditions
(1 data point, 1 parameter). The Takenaka, 1994 furosemide data
(3 data points) were used to estimate the myogenic mechanism
parameters CMyo, TP

ref, CMyo,max and CMyo,min (4 parameters), by
setting STGF = 0. To estimate 4 parameters from 3 data points, we
assumed that the minimum and maximum SMyo values occurred at
pressures of 80 and 180 mmHg, respectively. By assuming that the
sigmoid SMyo curve is approximately linear between 80 and
180 mmHg, we estimated CMyo,max and CMyo,min as well as TP

ref

using this assumption, and finally fit CMyo to the original
3 datapoints. Parameterization was performed by minimizing the
least squared error between the model QAA and the corresponding
Takenaka blood flow data under each of the experimental
conditions. To ameliorate issues involving discrepancies between
animal and mathematical model baseline state pressure and flow
values, the model was fit to the QAA values relative to the model
baseline. Importantly, the diltiazem case assumed that the efferent
arteriole diameter, as a function of diltiazem concentration,
increases at a rate equal to 20% of that of the afferent arteriole as
a function of diltiazem dose (Hayashi et al., 2003).

To estimate the TGF mechanism parameters, we used data from
a different study that measured stop flow pressure changes in
response to alterations in tubular osmolality (Bell and Navar,
1982). In this experiment, the myogenic mechanism was operant
but the macula densa was cut off from the glomerulus due to a wax
block placed in the proximal tubule. As a result, the feedback-

FIGURE 6
Model predictions of steady-state, spatially averaged shear stress, hoop stress and CSGFR values generated by a varied perfusion pressure (top row).
We model a passive afferent arteriole (black), an afferent arteriole with only the myogenic mechanism operant (blue), the additive TGF and myogenic
mechanisms (dashed magenta, no Ψ), and the TGF with a modified myogenic mechanism (red, with Ψ). We then compute the contribution of each
autoregulatory mechanism to the maintenance of the mechanical stresses at control values (bottom row). The myogenic mechanism contribution
(green) is highest, while TGF (blue) and Ψ (pink) play a smaller role in contributing to the maintenance of glomerular mechanical homeostasis.
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isolated TGF response to manual changes in tubular osmolality
could be measured in the form of changes in stop flow pressure.
Model parameters CTGF, CMD

ref, CTGF,max and CTGF,min

(4 parameters) were fit to this data (5 data points) by estimating
the change in afferent arteriole diameter that mediates the changes
in glomerular pressure seen experimentally (Figure 3B).

Once we parameterized the steady-state TGF and myogenic
signals, STGF and SMyo, respectively, we compared the model
output to that of the control condition animals from Takenaka
(Takenaka et al., 1994), and showed that the addition of STGF and
SMyo (as in Eq. (21)) correctly estimates the control state afferent
arteriole diameter at baseline perfusion pressure (Figure 3,
dashed magenta). This serves as verification that our model
was properly parameterized. However, at higher pressures, the
model fails to reproduce the experimental results, as it is unable
to constrict to the point where flow is maintained at homeostatic
levels. In the juxtamedullary nephron preparation, there is no
endocrine signaling to the vasculature and we are not aware of
local, paracrine feedback mechanisms that could mediate this

constriction other than TGF and the myogenic response. As such,
we assumed that the tone required to generate the constrictive
response at higher perfusion pressures is generated by the TGF
mechanism’s modulation of the myogenic mechanism sensitivity
(Walker et al., 2000; Walker, 2001; Cupples, 2007; Scully et al.,
2013; Scully et al., 2016; Scully et al., 2017) which we denote Ψ.
Namely, we define Ψ as the new set of parameters CMyo and TP

ref

that only are used if TGF is operant:

Ψ � CMyo, T
ref
P{ ∣∣∣∣∣ STGF≠ 0} (39)

We recalculated values for CMyo and TP
ref to create a new

myogenic curve (red in Figure 4, entries in Table 4) that fits the
control data generated by Takenaka et al. (Takenaka et al., 1994) and
calculates Stone as in Equation (21). We fit CMyo and TP

ref

(2 parameters) to the Takenaka control data (3 data points). We
included these values in Table 4, distinguishing them from the
parameter values associated with the myogenic curve when TGF is
inoperant (see Ψ column). By altering these parameters (increasing
the slope and shifting the myogenic curve left in Figure 4), the model

FIGURE 7
Transient mechanical stress and strains exerted on each glomerular capillary by a pressure pulse from the rat heartbeat. Each data point corresponds
to one of the 320 glomerular capillaries in the network. Transientmechanical stresses include capillary circumferential strain (εθ, (A), change in shear stress
on the endothelium (Δτ, (B) and the change in CSGFR (ΔCSGFR, (C). The model afferent arteriole parameters are varied to simulate the passive (‘Passive’),
and the control condition with Ψ (‘Control’). Two mean perfusion pressures (PA) were considered, 100 mmHg (black boxes) and 130 mmHg (red
boxes), as indicated by the number next to the model condition for each group. Lines in each box indicate the median across all capillaries, the bottom
and top of the boxes indicate 75th and 25th percentiles, respectively, and whiskers indicate outliers.

FIGURE 8
Circumferential strain distribution across the glomerular capillary network. Each of the networks above is representative of the network topology of
the model glomerulus; each segment represents a capillary segment, with nodes connecting the segments as a representation of points of bifurcation
and/or coalescing. Arrows indicate flow direction. The thickness of the capillary, as well as the color (scale bar at right) are proportional to the
circumferential strain on that capillary segment. Mean pressure is 130 mmHg. The strain is calculated for the passive case, when both autoregulatory
mechanisms are inoperant, and the control case, in which both mechanisms are operant and their interaction Ψ is present.
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fits the control data from (Takenaka et al., 1994) and shows adequate
control of blood flowQAA (Figure 3). We quantify the model error in
supplementary table S1. Because each of the eleven unknown
parameters were separately estimated by datasets that contained
the same number of datapoints if not more datapoints than
parameters, we assume that the model is identifiable.

Model code

All data analysis, model parameterization and model code were
written in R version 3.5.1, with simulations performed on a personal
laptop computer. Results were visualized and figures generated using
MatLab 2022. All code and data is available in a public GitHub
repository: https://github.com/omrichfield/autoreg_glommod. We
have released the repository with DOI 10.5281/zenodo.11114851.

Results

Steady-state glomerular hemodynamics

Using our newly parameterized autoregulation model, we
estimated functional readouts (afferent arteriole diameter DAA,
blood flow QAA, SNGFR and glomerular pressure PG) under
passive conditions, with only the myogenic mechanism operant,
and the control condition with TGF, the myogenic mechanism and
their interaction,Ψ (Figure 5). The addition of TGF serves to reduce the
baseline diameter but does not enhance the reduction in diameter in
response to an increasing perfusion pressure. As a result, only when
both mechanisms are operant and Ψ is present, are PG and SNGFR
maintained at baseline levels despite increasing perfusion pressure.

Sensitivity analysis

We computed the normalized sensitivity coefficient (NSC) for
each of the autoregulation model parameters at both PA = 100 mmHg
and 130 mmHg (Table 4). NSC for a parameter P is calculated as:

NSC �
Q1

AA − Q0
AA

Q0
AA

P1 − P0

P0

(40)

Where P0 indicates the normal parameter value and P1 is equal
to 101% of P0. QAA

x indicates the afferent arteriole blood flow for
when P=Px for x = 0, 1. Thus, NSC measures the relative change in
afferent arteriole blood flow given a 1% increase in the parameter P.
An |NSC| > 0.5 is considered significant, and |NSC| < 0.5 is
considered insignificant. Accordingly, the only parameter that
shows significant model sensitivity is TP

ref (Table 4).

Glomerular mechanics

We quantified the magnitudes of mechanical stress in the
glomerulus under steady-state conditions (Figure 6) as well as
during transient changes in blood pressure characteristic of

physiological conditions (Figure 7). By testing different
autoregulatory scenarios (passive, myogenic only, TGF and
myogenic and TGF with the modified myogenic), we estimated
the contribution Ω of each autoregulatory mechanism to the
maintenance of glomerular mechanical homeostasis. Three
mechanical stresses were considered; shear stress against the
endothelial cells, hoop stress on the podocytes, and the CSGFR,
which we assume is proportional to the shear stress experienced by
the podocytes during filtration. We define the steady-state
mechanical stress contributions as follows, where M denotes the
mechanical stress (shear, hoop, CSGFR) and the subscript ‘Pass,’
‘Myo,’ ‘TGF,’ and ‘Ψ’ denote the cases of passive afferent arteriole,
myogenic mechanism only, additive myogenic and TGF, and TGF
with the TGF-modulated myogenic mechanism, respectively.

ΩMyo� |MPass PA( ) −MMyo PA( )∣∣∣∣ (41)
ΩTGF� |MMyo PA( ) −MTGF PA( )∣∣∣∣ (42)
ΩΨ� |MTGF PA( ) −MΨ PA( )| (43)

The respective contributions of each mechanism to the
maintenance of steady-state mechanical stress in the glomerulus
are shown on the bottom row of Figure 6.

In addition to steady-state values of shear stress, hoop stress and
CSGFR, we computed the transient changes in shear stress and
CSGFR (denoted Δτ and ΔCSGFR, respectively), along with the
circumferential strain (εθ), generated by the rat heartbeat. We
considered two mean blood pressures, 100 mmHg and
130 mmHg, with an oscillation amplitude of 20 mmHg. Since the
rat’s heartbeat occurs at a frequency of 400 Hz, we assume that
during the average transient change in blood pressure associated
with diastole and systole of the rat’s heart, the afferent arteriole
diameter is constant (Walker et al., 2000; Walker, 2001). We
computed the change in shear stress, CSGFR and glomerular
capillary diameter (strain, εθ) associated with a fluctuation in
blood pressure from 80 mmHg to 120 mmHg (with a mean of
100 mmHg) and 110 mmHg–150 mmHg (with a mean of
130 mmHg), for each glomerular capillary in the network
(Richfield et al., 2021) (Figure 7). We considered both the passive
case and the case of complete autoregulation, and see that complete
amelioration of autoregulation increases the baseline (100 mmHg
mean blood pressure) mechanical stresses, and also fails to control
mechanical stresses when blood pressure is elevated (130 mmHg
mean blood pressure).

Apparent in Figure 7 is the variability of the mechanical stresses
and strains throughout the glomerular capillary network; for
example, at baseline conditions, some capillaries exhibit 1.5%
wall strain while the median across all capillaries in the network
is 0.5%. We have used our glomerulus model to estimate this
heterogeneity previously (Richfield et al., 2020; Richfield et al.,
2021). To better characterize the spatial location of the vessels at
greatest risk of mechanical damage in the event of loss of renal
autoregulation, we mapped the strain of the glomerular capillaries
on a graphical model of the rat glomerulus (Figure 8).

From the spatial analysis in Figure 8, it is clear that the
attenuation of renal autoregulation—wherein the afferent
arteriole is passive, as opposed to the afferent arteriole with full
autoregulatory capability, doubles the strain of some of the vessels
nearest to the afferent arteriole. This is the case for perfusion
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pressure at 130 mmHg, wherein the median strain increases by 50%
with the total loss of autoregulation (Figure 7).

Discussion

We developed a novel model of renal autoregulation that
estimates how each mechanism of autoregulation contributes to
changes in glomerular filtration and mechanics at the capillary level.
Building on previous renal autoregulation modeling studies, our
model is unique in that it quantitatively estimates the mechanical
stresses and local filtration dynamics in an anatomically accurate
glomerular capillary network. Our results indicate that the reduction
of renal autoregulatory efficiency by the attenuation of the
autoregulatory mechanisms and their interaction significantly
increases the magnitude of mechanical stresses exerted on the
glomerular cells. These results become more apparent as blood
pressure is elevated, highlighting the importance of renal
autoregulatory mechanisms in the maintenance of glomerular
mechanical homeostasis in hypertensive conditions.

One key finding of this study is that to properly predict the baseline
autoregulatory response to elevated blood pressure, our model indicates
that the myogenic mechanism sensitivity is heightened when TGF is
operant.We reached this conclusion by parameterizing themodel using
two separate experimental datasets and found that the myogenic
mechanism sensitivity must be heightened when TGF is operant, to
adequately maintain glomerular function as perfusion pressure is
increased. Numerous studies have posited that TGF signaling
modulates the sensitivity of the myogenic mechanism (Walker et al.,
2000; Walker, 2001; Cupples, 2007; Scully et al., 2013; Mitrou et al.,
2015; Scully et al., 2016; Scully et al., 2017). In particular, Walker et al.
showed that the steady-state and dynamic myogenic responses to
increased perfusion pressure are more robust when TGF is operant
as opposed to when TGF is attenuated using a large dose of furosemide
(Walker et al., 2000). As in these studies, we quantify the modulatory
relationship between TGF and myogenic mechanisms, denoted Ψ, by
measuring the difference between the myogenic curve parameters TP

ref

and CMyo with and without TGF operant. Our analysis suggests that, by
shifting the myogenic curve leftward on the wall tension-axis, TGF
heightens the sensitivity of the myogenic mechanism.

Our model of renal autoregulation is new as compared to previous
autoregulation models in that it estimates the mechanical stresses and
individual filtration rates for each capillary in the glomerular capillary
network. Pairing this model with an afferent arteriole model enabled us
to model the glomerular capillary mechanics under different
autoregulatory conditions. We used this novel model to quantify the
contribution of each autoregulatory mechanism to the maintenance of
glomerular mechanical homeostasis. We calculated the steady-state
hoop stress, shear stress and CSGFR averaged across the capillaries
in the network. As anticipated, with the addition of each autoregulatory
mechanism (myogenic, TGF, and their interaction Ψ), mechanical
stresses were reduced. This became more apparent as perfusion
pressure was increased. In addition to evaluating the impact of each
autoregulatory mechanism on glomerular mechanics as a function of
perfusion pressure, we also investigated the impact of the autoregulatory
mechanisms on the mechanical stress magnitudes in different
glomerular capillaries within the network (Figures 7, 8). As expected,
a passive afferent arteriole transmits a larger strain and shear stress to

the glomerular capillaries when blood pressure is elevated, while
activation of both mechanisms and their interaction controls the
mechanical stresses at baseline levels.

What is apparent from Figure 8 is the heterogeneity of mechanical
stresses and strains exerted throughout the glomerular capillary
network, as we have described previously (Richfield et al., 2020;
Richfield et al., 2021). Our previous work has identified strain as a
potential factor in the progression of glomerular injury in hypertension,
diabetes and severe chronic kidney disease, all of which involve
glomerular hypertension. This suggests that these capillaries are
most susceptible to mechanical dysregulation as autoregulatory
control is attenuated. As we have noted previously, damage to the
capillaries nearest to the afferent arteriole fits the pattern of perihilar
glomerulosclerosis seen clinically, secondary to significant loss of
functional nephron mass and high blood pressure (Fogo, 2015).
Thus, our results generate the hypothesis that mechanical injury to
the glomerular cells may play a role in the progression of
glomerulosclerosis under these conditions.

Podocytes reorganize their actin cytoskeleton to maintain
attachment when exposed to shear stress in vitro (Friedrich et al.,
2006), and, when subjected to 5%–7% biaxial strain, podocytes
hypertrophy (Petermann et al., 2005) and reorganize their actin
cytoskeleton to accommodate the enhanced mechanical load (Endlich
et al., 2001; Endlich et al., 2002). As the maximum strain magnitude
computed by our model is in the perihilar glomerular capillaries and is
equal to 3%, our model suggests that the loss of autoregulation is not
sufficient to cause strain that podocytes will need to remodel and thereby
perpetuate sclerosis. Other insults such as enhanced blood pressure and/
or a reduction in podocyte stiffnessmay be required to cause the damage
seen experimentally. Other mechanical stresses, such as shear stress on
the podocyte, are not exerted on podocytes in vitro stretch studies, thus
the combination of different mechanical stresses may play a role in
podocyte injury when autoregulation is attenuated.

As with all mathematical models, simulation results must be
contextualized within the assumptions and limitations of the
mathematical model design. The limitations of the model defined
here are principally derived from the limitations in the data used to
parameterize the model (Bell and Navar, 1982; Takenaka et al., 1994);
both datasets used to parameterize the model were collected at steady-
state, thus model insights are limited to the case when the afferent
arteriole diameter is constant (i.e., Equation (38) is satisfied). In this study,
we estimated the steady-statemechanical stresses (Figure 6) and transient
mechanical stresses that are assumed to occur so quickly that the afferent
arteriole diameter is assumed constant during this period (Figures 7, 8).
We did not consider the case in which mechanical stresses may change
over the course of an interim time period, on the order of seconds or
minutes. The limitation of the current study suggests further research
directions.

In conclusion, we developed a novel model of renal autoregulation
that incorporates an anatomically accuratemathematical model of blood
flow and filtration in a rat glomerulus, to estimate how the
autoregulatory mechanisms (TGF and myogenic) control glomerular
mechanical stress magnitudes. Our model results indicate that at high
perfusion pressure, an interaction between TGF and myogenic
mechanisms is required to maintain glomerular pressure, filtration,
and mechanical stresses at baseline levels. Using our mathematical
model of the glomerular capillary network, we quantified mechanical
stressmagnitudes throughout the population of capillaries and identified
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the ‘perihilar’ capillaries that branch off the afferent arteriole as potential
sites of mechanical injury to podocytes. This study highlights the utility
of mathematical models in examining complex physiological questions
that are difficult or impossible to measure experimentally.
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Appendix A

TABLE A1 Model error quantification. Model afferent arteriole blood flows (blue) are compared to afferent arteriole blood flow QAA measured
experimentally under different pharmacological conditions (green), at three perfusion pressures. Error is calculated as a percentage of the experimental
value.

Pressure (mmHg) 100 125 150

Model Diltiazem 315 450 592

Diltiazem 317 444 594

% error 0.63 1.30 0.34

Model Furosemide 208 236 270

Furosemide 208 233 272

% error 0.0 1.3 0.74

Model Control (No Ψ) 167 196 221

Control 169 167 167

% error 1.2 17.4 32.3

Model Control (Ψ) 166 165 157

Control 169 167 167

% error 1.8 1.2 6.0
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