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Some new types of truncated M-fractional exact soliton solutions of the two
important quantum plasma physics models, extended quantum
Zakharov–Kuznetsov and extended quantum nonlinear Zakharov–Kuznetsov,
are successfully achieved by applying the expa function technique, the
improved (G′/G)-expansion technique, and the Sardar sub-equation
technique. These two models have many useful applications when explaining
the waves in the quantum electron-positron-ion magnetoplasmas as well as
weakly nonlinear ion-acoustic waves in plasma. The obtained results are in the
form of dark, bright, periodic, and other soliton solutions. The results are verified
and represented by two-dimensional, three-dimensional, and contour graphs.
The results are newer than the existing results in the literature due to the use of
fractional derivatives. Hence, the solutions will be fruitful in future studies on
these models. The solutions obtained are useful in the areas of applied physics,
applied mathematics, dynamical systems, and nonlinear waves in plasmas and in
dense space plasma. The applied techniques are simple, fruitful, and reliable for
solving other models in mathematical physics.
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1 Introduction

Many naturally occurring phenomena in various areas of science and engineering, like
plasma, acoustics, chemistry, biology, and many others, are expressed in the form of
fractional nonlinear partial differential models (FNLPDMs). Both exact and approximate
results have been obtained by applying different techniques in the literature. For example,
the efficient (G′/G)-expansion method [1], the new auxiliary equation technique [2], the
new direct extended algebraic scheme [3], the new form of modified Kudryashov technique
[4], the modified (G′/G)-expansion method [5], the generalized algebra scheme [6], etc.
Exact soliton solutions of many nonlinear partial differential models (NLPDMs) have been
reported in the literature, such as the fractional Biswas–Arshed model [7], fractional-order
Burger’s model [8], fractional new Hamiltonian amplitude model [9], the attraction-
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repulsion model [10], the negative order KdV–Calogero-Bogoyavlenskii–Schiff model [11], the coupled Solow–Swan model [12], the
stochastic Sasa–Satsuma model [13], etc.

Currently, exact solutions, especially soliton-like solutions, have gained much importance because this has become a special topic in
nonlinear science. Soliton theory has gained importance because of the exceptional properties of soliton. A soliton maintains its shape and
velocity after interaction and stability. Solitons have different forms, like dark, periodic, singular, bright, dark-bright, kink, antikink, and
many others.

We utilize three distinct techniques to obtain the exact soliton solutions in our research: the expa function technique, the improved
(G′/G)-expansion technique, and the Sardar sub-equation technique. Various applications of these techniques are mentioned in the
literature. For example, optical solitons of the Sasa–Satsuma model are attained by utilizing the expa function method [14], various optical
solitons of the perturbed Gerdjikov–Ivanov model are obtained with the use of the expa function method [15], the dark soliton, bright soliton
and combo optical solitons of three coupledMaccari’s model are attained [16], and periodic-singular, singular solitons, and kink solitons of (1
+ 1)-dimensional Mikhailov Novikov–Wang integrable equation are obtained [17]. Various exact wave solutions of extended shallow water
wave models are gained by using the improved (G′/G)-expansion technique [18], some exact traveling wave solutions of the
Calogero–Bogoyavlenskii–Schiff model are attained with the help of the improved (G′/G)-expansion technique [19], and singular-
periodic, periodic, singular, M-shaped soliton solutions of the Hirota–Ramani equation are obtained [20]. The Sardar sub-equation
approach has led to the discovery of new solitons for the (2 + 1)-dimensional Sawada–Kotera (SK) equation [21]. Optical wave solutions of
the Fokas–Lenells model are obtained by utilizing the Sardar sub-equation technique in [22], and some exact traveling wave solutions of the
Newton–Schrödinger system are obtained in [23].

Our research models are the extended quantum nonlinear Zakharov–Kuznetsov model and the modified quantum nonlinear
Zakharov–Kuznetsov model, along with a truncated M-fractional derivative. These are the important models in mathematical physics,
quantum physics, and plasma physics. Both models are used to explain the ion-acoustic waves in magnetized plasma with cold ions and hot
isothermal electrons, as well as in electron-positron-ion magnetoplasmas in the presence of a uniform magnetic field.

Consider the (3 + 1)-dimensional truncated M-fractional extended quantum nonlinear Zakharov–Kuznetsov model [24].

Dα,ϒ
M,tf + θ1f + θ2f

2( )Dα,ϒ
M,zf + θ3D

3α,ϒ
M,3zf + θ4D

α,ϒ
M,z D2α,ϒ

M,2x +D2α,ϒ
M,2y( )f � 0. (1)

This model is used for ion-acoustic waves in a magnetized plasma containing cold ions and hot isothermal electrons. Different techniques
have been used for Equation 1 without fractional derivatives to obtain the exact wave solutions, such as soliton solutions, and some other wave
solutions have been achieved by applying the extended simplest equation technique [25]. Periodic and traveling wave solutions have been
attained by using bifurcation theory [26]. Many exact wave solutions have been gained by utilizing the sine-Gordon expansion technique and
the 1/G′ expansion technique in [27]. Different types of soliton solutions have been achieved by applying the ansatz techniques in [28], and
periodic, dark, and kink-type soliton solutions have been gained by using the generalized Kudryashov and modified Khater methods in [29].

Consider the (3 + 1)-dimensional truncated M-fractional modified quantum nonlinear Zakharov–Kuznetsov model [24]:

16 Dα,ϒ
M,tf − τDα,ϒ

M,xf( ) + 30
��
f

√
Dα,ϒ

M,xf +D3α,ϒ
M,3xf +Dα,ϒ

M,x D2α,ϒ
M,y +D2α,ϒ

M,z( )f � 0. (2)

Equation 2 has been solved by different techniques in the literature: various soliton wave solutions have been gained by using themodified
Sardar sub-equation method [30], and new kinds of soliton solutions, including the 1-soliton solution, have been obtained by applying the
improved tan(ϕ/2)-expansion technique and generalized (G′/G)-expansion technique [31], dark and dark-bright optical wave solutions have
been attained with the help of modified exp(−ϑ(σ))-expansion technique [32], and quasiperiodic andmulti-periodic traveling wave solutions
are obtained by first and second simple methods [33].

The basic purpose of our research work is to determine the novel exact soliton solutions to the truncated M-fractional extended quantum
nonlinear Zakharov–Kuznetsov model and the truncated M-fractional modified quantum nonlinear Zakharov–Kuznetsov model by
applying the expa function technique, the improved (G′/G)-expansion technique, and the Sardar sub-equation technique.

The motivation of this paper is to determine the new types of exact soliton solutions of the extended quantum nonlinear
Zakharov–Kuznetsov model and the modified quantum nonlinear Zakharov–Kuznetsov model, along with a truncated M-fractional
derivative. The effect of this derivative is also explained. Truncated M-fractional derivatives fulfill the characteristics of both integer and
fractional derivatives. This definition of derivative provides more valuable results than other definitions. In addition, this definition of a
fractional derivative provides results that are close to the numerical results. The obtained solutions are useful in the many areas of
mathematical physics, especially quantum physics and plasma physics, to explain the ion-acoustic waves in magnetized plasma having cold
ions and hot isothermal electrons, as well as in electron-positron-ion magnetoplasmas in the presence of a uniform magnetic field.

First, all three utilized techniques convert the nonlinear fractional partial differential equations into nonlinear ordinary differential
equations (ODEs) and then solve the obtained ODEs. The methods explore the different types of solutions. The expa function technique
provides the dark-singular, dark solitary wave, and others. The improved (G′/G)-expansion technique explores the trigonometric and
hyperbolic function solutions, and the Sardar sub-equation technique also exhibits the trigonometric and hyperbolic functions, but this
method provides the solutions of different varieties. The first two methods are applicable for all types of fractional partial differential
equations, but the Sardar sub-equation technique is not applicable for those ODEs in which the first derivative of function appears with a
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single power and as a product. All three techniques are useful for our models. These methods can be easily used to solve other nonlinear
fractional partial differential equations.

The paper consists of the following sections:

Section 2 provides a complete description of the utilized techniques.
Section 3 addresses the mathematical treatments of our concerned models.
Section 4 addresses the applications of the techniques to obtain the exact soliton solutions of the extended quantum nonlinear
Zakharov–Kuznetsov model.
Section 5 addresses the applications of the techniques to obtain the exact soliton solutions of the modified quantum nonlinear
Zakharov–Kuznetsov model.
Section 6 provides graphical representations of some of the solutions.
Section 7 provides the physical analysis of the solutions.
Section 8 discusses the results.
Section 9 is the conclusion of our research work.

1.1 Truncated M-fractional derivative (TMFD)

Definition: consider v(x): [0,∞) → R; therefore, a truncated M-fractional derivative of v of order ϵ [34]

Dα,ϒ
M,xv x( ) � lim

τ→0

v x Eϒ τx1−α( )( ) − v x( )
τ

, α ∈ 0, 1( ], ϒ> 0,

here, Eα(.) represents a truncated Mittag–Leffler function [35]:

Eϒ z( ) � ∑i
j�0

zj

Γ ϒj + 1( ), ϒ> 0 and z ∈ C.

Properties: Consider that a, b ∈ R, and g, f are α− differentiable at a point x> 0, according to [34]:

c( ) a( )Dα,ϒ
M,x ag x( ) + bf x( )( ) � aDα,ϒ

M,xg x( ) + bDϵ,ϒ
M,xf x( ),

b( )Dα,ϒ
M,x g x( ).f x( )( ) � g x( )Dα,ϒ

M,xf x( ) + f x( )Dα,ϒ
M,xg x( ),

c( )Dα,ϒ
M,x

g x( )
f x( )( ) � f x( )Dα,ϒ

M,xg x( ) − g x( )Dα,ϒ
M,xf x( )

f x( )( )2 ,

d( )Dα,ϒ
M,x B( ) � 0, whereB is a constant,

e( )Dα,ϒ
M,xg x( ) � x1−α

Γ ϒ + 1( )
dg x( )
dx

.

The truncated M-fractional derivative (TMD) is a fractional derivative that was introduced by Sousa and de Oliveira [36]. This derivative
has expunged the obstacles with the existing derivatives. This definition of derivative is used for various models, such as the Shynaray-IIA
equation [37], the Cahn–Allen equation [38], and many more.

2 Techniques

2.1 expa function technique

Some of the main points of this method are given as:
Considering a nonlinear PDE:

S h, h2hx, ht, hxx, htt, hxt, . . .( ) � 0. (3)

Equation 3 reduces into a nonlinear ODE:

T H, δH2H′, δH′, . . . ,( ) � 0. (4)

By applying the given wave transformations:

h x, t( ) � H ξ( ), ξ � δx + λt.

Assuming the results for Equation 4 are [39–42]:
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H ξ( ) � α0 + α1dξ + . . . + αmdmξ

β0 + β1d
ξ +/ + βmd

mξ
, d ≠ 0, 1. (5)

Here, αj and βj(0≤ j≤m) are undetermined. The positive integerm is found by using the homogenous balance approach in Equation 4.
Substituting Equation 5 into Equation 4 yields:

℘ dξ( ) � ℓ0 + ℓ1d
ξ +/ + ℓtd

tξ � 0. (6)

Inserting ℓj (0≤ j≤ t) into Equation 6 and taking zero, a set of equations is attained:

ℓj � 0, here j � 0, . . . , t.

After obtaining solutions, one can get exact solitons for Equation 3.

2.2 Improved (G′/G)−expansion technique

We provide the main steps of this technique here [43].

Step 1: Let’s take a nonlinear fractional PDE.

G q,Dα,β
M,tq, q

2qγ, qθ , qθθ , qγγ, qγθ, . . .( ) � 0. (7)

Step 2: Consider the following transformation:

q γ, θ, t( ) � Q η( ), η � γ − υθ + Γ β + 1( )
α

κtα( ). (8)

where ] and κ represent the parameters. Inserting Equation 8 into Equation 7 yields the nonlinear ODE:

H Q,Q2Q′, Q″, . . .( ) � 0. (9)

Step 3: Consider the solutions of Equation 9 shown as

Q η( ) � ∑m
j�0

αj
G′ η( )
G η( )( )j

. (10)

In Equation 10, α0 and αj, (j � 1, 2, 3, . . . , m) are undetermined. By using a homogenous balance scheme in Equation (9), we gain m.
The function G � G(η) satisfies the equation:

GG″ − κ1G
2 − κ2GG′ − κ3 G′( )2 � 0. (11)

where κ1, κ2, and κ3 are constants.

Step 4: Assume Equation (11), we have solutions shown as:

Case 1: if κ2 ≠ 0 and π � κ22 + 4κ1 − 4κ1κ3 > 0, we have

G′ η( )
G η( ) � κ2

��
π

√
C1 exp 1

2 η
��
π

√( ) + C2 exp 1
2 η − ��

π
√( )( )( )

2 1 − κ3( )( ) C1 exp 1
2 η

��
π

√( ) − C2 exp 1
2 η − ��

π
√( )( )( ) + κ2

2 1 − κ3( ).

Case 2: if κ2 ≠ 0 and π � κ22 + 4κ1 − 4κ1κ3 < 0, we have

G′ η( )
G η( ) � κ2

����− π( )√
C1ι cos 1

2 η
����− π( )√( ) − C2 sin 1

2 η
����− π( )√( )( )

2 1 − κ3( )( ) C1ι sin 1
2 η

����− π( )√( ) + C2 cos 1
2 η

����− π( )√( )( ) + κ2
2 1 − κ3( ).

Case 3: if κ2 � 0 and κ1 − κ1κ3 ≥ 0, we have

G′ η( )
G η( ) �

��������
κ1 − κ1κ3

√
C2 sin η

��������
κ1 − κ1κ3

√( ) + C1 cos η
��������
κ1 − κ1κ3

√( )( )
1 − κ3( ) C1 sin η

��������
κ1 − κ1κ3

√( ) − C2 cos η
��������
κ1 − κ1κ3

√( )( ) .

Case 4: if κ2 � 0 and κ1 − κ1κ3 < 0, we have
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G′ η( )
G η( ) �

��������
κ1κ3 − κ1

√
C1ι cosh η

��������
κ1κ3 − κ1

√( ) − C2 sinh η
��������
κ1κ3 − κ1

√( )( )
1 − κ3( ) C1ι sinh η

��������
κ1κ3 − κ1

√( ) − C2 cosh η
��������
κ1κ3 − κ1

√( )( ) .

Here, ι � ���−1√
, where κ1, κ2, κ3, C1, and C2 are the constants.

Step 5: Substitute Equation 10 and Equation 11 into Equation 9 and collect the coefficients of every order of (G′(η)
G(η)). By setting each

coefficient equal to zero, we obtain the system of algebraic equations involving ], κ, αj, (j � 0, 1, 2, . . . , m), and other parameters.

Step 6: Solve the above system of algebraic equations with the Mathematica tool.

Step 7: By putting the solutions obtained above into Equation 10, we get the trigonometric, hyperbolic trigonometric, and rational function
soliton type results of the nonlinear partial differential (NLPD) equation shown in Equation 7.

2.3 Sardar sub-equation technique

This technique [44] considers the nonlinear fractional PDE:

J g, gz, gzz, gzt, ggtt, gzzt, . . .( ) � 0,

where g � g(z, t) is a wave profile. Substituting a wave transformation of the form

g z, t( ) � G ζ( ), ζ � λz + μt

yields the following form of a nonlinear ordinary differential equation (NLODE):

Y G,G″, GG″, G′G2, . . .( ) � 0. (12)

Consider a solution of Equation 12 in the form:

G ζ( ) � ∑m
i�0

biψ
i ζ( ), (13)

where ψ(ζ) satisfies the ODE given by

ψ′ ζ( ) �
����������������
σ + κψ2 ζ( ) + ψ4 ζ( )

√
, (14)

in which σ and κ are parameters.
Next, we proceed by first substituting Equations 13 and 14 into Equation 12 and sum the ψi term. Then, we set the coefficients of similar

powers equal to zero to deduce a system of equations in bi, λ, and μ. By manipulating this system, we can determine the unknown parameters.

Case 1: if κ> 0 and σ � 0, we have

ψ±
1 � ±

����−κrs√
sechrs

�
κ

√
ζ( ),

ψ±
2 � ±

���
κrs

√
cschrs

�
κ

√
ζ( ),

where sechrs(ζ) � 2
reζ+se−ζ , cschrs(ζ) � 2

reζ−se−ζ .

Case 2: if κ< 0 and σ � 0, we have

ψ±
3 � ±

����−κrs√
secrs

���−κ√
ζ( ),

ψ±
4 � ±

����−κrs√
cscrs

���−κ√
ζ( ),

where secrs(ζ) � 2
reιζ+se−ιζ , cscrs(ζ) � 2ι

reιζ−se−ιζ .

Case 3: if κ< 0 and σ � κ2

4 , we have

ψ±
5 � ±

���
−κ
2

√
tanhrs

���
−κ
2

√
ζ( ),

ψ±
6 � ±

���
−κ
2

√
cothrs

���
−κ
2

√
ζ( ),

ψ±
7 � ±

���
−κ
2

√
tanhrs

����−2κ√
ζ( ) ± ι

��
rs

√
sechrs

����−2κ√
ζ( )( ),
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ψ±
8 � ±

���
−κ
2

√
cothrs

����−2κ√
ζ( ) ± ��

ab
√

cschrs
����−2κ√

ζ( )( ),
ψ±
9 � ±

���
−κ
8

√
tanhrs

���
−κ
8

√
ζ( ) + cothrs

���
−κ
8

√
ζ( )( ),

where tanhrs(ζ) � reζ−se−ζ
reζ+se−ζ , cothrs(ζ) � reζ+se−ζ

reζ−se−ζ .

Case 4: if κ> 0 and σ � κ2

4 , we have

ψ±
10 � ±

�
κ

2

√
tanrs

�
κ

2

√
ζ( ),

ψ±
11 � ±

�
κ

2

√
cotrs

�
κ

2

√
ζ( ),

ψ±
12 � ±

��
κ

2

√
tanrs

��
2κ

√
ζ( ) ± ��

rs
√

secrs
��
2κ

√
ζ( )( ),

ψ±
13 � ±

��
κ

2

√
cotrs

��
2κ

√
ζ( ) ± ��

rs
√

cscrs
��
2κ

√
ζ( )( ),

ψ±
14 � ±

��
κ

8

√
tanrs

�
κ

8

√
ζ( ) + cotrs

�
κ

8

√
ζ( )( ),

where tanrs(ζ) � −ι reιζ−se−ιζ
reιζ+se−ιζ , cotrs(ζ) � ι re

ιζ+se−ιζ
reιζ−se−ιζ .

The advantage of this technique is that it provides many different kinds of solitons, such as dark, bright, singular, periodic singular,
combined dark-singular, and combined dark-bright solitons. This method has simple calculations, high accuracy, and low computational
effort and provides a variety of solution forms.

3 Mathematical analysis of concerning models

3.1 Extended QNLZK model

Considering the following wave transformation:

f x, y, z, t( ) � F ξ( ), ξ � Γ ϒ + 1( )
α

axα + byα + czα − λtα( ), (15)

where a, b, c, and λ are the real constants. Using Equation 15 in Equation 1, we attain a nonlinear ODE after one-time integration and
neglecting the integration constant:

6F″ cθ4 a2 + b2( ) + c3θ3( ) + 2cF3θ2 + 3cF2θ1 − 6Fλ � 0. (16)
By applying the homogenous balance technique to Equation 16, we get m � 1.

3.2 Modified QNLZK model

By applying the transformation given in Equation 15 to Equation 2, we attain the following nonlinear ODE after one-time integration and
neglecting the integration constant:

30aF
3
2 + a a2 + b2 + c2( )F″ − 16F τa + λ( ) � 0. (17)

Consider the new transformation to retrieve the closed-form solutions:

G � ��
F

√
. (18)

By using Equation 18 in Equation 17, we gain

a a2 + b2 + c2( ) GG″ + G′( )2( ) + 10aG3 − 8G2 aτ + λ( ) � 0. (19)

By balancing the (G′)2 and G3, we attain m � 2. Now, we will solve Equation 16 and Equation 19 using the three aforementioned
techniques.
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4 Exact soliton solutions of the extended QNLZK model

4.1 By the expa function method

Equation 5 transforms into given form for m � 1:

H ξ( ) � α0 + α1dξ

β0 + β1d
ξ
, (20)

where α0, α1, β0, and β1 are unknowns. A set of equations is acquired by entering Equation 20 into Equation 16 and setting the coefficients of
each power and constant term to 0. Using Mathematica, we discover:

Set 1:

α0 � −β0θ1
θ2

, α1 � 0, λ � −cθ
2
1

6θ2
, a � ∓

�������������������������
−6θ2 log2 d( ) b2θ4 + c2θ3( ) − θ21

√
�
6

√ ��
θ2

√ ��
θ4

√
log d( )

⎧⎪⎨⎪⎩ ⎫⎪⎬⎪⎭. (21)

f x, y, z, t( ) � − β0θ1

θ2 β0 + β1d
Γ ϒ+1( )

α axα+byα+czα+ cθ2
1

6θ2
tα( )( )( ), (22)

where “a” is given in Equation 21.

Set 2:

α0 � 0, α1 � −β1θ1
θ2

, λ � −cθ
2
1

6θ2
, a � ∓

�������������������������
−6θ2 log2 d( ) b2θ4 + c2θ3( ) − θ21

√
�
6

√ ��
θ2

√ ��
θ4

√
log d( )

⎧⎪⎨⎪⎩ ⎫⎪⎬⎪⎭,

f x, y, z, t( ) � − β1θ1d
Γ ϒ+1( )

α axα+byα+czα+ cθ2
1

6θ2
tα( )( )

θ2 β0 + β1d
Γ ϒ+1( )

α axα+byα+czα+ cθ2
1

6θ2
tα( )( )( ),

where “a” is given in Equation 21.

4.2 By the improved (G′/G)-expansion technique

For m � 1, Equation 10 reduces to:

F ξ( ) � α0 + α1
G′ ξ( )
G ξ( )( ). (23)

Here, α0 and α1 are unknowns.
By substituting Equation 23 and Equation 11 into Equation 16, we can collect the coefficients of each power of (G′(ξ)

G(ξ)). We obtain a system
of equations by setting them equal to 0. By solving the obtained system using Mathematica software, we obtain the following solution sets:
Set 1:

α0 �
������������������
θ21κ

2
2 κ22 − 4κ1 κ3 − 1( )( )√

+ θ1 4κ1 κ3 − 1( ) − κ22( )
2θ2 κ22 − 4κ1 κ3 − 1( )( ) , α1 � θ1 κ3 − 1( )

θ2
�������������
κ22 − 4κ1 κ3 − 1( )√ ,

⎧⎪⎨⎪⎩
λ � −cθ

2
1

6θ2
, a � ∓

��������������������������������
6θ2 κ22 − 4κ1 κ3 − 1( )( ) b2θ4 + c2θ3( ) + θ21

√
�
6

√ ������������������
θ2θ4 4κ1 κ3 − 1( ) − κ22( )√ ⎫⎪⎬⎪⎭,

f x, y, z, t( ) �
������������������
θ21κ

2
2 κ22 − 4κ1 κ3 − 1( )( )√

+ θ1 4κ1 κ3 − 1( ) − κ22( )
2θ2 κ22 − 4κ1 κ3 − 1( )( ) + θ1 κ3 − 1( )

θ2
�������������
κ22 − 4κ1 κ3 − 1( )√( )

× κ2
��
π

√
C1 exp

1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ��

π
√( ) + C2 exp

1
2
Γ ϒ + 1( )

α
axα + byα + czα−((((( λtα) − ��

π
√( ))))/

× 2 1 − κ3( )( ) C1 exp
1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ��

π
√( )((

−C2 exp
1
2
Γ ϒ + 1( )

α
( axα + byα + czα − λtα( ) − ��

π
√( )))) + κ2

2 1 − κ3( )),
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f x, y, z, t( ) �
������������������
θ21κ

2
2 κ22 − 4κ1 κ3 − 1( )( )√

+ θ1 4κ1 κ3 − 1( ) − κ22( )
2θ2 κ22 − 4κ1 κ3 − 1( )( ) + θ1 κ3 − 1( )

θ2
�������������
κ22 − 4κ1 κ3 − 1( )√( )

× κ2
���−π√

C1ι cos
1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ���−π√( ) − C2 sin

1
2
Γ ϒ + 1( )

α
axα + byα + czα((((( −λtα) ���−π√ )))/

× 2 1 − κ3( )( ) C1ι sin
1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ���−π√( )((

+C2 cos
1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ���−π√( ))) + κ2

2 1 − κ3( )),
where “a” and λ are given in Equation 23.

f x, y, z, t( ) � θ1 4κ1κ3 − 1( )
2θ2 −4κ1 κ3 − 1( )( ) +

θ1 κ3 − 1( )
θ2

�����������−4κ1 κ3 − 1( )√( ) ��
Θ

√
C2 sin

Γ ϒ + 1( )
α

axα+((((( byα + czα − λtα) ��
Θ

√ )
+C1 cos

Γ ϒ + 1( )
α

axα + byα + czα − λtα( ) ��
Θ

√( )))/ 1−(( κ3)

× C1 sin
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ��

Θ
√( ) − C2 cos

Γ ϒ + 1( )
α

axα + byα+((( czα − λtα) ��
Θ

√ )))), (24)

f x, y, z, t( ) � θ14κ1 κ3 − 1( )
2θ2 −4κ1 κ3 − 1( )( ) +

θ1 κ3 − 1( )
θ2

�����������−4κ1 κ3 − 1( )√( ) ���−Θ√
C1ι cosh

Γ ϒ + 1( )
α

axα+((((( byα + czα − λtα) ���−Θ√ )
−C2 sinh

Γ ϒ + 1( )
α

axα + byα + czα − λtα( ) ���−Θ√( )))/ 1−(( κ3)
× C1ι sinh

Γ ϒ + 1( )
α

axα + byα + czα − λtα( ) ���−Θ√( ) − C2 cosh
Γ ϒ + 1( )

α
axα + byα+((( czα − λtα) ���−Θ√ )))),

where a � ∓
�������������������
6θ2(−4κ1(κ3−1))(b2θ4+c2θ3)+θ21

√ �
6

√ ����������
θ2θ4(4κ1(κ3−1))

√ and λ are given in Equation 23 and Θ � κ1(1 − κ3).

Set 2:

α0 �
������������������
θ21κ

2
2 κ22 − 4κ1 κ3 − 1( )( )√

+ θ1 κ22 − 4κ1 κ3 − 1( )( )
2θ2 4κ1 κ3 − 1( ) − κ22( ) , α1 � − θ1 κ3 − 1( )

θ2
�������������
κ22 − 4κ1 κ3 − 1( )√ ,

⎧⎪⎨⎪⎩
λ � −cθ

2
1

6θ2
, a � ∓

��������������������������������
6θ2 κ22 − 4κ1 κ3 − 1( )( ) b2θ4 + c2θ3( ) + θ21

√
�
6

√ ������������������
θ2θ4 4κ1 κ3 − 1( ) − κ22( )√ ⎫⎪⎬⎪⎭ ,

(25)

f x, y, z, t( ) �
������������������
θ21κ

2
2 κ22 − 4κ1 κ3 − 1( )( )√

+ θ1 κ22 − 4κ1 κ3 − 1( )( )
2θ2 4κ1 κ3 − 1( ) − κ22( ) − θ1 κ3 − 1( )

θ2
�������������
κ22 − 4κ1 κ3 − 1( )√

× κ2
��
π

√
C1 exp

1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ��

π
√( )(((

+C2 exp
1
2
Γ ϒ + 1( )

α
axα + byα+(( czα − λtα) − ��

π
√( ))))/

× 2 1 − κ3( )( ) C1 exp
1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ��

π
√( )((

−C2 exp
1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) − ��

π
√( )( ))) + κ2

2 1 − κ3( )),
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f x, y, z, t( ) �
������������������
θ21κ

2
2 κ22 − 4κ1 κ3 − 1( )( )√

+ θ1 κ22 − 4κ1 κ3 − 1( )( )
2θ2 4κ1 κ3 − 1( ) − κ22( ) − θ1 κ3 − 1( )

θ2
�������������
κ22 − 4κ1 κ3 − 1( )√

× κ2
���−π√

C1ι cos
1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ���−π√( )(((

−C2 sin
1
2
Γ ϒ + 1( )

α
axα + byα+(( czα − λtα) ���−π√ )))/

× 2 1 − κ3( )( ) C1ι sin
1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ���−π√( )((

+C2 cos
1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ���−π√( ))) + κ2

2 1 − κ3( )),
where “a” and λ are given in Equation 25.

f x, y, z, t( ) � − θ1
2θ2

− θ1 κ3 − 1( )
θ2

�����������−4κ1 κ3 − 1( )√ ��
Θ

√
C2 sin

Γ ϒ + 1( )
α

axα + byα + czα − λtα( ) ��
Θ

√( )(((
+ C1 cos

Γ ϒ + 1( )
α

axα + byα + czα − λtα( ) ��
Θ

√( )))/ 1 − κ3( ) C1 sin
Γ ϒ + 1( )

α
axα + byα + czα−(((( λtα) ��

Θ
√ )

−C2 cos
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ��

Θ
√( )))),

f x, y, z, t( ) � − θ1
2θ2

− θ1 κ3 − 1( )
θ2

�����������−4κ1 κ3 − 1( )√ ���−Θ√
C1ι cosh

Γ ϒ + 1( )
α

axα + byα + czα−((((( λtα) ���−Θ√ )
−C2 sinh

Γ ϒ + 1( )
α

axα + byα + czα − λtα( ) ���−Θ√( )))/ 1 − κ3( ) C1ι sinh
Γ ϒ + 1( )

α
((( axα + byα + czα − λtα( ) ���−Θ√ )

−C2 cosh
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ���−Θ√( )))),

where a � ∓
�������������������
6θ2(−4κ1(κ3−1))(b2θ4+c2θ3)+θ21

√ �
6

√ ����������
θ2θ4(4κ1(κ3−1))

√ and λ are given in Equation 23 and Θ � κ1(1 − κ3).

4.3 By the Sardar sub-equation technique

For m � 1, Equation 13 reduces to the form:

F ξ( ) � b0 + b1ψ ξ( ). (26)
Here, b0 and b1 are the unknowns. Inserting Equation 26 into Equation 16 by using Equation 14, we can collect the coefficients of each power
of ψ(ξ). We get a system of equations after setting them equal to 0. By solving the gained system with the help of Mathematica software, we
obtain the solution:

Set 1:

b0 � − θ1
2θ2

, b1 � − iθ1�
2

√
θ2

�
κ

√ , λ � −cθ
2
1

6θ2
, a � ∓

�������������������
θ21 − 12θ2κ b2θ4 + c2θ3( )

√
2

�
3

√ ��
θ2

√ ��
θ4

√ �
κ

√
⎧⎪⎨⎪⎩ ⎫⎪⎬⎪⎭.

Case 1:

f x, y, z, t( ) � − θ1
2θ2

− iθ1�
2

√
θ2

�
κ

√ ±
����−κrs√

sechrs
�
κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )( ), (27)

f x, y, z, t( ) � − θ1
2θ2

− iθ1�
2

√
θ2

�
κ

√ ±
���
κrs

√
cschrs

�
κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )( ).
Case 2:

f x, y, z, t( ) � − θ1
2θ2

− iθ1�
2

√
θ2

�
κ

√ ±
����−κrs√

secrs
���−κ√ Γ ϒ + 1( )

α
axα + byα + czα − λtα( )( )( ),

f x, y, z, t( ) � − θ1
2θ2

− iθ1�
2

√
θ2

�
κ

√ ±
����−κrs√

cscrs
���−κ√ Γ ϒ + 1( )

α
axα + byα + czα − λtα( )( )( ).
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Case 3:

f x, y, z, t( ) � − θ1
2θ2

− iθ1�
2

√
θ2

�
κ

√ ±

���
−κ
2

√
tanhrs

���
−κ
2

√
Γ ϒ + 1( )

α
axα + byα + czα − λtα( )( )( ),

f x, y, z, t( ) � − θ1
2θ2

− iθ1�
2

√
θ2

�
κ

√ ±

���
−κ
2

√
cothrs

���
−κ
2

√
Γ ϒ + 1( )

α
axα + byα + czα − λtα( )( )( ),

f x, y, z, t( ) � − θ1
2θ2

− iθ1�
2

√
θ2

�
κ

√ ±

���
−κ
2

√
tanhrs

����−2κ√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )((
± ι

��
rs

√
sechrs

����−2κ√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( ))),
f x, y, z, t( ) � − θ1

2θ2
− iθ1�

2
√

θ2
�
κ

√ ±

���
−κ
2

√
cothrs

����−2κ√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )((
±

��
rs

√
cschrs

����−2κ√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( ))),
f x, y, z, t( ) � − θ1

2θ2
− iθ1�

2
√

θ2
�
κ

√ ±

���
−κ
8

√
tanhrs

���
−κ
8

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )((
+ cothrs

���
−κ
8

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( ))).
Case 4:

f x, y, z, t( ) � − θ1
2θ2

− iθ1�
2

√
θ2

�
κ

√ ±

�
κ

2

√
tanrs

�
κ

2

√
Γ ϒ + 1( )

α
axα + byα + czα − λtα( )( )( ),

f x, y, z, t( ) � − θ1
2θ2

− iθ1�
2

√
θ2

�
κ

√ ±

�
κ

2

√
cotrs

�
κ

2

√
Γ ϒ + 1( )

α
axα + byα + czα − λtα( )( )( ),

f x, y, z, t( ) � − θ1
2θ2

− iθ1�
2

√
θ2

�
κ

√ ±

�
κ

2

√
tanrs

��
2κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )((
±

��
rs

√
secrs

��
2κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( ))),
f x, y, z, t( ) � − θ1

2θ2
− iθ1�

2
√

θ2
�
κ

√ ±

�
κ

2

√
cotrs

��
2κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )((
±

��
ab

√
cscrs

��
2κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( ))),
f x, y, z, t( ) � − θ1

2θ2
− iθ1�

2
√

θ2
�
κ

√ ±

�
κ

8

√
tanrs

�
κ

8

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )(( + cotrs

�
κ

8

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( ))).
Set 2:

b0 � − θ1
2θ2

, b1 � iθ1�
2

√
θ2

�
κ

√ , λ � −cθ
2
1

6θ2
, a � ∓

�������������������
θ21 − 12θ2κ b2θ4 + c2θ3( )

√
2

�
3

√ ��
θ2

√ ��
θ4

√ �
κ

√
⎧⎪⎨⎪⎩ ⎫⎪⎬⎪⎭.

Case 1:

f x, y, z, t( ) � − θ1
2θ2

+ iθ1�
2

√
θ2

�
κ

√ ±
����−κrs√

sechrs
�
κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )( ),
f x, y, z, t( ) � − θ1

2θ2
+ iθ1�

2
√

θ2
�
κ

√ ±
���
κrs

√
cschrs

�
κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )( ).
Case 2:

f x, y, y, t( ) � − θ1
2θ2

+ iθ1�
2

√
θ2

�
κ

√ ±
����−κrs√

secrs
���−κ√ Γ ϒ + 1( )

α
axα + byα + czα − λtα( )( )( ),
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f x, y, z, t( ) � − θ1
2θ2

+ iθ1�
2

√
θ2

�
κ

√ ±
����−κrs√

cscrs
���−κ√ Γ ϒ + 1( )

α
axα + byα + czα − λtα( )( )( ).

Case 3:

f x, y, z, t( ) � − θ1
2θ2

+ iθ1�
2

√
θ2

�
κ

√ ±

���
−κ
2

√
tanhrs

���
−κ
2

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )( ),
f x, y, z, t( ) � − θ1

2θ2
+ iθ1�

2
√

θ2
�
κ

√ ±

���
−κ
2

√
cothrs

���
−κ
2

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )( ),
f x, y, z, t( ) � − θ1

2θ2
+ iθ1�

2
√

θ2
�
κ

√ ±

���
−κ
2

√
tanhrs

����−2κ√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )((
± ι

��
rs

√
sechrs

����−2κ√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( ))),
f x, y, z, t( ) � − θ1

2θ2
+ iθ1�

2
√

θ2
�
κ

√ ±

���
−κ
2

√
cothrs

����−2κ√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )((
±

��
rs

√
cschrs

����−2κ√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( ))),

FIGURE 1
Graph for |f(x, y, z, t)| function represents Equation 22 in two-dimensional, three-dimensional, and contour graphs at d � 3, β0 � −0.3, β0 � −0.05,
ϒ � 1, θ1 � −1, θ2 � 2, θ3 � 1, θ4 � 3, b � 1, c � 1, y � 1, z � 1, and −10< x < 10. (A) 2-D graph for different values of t. (B) 2-D graph for different values of α. (C)
3-D graph. (D) Contour graph for α � 0.8.
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f x, y, z, t( ) � − θ1
2θ2

+ iθ1�
2

√
θ2

�
κ

√ ±

���
−κ
8

√
tanhrs

���
−κ
8

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )((
+ cothrs

���
−κ
8

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( ))).
Case 4:

f x, y, z, t( ) � − θ1
2θ2

+ iθ1�
2

√
θ2

�
κ

√ ±

�
κ

2

√
tanrs

�
κ

2

√
Γ ϒ + 1( )

α
axα + byα + czα − λtα( )( )( ),

f x, y, z, t( ) � − θ1
2θ2

+ iθ1�
2

√
θ2

�
κ

√ ±

�
κ

2

√
cotrs

�
κ

2

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )( ),
f x, y, z, t( ) � − θ1

2θ2
+ iθ1�

2
√

θ2
�
κ

√ ±

�
κ

2

√
tanrs

��
2κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )((
±

��
rs

√
secrs

��
2κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( ))),
f x, y, z, t( ) � − θ1

2θ2
+ iθ1�

2
√

θ2
�
κ

√ ±

�
κ

2

√
cotrs

��
2κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )((
±

��
rs

√
cscrs

��
2κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( ))),

FIGURE 2
Graph for the |f(x, y, z, t)| function represents Equation 24 in two-dimensional, three-dimensional, and contour graphs at κ1 � 2, κ3 � 0.5, ϒ � 1,
θ1 � 1, θ2 � 2, θ3 � 1, θ4 � 3, b � 1, c � 1, y � 1, z � 1,C1 � 1,C2 � 1, and −3< x < 3. (A) 2-D graph for different values of t. (B) 2-D graph for different values of
α. (C) 3-D graph. (D) Contour graph for α � 0.8.
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f x, y, z, t( ) � − θ1
2θ2

+ iθ1�
2

√
θ2

�
κ

√ ±

�
κ

8

√
tanrs

�
κ

8

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )(( + cotrs

�
κ

8

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( ))).

5 Exact soliton solutions of the modified QNLZK model

5.1 By expa function method

Equation 5 transforms into the given form for m � 2:

F ξ( ) � α0 + α1dξ + α2d2ξ

β0 + β1d
ξ + β2d

2ξ
, (28)

where α0, α1,α2, β0, β1, and β2 are unknowns. A set of equations is acquired by entering Equation 28 into Equation 19 and setting the
coefficients of each power and constant term to 0. Using Mathematica, we discover:

Set

α0 � 0, α2 � 0, β1 �
2α1

log2 d( ) a2 + b2 + c2( ), β2 � α21
β0 log

4 d( ) a2 + b2 + c2( )2,⎧⎨⎩ λ � a

4
log2 d( ) a2 + b2 + c2( ) − 4τ( )},

FIGURE 3
Graph for |f(x, y, z, t)| function represents Equation 27 in two-dimensional, three-dimensional, and contour graphs at κ � 1, ϒ � 1, θ1 � 1, θ2 � 1,
θ3 � 1, θ4 � 3, b � 1, c � 0.5, y � 1, z � 1, and −7< x < 7. (A) 2-D graph for different values of t. (B) 2-D graph for different values of α. (C) 3-D graph. (D)
Contour graph for α � 0.8.
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f x, y, z, t( ) � α1β0 log
4 d( ) a2 + b2 + c2( )2d Γ ϒ+1( )

α axα+byα+czα−λtα( )( )
β0 log

2 d( ) a2 + b2 + c2( ) + α1d
Γ ϒ+1( )

α axα+byα+czα−λtα( )( )( )2

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝ ⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
2

. (29)

5.2 By improved (G′/G)-expansion technique

For m � 2, Equation 10 reduces to:

F ξ( ) � α0 + α1
G′ ξ( )
G ξ( )( ) + α2

G′ ξ( )
G ξ( )( )2

. (30)

Here, α0, α1, and α2 are unknowns.
Substitute Equation 30 and Equation 11 into Equation 19 and collect the coefficients of each power of (G′(ξ)G(ξ)). We get a series of equations

by setting them equal to 0. After solving the system using the Mathematica tool, we obtain the following solution set:
Set

FIGURE 4
Graph for the |f(x, y, z, t)| function represents Equation 29 in two-dimensional, three-dimensional, and contour graphs at d � 3, τ � 0.8, α1 � 1, β0 � 1,
ϒ � 1, a � 1, b � 1, c � 1, y � 1, z � 1, and −4< x <4. (A) 2-D graph for different values of t. (B) 2-D graph for different values of α. (C) 3-D graph. (D)Contour
graph for α � 0.8.
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{α0 � −κ1 κ3 − 1( ) a2 + b2 + c2( ), α1 � −κ2 κ3 − 1( ) a2 + b2 + c2( ), α2
� − κ3 − 1( )2 a2 + b2 + c2( ), λ � 1

4
a κ22 a2 + b2 + c2( ) − 4κ1 κ3 − 1( ) a2 + b2 + c2( ) − 4τ( )}, (31)

f x, y, z, t( ) � −κ1 κ3 − 1( ) a2 + b2 + c2( ) − κ2 κ3 − 1( ) a2 + b2 + c2( ) κ2
��
π

√
C1 exp

1
2
Γ ϒ + 1( )

α
((((( axα + byα + czα − λtα( ) ��

π
√ )

+C2 exp
1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) − ��

π
√( )( )))/( 2 1 − κ3( )( ) C1 exp

1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ��

π
√( )(

−C2 exp
1
2
Γ ϒ + 1( )

α
axα + byα + czα(( −λtα) − ��

π
√( )))) + κ2

2 1 − κ3( )) − κ3 − 1( )2 a2 + b2 + c2( )
× κ2

��
π

√
C1 exp

1
2
Γ ϒ + 1( )

α
axα + byα + czα((((( −λtα) ��

π
√ )

+C2 exp
1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) − ��

π
√( )( )))/( 2 1 − κ3( )( )(C1exp

1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ��

π
√( )

−C2 exp
1
2
Γ ϒ + 1( )

α
axα + byα + czα−(( λtα) − ��

π
√( )))) + κ2

2 1 − κ3( ))
2)2

,

FIGURE 5
Graph for |f(x, y, z, t)| function represents Equation 32 in two-dimensional, three-dimensional, and contour graphs at τ � 1, κ1 � 0.05, κ3 � 0.1,ϒ � 1,
a � 1, b � 1, c � 1, y � 1, z � 1, C1 � 1, C2 � −1.01, and −1< x < 1. (A) 2-D graph for different values of t. (B) 2-D graph for different values of α. (C) 3-D graph.
(D) Contour graph for α � 0.8.
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f x, y, z, t( ) � ( − κ1 κ3 − 1( ) a2 + b2 + c2( ) − κ2 κ3 − 1( ) a2 + b2 + c2( ) κ2
���−π√

C1ι((( cos
1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ���−π√( )

−C2 sin
1
2
η

����− π( )√( )))/ 2 1 − κ3( )( )( C1ι sin
1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ���−π√( )(

+C2 cos
1
2
Γ ϒ + 1( )

α
axα + byα + czα(( −λtα) ���−π√ ))) + κ2

2 1 − κ3( )) − κ3 − 1( )2 a2 + b2 + c2( )
× κ2

���−π√
C1ι cos

1
2
Γ ϒ + 1( )

α
axα + byα+((((( czα − λtα) ���−π√ )

−C2 sin
1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ���−π√( )))/ 2 1 − κ3( )( ) C1(( ι sin

1
2
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ���−π√( )

+C2 cos
1
2
Γ ϒ + 1( )

α
axα + byα + czα−(( λtα) ���−π√ ))) + κ2

2 1 − κ3( ))
2)2

,

where λ is given in Equation 31.

FIGURE 6
Graph for |f(x, y, z, t)| function represents Equation (35) in two-dimensional, three-dimensional, and contour graphs at τ � −0.01, κ � 1,ϒ � 1, a � 0.5,
b � −0.01, c � 0.05, y � 1, z � 1, and −2< x <2. (A) 2-D graph for different values of t. (B) 2-D graph for different values of α. (C) 3-D graph. (D) Contour
graph for α � 0.8.
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f x, y, z, t( ) � − κ1 κ3 − 1( ) a2 + b2 + c2( ) − κ3 − 1( )2 a2 + b2 + c2( ) ��
Θ

√
C2(((( sin

Γ ϒ + 1( )
α

axα + byα + czα − λtα( ) ��
Θ

√( )
+C1 cos

Γ ϒ + 1( )
α

axα + byα + czα(( −λtα) ��
Θ

√ )))/ 1 − κ3( ) C1 sin
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ��

Θ
√( )((

−C2cos
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ��

Θ
√( ))))2)2

, (32)

f x, y, z, t( ) � − κ1 κ3 − 1( ) a2 + b2 + c2( ) − κ3 − 1( )2 a2 + b2 + c2( ) ��
Θ

√
C1ι(((( cosh

Γ ϒ + 1( )
α

axα + byα + czα − λtα( ) ��
Θ

√( )
− C2 sinh

Γ ϒ + 1( )
α

axα + byα + czα(( −λtα) ��
Θ

√ )))/ 1 − κ3( ) C1ι sinh
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ��

Θ
√( )((

− C2cosh
Γ ϒ + 1( )

α
axα + byα + czα − λtα( ) ��

Θ
√( ))))2)2

, (33)

where λ � 1
4 a(−4κ1(κ3 − 1)(a2 + b2 + c2) − 4τ) and Θ � −κ1 + κ1κ3.

FIGURE 7
Graph for the |f(x, y, z, t)| function represents Equation 37 in two-dimensional, three-dimensional, and contour graphs at τ � 0.1, κ � −1, ϒ � 1,
a � −0.4, b � −0.01, c � 0.01, y � 1, z � 1, and −1< x < 1. (A) 2-D graph for different values of t. (B) 2-D graph for different values of α. (C) 3-D graph. (D)
Contour graph for α = 0.8.
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5.3 By the Sardar sub-equation technique

For m � 2, Equation 13 reduces to the form:

F ξ( ) � b0 + b1ψ ξ( ) + b2ψ ξ( )2, (33)
where b0, b1, and b2 are the unknowns. Equation 33 is inserted into Equation 19 by using Equation 14, and the coefficients of each power of
ψ(ξ) are summed up. After setting them equal to 0, we obtain a system of equations. We obtain the solution by solving the system with the
help of Mathematica software.

Set 1:

b0 � 0, b1 � 0, b2 � − a2 + b2 + c2( ), λ � a a2 κ + b2κ + c2κ − τ( ), σ � 0{ }. (34)

Case 1:

f x, y, z, t( ) � − a2 + b2 + c2( ) ±
����−κrs√

sechrs
�
κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )( )2( )2

, (35)

f x, y, z, t( ) � − a2 + b2 + c2( ) ±
���
κrs

√
cschrs

�
κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )( )2( )2

.

Case 2:

f x, y, z, t( ) � − a2 + b2 + c2( ) ±
����−κrs√

secrs
���−κ√ Γ ϒ + 1( )

α
axα + byα + czα − λtα( )( )( )2( )2

,

f x, y, z, t( ) � − a2 + b2 + c2( ) ±
����−κrs√

cscrs
���−κ√ Γ ϒ + 1( )

α
axα + byα + czα − λtα( )( )( )2( )2

,

where λ is given in Equation 34.

Set 2:

b0 � −1
2
κ a2 + b2 + c2( ), b1 � 0, b2 � − a2 + b2 + c2( ), λ � −1

2
a a2κ + b2κ + c2κ + 2τ( ), σ � κ2

4
{ }. (36)

Case 3:

f x, y, z, t( ) � −1
2
κ a2 + b2 + c2( ) − a2 + b2 + c2( ) ±

���
−κ
2

√
tanhrs

���
−κ
2

√ Γ ϒ + 1( )
α

((( axα + byα + czα − λtα( )))2)2

, (37)

f x, y, z, t( ) � −1
2
κ a2 + b2 + c2( ) − a2 + b2 + c2( ) ±

���
−κ
2

√
cothrs

���
−κ
2

√
Γ ϒ + 1( )

α
((( axα + byα + czα − λtα( )))2)2

,

f x, y, z, t( ) � −1
2
κ a2 + b2 + c2( ) − a2 + b2 + c2( ) ±

���
−κ
2

√
tanhrs

����−2κ√ Γ ϒ + 1( )
α

axα((((( + byα + czα − λtα))
± ι

��
rs

√
sechrs

����−2κ√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )))2)2

,

f x, y, z, t( ) � −1
2
κ a2 + b2 + c2( ) − a2 + b2 + c2( ) ±

���
−κ
2

√
cothrs

����−2κ√ Γ ϒ + 1( )
α

axα((((( + byα + czα − λtα))
±

��
rs

√
cschrs

����−2κ√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )))2)2

,

f x, y, z, t( ) � −1
2
κ a2 + b2 + c2( ) − a2 + b2 + c2( ) ±

���
−κ
8

√
tanhrs

���
−κ
8

√ Γ ϒ + 1( )
α

axα((((( + byα + czα − λtα))
+cothrs

���
−κ
8

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )))2)2

.

Case 4:
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f x, y, z, t( ) � −1
2
κ a2 + b2 + c2( ) − a2 + b2 + c2( ) ±

�
κ

2

√
tanrs

�
κ

2

√ Γ ϒ + 1( )
α

axα(((( +byα + czα − λtα)))2)2

,

f x, y, z, t( ) � −1
2
κ a2 + b2 + c2( ) − a2 + b2 + c2( ) ±

�
κ

2

√
cotrs

�
κ

2

√
Γ ϒ + 1( )

α
axα(((( +byα + czα − λtα)))2)2

,

f x, y, z, t( ) � −1
2
κ a2 + b2 + c2( ) − a2 + b2 + c2( ) ±

�
κ

2

√
tanrs

��
2κ

√ Γ ϒ + 1( )
α

axα((((( + byα + czα − λtα))
±

��
rs

√
secrs

��
2κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )))2)2

,

f x, y, z, t( ) � −1
2
κ a2 + b2 + c2( ) − a2 + b2 + c2( ) ±

�
κ

2

√
cotrs

��
2κ

√ Γ ϒ + 1( )
α

axα((((( + byα + czα − λtα))
±

��
rs

√
cscrs

��
2κ

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )))2)2

,

f x, y, z, t( ) � −1
2
κ a2 + b2 + c2( ) − a2 + b2 + c2( ) ±

�
κ

8

√
tanrs

�
κ

8

√ Γ ϒ + 1( )
α

axα((((( + byα + czα − λtα))
+ cotrs

�
κ

8

√ Γ ϒ + 1( )
α

axα + byα + czα − λtα( )( )))2)2

,

where λ is given in Equation 36.

6 Graphical representation

Here, we represent some of our solutions with two-dimensional, three-dimensional, and contour graphs. The effect of the fractional
derivative is also shown by graphs for α � 0.6, α � 0.8, and α � 1.

7 Physical explanation

Here, we present the physical significance of the abovementioned solutions to the truncated M-fractional extended nonlinear quantum
Zakharov–Kuznetsov model (ENLQZKE) and the modified nonlinear quantum Zakharov–Kuznetsov model (MNLQZKE) by plotting these
solutions in 2-D at different time levels and different values of α, 3-D, and contour. We found interesting behaviors depending on the values
of the free constants in the solutions, as shown in the figures. Figure 1 represents the dark-singular soliton solution for the values d � 3,
β0 � −0.3, β0 � −0.05, ϒ � 1, θ1 � −1, θ2 � 2, θ3 � 1, θ4 � 3, b � 1, c � 1, y � 1, z � 1, and −10<x< 10. Figure 2 represents the periodic
wave solution for the values κ1 � 2, κ3 � 0.5, ϒ � 1, θ1 � 1, θ2 � 2, θ3 � 1, θ4 � 3, b � 1, c � 1, y � 1, z � 1, C1 � 1, C2 � 1, and −3< x< 3.
Figure 3 represents the bright wave solution for the values κ � 1, ϒ � 1, θ1 � 1, θ2 � 1, θ3 � 1, θ4 � 3, b � 1, c � 0.5, y � 1, z � 1, and
−7< x< 7. Figure 4 represents the dark solitary wave solution for the values d � 3, τ � 0.8, α1 � 1, β0 � 1, ϒ � 1, a � 1, b � 1, c � 1, y � 1,
z � 1, and −4< x< 4. Figure 5 represents the periodic wave solution for the values τ � 1, κ1 � 0.05, κ3 � 0.1,ϒ � 1, a � 1, b � 1, c � 1, y � 1,
z � 1, C1 � 1, C2 � −1.01, and −1< x< 1. Figure 6 represents the bright wave solution for the values τ � −0.01, κ � 1, ϒ � 1, a � 0.5,
b � −0.01, c � 0.05, y � 1, z � 1, and −2<x< 2. Figure 7 represents the dark wave solution for the values τ � 0.1, κ � −1, ϒ � 1, a � −0.4,
b � −0.01, c � 0.01, y � 1, z � 1, and −1<x< 1.

The results of this work encourage further future discussion in various branches of science, especially in quantum
plasma physics.

8 Results and discussion

Here, we will compare the existing results and the results we obtained from the concerned model. Different techniques have been used for
nonlinear extended and modified quantum Zakharov–Kuznetsov equations without fractional derivatives to obtain the exact wave solutions.
Some solitary wave solutions are obtained in [24]; soliton and some other wave solutions have been achieved by applying the extended
simplest equation technique [25]; periodic and traveling wave solutions have been attained by using bifurcation theory [26]. Many exact wave
solutions have been gained by utilizing the sine-Gordon expansion technique and the 1/G′ expansion technique in [27]. Kink-antikink
soliton, traveling wave, solitary wave, periodic wave, and dark-bright soliton solutions are obtained by using the extended modified rational
expansion method in [45]. Soliton solutions in different forms, such as bell and anti-bell periodic, dark soliton, bright soliton, bright and dark
solitary wave in periodic form, are obtained by applying the modified extended direct algebraic technique in [46]. Distinct exact
solutions are obtained by utilizing the (G′/G2)-expansion method and the modified Kudryashov method in [47]. However, we consider
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the model in the truncated M-fractional derivative that has not been used previously in the literature. Furthermore, we utilize the expa
function technique to obtain the rational wave solutions. The improved (G′/G)-expansion technique is utilized to obtain the periodic
and kink soliton solutions, while the Sardar sub-equation technique is used to gain the singular, dark, bright, dark-bright, and many
other exact soliton solutions of the model. The obtained solutions have many applications in different branches of physics and other
applied sciences.

9 Conclusion

We have succeeded in attaining novel exact soliton solutions to the extended nonlinear quantum Zakharov–Kuznetsov model
(ENLQZKE) and the modified nonlinear quantum Zakharov–Kuznetsov model (MNLQZKE) with a truncated M-fractional derivative.
For this purpose, we utilize the expa functional, improved (G′/G)-expansion, and Sardar sub-equation techniques. The solutions
contained the trigonometric, hyperbolic trigonometric, and exponential functions. The achieved solutions are verified using
Mathematica software by putting the solutions back into the concerned equation. Our results are newer and closer to the
numerical solutions than the existing solutions of the models in the literature. Some of the obtained solutions are also
represented by two-dimensional, three-dimensional, and contour graphs. The obtained solutions are useful in the areas of
applied physics, applied mathematics, dynamical systems, nonlinear waves in plasmas [48], and dense space plasma [49]. The
methods applied are simple and useful for nonlinear fractional partial differential equations. This work may be helpful for future
research on the concerned model and other related models. Nonlinear fractional partial differential equations are a good way to
represent any naturally occurring phenomenon in applied science and engineering.
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