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The transformation regulation of the radial finite Airy–Gaussian beam array (FAiGBA) in uniaxial crystals orthogonal to the optical axis has been explored analytically and numerically under the paraxial approximation. The analytical evolution solution of this beam array in the x- and y-directions has been derived, respectively. The intensity distribution and side view of FAiGBA propagating in three types of uniaxial crystals have been demonstrated in several instances. Furthermore, particular attention has been devoted to the linear effect when this beam array transmits through the electro-optic crystal. The influence of non-paraxial longitudinal component and temperature on FAiGBA evolution characteristics has also been examined to verify the validity of the paraxial mechanism of this beam array propagating in uniaxial crystals. It is anticipated that these research findings will contribute to the advancement of FAiGBA applications in micro- and nano-control, optical fiber communication, optical trapping, and manipulation fields.
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1 INTRODUCTION
Researchers have attracted wide interest in the generation and application of finite energy Airy beams (FAiBs) due to their non-diffraction, self-accelerating, and self-healing characteristics [1–3], with which some gratifying results have been gained in particle manipulation, curved plasma channel excitation, photo-bullets, surface plasmons, focus control, and micromachining [4–9]. However, the FAiB intensity and density become very smaller over a long transmission distance because of the beam diffraction and atmospheric turbulence. In order to overcome these obstacles, considerable attention has been switched to finite Airy–Gaussian beam array (FAiGBA) [10, 11] because the intensity of the self-focusing FAiGBA remains almost constant during propagation, but its peak intensity can suddenly increase by several orders of magnitude when approaching the focus plane (where the beam array’s self-focusing intensity is greatest).
On the other hand, attention has also been devoted to uniaxial crystals [12] and nonlinear media [13] in which a variety of waves transit. As a typical anisotropic medium, a uniaxial crystal plays an important role in the regulation of light field by using its linearly electro-optical effect (Pockels effect) [14], which can achieve high-speed electro-optic response at modulation rates up to tens of GHz. Therefore, the evolution of various types of beam transmission in uniaxial crystals has been widely studied by researchers for a long time. It is the most interesting effect that crystals can change the polarization of input waves. For example, scientists have found that left-handed circularly polarized (LHCP) light can generate vortex light with topological charge number 2 when propagating along the optical axis of uniaxial crystals, the method of which has become an important supplement for generating vortex beams [15]. There are a number of crystals whose refractive indices are affected by the applied electric field (or electric voltage), and the size of the refractive index is also related to the direction, resulting in a linearly electro-optical effect. Electro-optical crystals, like potassium dihydrogen phosphate [16] and lithium niobate [17], are widely used in the field of optoelectronic technology as electro-optical modulators, electro-optical switches, electro-optical logics, tunable filters, and quantum devices, achieving excellent performance [18–21].
FAiBs [22] and their derived waves, such as Airy–Gaussian beam [23, 24], Airy–Gaussian vortex beam [25, 26], chirped Airy vortex beam [27], Airy–Hermite–Gaussian beam [28], cosh-Airy beam [29], and radially polarized first-order chirped Airy–Gaussian beam [30], passing through the uniaxial crystal in paraxial approximation and beyond have been inspected in the last 10 years. To deal with the bad axial symmetric problem of a single Airy beam, the circular Airy beam [31] and circular Airy vortex beam [32] via uniaxial crystals have been discussed not long ago as well. FAiGBA evolution in the isotropic space [33] and Kolmogorov atmospheric turbulence [34] has been examined by our group in 2021 and 2022, respectively. However, to the best of our knowledge, the transformation regulation of paraxial FAiGBA propagating through uniaxial crystals, particularly electro-optic crystals with a linear effect, has not been rigorously studied in other previous articles, in which the research may focus on the development of FAiGBA in micro- and nano-control design and optical fiber communication. Notably, quartz crystals are usually chosen as the raw material for traditional fiber and photonic crystal fiber. In addition, due to the self-bending momentum and ability to self-repair even in an anisotropic environment, the exploration related to FAiGBA may provide a new tool for optical trapping and manipulation [35, 36].
In this study, we theoretically construct a novel radial FAiGBA composed of x-linear and y-linear polarization beams and investigate its intensity evolution rules when the beam array propagates in uniaxial crystals under the paraxial approximation. The structure of the paper is arranged as follows: in Section 2, the theoretical model and the analytical solution for paraxial FAiGBA transmission in uniaxial crystals orthogonal to the optical axis are presented. In Section 3, the intensity distribution and side view of FAiGBA in three types of traditional uniaxial crystals are analyzed; the different intensity behaviors of the x- and the y-components are demonstrated in detail. We further pay attention to the linear effect and linear electro-optic effect when this beam array transmits in the special electro-optic crystal. The effect of non-paraxial longitudinal component and temperature on FAiGBA evolution in uniaxial crystals is also investigated. Finally, some interesting results are outlined in Section 4.
2 COMPUTATION MODEL AND METHOD
In this section, we focus on constructing the physical model and formulas of FAiGBA running through the traditional uniaxial crystal and the electro-optic crystal orthogonal to the optical axis. As shown in Figure 1, the uniaxial crystal is represented by a gray cube with its relative dielectric tensor ε being set at [37]
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[image: Figure 1]FIGURE 1 | Schematic setup of the FAiGBA transmission performance in the uniaxial crystal.
In the above Eq. 1, the parameters ne and no, respectively, indicate the extraordinary and ordinary refractive indices of the uniaxial crystal. Symbol f = ne/no (the extraordinary refractive index divided by the ordinary refractive index) is formulated to describe the anisotropy of a crystalline material. There exist extensively, in nature, three main types of uniaxial crystals: the negative (f < 1), the positive (f > 1), and the isotropic crystals (f = 1). Nevertheless, experiment results showed that the crystal state can be changeable in different environments. With respect to the electro-optic crystal, for instance, the relationships between ne and external electric field strength E for positive and negative crystals are, respectively [38],
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where μ denotes the linear electro-optic coefficient.
It is quite easy to obtain the incident radial FAiGBA by evenly distributing multiple two-dimensional Airy beams on a circle in the x–y plane, and the coordinates of ith (i = 1, 2 … , n) Airy beam in the initial plane is formulated through the following matrix transformation in the Cartesian coordinate system:
[image: image]
where α = 2π(i−1)/n Eq. 4 denotes the rotation angle. Hence, the electric field distribution of the radial FAiGBA at the source point O reads [39]
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with
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where xi and yi in Eqs 5, 6 are the source plane coordinates of the ith Airy beam; ω1 = εω0 represents the transverse beam radius, with ω0 and ε being the Gaussian source size and control factor, respectively; and a0 is the decay parameter which guarantees the photo-source containing limited energy. The Airy function [notation Ai (●)] is integrated into
[image: image]
where u in Eq. 7 signifies the variable of integration. One can recognize readily from the above theory that the radial FAiGBA with four beamlets is expressed as Eq. 8
[image: image]
In this study, we select the radial FAiGBA composed of x-linear and y-linear polarization beams, of which the electric field distribution is
[image: image]
The generalized Huygens–Fresnel integrals can effectively provide a “bridge” between the electric field distributions of incident and emerging beams within the framework of paraxial transmission theory, which are independently described as [40]
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where z expresses the beam transmission distance; k = 2π/λ is the wave vector, with λ characterizing the incident wavelength. Substituting Eq. 9 into Eqs 10, 11 and after a number of algebraic manipulations, the general forms of the received beam array field in the uniaxial crystal orthogonal to the axis are obtained as follows:
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and
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where
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with
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Finally, the emerging radial FAiGBA optical field intensity is established on a certain receiver plane by recalling the following expression:
[image: image]
where j = x or y. The constant factor n0/(2cμ0) in the above equation is of no consequence because the intensity normalized processing is typically needed. Eqs 12–23 are the main results of this paper, which provide a simple but efficient method to study the radial FAiGBA evolution properties in several types of anisotropic media, especially the uniaxial electro-optic crystal.
3 DISCUSSION AND ANALYSES
3.1 FAiGBA paraxial transmission properties in uniaxial crystals
In this subsection, we intend to probe into the FAiGBA evolution properties in three types of uniaxial crystals orthogonal to the optical axis. The chosen parameters are λ = 1.55 μm, a0 = 0.1, ε = 0.05, ω0 = 1 mm, and the Rayleigh length ZR = πω12/λ = 0.02 m in the following numerical simulation. Figure 2 illustrates the side transmission view and intensity contour graph of FAiGBA during its evolution in an isotropic crystal (no = ne = 1.5; f = 1). For comparison purposes, Figure 3 also depicts the intensity distribution of a single Airy beam. From these figures, it is evident that both the Airy beam and FAiGBA follow a ballistic trajectory along the y = x (or y = −x) direction under the condition f = 1; in other words, each type of Airy-derived wave accelerates along 4/π (or −4/π) on a random x–y cross-section within the isotropic space. In addition to having stronger optical power, the radial FAiGBA exhibits better symmetry than the Airy beam. Due to the meticulous design of multiple cubic diaphragms that can be loaded in the liquid crystal spatial light modulator, each beam self-bends independently to the mid-perpendicular position at the beginning of propagation, as shown in Figures 2A, B. Instead, the array of beams self-focuses on a central point termed as the auto-focus plane, as described in Figure 2C. As the transmission distance continuously increases, the FAiGBA once again breaks up into four petals (Figure 2D), eventually forming a square beam array losing its non-diffracting feature in the far field.
[image: Figure 2]FIGURE 2 | Radial FAiGBA intensity evolution in the isotropic crystal (no = ne = 1.5; f = 1). (A) Side view, (z, x) plane. (B) Side view, (z, y) plane. (C) Transversal contour graph, z = 5ZR. (D) Transversal contour graph, z = 10ZR.
[image: Figure 3]FIGURE 3 | Single Airy beam intensity distribution in the isotropic crystal (no = ne = 1.5; f = 1). (A) Side view, (z, x) plane. (B) Side view, (z, y) plane. (C) Transversal contour graph, z = 5ZR. (D) Transversal contour graph, z = 10ZR.
We now focus on investigating the anisotropic effect on the evolvement process of the FAiGBA intensity in positive (f > 1) and negative uniaxial crystals (f < 1). By comparing Figures 4C, D with Figures 5C, D, it is evident that the four main lobes of the beam array convert into an ellipse on the auto-focus plane and a rounded rectangle in the far field owing to anisotropic characteristics of the crystal, of which the reason is listed as follows: while FAiGBA traverses the positive crystal (no = 1.5; ne = 2.0; f = 1.33), the self-bending of each beam in the x orientation quickens up, as demonstrated in Figure 4A. In striking contrast, the acceleration in the y direction gradually slows down (even slower than that in the isotropic medium), as shown in Figure 4B. Conversely, under identical conditions but with z being a negative crystal (no = 1.5; ne = 1.0; f = 0.67), the parabolic deviation value of FAiGBA is much larger in the y direction than that in the x direction, as can be seen in Figures 5A, B, resulting in a slender rectangular main spot size with its long axis along the y direction, as illustrated in Figure 5D. Furthermore, we emphasize from these figures that both the self-focus point and diffraction-free distance are influenced by the f-value ratio, which can be seen clearly from Figure 4C; Figure 5C.
[image: Figure 4]FIGURE 4 | FAiGBA intensity evolvement rules in the positive crystal (no = 1.5; ne = 2.0; f = 1.33). (A) Side view, (z, x) plane. (B) Side view, (z, y) plane. (C) Transversal contour graph, z = 5ZR. (D) Transversal contour graph, z = 10ZR.
[image: Figure 5]FIGURE 5 | FAiGBA intensity evolvement rules in the negative crystal (no = 1.5; ne = 1.0; f = 0.67). (A) Side view, (z, x) plane. (B) Side view, (z, y) plane. (C) Transversal contour graph, z = 5ZR. (D) Transversal contour graph, z = 10ZR.
Next, we investigate linear polarization along the y axis of FAiGBA intensity distribution within uniaxial crystals. Extensive simulations demonstrate little influence of the f ratio on outline characteristics of this polarized beam array. We also illustrate the effect of different refractive indices n on the FAiGBA intensity silhouette and have noted that the wave profile remains isotropic. The variation rules of this polarized beam array versus the n of the anisotropic medium have been discovered, and the results are shown in Figures 6B–E. These figures suggest that the smaller the n is, the larger the displacement of the FAiGBA acceleration is on the same receiver plane; hence, the square silhouette of FAiGBA in Figure 6D2 is much bigger than that in Figures 6A2, B2. Additionally, it should be noted that FAiGBA’s self-focus plane becomes shorter with the decreasing value of n. The conclusion obtained above also applies to x-linear polarization of FAiGBA propagation when no = ne (f = 1) is fulfilled.
[image: Figure 6]FIGURE 6 | FAiGBA intensity distributions in the uniaxial crystal, y-linear polarization. (A) Transversal contour graph, n = 1.5; (A1) z = 5ZR; (A2) z = 10ZR. (B) Transversal contour graph, n = 2.0; (B1) z = 5ZR; (B2) z = 10ZR. (C) Side view, n = 2.0; (C1) (z, x) plane; (C2) (z, y) plane. (D) Transversal contour graph, n = 1.0; (D1) z = 5ZR; (D2) z = 10ZR. (E) Side view, n = 1.0; (E1) (z, x) plane; (E2) (z, y) plane.
In order to testify the validity of the paraxial mechanism of FAiGBA propagating in uniaxial crystals, the non-paraxial longitudinal component (z component) of this beam array is examined in the subsequent section. Figures 7A–C illustrate the relative intensity distribution at various cross-sections in comparison to an isotropic medium (top row), a positive uniaxial crystal (middle row), and a negative uniaxial crystal (bottom row), where the normalized intensity is chosen as the x component of the maximum intensity at the corresponding position. It is worth noting that the evolution characteristics of the FAiGBA in non-paraxial scenarios closely resemble those observed in the two paraxial directions, particularly over short distances, as evidenced by the comparison between Figure 2C; Figure 7A1. Nonetheless, the intensity of the longitudinal component is significantly weaker than that of the other two paraxial components, as indicated by the color bar inset in Figure 7. Consequently, the paraxial approximation proves effective in our model, as the longitudinal component can be considered negligible in magnitude.
[image: Figure 7]FIGURE 7 | Transversal contour graph of the longitudinal component of FAiGBA at several observation planes in three types of uniaxial crystals. (A1–C1) z = 5ZR; (A2–C2) z = 10ZR. (A) no = ne = 1.5; f = 1. (B) no = 1.5; ne = 2.0; f = 1.33. (C) no = 1.5; ne = 1.0; f = 0.67.
3.2 Linear effect and linear electro-optic effect
Through the analysis of previous sections, it is easy to find that the anisotropic effect only occurs in x-linear polarization of paraxial FAiGBA. Therefore, we further explore the influence of changing ne on beam array evolution in this polarization. Here, calculation parameters no = 1.5 and z = 10ZR remain unchanged, and a linear function is fabricated to describe the relationship between ne and no as follows:
[image: image]
where U denotes the magnitude of a certain control strategy, by means of which the beam array intensity distribution on emerging cross-section is illustrated in Figure 8. It is readily obtained from these figures that the ratio of the FAiGBA acceleration varies according to the value of U. When U < 0, as shown in Figures 8A, B, the self-bending of the beam array in the y direction is much faster than that in the x direction. However, the self-bending degree of the beam array gradually turns around with increasing the U value. When U > 0, as shown in Figures 8D, E, the four main lobes of the FAiGBA constitute a rounded rectangle with its long axis along the x direction. Due to the interference and diffraction phenomenon caused by the four-beam array and the main and side petals of each beam, it is not possible to obtain a function describing the relationship between the relative maximum intensity of FAiGBA and U, as shown in Figure 8F.
[image: Figure 8]FIGURE 8 | FAiGBA intensity evolvement rules in the uniaxial crystal versus the changing U. (A) U = −0.4. (B) U = −0.2. (C) U = 0. (D) U = 0.2. (E) U = 0.4. (F) Influence of U on FAiGBA’s maximum intensity value, where the brightest output intensity with U = 0 is regarded as the normalized parameter.
Figure 9 exhibits some fascinating discoveries regarding the position of the brightest spot in the beam array when further researching its change with U. Since our model has rotational symmetry, we will focus on the first quadrant, where the maximum intensity location of the beam is always greater than zero in both x and y directions. When U = −1, leading to a negative uniaxial crystal with its f = 0.67, the center location of the brightest spot is (x = 0.03264 mm; y = 0.51680 mm) at z = 10ZR on an intersecting surface. With the smoothly increasing U value, there are opposite trends observed in x and y axis coordinates, as shown in Figures 9A, B. This modulation has crucial signification in the field of micro/nano-optoelectronics. It is the transformation in both x and y orientations that enable us to regain a linearly polarized FAiGBA in the whole medium under the condition U = 0. There exists, of course, this kind of deviation (augment in the x axis and diminution in the y axis) even though U > 0, as illustrated in Figures 9C, D. Consequently, Figure 4D displays a bright thin line composed of four main petals near the x axis due to severe loss of acceleration along the y direction. As we understand, FAiBs function akin to a “snow blower,” gathering target particles and redirecting them elsewhere. With this in mind, the linear electro-optic modulation allows us to create two distinct sets of FAiGBA optical manipulations: the extraordinary (x component) and the ordinary (y component) versions. Furthermore, the ability to adjust the focus point of FAiGBA using different U values holds promise for applications in optical trapping.
[image: Figure 9]FIGURE 9 | Position of FAiGBA’s brightest spot changed with factor U in the first quadrant. (A) −1 ≤ U ≤ 0, x direction. (B) −1 ≤U ≤ 0, y direction. (C) 0 ≤ U ≤ 1, x direction. (D) 0 ≤ U ≤ 1, y direction.
Although the relative maximum intensity appears chaotic and nonsensical, there is an approximately linear correlation between its coordinate position and U, especially close to U = 0. By recalling Eqs 2, 3, we confirm that a uniaxial electro-optic crystal with 1.4 ≤ ne ≤ 1.6 can be modulated by providing an external voltage of −2 kV ≤ U ≤ 2 kV if the rest parameters of the micron photonic crystal are set at no = 1.5 and μ = 29.62 × 10−12 m/V. Figure 10 provides a closer examination of the influence of external voltage U on this modulation process. An electro-optic effect model is established by synthesizing data from FAiGBA’s maximum intensity location in both x and y directions along with external voltage U using the statistical matching method and linear inversion techniques, which are represented by the following Eqs 25, 26:
[image: image]
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[image: Figure 10]FIGURE 10 | Influence of external voltage U on FAiGBA’s maximum intensity coordinates in the first quadrant. (A) x direction. (B) y direction.
The adjusted R2 parameters in the above two expressions reach 0.9997 and 0.9972, respectively, indicating that the electro-optic control exhibits an exceptional linear feature in FAiGBA route planning for anisotropic crystals, such as photonic crystal and carbon nanotube cable, especially in the areas of optical communication, optical manipulation, and trapping.
Due to natural birefringence, the working point of the uniaxial electro-optic crystal tends to shift with temperature fluctuations, resulting in a slight alteration in the trajectory of the FAiGBA. In our model, both the ordinary (no) and extraordinary (ne) refractive indices increase with increasing temperatures [41], as illustrated in Figure 11. Utilizing these numerical values, the FAiGBA intensity distribution of the x component at the cross-section z = 10ZR of the uniaxial electro-optic crystal under temperatures T = 293 K and 323 K is depicted in Figure 12. The profiles of Figures 12A, B show minimal divergence. The central position of the brightest spot [(x = 0.1680 mm; y = 0.1880 mm) at T = 293 K and (x = 0.1740 mm; y = 0.1860 mm) at T = 323 K] further indicates that the temperature exerts a negligible influence on the evolution characteristics of the FAiGBA. Furthermore, implementation of temperature compensation and differential structure can better enhance the stability of uniaxial electro-optic crystals.
[image: Figure 11]FIGURE 11 | Relation schemas between the refractive index of uniaxial crystal and temperature. (A) Parameter no. (B) Parameter ne.
[image: Figure 12]FIGURE 12 | FAiGBA intensity profile at two different temperatures. (A) T = 293 K. (B) T = 323 K.
4 CONCLUSION
In summary, we have derived the analytical evolution expression for the radial FAiGBA in uniaxial crystals orthogonal to the optical axis under the paraxial approximation. Detailed analysis reveals the distinct behaviors of the intensity distribution in the x and y components. As examples, the intensity distribution and side view of the FAiGBA propagating in three types of uniaxial crystals are explored. It concludes that the ratio of the extraordinary refractive index to the ordinary index plays a vital role in the x-linear polarization of the FAiGBA evolution rules, whereas there is little influence of the f ratio on the outline characteristics of the y linearly polarized beam array; that is, synthetic radial FAiGBAs can maintain their linear properties only within isotropic media as a whole. In addition, we systematically discuss the linear electro-optic effect when this beam array transmits in the electro-optic crystal. It is clear that the x-coordinate of the brightest spot on the first quadrant increases with the smoothly increasing U values from −1 to 1, whereas the y-coordinate exhibits the opposite trend. In addition, there is an approximately linear correlation between its coordinate position and external voltage U, especially close to U = 0, which is verified by the statistical matching method and its adjusted R2 parameters. The influence of the non-paraxial longitudinal component and temperature on FAiGBA evolution characteristics is also examined to confirm the validity of the paraxial mechanism of this beam array propagating in uniaxial crystals. It can be realistically expected that these comprehensive analytical expressions and conclusions regarding the paraxial propagation of FAiGBA in uniaxial electro-optic crystals will offer valuable insights for designing pathways for various applications in micro- and nano-control, optical fiber communication, optical trapping, and manipulation fields.
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