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The suppression of ferroquadrupolar order in TmVO4 in a magnetic field is well-
described by the transverse field Ising model, enabling detailed studies of critical
dynamics near the quantum phase transition. We describe nuclear magnetic
resonance measurements in pure and Y-doped single crystals. The non-
Kramers nature of the ground state doublet leads to a unique form of the
hyperfine coupling that exclusively probes the transverse field susceptibility. Our
results show that this quantity diverges at the critical field, in contrast to the mean-
field prediction. Furthermore, we find evidence for quantum critical fluctuations
present near Tm-rich regions in Y-doped crystals at levels beyond which long-
range order is suppressed, suggesting the presence of quantum Griffiths phases.
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1 Introduction

Unconventional superconductivity tends to emerge in the vicinity of a quantum critical
point (QCP), where some form of long-range ordered state is continually suppressed to T =
0 [1–9]. This observation suggests that there may be an important relationship between the
superconducting pairing mechanism and the strong quantum fluctuations associated with
the QCP, however there are major challenges to understanding the fundamental physics at
play in these systems. In practice various approaches can be utilized to tune the ordered state
to the QCP. Hydrostatic pressure or magnetic field are thermodynamic variables that are
homogeneous throughout the material and can be varied continuously. Doping, on the
other hand, offers a convenient method to apply “chemical pressure” or introduce charge
carriers, but can introduce electronic heterogeneity at the nanoscale which can complicate
interpretation [10, 11]. In such cases it can be difficult to disentangle what experimental
observations to ascribe to fundamental properties of a quantum phase transition versus
extrinsic effects arising from the long-range effects of the dopants.

In order to better understand the influence of doping in strongly interacting system near
a quantum phase transition, it is valuable to study a model system in the absence of
superconductivity. TmVO4 is as material that has attracted interest recently because its low
temperature properties are well-described by the transverse field Ising model (TFIM), an
archetype of quantum criticality [12, 13]. TmVO4 exhibits long-range ferroquadrupolar
order in which the Tm 4f orbitals spontaneously align in the same direction, as illustrated in
Figure 1. The Tm3+ ions (4f 12 with L = 5, S = 1, J = 6) experience a tetragonal crystal field
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interaction, and the ground state is well separated by a gap of ~ 77 K
to the lowest excited state [15, 16]. The ground state is a non-
Kramers doublet, so the first order Zeeman interaction vanishes for
in-plane fields (i.e., gc ~ 10 while ga = gb = 0). This doublet can be
described by a spin-1/2 pseudospin in which one component, σz,
corresponds to a magnetic dipole moment oriented along the c-axis,
while the other two components σx and σy correspond to electric
quadrupole moments with B2g (xy) and B1g (x2 − y2) symmetry,
respectively [17]. The two quadrupole moments couple bilinearly to
lattice strains εxx − εyy and εxy, which gives rise to an effective
interaction between the moments and leads to a cooperative Jahn-
Teller distortion at a temperature, TQ [18]. TmVO4 spontaneously
undergoes a tetragonal to orthorhombic distortion with B2g
symmetry below TQ = 2.15 K with orthorhombicity δ ≈ 0.01, as
illustrated in Figure 1B. Because there are two distinct orientations
of the quadrupolar moments, the ferroquadrupolar order has Ising
symmetry that can be described as a coupling between neighboring
pseudospins. On the other hand, a magnetic field oriented along the
c-axis couples to the pseudospin in a direction that is transverse to
the ferroquadrupolar order [19]. This field mixes the two degenerate
ground state quadrupolar states, enhancing the fluctuations of the
pseudospins and suppressing TQ at a quantum phase transition with
critical field Hc* ≈ 0.5 T [12]. This interpretation has been
strengthened by the recent observation of a quantum critical fan
emerging from the QCP that extends to temperatures above TQ [20].

LiHoF4 is another important material whose physics is well
described by the TFIM [21]. There are important differences,
however, between LiHoF4 and TmVO4. Although the physics of
both systems derives from non-Kramers doublets, the former is a
ferromagnet with Ho moments ordering along the c-axis,
whereas the latter has ferroquadrupolar order with
quadrupolar moments ordering in the plane. As a result, the
transverse field direction for LiHoF4 is perpendicular to the c-
axis, whereas in TmVO4 the transverse field direction is parallel
to c. This fact is crucial for TmVO4 because it also has profound
consequences for the hyperfine coupling to neighboring nuclear
spins and enables unique measurements of the quantum
fluctuations directly. Moreover, since the quadrupolar

moments couple to strain fields, long-range order in TmVO4

is particularly sensitive to dopants. Therefore substituting with Y
in TmVO4 offers a unique opportunity to investigate how the
quantum phase transition changes in response to the disorder
and random fields introduced by the dopant atoms.

2 Couplings to non-Kramers doublet

2.1 Lattice interaction

2.1.1 Ground state wavefunctions
The ground state wavefunctions of the Tm in the D4h point

group symmetry of the TmVO4 lattice are given by:

|ψ1,2〉 � α1|± 5〉 + α2|± 1〉 + α3| ∓ 3〉

in the |Jz〉 basis, where the αi coefficients are determined by the
details of the crystal field Hamiltonian [16, 19]. Is is straightforward
to show that Jx,y operators vanish in the subspace spanned by these
states. On the other hand, there are three other operators that do
not vanish:

J2x − J2y ~ σx, JxJy + JyJx ~ σy, and Jz ~ σz,

where the σα are the Pauli matrices. Physically, the first two
operators represent quadrupolar moments with B1g and B2g
symmetries, respectively, and the third represents a magnetic
moment along the z direction. The conjugate fields to these
moments are strain ϵB1g = ϵxx − ϵyy, ϵB2g = ϵxy, and magnetic
field Hz, respectively. Here the strain tensor is defined as ϵij =
(∂ui/∂xj − ∂uj/∂xi)/2, where u(x) is the displacement from the
equilibrium lattice positions.

2.1.2 Cooperative Jahn-Teller effect
Because the quadrupolar moments have non-uniform charge

distributions, they can interact with a strained lattice via a bilinear
coupling of the form −ηiεiσi, where ηi is an electron-lattice coupling
constant. This coupling renormalizes the elastic constant, leading to

FIGURE 1
(A) Crystal structure of TmVO4 (I41/amd) with Tm atoms in blue, V atoms lie at the center of green tetrahedra, and oxygen atoms in red. For the
studies discussed here, themagnetic field,H0, was rotated in the ac-plane, with an angle θ betweenH0 and the c axis. The projection of the field along the
c-axis isH0 cos θ. (B) Schematic phase diagram of TmVO4 as a function of magnetic field Hc along the c-axis, illustrating the B2g orthorhombic distortion
in the ferroquadrupolar state. (C) Phase diagram for Tm1−xYxVO4, reproduced from [14]. The dashed line represents the mean-field result expected
purely from dilution.
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a softening in both the B1g and B2g channels, but is strongest for the
B2g channel for TmVO4. It can be shown that this leads to an
effective coupling between the quadrupolar moments:

Hex � ∑
l≠l′

J l − l′( )σy l( )σy l′( ) (1)

where the sum is over the lattice sites, and J(l − l′) is an Ising
interaction between the Tm quadrupolar moments [17, 18]. The
coupling depends on the details of the lattice, and because it is
mediated by strain fields, it can extend well beyond just nearest
neighbor sites. This interaction leads to long-range order in the
three-dimensional TmVO4 lattice below a temperature TQ = 2.15 K,
with finite expectation values of ±〈σy〉. This ferroquadrupolar order
is accompanied by a B2g lattice distortion as illustrated in
Figure 1B [22].

2.2 Zeeman interaction

The interaction between a non-Kramers doublet in a tetragonal
environment and a magnetic field is given by:

HZ � gzμBHzσz + 1
2

gJμB( )2b H2
x −H2

y( )σx + 2HxHyσy[ ], (2)

where Hx,y is a magnetic field along the (x, y) direction, gJ = 7/6 for
Tm3+ and gc and b depend on the crystal field Hamiltonian [23].
These parameters have been measured for TmVO4 to be gc = 10.21
and b/kB = 0.082 K−1 [16]. Note thatH couples quadratically in the x
and y directions, rather than linearly for a Kramers doublet. A field
in the z direction splits the doublet linearly, and acts as a transverse
field for the Ising interaction in Eq. 1.

2.2.1 Induced moments for perpendicular fields
The Zeeman interaction can also be written as HZ � μ ·H,

where the magnetic moment along z is μz = g‖μBσz, and the
perpendicular fields Hx,y can couple with quadrupolar moments
giving rise to effective magnetic moments:

μx,y � 1
2

gJμB( )2b Hxσy,x ± Hyσx,y( ).
For sufficiently low perpendicular fields,Hx,y ≤ 3 T, the second order
Zeeman interaction in the perpendicular direction will be less than
0.1kBTQ, and can be safely ignored. At higher fields, Hx and Hy can
also act as either longitudinal or transverse fields for the Ising order,
and can in fact be used to detwin the ferroquadrupolar order [24].

2.3 Transverse field Ising model for
ferroquadrupolar order

The low temperature degrees of the Tm electronic degrees of
freedom are thus captured by the sum Hex +HZ, which maps
directly to the TFIM:

HTm � ∑
l≠l′

J l − l′( )σy l( )σy l′( ) + gzμBHc ∑
l

σz l( ), (3)

where the sum is over the Tm lattice sites. Here we have ignored the
small contribution from the perpendicular component of the

magnetic field. Mean field theory predicts a QCP for a c-axis
field of TQ/gcμB ≈ 0.3 T, which is close to the experimental value
of Hc* � 0.5 T. Note that if there is a perpendicular field oriented
such that Hx or Hy is zero, the system can still be described by the
TFIM, because HZ does not couple to the longitudinal order in
pseudospin space (σy). Rather, there is an effective transverse field in
the x-z plane of pseudospin space leading to a different value of the
critical field [24].

2.4 Coupling to nuclear spins

2.4.1 Hyperfine coupling to 51V
In most insulators the hyperfine coupling between a localized

electron spin and a nearby nucleus arises due to the direct dipolar
interaction and can be described asHhyp � I · A · J, where I is the
nuclear spin, A is the (traceless) hyperfine tensor, and J is the
electron spin. For temperatures well below the crystal field
excitations, J should be replaced by the ground state
pseudospin operators and A should be renormalized. For a
non-Kramers doublet, there can be no coupling along the x or
y directions because the magnetic field of the nucleus does not
interact with the doublet. Rather, the hyperfine coupling has
the form:

Hhyp � AzzIzσz + C HxIx −HyIy( )σx + C HxIy +HyIx( )σy, (4)

where Azz and C are constants [23]. In the absence of magnetic field,
there is only a coupling along the z direction, corresponding to the
transverse field direction. To determine the values of the coupling C,
note that Eq. 4 can be re-written in terms of the effective
magnetic moments:

Hhyp � 2C

gJμB( )2b Ixμx + Iyμy( ) + Azz

gzμB
Izμz (5)

� γZ hxIx + hyIy + hzIz( ),
where hα are the hyperfine fields at the nucleus created by the Tm
moments. Using the measured values of hx/μx = −0.0336 T/μB and
hz/μz = 0.0671 T/μB obtained by comparing the Knight shift versus
susceptibility, we can then identify:

C � 1
2
γZ gJμB( )2b hx

μx
( ) ≈ − 0.37μK/T

Azz � γZgzμB
hz
μz

( ) ≈ 368μK.

these values of the hyperfine fields were obtained via direct Knight
shift measurements, but agree well with the calculated direct dipolar
fields in the TmVO4 lattice [25].

2.4.2 Quadrupolar coupling to 51V
51V has spin I = 7/2 and a nuclear quadrupolar moment Q =

0.052 barns. Note that this moment is several orders of magnitude
smaller than the electronic quadrupolar moment of the Tm 4f
orbitals that undergo the ferroquadrupolar ordering at TQ.
Nevertheless, the extended charge distribution of the latter can
contribute to the electric field gradient (EFG) tensor at the V
nuclear site, which in turn couples to Q. As a result, the nuclear
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spins can couple to the pseudospin via the nuclear quadrupolar
interaction [23]:

HQ � B1 I2x − I2y( )σx + B2 IxIy + IyIx( )σy + P 3I2z − I I + 1( )[ ]1.
Note that B2 = B1, and corresponds to a 45° rotation of the principal
axes of the EFG. The last term, P, is determined by the local charge
distribution in the VO4 tetrahedra, and is independent of the 4f
orbitals. The EFG asymmetry parameter is given by B1〈σx〉/P, and
can be measured through detailed spectral measurements as a
function of angle in the ordered state. We estimate P ≈ 15 μK
and B1 = B2 ≈ 0.22 μK [24].

Of all the terms inHhyp +HQ,Azz is several orders of magnitude
larger than any other, even for perpendicular fields of several tesla.
Thus the coupling between the 51V and the Tm 4f orbitals is
essentially only along the transverse field direction.

2.4.3 Hyperfine coupling to 169Tm
169Tm has a spin of I = 1/2, and experiences a hyperfine

coupling but no quadrupolar interaction. By symmetry, the form
of the hyperfine coupling must also be described by Eq. 5. In this
case, however, the coupling Azz ≈ 160 mK is nearly three orders of
magnitude larger than that for the 51V due to the on-site coupling
[26]. As a result, the spin lattice relaxation rate in the
paramagnetic state is so fast that the 169Tm resonance has not
been observed. On the other hand, Bleaney and Wells reported
169Tm in the ferroquadrupolar state, where they found a large
shift of the resonance frequency for fields applied in the
perpendicular direction [16]. In this case, the shift is due to
the induced moments from the ordered Tm quadrupoles. The
shift exhibited a two-fold rotation symmetry as the field was
rotated in the perpendicular direction, which they attributed to
the second order Zeeman interaction and the induced
magnetization. The two-fold rotation reflects the
orthorhombic crystal structure in the ferroquadrupolar state.

3 Nuclear magnetic resonance studies

Recently several studies have been conducted of the 51V NMR in
TmVO4 in order to better understand the nature of the quantum
phase transition [19, 24, 25]. In principle, one could perform zero-
field NMR (or nuclear quadrupolar resonance, NQR) and gradually
apply a c-axis field to investigate the behavior as the field is tuned to
the QCP. In this case, the NMR resonance frequency is given by |γH
+ n]zz|, where γ = 11.193 MHz/T is the gyromagnetic ratio, ]zz = 0.33
MHz, and n = −3, . . . , + 3. Thus the highest transition frequency at
H = 0 is only 1 MHz, but experiments below 1 MHz are difficult
because the signal-to-noise ratio varies as f 3/2, where f is frequency
[27]. To overcome this challenge, a perpendicular field of 3.3 T was
applied along the [100] direction of the crystal (corresponding to the
x or y directions in Eq. 2), and the crystal was rotated to project a
small component along the c-axis, as illustrated in Figure 1A.

Spectra for several different values ofHc are shown in Figure 2A.
For Hc = 0, the spectra consist of seven transitions separated by a
quadrupolar interaction P ~ 300 kHz, as seen in Figure 2A. As Hc

increases, the anisotropic Knight shift and EFG tensors alter the
frequencies of the various quadrupolar satellites in a well-controlled
fashion, shown in Figure 2B. The separation between the seven peaks
gradually reduces and vanishes at the magic angle (where Hc �
H0/

�
3

√
≈ 1.8 T), and all the peaks shift to higher frequency,

reflecting the strong magnetic anisotropy. Surprisingly, the
integrated area of the spectra is dramatically suppressed in the
vicinity of the QCP, as shown in Figure 2C. This suppression of
intensity has been interpreted as evidence for quantum critical
fluctuations of the transverse field, due to an increase in T−1

2 , the
decoherence rate of the nuclear spins [20]. The relative area shown
in the figure is proportional to signal size L(t) ~ e−t/T2 , which
depends on the time evolved, t, since the nuclear spins are
prepared in their initial superposition state. In this experiment t
is a fixed quantity determined by the pulse spacing in the
experiment. An increase in T−1

2 thus drives a suppression of the

FIGURE 2
(A) Spectra of 51V for several different values of Hc as the crystal is rotated (see Figure 1A). (B) Calculated frequencies of the seven transitions as a
function ofHc. The transitionsmerge at themagic angle, and then separate at higher values ofHc. The dashed red line corresponds to the critical field,Hc*.
(C) The spectral area versus Hc for several different values of temperature. The blue diamonds correspond to Tm1−xYxVO4 with x = 0.4.
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area. If L(t) decays faster than the minimum time to perform an
experiment, then the signal intensity will be suppressed, or “wiped
out.” The data in Figure 2C suggests that T−1

2 reaches a maximum
at the QCP.

3.1 Transverse field susceptibility

The decoherence of an NMR signal can often be extended by
applying refocusing pulses [28]. The simplest such pulse sequence
consists of a spin echo, in which a single π pulse at time t/2
reverses the direction of precession and refocuses static field
inhomogeneities. Noise fluctuations at time scales shorter than
t/2, however, will lead to decoherence and loss of signal. In
general, the decay envelope, L(t), of a spin-echo can be related
to the noise fluctuations of the environment. In TmVO4, this
quantity can be written as:

log L t( )/L 0( )[ ] � −A
2
zz

Z2
∫∞

0
Szz ω( )F ωt( )

πω2
dω,

where Szz is the dynamical structure factor for the transverse field
fluctuations:

Szz ω( ) � ∫∞

0
〈σz τ( )σz 0( )〉eiωτdτ,

and F(x) = 8 sin4(x/4) is a filter function for the spin echo pulse
sequence, which takes into account the refocusing nature of the spin
echo π pulse [29, 30]. The spectral area, shown in Figure 2C, is
proportional to L(t) at fixed t corresponding to the pulse spacing in
the spin echo experiment. Because the hyperfine coupling in TmVO4

is solely along the transverse field direction, the nuclei are invisible to
the longitudinal degrees of freedom. Only Szz(ω), the noise spectrum
in the transverse direction, contributes to the decoherence of the
nuclear spins. This anisotropic coupling is highly unusual, but it
enables us to probe the transverse fluctuations without any
contamination from the longitudinal fluctuations, which diverge
strongly at the QCP. The filter function acts to remove the static or
low frequency (ω ≤ 105 Hz) components of the fluctuations, which
are dominated by thermal fluctuations [19, 31]. The remaining
contributions to Szz(ω), and hence to the decay of L(t), is from
quantum fluctuations, which exist at finite frequency. This is because
they arise from the intrinsic time evolution due to the many-body
Hamiltonian, which has a finite gap except at the QCP. The fact that
L(t) reaches a minimum at the QCP indicates that these quantum
fluctuations are largest here. Importantly, these extend to finite
temperature, even exceeding TQ. These results thus imply that there
is a broad region of phase space, a “quantum critical fan,” where
quantum fluctuations are present.

An open question is how does the transverse susceptibility
behave in the vicinity of the quantum phase transition? In mean-
field theory at T = 0, χzz remains constant in the ordered state, and
vanishes for Hc >Hc*, as shown in Figure 3A. The NMR data are
inconsistent with the mean field picture, since the relative area under
the spectra decreases dramatically at the QCP, indicating that χzz
must be strongly field-dependent in this range. Numerical
calculations that are based on high and low field series
expansions indicate that χzz diverges logarithmically on both
sides of the QCP for various 3D lattices [32]. At T = 0 the

enhancement is in a very narrow region but it should widen into
a quantum critical fan at finite temperatures. Indeed we find
significant differences between numerical calculations for small
finite clusters and mean field theory at finite temperatures with
enhancement in the general vicinity of the QCP, as seen in
Figure 3B. We expect the differences to be much larger and
centered at the critical point in the thermodynamic limit. These
calculations, however, assume only a nearest neighbor
interaction [e.g., J(l = l′) = 0 if l, l′ are not nearest neighbors
in Eq. 3]. The interaction is expected to be long-range in TmVO4,
which could tend to stabilize mean-field behavior.

3.2 Fidelity susceptibility

Understanding the mechanisms of decoherence is a key problem
for quantum computing, and the behavior of a central spin coupled
to a well-controlled environment is an important theoretical model
that has been studied extensively [31, 33]. In the case where the
central spin (or qubit) is coupled to a 1D TFIM via a hyperfine
coupling along the transverse field direction, the decoherence of the
qubit can be elegantly expressed in terms of the overlap of the
wavefunction of the environment at different times and values of the
transverse field. In fact, the 51V spins coupled to the
ferroquadrupolar ordering in TmVO4 maps well to this model,
but with a 3D lattice for the environment. Although the central spin
model was originally developed for a single spin coupled to an
environment, it is straightforward to generalize to an ensemble of
nuclear spins in a lattice, each with its own identical coupling [20].
Thus, TmVO4 offers a unique opportunity to experimentally study
this model.

Importantly, this connection offers a new approach to
understanding NMR decoherence in terms of the quantum
fidelity of the environment, which is defined as the modulus of
the overlap between two states: F = |〈Ψ′|Ψ〉|. In the case of the
central spin model, the two states areΨλ′(t � 0) andΨλ+ϵ(t), where λ
corresponds to the transverse field, and ϵ corresponds to the small
hyperfine field. Two ground states of the TFIM at different values of
the transverse field may initially be very similar, but will evolve
strongly away from one another in the vicinity of the QCP. At T = 0,
the intensity of the NMR free induction decay is proportional to F2,
thus the qubit experiences a strong decoherence as the transverse
field approaches the critical value. This tendency can be captured by
the fidelity susceptibility: χF = −∂2F/∂ϵ2. At finite temperatures, the
fidelity can be expressed in terms of the density matrix [31]. A
related quantity is the Quantum Fisher Information which
quantifies the sensitivity of density matrices to small changes in
parameters [34]. Because the fidelity susceptibility tends to diverge
at a QCP, this quantity has been exploited theoretically to identify
quantum and topological phase transitions [35, 36].

On the surface, this picture differs from the conventional NMR
picture in which decoherence arises due to the presence of stochastic
fluctuations of the hyperfine field, which can be quantitatively
measured via Bloch-Wangsness-Redfield theory: T−1

2 �
A2
zzSzz(ω � 0)/2Z2 [28, 37, 38]. However, χF in fact can be

related to the transverse field susceptibility, χzz = Szz/kBT [39].
This remarkable connection offers new insights and connections
between NMR and quantum information theory. For example,
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NMR wipeout is ubiquitous in strongly correlated systems, and has
been observed in the high temperature superconducting cuprates
and the iron based superconductors [40–44]. In these cases, this
phenomenon has been attributed to electronic inhomogeneity
introduced because of the dopant atoms. However, the behavior
in TmVO4 suggests that it might be valuable to considering the
wipeout in these other systems as a consequence of their proximity
to a QCP.

4 NMR studies of Y substitution

Replacing Tm with Y suppresses the long range
ferroquadrupolar order in Tm1−xYxVO4 to zero at xc ≈ 0.22, as
illustrated in Figure 1C [14]. Y has no 4f electrons and thus lacks
any magnetic or quadrupolar moments, so it acts to dilute the
interactions between the Tm quadrupolar moments. The rapid
suppression with doping is surprising because mean-field theory
predicts a much weaker doping dependence: TQ ~ 1 − x. Y doping
also suppresses ferromagnetic order in LiHoF4, however in this
case long-range order persists until x = 0.95 [45]. The reason for
the difference between the TmVO4 and LiHoF4 is that the Y
creates strain fields that couple to the ferroquadrupolar order in
the former. Y is slightly larger than Tm, thus it creates local
distortions in the lattice that couple to the Tm quadrupolar
moments [14]. This behavior is similar to that of a random
field Ising model (RFIM), and causes TQ to be suppressed much
faster with Y doping [46]. The local strain fields may have
components with B1g symmetry, which couples to σx and is a
transverse field, as well as fields with B2g symmetry, which
couples to σy and is a longitudinal field.

Y substitution offers an opportunity to test whether the
decoherence observed in the pure TmVO4 is due to quantum
critical fluctuations. Figure 2C shows that for x = 0.40, which has

no long-range ferroquadruplar order, the relative spectral area
does not change significantly at Hc*, in contrast to x = 0. This
observation indicates that the quantum fluctuations are
suppressed in the x = 0.40 sample.

4.1 NMR spectra

NMR spectra in doped systems are generally broader than in
undoped materials because the dopants often give rise to
inhomogeneity. As seen in Figure 4A, the spectra of the pure
TmVO4 and YVO4 consist of seven clear resonances with small
linewidths, but these resonances grow progressively broader
with doping. Each of the seven resonances broadens equally
between 0 ≤ x ≤ 0.1. This behavior indicates that the broadening
mechanism is not quadrupolar inhomogeneity, but rather a
Knight shift inhomogeneity. The red dotted lines in Figure 4A
are fits to the spectra, and the data in panel (e) show how the
Gaussian width, σ, varies with doping for the spectra that can be
clearly fit. It is surprising that even though random strain fields
are clearly present and rapidly suppressing TQ, they apparently
do not significantly alter the local EFG at the V sites. In many
other strongly-correlated systems, doping usually causes
significant quadrupolar broadening [47–50]. In Tm1−xYxVO4,
the larger Y atoms slightly displace the O and V in their vicinity
[14]. On the other hand, it is possible that the VO4 tetrahedra
may not be significantly distorted upon Y substitution. Also,
there are two main contributions to the EFG: a lattice term
arising from the arrangement of charges, and an on-site term
that is determined by the electronic configuration of the local
electronic orbitals [28]. It is reasonable that the latter term
dominates the EFG at the V, and that the electronic
configuration of the V and O orbitals remain relatively
unperturbed by Y doping.

FIGURE 3
(A) Transverse susceptibility as a function of field for a simple cubic lattice at T = 0 in mean-field theory and in 3D short-range models. (B)
Temperature dependence of the transverse field susceptibility at several different values of the transverse field calculated numerically for small periodic
clusters of the square-lattice. The dashed lines are the mean field result, and the solid points of the same color are the results of numerical calculations.
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4.1.1 Numerical simulations
To investigate the inhomogeneity of the magnetic environments,

we computed the direct dipolar hyperfine couplings, Aaa and Acc, to
the V sites in a 9 × 9 × 9 superlattice in which a fraction of the Tm
sites are randomly removed. Histograms of these couplings are
shown in Figures 4B, C for different Y concentrations. The sum is
dominated by the two nearest neighbor Tm sites along the c-axis
direction (see Figure 1A). The distribution for the perpendicular
direction (Aaa) broadens with doping, but does not exhibit any
structure. Figure 4D shows how the mean, 〈Aaa〉, and standard
deviation, σhist, of the histograms vary with Y concentration. The
standard deviation increases linearly with doping, which agrees with
the experimental observation of the linewidth. The dashed red line
in Figure 4E represents the expected magnetic linewidth in a field of
H0 = 1 T, as in the experiment. This quantity is given by σ(x)|K|γH0/
〈Aaa〉, where K = −0.66%. Here we have subtracted (in quadrature)
the standard deviation of the histogram of the pure TmVO4 case,
which includes boundary effects: σ(x) �

���������������
σ2hist(x) − σhist(0)2

√
. The

simulated linewidth agrees well with the measured linewidth,
indicating that for low Y concentrations the magnetic
environment of the remaining Tm is not significantly altered,
despite the presence of the strain fields surrounding the Y sites.
At higher doping levels, the magnetic broadening becomes
comparable to the quadrupolar splitting, and the spectra become
too broad to extract any information.

4.1.2 Effect of c-axis field
Figure 5A shows how the spectra for the x = 0.40 sample vary as

the crystal is rotated in a fixed field, similar to the data shown in
Figure 2A for the x = 0 case. As Hc increases, there is no significant
wipeout atHc*, as expected since there is no long range order at this
doping level and therefore no quantum critical behavior. The

integrated area for these spectra are shown in Figure 2C as a
function of Hc. However, there are three peaks that emerge as Hc

increases beyond ~ 1.5 T, labelled A, B, and C, that are not present in
the undoped sample. In fact, these extra peaks are consistent with the
simulated histograms of the c-axis hyperfine couplings shown in
Figure 4C. The three peaks correspond to V sites with 0, 1 or
2 nearest neighbor Tm atoms, respectively.

As seen in Figure 4B these different V sites should not be discernible
for a field H0 ⊥ c. On the other hand, as H0 rotates towards the c-axis,
three distinct peaks should emerge. This behavior is demonstrated in
Figure 5B, which displays the histograms of the Knight shift, K(θ) =
Aaaχaa sin

2θ + Accχcc cos
2θ, for several different values of Hc = H0 cos θ.

Here χαα is the static susceptibility, and we assume χcc/χaa = 3 for
concreteness. The three sites are indeed discernible for sufficiently large
Hc, which agrees well with the observations shown in panel (a).
Moreover, the relative intensity of the peaks (A: B: C = 0.32 : 0.49:
0.18) also agrees well with the observed spectra (0.33 ± 0.01 : 0.51 ± 0.01
: 0.16 ± 0.01). We therefore conclude that site A corresponds to V with
2 n.n. Tm, site B with 1 n.n. Tm, and site C with 0 n.n. Tm. This
property enables us to learn about the electronic inhomogeneity by
measuring the relaxation at the different sites.

4.2 Spin lattice relaxation rate

Figure 6A displays (T1T)−1 versus temperature for several
different doping levels, measured for field perpendicular to the c-
axis. Note that for this field orientation the resonance frequencies of
sites A, B, and C overlap, and thus we are unable to discern if these spin
fluctuations are spatially inhomogeneous. We do not see any evidence
for stretched relaxation for x< 0.1, whichwould indicate the presence of
inhomogeneity. In this range the different quadrupolar satellites are

FIGURE 4
(A) Spectra for several values of x measured in an external field H0 = 1 T oriented perpendicular to the c-axis at 1.8 K for all but the x = 1 case. For
YVO4 the spectrum was measured at 4.5 T and 10 K, but has been shifted to lower frequency by γΔH (ΔH = 3.9 T) to coincide with the other spectra. The
red dotted lines are fits as described in the text. (B,C)Histograms of the hyperfine coupling constants, Aaa and Acc, respectively, for a series of Y dopings for
simulations as described in the text. (D) Average 〈Aaa〉 and standard deviation, σ, of the distributions shown in (B) as a function of Y doping, x. (E) The
measured Gaussian linewidth of the spectra shown in (A) as a function of Y doping. The dashed red line was calculated using the computed standard
deviation, as discussed in the text.
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clearly resolved, and the relaxation was measured at all transitions to
extract both the magnetic and quadrupolar relaxation channels,
although just the magnetic contribution is shown [24]. For higher
doping levels where the spectra no longer show any structure, we are
unable to determine if there is any stretched relaxation behavior. There
is a clear peak for the pure TmVO4 at TQ reflecting the critical slowing
down at the thermal phase transition. As the doping level increases this
peak is suppressed to lower temperatures, yet (T1T)−1 increases and
reaches a broadmaximum around x≈ 0.10. In fact, the spin fluctuations

appear to be enhanced near the vicinity of the critical doping level, xc,
possibly reflecting quantum critical fluctuations at this doping. At
higher doping levels, the fluctuations gradually are suppressed and
eventually disappear. For the pure YVO4, there are no magnetic
moments present anymore, and (T1T)−1 is several orders of
magnitude smaller.

Sites A, B and C can be discerned when there is a finite Hc

component present. Figure 6B compares (T1T)−1 versus Hc in pure
TmVO4 with Tm0.6Y0.4VO4 for the A and B sites. The strong field

FIGURE 5
(A) Spectra of Tm1−xYxVO4 with x = 0.40 for several different values of Hc. For Hc ≳ 1.5 T, three peaks are discernable, A, B, and C. (B) Computed
spectra based on the histograms of hyperfine couplings shown in Figures 4B, C for several different values of Hc for x = 0.40.

FIGURE 6
(A) (T1T)−1 versus temperature for several different Y doping levels, measured atH0 = 1 T (except for the 100%, measured at 4.5 T), for θ = 90°. In this
case, all three sites overlap. This data corresponds to the magnetic relaxation channel, as described in [51]. (B) (T1T)−1 versus the c-axis field component,
Hc, for the pure TmVO4, and for the A and B sites in the 40% sample.
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dependence of the pure system reflects the growth of the gap as the
system is tuned away from the QCP at Hc*:
(T1T)−1 ~ exp(−Δ(Hc)/T) [20]. As Hc is tuned beyond the QCP,
the gap increases and (T1T)−1 decreases. It is surprising that in the x =
0.40 sample, which has no long range order, the A and B sites exhibit
behavior that is qualitatively similar to that in the pure system. In other
words, they each increase with decreasing field as Hc approaches the
critical value. This behavior suggests that there are still localized clusters
of Tm which continue to exhibit behavior reminiscent of the undoped
lattice. Statistically there are regions of the disordered lattice with
connected Tm atoms, and these may continue to exhibit
correlations despite the absence of long-range order, giving rise to
Griffiths phases [52]. An interesting open question is how such
disconnected clusters may be affected by the presence of random
strain fields.

Inhomogeneous dynamics in the disordered lattice may also
explain the fact that the spectra in Figure 5A appear to exhibit an
increasing intensity forHc ≳ 1.5 T once the A and B peaks emerge.
If local clusters of Tm continue to exhibit quantum critical
fluctuations at these sites, then T−1

2 will be large, suppressing
the signal from these sites. In other words, the A and B sites may
experience partial wipeout in the vicinity of Hc*. Overall these
sites contribute 84% of the total area, and the relative area under
the spectra decreases by approximately the same value nearHc* in
Figure 2C. These observations further support the argument that
the A and B sites are locally unperturbed by the Y dopants, and
may exhibit behavior consistent with quantum Griffiths phases.

5 Conclusion

TmVO4 offers a unique new experimental platform to investigate
quantum critical phenomena and the effects of doping. The unique
properties of the non-Kramers doublet in this system not only gives rise
to the unusual Ising ferroquadrupolar order, but also ensures that the
nuclear spins in this system only couple to the transverse field degrees of
freedom. Studies of the Tm1−xYxVO4 uncovered several unexpected
results. First, despite the presence of random strain fields, the EFG at the
V sites remains unperturbed, at least for low doping concentrations. As
the doping level increases and the long range ferroquadrupolar order
vanishes, the spin lattice relaxation rate for the V sites is enhanced,
before decreasing for doping levels that exceed the critical
concentration. However, we find evidence that quantum critical
fluctuations remain present for V sites that belong to Tm-rich
clusters, even beyond the critical doping level, suggesting the
presence of quantum Griffiths phases in the Y-doped system. It is
unclear whether such isolated Tm clusters also experience random
transverse or longitudinal strain fields. Further studies of this doped
system will shed important light on how quantum fluctuations are
destroyed by disorder.
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