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Capacitors short-circuit discharge in an explosive environment can ignite and
detonate the surrounding explosive media, causing dangerous accidents. At low
voltages, this kind of discharge constitutes a micro-nano discharge; because the
discharge gaps here are of the order of only microns to nanometers, the
discharge process, electrode energy consumption, explosive media ignition
energy, and other energy relationships are unclear. To study the relationships
between the capacitor storage energy and various kinds of dissipation energies
under short-circuit discharge, a model comprising conical and spherical cylinder
microbumps is proposed based on the cathode surface morphology obtained by
three-dimensional profiling and scanning electron microscopy, respectively.
Then, the second-order non-chi-squared differential equations were
established based on the principle of energy conservation and heat balance to
deduce the relationships between the cathode surface temperature and height of
the microbump, conical angle, and spherical radius; further, the energy consumed
by the anode surface is calculated based on the theory of heat transfer. Using heat
conduction theory, the energy consumed by the microbumps on the cathode
surface is calculated, and the energy consumed on the anode surface is deduced
using the surface heat source as the loading heat source. The residual energy of the
capacitor is calculated from the discharge time and voltages before and after
discharge, and the effective energy of the gas is calculated using the law of
conservation of energy. Finally, the discharge channel energy, electrode energy
consumption, and end residual energy of the discharge capacitor are used to derive
the effective ignition energy of the explosive gas. This research is of great
significance for the design of intrinsically safe circuits with high power.
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1 Introduction

Switched power supply energy storage components, such as capacitors and inductors, can
produce spark or arc discharges in the event of failure caused by capacitance short-circuit
discharge or inductance fracture. Here, the discharge time is short, discharge energy density is
high, and surrounding hazardous media are easily ignited, resulting in casualties and property
damage. The Chinese national standards require that power supplies used in explosive
environments should meet the explosion-proofing requirements [1]. An intrinsically safe
circuit is the best form of explosion proofing, which is achieved through device parameter
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calculations and related circuit design, such that the cutoff discharge of
the energy generated in the event of a short-circuit discharge is not
sufficient to ignite the surrounding explosive media. Intrinsically safe
power supplies are free from bulky explosion-proof housings and have
the advantages of small size and high power density. However, because
of the energy of the discharge process, the lack of awareness regarding
the roles of the explosive medium energy, electrode energy
consumption, and end residual energy of the discharge circuit during
circuit design as well as conservative component parameter calculations
have resulted in excessive explosion proofing and suppression; these
have also resulted in lower values of the intrinsically safe switching
converter outputs of only 20 W or so, hindering the design and
application of high-power switching converters.

To increase the output power of an intrinsically safe power supply,
researchers have investigated various aspects. A short circuit in the
output of a switching converter, which is a core part of a switched
power supply, can be equated to a short circuit in the output of a
capacitor [2]. Scholars have carried out many studies on capacitive
short-circuit discharge, such as the discharge characteristic curve
segmentation model [3], numerical fitting of the discharge curve
forminimum ignition voltage [4], and analysis of the characteristics of
discharge ignition [5]. These studies provide only qualitative
descriptions and not quantitative calculations. A particle evolution
analysis of the discharge process is also provided from a microscopic
perspective, but the energy is not discussed [5]. There is a study from
the perspective of the protection circuit when the output current is
greater than the operating current cutoff output, such as the cutoff-
type output short-circuit protection under a capacitive equivalent
circuit model [6], which requires extremely high switching speeds of
the electronic components and cannot solve the problem essentially.

The energy stored in the capacitor during a spark discharge process
consists of three components: the first part is the energy released in the
explosive medium through thermal radiation and thermal conduction;
the second part is the energy consumed by the electrode; the third part is
the residual energy at the end of capacitance discharge [7–10]. The
energy of the capacitor discharge process only accounts for 8%–14% of
the capacitor release energy [11], but this is mainly applicable to long-
gap high-voltage discharges, and the conclusions obtained are not
suitable for low-voltage short-gap micro-nano discharges. To
determine the proportion of discharge energy consumption, scholars
have used different trigger methods to measure the spark discharge
energy [12]. By measuring the pressure change inside a closed vessel, it
was found that about 45% of the energy released by the arc caused the
pressure inside the vessel to increase [13]. By measuring the
temperatures at different points along the axis of the electrodes,
curves were fitted with respect to parameters, such as the electrode
radius, current density, and electrode temperature, and the power lost to
the cathode surface was calculated [14]. Calculations through electrode
temperatures measured via thermocouples revealed that about 25% of
the energy is transferred to the cathode and the remaining 75% of the
energy is dissipated to the surroundings and the negative electrode [15].
The voltage, current, and time of spark discharge were measured by an
oscillometric method to calculate the discharge power, energy, and
efficiency [16]. Owing to errors of the experimental instruments and the
fact that the discharge time was only of the order of microseconds, the
obtained values were not accurate.

There are many factors that affect the energy consumed by an
electrode, such as the electrodemorphology and structure. It was found

that the ignition energy of a flanged electrode was low and that the
cylindrical electrode required the largest ignition energy, followed by
the conical electrode [17]. The electrode surface roughness has been
shown to affect the spark point, and it was found that a rougher
electrode surface required a greater amount of minimum ignition
energy [18]. The exchange of thermal radiation between the arc
channel and surface of the pole plate was modeled, and the
mechanism of energy exchange between the arc and pole plate was
discussed from the experimental temperature and pressure data from
the discharge channel [19]. The cathode energy loss is determined by
the cathode spotting mechanism, while the anode energy loss depends
on the area of the plasma jet incident on the anode, with the total loss at
both electrodes accounting for 25%–45% of the total supplied energy
[20]. Heat conduction has also been considered as the mechanism of
heat loss from the electrode surface [21]. These studies only calculated
the amounts of energy consumed by the electrodes but not the amounts
of residual energy stored at the end of the discharge; further, the energy
consumed by the electrodes is not the same when the electrode
structures and discharge mechanisms are different. The influences
of electrode spacing, capacitance, and circuit resistance on the
discharge energy was also investigated [22]. It was found that the
electrode pole pitch affected the energy released into the spark channel
relative to the initial ambient pressure [23]. An exponential relationship
was also found between circuit resistance and discharge energy [24].

In fact, the electrode energy consumption for capacitive short-
circuit discharge is related to not only the parameters of the external
circuit but also the nature of the test electrode material, electrode
surface shape, electrode spacing, and other parameters. The
discharge channel resistance should be analyzed, and the
discharge point energy relationship must be calculated from the
point of view of motions of the microscopic particles.

A Contour GT-X three-dimensional profile scanner and a
scanning electron microscope were used herein to analyze the
electrode surface microbump morphology. The scanning electron
microscopy (SEM) results of the cathode surface morphology were
used to establish of a conical, bulbous cylinder microbump model in
accordance with the principles of conservation of energy and thermal
equilibrium, and second-order non-chi-squared differential equations
were established to deduce the relationships between the cathode
surface temperature and height of the microbump, cone angle, and
radius of the spherical head. Further, the energy consumed by the
microbumps on the cathode surface was calculated from the theory of
heat conduction, and the energy consumed on the anode surface was
deduced similarly using the surface heat source as the loading heat
source. The residual energy of the capacitance was calculated from the
discharge time and voltages before and after discharge; the effective
energy of the action of the gas was calculated from the law of
conservation of energy.

2 Mathematical model of spark
resistance

2.1 Spark resistance during the
breakdown stage

In the breakdown stages of the micro- and nano-gaps, the
number of carriers increases rapidly, leading to a gradual
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increase in the discharge current. Under the influence of external
factors, ne electrons will be generated per unit area of the cathode
surface in unit time. Then, these ne electrons move a distance of dx,
and dne new ions are produced. The value of dne is proportional to
the ionization coefficient given by

dne � αnedx (1)
The macroscopic average velocity of the carriers is v. In a linear

dielectric, this velocity v is directly proportional to the electric field
strength E; therefore,

dne � αneμeEdt (2)

where μe is the electronmobility, E is the electric field intensity in
the micro- and nano-gaps, and J is the current density given by
Eq. (3):

J � σE (3)

where σ is the electrical conductivity, and σ � neeμe.
The discharge time in the microgaps is generally in the

nanosecond range [25]. The breakdown of the gap has negligible
work due to gas expansion by the pressure gradients and thermal
radiation. Therefore, the Joule heat generated by the current in the
gap is only composed of the kinetic energy of the electrons and
ionization energy UI. Thus,

1
2
mv2 + UI( )dne

dt
� J2

σ
(4)

Since 1
2mv2 � 3

2KT, we can derive Eq. (5):

3
2
KT + UI( ) dne

dt
� J2

σ
(5)

where K is the Boltzmann constant, and T is the temperature.
Differentiating the expression of electrical conductivity in Eq.

(3) and combining it with Eq. (5), we obtain

σ2

2
� eμe

3
2KT + UI( )∫

t1

0
J t( )2dt (6)

Finally, we derive the expression for the spark resistance Rs

during the breakdown stage as in Eq. (7):

Rs � d

2eμe
3
2KT+UI( )∫t

0
I t( )2dt[ ]1/2 (7)

where d is the gap length, current I = JS, and S is the cross-
sectional area.

2.2 Spark resistance during the gap
discharge stage

In the gap discharge stage, the degree of gas ionization exceeds
the range of the Spitzer formula, and factors such as thermal
radiation caused by the pressure gradients cannot be ignored [26,
27]. Therefore, the main influences are reflected in the channel
radius and electron temperature. The relationship between electron
temperature and current density is obtained as follows:

T∝
SJ t( )( )4

p0 FSB
α( )2S2( )1/5

(8)

where FSB is the ratio of initial to breakdown voltages, and P0 is
the initial pressure.

The relationship between the electron temperature and electrical
conductivity is shown in Eq. (9):

T∝
J2

Nσ
(9)

By combining Eqs. (8, 9), we obtain

Rs ∝
L

T
3
2S

� p0
3 FSB

α( )3
SJ t( )( )6S2( )1/5

(10)

From the Braginskii formula for the discharge channel radius
and temperature [28]:

r � aπ
�
I3

√ �
t

√
(11)

where a is a constant equal to 1.
Substituting Eq. (11) into Eq. (10), we get

Rs � Mp0
3 FSB

a( )3
I πr2( )2( )1/5

(12)

whereM is the proportionality coefficient, current I = JS, and S is
the cross-sectional area.

2.3 Spark resistance during the
discharge process

The spark resistances during the breakdown and gap discharge
stages are integrated into a piecewise function, as shown in Eq. (13):

Rs �

d

3
2
KT + UI( )−1

2eμe∫t

0
I t( )2dt[ ]1/2 0, t1[ ]

Mp0
3 FSB

α( )3
I πr2( )2( )1/5

t1, t2[ ]

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩
(13)

where t1 is the time required for the gap breakdown, and t2 is the
total time required for the gap breakdown and discharge.

3 Capacitor short-circuit
spark discharge

3.1 Energy composition of the capacitor
short-circuit spark discharge

Once the dielectric is punctured, the discharge channel under
the action of a short-circuit current and an electromagnetic field will
produce fire and sound, and the spark channel has a large
temperature difference with the surrounding hot gas. Owing to
the short distance between the electrodes, the short-circuit current
generates Joule heat, and the temperature of the electrodes is much
lower than that of the spark channel. The temperature of the cathode

Frontiers in Physics frontiersin.org03

Dangshu et al. 10.3389/fphy.2024.1356303

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2024.1356303


surface gradually rises under this Joule heating and consumes the
discharge energy.

At the time of breakdown, the voltage across the entire capacitor
is UC, and the energy stored in the capacitor is EC, which can be

expressed as follows: Ec � 1
2CUC

2, where C is the capacitance. After
breakdown, most of the capacitor’s energy is transferred to the spark
channel through the spark resistance between the electrodes to
become the effective ignition energy; a part of this energy is
absorbed by the cathode and anode, and the rest of the energy
remains in the capacitor. The energy composition is shown in
Figure 1. The total spark discharge energy is given by Eq. (14):

Qt � ∫
Td

0

u t( )i t( )dt � Qa + Qc + Qd (14)

where u(t) and i(t) are the instantaneous voltage and current in
the discharge channel, respectively; Td is the discharge duration; Qa

is the energy consumed on the anode surface; Qc is the energy
consumed on the cathode surface; Qd is the energy consumed by the
gas in the discharge channel.

3.2 Capacitor energy storage

Switching the power supply at the output of a short circuit or a
fault occurs after cutting off the input of the power supply. The
energy released based on that stored in the capacitor is shown in
Figure 2. Here, UC is the capacitance short-circuit discharge for the
voltage across the ends, iC is the capacitance short-circuit discharge

FIGURE 1
Composition of the discharge energy.

FIGURE 2
Equivalent circuit of the capacitor short-circuit spark
discharge test.
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current, R is the resistance in the equivalent line, G is the electrode,
Ur is the spark channel voltage, Rs is the spark channel resistance,
and iG is the discharge current.

When the capacitor is discharging in a short circuit, as shown in
Figure 2, the capacitor forms a closed loop with the line equivalent
and spark channel resistances. According to Kirchhoff’s theorem,
the relationship in Eq. (15) exists for the capacitor discharge process
in Figure 2.

UC � UR + Ur (15)
where UR is the voltage across the ends of the loop equivalent to

line resistance R. When not discharged, the voltage UC across the
capacitor is the power supply output voltage Ui. Since
iC � iG � C dUC

dt , Eq. (15) reduces to Eq. (16).

UC � R + Rs( )CdUC

dt
(16)

As the discharge proceeds, the voltage across the capacitor
initially shows a sharp decline and then a slow decline to Ud, at
which point there is no further decline;Ud is usually about 10 V, and
varies slightly for different materials; for a cathode made of
cadmium metal, Ud is about 9.8 V. The voltage across the
capacitor is set to Ud when the time is t1, and the capacitor
discharge can be expressed as in Eq. (17):

uC t( ) � Ud + uC t0( ) − Ud[ ]e− t
R+Rs( )C (17)

where uC (t0) is the voltage across the capacitor at the start of
discharge and is the power supply output voltage Ui. Therefore, the
capacitor residual energy Er at the end of discharge can be expressed
by Eq. (18):

Er � 1
2
CU2

d (18)

From Eq. (18), for a larger capacitance, it is seen that more
energy remains in the capacitor at the end of the discharge.

FIGURE 3
Scanning electron microscopy results of the metal cathode.

FIGURE 4
Cathode surfacemorphology. Two randomly selected areas on the cleaned portion and untreated cathode surface were scanned using a 3D profile
scanner; (A,B) are the cathode surfaces without any treatment, and (C,D) are cleaned and polished cathode surfaces.
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4 Electrode energy consumption

4.1 Cathode energy consumption

4.1.1 Characterization of cathode surface
morphology

The electrodes were not finely polished during processing, so
mutual scraping occurred after repeated use and physical
phenomena such as melting and vaporization occurred during
discharge, all of which led to irregularly shaped microbumps on
the surfaces of the electrodes. SEM was used to scan the cathode
surface, and these results are shown in Figure 3. It is seen that there
are many microconvex points with irregular geometry on the
electrode surface, and these points are densely distributed with
different distances and heights between the points. To study the
effects of these irregular microbumps on the temperature of the
cathode surface and energy consumed during discharge, a portion of
the surface of the used electrode was sampled. One part of the
sample was cleaned with an ultrasonic cleaner to remove minute
particulate matter, and the surface was polished using a polishing
machine; the other part of the sample was left untreated. Two

randomly selected areas on the cleaned portion and untreated
cathode surface were scanned using a 3D profile scanner, whose
results are shown in Figure 4; Figures 4A, B are the cathode surfaces
without any treatment, and Figures 4C, D are cleaned and polished
cathode surfaces.

The roughness Ra of the cathode surface before cleaning is
1.603 μm and 1.518 μm in Figures 4A, B, and the roughness after
cleaning is 0.599 μm and 0.577 μm in Figures 4C, D, respectively;
these show obvious changes in the roughness before and after
cleaning. After cleaning the cathode surface, the roughness Ra is
reduced, and the irregular microbumps are equated to conical and
spherical cylindrical microbumps; the geometric model of
microbumps is established as shown in Figure 5.

In Figure 5, the height of the conical and spherical cylinder
bumps is hc, where the top is at x = 0 and cathode surface is at x = hc;
the radius of the hemisphere at the top of the bump at x = lm is rh, θ is
the cone half-angle of the conical microbumps, and the
temperatures at the top of the bump at x = lm and cathode
surface at x = hc are Tm and T0, respectively.

4.1.2 Heat balance equation
When an output short circuit occurs in a capacitor, field

emission occurs between the electrodes, at which time the
conductivity between the electrodes becomes large and current
density between the electrodes varies in accordance with the laws
of the Fowler–Nordheim equation [29]. The microbumps on the
cathode surface generate Joule heat under the action of the current, a
part of which is conducted along the microbumps from the top to
the bottom while the rest is dispersed through the surfaces of the
microbumps as thermal radiation. Owing to the small surface area of
the microbumps, the amount of heat dissipated by thermal radiation
is negligible compared to the amount of heat transferred by thermal
conduction.

Under the action of Joule heating, the temperature of each
microbump on the cathode surface is different, and the internal
energy per unit mass and heat flow from top to bottom of the
microbump at different moments are also different. The heat
balance equation of the microbump is then established according
to the energy conservation theorem [30]:

Qg � Qi + Qo (19)

where Qg is the increase in internal energy per unit volume of
the microbump:

Qg � ρc
∂Tc

∂t
(20)

Here, Qi is the amount of heat produced per unit time, and Qo is
the outflow energy:

Qo � k∇2Tc (21)

The Joule heat generated by the current between the poles is
given using the microbump temperature change as

Qw � k · c ·m · ΔTc (22)
where c is the specific heat capacity of the cathode material, m is

the mass of the object, ΔTc denotes the amount of temperature
change, and k is the thermal conductivity.

FIGURE 5
Microconvex geometric model. The physical model of the
conical microconvex (A) and the physical model of the spherical
cylindrical microconvex body (B) are established.
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The cathode heat balance equation was analyzed using the
microelement method by setting the thickness of the metal
microelement to dx, area to S, resistivity to γ, density to ρ,
current through the microelement to I, and temperature change
to ΔTc after a time Δt. The resulting Joule heat is Qw � I2 · R · Δt,
where R � γ dx

S ; this heat causes an increase in the temperature of the
microbump that satisfies the equation: I2 · R · Δt � k · c ·m · ΔTc,
where m is the mass of the microelement and m � ρ · dx · S. With
the consideration of heat conduction, if the thermal conductivity k
does not change with temperature, then [31]

ρc
∂Tc

∂t
� k∇2Tc + I2RΔt (23)

∇2Tc � ∂2Tc

∂x2
+ ∂2Tc

∂y2
+ ∂2Tc

∂z2
(24)

Based on the heat conduction theory and energy conservation
theorem, the heat balance equation related to the cathode surface
microbump height, cone half-angle, top radius, temperature, electric
field strength, current density, and other parameters is given
by Eq. (25).

In polar coordinates, the general heat transfer equation is

∂Tc

∂t
� k

ρc

1
rh2

∂

∂rh
rh2

∂Tc

∂rh
( ) + 1

sin θ

∂

∂θ
sin θ

∂Tc

∂θ
( ) + 1

sin 2 θ

∂2Tc

∂θ2
[ ]

(25)
For axisymmetric-shaped microbumps, Eq. (25) can be

simplified as

∂Tc

∂t
� k

ρc

∂2Tc

∂rh2
+ 2
rh

∂Tc

∂rh
( ) (26)

4.1.3 Thermal effects of microprotrusions with
different morphologies
4.1.3.1 Thermal effects of a tapered microconvex
morphology

The heat energy produced by the current Ic per unit volume per
unit time in the disk is calculated at a distance of x = dx from the top
of the microbump; the center of the microbump at x = 0 is the origin
of the coordinates:

FIGURE 6
Temperature variations of the conical microprotrusions. The temperature change plot of the conical microprotrusions shows the relationship between
temperature and concave-convex height for different cone angles (A) and the relationship between temperature and cone Angle for different convex heights (B).

Frontiers in Physics frontiersin.org07

Dangshu et al. 10.3389/fphy.2024.1356303

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2024.1356303


γc
ρc

Ic
2πx2 1 − cos θ( )[ ]2

(27)

where γc is the resistivity of the cathode metal, and Ic is the
current flowing through the tip of the microbump.

The heat conduction equation in polar coordinates for this case
is established as

∂Tc

∂t
� kc
ρc

∂2Tc

∂x2
+ 2
rh

∂Tc

∂x
( ) + γc

ρc

Ic
2πx2 1 − cos θ( )[ ]2

(28)

where kc is the thermal conductivity of the cathode metal.
From the energy conservation theorem, it is known that the

Joule heat generated by the emitted current is equal to the energy
consumed by the cathode surface, so Eq. (28) can be simplified as

x4∂
2Tc

∂x2
+ 2x3∂Tc

∂x
� − Ic

2γc
4π2kc 1 − cos θ( )2 (29)

We now transform Eq. (29) using the permutation method by
first setting

dy x( )
dx

� v x( ) (30)

The simplification gives

∫ d

dx
x2v x( )( )dx � ∫ b

x2
dx (31)

Integrating and simplifying Eq. (31) yields

Tc � − Ic
2γc

8x2π2kc 1 − cos θ( )2 +
C1

x
+ C2 (32)

where C1 and C2 are the integration constants.
The above equation satisfies the following boundary conditions:

when x = hc, Tc = T0; when x = lm, Tc=Tm, and
∂Tc
∂x � 0.

This can be derived by bringing the boundary conditions into
Eq. (32):

C2 � T0 (33)
C1 � lm Tc − T0( ) − a0

2lm
(34)

4.1.3.2 Thermal effects of the spherical crown
microprotrusions

The above section mainly analyzes the temperature effects of the
conical microbumps, and the process for the cylindrical bulges with
spherical heads is roughly similar to that for the conical bulges.
When the height of the cylindrical microbump is hc and radius of the
hemispherical head is rh, the heat transfer equation is as shown in
Eq. (35):

∂Tc

∂t
� kc
ρc

∂2Tc

∂t2
+ Ic

2γc
πrh2ρc

1+[ α0 Tc − T0( )] (35)

where α0 is the coefficient of increase in resistivity with
temperature.

The relationship between the temperature at the cylindrical
microbump and radius of the spherical head is obtained by

FIGURE 7
Temperature variations of the spherical cylinder
microprotrusions. The temperature change plot of the spherical
cylindrical microconvex shows the relationship between temperature
and radius for different projection heights (A) and the relationship
between temperature and altitude for different radii (B).

FIGURE 8
Schematic of the equivalent model of semi-ellipsoid
microconvex bumps on the cathode surface.
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analogy with the analysis and calculations of the conical microbump,
as shown in Eq. (36).

Tc � − I2ρ 1 + rh2( ) 1
2

8x2π2k
������
1 + rh2

√ − 1( ) +
C1

x
+ C2 (36)

The above formula satisfies the following boundary conditions:
when x = hc, Tc = T0; when x = 0, Tc=Tm, and

∂Tc
∂x � 0

While ignoring the influence of temperature on conductivity
and specific heat capacity, the relationship curves between
temperature and distance from the top of the microbulge, cone
angle, and radius of the microbulge are obtained from Eq. (34), as
shown in Figure 6.

TABLE 1 Cathode surface energy consumption under different f and Ra conditions.

f = 10 (mJ) f = 5 (mJ) f = 2 (mJ) f = 1 (mJ)

0.8 0.006 0.023 0.145 0.579

1.6 0.046 0.185 1.157 4.628

3.2 0.370 1.481 9.257 17.02

6.4 2.962 11.848 17.405 29.62

FIGURE 9
Relationship curves ofQc with Ra and β0 when the heights of the
microprotrusions are much lower than the spacing.

FIGURE 10
Relationship curves of Qc with Ra and β0 when the heights and
spacing of the microprotrusions are equal.

FIGURE 11
Heat flow source density model. The heat flow source density
model contains point heat source (A), surface heat source (B) and
gaussian heat source (C).

Frontiers in Physics frontiersin.org09

Dangshu et al. 10.3389/fphy.2024.1356303

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2024.1356303


As seen from Figure 6A, when the cone angle is 5°, the distance
from the top of the microbump increases from 1 μm to 3 μm, and the
temperature of the microbump decreases by 1200 K; when the
distance from the top of the microbump increases from 3 μm to
5 μm, the temperature of the microbump only decreases by 400 K.

Hence, it can be concluded that the temperature change is more
drastic in the range of 0–3 μm from the top of the microbulge and
that this trend of temperature change is more gentle when the
distance from the top of the microbulge is more than 3 μm. The
relationship between the cone temperature of the cathode and cone
angle is shown in Figure 6B. It can be seen from Figure 6B that when
the cone angle is less than 12°, the temperature of the cathode surface
changes more sharply, and when the cone angle exceeds 12°, the
change is relatively gentle. It can thus be concluded that for cones
with different half angles, the larger the angle, the smaller is the
cathode surface temperature, and the smaller the angle, the larger is
the cathode surface temperature. Therefore, from the perspective of
heat conduction, cones with small angles have smaller heat
conduction areas and large heat transfer distances, resulting in
high tip temperatures.

The cylindrical model of the spherical head was established
similar to that of the conical microprotrusion. The temperature
variation based on the radius of the spherical head and height of the
spherical microprotrusion is shown in Figure 7.

As seen from Figure 7A, when x = 3 μm, the radius of the
spherical head increases from 0.02 to 0.04 μm, and the temperature
changes from 3200 to 750 K; when the radius of the head increases
from 0.04 to 0.1 μm, the temperature only decreases by 200 K. It
can thus be concluded that the temperature of the cathode
microbulge decreases with increase in the radius of the
spherical head and that this change is more obvious when r <
0.04 μm. The influence of the distance between the cylinder and
top of the spherical head on the cathode surface temperature is

FIGURE 12
Relationship between anode energy consumption and t and z.

TABLE 2 Proportions of effective ignition energies at different voltages.

Voltage
(V)

Capacitance
(μF)

Starting
energy
(mJ)

Cathode
energy

consumption
(mJ)

Anode energy
consumption

(mJ)

Capacitive
residual

energy (mJ)

Effective
ignition
energy
(mJ)

Effective
ignition
energy

percentage
(%)

20 1 0.2 0.06 0.074 0.001 0.065 32.5

50 1 1.25 0.38 0.341 0.0125 0.516 41.3

100 1 5 0.95 1.367 0.048 2.635 52.7

150 1 11.25 1.46 2.514 0.108 7.168 64.6

300 1 45 4.05 6.090 1.92 32.94 73.2

TABLE 3 Effective ignition energies for different capacitances.

Voltage
(V)

Capacitance
(μF)

Starting
energy
(mJ)

Cathode
energy

consumption
(mJ)

Anode energy
consumption

(mJ)

Capacitive
residual

energy (mJ)

Effective
ignition
energy
(mJ)

Effective
ignition
energy

percentage
(%)

48 1 1.152 0.231 0.415 0.003 0.503 43.7

48 2.2 2.534 0.506 0.827 0.007 1.194 47.1

48 3.3 3.801 0.646 1.176 0.01 1.969 51.8

48 4.7 5.414 0.866 1.539 0.015 2.994 55.3

48 10 11.52 1.613 2.516 0.03 7.361 63.9
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shown in Figure 7B. From Figure 7B, when the radius of the
spherical head r = 0.06 μm, the distance from the microconvex tip
of the cathode surface temperature decreases by 2000K from 0 to
3 μm and only decreases by 200K from 3 to 5 μm. When x is less
than 3 μm, the change rate of the temperature T of the cathode
microbulge with x is relatively large; when x is greater than 3 μm,
the change rate of temperature T is relatively gentle, which is
consistent with the observations in Figure 7A. It can thus be
concluded that the smaller the radius of the spherical head, the
higher is the temperature of the microbulge; on the contrary, the
larger the radius of the spherical head, the lower is the surface
temperature of the microbulge. Therefore, from the perspective of
thermal conductivity, it can be seen that the smaller the radius of
the spherical head, the smaller is the thermal conductivity area of
the spherical head cylinder, resulting in a higher tip temperature.

To simplify the calculations, the equivalent model with the
conical and spherical cylindrical microprotrusions in the figure is
equivalent to the semi-ellipsoidal microprotrusions shown in
Figure 8. To make the equivalent model closer to the actual
situation, f = L/rd is defined as the aspect ratio of the
microprotrusions, L is the average height of the
microprotrusions, and rd is the bottom radius.

As shown in the figure, the volume expression for the semi-
ellipsoid microbulge is as follows:

V � 2
3
πLrd

2 (37)

According to the SEM image of the cathode surface, the
microconvex roughness Ra can be obtained, which reflects the
average height of the microconvex bumps on the cathode surface.
By replacing the above formula, the semi-ellipsoid can be obtained
with the following expression:

V � 2πRa
3

3f2
(38)

The expression for quality of the cathode surface microconvex
bumps is

m � 2πRa
3ρcd

3f2
(39)

where ρcd is the density of the cathode cadmiummaterial, which
is 8.65 g/cm3.

Factors such as the use times of different cathode materials will
lead to differences in the densities of the microbumps on the cathode
surface, which is defined as ρ1 per unit area. According to the heat
conduction theory for the discharge process, the energy consumed
on the cathode surface is as follows:

Qc � k0 · c ·m · ρ1 · ΔT � 2πk0cRa
3ρcdρ1ΔT

3f2
(40)

where c is the specific heat capacity of the cathode cadmium
metal (at 25°C, this is 26.020 J/(kg·K)), k0 is the unit coefficient
whose function is to unify different units into the relevant values of
the energy unit in mJ (after calculation, k0 = 10–12), and ρ1 is the
microbump density of the cathode material. To calculate the surface
energy of the cathode with an area of S (cm2), the expression is

Qc � 2πk0cRa
3ρcdρ1SΔT
3f2

(41)

According to the scanning diagram of the cathode surface shown
in Figure 4, the surface roughness can be clearly obtained from the
measured parameters. These parameters are substituted into Eq.
(41), and the cathode surface energies of the 1 cm × 1 cm cadmium
disk under different aspect ratios f and different microconvex profile
roughnesses Ra are measured, as shown in Table 1.

In a previous work [32], the electric potential and electric field of
an emitter tip with a similar microconvex structure were calculated,
and the expression for the tip field enhancement factor was obtained
as β0 = L/rd+3.5. If the influence of plate spacing on the field
enhancement factor is considered, the expression for the tip field
enhancement factor can be adjusted to β0 = L/rd +3.5 + A (L/d),
where A is a constant equal to 1.202, and d is the plate spacing.
When the distance between the plates is much larger than the height
of the microbump on the cathode surface, the energy consumed by
the cathode surface can be adjusted as follows:

Qc � 2πk0cRa
3ρcdρ1SΔT

3 β0 − 3.5( )2 (42)

According to Eq. (42), the relationships between the energy
consumed on the cathode surface Q, field enhancement factor β0,
and cathode surface roughness Ra can be drawn, as shown in
Figure 9. It is seen from Figure 9 that the energy consumed by
the cathode increases with increase in its surface roughness. When
Ra < 3 μm, the energy consumed by the cathode increases slowly, and
when Ra> 3 μm, the energy consumed by the cathode
increases sharply.

The energy consumed on the cathode surface decreases with
increase in the field enhancement factor β0. When Ra < 2 μm, the
energy consumed on the cathode surface is less affected by the field
enhancement factor, and when Ra < 4 μm, the energy consumed on
the cathode surface is more affected by the field enhancement factor.

When the height of the microconvex bumps on the cathode
surface is equivalent to the distance between the plates, the
expression for energy consumed on the cathode surface given by
Eq. (42) with area S can be adjusted to

Qc � 2πk0cR3
aρcdρ1SΔT

3 β0 − 4.7( )2 (43)

According to Eq. (43), the relationships between the energy
consumed on the cathode surface Q, field enhancement factor β0,
and cathode surface roughness Ra when the height of the
microbumps is equal to the distance between the plates can be
drawn, as shown in Figure 10. As seen from Figure 10, the variations
in the energy consumed on the cathode surface with the field
enhancement factor β0 and cathode surface roughness Ra are
similar to those when the heights of the microbumps are much
smaller than the distance between the plates, but the energy
consumed on the cathode surface will increase as the heights of
the microbumps approach the distance between the plates. The
energy consumed by the cathode surface decreases when the ratio of
the height of the microprotrusion to distance between the plates
is small.
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4.2 Anode energy consumption

To study the thermal processes of Electric Discharge
Machining, it is necessary to analyze the heat sources in the
discharge process. To solve the problem of the heat sources,
scholars had earlier proposed the concept of heat flux and
deduced its empirical formula for the discharge process of the
EDM theoretically. Heat flux refers to the heat transmitted per
unit time through a unit cross-sectional area, which is a surface
load. The physical quantity of heat flux can adequately describe
the direction and location of heat flow. At present, the heat flow
source density model is generally accepted by scholars and
theoretically analyzes and simulates mainly three types of
sources: point heat source, surface heat source, and Gaussian
heat source. These models are shown in Figure 11.

Herein, the anode surface heat source is considered as an
example to illustrate heat source loading. The radius of the
surface heat source is ra. In this model, the isotherms are
symmetric about the Z-axis but not necessarily hemispherical, so
the column coordinate analysis is better. When Q0 units of heat
accumulates on the anode surface initially, the anode temperature is
expressed as

T r, z, t( ) � T0 + Q0

πra2ρc παt( )1/2 e
−z2/4αt∫∞

0
e−αtλ

2
J0 λr( )J1 λra( )dλ

(44)
where J0 (λr) and J1 (λa) are the roots of order 0 and 1 of the

Bessel equation, respectively, and α is the thermal diffusivity given
by α = λ/ρc.

J0 λr( ) � ∑∞
n�0

−1( )n λr
2( )2n

n!( )2 (45)

J1 λra( ) � ∑∞
n�0

−1( )n λra
2( )2n+1

n + 1( ) n!( )2 (46)

When the surface heat source radius ra is
���
2αt

√
, then

1 − e−ra
2/4αt ≈

ra2

4αt
(47)

Equation (44) can be further expressed as

T z, t( ) ≈ T0 + Q0

4ρc παt( )3/2 e
−z2/4αt (48)

Now, Eq. (48) can be deformed to obtain the anode temperature
rise ΔT during discharge time t as

ΔT � Q0

4ρc παt( )3/2 e
−z2/4αt (49)

According to the theoretical equation of heat conduction and
substituting Eq. (49) into it, the expression for energy consumed by
the anode surface can be derived as follows:

Qa � c ·m · ΔT � πRWzQ0e−ρwcwz
2/4λwt

8 λwπt/ρwcw( )3/2 (50)

where Rw is the anode tungsten wire radius, z is the thermal
diffusion depth during discharge, t is the discharge time, and λw, cw,

and ρw are the respective thermal conductivity, specific heat
capacity, and density of tungsten wire metal. By bringing the
relevant parameters into Eq. (50), the relationship between anode
energy consumption, discharge time t, and thermal diffusion depth z
can be obtained as shown in Figure 12.

From Figure 12, it can be intuitively seen that the increase in
discharge time will lead to increase in thermal diffusion time,
which will increase the energy consumed by the anode. When the
discharge time reaches the level of microseconds, the energy
consumed by the anode surface will increase rapidly with
increase in discharge time. The larger the thermal diffusion
depth, the larger is the thermal diffusion surface, which will
increase the energy consumption of the anode surface,
subsequently increasing the growth rate from small to large
with the increasing diffusion depth.

5 Effective ignition energy

According to Eq. (51), the effective ignition energy Qi is equal
to the total energy of the initial discharge minus the energy
consumed on the anode and cathode surfaces during the
discharge process along with the residual energy of the
capacitor at the end of discharge. To calculate the energy
consumed on the anode surface during the discharge process
and energy remaining in the capacitor after discharge, the
discharge time and voltages at the ends of the capacitor at the
end of discharge are required to be calculated as parameters. The
residual energy Er of the capacitor after discharge and energy Qa

consumed by the anode during discharge can be obtained by
bringing the obtained data into Eqs. (18, 50).

Qi � EC − Qa − Qc − Er (51)
From the voltage and capacitance applied by the discharge

circuit, the initial total energy in the discharge channel can be
calculated. After calculating the cathode surface energy Qc using
Eq. (51), the energy consumed by each part in the discharge process
is listed in Table 2.

According to the data in Table 2, it can be concluded that the
energy consumed by the cathode increases with increasing voltage in
the discharge process of the same capacitor for different voltages, but
the proportion of the total energy will decrease. The effective
ignition energy increases with increase in voltage, and this
increase is from 32.5% to 73.2% as the voltage increases from
20 V to 300 V.

To verify the energy consumed by each part under the same
voltage for different capacitors and proportions of effective ignition
energy, the same method is used to calculate the energy of each part
in the discharge process, and these results are listed in Table 3.
According to the data in Table 3, because the discharge time
increases with the increase in capacitance, the anode energy
consumption increases with increase in the capacitance, but the
ratio of the total energy is slightly reduced, and the proportion of
effective ignition energy increases with increase in capacitance from
43.7% at 1 μF to 63.9% at 10 μF. Thus, the effective ignition energy
for an explosive gas can be obtained, but this method does not
consider other energy losses, such as line losses and switching losses
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during discharge, and the calculated result is still higher than the
actual ignition energy.

6 Conclusion

In this work, the spark discharge characteristic curve is analyzed in
depth, and based on the cathode surface morphology and energy
conservation principle, the electrode energy consumed for a certain
discharge time and residual capacitor energy at the end of discharge are
calculated quantitatively; the effective ignition energy for sparking an
explosive gas is thus obtained. The following conclusions are drawn:

(1) The change in spark energy is related to the change in
capacitance or voltage, and increase in capacitance or
voltage can increase the peak current and discharge time,
thus increase the energy.

(2) For a given capacitor storage energy, the larger the
capacitance, the more is the residual energy remaining in
the capacitor at the end of discharge.

(3) The greater the voltage across the ends of the capacitor, the
less is the energy consumed by the electrode and less is the
energy remaining in the capacitor at the end of discharge,
thereby supplying more effective ignition energy.

(4) The release efficiency of spark energy is also related to the
spark resistance, and this efficiency decreases with decrease in
the spark resistance.
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