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Non-local fractional derivatives are generally more effective in mimicking real-
world phenomena and offer more precise representations of physical entities,
such as the oscillation of earthquakes and the behavior of polymers. This study
aims to solve the 2D fractional-order diffusion-wave equation using the
Riemann-Liouville time-fractional derivative. The fractional-order diffusion-
wave equation is solved using the modified implicit approach based on the
Riemann—Liouville integral sense. The theoretical analysis is investigated for the
suggested scheme, such as stability, consistency, and convergence, by using
Fourier series analysis. The scheme is shown to be unconditionally stable, and the
approximate solution is consistent and convergent to the exact result. A numerical
example is provided to demonstrate that the technique is more workable and
feasible.
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1 Introduction

Fractional calculus is the non-integer or fractional-order differentiation and integration
that has received significant attention over the last two decades for its application in
describing real-world problems. Non-linear fractional-order differential equations (NL-
FDEs) play a major role in applied sciences and social sciences, such as material science,
signal processing, control theory, finance, and food supplements [1-3]. Recently, many
advanced and reliable approaches have been discussed by the researchers. For example, Shen
etal. [4] discussed the analytical and numerical solutions for a 2D multi-term time-fractional
DWE. They used the approach of the variable of separation to drive analytical solutions, as
well as the properties of Mittag—Leffler functions, and showed that stability and convergence
analyses were studied. Ruzhansky et al. [5] considered the multi-term DWE and used the
Caputo derivative, a non-local initial problem, and the Mittag-Leffler function in this study.
Fan et al. [6] investigated the inverse problem to recognize the initial value for the space-time
FDWE. They utilized the Landweber iterative regularization method for the time-space
FDWE and calculated the error between validity and stability. The approximate solutions for
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TABLE 1 Numerical results of the proposed scheme for various values of
fractional order a, space steps Ax and Ay, and time step At sizes at T = 1.0.

Ax=Ay q=025 ¢g=05
1\4 12 1588 E-03 | 3338 E-03 = 4815 E-03 | 6271 E-03
1\16 1\4 1.050 E-03 ‘ 1734 E-03 2370 E-03 | 2.143 E-03
1\64 1\8 4.620 E-04 ‘ 6780 E-04 =~ 9.03 E-04 | 1.144 E-03
1\100 1\10 3.431 E-04 ‘ 4910 E-04 = 6.522 E-04 | 8240 E-04

1D and 2D multi-term time-fractional sub-diffusion and DWEs
with smooth and non-smooth solutions have been discussed by
Rashidinia et al. [7]. They applied the Legendre collocation method
and the Caputo derivative for solving the proposed equation.
Moreover, they found the convergence analysis and concluded
that this method has the benefit of using limited Legendre
polynomials to obtain accurate and acceptable results. Feng et al.
[8] researched a novel approach based on the finite element method
(FEM) 2D diffusion type non-integer order equation. The utilized
scheme is approximated for three different types of equations. The
matrix form of the scheme is generated using the FEM, and the
formulation of the equation is determined. The theoretical analysis,
such as stability and convergence, is established. The suggested
technique is versatile and resilient and may be used to solve various
multi-term time-fractional diffusion problems directly. The Caputo
derivative is in the temporal direction of the 2D time-dependent
FDWE, as studied by Yang et al [9]. They used the finite difference
method (FDM) to discretize the fractional-order derivative and
provide a meshless approximation in spatial directions using
moving least squares (MLS), which may be used to solve more
complicated problem domains. The study also investigated the time-
related convergence and stability properties of the semi-discretized
scheme. In another study, Yang et al. [9] considered a 2D non-linear
time-fractional DWE solved using a Crank-Nicolson Legendre
spectral technique. The time-stepping is performed using the
method, while the spatial
discretization is performed using the Legendre spectral approach.

Crank-Nicolson  difference
Lyu et al. [10] suggested a fast and linearized FDM for solving the
non-linear multi-term FDWE. The suggested technique is based on
a weighted approach, fast L, — 1, discretization, and multi-term
L, — 1,-type discretization. The obtained truncation error in the
suggested weighted discretization to the multi-term Caputo
derivative rigorously proved unconditional convergence by
demonstrating certain crucial aspects of the refined coefficients of
full discretization. Salehi [11] investigated multi-term FDWS in 2D
and solved it using a meshless collocation approach. The shape
functions for spatial approximation are constructed using the
moving least squares reproducing kernel particle approximation.
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They also created a semi-discrete technique by discretizing Caputo’s
time derivatives using a finite difference approximation. The
obtained difference schemes demonstrated unconditional stability
and convergence. Ghafoor et al. [12] developed a technique based on
the approximations of finite difference and Haar wavelets. The
approach is used to numerically solve (1+1)-D and (1+2)-D
time fractional PDEs. Zhuang and Liua [13] worked on a finite
domain and the 2D temporal fractional diffusion equation (2D-
TFDE). The 2D-TFDE is modeled using an implicit difference
approximation. The mathematical induction approach is used to
assess the stability and convergence analysis. Heydari et al. [14]
investigated the approximate solution to the variable-order (VO)
space-time fractional non-linear diffusion-wave problem. The
established approach combines the collocation and tau methods
with the Chebyshev cardinal functions and their operational matrix
of VO-FDs. A resilient and reliable numerical approach for solving a
2D VO non-linear FDWE on arbitrary domains was suggested by
Shekari et al. [15] using the MLS meshless procedure for the space
domain and the FDS for the time domain . The method was devised
in such a way that it is independent of the uniformity of the domain
in consideration and the solution of the algebraic system of
equations. The proposed method was tested using a variety of
space domains, including quadrilateral, rounded, triangular, and
polar domains, as well as different types of non-linearity. Kumar
et al. [16]provided the local collocation method that depends on
radial basis functions to investigate the solution of time-fractional
non-linear DWEs. They demonstrated the numerical schemes that
are unconditionally stable and converge in semi-discrete. Ding [17]
researched the creation of a high-order numerical approach for the
2D time-space FDWEs. A new approach with order O (% + h* + h*)
is derived based on the fourth-order fractional-compact difference
operator, where the temporal step size\tau and h; and h, are the
spatial step sizes, respectively. The energy approach is used to analyze
the algorithm’s stability and convergence, and a numerical experiment
is conducted to confirm the numerical algorithm’s viability. Li et al.
[18] analyzed a 2D non-linear FDWE in both time and space. The
spatial component is discretized using the Galerkin FEM, while the
temporal part is discretized using the new ADI method,” which also
proved stability and convergence. They presented a 2D FDWE with
the fractional derivative of order o (1<a<2). Li et. al. [19]
considered the ADI analysis based on the Crank-Nicolson
method and the Galerkin FEM, both of which are analyzed. The
ADI scheme is unconditionally stable, and L, norm convergence is
rigorously illustrated. Datsko et al. [20] proposed that the TFDE
with mass absorption in a sphere is observed under the harmonic
impact on the surface of a sphere. The TFD of “Caputo” is
implemented. The Mittag-Leffler function is also used to express
the Laplace transform with respect to time and the finite sin-Fourier
transform with respect to the spatial coordinates. Ren and Sun [21]

TABLE 2 Numerical results of the proposed scheme for various values of 7, Ax,and Ay and a fixed value of q = 0.25.

20 1.927 E-03 9.539 E-04
40 ‘ 1.746 E-03 1.606 E-03
60 ‘ 1.650 E-03 6.685 E-04
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7.670 E-04 7.014 E-04
5.798 E-04 4.302 E-04
5.453 E-04 3.295 E-04
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TABLE 3 Error E,, and order of convergence of the IDS for the example for
different values of 7, Ax,and Ay and a fixed value of g = 0.5.

Es C,— order
Ax=Ay=1=1\4 9.2878 E-03 -
Ax=Ay=1\8,T=1\64 1.7302 E-03 2425
Ax=Ay=1=1\8 5.3546 E-03 -
Ax = Ay = 1\16,7 = 1\128 9.8240 E-04 2.446

discussed the fourth-order compact algorithm for solving the
TFDWE with Neumann boundary conditions. For the time-
fractional derivative, L; discretization is used, whereas the
compact difference methodology is used for spatial discretization.
The compact difference scheme is unconditionally stable, and global
convergence is carefully shown. In addition, the Crank-Nicolson
scheme with second-order spatial precision is described and perhaps
an error estimate as well. The 2D case is solved using the compact
ADI difference algorithm with Robin boundary conditions. Yang
et al. [22] considered the initial value problem with mixed initial
conditions of TFDWEs. They used the truncated regularization
method and

approximations, as well as some acceptable numerical examples,

investigated conditional stability and error
to establish the method’s validity. The convergence estimates in this
publication are not saturated when compared with other authors’
works, and the non-homogeneous factors are correlated. Ali and
Abdullah [23] discussed the FDWEs of arbitrary order.” They
explain efficiency and fruitfulness through numerical test
examples. There are many related studies available in the
literature discussing different types of fractional-order models.
For instance, Nawaz et al. [24] considered two numerical
approaches, found the solution for two fractional-order models,

and compared their solution with classical solutions. The fractional-

10.3389/fphy.2023.1199665

order operator is in the Caputo sense, and we obtained the results
numerically and graphically. They claimed that the methods are
quickly convergent and yield encouraging results. Farid et al. [25]
examined the Laplace transform with an iterative method for the
space-time fractional-order models. They compared the obtained
results with other existing schemes in the literature, which are more
feasible and effective. Sayevand and Jafari [26] introduced the
fractional-order KdV model in a fractal domain and applied the
transformation to convert the fractional order into an ordinary-
order derivative. They analyzed the theoretical analyses and
presented many numerical examples to confirm the accuracy of
the suggested approach. Li et al. [27] studied the significant
properties of the Caputo fractional derivative in the real line
and further developed it in the complex plane, which is used in
signal processing. Guariglia [28] derived the functional equation
for the fractional-order derivative Hurwitz function and proved
the relation between the fractional-order zeta function and
Bernoulli numbers. In another study, Guariglia [29] presented
the functional equation with the Grunwald-Letnikov fractional
derivative and discussed the link with the distribution of prime
numbers. The other comprehensive literature can be studied in
[30-37].

According to the previously described literature, fractional
calculus is still a relatively new field that requires more accurate
numerical approaches to examine the more practicable FDEs. The
goal of this research is to develop a more accurate and reliable
numerical technique for the FDWE. An attempt to discretize the R-L
it the
Riemann-Liouville fractional-order derivative to approximate the
FDWE has not yet been made. This approach
computational complexity and increases accuracy. Analysis,

integral operator numerically and implement in

reduces
including aspects such as stability, consistency, and convergence,

was also investigated based on the Fourier method and Taylor’s
series expansion.

ulx,y.t)

T T T
04

T, E T g T
035 0.6

X
[m  App Sol === Exact Sol|

FIGURE 1

Graphical representation between the exact and approximated solutions at g = 0.35,Ay = 0.25,N = 4,and T = 1.0.
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The remainder of the paper is arranged as follows: the
associated preliminaries are described in Section 2. Section 3
explains the proposed method. The stability analysis is
discussed in Section 4. Consistency and convergence are
addressed in Section 5. Section 6 presents the numerical
results, and the conclusion is provided in Section 7.

Here, we consider the FDWE as follows [23]:

w(x,y,t) —D2 q<azw(x ,t) 0 w(}’,t)> +F(x, y,t),

a2 o2 3y?
qe(0,1], xe[0,L], ye[0,L], te[0,T], (1)
where the conditions are
w(x,,0) = ¢, (%), w(x,0)=9,(x, ), )
w(0,.t) = 95 (>1),  w(L y:t) = ¢, (3:1), 3)
w(x,0,t) = ¢s(x,1), w(x,L,t) =g, (x,1),

where F(x, y,t) represents the non-homogenous term and Df_q
denotes the R-L fractional-order derivative operator of order g lying
between 0 and 1.

2 Preliminaries

The R-L fractional differential operator is the most important
extension of the classical differential operator. The R-L fractional-
order derivative is defined as follows [38]:

a
o) —rdz _Elw(x,y,t).

1@ [fw(xyz)
t w(x’y’t) I (q) dtzj

(4)
The R-L integral operator can be defined as follows:
1 (‘w(x y.2)
w(x ) = g | 25205 ds 5
w(x y:t) @ Jo - 2)™ ®)

where I{ represents the R-L fractional-order integral operator of
order g lying between 0 and 1. Equation 5 can also be written as

Iw(x, y,t,) = ( ) J (t, — 1w(x,y, z)dz. (6)

We use the Jumarie property in [25] as

qF (q) J W (x, y,2)(dz)".

By discretization of the aforementioned equation, we obtain the
following equations:

a
g e
= Y (et )J%z" (dz)! (7)
It P
Applying the Jumarie property jg Z"(dz)" = (%m)tmm,
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q e
ﬁzk:;w(x, Yot (K + 1)1 = (R)?),

71 n-1
R — q
r(1+q) Zk:ockw(x’ Vo tuk)s (8)

where At = 7 is the time step and can be defined as ti; = ((k+
DAt = ((k+1)7) and CY = (k+ 1)1 - (k)4
0,1,2,..

where k=
,n—1.

Lemma 1. The g(0<g<1)-order R-L fractional integral of
w(x, y,t) in [0,T] is defined as

Bw(xi yit) = s Y CPw(xn ypten). ()

F(1+q)

Lemma 2. The coefficient C,Eq)(k =0,1,2..
following properties [39]:

.) satisfies the

C (a) _

IC() 0, k=0,1,...,,

ecWsc? k=12,

. TSClck(q)Tq, whereC, >0,

e Y21 = (e 1yt <.
k=0

3 The proposed implicit difference
scheme

In this section, the implicit difference scheme (IDS) for the
FDWE is constructed using Lemma 1 for the fractional-order part,
and the space-derivative is reduced to the central difference
approximation. The step for space is x; = iAx and y; = jAy, and
the step for time is tk =kt, where 1 <i<M-1,Ax= ﬁ
Ay =7,0<k<N,and1 = L, respectively. We substitute Eq. 2 in
Eq. 1 at mesh point w(x;, y;, tx) as follows:

azw(xi’yf’tk) - izﬂ(siw(xi’yj’tk) + izlqaiw(xi’yj’tk)
ot ar’’  Ax? ar’’  Ay?
+ F(x,', Vi tk).

(10)

To eliminate the second-order time derivatives, we applied the
backward difference approximation, then integrated from ¢ to .1,
and also, used the trapezoidal rule for the forcing term. Finally, we
obtained

I‘J
et 1 k-1 _ 2 Kt _ s 2, k-1
w; 2w + w; = (6 28wk, + 82w )

i,j x 1] xi,j x z]
Iq 2k 2 2
+1
* i (2wl - 28wt + 82w )

+%[Ff]*.l+F,’fj]. (11)

We substituted Lemma 1, and after simplification, we obtained
the approximated scheme for the FDWE as follows:

frontiersin.org
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u(x, 1)
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X
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FIGURE 2
Graphical representation between the exact and approximated solutions at g = 0.35, Ay = 0.1, N = 100,and T = 1.0.

k+1

k k-1 — a
wi; = 2w W Wheiez o Sll— rc(iqil)mi,zs I;]qﬂ)?yz, i=12,....M,-1,
j=12....M,-1landk =1, -
k1 & k
=[Sl(wi++1]—2w “+wl+111) Sl( Wi, -2wf; JTWL 1])

+ Y (Cly —Cl)(w ,+11—zwif;”+wif:zj) 4 Stability
_Slz::i(cz 1)( 1+1] +wf<_1])]

The von Neumann method is used to determine the stability of

. [ Sz(w;c;il _zwk+1 +wf‘;11) Sz( w,,, —2uk, +w,] 1) the proposed scheme, and the approach in [40]is followed. Let w¥ f
. 1 represent the exact solution for Eq. 12, and we obtain
+SZZ (ci,, - Cq)( Wi 2w +w 1) Wk —2uf vl
1+ J - ]
k-1
_S Cci- w4 ] _ k KLy gk ko, ok
€Ll 20t ) - [&(w,-::] St el ) S, (uk 20 vt )
2
T
+7[Fﬁ;1+Ff] . +Slz (Cv+1 v)( x+11_2w +w1 1])
- k
(12) _SIZV:1 (Cg 1)( x+1] +w1 lvj):l
+ [Sz (wfﬂl —Zwk’r1 +wf“l)
We know that w; (x, ,0) = ¢, (x, ). Therefore, o d

SZ( 1]+1 Zw +w1]1)+szzk1(cv+l_cz)
i zenlon) " (-2l uf) -8, (C1=CL)

w); =, (xi yi)wh; = why = uh; = w’g’My =0, (14) (whr, -2 +wh 1)] (15)

TABLE 4 Comparison between the numerical results of the proposed scheme with the previous study for various values of fractional order «, space steps
Ax = Ay =, and time step At sizes at T = 1.0.

For y=0.5 y=0.6
Test problem 1 [ ] Proposed scheme Test problem 1 Proposed scheme
1/10 6.9182E-03 6.3169 E-03 5.5331 E-03 5.2677 E-03
1/20 3.5625E-03 3.0504 E-03 2.9268 E-03 24844 E-03
1/40 1.8210E-03 1.3302 E-03 1.5059 E-03 1.1844 E-03
1/80 9.3190E-04 7.7013 E-04 7.5969 E-04 6.8401 E-04
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The error is defined as Ek = w Wk ,and Ek satisfies Eq. 15 |,1k+1| <A (20)
as follows: Proof. Let us consider k = 0 in Eq. 19 to prove the proposition
E, - 2B + B2 using the induction method as follows:
_ k+1 k+1 k+1 k k
- [Sl i~ 2B + B, ) Sl( inj = 2B+ B 1}) A :—11 [A0(2+y)—/\_1]. (21)
k-1 “
S Cl. - CH(EL, - 2B + By
N e get = substitutin s 13, 17 into .21, e
+ zk ( v+1 v)( i+1,j i 1]) W g A—l Al bY b . . g Eq 3 . Eq 2 Th
1
—&ZM (ci- ng)(Eﬁlvj - 2B} +Ef IVJ)] provided equation becomes easier after simplification.
+ [s2 S, —2E5 + 5 PR CAT0) 22)
24p
P k-1
= Sa(Efjr ~ 2B L)+ 820 (Gl =€) We obtain the following relation:
v v v k-1
(Efju 2Ek + Ef; 1) SZZ (ct-cl,) A <A (23)
(BE2, - 2B+ B8, Y (CL, - CY) Suppose [A'| < [A°] holds true for k=1,2,...,N - 1.
(Efcjrl _ 2Ek v Efcjvl) Szz (c1-ct) Using Eqs 19—, 23 and Lemma 2, we have
1
k- k k- kv
(Bt - zEkwE,k,n)] () W= WG = (T (Gl - e ]
We assume that the growth factor takes the form of a single )
Fourier mode as _z ) |)]
k= Ao (v, (17) o [IA°| (2+u) - V]
1+u
where 0 and Ax and Ay are the mode number and step sizes, respectively. —/4( Z (ct,, —C1) - Z (ct - )) | )L°|]

Eq. 17 can be the solution of the aforementioned error in Eq. 16.
Pl (idxo1+jAyar) ke T (irxoy+jAyay) FpLe e (irxey+jAyar) < . i‘u [1 +V—~“<Z v+1 Cq) z (Cg _ng))] |/\° i
— [Sl (Akﬂe\/j ((i+1)Axal+jAyaz) —2Ak+1e\/’_l (iAX01+jAy02)

1
< T+u [1 +u—u((C, = Cry) = (Cy - Ck,z))]l/loi,
+Ak+le\/—_1 ((i—l)Axa1+jAydz)) _Sl (Ake\/—_l ((i+1)Axal+jAyaz) tU

_ o0k VT (ixor+jayen) 4 VT (G-nAxor+jnyez)) 1 T [1+p-pu((Crs - Ck_l))]|)to|. (24)
" Slz (szﬂ CZ)( Nev V=T (+1)Ax01+jdyan) From Lemma 2, the value is 0 < C_, — Cy_; < 1, so it is clear that
_opkr \/—(zAxnl+jAyt72) + AR VT ((-D8x01+j8y02) ) 0< 1+u- ‘u(l(fk’z =~ Ci)) <land [ < 2. (25)
=Sy (Cl=CL ) (e (Gebmnie) Here, V<] < | 1) and‘uIEffJTll <|E%}|, so it is written as [[EX, <
oAV VT (idxor+jayes) | 1k VT ((=Daxor+jdye) )] ||E2 j||2. It reveals that the proposed method is unconditionally stable.

n [sz(lkﬂeﬂ (irxoy+(j+1)Ayor) _ppkLV T (irxay+jAyar)
VT (iAxnl+(j—1)Ayaz)) —Sz(lke\/’_l (itxor+(j+1)Ayaz) 5 COnSIStency

—2)ke VT (iaxorsjayen) 4 gk VT (ibxor+ (j-1)ayen) ) Here, following theapproachin [41], weassume thatw is the closed-

+S, Z ( cl - Cq)( Nk VT (idxor+(j+1)Ayos) form solution, W is the estimated solution, and the function Y (W) =
v G AV A N is theapproximated scheme for the proposed equation at the mesh point
—v V-1 (iAxo,+jAyo: —v V-1 (iAxo ji—1 0
-21 (inxorsjaym) 4 gV (i (1) 2)) (x> yj» tx) to discover the consistency analysis. The local truncation
_ Szzk ! (ca- ‘371)(/\7%%%3 (iaxor+(j+1)Aya2) error at (x;, y;,tx) was subsequently indicated by Y (W) =
k—v \/_ i k— v
—2X T (idxor+jdyos) | yk—voV=T (ibxor+(j- )Ay‘”))]- Theorem 1. The local truncation error T (x, y,t) for the suggested
(18) scheme is Tf-fj =O0(A2) + O(Ax) + O(Ay)z.

Dividing both sides by eV144(@) and then replacing - . . .
eVTodxdy 4 p=V-Tobxhy _ 5 _ ggin? (”AxAy), we obtain Tij =Wij —2Wi+ Wi
k k-v+1 k=v+1 k=v+1
/\k+1 _ 1 T [Ak (2 +‘U) Ak 1_ (z (CV+1 _ Cz)lkﬂ/ - l:s]z Cq(WHlV] Wi,j WI Lj )
(19) k= v v v
Z (Cq /lk V)] —25 v=0 (Wfﬂ i ZWk + Wf 1])
k-2 . 1 -1
where + Slz L (Wf‘rl] ZWEJ + Wi Lj )] (26)
A A k—v k—v k—v
u= [4315in2<612—x> + 4stzn2<022 y>] [SZZV 0 V(Wx J+1+1 W " W,] 1“)
- o ' —28, Y (W - awh e W)
Proposition 1. Suppose A", where k=0,1,...,N -1, is the ot . .
—v— —-v-1 ~v-1
solution of Eq. 19; then, we need to prove that + SZZ Cq(W, e T 2WLT WG )]
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Using the Taylor series, we obtain

Qupk (A1) Quk  (AL)’ Duyk
Tk+1 = + At— - J——
Kl < atLJ BETINFYE PR TR S
(A1) 4u k Quik  (At)? uyk
i 2 —A - i
a0l o agl 5 gl
G e g
30 ol 4l ofthy T
k _ O k-v+1 (Ax)z 621,1 k—v+1
_ q k v+1 e \aA) v
[Slz © { A T ol
(Ax)* Fupkvir  (x)* ' uph-vir v
31 9xlij T 41 9x*li ]
_ Ou jk-v+1 (Ax) 62u k—v+1 (AX)3 631,{ k—v+1
1_<_v+1 —Ax— g _ s
i {w”f Yoxhi Tl axPh 31 Qx?li
(Ax)* 'y pk-ve1 k1 |, O k—v
T . _2SIZV:OCV wh; +Axatj
(Ax)? Qup—v  (Ax)’ Dup—  (Ax)* d'u v e
21 9xtlij 31 9xlij 4! Jxtliy T b
. A%kv (Ax)zylkv (Ax)3aukv
xlirj 21 dx?lij 31 9xlli
(Ax)4 a4u kv k-1
4 @“ - ... +Slz Cq{
Qukv-1  (Ax)? Q*upk-v-1 (Ax)® D upk-v-1
Axgh T ek T awl
(Ax)* ' pk-v1 P k 1 O k—v-1
oy TP TR M AN
(Ax)zaiukfvl (Ax)® 3’u kv1+(Ax)aukv1
20 9x?li 31 3xlli 4! 9x*tlij
Ot jk-v+1 (Ay) 6 U k-v+1
Je— v+1 Ay—
[SZZVO V{ Wi yayw 21 3yl
343
MOt (Ay)' a_;: I WP R
31 9y’lij 4! oy'lij
+ wk—w—l _A a_u k-v+1 (Ay)z @ k—v+1 B (Ay)3 63_u k—v+1
by 4 aylij 21 9yl 31 9y’liy
(Ay)4 Q*u kvl k-1 ey ou jk—v
+T a_y4 iy —e = ZSZZVZOC‘E wi,j + Aya iy
+ (A}/)Z @ k—v (Ay)3 (—3371/[ k—v (A)/)4 6471/[ k-v +
21 9x?lij 31 9y’li 4l 9yt T
2 42
2w dwk - a_u k—v+—(Ay) a_u ke
b b Ayl 21 dyPlij
(@) Qupeer | (Ay)' uper
31 9yt 4l 9yt T
Ot k-v-1 (Ay)2 O u kv
q k -v- 1 htd A=) 27
+SZZ C { +Ayayij + Y ay2 o}
(Ay)aukvl (Ay)aukv1+
3 9yl 4! 9yl
oty fur _ay Qe (B9)" Cuen
" " oylij 21 9y*lij
(Ay)3 QPupkv1 (Ay) kv
31 9yl 4! ay B
(27)
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After the cancelation of the same terms with opposite signs, we

obtain

Fuk  (AD)* 'upk
T = | (A — — +...
b <( Yol T arhs

6 Uuk-v+1 (Ax)4 8414 k-v+1
{SIZVO V{(A) TW!}]’ + ...
k-1 a Uuyk-v (AX)4 8414 k—v
- 281 V:()Cq (A ) — Iy 12 Q i + ...
k-2 L upkr-1 (Ax)* Otupk-v-1
+Slzv:0C§{(A Y— o 3, T
26 Ujk-v+l1 (Ay) 6 Uk-v+1
[8221/ oLy (Ay) a—yz i + — 12 ay i + ...
k-1 aukv Ay % kv
-25,) " ci(a )2 . (12) 3y +}
k2 za_u k=v-1 (Ay) A upk-v-1
+ ZSZZV:va{ (Ay) 3y2hs ST Pyl +oop

Replacing the values of §; and S, in the aforementioned

equation, we obtain
AP B Af)?
(BOF G utf ) _ (e (LB
12 ot*lij (Ax)

k+1
T+ = (At)? <6t2 ot

k aukm aukv k=2 Ouk-v-1
(ZVO "ax - ZVO Vax Zv OCV ax )
(At) k aukm
— (Ap)? _
( y) <(A )2><ZV—O Vay ZV—O vay
o’u

kvl)

From the aforementioned equation, it is implied that if the time
and space steps approach zero, we obtain the following simplified

(At)? 64_14 k
12 ottlij

k-2
+ZV OC" ay
(28)

form:

2
Tk+1 — a_u k +
b ot2lij

k aukv+1 aukv k2 O*ujk-v-1
_<ZV'° roxth ZV‘O "9l ZV‘OC" ox?lij

2 k aukm aukv
+(Ax))_<z -0 Vay Z -0 Vay

o’u

20 5yl

S (Ay)2>.

The obtained order of approximation is as follows:

k+1 _ 2 2 2
T = O(A? + O (Ax)* + O(Ay). (29)
The IDS of the FDWE is consistent if Ax, Ay, and At — 0;

subsequently, the local truncation error approaches zero.
Theorem 2. According to Lax equivalence theorem, if the method

is consistent and stable, then it is convergent [42]. Hence, it is proven
that the proposed scheme is convergent.
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ux,y.t)

hY
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FIGURE 3

Graphical representation between the exact and approximated solutions at g = 0.5, Ay = 0.0625,N = 256,and T = 1.0.

6 Numerical results

This section considers time fractional-order DWE examples to
determine the exactness and viability of the technique. The numerical
example is coded in Maple 15, and the maximum error is as follows:

(30)

_ k
Eo = 0<i<m -1, 0<j<M,~1MAXo<k<N w(xi,)’j,tk) - W,-,j .

The norms E, error is

B = (X2 () - WE) a0 (). 6D

Example 1. In Eqs 1-3, we consider the source term F (x, y,t) =
60x2y? (1 - x) (1 - ) (5 +1) = 20(1 = 3%) (1 - »)y* + (1 - x)

2 6t 4 612+ 341+ .
(1=3y)x* (Fg * tgn + T3 * T(grp) and the closed solution

w(x, y,t) = 10x2y* (1 - x) (1 - y) (£ + 1)°.
Example 2. We consider the two-dimensional fractional-order

Rayleigh-Stokes problem, which is provided as follows [23]:
Pw(xyt) 4 dwxt) Fw(yt)) Swlxt) Ow(yt)
——= =D, + + +
ot? 0x? ay? 0x? dy?
+F(x,y,t), qe(0,1], xe[0,1], ye[0,1], te[0,1],

where the forcing term F (x, y,t) is

21 (2 y) 2 1
= + + )+ AT 2y ogly
F(x, ¥, t) exp (x y)< (1 y)t + (1 )t 2t .

Therefore, the closed-form solution is w (x, y,t) = exp (x+ y)t'*7.

7 Discussion

The 2D fractional-order DWE is solved by the modified
formulated
Riemann-Liouville

implicit numerical scheme. The scheme is

established by the fractional integral

Frontiers in Physics

operator that is mentioned in Lemma 1. The discretized
Riemann-Liouville fractional integral operator is used with the
implicit scheme, which is very easy to implement and find in the
theoretical analysis. The numerical results are provided in the form
of tables for various values of space steps, time steps, and different
fractional orders. As Table 1 is plotted for various values of step
sizes and varying the values of fractional order, the error is reduced
when increasing the number of step sizes for various values of
fractional order. In Table 2, the value of fractional order « is fixed
and the step sizes of space and time are varied, which shows that
the error is reducing. Table 3 confirmed the feasibility and
agreement with theoretical analysis by the rate of convergence
for the fixed value of « of the proposed formulated scheme. The
graphical representation in Figures 1, 2 also shows that the
approximate solution has excellent performance compared to
the exact solution. For more confirmation and to check the
accuracy of the proposed scheme, we solved the 2D fractional-
order Rayleigh-Stokes problem mentioned in example 2 and
with  the high-order
approximated scheme in [43] in Table 4, which shows better

compared the numerical values
accuracy. Although the proposed scheme is not of high order,
Figure 3 represents the graphical solution for example 2, which also

shows that the obtained solution is more accurate and feasible.

8 Conclusion

A practical and quick numerical approach was designed for the
FDWE. The discretization of the Riemann-Liouville integral, as
described in Lemma 1, serves as the basis for the approximation.
Through employing mathematical induction and demonstrating
consistency and convergence, we successfully showed the
theoretical analysis of stability, consistency, and convergence. The
numerical results corroborated our theoretical findings and
demonstrated that the suggested method is fast, convergent, and
viable. This method can also be extended to different types of models

arising in the realm of mathematical physics.
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Nomenclature

FDWE Fractional diffusion-wave equation
RL Riemann-Liouville

NL-FDEs Non-local fractional-order differential equations
2D Two dimensional

FEM Finite element method

FDM Finite difference method

MLS Moving least squares

TFDE Time-fractional diffusion equation
PDEs Partial differential equations

FO Fractional order

ADI Alternating direct implicit

IDS Implicit difference scheme
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