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Beamforming technology with spherical microphone arrays (SMAs) is often
applied for localizing and identifying noise sources in airplane cabins,
automobiles, and submarines. The performance of a SMA signal processing
algorithm depends on its physical characteristics, especially the array aperture.
The array aperture limits the frequency range of its application, and the small
aperture leads to weak performance at low frequencies. In this paper, a large-
aperture virtual SMA is obtained through the virtual SMA extrapolation method.
Because the radius of the virtual SMA is larger than that of the actual SMA, an
approximate low-frequency signal can be obtained, which may improve the
localization effect of the low-frequency noise source of the SMA. Firstly, the
paper introduces the extrapolation method of SMA, and through the discussion of
several typical parameters such as envelope parameters, SMA aperture and signal-
to-noise ratio (SNR), the application scope and conditions of SMA extrapolation
method are given. In addition, this paper introduces compressed sensing
technology (CS) into the calculation process of virtual SMA extrapolation to
improve the accuracy of virtual SMA element data. The generalized inverse
beamforming (GIB) algorithm is then used to locate and identify noise sources
and verify the benefits of the virtual SMA. Simulation and experimental results
show that the virtual SMA can locate and identify noise sources with high spatial
resolution in the low frequency range.
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1 Introduction

Beamforming technology is widely used in detecting marine targets, estimating direction
of arrival, localizing and identifying signals, etc., [1, 2]. Beamforming technology with SMA
is exceedingly popular in localizing and identifying noise sources in the mid-high-frequency
range, because its small-size and full-space directivity [3–5].

SMA with the spherical harmonic beamforming (SHB) algorithm is the most commonly
used noise source localization and identification method in the mid-high-frequency range.
However, SMA with SHB has two drawbacks. On the one hand, SHB uses the orthogonality
of spherical harmonic function to locate the sound source, but it needs to carefully select the
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position and number of array elements, and is vulnerable to noise,
resulting in serious side lobe. On the other hand, the spatial
resolution of low-frequency noise source localization and
identification results is poor, because the aperture of the SMA is
small [5–8].

In order to narrow main-lobe and suppress side-lobes, and
improve the use effect of the array, scholars have also carried out
a lot of research. Scholars have improved the beamforming effect
using algorithms, for example, DAMAS and its derivative algorithm
[9, 10]. Although this algorithm can obtain high-precision noise
source localization and identification results in the mid-high-
frequency range, it cannot solve the problem of poor spatial
resolution in the low-frequency range due to the limitation of
small apertures in the array. The concentric dual-radius SMA
[11, 12] has a wider application frequency range than the single
SMA. In the dual-radius SMA, the large-radius SMA can effectively
compensate for the low-frequency application effect of the small-
radius SMA. However, in general, the two radii of a dual radius
spherical array are fixed values, and the radius cannot be changed
according to the application environment.

This paper proposes a high-resolution low-frequency noise source
localization and identification method. The advantage of this method is
that it can approximately achieve the low-frequency application effect of
the dual-radius SMA without changing the actual SMA. The proposed
method first obtains a large-aperture virtual SMA through virtual SMA
extrapolation [13–16]. The core of virtual SMA extrapolation is to solve
the strength of virtual source from ill-posed inverse problem. In this
paper, the compressed sensing method (CS) is introduced into the
solution process of virtual source strength, which improves the accuracy
of source strength [17]. At the same time, through the discussion and
analysis of parameters such as the aperture of the envelope surface and
the configuration of the virtual source, the radius of the spherical array,
the distribution of the array elements, and the signal-to-noise ratio, the
parameter configuration scheme of the virtual array method and its
application range and conditions are given. Then generalized inverse
beamforming (GIB) is introduced into the localization and identification
of the noise source of the virtual SMA [16, 18]. This solves the problemof
poor spatial resolution of the low-frequency noise source localization and
identification results caused by the small aperture of the SMA.

The remainder of this paper is arranged as follows: Section 2
gives the theory of the SMA extrapolation method and discusses
several factors that affect SMA extrapolation. Section 3 gives the
principle of the GIB algorithm and describes the simulation
experiments of low-frequency noise source localization and
identification with GIB, verifying the effectiveness of the virtual
SMA extrapolation method. Section 4 is devoted to verifying the
accuracy of simulation conclusions and the effectiveness of practical
applications through noise source localization and identification
experiments. The conclusions are provided in Section 5.

2 SMA extrapolation method

2.1 Array extrapolation using the virtual
source method

In this paper, the SMA aperture is extrapolated virtually by
extrapolating the sound field surrounding the SMA. This method

supposes an envelope surface between the sound source and the
actual SMA, and there are some virtual sources on the envelope
surface S. These virtual sound sources are generated by the actual
sound source radiating to the envelope surface S, as shown in
Figure 1. After solving the unknown strength of the virtual
sources, a virtual SMA with a larger aperture can be obtained by
calculating the sound field radiated by the virtual sources in a
forward direction [15–17].

The superposed field generated by the virtual sources can be
given by an integral over S:

p a( ) � ∫
S
G a, r′( )q r′( )dS r′( ) (1)

where p(a) is sound pressure, G(a, r′) is the free-field Green’s
function at a field point a (a is the radius of the SMA) caused by
the source placed at r′, and q(r′) is the vector of strengths of the
virtual sources, satisfying the Helmholtz equation (the time factor
e−iωt omitted):

∇2G a, r′( ) + k2G a, r′( ) � δ a − r′( ) (2)
where k is wavenumber, and k = ω/c, c is sound speed in the air.

ConsiderM virtual sources distributed uniformly on S, Eq. 1 can
be written as a matrix form:

p al( ) � G al, rm′( )q rm′( ) (3)
where q(rm′ ) is virtual sources strengths, G(al, rm′ ) denotes the
transfer function between the mth virtual sources and the lth
array elements, p(al) is the sound pressure vector received by the
L array elements SMA. Therefore, q(rm′ ) can be obtained by solving
Eq. 3 and abbreviated as:

FIGURE 1
Schematic diagram of virtual SMA extrapolation method. The
black sphere represents the actual SMA, the red sphere represents the
virtual SMA, and the purple sphere represents the envelope surface
where the virtual sources are located.
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q � G−1p (4)

2.1.1 Beamforming regularization matrix
method (BRM)

To stabilize the solution of the inverse problem in the presence
of measured noise, the Tikhonov regularization is used:

qreg � arg min ‖p − Gq‖22 + λ2Ω q( )2{ } (5)

where λ is the regularization parameter, ‖•‖2 represents L2 norm, and
Ω(q) = ‖Lq‖ is the smoothing normof qwith L representing the penalty
matrix. For conventional Tikhonov regularization, L is an identity
matrix. When L is not an identity matrix, the solution is given by:

qreg �
GHp

GHG + λ2LHL
(6)

where [•]H denotes the complex conjugate transpose. To avoid the
lack of information induced by the penalty matrix, the beamforming
regularization matrix is adopted Gauthier et al. [13]:

L � diag
GHp

‖GHp‖∞
( )

−1
(7)

The virtual sources strengths qBF solved by the beamforming
regularization matrix method is

qBF � GHp

GHG + λ2 diag GHp
‖GHp‖∞( )−1[ ]

2 (8)

2.1.2 Compressed sensing method
According to the above theory, the virtual source is sparse or

close to sparse. CS can be used to calculate the source strength of
virtual sources. Different from the l2-norm, the l1-norm (‖•‖1)
can promote sparsity and the sparse virtual source strengths can
be obtained. It is preferable to solve the Eq. 4 by minimizing l1-
norm, i.e., [19,20].

arg min
q

‖q‖1 subject to ‖p − Gq‖22 ≤ ε (9)

FIGURE 2
The pressure least square errors as a functon of the frequency for different radii of the envelope surfaces. The simulation results of the BRM and CS
are shown in (A) and (B), respectively.

FIGURE 3
The pressure least square errors as a functon of the frequency for different radii of the number of the virtual source at different frequencies. The
simulation results of the BRM and CS are shown in (A) and (B), respectively.
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where ε is the data fidelity constraint. CS has proved that Eq. 9 can be
solved by using a convex optimization algorithm to obtain a well-
estimated sparse solution with most elements being zero. In the
calculation process, the above CS problem with l1-norm optimization
is solved by the available Matlab CVX package. The result is the source
strengths qBF of the virtual source[21].

2.1.3 Virtual SMA pressure
After solving the strengths of the virtual sources qBF, the sound field

in the envelope surface S can be approximately calculated. Assume that
a virtual SMA is placed at a surface S0 (r is the radius of the virtual SMA)
as shown in Figure 1. Then, a virtual SMA is used to localize and identify
the sound source, the sound pressure pv(rv) received at a point rv on the
virtual SMA can be given by:

pv rv( ) � G rv, r′( )qBF r′( ) (10)

2.2 Analysis of parameters affecting the SMA
extrapolation

Before applying the virtual SMA for noise localization and
identification, it is necessary to analyze the factors affecting the
accuracy of the extrapolation. This section analyzes the parameter
sensitivity of the extrapolation. Here, several dominant parameters

FIGURE 5
The pressure least square errors as a function of SNR at 125 Hz. The simulation results of the BRM and CS are shown in (A) and (B), respectively.

FIGURE 6
Schematic diagram of virtual SMA localization and identification.

FIGURE 4
The pressure least square errors as a functon of the frequency for different spherical array radius. The simulation results of the BRMandCS are shown
in (A) and (B), respectively.
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were considered, including the configuration of the surface where
the virtual source is placed, the aperture of the SMA, and the signal-
to-noise ratio (SNR). Unless specified, the default parameters treated
in the simulations are given as follows: the sound speed c in the air is
340 m/s, the sound source was placed at (5 m, 56°, 201°) in spherical
coordinates, the radius of the open SMA a is 0.3 m, and the number
of array elements is 64. In order to evaluate the accuracy of the

extrapolation, the least square errors of the pressure are defined as
follows Zhang et al. [18]:

η � ∑Q
i�1 ‖pthe r, θi, ϕi( ) − prec r, θi, ϕi( )‖2( )2

∑Q
i�1 ‖pthe r, θi, ϕi( )‖2( )2 × 100% (11)

where pthe and prec are the theoretical and approximate values of
sound pressure on the spherical reference surface, respectively.

FIGURE 7
The simulation results for single source localization and identification using the virtual SMA in (B) and (C) at 125 Hz and SNR = 20dB, and using the
actual SMA shown in (A) and (D) for comparison purposes.

FIGURE 8
The simulation results for single source localization and identification using the virtual SMA in (B) and (C) at 500 Hz and SNR = 20dB, and using the
actual SMA shown in (A) and (D) for comparison purposes.
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2.2.1 The radius of the envelope surface and the
number of the virtual source

Two parameters were considered in the simulations, the radius
of the surface where the virtual source is placed and the number of
virtual sources used [22, 23]. No noise was added during the
simulation process, and the simulation results are shown in
Figures 2, 3.

Figure 2 demonstrates the errors at different radii of the virtual
source surface versus frequency. Here, the radius of virtual source
surface r′was set to be 2, 4, 8, and 16 times that of the open SMA (a =
0.3). In Figure 2, the abscissa represents the product of wave number
k and minimum array element spacing d, and the ordinate
represents the least square error. For a given radius of the virtual
source surface, the error remains stable at around 3% before rapidly
increasing to a cut-off frequency of k × d ≈ 2. The cut-off frequency
corresponds to an acoustic wavelength of 2/d. Thus, an equivalent of
the Nyquist criterion for sampling waveforms is violated at the cut-
off frequency, where a sudden increase in the error can be seen. In
addition, when k is higher than the cut-off frequency, the larger
virtual source radius extrpolation error is smaller. Because the
smaller the envelope surface, the smaller the distance between the
envelope surface and the SMA. Therefore, the correlation of vectors
in the transfer matrix is stronger, and the condition number of the
transfer matrix becomes larger, resulting in instability of the inverse
problem, especially at higher frequencies.

Next, the influence of the number of virtual sources was
researched. Figure 3 displays the errors as a function of the
number of virtual sources at different frequencies. In the figure,
the abscissa represents the product of wave number k and
minimum virtual source spacing d′. In this case, the error curves

exhibit similar behavior as those for different configurations of virtual
sources, significantly decreasing before the number of virtual sources
reaches a specific number M and remaining stable afterward. M also
corresponds to an equivalent of the Nyquist criterion for virtual
sources. This means that the distribution of the virtual sources also
needs to satisfy the Nyquist criterion. At the same time, by comparing
Figures 3A, B, it can be found that the array extrapolation error of CS
method is smaller under the same sampling scheme.

2.2.2 Spherical array aperture
Apart from the virtual source surface configuration, the

aperture of the SMA also affects the extrapolation accuracy.
This section investigates the influence of the radius of the open
SMA. The simulations in this section kept the same default
parameters used in Section 2.1.1. Figure 4 shows the error as a
function of the radius of the open SMA at 125, 250, and 500 Hz.
Four radii, a = 0.1, 0.2, 0.3, and 0.4 m, were considered in the
simulations. And the envelope surface parameter at this time is a
fixed value (the radius of the virtual source surface and the
number of virtual sources are set according to the curve r′/a =
16 in Figure 2). It can be seen from Figure 4 that as r increases, an
overall increasing trend of the error curves can be seen at different
frequencies. Moreover, the higher the frequency, the larger the
increase of error with r. Further, larger radii of the open SMA will
cause smaller errors. This coincides with the observation that
stable results of the inverse problem can be obtained when the
distance between the virtual source surface and the open SMA is
far (small condition number of the transfer matrix). At the same
time, by comparing Figures 3A, B, under the same conditions, the
virtual SMA error obtained by CS method is smaller.

FIGURE 9
The simulation results for double sources localization and identification using the virtual SMA in (B) and (C) at 125 Hz and SNR = 20dB, and using the
actual SMA shown in (A) and (D) for comparison purposes.
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2.2.3 Signal-to-noise ratio
In the actual measurement environment, the received data of

the SMA contains environment noise. Using the received data with
noise could cause the error of the approximate received data of the
virtual SMA to become larger, which affects its subsequent
application effect.

Figure 5 shows the error results of different virtual SMA radii as
the SNR changes at 125 Hz. The radius of the virtual SMA is 1.5, 2,

2.5, and 3 times that of the actual SMA. It can be seen from Figure 5
that the sound pressure extrapolation error at the virtual SMA is
high when the signal to noise ratio is low. Therefore, in order to
obtain a better application effect of the virtual SMA, it should be
ensured that the SNR of the signal received by the actual SMA is
high. An SNR value of at least 20 dB was adopted in the subsequent
noise source localization simulations. At the same time, by
comparing Figures 5A, B, it can be found that the error of CS
method is smaller after SNR is greater than 25 dB. In addition, the
extrapolation error of the virtual SMA increases as its radius
increases at the same SNR.

3 Noise source localization and
identification with GIB

To further improve the resolution of source localization using
the virtual extrapolated array (EA) in the presence of sound sources
in the low-frequency range, GIB is applied in this paper. The GIB
algorithm estimates the source information through the data
measured by the array and its sound field transfer relationship
(Eq. 4). Generally, the number of microphones used is lower than
the number of scanning grid points, thus the general solution of the
unknown strength can be written as:

qλβ � LHL( )−1GH G LHL( )−1GH + λ2I( )−1βp (12)

where β is the scaling parameter to compensate for reduced source
amplitudes caused by over-regularization, with a mathematical
expression of β � ‖GL−1(GL−1)H + λI‖2 Zhang et al. [18].

FIGURE 10
The simulation results for double sources localization and identification using the virtual SMA in (B) and (C)at 500 Hz and SNR = 20dB, and using the
actual SMA shown in (A) and (D) for comparison purposes.

FIGURE 11
Experimental setup.The blue background text at the bottom of
the figure represents an experimental signal transmission system
consisting of a signal generator and loudspeakers. The purple
background text at the top of the figure represents an
experimental receiving system consisting of an SMA, data acquisition
system, and computer.
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The actual SMA and virtual SMA data can be substituted into
the GIB to realize the noise source localization and identification.
Figure 6 shows the schematic diagram of the virtual SMA noise
source localization and identification.

3.1 Single source simulation

In the single sound source simulation experiment, the SMA
was the same as the array in the simulation parameter analysis.
The single sound source was placed at (1m, 91°, 78°) (marked with
‘×’ in the following figures) in the spherical coordinate system

where the SMA was located. The sound source position obtained
through simulation calculation is marked with an arrow at the
upper left corner of the localization result map. During the
simulation calculation, the radius of the virtual SMA was
equal to 0.6 m, which is two times that of the actual SMA (a =
0.3 m). The simulation results of the actual SMA with the same
radius as the virtual SMA (a = 0.6 m) are also displayed for
comparison.

Figures 7, 8 show the simulation results for noise source
localization and identification using the actual and virtual SMA
at 125 and 500 Hz, respectively. Figure 7A shows the localization
result of an open SMA with a radius of 0.3 m, Figures 7B, C show the

FIGURE 12
The experimental results for single source localization and identification using the actual SMA in (A) at 125 Hz, and the virtual SMA shown in (B)
and (C).

FIGURE 13
The experimental results for single source localization and identification using the actual SMA in (A) at 500 Hz, and the virtual SMA shown in (B)
and (C).

FIGURE 14
The experimental results for double sources localization and identification using the actual SMA in (A) at 250 Hz, and the virtual SMA shown in (B)
and (C).

Frontiers in Physics frontiersin.org08

Shi et al. 10.3389/fphy.2023.1172536

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2023.1172536


localization result of a virtual open SMA with a radius of 0.6 m
extrapolated from the open SMA, and Figure 7D shows the
localization result of an actual open SMA with a radius of 0.6 m.
As can be seen from Figure 7, using a virtual open SMAwith a radius
of 0.6 m at 125 Hz can effectively improve the localization effect of
the actual SMA, but the localization effect is slightly worse than a
actual SMA with a radius of 0.6 m. It can be found from Figures 7, 8,
the virtual SMA extrapolation method has obvious advantages. As
can be seen from Figure 4, when the SNR is 20dB, the higher the
sound source frequency, the extrapolation error of the SMA
becomes larger. Therefore, some interference appears in the
localization result graph, but this does not affect the localization
result.

3.2 Double sources simulation

The single sound source localization and identification
simulations described above proved the advantages of the SMA
extrapolation method researched in this paper in the low-frequency
range. In the double sound sources simulation experiment, the SMA
is the same as that in the single sound source simulation. The sound
source position is located at (1 m, 91°, 78°) and (1 m, 89°, 160°) in the
spherical coordinate system where the SMA is located, and the
virtual SMA radius (0.6 m) is set to be 2 times that of the actual SMA.
The simulation results of the actual SMA with the same radius as the
virtual SMA are also displayed for comparison and analysis.

Figures 9, 10 show the simulation results of noise source
localization and identification using the actual and virtual SMA when
SNR= 20 dB at 125 and 500Hz, respectively. It can be seen fromFigure 9
that the actual open SMA with a radius of 0.3 m cannot distinguish the
two sound sources at 125 Hz, but after the extrapolation method is used
to obtain a virtual SMAwith a radius of 0.6 m the two sound sources can
be clearly distinguished. As can be seen from Figures 9B, C, the virtual
SMA obtained by CS method has better resolution effect on two sound
sources. But its effect is not as good as the actual SMA with a radius of
0.6 m. It can be seen from Figure 10 that with the increase of sound
source frequency, the actual SMA with a radius of 0.3 m can effectively
distinguish two sound sources, and the virtual SMA can also distinguish
two sound sources. However, due to the increase of the sound source
frequency, the SMA extrapolation effect becomesworse, and the sidelobe
interference appears in the localization result.

4 Experiments

The simulation experiments of noise source localization and
identification in the case of single and double sound sources
indicate that the SMA extrapolation method explored in this
paper provides some advantages in the low-frequency range. In
this section, an experiment with locating loudspeakers based on
the open SMA (a = 0.3 m) in an empty room is carried out to
verify the accuracy and effectiveness of the extrapolation method
in an actual environment. The signal generator (Agilent33522A)
in the launching system generates signals to drive the
loudspeakers to radiate sound waves. In the receiving system,
the sound waves are received by a 64-element randomly
and uniformly distributed open SMA (BSWA
MPA201 Microphone), collected by the multi-channel data
collector (B&K PULSE 3660D) stored in the computer, and
then displayed by the computer. Photos of the test site are
shown in Figure 11. During the test, the two loudspeakers
were located at (1 m, 91°, 78°) and (1 m, 89°, 160°) in the
spherical coordinate system, which was established with the
center of the open SMA at the origin. In the experiment with
the single sound source, only the sound source at position
1 worked. In the experiment with a double sound source,
both sound sources worked at the same time.

4.1 Single source experiments

Figures 12, 13 show the experimental data processing results
when the sound source frequency is 125 and 500 Hz. It can be
seen from the figure that the position of the sound source could
be accurately localized with the virtual SMA extrapolation
method adopting 125 and 500 Hz. Compared with Figures
12A–C, after adopting the virtual SMA, the width of the
mainlobe of the beam in the GIB algorithm is narrower and
the sound source localization effect is better. At the same time,
through Figures 12B, C, we can see that the virtual SMA obtained
by CS method is better. As shown in Figure 13, the increase of the
sound source frequency, the transmitting ability of the
loudspeaker increases, and the SNR of the signal received by
the SMA is higher, the width of the main lobe is narrower and the
sound source localization effect is better.

FIGURE 15
The experimental results for double sources localization and identification using the actual SMA in (A) at 500 Hz, and the virtual SMA shown in (B)
and (C).
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4.2 Double sources experiments

Next, both loudspeakers were switched on in order to conduct the
experiment with a double source. Figures 14, 15 show the
experimental results for two sound sources at frequencies of
250 Hz (The low frequency emission capability of the loudspeaker
used in the experiment is limited, making it difficult to ensure a high
SNR at 125 Hz. Therefore, 250 Hz was used as the experimental
frequency.) and 500 Hz. It can be seen from the figure that when the
sound source frequency is equal to 250 Hz, the actual SMA cannot
accurately distinguish the two sound sources, while the virtual SMA
can completely distinguish the two sound sources and their positions
accurately. And the localization effect of the virtual SMA obtained by
CS method is better. When the sound source frequency is equal to
500 Hz, the actual and the virtual SMA can distinguish the two sound
sources. And the virtual SMA has higher accuracy, a narrower
mainlobe, and a better localization effect than the actual SMA.

5 Conclusion

This paper proposes a low-frequency noise sources localization
method based on the virtual SMA extrapolation method and resolves
the localization problem of a small-aperture SMA with low-frequency
noise sources. Firstly, this paper introduces the method and principle
of the virtual SMA extrapolation method and discusses in detail the
selection of parameters, the scope of application, and the influence on
the array extrapolation of the envelope surface aperture, SMA
aperture, and SNR. At the same time, the CS technology is
introduced into the extrapolation of the virtual SMA, which
further improves the reception accuracy of the virtual SMA.
Secondly, the GIB algorithm was introduced into the noise source
localization and identification process, and the appropriate virtual
SMA radius was selected according to the above parameter discussion.
The simulation results show that the error of the virtual SMAobtained
by the CS method is smaller, and it also proves the advantages of the
virtual SMA extrapolation method in the low-frequency noise source
localization and identification. Finally, an experiment with noise
source localization and identification of the open SMA was carried

out. The experimental results verify the accuracy of the simulation
calculation and its effectiveness in an actual environment. The
proposed method provides an effective solution for solving the
problem of poor low-frequency spatial resolution of small-aperture
SMAs and expands the application range of small-aperture SMAs. At
the same time, it is proved that themethod simultaneously reduces the
complexity and cost of the measurement system, which has great
engineering application value and prospects.
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