
A percolation-based
micromechanical model for
elastic stiffness and conductivity
of foam concrete

Fengjuan Wang1, Zhongyi Xin1, Jinyang Jiang1 and Shiyu Sui1,2*
1Jiangsu Key Laboratory of Construction Materials, School of Materials Science and Engineering,
Southeast University, Nanjing, China, 2School of Civil Engineering, Qingdao University of Technology,
Qingdao, China

Void morphology effect on percolation and even physico-mechanical
performance of foam concrete is of great interest in the evaluation of service-
life of civil and hydraulic infrastructures. For experiments, it is a huge challenge to
quantify the percolation threshold of voids affected by theirmorphologies, and the
dependence of elastic modulus and conductivity of foam concrete on void
configurations. In this work, we focus on the prolate spheroidal void
morphologies with the aspect ratios of 2.5 and 2, following the microscopic
measurements reported in the literature. A numerical framework is developed to
capture the percolation threshold characterized by the critical porosity of voids
with both morphological types. For the verification purpose, Measurement on the
critical porosity of spherical voids using the present framework as a benchmark is
compared against the percolation threshold of monodisperse overlapping
spheres reported in literature. Furthermore, this work proposes a simple and
powerful percolation-based micromechanical model for precisely predicting the
effective elastic modulus and thermal conductivity of foam concrete. It can be
convinced of a general micromechanical framework to elucidate the intrinsic
relationship of void morphology and percolation to the physico-mechanical
properties of concrete. The present framework is capable of tailoring physical
and mechanical properties through void configuration and enable foam concrete
design and multifunctional applications.
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1 Introduction

Foam concrete contains a number of voids, in which the porosity is up to 80% [1].
Understanding the effect of connectivity (percolation) of void network with the high porosity
on the elastic and conductive properties of foam concrete is very critical to tailor the
performance of foam concrete, resulting in its extensive applications in thermal insulation
screeds, masonry blocks, loading-bearing panels and tunnels in rocks [2, 3].

Recently, Youssef et al. [4] presented a numerical study on the effective elastic stiffness of
foam concrete that was considered as a bi-phase microstructure consisting in rigid spherical
voids (akin to aggregates) and homogeneous mortar [5]. But as reported where, the
simulated results of elastic modulus were dramatically larger than the experiment
measurements [6] (originated from the same authors in Ref. [4]). Accordingly, the
authors [4] further considered mortar as a two-phase composite consisting in spherical
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sand particles and homogeneous cement paste, resulting to the
three-phase composite of foam concrete, to match the
experimental data. On the other hand, Li et al. [7] regarded an
unsaturated cement-based composite as a two-phase structure with
rigid spheroidal pores and bulk paste, and utilized an effective
medium approximation, exactly to be the Maxwellʼs far-field
scheme, to predict its effective thermal conductivity. Similar
theoretical researches have also been gave in various composite
fields like ceramic-based, and particulate-based composites [8–11],
considering spheroidal pores. Plus, she et al. [12] applied the FEM to
simulate the thermal conductivity of cellular concrete including two-
dimensional elliptical pores. By extending the same numerical
strategy to the three-dimensional (3D) case, Shen and Zhou [13]
recently investigated the linear elasticity and conductivity of
concrete with spherical and spheroidal inclusions. It is
acknowledged that the previous theoretical and numerical
contributions are certainly promising and interesting in
understanding the effects of porosity and pore size distribution
on the elastic stiffness and thermal conductivity of cementitious-
basedmaterials like foam concrete. However, there are several points
that need further discussion that motivates us to carry out this work,
involving that one is the percolation of anisotropic-shaped pore
network, which is a critical physical configuration of foam concrete
to determining the transport and mechanical properties of materials
[14, 15]. Another is how to estimate accurately the elastic stiffness
and conductivity of foam concrete interacted by the percolation of
voids. In this article, we will address three main concerns in the
following orders: a) the void geometrical morphology, b) the
percolation of void networks and c) a simple and powerful
percolation-based micromechanical model for accurately
predicting the normalized effective thermal conductivity and
elastic modulus of foam concrete with bi-phase microstructure.

2 Void geometrical morphology

Irrespective in foam concrete, the geometrical morphologies of
pores or voids are normally not perfect spherical shape. As shown in
Figure 1 published in Refs. [6–8], microscale measurements have

visualized void shape is close to ellipsoidal shape rather than perfect
spherical shape. Especially in cement-based materials, the probe of
void shapes has been carried out using diverse experimental tools,
and experiments found that void shape can be well portrayed by
prolate spheroidal shape, such as κ = 2.5 in mortar [16] and κ = 2 in
asphalt concrete [17], where κ is the aspect ratio of a prolate
spheroidal pore. Accordingly, this work exploits the percolation
threshold of prolate spheroidal voids and its effects on the elastic
stiffness and conductivity of foam concrete.

2.1 Percolation of voids

Under such the high porosity (up to 0.8), voids easily generate an
interconnective path spanning the concrete sample, namely, the
percolation of voids, which triggers the dramatic change of elastic
modulus and thermal conductivity of foam concrete near the
percolation threshold. Therefore, the percolation of anisotropic-
shaped voids should be concerned in foam concrete. Following the
experiment measurements [16, 17], we here focus on the percolation of
prolate ellipsoidal voids with κ = 2.5, two and 1 (κ = 1 as spherical void
that is a special case of ellipsoidal void). It is reported in Ref. [4] that the
estimatedmoduli are nearly independent of void size distribution. Thus,
we may use the continuum percolation of congruent prolate spheroidal
voids to explore the dependence of percolation threshold on void
geometrical shape. We adopt our previous studies [10, 18, 19] that
developed a numerical framework to accurately estimate the critical
porosity ϕc as the percolation threshold of prolate spheroidal voids, in
which the Monte Carlo sampling method is applied to simulate the
percolation probability versus porosity under a specific sample size, then
the classical finite-size analysis is utilized to extrapolate from a local
critical porosity to a global critical porosity for a specific void shape [10].

At a microscopic level, a microstructural representative volume
element (RVE) of foam concrete is regarded that a number of
penetrable spheroidal voids with random orientations and
positions are embedded in homogeneous mortar matrix under
periodic boundary conditions [19]. Without loss of generality, a
cubic cell with the length of L is specified as the microstructural
RVE, as shown in Figure 1A.

FIGURE 1
(A) Visualization of two-phase foam concrete as a finite-size cubic cell of L = 50 with periodic boundary conditions consisting in prolate spheroidal
void networks (κ = 2) and homogeneous mortar; (B) Visualization of a percolating cluster of voids in foam concrete.
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For continuum percolation models, the present coupled scheme
contains two major components: 1) the identify of percolating
clusters in numerical realizations under periodic boundary
conditions (see Figure 1), of which the aim is the reliable
derivation of curves of P (percolation probability)-ϕ (porosity)
for various sample sizes L (see Figure 2), and 2) the
determination of the global critical porosity of void network
independent of sample size.

(1) A percolation probability P for a specific porosity is defined as
the ratio of the number of RVEs with “wrapping” connective
clusters to that of the total number of simulation samples [15].
For simulations, a large number of samples are required to
ensure the reliability of the obtained P. In a sample, the number
of spheroidal voids is calculated by N = L3ln (1- ϕ)−1/V [19],
where V and N is the volume and number of spheroidal void,
and ϕ is porosity.

In order to check the emergence of a “wrapping” connective
cluster in each RVE, it is necessary to judge whether neighboring
spheroidal voids overlap or not. With regard to spheroidal voids, a
coupling strategy between the linear transformations of the
coordinate system and a robust golden section search method
reported by Xu and co-workers [20, 21] to realize this issue.
Also, the search of a “wrapping” connective cluster in a RVE is
accomplished by the famous “tree-burning” algorithm [18, 19].
Figure 1B shows a “wrapping” connective cluster in the RVE for
spheroidal voids of κ = 2. Accordingly, we can obtain P
corresponding to different porosities ϕ and RVE sizes L, as
shown in Figure 2.

(2) As mentioned above, a local critical porosity ϕc(L) is defined as
the porosity of the generation of a “wrapping” connective cluster

in a RVE with the finite size L, which is measured by the
following description. Similarly, a global critical porosity ϕc is
defined as that of infinite-size system that is derived in a
extrapolation manner, which is the objective of interest in
this work. With accordance to the finite-size scaling theory
[22], there is a scaling relation of the global critical porosity to
the local critical porosity, namely, Δ(L)∝ |ϕc(L) − ϕc| [15, 22],
where Δ(L) characterizes the percolation transition width of
void network. In the following, we will illustrate how to simulate
ϕc(L) and Δ(L), and even extrapolate ϕc in terms of this scaling
relation.

From Figure 2, one can clearly see that each P‒ϕ curve has a
typical sigmoidal shape and the simulated value at which the
spanning probability go across 0.5, indicating that we can adopt
a function to fit the curve with a similar shape, such as an error
function, namely,

P ϕ, L( ) � 1
2

1 + erf
ϕ − ϕc L( )
Δ L( )( )[ ] (1)

Thus, for a fixed RVE size L, we can derive ϕc(L) and Δ(L).
Furthermore, according to the scaling relation mentioned above,
the global critical porosity ϕc can be extrapolated from the
statistical values of ϕc(L) and Δ(L). It is worth stressing that
the accuracy of simulated values strongly depends on the
number and size of RVEs. Herein, we follow the previous
contribution [10] that the RVE number is set to be
10,000 and L is specified to be at least 30 times larger than
the void size, which have been confirmed to be a reasonable
criterion for the balance between accuracy and efficiency in
percolation simulations.

Through the above numerical framework, we can determine ϕc =
0.2896 ± 0.0007 for κ = 1, ϕc = 0.2492 ± 0.0003 for κ = 2, and ϕc =
0.2289 ± 0.0004 for κ = 2.5. The present ϕc = 0.2896 corresponds to
spherical voids in foam concrete that well matches with the
percolation threshold of congruent overlapping spheres simulated
from Lorenz and Ziff for ϕc = 0.289,573 [23] and from Rintoul and
Torquato ϕc = 0.2895 [24]. Both prominent contributions have been
acknowledged as the most precise statistical values of ϕc for spheres
so far. It strongly suggests the present numerical framework is an
accurate tool to evaluate the percolation threshold of voids in foam
concrete.

4 Percolation-based micromechanical
model

As described above, we consider foam concrete as a two-phase
composite composed of prolate spheroidal void network and
homogeneous solid mortar. Here, we present a continuum
percolation-based generalized effective medium theory (CP-
GEMT) developed by Xu et al. [10, 15] to estimate the effective
elastic and conductive properties of foam concrete affected by the
percolation threshold of overlapping spheroidal voids. In the present
microstructural RVE, voids possess a zero stiffness and insulation
phase. In fact, McLachlan [25] has described a closed form of GEMT
for two-phase media, namely,

FIGURE 2
P-ϕ curves for κ = 2 with different sample sizes L.
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Eeff

Em
� Ω +

�����������������
Ω2 + ϕc

1 − ϕc

Ep

Em
( )1/t

√√⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
t

,withΩ

� 1
2 1 − ϕc( ) 1 − ϕc − ϕ + ϕ − ϕc( ) Ep

Em
( )1/t⎡⎣ ⎤⎦ (2)

where Eeff is the effective elastic modulus of foam concrete, Em and
Ep are the elastic moduli of mortar and voids, namely, Em = 24 GPa
and Ep = 0 following the experiment from Youssef et al. [6]. T is a
transport-percolation exponent that is a non-universal value
greater/less than or equal to 2 [26, 27]. Figure 3 presents the
theoretical values of normalized effective elastic modulus Eeff/Em
from the proposed homogeneous theory that are compared with the
experimental data [6], numerical simulations [4] and the predicted
values from differential effective scheme (Eq. 3) [28] and Mori-
Tanaka model (Eq. 4) [29] for rigid spherical voids (inclusions).

1 − ϕ � Em

Eeff
( ) 1

3 Eeff − Ep

Em − Ep
( ), for dif ferential ef fecitve scheme

(3)
Eeff

Em
� 1 + ϕ Ep − Em( ) 3

2Em + Ep
1 − ϕ + 3Emϕ

2Em + Ep
( )−1

, forMori

− Tanakamodel

(4)
From Figure 3, one can clearly see that, compared with the

experimental data, the present theory can well predict the effective
elastic modulus of foam concrete with various porosities including
the global critical porosity, specifically for the theoretical values in
κ = 2.5 with a wonderful accuracy. The predicted values from the

differential effective scheme and Mori-Tanaka model and the
numerical results are all larger than the experimental data.
Actually, several theoretical researches for micromechanics-based
homogeneous approximations have confirmed the applicability of
the traditional differential effective scheme and Mori-Tanaka model
in a diluted inclusion concentration level. The reason is the effective
elastic properties of composites is approximately a linear function of
ϕ under the low porosity, as shown in Figure 3 it elucidates that the
necessity of considering the percolation threshold of spheroidal
voids in the prediction of effective elastic moduli of foam concrete.

Moreover, it is worth stressing that the present CP-GEMT (Eq.
2) is also applicable to predicting the effective thermal conductivity
of foam concrete using the classical Nernst-Einstein relation [10,
11], such as, Ep/Em = Tp/Tm and Eeff/Em = Teff/Tm [15], where Teff is
the effective thermal conductivity, Tp and Tm are the thermal
conductivities of voids and matrix, respectively. Plus, the present
two-phase conductive issue suits for conductor-superconductor and
insulator-conductor materials. For instance, in a conductor-
superconductor material, voids are a high-conduction phase,
whilst mortar is a low-conduction phase. Thus, Teff/Tm of a
conductor-superconductor material is expressed as

Teff

Tm
� Ω +

�����������������
Ω2 + ϕc

1 − ϕc

Tp

Tm
( )1/t

√√⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
t

, for conductor

− superconductor (5)
with

Ω � 1
2 1 − ϕc( ) 1 − ϕc − ϕ + ϕ − ϕc( ) Tp

Tm
( )1/t⎡⎣ ⎤⎦ (6)

FIGURE 3
Eeff/Em versus ϕ for the GEMT, differential effective scheme [28],
Mori-Tanaka model [29], the experiment measurements [6], and
numerical simulations [4]. T = 1.5 for an insulator-conductor material
[26, 27].

FIGURE 4
Teff/Tm versus ϕ for the CP-GEMT, differential effective scheme
[28], Mori-Tanaka model [29], and the experimental and numerical
data [12].
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In an insulator-conductor material, voids and mortar are the
insulating and conductive phases, respectively. Accordingly,
Teff/Tm of an insulator-conductor material is written as

Teff

Tm
� 1 − ϕ − ϕc

1 − ϕc

( )t

, for insulator − conductor (7)

Figure 4 shows that the predicted values for Teff/Tm from the
CP-GEMT (κ = 2.5) are compared against that from the
differential effective scheme [28] and Mori-Tanaka model
[29], and the experimental and numerical data [12]. In Ref.
[12], voids are viewed as insulating inclusions so that foam
concrete is an insulator-conductor material. For various
porosities, the CP-GEMT for κ = 2.5 shows in good line
with the experimental and numerical data, as shown in
Figure 4.

5 Conclusion

This study has underlined the contribution of percolation of
anisotropic-shaped void networks in foam concrete and the
importance of using appropriate model to predict the elastic
stiffness and thermal conductivity. The developed Monte Carlo
finite-size scaling analysis gave the accurate percolate
thresholds characterized by the global critical porosity of
void networks with void aspect ratios of κ = 2.5, 2.0 and 1.0,
namely, ϕc = 0.2289 ± 0.0004 for κ = 2.5, ϕc = 0.2492 ± 0.0003 for
κ = 2, and ϕc = 0.2896 ± 0.0007 for κ = 1. Compared against the
available experimental and numerical data, the traditional
Mori-Tanaka model and the differential effective medium
approximation, the proposed continuum percolation-based
generalized effective medium theory (CP-GEMT) can
accurately predict the effective elastic modulus and thermal
conductivity of foam concrete with different porosities,
specifically in the percolation threshold. The present
microstructure-based framework has presented a powerful
capacity that enables to shed light on the rigorous relation
“constituent-structure-property” of foam concrete containing
percolating clusters of voids.
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