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This paper investigates a metamaterial cylindrical shell with local resonators for
broadband longitudinal wave attenuation. A three-component phononic crystal
metamaterial cylindrical shell that opens local resonant bandgaps at low
frequencies is formed by periodically inserting a lead column coated with soft
rubber into an ordinary cylindrical shell. First, the governing equations of elastic
wave propagation in cylindrical shell structures are derived through coordinate
transformation. Subsequently, numerical models of the metamaterial cylindrical
shell are established, and the dispersion relation and vibration transmission
characteristics of this structure are calculated using the Finite Element Method
(FEM). Finally, in order to further broaden the bandgaps and the strong suppression
range of the structure, a multiple-graded-resonator metamaterial cylindrical shell
with three different local resonators is also proposed. These local resonators have
different start frequencies and locations of their longitudinal wave bandgaps, so
they can be combined to produce a wider overall bandgap. Numerical results
show that this kind of multiple-graded-resonator metamaterial cylindrical shell
has a good vibration suppression effect on longitudinal waves in the range of
approximately 180–710 Hz and the vibration suppression effect can reach −40 dB
at best. In addition, experimental results on vibration transmission characteristics
show good agreement with the numerical results. This work provides a new idea
and method for the development of acoustic metamaterials to obtain broadband
and low-frequency bandgaps for cylindrical shell structures.
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1 Introduction

In recent years, the issue of mechanical system noise control has attracted an increasing
amount of attention in a bid to improve the quality of the environment for people due to
stringent legal regulations on noise. Vibration and noise control devices may affect the
performance of mechanical systems. Therefore, novel solutions that are simple and easy to
apply in engineering problems are needed in order to achieve excellent performance while
meeting low noise requirements [1]. Phononic crystal (PC) structures are becoming
increasingly interesting as an innovative and efficient noise control solution.

A phononic crystal is an artificial periodic elastic composite structure consisting of two
or more materials with elastic wave bandgaps [2]. A periodic arrangement of scatters can
prevent the propagation of elastic waves in certain frequency ranges, thus forming
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directional or complete bandgaps. The bandgaps in PCs can be used
for sound insulation and environmental noise control [3–5]. The
propagation of acoustic and elastic waves in PCs has attracted
considerable attention over the past two decades [6–8]. Wu et al.
[9] validated the existence of complete bandgaps and resonance in
PC plates with periodic stubbed surfaces using numerical and
experimental methods. Badreddine et al. [10] presented hybrid
PCs composed of periodic stepped pillars and holes in order to
obtain lower and wider bandgaps.

An original and impressive piece of work demonstrated the fact
of spectral gaps with a lattice constant two orders of magnitude
smaller than the relevant wavelength and presented the concept of a
local resonance phononic crystal (LRPC) [11]. LRPC structures have
shown particularly great potential in efficiently insulating noise and
vibration [12, 13]. In LRPC structures, the existence of the stopband
phenomenon is due to the distribution of resonance cells in the host
structure at the sub-wavelength scale (i.e., the size is smaller than the
wavelength of host structure at the frequency of interest) [14]. The
stopbands of LRPCs are almost fully independent of the spatial
arrangement of scatters, and the widths of the stopbands are closely
related to the filling ratio [15].

In acoustic metamaterial design, a flat host structure is a
common type of structure in engineering applications. Many

researchers focus on metamaterials with a flat host structure,
such as acoustic metamaterial beams [16–18] and plates [19, 20].
However, the range of applications of complete beams and plates in
engineering is narrower than that of cylindrical shell structures.
Cylindrical shells form the basic structure used in various aircrafts,
ships, rockets, and precision instruments, and are widely used in the
chemical industry, aerospace, and national defense, among other
domains. Therefore, researchers have extensively studied wave
propagation in cylindrical shells using analytical and numerical
methods. The propagation of axis waves in cylindrically curved
panels of infinite length was studied by Pany et al., and their natural
frequencies of bending vibration were determined [21]. Recently, the
Wave Finite Element Method was utilized by Manconi et al. to
analyze wave dispersion in isotropic and orthotropic cylindrical
panels and closed cylindrical shells [22]. The stopband behavior of
cylindrically curved metamaterial panels in different directions was
studied by Nateghi et al., who also discuss the influence of the radius
of the cylindrical shell on the bandgaps [23].

The studies mentioned above have mainly focused on the
fundamental mechanism of wave propagation in acoustic
metamaterials, while other researchers have attempted to adjust
the width and location of the bandgaps of acoustic metamaterials by
theoretical and experimental methods. In many engineering

FIGURE 1
Metamaterial cylindrical shell: (A) unit cell; (B) 5 × 5 metamaterial cylindrical shell.

FIGURE 2
Dispersion curves of the unit cell with r1 = 10 mm.
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applications, a broadband resonant metamaterial is more appealing
than conventional linear narrow-band metamaterials. Banerjee et al.
[24] studied the graded parametrical arrangements of resonating
units to modify the ranges of the stopband and transmission band.
In addition, Ding et al. [25] proposed a broadband acoustic
metamaterial with a space-coiling structure including an
impedance-matching layer introduced between the air and the
metamaterial. The impedance-matching layer was achieved by
specifically designing the parameters of the space-coiling
structure to form a gradient index. A hierarchical structure was
also constructed to work in broadband, in which the shock wave was
resisted in multiple bands, and the relationship between these bands
and the hierarchy was thoroughly demonstrated. There is also
another way to design multi-resonator metamaterials [26],
namely by increasing the number of internal masses arranged in
parallel in each metamaterial unit. An acoustic metamaterial plate
was designed by integrating mass–spring subsystems with two
degrees of freedom with an isotropic plate to act as vibration
absorbers. A theoretical model of one-dimensional (1D) periodic
graded metacomposites has been studied to investigate and enlarge
the bandgaps in which wave propagation is prevented [27].

To the authors’ knowledge, the propagation of longitudinal
waves in three-component PC metamaterial cylindrical shells has
never been studied in previous work. Motivated by the objective
of understanding stopband behavior in PCs for wave
propagation, this paper presents a study of the propagation of
longitudinal waves in three-component PC metamaterial
cylindrical shells based on the local resonance mechanism.
First, the finite periodic condition along the circumferential
direction of the cylindrical shell is transformed into an infinite
periodic condition by coordinate transformation. Subsequently,
numerical models for cylindrical shells are established by

deriving the dynamic equation and the Bloch periodic
condition, the dispersion relation of the unit cell is calculated
using the Finite Element Method, and the effects of scatterer
radius on stopband behavior are studied. Finally, the suppression
of longitudinal waves in a finite periodic metamaterial cylindrical
shell structure is further studied to verify the stopband behavior
through numerical simulation and experimentation investigating
the vibration transmission characteristics.

The paper is structured as follows. Section 2 briefly introduces
the cylindrical shell model and presents a derivation of the
governing equations of elastic waves. Section 3 presents a
calculation of the dispersion relation of the unit cell and the
vibration transmission characteristics of the finite structure using
the FEM. The multiple-graded-resonator structure is presented and
its vibration transmission characteristics are studied via
experimentation and simulation in Section 4. Several conclusion
are presented in the final section.

2 Theoretical foundation

This section briefly introduces the unit cell for metamaterial
cylindrical shells and illustrates the rule of coordinate
transformation. Subsequently, the numerical model for the unit
cell is established through derivation of the governing equations of
elastic waves.

2.1 Coordinate transformation

The unit cell of the metamaterial cylindrical shell investigated is
as shown in Figure 1A. The lattice constant is a, and the shell

FIGURE 3
Longitudinal transmission coefficient of the cylindrical shell model with r1 = 10 mm.
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thickness is h = 0.1 × a. The radii of the cylindrical shell, the scatterer
A, and the connector B are R, r1, and r2, respectively. The unit cell is
composed of a lead cylinder coated with a silicone rubber layer,
arranged periodically in the epoxy resin matrix C. Figure 1B shows
the 5 × 5 metamaterial cylindrical shell.

To better describe the unit cell of the metamaterial cylindrical
shell, it is necessary to convert from the Cartesian coordinate
system to the cylindrical coordinate system, in which points are
represented by ring coordinate s, axis coordinate y, and
transverse coordinate z representing distance from the
cylinder center.

The transformation equation is as follows:

Rθ → s, z → y, r → z (1)
and the corresponding displacement is given by:

uθ → u, uz → v, ur → w (2)
At a given moment, the non-zero strains are therefore:

εss � −w
R
+ zu

zs
− z

z2w

zs2
+ 1
R

zu

zs
( )εyy � zv

zy
− z

z2w

zy2
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(3)

2.2 Derivation of governing equations

In order to obtain the governing equation for the time-
harmonic vibration of the cylindrical shell with multiple
graded resonators shown in Figure 1B, it is assumed that the
shell is very thin. Given this assumption, we can obtain the
kinetic energy δT, elastic energy δU, and non-conservative work
done δW by the external loads:

δT � −∫
s
∫

y
ρh€uδudsdy − ∫

s
∫

y
ρh€vδvdsdy − ∫

s
∫

y
ρh €wδwdsdy

(4)
δW � 0 (5)

δU � ∫+s0/2

−s0/2
∫+y0

−y0
∫+h/2

−h/2
εss · δεss + εyy · δεyy + 2εss · δεyy( ) · E* + Gεsy · δεsy[ ]dsdydh

(6)

where Poisson’s ratio is denoted by v, Young’s modulus is denoted
by E, E* ≡ E

(1−v2), and G � E
2(1+v). By substituting Eq. 3 into Eq. 6 and

integrating along the thickness direction, the total strain energy is
obtained:

δU � ∫+s0/2

−s0/2
∫+y0

−y0
ÊU1 +DU2( )dsdy (7)

where D ≡ Eh3

12(1−v2), Ê ≡ Eh
1−v2.
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Using Hamilton’s principle, we obtain:

∫t

0
δT − δU + δW( )( )dt � 0 (10)

Setting δw, δu, and δv to zero yields the governing equations of
an infinitely long cylindrical shell with multiple graded resonators:
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3 Numerical simulation

In this section, the dispersion relation of the unit cell is
calculated using the FEM and the effects of scatterer radius on
longitudinal wave stopband are discussed. In order to verify the
attenuation effect on longitudinal vibration in the finite structure of
metamaterial cylindrical shells, we also study the vibration
transmission characteristics.

3.1 Calculation and discussion of dispersion
relation

In the present work, the COMSOL Multiphysics software package
was used to calculate the dispersion relation of metamaterial cylindrical
shells by eigenvalue analysis in solid mechanics. The details of the FEM
model are as follows: the unit cell is divided into 1,855 nodes, and the
number of degrees of freedom is 37,449. In addition, the geometrical
andmaterial parameters identified in Figure 1 are given: a = 30 mm, h =
3mm, r1 = 10 mm, r2 = 12 mm, R = 50 mm. The density(ρ) of the
scatterer A (made of lead) is 11,600 kg m−3, Poisson’s ratio (]) is 0.369,
and Young’s modulus (E) is 40.8 GP. The connector B is made of
silicone rubber, ρ = 1,300 kg m−3, ] = 0.469, E = 1.175e−4GP. The
cylindrical shell C is made of epoxy resin, ρ = 1,180 kg m−3, ] = 0.368,
E = 4.35 GP.

Figure 2 shows the numerical simulation results for the dispersion
curves. The dispersion curves exhibit several different propagation waves.
The bandgap for longitudinal waves ranges from 188 to 635 Hz because
there are no freely propagating solutions in the longitudinal mode.
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3.2 Effect of the scatterer radius

In order to obtain a wider longitudinal wave bandgap, we also
studied the effect of scatterer radius on stopband behavior. For this
purpose, we calculated the dispersion relation for unit cells with
scatterer radii of 9, 10, and 11 mm. The bandgaps in the 9, 10, and
11 mm cases fell within the intervals (199,589), (188,635), and
(178,711), respectively. It can be seen that with the increase in
scatterer radius, the start frequency of the bandgap decreases
slightly, while the stop frequency increases greatly. These shifts are
caused by the increase in scatterer mass and filling rate, respectively.

3.3 Vibration transmission analysis for the
finite periodic structure

The dispersion curves illustrate the frequency location and
width of the bandgap. However, the dispersion curves cannot
provide a full explanation of the vibration characteristics of the
finite periodic structure. To further illustrate the vibration

transmission characteristics and validate the accuracy of the
bandgap, an analysis of vibration transmission for the finite
periodic structure is presented in this section.

The finite periodic metamaterial cylindrical shell consists of
25 unit cells arranged periodically in a 5 × 5 layout along the s and
y directions. To determine the transmission coefficient along the
ΓX direction, incident longitudinal waves along this axis
direction are modeled by applying harmonic displacements
Qinc � qinceiwt in the axis direction. The homogeneous parts
are the transitional material connecting the periodic structure
and the perfectly matched layers (PMLs). The PMLs are applied
at both ends of the homogeneous part to prevent reflections by
the scattering waves from the domain boundaries. Both the
homogeneous parts and the PMLs have the same material
parameters as the matrix. In addition, periodic boundary
conditions are applied in the plane of the s direction.

The harmonic displacement response occurring along the
interface between the homogeneous part and the periodic
structure on the right side is represented by Qres � qreseiwt.
The transmission coefficient should be defined as:

FIGURE 4
Cylindrical shell with multiple graded resonators: (A) the numerical model; (B) longitudinal transmission coefficient.
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T � 20lg
Qres

Qinc
(14)

A frequency domain analysis sweeping from 0 to 800 Hz at intervals
of 3 Hz was performed, and the simulated transmission coefficient as a
function of frequency is plotted in Figure 3. The transmission coefficient
agrees well with the corresponding dispersion curves of the unit cell, but
the longitudinal wave transmission coefficient exhibits strong attenuation
only at the start frequency of the bandgap, due to Fano-like interference
phenomena. This shows that the metamaterial cylindrical shell structure
has good vibration absorption characteristics.

4 The multiple-graded-resonator
cylindrical shell

In this section, a cylindrical shell structure with multiple graded
resonators, composed of scatterers with three different radii, is proposed
in order to widen the longitudinal wave bandgaps. Additionally, the
vibration transmission characteristics of this structure without a PML
are verified via experiments.

As stated in the previous section, due to the presence of Fano-like
interference in themetamaterial based on the local resonancemechanism,
the longitudinal vibration transmission of the metamaterial only exhibits
strong attenuation at the start frequency of the bandgaps. Therefore, we
propose a multiple-graded-resonator cylindrical shell structure with a
wider range of strong vibration attenuation, developed by combining
three kind of metamaterial cylindrical shells with different start
frequencies and locations, as shown in Figure 4A.

In order to verify the practical attenuation effect of the longitudinal
vibration of this structure, we carried out a vibration attenuation
experiment using a Siemens data acquisition instrument (type: LMS
SCADAS Mobile). Two accelerometers (type: 356A16 SNLW180872;
sensitivity: 98.3 mv/g) were used, with one placed at each end of the
model. A hammer (type: PCB 086C01; sensitivity: 11.2 mv/N) was used
to strike the model on one side.

The materials of the subject were consistent with those described in
Section 3.1, and the components were connected to each other by
adhesive bonding. In the experiment, vertical excitation was induced
by the hammer hitting the outer surface of one end of the subject, which
was freely positioned on a sponge, and the acceleration sensor was used
to collect the stable response of the target point in the range 0–800 Hz.
Subsequently, the transmission coefficient was obtained using Eq. 14.

Figure 4B shows the comparison between the experimental
results and the simulation results on the vibration transmission
characteristics of the multiple-graded-resonator structure.

As can be seen, the experimental results on the vibration
transmission characteristics exhibit the same trend as the
numerical results. In general, although the longitudinal vibration
attenuation effect of the actual structure was slightly smaller than the
effect in the simulation results, the bandwidth of the actual
attenuation was wider. For the actual structure, there were three
attenuation peaks at 162, 192, and 216 Hz. The first and third
attenuation peaks differed by approximately 15 Hz from the
simulation results, in which the corresponding peaks occurred at
178 and 201 Hz. Deviations in the material parameters and
manufacturing process may be the main reason for the offset
between experimental results and numerical results. In addition,

the range of bandgaps of the multiple-graded-resonator cylindrical
shell is the superposition of three single-resonator structures, and
the strong attenuation range of this multiple-graded-resonator
cylindrical shell (180–255 Hz) is approximately triple that of the
single-resonator structure (178–199 Hz).

5 Conclusion

The present work investigated the property of longitudinal wave
propagation in a metamaterial cylindrical shell. The dispersion curves
of the proposed structure were used to analyze stopband behavior.
Several numerical and experimental tests were also conducted and the
results investigated in detail to study the effectiveness of the proposed
structure. The following conclusions resulted from the work:

(1) The metamaterial cylindrical shell structure creates a
longitudinal wave bandgap at 188–635 Hz, in which the
propagation of longitudinal waves is impossible.

(2) As the scatterer radius is increased, the start frequency of the
bandgap decreases slightly, while the stop frequency increases
greatly; these shifts are caused by the increase in scatterer mass
and filling rate, respectively.

(3) The bandgap range of the multiple-graded-resonator cylindrical
shell is the superposition of that of three single-resonator
structures, and the strong attenuation range of the multiple-
graded-resonator cylindrical shell is triple that of the single-
resonator structure. The development of this metamaterial
cylindrical shell structure and the use of multiple graded
resonators pave the way toward vibration reduction and
noise control in the cylindrical shell structure.
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