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In order to improve the spatial resolution and the signal-to-noise ratio of Lamb
waves in structural health monitoring systems or non-destructive testing
techniques, this study presents the construction of Luneburg lenses for
focusing higher-order Lamb waves based on the thickness variation. The
dispersion curves of Lamb waves are calculated firstly, from which the relation
between the phase velocity of a specific mode and the plate thickness is
quantified. After that, the plate thickness is determined via the refractive index
variation. To demonstrate the generality of this design scheme, two lenses, i.e., the
A1-wave-based Luneburg lens and the S2-wave-based Luneburg lens are
constructed, and their focusing abilities are examined via numerical simulations
in both the time domain and frequency domain. It is revealed that the A1 wave and
S2 wave can be focused with a focusing size smaller than one wavelength. The
design methodology is easy to realize and can be used to control higher-order
Lamb waves efficiently, which also provides potential application values in wave
detections and energy collections.
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1 Introduction

Lamb waves, propagating in a plate-type structure with two traction-free surfaces, have
been widely applied in structural health monitoring (SHM) systems and non-destructive
testing (NDT) techniques [1–3], which dues to their unique characteristics for long-distance
and large-area detection. During the engineering application, efficiently receiving the Lamb
wave signals and improving the signal-to-noise ratio (SNR) poses a considerable challenge.
Accompanying that, wave focusing is viewed as the effective method to overcome it, as the
wave energy is increased to improve the defect detection ability. Many methods have been
proposed to focus Lamb waves, e.g., using the phased array transducer [4–6], forming the
laser arc-array based on the arc-slit [7, 8], etc. With the development of microfabrication
techniques, such as 3D printing, composite structures with multiple components or complex
shapes have already been realized, which allows us to focus Lamb waves with the aid of
phononic crystals (PCs) and metamaterials.

Generally speaking, PCs and metamaterials are artificial structures that assemble
multiple elements or fabricate with a complex configuration, aiming to manipulate the
propagation of structural and acoustic waves. Wave velocity can be easily controlled by
introducing PCs and metamaterials into SHM systems and NDT techniques, such as the
Lamb-wave-based gradient-index (GRIN) lens. The phase velocity and group velocity can be
reduced and controlled by the additional artificial sub-component, which makes the Lamb
wave propagate in a specified route designed previously. The refractive index of a typical
GRIN-PC lens for focusing A0 mode Lamb waves satisfies a hyperbolic secant. For example,
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Yan and Zhu et al. [9] achieved the hyperbolic secant distribution by
using the surface bonded metamaterials with different heights, Tol
and Degertekin et al. [10] formed the distribution by an array of
blind holes with different diameters, Tian and Tan et al. [11]
proposed rotating three-petal epoxy cylinders to satisfy a
hyperbolic secant profile. However, the focusing ability of a
hyperbolic secant lens is dependent on the orientation of the
incident plane wave. A PC Luneburg lens, due to its
omnidirectional focusing characteristics, has gained increasing
attention from researchers. Tol and Degertekin et al. [12]
presented a phononic crystal Luneburg lens numerically and
experimentally, and the focusing performance of the A0 mode
Lambs waves at different angles are confirmed. Jin and Torrent
et al. [13] achieved controlling A0 and S0 Lamb waves
simultaneously via graded phononic crystal plates of a circular
Luneburg lens.

As we know, the A0 mode of Lamb waves in low-frequency
regions can be approximated as the bending wave, with its phase
velocity directly related to the plate thickness. Therefore, a
relatively simple design methodology, i.e., adopting the
thickness variation according to dispersion curves, is proposed
to achieve the focusing and guiding of A0 waves [14–16]. Such as
the Luneburg lens [14, 17] for focusing a plane wave and the
Maxwell Fish-Eye lens [14, 15] for focusing the wave from a point
source. The structure designed consists of only single-phase
material with no joints and conjunctions between different
components, which is beneficial for the fabrication and service
life. To the authors’ knowledge, the existing investigations
concentrate on the A0 and S0 mode Lamb waves and focusing
the higher-order Lamb waves has rarely been studied. However,
the higher-order Lamb wave plays an important role in the NDT
technique. To be more specific, the abundant higher-order modes
provide various displacement and stress patterns for different
detecting situations [18, 19]. Moreover, the non-linear effect of
the higher-order Lamb waves provides high detecting sensitivity
to micro defects, attracting much attention from scientists for
damage detections [20–24]. To some extent, focused higher-
order Lamb waves can further efficiently improve their
performance in NDT and SHM.

This paper proposes two Luneburg lenses for focusing the
higher-order Lamb waves, A1 and S2 modes, based on the
thickness variation. These lenses are constructed according to the
variation principle of the refractive index and the dispersion
relationship of the higher-order Lamb waves. After the detailed
demonstration of the present design scheme, some finite element
simulations are conducted in both time and frequency domains,
which prove the excellent focusing ability of the Luneburg lens for
A1 and S2 waves. Not limited by A1 and S2 waves, the present design
methodology is general and suitable for other higher-order modes of
Lamb waves.

2 Design of the Luneburg lens for
higher-order Lamb waves

Before designing a Luneburg lens for focusing the higher-order
Lamb waves, calculating the frequency spectrum of Lamb waves is
the prerequisite. For a plate with its upper and bottom surfaces

traction-free, the phase velocity of Lamb waves can be obtained from
the dispersion relationship by solving the following Rayleigh-Lamb
equations [25]:

tan qh( )
tan ph( ) � − 4k2pq

q2 − k2( )2, for symmetricmodes, (1)

and

tan qh( )
tan ph( ) � − q2 − k2( )2

4k2pq
, for anti − symmetricmodes. (2)

Here, the plate thickness is represented by 2h. k is the
wavenumber along the wave propagation direction and p and q
are wavenumbers along the plate thickness with p �

������
ω2

cL2
− k2

√
,

q �
������
ω2

cT2
− k2

√
, where cL �

���������(λ + 2μ)/ρ√
and cT � ���

μ/ρ
√

are the
longitude and transverse velocities, respectively. ω is the angular
frequency, λ and μ are Lamé coefficients, and ρ is the mass density.
These equations show that the dispersion relationship depends on
the material parameters, frequency, and plate thickness, from which
the phase velocities of different modes versus the plate thickness can
be calculated. Taking an aluminum plate as an example, the
corresponding Young’s modulus, Poisson’s ratio, and mass
density of the aluminum plate are 70 GPa, 0.33, and 2,700 kg/m3,
respectively. Figure 1 shows the phase velocity variation with the
plate thickness of the A1 and S2 modes at some specific frequencies
by solving Eqs 1, 2. These two modes exhibit a similar tendency,
i.e., the phase velocity decreases as the plate thickness increases,
allowing us to control them using thickness variation.

Reviewing the Luneburg lens, its refractive index requires [12,
26–28]

n r( ) �
���������
2 − r/R( )2

√
, (3)

where R is the lens radius and n(r) is the refractive index as a
function of the distance r to the center lens. Here, the refractive
index can be calculated via n � c0/c, where c0 is the phase velocity of

FIGURE 1
The phase velocity variation of the A1 and S2 modes with the
plate thickness at some specific frequencies.
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the specific Lamb wave in the base plate and c is that in the lens.
According to Eq. 3, the center of the Luneburg has a relatively higher
refractive index, and if a Luneburg lens for controlling higher-order
modes with the refractive index satisfying Eq. 3 needs to be designed,
the lens will possess a protruding surface with the lens center
highest, such as Figure 2, where h(r) is the thickness of the lens
at distance r to the center lens.

To be noticed that the higher-order modes of the Lamb waves
are converged to the transverse velocity as the frequency-thickness
product increase so that there will be a range suitable for the method.
The phase velocity of the mode at the working frequency should be
higher than

�
2

√
cT, so that the effective frequency-thickness product

range for this aluminum plate is from the cut-off frequency to 4.40,
8.84, 6.60, and 11.04 MHz-mm for A1 mode, A2 mode, S1 mode,
and S2 mode, respectively.

In this paper, two Luneburg lenses for focusing the A1 wave at
1 MHz and the S2 wave at 1.9 MHz in a 2 mm aluminum plate, with
a radius of 25 mm are designed. In that case, the phase velocity of
A1 and S2 waves are 8.9275 km/s and 14.0845 km/s, respectively.
With the help of Eq. 3 and the quantitative relations between the
phase velocity and the plate thickness shown in Figure 1, the
thickness variation of the lens with the radius can be calculated.
The refractive index and the corresponding thickness variations of
A1 and S2 modes along the radius direction are shown in Figure 3.
To simplify the modeling, also facilitate the specimen preparation,
continuous thickness variation of the theoretically designed
Luneburg lens is discretized into ten sections with equal height
variation in the radius direction. The phase velocity of the S2 wave at
1.9 MHz in Figure 1 has a more dramatic variation tendency with
the plate thickness than the A1 wave at 1 MHz. Therefore, the
thickness of the S2-wave-based Luneburg lens is smaller than that of
the A1-wave-based Luneburg lens.

3 Numerical simulation and results

To validate the focusing ability of the Luneburg lenses designed,
the FEM simulations in the time and frequency domains are carried
out with the aid of COMSOL Multiphysics software. The schematic
of the computational model used for the analysis is shown in

Figure 4, where Figure 4A is the schematic model for the time
domain analysis, and Figure 4B is the schematic model for the
frequency domain analysis. The S2-wave-based Luneburg lens or the
A1-wave-based Luneburg lens, constructed by ten concentric
cylinders according to Figure 3, is built with its center at (0,0,0),
with the same material as the aluminum plate. The calculation
region of the plate is divided into finite elements, and to obtain
reliable results, the element size is set to be smaller than one-eighth
of the minimumwavelength of the designed higher-order mode. The
time step is set according to the mesh size and time step length
(Courant–Friedrichs–Lewy number lower than 0.2) to obtain the
optimal solution. Low reflection boundary conditions are applied to
the edge of the plate in the time domain analysis, and perfectly
matched layers (PMLs) of length 2λ are connected to the edge in the
frequency domain analysis to eliminate unwanted reflected waves
from the boundaries.

To observe the focusing ability of the Luneburg lens for the
designed modes at a specific frequency, the pure mode of the
Lamb wave is generated by implementing a comb transducer. A
typical comb transducer is an acoustic buffer with periodic teeth
applied to the test samples, a spatial modulation technique. The
activated mode lies on the intersecting points between the
dispersion curves of Lamb waves and the line, where the slope
of the line depends on the element spacing. The detailed feature
of a comb transducer has been studied by Viktorov [29] and Rose
[30–33], and according to the principle that the comb transducer
requires, the element spacing ls can be calculated according to the
phase velocity c of the generated mode and the excitation
frequency f0 of the comb transducer, i.e.,

ls � c/f0 (4)
Based on the lenses designed in this paper, the element spacing ls

of the comb transducer used for generating A1 mode at 1 MHz is

FIGURE 2
Schematic of the Luneburg lens designed for focusing the
higher-order Lamb waves.

FIGURE 3
The variations of the refractive index and the thickness of the A1-
wave-based Luneburg lens and S2-wave-based Luneburg lens along
the radius direction. The black curve is the refractive index of the
Luneburg lens. Blue and orange curves are the theoretical
thickness profiles of the A1-wave-based Luneburg lens at 1 MHz and
the S2-wave-based Luneburg lens at 1.9 MHz, respectively, and the
discretized profiles are represented by the green and yellow dot-lines.
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8.93 mm, and S2 mode at 1.9 MHz is 7.41 mm. Ten elements located
50 mm away from the Luneburg lens center are implemented, such
as in Figure 4. Moreover, the duty ratio of the comb transducer is set
at 0.5 to achieve the maximal excitation efficiency. The boundary

load with 15 cycles of Gaussian windowed tone-burst signal is
applied at the transducer region with the direction vertical to the
plate surface, which is used to simulate the excitation of the comb
transducer.

FIGURE 5
The dispersion curves and the two-dimensional Fourier transform results from FEM models: (A) the A1 wave at 1 MHz, (B) the S2 wave at 1.9 MHz.
The red and blue curves are corresponding to the anti-symmetric modes and symmetric modes of the Lamb wave, respectively.

FIGURE 4
Schematic of the FEM model in a top view and side view: (A) the time domain analysis, (B) the frequency domain analysis.
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Here, to prove the generation efficiency for pure A1 and
S2 waves from the comb transducer, the two-dimensional Fourier
transform is applied to the out-of-plane displacements, sampling

from 512 points at the plate surface with the sampling interval
0.1 mm on the right side of the comb transducer. The numerical
data in the f-c domain with the theoretical dispersion curves of

FIGURE 6
The focusing phenomenon of the A1-wave-based Luneburg lens at 1 MHz: (A) t = 15 μs, (B) t = 30 μs and (C) t = 45 μs.

FIGURE 7
The focusing phenomenon of the S2-wave-based Luneburg lens at 1.9 MHz: (A) t = 15 μs, (B) t = 30 μs and (C) t = 45 μs.
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FIGURE 8
Spatial energy distribution represented by |uz| of (A) the A1-wave-based Luneburg lens at 1 MHz, and (B) the S2-wave-based Luneburg lens at
1.9 MHz.

FIGURE 9
The spatial distribution of |uz|

2 along the x and y directions: (A) and (B) correspond to the A1-wave-based Luneburg lens at 1 MHz; (C) and (D)
correspond to the S2-wave-based Luneburg lens at 1.9 MHz.
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the Lamb wave in an aluminum plate are shown in Figure 5. The
highlighted part in the f-c spectrum represents the generated
mode, showing that the narrowband Lamb mode of the desired
mode is generated successfully with the help of the comb
transducer and the 15 cycles Gaussian windowed tone-burst
signal. Although other modes with small amplitudes near the
center frequency are generated, A1 or S2 wave is still the
dominant mode propagating in the plate, and the effect of
other modes can be ignored.

Out-of-plane displacement wave fields at some specific time
instants are displayed to observe the focusing phenomenon, such as
the A1-wave-based Luneburg lens at 1 MHz in Figure 6 and the S2-
wave-based Luneburg lens at 1.9 MHz in Figure 7. As shown in
Figure 6A and Figure 7A, the plane A1 wave or S2 wave with a tiny
and ignorable disturbance propagates along both +x and −x
directions. Waves propagating near the lens edge region are
faster than that across the lens center, which makes the
wavefront bend towards the lens center and finally focus at the
opposite point on edge, such as Figures 6B, 7B. After that, the
A1 wave or S2 wave will emit from the focusing point, e.g., the out-
of-plane displacement distribution in Figures 6C, 7C. The A1 or
S2 wave propagation process clearly shows the focusing
phenomenon of the Luneburg lenses designed.

The frequency domain analysis is also performed for
quantitative investigations and further checking the focusing
ability of the Luneburg lens for higher-order Lamb waves. The
boundary load with the force of 100 N/m2 is applied at the
transducer region with the direction vertical to the plate surface
to simulate the comb transducer excitation. Figures 8A, B show the
spatial energy distribution represented by |uz| of the A1-wave-based
Luneburg lens at 1 MHz and the S2-wave-based Luneburg lens at
1.9 MHz, respectively, from which the wave energy focusing
phenomenon is extremely evident, i.e., the energy is successfully
focused at the lens edge as expected. Also, the amplitude is greatly
amplified compared with the corresponding regions on the right of
the comb transducer.

Near the focusing point, the |uz|
2 value is extracted, and its

spatial variations along the x and y directions are illustrated in
Figures 9A,C and B,D, respectively. By contrast, the |uz|

2 value in the
right regions of the comb transducers without lenses is mirrored and
also displayed in Figure 9. Generally speaking, the wave focusing
phenomenon is validated once again. Theoretically, the A1 or
S2 wave focuses at (−25 mm, 0) after it travels across the lens.
However, the |uz|

2 value achieves the maximum, respectively at
(−22.2 mm, 0) for the A1 wave and (−24.1 mm, 0) for the S2 wave, a
little deviated from the theoretical prediction. Two main issues may
lead to the slight difference. One is the discretized variation of the
lens thickness, and the other is the incident quasi-plane wave
generated by the comb transducers. Even though the deviation,
smaller than one wavelength, is acceptable.

The focusing size in the y direction is evaluated by using the −3 dB
attenuation of the displacement amplitude |uz|, the quarter of maximal |
uz|

2 [27], and shown in Figures 9B, D. Specifically, the focusing sizes for
the A1-wave-based Luneburg lens and the S2-wave-based Luneburg
lens are 0.648λ and 0.645λ, respectively, both smaller than one
corresponding wavelength, which efficiently proves the excellent
focusing ability of the Luneburg lens for the higher-order Lamb
waves at the designed frequency.

4 Conclusion and perspectives

In conclusion, a design scheme for focusing the higher-order
Lamb waves, based on the sensitivity of the phase velocity with
the plate thickness, is introduced. To examine the feasibility of
this methodology, two lenses, i.e., the A1-wave-based Luneburg
lens and the S2-wave-based Luneburg lens, are designed via
different thickness variations. The analysis in the time and
frequency domains clearly shows the excellent focusing
phenomenon for higher-order Lamb waves. This design
method and the outcomes in this paper provide theoretical
foundations for wave manipulation and energy harvesting, as
well as the receiving and application of higher-mode Lamb waves
in SHM.

As a final remark, this paper presents a general design scheme
for focusing higher-order Lamb waves, although the Luneburg lens
is designed for a single and fixed working frequency. Any higher-
order mode, not limited by A1 and S2 waves, can be focused using
this method as long as its phase velocity is sensitive to the plate
thickness. For example, this method is suitable for all higher-order
modes if the operating frequency is near their cut-off frequencies.
However, if the working frequency is far from the cut-off
frequencies, the phase velocities of these modes approach the
inherent shear wave, insensitive to the thickness, and thus not be
adopted for the lens design. It should be pointed out that other lenses
can also be constructed using the present method, such as Maxwell’s
fisheye lens, the concentrator lens, and other gradient index lenses.
We expect this method and the Luneburg lenses designed for high-
order Lamb waves will stimulate future experimental work and
extend their practical engineering applications.
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