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In this work, we theoretically investigate the ellipticity dependence of the Rydberg
state excitation (RSE) and ionization of noble gas atoms subject to strong laser
fields at a series of intensities and wavelengthes by a semiclassical model, where
the nonadiabtic effect is considered or ignored. Our results demonstrate that, if
the nonadiabatic effect has been ignored, the ratio between RSE and ionization
yields exhibits an anomalous maximum at a nonzero ellipticity. On the other hand,
if the nonadiabatic effect has been considered, this anomalous behavior
disappears. The analysis indicates that the absence of this anomalous behavior
can be attributed to the nonadiabatic corrections of instantaneous ionization rate
and the initial photoelectron momentum distribution at the tunnel exit.
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1 Introduction

For an atom or molecule subject to a strong laser field, the valence electron can be
released via tunneling [1, 2] if the electric field strength of the laser pulse is comparable to
that of the Coulomb field of the ionic core. The ionization dynamics may be comprehended
with either multiphoton ionization (MPI) or tunneling ionizaiton (TI) [3, 4]. To indicate the
transition between these two limits, a pivotal role is given to the Keldysh parameter γ �������
Ip/2Up

√
[2, 5–7], where Ip is the ionization potential, Up � E2

0/4ω
2 the pondermotive

potential, E0 the field amplitude, andω the field frequency. For γ≫ 1,MPI dominates and the
ionization rate can be calculated by the perturbation theory. In the case of high laser intensity
and long laser wavelength, when the Keldysh parameter γ will be much less than 1 [4, 8], the
optical oscillation of laser electric field is so slow that the laser field can be taken as a quasi-
static field and the tunneling process is similar to the case of DC field. For γ ~ 1, which is
typical for most current intense field experiments, it is well-accepted that TI still dominates
and the nonadiabatic effects are expected to be important [9–11]. As documented [9, 12, 13],
the nonadiabatic effect could make the instantaneous tunneling rate less sensitive to the laser
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electric field phase, if compared to the adiabatic case. Moreover, the
tunneling exit may become closer to the ionic core because of the
nonadiabatic effect. In an elliptically polarized laser field, the
nonadiabatic effect could induce a transversal momentum shift of
the tunneled electron wavepacket at the tunnel exit.

After tunneling of the electron, the electron motion in a strong
laser field can be described by a semiclassical model [14]. In this
model, driven by the oscillating laser field, part of the tunneled
electron wavepacket may return to the ionic core, resulting in a
variety of interesting physical phenomena, such as high-order
harmonic generation (HHG) [15, 16], nonsequential double
ionization (NSDI) [17], and high-order above-threshold
ionization (HATI) [18], etc. In contrast to the phenomena
mentioned above, if the electron does not gain enough drift
energy from the laser pulse, it will eventually be captured by the
Coulomb field, leading to Rydberg state excitation (RSE) of neutral
atoms. This process can be comprehended by the mechanism of
frustrated tunneling ionization (FTI) [19]. The application of
Rydberg atoms is very attractive in many fields [20].

In addition to the works on RSE process in linearly polarized strong
laser fields (see, e.g. [21–27]), studies on the ellipticity dependence of
RSE have attracted attention. Experimentally, Nubbemmeyer et al.
demonstrated a dramatic decrease of RSE yields for He with
increasing laser ellipticity, as expected with a rescattering picture
[19]. An experimental investigation of high-lying Rydberg state
excitation of diatomic atoms and their companion atoms with
comparable ionization potentials shows a similar trend [28].
Theoretically, Landsman et al. well reproduced the results in [19] by
the semiclassical model [29]. Zhao et al. found that the decline of the
RSE yields with increasing ellipticity can be attributed to a decrease of
low-energy electrons that could be captured in the Rydberg states by the
Coulomb potential [30]. Recently, an astonishingmaximum of the ratio
between the RSE and the ionization yields at a nonzero ellipticity was
found, based on a 2-dimensional semiclassical calculation [31]. Note
that the results in [31] are inconsistent to amore recent time-dependent
Schr€odinger equation (TDSE) calculations of Pauly et al. [32], where the
astonishing maximum of the ratio disappears. Thus, the consensus on
the ellipticity dependence of RSE has not been reached yet.

Except for RSE and ionization, the high-order harmonic
generation (HHG) of atoms and molecules in elliptically
polarized laser field has also been studied intensively [33–36].
Although many interesting phenomena, e.g., HHG from N2 can
be strongly elliptically polarized even when driven by linearly
polarized laser fields [35], the polarization of HHG depends
strongly on the molcular alignment and laser ellipticity [36], have
been documented, technically, it is very difficult to measure the
HHG and ionization yields with the same spectrometer
simultaneously because the sample pressure in the HHG
experiments is usually much higher [35]. On the contrary, the
ionization yields can be measured easily along with the RSE
yields by the identical spectrometer simultaneously [19]. Thus,
the investigation of correlation of RSE and ionization yields
could be more significant due to the possibility of comparison
with experimental results.

In this work, we study the RSE and ionization processes for
atoms subject to elliptically polarized laser fields by a semiclassical
model, where the nonadiabatic effect can be considered or ignored.
Our results demonstrate that, if the nonadiabatic effect has been

ignored, the ratio between RSE and ionization yields exhibits an
anomalous maximum at a nonzero ellipticity, which is consistent to
the results of Ref. [31]. On the other hand, if the nonadiabatic effect
has been considered, this anomalous behavior disappears, which
matches the results of Ref. [32]. By tracing back the initial
photoelectron momenta and the coordinates of the photoelectron
trajectories based on the semiclassical calculations, we found that the
absence of this anomalous behavior can be attributed to the
nonadiabatic corrections of the instantaneous ionization rate and
the initial photoelectron momentum distribution at the tunnel exit.

2 Adiabatic model

The excitation and ionization dynamics are numerically
simulated by a semiclassical model, which is shown to be
invaluable and efficient in providing intuitive understanding and
predictive power for the ultrafast dynamics of atoms and molecules
subject to strong laser field [37–41]. In this model, it can be chosen to
include the nonadiabatic effect or not. According to the documented
works (see, e.g., [2, 12]), the nonadiabatic effect can be safely ignored
if the Keldysh parameter is much less than unity [2], i.e., the laser
intensity is strong enough or the laser wavelength is long enough. In
these cases, the semiclassical model ignoring the nonadiabatic effect
can be termed the classical-trajectory Monte Carlo (CTMC) model,
which has already been widely applied in studying RSE based on the
FTI mechanism [19, 29–32]. In contrast, if the above conditions
cannot be well satisfied and the Keldysh parameter is close to unity,
the nonadiabatic effect [9, 12, 42, 43] of electron tunneling could be
too strong to be ignored. In these cases, the semiclassical model
including the nonadiabatic effect will be coined the nonadiabatic
model in this work.

In the CTMC model, the RSE and ionization processes in
elliptically polarized laser field include two steps, i.e., tunneling
ionization and classical evolution of the tunneled electron in a
combination of the laser field and ionic Coulomb field. In the
first step, it is assumed that the electron is adiabatically released
from the groundstate to a continuum state through tunneling [44,
45]. The elliptically polarized laser electric field employed in this
work can be given by F(t) = (Ex(t), 0, Ez(t)) (atomic units are used
unless stated otherwise),

Ex t( ) � En t( )F0ε sin ωt( ) (1)
Ez t( ) � En t( )F0 cos ωt( ) (2)

where F0 � E0/
�����
1 + ε2

√
, E0 is the peak electric field amplitude, ε the

laser ellipticity, ω the laser angular frequency, and En(t) the
envelope function of the laser pulse,

En t( ) � cos2
ωt

2N
( ), −Nπ

ω
< t<Nπ

ω
(3)

where N is the number of the laser cycles. In this work, N = 30
corresponds to the pulse duration (full width at half maximum) of
around 30 fs, which is a typical parameter of the multi-cycle laser
pulses generated by the commercial Ti:Sapphire laser system.

In the case of elliptical polarization, in the x-z plane, the laser
electric field rotates successively with a period of T � 2π

ω . Here we
introduce a rotating coordinate system (x′, y′, z′), where the
direction of the laser electric field keeps unchanged (in z′ axis).
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In this coordinate system, the initial spatial coordinates of the
tunneled electron are x0′ � y0′ � 0 and z0′ � η0, where η0 = −Ip/
F(t0) indicates the tunneling exit and t0 the tunneling instant of the
photoelectron. The initial photoelectron momenta are given by
px′0 = p⊥ cos(θ), py′0 = p⊥ sin(θ), and pz′0 = 0, where p⊥ is initial
photoelectron transverse momentum and given randomly in the
range of (0, 1.0 a. u.), θ is a random angle between p⊥ and the x′ axis
in the plane of x′-y′.

In the laboratory coordinate system, the initial spatial
coordinates of the tunneled electron are given by x0 = −η0 cos
[arctan[ε tan(ωt0)]], y0 = 0, z0 = −η0 sin[arctan[ε tan(ωt0)]] and the
initial momenta are given by px0 = p⊥ cos θ cos[arctan[ε tan(ωt0)]],
py0 = p⊥ sin θ, pz0 = −p⊥ cos θ sin[arctan[ε tan(ωt0)]], where t0 is
photoelectron tunneling instant. The weight of the trajectory can be
determined by [44, 46].

ω t0, vper( ) � ω 0( )ω 1( ) (4)

ω 0( ) � 2 Ip
∣∣∣∣ ∣∣∣∣( )2
F t0( )

∣∣∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣∣∣
2/ ���

2 Ip| |√
−1

exp
−2 2 Ip

∣∣∣∣ ∣∣∣∣( ) 3
2

3 F t0( )| |
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (5)

ω 1( ) �
vper

����
2 Ip
∣∣∣∣ ∣∣∣∣√

π F t0( )| | exp
−v2per

����
2 Ip
∣∣∣∣ ∣∣∣∣√

F t0( )| |
⎡⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎦ (6)

In the second step, the dynamics after tunneling can be
described by a classical Newtonian equation [47–52],

d2 �r

dt2
� − �F t( ) − ∇V r( ), (7)

where the effective potential, V(r), exerted on the tunneled electron
is given by

V r( ) � −Zeff

r
, (8)

where Zeff � ���
2Ip

√
is the effective charge of the ionic core, Ip the

ionization potential of the atom in question and r the distance
between the tunneled electron and the parent ionic core.

To numerically identify the electron trajectories contributed to RSE
yields, along which the electrons will be captured by the Coulomb
potential after the laser pulse ends, we search for the electron trajectories
with the energies of Ef = P2/2 − Zeff/r < 0, where P �

�����������
P2
x + P2

y + P2
z

√
is

the final photoelectron summomentum, Ef indicates the sum of kinetic
energy and potential energy of the electron after the laser pulse ends.
While the trajectories with energies of Ef > 0 will contribute to
ionization yields. The weights of the corresponding photoelectron
trajectories are summed up to calculate the yields of the RSE and
ionization processes, respectively.

3 Nonadiabatic model

Compared to the CTMC model described above, in our
nonadiabatic model, the initial photoelectron momenta, tunnel exit,
and instantaneous ionization rate have been further corrected by the
nonadiabatic effect [9, 12, 42, 43]. Based on the S-Matrix theory [53, 54],
the transition probability from the groundstate to a continuum state can
be described by W � exp −2ImS{ }, where
S � ∫t0

ts
dt 1

2[P + A(t)]2 + Ip{ }, P = (Px, Py, Pz) is the final

photoelectron momentum after the laser pulse ends in the
laboratory coordinate systems, A(t) the laser vector potential, and
ts = t0 + iti the complex transition point, which can be obtained by
the numerical solution of the saddle-point equation
[P + A(ts)]2 + 2Ip � 0. The real part (t0) of ts is the above-
mentioned photoelectron tunneling instant and the imaginary part
(ti) of ts denotes the imaginary time spent by the electron in the sub-
barrier process. The saddle-point equation can be rewritten by,

1
2

Pz − F0/ω sinωt0 coshωti − iF0/ω cosωt0 sinhωti( )2
+1
2

Px + εF0/ω cosωt0 coshωti(
−iεF0/ω sinωt0 sinhωti)2

+1
2
P2
y + Ip � 0 (9)

The initial photoelectron momentum, p = (px, py, pz), satisfies p = P
+ A(t0). Thus, one can obtain

Pz � pz + F0 sinωt0/ω
Px � px − εF0 cosωt0/ω
Py � py

(10)

In the plane of the polarization ellipse, pz and px relate to the initial
photoelectron longitudinal (p‖) and transverse (p⊥) momentum,
where the subscript ‖ (⊥) indicates the direction parallel
(perpendicular) to the transient laser polarization direction, in
the rotating coordinate system by

pz � p‖ cos β − p⊥ sin β
px � p‖ sin β + p⊥ cos β

(11)

where β � tan−1(ε tanωt0) is the angle between the transient laser
polarization direction and the z axis in the x-z plane. Substituting
Eqs 10, 11 into Eq. 9, one obtains

coshωti �

1

a4 − ε2
ε

aω

E0
p⊥ − ε( ) ± a2 ×

������������������������������
aω

E0
p⊥ − ε( )2

+ a4 − ε2( ) 1 + γeff
2

a2
( )√√⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,

a2 ≠ ε| |

1
2

1 − aω

εE0
p⊥( ) +

a2 1 + γeff2

a2
( )

2ε2 1 − aω

εE0
p⊥( ), a2 � ε| |

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(12)

p‖ � 1 − ε2( )F0 sinωt0 cosωt0 coshωti − 1( )
aω

(13)

where a � �����������������
cos2 ωt0 + ε2 sin2 ωt0

√
is the normalized instantaneous

laser field and the effective Keldysh parameter γeff �
ω

�����������
2(Ip + p2

y0/2)
√

/E0.
In the SFA theory, the electron sub-barrier trajectory can be

described by r(t) � ∫t

ts
dt′[P + A(t′)], and the tunnel exit is

obtained with the real part of the sub-barrier trajectory at t0,
i.e., Re[r(t0, ti)] � Re[∫t0

t0+iti dt′[P + A(t′)]]. Thus, the coordinates
of the tunnel exit r0 = (x0, y0, z0) can be given by,

x0 � εF0

ω2 sinωt0 1 − coshωti( )
z0 � F0

ω2 cosωt0 1 − coshωti( )
y0 � 0

(14)
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The ionization probability can be obtained by,

Γ � exp −2 P2

2
+ Ip + Up( )ti + 2Pz

F0

ω2 sinωt0 sinhωti[
−2Px

εF0

ω2 cosωt0 sinhωti

+F
2
0 1 − ε2( )
4ω3 cos 2ωt0 sinh 2ωti] (15)

where Up � (1 + ε2)F2
0/4ω

2 is the ponderomotive energy.
In our calculations, the tunneling time t0 and the initial

transverse momentum p⊥ are given randomly in their
corresponding parameter spaces. While, the initial longitudinal
momentum, ti, tunnel exit and instantaneous ionization
probability rate can be obtained with Eqs 12–15, respectively.
The following evolution of the photoelectron can be achieved by
numerically solving the Newtonian equation Eq 7. The electron
trajectories relevant to the RSE and ionization processes are found
by the identical procedures described in the last section.

4 Results and discussion

The typical CTMC calculation results for Ar subject to strong
elliptically polarized laser fields at a series of laser wavelengthes and
intensities are presented in Figure 1A, where a maximum of the ratio
between RSE and ionization yields at ε = 0.3 can be identified in the
case of the laser pulse with an intensity of 0.4 × 1014W/cm2 and a
wavelength of 800 nm. Moreover, the ratio maximum at a nonzero

ellipticity disappears at the higher laser intensity or the longer
wavelength in Figure 1A. The result is similar to the adiabatic
semiclassical calculations in [31], except that the anomalous ratio
maximum at a nonzero ellipticity persists at a higher intensity of
0.8 × 1014W/cm2 at 800 nm in [31]. The difference can be attributed
to the fact that, compared to the 2-dimensional adiabatic
semiclassical model employed in [31], where the influence of
Coulomb potential has been overestimated, a 3-dimensional
adiabatic semiclassical model, which could be closer to the real
physical scenario, is employed in this work. The numerical results in
[31] can be well reproduced if the photoelectron dynamics in our
model are confined in the 2-dimensional polarization ellipse plane
at y = 0.

In order to comprehend the ellipticity dependence of the
ratio between the RSE and the ionization yields, based on the
calculations of adiabatic model, we present the laser phase
dependence of the initial photoelectron transverse
momentum distributions at ε = 0, ε = 0.1, ε = 0.3 for
tunneling (including the contributions of both ionization and
RSE processes) (Figures 2A–C), ionization (Figures 2F–H) and
RSE (Figures 2K–M), respectively. In addition, the distributions
of the RSE process with V(r) = 0 applied in Eq. 7 except in the
calculation of the final energy of the electron are depicted in
Figures 2P–T. In this case, since the final kinetic energy of the
tunneled electron is solely determined by the initial transverse
momentum and tunneling phase which gives the acceleration
p = −A(ti), the distribution shows a symmetric filled circle in
Figure 2P) for ε = 0. When the ellipticity increases, the initial
transverse momentum shifts toward positive direction to
compensate the additional acceleration due to the increasing
minor axis of the laser field. The distribution becomes
asymmetric with respect to p⊥ considering the Guassian
distribution Eq. 6 (see Figures 2P, Q)). If the Coulomb
potential is included in the calculation, comparing Figure 2P)
with Figure 2K, the distribution is modified significantly. Firstly,
the distribution region is enlarged prominently due to attraction
of the Coulomb potential which reduces the final kinetic energy
of the electron. Secondly, different regions inside the circle are
modified in different manner due to influence of the Coulomb
potential. The regions denoted by A and C, which possess large
initial transverse momentum and tunneling moment near the
crest of the field, are affected by the Coulomb potential most
slightly because of relatively large initial transverse momentum
which makes the electron move far away from the core during
evolution after tunneling. When the tunneling phase moves
away from the crest of the laser field, i. e., entering region B,
the electron will move closer to the core due to relatively small
initial transverse momentum and hence interact strongly with
the Coulomb potential, resulting in decreased capture
probability. Especially, according to the simple-man picture,
electron tunneled out with positive phase (ωt0 > 0) will return to
the core or return to re-cross the x-y plane if the initial
transverse momentum of the electron is considered in the 3-
dimensional case [55]. Rescattering of the electron upon the
core, or in other words, strong interaction between the electron
and the core, will significantly increase the kinetic energy that
the electron gains in the field. This effect leads to missing upper
part of the circle, especially for the small initial transverse

FIGURE 1
(A) The calculated ratio between the yields of RSE and ionization
processes as a function of the ellipticity by the adiabatic semiclassical
model. The laser intensities are indicated in the unit of 1014W/cm2. The
laser wavelengthes are 800 nm (black squares and blue triangles)
and 1,600 nm (red circles). (B–F) The calculations by the nonadiabatic
semiclassical model. The calculated normalized yields of RSE (black
squares), ionization (red circles) and the ratio between them (blue
triangles) as a function of the ellipticity at the intensities of (D) 0.4, (B)
0.8 and (C) 1.6 (in the unit of 1014W/cm2) at 800 nm. The ellipticity
dependence of the corresponding normalized yields at the
wavelengthes of 800 nm (D), 1300 nm (E), 1600 nm (F) at 0.4×1014W/
cm2 have also been presented.
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momentum region, resulting in two symmetric hook-like
structures shown in Figure 2K. For the region of negative
tunneling phase (ωt0 < 0) considered here, the electron will
also return to re-cross the x-y plane due to attraction of the
Coulomb potential though it should directly move out without
return according to the simple-man picture which does not take
into account the Coulomb potential. Depending on the initial
condition, some of the tunneled electrons will interact with the
core strongly, gains large kinetic energy and escapes. It is
noteworthy that the overall shape of the RSE region is very
similar to that obtain by the 2-dimensional simulation in Ref.
[31], the distribution inside the RSE region possesses more
structures for the 3-dimensional calculation while it is almost
empty for the 2-dimensional simulation. This difference can be
attributed to that, in 2-dimensional case, the electron will
interact with the core much strongly and then gains enough
energy to escape, resulting in two symmetric crescent-like
structures, while, in the 3-dimensional case, the situation is
much more complicated. Note that there are even more
structures near the center of the RSE region which can be
ascribed to chaotic behavior of the electron moving in the
combined Coulomb potential and external laser field. Many
electrons will experience multiple returns and some may even
circle around the core many time before they move away from
the core [56], giving rise to complex structures in the region.
When the ellipticity increases, the RSE region shifts to the
positive direction of the initial transverse momentum for the
same reason as that in the calculation without considering
Coulomb potential (Figures 2P–R). To show the ellipticity
dependent probabilities more clearly, we plot the

distributions of initial transverse momentum (integral over
tunneling phase) and tunneling phase (integral over initial
transverse momentum) in the right two columns in Figure 2.
One can find that all the distributions of tunneling phase are
symmetric with respect to the crest of the laser field and hardly
change with increasing ellipticity while the distributions of
initial transverse momentum change noticeably with
ellipticity. For the calculation without taking into account the
Coulomb potential in evolution, the distribution of RSE shifts
toward positive momentum but the shape keeps unchanged (see
Figure 2S). When the Coulomb potential is fully considered, the
distribution of RSE becomes much broader and possesses multi-
peak structure for ε = 0. It shifts toward positive momentum and
changes to a single-peak distribution with increasing ellipticity.
This can be understood that since the distribution of the
tunneling hardly changes with ellipticity, the regions B and C
drop fast when the distribution of RSE shifts, so only the peak in
region A remains. In addition, when the ellipticity increases, the
peak in the region A shift toward the peak of the distribution of
tunneling and coincides with the peak of tunneling at ε = 0.3,
thus the ratio between RSE and ionization yields increases and
reaches maximum at ε = 0.3. If the ellipticity increases further,
the peak in the region A shifts away from the peak of tunneling
distribution and thus drops quickly (see black squares in
Figure 1A).

To understand the laser intensity and wavelength dependence of
the ratio between the RSE yields and the ionization yields in
Figure 1A, the laser phase dependence of the initial
photoelectron transverse momentum distributions for tunneling,
ionization and RSE processes at the ellipticities of 0.1 and 0.3 at a

FIGURE 2
The laser phase dependence of the initial photoelectron transverse momentum distributions for tunneling (A–C), ionization (F–H) and RSE (K–M),
(P–R) processes at the ellipticities of ε =0 (A, F, K, P), ε =0.1 (B, G, L, Q), ε=0.3 (C, H, M, R). The initial photoelectron transversemomentum distributions in
(D, I, N,S) and laser phase distributions in (E, J, O, T) are extracted from the data of (A–C), (F–H), (K–M) and (P–R), respectively. These data are calculated
by the CTMC model with the laser intensity of 4×1013W/cm2 and the wavelength of 800 nm. For the data in (P–R), the Coulomb potential
corrections of the photoelectron trajectories are ignored. Please find more details in the text.
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higher intensity of 1.6 × 1013W/cm2 (at 800 nm) and a longer
wavelength of 1,600 nm (at 0.4 × 1014W/cm2) are given in
Figure 3. Firstly, we concentrate on the laser intensity
dependence of the ratio between RSE and ionization yields.
When the intensity increases, the tunneling exit shifts toward the
core and hence leads to stronger rescattering effect of the tunneled
electron. Moreover, considering that the kinetic energy of the
electron gained from the laser field is proportional to the
intensity, the tunneling phase will be reduced significantly in the
positive direction for the initial phase distribution of RSE. In the
negative direction of the tunneling phase, since these electrons
interact with the core softly, the distribution also shrinks but not
so prominently as that in the positive direction. Therefore, the
maximum of the RSE distribution shifts to negative tunneling phase
as can be seen in Figures 3I–L) which show clear asymmetry with
respect to the crest of the laser field. In this case, when the ellipticity
increases, the RSE distribution shifts toward positive momentum
but the maximum will miss the peak of the tunneling phase

distribution (see Figures 3I, J), resulting in decreasing ratio of
RSE/Ion as shown in Figure 1A (blue triangles) for high
intensity. The same analysis given above can also be applied to
the case of longer wavelength (1,600 nm) depicted in Figure 3. It
should be noted that, since the intensity of the laser field is the same
as that used in Figure 2, the tunneling exit does not shift but the
kinetic energy gained by the electron, which is proportional to Up ∝
Iλ2, is the same as that of the high intensity case for 800 nm, so the
asymmetry in the tunneling phase direction is less pronounced than
that of the former case (comparing Figure 3X) with Figure 3L)).
However, the maximum is still in the negative tunneling phase and it
will also miss the peak of the tunneling phase distribution with
increasing ellipticity, giving rise to decreasing ratio of RSE/Ion
shown in Figure 1A (red circles).

Based on the above analysis of the CTMC calculation results,
we further investigate the nonadiabatic effect on the ratio of RSE
yields over ionization yields. The calculations with the
nonadiabatic model are presented in Figures 1B–F). As shown

FIGURE 3
The laser phase dependence of the initial photoelectron transversemomentum distributions for tunneling (A, B, M, N), ionization (E, F, Q, R) and RSE
(I, J, U, V) processes at the ellipticities of ε =0.1 (A, E, I, M, Q, U), ε=0.3 (B, F, J, N, R, V). The initial photoelectron transversemomentum distributions in (C,
G, K, O, S, W) and laser phase distributions in (D, H, L, P, T, X) are extracted from the data of (A, B, E, F, I, J, M, N, Q, R, U, V), respectively. The laser
intensities are 1.6×1014W/cm2 (A–L) and 0.4×1014W/cm2 (M–X). The laser wavelengthes are 800 nm (A–L) and 1,600 nm (M–X). These data are
calculated by the CTMC model.
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in these panels, with rising ellipticity, both the ionization and
RSE yields decrease rapidly. With closer inspection, the RSE
yields decrease even faster than the ionization yields for all the
laser intensities and wavelengthes investigated in this work. It can
be found that the slope of the ellipticity dependence of RSE
(ionization) yields becomes more and more steep (flat) for higher
laser intensities or longer wavelengthes. As a result, the ratios
between the RSE yields and the ionization yields become steeper
with rising ellipticity for stronger laser intensities or longer
wavelengthes. Therefore, the ratio maximum at a nonzero
ellipticity disappear if the nonadiabatic effect has been
considered in the semiclassical model.

The calculation results of the nonadiabatic model are in stark
contrast to those in [31] (and also the data in Figure 1A), where a
radical maximum of the ratio can be identified at ε ≈ 0.2 (or ε =
0.3) at 800 nm. On the contrary, the calculation results of
nonadiabatic model are qualitatively consistent to those in
[32], where the RSE yields also decrease faster at higher laser
intensity. Considering that our CTMC calculations qualitatively
match the results in [31] where the nonadiabatic effect has been
ignored, we can conclude that the nonadiabatic effect must be the
physical origin behind the difference between the results of
[31, 32].

To comprehend the influence of the nonadiabatic effect on
the ellipticity dependence of the ratio, we present the laser phase
dependence of the initial photoelectron transverse momentum
distributions for tunneling, ionization and RSE processes at the
ellipticities of ε = 0.1 and ε = 0.3 in Figure 4. Although the laser
parameters of Figure 4 is identical to those of Figure 2, as well
documented (see, e.g., [9]), the nonadiabatic effect will lead to a
shift of the tunneling exit to the core, compared to its adiabatic

counterpart. Therefore, the contribution of the rescattering
process could be significantly enhanced, giving rise to the shift
of the RSE area to the negative direction of the laser phase.
Furthermore, in contrast to the zero photoelectron longitudinal
momentum employed in the CTMC model, a significant nonzero
photoelectron longitudinal momentum is introduced by the
nonadiabatic effect. As shown in Ref. [54], the initial
longitudinal momentum is always along the direction of -A(t),
i. e., the final kinetic energy of the tunneled electron will be
increased if the initial longitudinal momentum is taken into
account. So the RSE distribution shrinks in the direction of
tunneling phase. In addition, in the falling edge of the laser field
where the electron is expected to return to the x-y plane in the
simple-man picture, the initial longitudinal momentum always points
to the core, so the rescattering effect is also enhanced, which will reduce
the distribution in the positive initial longitudinal momentum region. As
shown in Figures 4K, L), strong asymmetry can be found in the
distributions of initial longitudinal momentum and tunneling phase
for RSE process. Therefore, the nonadiabatic modification of the
tunneling exit and the initial photoelectron longitudinal momentum
lead to that laser phase range of RSE area in Figures 4I–LJ) becomes
narrower and shifts to the negative direction of laser phase, if compared
to the results in Figures 2L,M, O.Meanwhile, the laser phase range of the
tunneling areas in Figures 4A, B, D is still symmetric (close to that of
Figures 2A, B, D). Thus, with rising ellipticity, the dominant yields of RSE
distribution will miss the peak of the tunneling distribution (Figure 4A),
which, in turn, leads to the absence of the ratio maximum at a nonzero
ellipticity.

In Figure 5, calculation results by the nonadiabatic model at a
higher laser intensity and a longer wavelength are presented. At a
higher intensity, as shown in Figures 5A, B, D, the laser phase

FIGURE 4
The laser phase dependence of the initial photoelectron transverse momentum distributions for tunneling (A, B), ionization (E, F) and RSE (I, J)
processes at the ellipticities of ε =0.1 (A, E, I), ε =0.3 (B, F, J). The initial photoelectron transverse momentum distributions in (C, G, K) and laser phase
distributions in (D, H, L) are extracted from the data of (A, B), (E, F), and (I, J), respectively. The initial photoelectron longitudinal momentum distributions
for tunneling (C), ionization (G) and RSE (K) are also presented. These data are calculated by the nonadiabatic model with the laser intensity of
4×1013W/cm2 and the wavelength of 800 nm.
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ranges of the tunneling areas become wider, compared to its
lower intensity counterpart (see Figures 4A, B, D). In the
meantime, at the higher intensity, the width of lase phase
range of the RSE distribution hardly changes and but its peak
shifts to the negative direction of laser phase due to the larger
contribution of rescattering process, resulting from shift of
tunneling exit towards the core at higher laser intensity. Thus,
the peak of the RSE distribution shifts by passing the region
farther away from the tunneling distribution with rising
ellipticity than that in the lower intensity case, which, in turn,
leads to a monotonous faster decrease of the ratio (comparing
Figures 1C, D). In the case of a longer wavelength, in Figures 5M,
N, P, the laser phase ranges of the tunneling areas are close to the
case of 800 nm (see Figures 4A, B, D). However, the laser phase
ranges of the RSE areas become obviously narrower and shifts to
negative laser phase compared to the case of 800 nm due to the
larger photoelectron acceleration by the laser field at the longer
wavelength. In addition, since the acceleration of the field is
proportional to E0/ω, the RSE distribution shifts much faster in

the initial transverse momentum axis for long wavelength case
comparing with the shorter wavelength with the same intensity
(comparing Figures 5U–W with Figures 4I–K). Thus, the ratio of
RSE/Ion decreases faster with rising ellipticity for longer
wavelength than that in the 800 nm case which can be clearly
seen by comparing Figures 1D, F).

5 Conclusion

Using a semiclassical model where the nonadiabatic effect can
be chosen to be included or ignored, we found that the
documented anomalous behavior of the ratio between RSE
and the ionization yields, which maximizes at a nonzero
ellipticity, is absent when the nonadiabatic effects are taken
into account. Our analysis indicates that this result can be
attributed to the nonadiabatic modification of the tunneling
exit and the initial momentum distribution of the tunneled
electron at the tunneling exit.

FIGURE 5
The laser phase dependence of the initial photoelectron transversemomentum distributions for tunneling (A, B, M, N), ionization (E, F, Q, R) and RSE
(I, J, U, V) processes at the ellipticities of ε=0.1 (A, E, I, M, Q, U) and ε=0.3 (B, F, J, N, R, V). The initial photoelectron transversemomentum distributions in
(C, G, K, O, S, W) and laser phase distributions in (D, H, L, P, T, X) are extracted from the data of (A, B, (E, F, I, J, M, N, Q, R, U, V), respectively. The initial
photoelectron longitudinal momentum distributions for tunneling (C,O), ionization (G, S) and RSE (K, W) are also presented. The laser intensities are
1.6×1014W/cm2 (A–L) and 0.4×1014W/cm2 (M–X). The laser wavelengthes are 800 nm (A–L) and 1,600 nm (M–X). These data are calculated by the
nonadiabatic model.
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