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Short-duration and high-amplitude electric pulses have recently been used for
two different biological tasks: stimulating physiological actions such as heart rate
or defibrillation and invoking cell annihilation, as in cancer treatment or atrial
fibrillation ablation, by electroporation. However, the physics behind the influence
of such pulses has been controversial due to the linear methods used in the
analyses. We present the results of a simple nonlinearmodel to study this situation.
Results for the specific nonlinear model show that, below a certain pulse duration,
stimulating threshold levels increase rapidly, while the delivered energies reach
the lowest plateau. This renders former energy estimates based on linearmodels,
which show a distinct minimum in the calculated delivered energy at a certain
amplitude which is invalid for the real nonlinear case. It is notable that these results
explain why short high-amplitude pulses are more beneficial to the patient than
lower and longer ones in pacing. However, these pulses should not be too high,
since no additional energy reduction is achieved and electroporation processes
could occur. To further reduce the tissue burden, a train of pulses is necessary, but
delivered energies become higher. Considering this case, we clarify the difficulty
of reaching threshold at the end of the nth pulse for n > 2 not previously reached
and find the “best” conditions for such a train of pulses.
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Introduction

There has been a substantial increase in recent applications of nanosecond-duration
high-intensity pulses in medicine and biophysics. This field is called “nanosecond pulsed
electric field” (nsPEF). Applications are divided between two types of pulse-energy,
depending on the influence of the tissue. One type is pacing by a either single nsPEF or
by a burst or a train of nsPEFs stimulations, such as in a heart implantable cardioverter
defibrillator (ICD [1, 2]) in which the task is to use the electric field amplitude to cross a
threshold (open a voltage-gated channel) with as little energy delivered to the tissue by the
pulse(s) as possible in order to avoid accompanying harm such as pain or electroporation.

The other type is electroporation [3–6]. Electroporation by intense pulsed electric fields
(PEF) has recently become the major application of nanosecond-PEF (nsPEF). It is used in
medicine for many therapeutic tasks, including electrochemotherapy and gene transfer.
Newer applications of this method have been used for tumor and heart ablation procedures.

OPEN ACCESS

EDITED BY

Julie Constanzo,
INSERM U1194 Institut de Recherche en
Cancérologie de Montpellier (IRCM),
France

REVIEWED BY

Mehmet Burcin Unlu,
Boğaziçi University, Türkiye
Vassilios Kovanis,
Virginia Tech, United States

*CORRESPONDENCE

Avinoam Rabinovitch,
avinoam@bgu.ac.il

RECEIVED 17 November 2022
ACCEPTED 29 August 2023
PUBLISHED 03 October 2023

CITATION

Rabinovitch A, Braunstein D, Aviram I,
Smolik E, Biton Y, Rabinovitch R and
Thieberger R (2023), Assessing delivered
pulse-energies by a nonlinear model.
Front. Phys. 11:1071432.
doi: 10.3389/fphy.2023.1071432

COPYRIGHT

© 2023 Rabinovitch, Braunstein, Aviram,
Smolik, Biton, Rabinovitch and
Thieberger. This is an open-access article
distributed under the terms of the
Creative Commons Attribution License
(CC BY). The use, distribution or
reproduction in other forums is
permitted, provided the original author(s)
and the copyright owner(s) are credited
and that the original publication in this
journal is cited, in accordance with
accepted academic practice. No use,
distribution or reproduction is permitted
which does not comply with these terms.

Frontiers in Physics frontiersin.org01

TYPE Original Research
PUBLISHED 03 October 2023
DOI 10.3389/fphy.2023.1071432

https://www.frontiersin.org/articles/10.3389/fphy.2023.1071432/full
https://www.frontiersin.org/articles/10.3389/fphy.2023.1071432/full
https://www.frontiersin.org/articles/10.3389/fphy.2023.1071432/full
https://crossmark.crossref.org/dialog/?doi=10.3389/fphy.2023.1071432&domain=pdf&date_stamp=2023-10-03
mailto:avinoam@bgu.ac.il
mailto:avinoam@bgu.ac.il
https://doi.org/10.3389/fphy.2023.1071432
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org/journals/physics#editorial-board
https://www.frontiersin.org/journals/physics#editorial-board
https://doi.org/10.3389/fphy.2023.1071432


While these issues are beyond the scope of the present work, we note
that the physical interactions of the pulses with the tissue are quite
different in these applications. This procedure exploits the focused
energy, the high electric field of the pulse, its time duration, and
other details such as the rise and fall times (see [7] for discussion).
These cause electroporation, a process by which pores are created in
the cell in order to either insert compounds (such as medications)
into it or for “irreversible electroporation” to induce cell death
(judicial cell death) [8] by apoptosis, necrosis, or newer methods
such as pyroptosis or necroptosis [9]. Judicial cell death has recently
been used to eliminate tumors [10, 11] and heart atrial or ventricular
fibrillation ablations [12]. Note that Joule heating is worsened when
the energy is tightly focused, so longer duration treatments and
lower pulse repetition rates would constitute a preferable treatment.
It should be noted that, over the past decade and a half, extensive
research has teased out and maximized the therapeutic efficiency of
different pulses and waveforms, including packets/bursts of pulses,
mono- vs. biphasic, and the introduction of asymmetric delays to
reduce tissue heating. Heating is a major problem in pulse treatment.
This issue has recently been discussed from several points of view
[13]. Furthermore, a combination of shorter, high-voltage pulses
with longer, low-voltage pulses has investigated the domination of
the electrophoretic effect in gene/molecule uptake (see, e.g., [14] for
a clear presentation of the subject and [15] for recent advances in it).

We are here interested in the application of electric pulses for
simulation. For the benefit of the patient, the delivered pulse(s)
should have as low energy as possible to avoid pain or other
problems, but be “strong” enough to pass a threshold and cause
the required effect.

It has been shown experimentally [16] for patients that
increasing the amplitude of an applied single pulse and
decreasing its duration leads to a “gentler” influence of the
defibrillator than that obtained using regular defibrillating pulses,

in that it lowers the electrical energy delivered (EED). This feature of
lowering EED was sought in defibrillation to avoid cell damage [17],
pain, tachycardia, re-fibrillation, and even mortality [18], all of
which can arise from high-energy-delivering pulses. Recently [16,
19], a group succeeded in using nanosecond pulses to stimulate and
defibrillate rabbit hearts. It turned out that the defibrillation energy
was approximately an order of magnitude lower than that for a
millisecond defibrillation. However, the authors of the papers [16,
19] could not explain the reason for such a beneficial outcome, since
current knowledge based on linear models predicts that, as a
function of pulse duration (and the corresponding amplitude), an
EEDminimum should exist, and, for shorter (and higher) pulses, the
delivered energy must increase! Such an increase, however, does not
occur during experimentation. Experiments also show that, while in
pulse durations above ~100 nS, the stimulation-causing-excitation
threshold is lower than the electroporation threshold, the opposite is
true for much shorter pulse durations [16, 19]. Previous studies of
biphasic ns pulse or buffer conductivity and pulse duration found
that, for durations lower than 100 ns (depending on local
conductivity conditions), a phenomenon like shock formation
could cause the electroporation threshold to increase due to a)
bypassing the capacitance of the outer membrane and b) causing a
reverse uptake of ions into the cytosol instead of leakage into the
bulk media. These issues are beyond the scope of this work.

For a linear circuit, the electrical power delivered (P) is
proportional to I2R where I is the current and R is the resistivity
of the circuit. For this linear case, consider, for example, the Weiss
strength–duration rule (see, e.g., [20] and references therein) for a
current pulse delivered to a device in order to reach a threshold value
(Ith)—Ith � Rb(1 + Cr

T )—where T is the duration time of a
rectangular current pulse of amplitude Ith., Rb is the “rheobase,”
which is a stimulus strength (i.e., current), and Cr is the “chronaxie,”
which is characteristic time. Both are constants for a specific system.

FIGURE 1
Strength–duration curve: input current, Ith (semi-logarithmic scale) of single-pulse stimulation at threshold as a function of pulse duration T .
Parameters used for the calculation are displayed in the figure. Apparently, higher pulses need shorter durations for threshold crossing. Note that there is a
lower limit (asymptote) for the pulse duration, below which, regardless of the pulse amplitude, no crossing is possible.
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For a current pulse of constant amplitude Ith, the energy delivered is
Eth � Ith2RT � Rb

2(1 + Cr
T )2RT. Note that the energy becomes

infinite for T→0. This energy has a minimum value for T � Cr

which is given by Ethmin � 4Rb
2RCr. From its relation to T,

T � CrRb/(Ith − Rb) and as a function of Ith,
Eth � Ith2RCrRb/(Ith − Rb) (see, e.g., [11]).

However, biological systems are always nonlinear. For a
nonlinear system, the power–current dependence is not so simple
and the delivered energy acquires a different form. Thus, although
theWeiss or Lapique strength–duration rules were shown to be good
approximations even for a nonlinear system [21], the delivered
energy is a completely different matter.

We used the FitzHugh nonlinear model in its excitable mode,
stimulated by a single pulse or by a train of pulses to force it to reach
a threshold. The model is used to simulate, for example, an organ

under external pacing, such as a fibrillating heart receiving a single
pulse or a train of pulses by a defibrillator to terminate the
malfunction. We will attempt a possible explanation of the EED
problem, based on the nonlinearity of the device–patient interaction.
Note that we are only looking for a possible physical explanation and
not for an exact replication of an event. Our approach is similar to
Izhikevich’s explanations of other nonlinear phenomena [22].

Our results will explain why, in pacing, short pulses of high
amplitudes are more beneficial to the patient than lower and
longer ones.

A short train of pulses is considered next. Such a pacing is
necessary to further ease strain on the patient. However, we explain
why the time intervals between pulses reduce the pulses’ threshold-
crossing effect. Consequently, we present the optimal conditions for
such a short train of pulses.

FIGURE 2
Numerically calculated threshold energy (Eqs 1,2) (semi-logarithmic scale) as a function of (A) the minimum current input intensity Ith , and of (B)
pulse duration T for a single rectangular pulse. The parameters used for the calculation are displayed in the figure. Delivered energies decrease with
decreasing pulse durations and increasing pulse amplitudes up to a certain level. The energy exhibits a plateau of ¥0.016 for high values of Ith and low
pulse durations.
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The model

The FitzHugh (FH) model without diffusion (D = 0) is based on
the following system of nonlinear equations:

_v � v v − a( ) 1 − v( ) − w + I t( ), (1)
_w � ε v − dw( ),

where v can be seen as the action-potential AP appearing in the
organ, while the other variable, w, is an auxiliary variable that
simulates inhibition; ε≪ 1, a and d are constant parameters. I(t)
is the stimulating current, which in the present case is a square
pulse or a train of square pulses, each of amplitude I (constant)
and duration T, applied by the stimulator. For negative a-values,
system (1) is an oscillator while, for positive a-values, system (1)
is in its excitable state. Here, we use only the excitable state of the
system, whose behavior is as follows. With no external drive
I(t) = 0, the system is idle, its AP residing at a steady state value
(here = 0). Under a single short-pacing current pulse, the
response depends on the forcing magnitude. If the latter is
below a certain value called “threshold,” only a small AP can
be induced. However, if it is above threshold, a real single regular
AP pulse is created, after which the cell returns to the idle state.
Note that the threshold here is not absolute: it is represented in
phase space (w, v) by a so-called repeller line, (R-line). An R-line
for excitable systems is a very narrow band of phase space
overlapping a (threshold) line, a band at which trajectories

change direction in a smooth, albeit rather abrupt, manner.
The difference between an R-line and a true threshold is
discussed in [21]. Since thresholds in biological systems are
of the R-type, we only consider an example of one.

We assume that the present situation of the system (organ) can
be simulated by the resting state (v = w = 0) of the model, and that
the aim of the pulse(s) application is to cause the system to reach its
threshold (or, more exactly, the R-line).

We show that, for the nonlinear system, the energy needed for
the task decreases with a decrease in pulse duration and reaches a
steady plateau instead of a minimum and increasing again for lower
durations.

A single pulse

We consider a single unidirectional rectangular current pulse
(I(t) � Ith), a constant, delivered to the model for a duration of T
time units, where T is the time duration needed for the current of
amplitude Ith to reach threshold. In contrast to the linear case, the
electrical energy delivered is given by:

Eth � ∫T

0
Ith v dt � Ith∫

T

0
v t( )dt, (2)

where v (t) is the solution of system (1), representing the
transmembrane potential difference of monopolar electrodes and
is not equal to IR for a constant R, as for the linear case.

The minimal (asymptotic) energy (Em) for the pulse to reach
threshold can be approximated as follows.

For a very large I (that is I≫ v, w), Eq. 1 becomes _v¥I(t) or
v¥It. The threshold v � vth reached at t � T resides approximately
at the w � 0 line in phase space. Therefore, we obtain IT¥vth and
Em¥

(IT)2
2 � vth2/2. Note that, since the product IT is a constant = vth

and the minimal energy depends only on it, then, above a certain
amplitude I, this Eth will not change. Thus, below a certain T (to
match vth/ I), all threshold reaching pulses will deliver
approximately the same (minimal) energy, Em.

Calculations for the case: a = 0.12, ε � 0.01, d = 3 yielded vth ¥
0.192. Hence, an approximation for Em isEm¥ 0.016.

The system was run numerically for each I with increasing T
values until threshold (repeller) was reached. Eth was then calculated
by Eq. 2.

For Is that are too small, the system cannot reach threshold
for even very large Ts. For the case studied, it was checked that,
to achieve threshold passage, I should be larger than 0.0147.

Figure 1 shows Ith as a function of T. The hyperbolic shape is
apparent. To reach threshold, lower pulse durations entail higher
pulse amplitudes. As shown in [12], the linear approximation to this
strength–duration curve is very good. The lower asymptote, as
mentioned previously, is 0.02.

Figures 2A,B depict Eth as functions of Ith and T respectively
It is evident (Figure 2) that no pure “minimum” point arises. The

energy reaches a minimum asymptote at E ¥0.016 as expected.
Higher I values simply imply lower T’s but ~ equal energies. Thus,
increasing I values always lead to lower or equal energies, validating
the experimental measurements of [16 and 19].

FIGURE 3
Phase portrait (w as a function of v) of two rectangular pulses just
passing threshold at the termination of the second pulse. Duty cycle
(DC) is 0.5 (interpulse duration equals pulse application time). Two
cases, one T = 1 (red line) and one T = 10 (blue line), are displayed.
The effect of the interpulse time following first pulse termination is
evident as the phase portrait line moves to smaller v values, away from
the repeller, and the second pulse’s amplitude therefore increases, so
that the sum lengths of the two pulses in the T = 10 case is higher than
the single pulse of the T = 1 case.

Frontiers in Physics frontiersin.org04

Rabinovitch et al. 10.3389/fphy.2023.1071432

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2023.1071432


A train of pulses

The use of a very short single pulse to achieve the intended result
is somewhat problematic since generating such a high amplitude
pulse would call for very high electric fields (typically from 1 to over
50 kV/cm to obtain results [23]). This requirement can be overcome
[24, 25] by applying a fast train of shorter pulses [26]. However, such
an application procedure may increase the total EED to the subject,
as has been observed experimentally in a stimulation of
cardiomyocytes [27] by a single and a train of two and three
rectangular pulses. Here, the train of multiple pulses led to the
reduction of the stimulation threshold voltage compared to a single
pulse, while there was no reduction in the delivered energies
compared to a single-pulse stimulation.

To assess the energy increase using several pulses in succession,
we again consider the stimulation of our nonlinear model.

For a train of pulses, the energy delivered to reach the threshold
should be:

Eth � Ith∑n

i�1∫
ti+T

ti
v t( )dt, (3)

where ti is the initial time of the ith pulse and n marks the pulse
number at threshold passing.

Here, the application rate (or duty cycle: DC) in addition to the T
and I parameters plays a crucial role, since, during the time between
pulses, the action potential v and wmove in phase space opposite to
the direction of the repeller (see Figure 5), increasing the distance
(both in phase space and in terms of v) to the threshold. This inter-

FIGURE 4
(A) Train of two pulses’ strength–duration curve: pulse amplitude of each of a train of two rectangular pulses when threshold is achieved at the
termination of the second pulse. Note that the amplitude of each of the twin pulses depends on the duty cycle: the higher it is (and the lower the
interpulse interval is), the higher the amplitude. As pulse duration increases, deviations from the repeller grow until, eventually, a single pulse of the twin
becomes high enough to induce threshold passage by itself. (B) EED as a function of pulse duration for different values of duty cycle (DC). System
parameters are displayed. The twin pulse’s delivered energies are always higher than those of the single pulse, and the effect of the duty cycle is
noticeable, especially for long durations.
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pulse-interval-dependence causes a prolongation of T or an
amplification of Ith and an increase of EED.

Two pulses

As an example, Figure 3 depicts the situation of a train of two
pulses of the same amplitude in the attempt to reach threshold at the
end of the second pulse with a DC of 0.5. Two cases are shown, one
for short-duration pulses (T = 1) and the other for large
duration (T = 10).

The phase-space development is revealing. For the short
duration case, T = 1, the interpulse interval also equals 1.
Therefore, in this case, the decrease in v during this I = 0 period
is minimal and thus the necessary amplitude of each of the two

pulses is approximately half of the amplitude of the single pulse
needed to achieve threshold. Consequently, the EED in this case is
only slightly higher than that of the single-pulse case. On the other
hand, for the T = 10 case, the interpulse interval also equals 10,
causing a larger decrease of v in this period, leading to an increase of
the two pulses’ amplitudes to become almost the same height of the
single pulse with a much higher EED. Delivered energies are
calculated by Eq. 3.

Results are shown in Figure 4.
Figure 4 depicts the influence of both the pulse duration and the

DC on the height of each of the two pulses and the transition from a
half to almost a full size of the single-pulse amplitude. EEDs are seen
to increase both with pulse duration and decrease with the DC.

An example of this behavior is given in Figure 5, where the ratio
of the single to double pulse amplitudes for DC = .5 is depicted in

FIGURE 5
Ratio of the amplitude of a single pulse to that of the two pulses to reach threshold. (A) Ratio of input currents as a function of pulse duration.
Displayed results correspond to DC of 0.5. Other system parameters are displayed in the figures. At very low pulse durations, the amplitude of each of the
twin pulses is almost half of the single-pulse stimulation case. Sizes of the twin pulses increase with pulse durations (and the I1/I2 ratio decreases), first
linearly, and reaching asymptotically the size of a single pulse. (B) Ratio of EEDs as a function of pulse duration. Displayed results correspond toDCof
0.5. Other system parameters are displayed in the figures. The higher the pulse duration, the greater is the delivered energy needed by the twin pulses w. r.
t. the single-pulse case. Changes are similar to Figure 5A.
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Figure 5A as a function of T, showing this ratio’s decrease from 2 to
1. At a ratio of 1, there is, of course, no need for the second pulse,
since the first has already overcome the threshold. The related
delivered energies are shown in Figure 5B. It is evident that, for
T’s smaller than 0.2, these energies barely differ from those for a
single pulse, while the energies of the two-pulse train increase
rapidly for higher T values reaching ~ three times higher for T = 10.

n > 2( ) pulses.
For a train of n (>2) pulses, we have calculated an approximation for
Ithn, as follows.

In the FHN system for a constant I(t) � I (direct current), there
is a limit to I, denoted by I0, below which the system cannot reach
threshold, no matter how long the current is applied. In the
Appendix, we show that, below I0, the system approaches a
steady state—for our case, (a � 0.12; d � 3), I0 � 0.016. Thus, in
order for a single DC or a prolonged single pulse to achieve
threshold, its amplitude should at least be above I0.

For such a train, there are limits to I and T; outside such limits,
the system will not pass threshold at the end of the nth pulse, even
under the “best” conditions. The latter are: 1) to be as close to, but
slightly above, I0 . keeping the amplitude just above I0; 2) to keep the
lowest inter-pulse intervals.

We can derive an approximation for the best conditions. Recall
[21] that, according to Weiss for the linear case, and as a good
approximation also for the nonlinear case, the amplitude, Ith of a
single pulse of a short duration T, in order to pass threshold, should
be: Ith ≈ a

T. Therefore, for a train of very short n pulses, and for very
short interpulse intervals, the required amplitude of each pulse of the
train in order to not pass threshold until the end of the train and to
pass threshold exactly at this end should be approximately
Ithn� Ith/n ≈ a/Tn. The limiting value of Ithn for the FHN case,
below which threshold passing is unattainable, is again
approximately 0.016. Therefore, Tn should be approximately
higher than b � a

Ith
in order for only the last pulse to cross

threshold. The condition for T is therefore:

T ≈
b

n
. (4)

Note that the exact numerical value of b is less important in
general. It is important to note that, for n pulses, the lower limit for I
does not change, while the limit for T changes like 1/n.

As an example of the use of Eq. 4, we have calculated for n = 5 in
the FHN case that Tno ≈ 4.2 or Tnon ≈ 21, meaning that b ~ 21.
Therefore, for any n there, T should be longer than 21/n. Indeed, for
n = 10, calculations show that Tno should be ≈ 2.1.

For n = 20, T should be ≈ 1.05 for Ithn ≈ 0.018
What happens if we keep IthnTn ≈ c for c � 0.016 x 21 � 0.336,

like for n = 5 to take I � 0.033, T ≈ 2.1?
Let us try for I = 0.033: n = 10, T should be ~ 0.68 (it turned out

to be 0.675), and n = 20, T should be ~0.34 (it turned out to be
0.3398).

However, it seems that a better approximation would be if
IthnTn behaved like a hyperbole IthnTn − k � h/(Ithn − 0.016),
where k and h are constants to be derived from the model.

So let us try n = 5; I = 0.066 and then h
I−0.016 � 0.0144 or

0.2104 = IthnTn

The result for T indicates that k should be ~0.183:

IthnTn − 0.183 � 7.2x10−4

Ithn − 0.016( ).

This approximation appears to be rather good. It was checked
for a number of n and I values, with very good outcomes for T.
Additionally, for n > 3, the range of values in the vicinity of the best
conditions where threshold is achieved exactly at the termination of
the nth pulse is rather small.

Discussion

The reason for the discrepancy between the linear and nonlinear
energy results stems can be explained as follows. The energy
calculation in the linear case is based on � I2RT, where R is the
system’s resistance. However, for a nonlinear system such a constant
“resistance”mode, the system is no longer valid. Instead, resistors in
models of nonlinear devices were replaced by variable resistors (see,
e.g., the model of McNeal (1976) [28] of a myelinated axon).

Thus, our results show that the energy needed for a single pulse
to pass threshold in a nonlinear system asymptotically reaches the
lowest plateau above a certain pulse amplitude.

Although nsPEF is less efficient at neurostimulation, they can be
employed to minimize painful side effects [29, 30]. These
experimental findings cannot be explained by our results. A
puzzling experimental result is that, contrary to longer pulse
applications, under very short pulses the electroporation
threshold is lower than that of stimulation–excitation. There is
thus enough energy or pulse amplitude and duration [7] for
electroporation to occur. No involuntary muscle contractions or
pain arises which would be due to excitation. The reason for this
“threshold reversal” is unclear. A very convincing argument [31] is
that the discrepancy can be explained by the difference in the time
constants (τ′s) for each process (electroporation or stimulation).
The argument is that τ of electroporation (τe) is smaller than that of
stimulation (τs). The durations of the nanoseconds-pulses used are
shorter than τs but larger than τe. Therefore, for such short pulses,
electroporation would arise before stimulation, even if the latter does
occur, supporting the observed “threshold reversal.”

As expected for the train of pulses, the DC, in addition to the T
and I parameters, is very important. Figures 4 and 5 depict the train
of the two pulses’ situation. T marks the abscissa, and the train
period p is the identifying parameter. Thus, the duty cycle is T/p. It is
seen that: 1) as expected, the larger p is, the closer one gets to the
single pulse; 2) the T prolongation effect is substantial, causing
energy increase much above that of a single pulse—the higher the
frequency (lower the period p), the higher the effect; 3) above a
certain T (below a certain I), excitation is no longer possible. The
reason for the difficulty of reaching threshold at the end of the nth
pulse for n > 2 can be seen in phase space; for conditions “outside”
the best ones, on the one hand, threshold can already be achieved
before n, and, on the other hand, n movements away from the
repeller during the interpulse intervals dictate that the repeller can
never be reached.

The benefit of multiple short pulses with relatively high duty
cycle—closely clustered short pulses (the “best conditions”)—
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becomes evident. Not only do they not require high electric fields for
their generation, but they are also shown to deliver almost minimal
energy to the patient. If the aim is to deliver a train of n pulses, care
should be taken to keep close to the “best” conditions—to maintain
amplitudes just above the lower limit of a direct current excitation
and use a high DC. On the other hand, for electroporation
treatment, short DCs are recommended ([32] and references
therein).

The interaction of a periodic pacer with a nonlinear system is
a very important line of study in many fields. It has been pursued
intensively since Winfree’s seminal work [33]. One of the
methods of analyzing this problem was the interesting device
of time crystals, which fully describes the phase response of the
oscillation. A recent study of such an interaction [34] gives a full
pictorial usage of such time crystals. However, since the present
work treats only a single or a small number of pacing pulses, it
does not use this method.

Calculations were carried out for only one nonlinear system (the
FH); however, since the FH is a good representative of this category
and the basic understanding of the delivered energy behavior is
made clear, it may constitute ample proof of the results for general
nonlinear systems of this sort.

Our model does not include diffusion, which could have
altered the outcome. However, we wanted to compare our
nonlinear system’s response to the former linear approach
which does not involve diffusion, and (based on some
preliminary results) the alterations by diffusion incorporation
seem small.
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