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The macroscopic mechanical property and the stability of granular mechanics

system are determined by packing structure. Cells play a fundamental role in

granular statistical mechanics and thus cells were utilized in this paper to

research the packing structure of disk particles and gear particles in a two-

dimensional cubic container. The probability distribution of cell order satisfies

the exponential function distribution and is independent of intergranular

friction, the size of system and vibration. Furthermore, it is observed that

friction and system size are the key factors affecting the stability of particle

packing structure. Significantly, the relationship between volume fraction and

packing structure of disk particles is established under vibration. The

experimental results reveal the characteristics of ordered packing structure

of disordered particle system in mesoscale and provide data reference for

perfecting the theory of particle mechanics.
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Introduction

Granular materials constitute a unique and complex class of matter [1–3]. When

driven by external forces, granular materials show a highly complex response, mainly due

to the strongly dissipative, hysteretic, and nonlinear interactions. The structures of such

systems is self-organized dynamically, which is of great significance in science and

engineering [4–9]. A central task in this field is to study the change law of particle packing

structure in self-organized systems [10].

In the past few decades, different methods have been used to quantify the packing

structure of particles. Packing density, coordination number (CN), radial distribution

function (RDF) and angular distribution function (ADF) are important parameters to

describe structural characteristics [11]. Jalali et al. [12] used a hard sphere model

combined with a newly developed densification algorithm to study how a hard sphere

system eventually form amorphous or glassy states. The result showed that glass

formability is an intrinsic material property necessarily connected to crystal

formability. At present, researchers usually use cyclic shear and vibration to achieve

densification of particle packing structure [13, 14]. Nicolas et al. [13] studied the

densification process of granular materials driven by cyclic shear in experiments.
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They showed that the dynamics of the system is slow and

continuous when the amplitude of the shear is constant, while

the volume fraction of the system shows a rapid evolution when

the shear amplitude changes suddenly. An [14] used DEM to

simulate the packing densification of equal spheres subjected to

one-dimensional and three-dimensional vibrations, and

obtained the amorphous state and crystalline state with the

maximum packing densities of 0.64 and 0.74, respectively. He

analyzed in terms of CN, RDF and ADF. It was shown that the

distributions of CN have the peak values of 7 and 12 for the

amorphous state and crystalline state, respectively. The

distributions of RDF and ADF showed isolated peaks and

orientation preferences for the crystalline state, indicating the

long range and angle correlation among particles commonly

observed in the crystalline state. Voronoi tessellation, as a

straightforward way to tessellate packing volume, is widely

used in particle flow fields [15, 16]. Meyer et al. [4] used the

Voronoi diagram to partition the volume. They investigated the

existence of random close and random loose packing limits of

monodisperse hard disks in a two-dimensional particle system.

They used a statistical mechanics approach based on several

approximations to predict the probability distribution of

volumes, indicating that the limiting densities of the jammed

packings exist according to their coordination number and

compactivity. This result has implications for the

understanding of disordered states in the disk packing

problem and the existence of a putative glass transition in

two-dimensional systems. In recent years, a new method to

describe local random structures has emerged, which consists

of constructing space-tessellating volume elements, called

quadrons [17, 18]. Matsushima et al. [18] have studied in

detail the effects of intergranular friction and initial

conditions on the structural characteristics of two-dimensional

granular assemblies. They have shown that structure can be

analyzed quantitatively by using the quadron description. In

particular, they have established that a number of distributions

collapse onto single curves, pointing out that structural

characteristics are independent of initial states and friction

coefficients.

Cells which defined as the smallest closed loops of contacts

between particles that touch at least two neighbors are closely

related to quadrons [19]. Cells can accurately describe the local

structural features and characterize the mechanical stability of

the particle system. Establishing the relationship between

structural features and mechanical stability of particle systems

plays an important role in understanding the properties of the

system [6, 19, 20]. Sun et al. [19] used cells to determine the

structure characteristics of the particle system under different

particle friction coefficients. They found that the probability

distribution of cell order satisfies the exponential function

distribution, which indicates that the structure of the particle

system is self-organized and the distribution characteristics are

independent of the friction coefficients. Furthermore, they

showed that very high-order cells are short-lived in such

systems, implying that the system is liquid-like rather than glassy.

In this paper, cells are used to study the characteristics of

packing structure in two-dimensional cubic container under

different external forces driving. By comparing the cells

differences of disk particles and gear particles in the cubic

container under different external forces driving, the rules of

the structural characteristics were studied. The paper is

organized as follows. In Section 2, we introduce the

experimental setup system and cell construction method. In

Section 3, we analyze the effects of intergranular friction, the

size of system, and vibration on the packing structure

characteristics of the disordered two-dimensional particle

systems. Finally, the main conclusions of the study are

presented in Section 4.

Experiment setup

Experiment parameters

As shown in Figure 1, the whole system consists of a two-

dimensional cubic container, a vibrator, a camera and a light

source. The two-dimensional cubic container is made of 5 mm

toughened glass, with a height of 50 cm, a thickness of 5cm, and a

width adjustable within the range of 20–35 cm. The height of

camera (3F04M, Revealer, China) can be adjusted to exactly

capture the center of the cubic container. The resolution of

camera is 1,691 × 1,489 pixels, and the spatial resolution of

the image captured by the camera is calculated to be 0.042 mm/

px by proportional approximation. The LED (SL-200W, Godox,

China) light source has output power of 200 W and beam

diameter of 400 mm. The particles we used were made of

plexiglass, including gear particles with a diameter of 9.8 mm

FIGURE 1
Figure of the experimental setup.
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and a thickness of 4.7 mm, and disk particles with a diameter of

10 mm and a thickness of 4.4 mm.

First, the experiment should determine the width of the

container. Then, the cubic container was placed on the

workbench and the particles ware loaded into the container

by distributed filling [21]. The light is evenly irradiated on the

particles by adjusting the position of the light source. Finally, the

aperture and focal length of the camera should be adjusted so that

the central point of each particle can be clearly captured.

Similarly, to ensure that uniform force is obtained, the cubic

container was placed in the center of the vibrator after the disk

particles are loaded by distributed filling in the experiment. The

exposure time for the camera is set to 1,000 μs and the sampling

rate is 100 fps.

Cells

Figures 2A,B show the images of a certain region of the gear

particles and disk particles collected in an experiment, respectively.

In order to accurately draw the cell distribution map of particles, a

series of processes are performed on the collected images. Firstly,

the global threshold segmentation method [22] is used to segment

the initial image, and the particles are separated from the image

background to obtain a binary image. The global threshold

segmentation method is shown in Eq. 1:

B(x, y) � { 0, F(x, y)<T
1, F(x, y)≥T

(1)

where, B(x, y) is the pixel value of the point (x, y) of the binary

image after threshold segmentation, 0 represents black,

1 represents white, F(x, y) is the pixel gray value of the point

(x, y) in the initial image and T is the best gray threshold. The best

gray threshold is selected by the bimodal method. The principle

of the bimodal method is that the distribution of the one-

dimensional gray histogram of the initial image is bimodal

and the two peaks represent the target and the background in

the initial image respectively. While the trough represents the

edge between the target and the background, which is the best

threshold value selected.

FIGURE 2
Particle characterization diagram; (A) Initial image of gear particles; (B)Characterization result of gear particles; (C) Initial image of disk particles;
(D) Characterization result of disk particles.
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Then, the center point of the particle is positioned and the

particle is replaced by the center coordinate point. The center

point coordinates ( �X, �Y) of the particles can be expressed as Eq. 2:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

�X � 1
S
∑M−1

x�0
∑N−1

y�0
yB(x, y)

�Y � −1
S
∑M−1

x�0
∑N−1

y�0
xB(x, y)

S � ∑M−1

x�0
∑N−1

y�0
B(x, y)

(2)

where, S represents the area of the connected domain in the

binary image, (x, y) represents the coordinates of the pixels in the

binary image, (M, N) is the maximum value of pixel coordinates

(x, y) in connected domain and B(x, y) is the pixel value

corresponding to (x, y) in the binary image.

Finally, determine whether the two particles are in contact

with each other. The Euclidean distance method is used to

calculate the distance between the center points of two

particles, as shown in Eq. 3:

d([ �X1, �Y1], [ �X2, �Y2]) �





















( �X1 − �X2)2 + (�Y1 − �Y2)2

√
(3)

For gear particles, set the distance between the center points

of adjacent particles as dg ϵ [d1, d2], where d1 is the inner diameter

and d2 is the outer diameter of the gear particles. When d1 ≤ d ≤
d2, the two gear particles are judged to be in contact with each

other and the center point coordinates of the two particles are

connected. The above calculation process is repeated and the

coordinates of the center points of all gear particles that meet the

threshold conditions are connected to complete the cell

construction. In this way, we can accurately characterize the

cell of gear particles as shown in Figure 2B. For disk particles, the

diameter dd = 10 mm of the disk particles is set as the threshold

condition to judge whether the two particles are in contact.When

d ≤ dd, the two disk particles are judged to be in contact with each

other and the disk particles are operated like the above gear

particles to complete the cell construction, as shown in

Figure 2D.

The cell order n is equal to the contacts contained in the cell.

The blue shadow in Figure 2B indicates the schematic diagram of

cell order n = 11 (11-Cell). The blue shadow in Figure 2D

indicates the schematic diagram of cell order n = 3 (3-Cell),

which is the smallest cell. P(n) is the occurrence probability of cell

order n. In the experiment, P(n) can be obtained by counting cell

order n in all collected images. Compared with the initial image,

we find that there are still errors in judging whether the particles

are in contact. The errors are mainly caused by the inevitable

distortion at the edges of the initial image. Hence, there is a slight

error in the characterization of the particles at the edges of the

image. In this regard, we placed the camera as far away from the

cubic container as possible to effectively reduce the error.

Results and discussion

Probability distribution of cell order

Figures 3A,B indicate the distribution of gear particles and

disk particles in the 35*30 cm container respectively. We can see

that the cell distribution of gear particles is relatively loose under

gravity, while the cell distribution of disk particles of the same

size is relatively concentrated. These results above suggest that

the system of disk particles with less friction is more likely to

form crystals, while the gear particle system with the friction

close to infinity is more likely to form high-order cells [23].

By counting the cells of each order in 50 experiments, the

probability distribution of cell order was obtained, and the result

is shown in Figure 3C. It can be seen that the probability

distribution of cell order of gear particles and disk particles

both obey the exponential function distribution. The cell

order probability distribution curve of particle packing

satisfies Eq. 4:

lnp(n) � a + bn (4)

where a and b are fitting parameters. The fitting parameter b can

characterize the loose degree of the packing structure. The fitting

parameter b of gear particles is bigger than that of disk particles,

which indicates that the cell distribution of gear particles packing

is more loosely. Furthermore, the occurrence probability of cell

order n = 3 of disk particles is greater than that of gear particles,

the occurrence probability of cell order n = 4 of gear particles and

disk particles is about equal. When order n ≥ 5, the occurrence

probability of cells order n of gear particles is greater than that of

disk particles. Note that the occurrence probability of cell order

n = 13 of disk particles and occurrence probability of the cell

order n = 15 of gear particles both deviate from the exponential

function curve, because the probability of high-order cells

appearing is random, which is consistent with the results of

self-organized criticality model [24].

Size effect

Figure 4A illustrates the cell order probability distribution of

gear particles under different size of system. It can be found that,

the cell order probability distribution still satisfies the

exponential function distribution after changing the size of

system. However, the fitting parameter b of the curve shows

an upward trend with the increase of the container width as

shown in Figure 4B. This reveals that the increase of the width

would lead to the loose packing structure of cells within a certain

range of container width, thus reducing the mechanical stability

of the particle system. Although the friction of disk particles is

different from that of gear particles, the similar phenomenon can

also be observed in the disk particles system after changing the
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FIGURE 3
The structure characteristics of gear particles and disk particles; (A) Cell distribution of gear particles; (B) Cell distribution of disk particles,
different colors are used in the figure to distinguish cells with different orders; (C) Cell order probability of gear particles and disk particles. The
abscissa n represents cell order, and the ordinate P(n) represents the occurrence probability of cell order n. The least-squaremethod is used to fit the
raw data, and the fitting error is less than 5%.

FIGURE 4
The cell order probability distribution of gear particles and disk particles with different container width; (A) Cell order distribution of gear
particles; (B) Changes of the fitting parameter b1 for gear particles; (C) Cell order distribution of disk particles; (D) Changes of the fitting parameter
b2 for disk particles.
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size of system, as shown in Figures 4C,D. This shows that the

increase of the size of system will reduce the mechanical

stability of packing particles [25], which has nothing to do

with intergranular friction. However, we need to emphasize that

this behavior will likely not continue in the large system limit.

On the other hand, we find that the fitting parameter b1 ϵ
[-0.742, -0.734] of gear particles is larger than that b2 ϵ [-1.43,
-1.38] of disk particles. The slope of b2 with the change of

container width is significantly greater than that of b1, which

indicates that the smaller the friction between particles, the

greater the effect of the size of system on the mechanical

stability of particle packing.

Influence of vibration on structural
characteristics of disk particles

Figure 5A shows the probability distribution of cell order of

disk particles in the 35*30 cm container under vibration. The

vertical frequency is 10 Hz and the amplitude is 0.4 mm. It is

observed that the cell order probability distribution always meets

the exponential distribution under vibration. It reveals the

ordered structure characteristics of particle packing system

under external force driving. Moreover, the occurrence

probability of cell order n = 3 significantly increases about

22%, while the occurrence probability of cells of other order

decreases. This indicates that under the condition of external

force driving, the structure of high-order cell is more likely to be

destroyed to form 3-Cell, which is the smallest cell.

Figure 5B shows the variation curves of volume fraction and

fitting parameter b of disk particles under vibration. Obviously,

in the process of vibration, the volume fraction of disk particles

is inversely proportional to the fitting parameter b which can

describe the loose degree of the packing structure. When t = 0s,

the volume fraction of disk particles is the smallest, φ = 0.82,

and the value of the fitting parameter b is the largest, b = -1.22.

At this moment, the packing structure of disk particles in the

cubic container is at its loosest. In the range of t ϵ [0s, 25s], the
volume fraction of disk particles increases with the increase of

vibration time, while the value of the fitting parameter b

decreases. When t > 25 s, the disk particles in the cubic

container are in steady state, and the volume fraction of the

particle system and the fitting parameter b are basically

unchanged.

Conclusion

To conclude, we have studied the effects of intergranular

friction, the size of system, and vibration on the packing

structure characteristics in disordered 2D granular systems.

By measuring the cells of gear particles and disk particles in the

2D cubic container, we found that the cell order probability

distribution of particle packing meets exponential function

distribution, which is independent of intergranular friction,

the size of system and vibration. Furthermore, cell order

probability distribution always meets exponential function

distribution under different size of system. Within a certain

width range, the fitting parameter b shows an upward trend

with the increase of the container width, which indicates that

the larger the particle system, the worse the stability of the

particle packing structure. It is worth noting that the volume

fraction of disk particles is inversely proportional to the fitting

parameter b under vibration. The experimental results reveal

the ordered packing structure characteristics of disordered

particle system in mesoscale and provide reference data for

improving the transportation and processing technology of

granular materials in industrial production.

FIGURE 5
Influence of vibration on structural characteristics of disk particles; (A)Cell order distribution of disk particles under vibration; (B) The change of
the volume fraction and the fitting parameter b of the disk particles system under vibration.
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