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In this analysis, the authors reveal the effects of electro-osmosis on the

multiphase flow of Carreau fluid in a microchannel in the presence of Hall

currents and solid particles. Moreover, the compliant channel walls are subject

to oscillation occurring at the surface. To investigate the problem quantitatively,

mathematical models for fluid phase and particulate phase have been

structured. A lubrication approach is adopted due to laminar flow and the

small dimensions of the channel. To produce the data, a system of differential

equations is produced with the help of a numerical process performed on

Mathematica through a built-in NDSolve tool. The results are presented

graphically to examine the effects of various physical factors on the flow

quantities. From pictorial discussion, it is gathered that the

Helmholtz–Smoluchowski velocity parameter and the presence of an

increasing amount of solid particles increasing the heat exchange while

producing electro-kinetic energy. It is also found that velocity is a direct

function of solid particles and compliant walls, but an inverse link is seen in

the presence of electro-kinetic energy. Such studies can be employed with

microfluidic devices and \may also be productive in medical and mechanical

research.
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Introduction

For a long time, many scientists have considered peristaltic

transport in fluid mechanics to identify its importance in medical

fields (in general) and hydrodynamics (in particular). A pumping

flow is created by waves spread along the adaptable channel walls.

This procedure encounters numerous organic frameworks

involving transportation using plane muscles, e.g., the motion

of food along the intestinal tract, the transportation of urine, the

course of blood in the capillaries, and so on. This subject has

received extensive analysis (for various liquids and various

channels). The peristaltic transport system attracted additional

interest following the examination performed by Latham [1].

Then, Fung and Yih [2] added a commitment to the major

investigation of the peristaltic scheme by utilizing the fixed flow

frame exhibited by Shapiro et al. [3] in moving frame

transformations. Following that, a few examinations were

performed to measure the way that peristalsis of different

liquids behaves, using lubrication technology (see Refs. [4–8]).

Studies containing two-phase flow due to newly added solid

fragments in a base liquid using a variety of conduits has been

conducted by many researchers. The hypothetical investigation

of these frameworks is vital in actual peculiarities, such as

fluidization, lunar debris streams, paint splashes, atomic

reactor cooling, and disintegration. The uses of such streams

can be seen in medication and geoscience. The hypothesis of

particulate-fluid mixture has been used to examine organic

streams like those of blood [9, 10]. Recently, the

concatenation of an induction of particles in fluids has been

identified by numerous researchers. Bhatti et al. [11] explored the

issue of a pumping stream with wall slip. This stream was incited

by a sinusoidal wave. They likewise examined the endoscopic

impacts on the dual phase solution. Srivastava and Srivastava

[12] analyzed the peristaltic scheme of rheological fluid utilizing a

Casson stress matrix. In a further review, they utilized a

particulate-fluid suspension streaming in a body with a

pumping procedure [13]. Misra and Pandey [14] developed a

particle-fluid flow study in a round and hollow cylinder, in which

the stream is produced by a progressive wave. Yamane et al. [15]

dealt with the consistent advancement of a particulate solution in

a rotating pipe. Later, Bhatti et al. [16] utilized a blood

coagulation structure to observe the intensity of motion in a

dusty fluid considering a changeable thickness for a wavy

movement of fluid. Akbar et al. [17] introduced a numerical

model prompted by a ciliary movement within the sight of a

magnetic field with a copper type of nano particles. Rashed and

Ahmed [18] recently published a work on the peristaltic flow of a

dusty liquid concentration of nanofluid across a bended

enclosure and produced the reading that large Eckert numbers

introduce increased heat and speed of fluid and dusty phases.

Most commonly used liquids are non-Newtonian in their

behavior. From raw petroleum unsheathing to the materials

business, from thermoplastic industry to medication, and

from the assembly of different lubricants to biological blood

streams, we intensely rely upon the various types of non-

Newtonian liquids. Different numerical tensors for non-linear

liquids have been presented by specialists, with reference to the

physical and warm qualities of these liquids. Akbar and Nadeem

[19] worked on the creeping movement of the Jeffrey stress

model by considering a variable viscosity model and heat

exchange phenomenon. In this study, it is found that the

Jeffrey fluid model imposes an opposite impact on amount of

pressure increase, but the heat transfer rate is enhanced in case of

variable viscosity attributes. Nazeer et al. [20] investigated two

phase flows of non-Newtonian fluid in a heated, inclined conduit,

having compliant walls and permeable medium. A lubrication

approximation is taken into account to achieve the final form of

the flow model exhibiting the physical face of the study. The

results of that work have been constructed as follows: the

permeability of the free space exerts an inverse impact on

temperature of the fluid, and due to radiation effects, the

velocity is declines. Saleem et al. [21] described an electro-

osmotic analysis for a multiphase flow of a Jeffrey stress

model. Tiny spherical particles are considered in the base

fluid, and the exact results are framed. The conclusion

suggests that electro-kinetic energy can be suitably increased

by providing the amount of zeta potential. Riaz and Sadiq [22]

published a solid particulate-liquid suspension of the

Eyring–Powell expression through a curved channel. The

problem is managed with the application of linearity and

smoothness constraints. Perturbation technology is adopted to

evaluate the analytical data and the result is produced that the

presence of solid particles decreases the fluid’s speed as well as its

pressure profile. The most common practically used fluid model

is the Carreau fluid model, but in the literature, work with this

model is rare due to its complicated mathematical stress

expression. This model is very useful for its dual

characteristics, in that it behaves as a Newtonian at low shear

rates and as a non-Newtonian fluid for the median rate of applied

stress. Noreen et al. [23] investigated heat exchange analysis in

pumping the transport of Carreau fluid flowing in an inclined

geometry and suggested that this model be linked to a blood flow

in capillary andmicrovessels. It is claimed that stream boluses are

less dragged for Carreau fluid than viscous fluid. Recently, Asha

and Belery [24] solved the problem of the peristaltic pumping of

Carreau fluid in the presence of Joule’s heating by employing a

multi-step DTM, and their results showed that the Grashof

number reduces the velocity in half of the channel and

increases in the other half, while temperature distribution is

enhanced by heat absorption factor and the Brickman number.

Further work on Carreau fluid can be found in [25–28].

Electroosmotic studies have been seen to a significant degree

for many years. The principal gadget-like

Microelectromechanical System (MEMS) was the microfluidic

innovation collected during the 1980s. Such devices can be

applied across a range of contexts containing natural and
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physiological sectors, where microfluidic items are termed LOCs

(lab-on-chip devices). LOC devices can be utilized equally well

for various targets, including physical therapeutics and microbial

or toxic contamination. Currently, an there is a recognized need

for minimal, straightforward, and cheap homogenized hardware

for drug dispersal and DNA-based investigation in light of the

requirement for viable, quick, and appreciable standardized

quality of microfluidics. Devices are often used that drive

liquid all through an entire network utilizing electroosmosis.

Electroosmosis addresses the electrolyte stream across a channel

with an external voltage unit limit. In a few organic, clinical, and

producing systems, electroosmosis creates, including the dialysis

of liquids, porous layers, zoological cycles, movement in human

skin, a tube/waterway stream, and methods of separation.

Yasmeen and Iqbal [29] presented electrical double layer

(EDL) effects on the heat and mass convection analysis of a

viscous fluid in a porousmediumwith consideration of peristaltic

pumping. The authors found that the electro-osmosis factor can

help reduce the permeability of the medium. In the work of

Tripathi et al. [30], the unsteady flow of a viscous fluid is

established through electro-osmosis and peristalsis. In this

article, the authors find that electric potential is an inverse

function of EDL, and the strong electric field puts an inverse

impact on wall stress. Prakash and Tripathy [31] incorporated

the EDL mechanism for a Phan–Thien–Tanner fluid in an

asymmetric peristaltic enclosure using Poisson–Boltzman

expression and established that the fluid flow is extensively

affected by EDL thickness and electric field strength. Further

work on electro-osmosis can be found in [32, 33].

Examination of the literature finds no study on the peristaltic

mechanism of Carreau model multiphase flow with Hall currents

and electroosmotic pumping. The rheological effects of the non-

Newtonian (Carreau) and electro-kinetic properties of EDLmake

the problem more applicable in various clinical and mechanical

fields. The current analysis focuses the numerical study of heat

transfer in pumping flow of particulate-liquid (Carreau fluid) in

the presence of EDL effects and Hall currents in a compliant

channel. The equations are modeled using suitably applied

lubrication theory and scaling transformations of a non-

dimensionlization procedure. The achieved non-linear coupled

differential equations are handled by a numerical approach using

an in-house command of Mathematica. The results are

elaborated pictorially by sketching the curves of velocity and

temperature profiles against various factors. Moreover, the

current analysis is compared with the results in the literature

to establish the validity of the findings.

Mathematical structure

Let us assume an unsteady particulate-fluid transport of non-

linear Carreau fluid containing tiny solid particles of non-

variable density in a two-dimensional micro peristaltic

channel. An external battery is attached to the fluid phase

container to produce electro-kinetic energy in the fluid phase.

For simplicity, we neglect the effects of electro-osmosis on a

particulate phase and a thermal profile. The walls of the conduit

are taken to be oscillating at the surfaces. Geometrically, the

waves are propagating along a horizontal axis (~x) with a small

uniform amplitude, and the flexible walls are taken as a function

of vertical coordinate ~y and time ~t, as disclosed in Figure 1.

A constant extrinsic magnetic strength B0 is applied

orthogonally on the flow direction. The mathematical

representation of the wavy walls is delivered as [34]:

± H(~x, ~t) � ±~a ± ~b sin
2π
λ

(~x − ~c~t), (1)

where ~a is the channel’s semi width, ~c is the wave propagation

speed, ~b is the wave’s average amplitude, ~t is the time factor, and λ
provides the wavelength.

The fluid phase with velocity decomposition asVf � (~uf, ~vf)
is presented as follows [20–28]:

 · Vf � 0, (2)

(1 − C)ρf( z

z~t
+ Vf · )Vf � −(1 − C)P̃ + (1 − C) · τf

− CS(Vf − Vp) + J × B − ρeE,

(3)

(1 − C)ρfcp( z

z~t
+ Vf · )~Tf � (1 − C)(τf · L) + ρpcpC

ϖ�T

(~Tp − ~Tf) + k′(1 − C)2 ~Tf + CS(Vf − Vp)2. (4)

The aforementioned relation contains the velocity vector Vf ,

the stress tensor for Carreau model τf , ρf the fluid’s density,

J × B the Lorentz force, E the electric field, cp the specific heat,
~Tf the temperature distribution, k′ the thermal conductivity, C

the solid particles concentration, the total ionic charge density ρe,

and the gradient of velocity L. Ohm’s law has the following

mathematical form [34]

J � σ( ~V× B − 1
e0
( ~V× B)) (5)

where σ is the fluid’s electric conductivity and e0 is the strength of
the electron density. The externally applied electric field, the

thermo-electric term, and the polarization impact are assumed to

be zero. The Lorentz force with B � (0, B0) can be examined in

the following equation. From Eq. 5, we have [34]

J × B � −σB2
0

m2 + 1
(~uf −m~vf, m~uf + ~vf) (6)

where m � σB0
e0

is the Hall parameter. The Carreau model

quantitatively appears as [23–28]:

τf � μs(1 + (Γ _̃γ)2) n−1
2 _̃γ. (7)
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For the particulate phase with velocity Vp � (~up, ~vp), the
mathematical model is given as:

 · Vp � 0, (8)

Cρp( z

z~t
+ Vp · )Vp � C~P + CS(Vp − Vf ), (9)

Cρpcp( z

z~t
+ Vf · )~Tp � Cρpcp

ω��T

(~Tp − ~Tf). (10)

Electro-osmotic phenomenon

An electric potential is generated due to the presence of EDL

on channel surfaces, whose mathematical structure is developed

with the following Poisson relation [29–33]:

2 �φ � −ρe
ε
, (11)

where ∇2 represents the Laplace operator, the ionic charge

density is ρe � e(n+ − n−)z, n± indicates the strength of

oppositely charged ions, ε the permittivity, and e is the single

electronic charge. If there is no overlapping, the Boltzmann

distribution gives us

n± � n0 exp(± �φez

kBT
). (12)

The aforementioned expression contains the bulk

concentration of ions as n0, the charge balance z, the

Boltzmann factor kB, and the average temperature solution

kB. Now, by Debye–Huckel limiting relation, we have

sinh( �φez

kBTav
) ~

�φez

kBTsol
. (13)

The Boltzman equation is transformed as:

z2 �φ

z~x2 +
z2 �φ

z~y2 � k2 �φ. (14)

Introducing the subsequent non-dimensional quantities

~c~t � λt, ~uf � ~cuf , ~vf � δ~cvf , ~x � λx , ~y � ~ay, ~p � λμs~c

~a2
p,

~τ � μs~c

~a2
τ, δ � ~a

λ
,φ � �φ

ς
, N1 � S~a2

μs
, M2 � σB2

0~a
2

μs
,

Re � ρf~a~c

μs
, _̃γ � ~c

~a
_γ, ~Tf,p � θf,p(~T1 − ~T0) + ~T0 ,

Pr � μscp
k′ , Ec � ~c2

cp(T1 − T0), Ue � −Exες

μc
,

k2 � n0(ez)2
εkBTsol

� ( ~a

λd
)

2

. (15)

After incorporating aforementioned transformations, Eqs.

2–4, 8–10 become

zuf,p

zx
+ zuf,p

zy
� 0, (16)

(1 − C)Reδ(zuf

zt
+ uf

zuf

zx
+ vf

zuf

zy
)

� −(1 − C) zp
zx

+ CN1(up − uf) + (1 − C)(δ z

zx
τxx + z

zy
τxy)

+ M2

(1 +m2) (mδvf − uf) + Uek
2φ,

(17)

(1 − C)δ3Re(zvf
zt

+ uf
zvf
zx

+ vf
zvf
zy

)
� −(1 − C) zp

zy
+ δ(1 − C)(δ zτyx

zx
+ zτyy

zy
) + δ2CN1(vp − vf)

− δ
M2

(1 +m2) (muf − δvf) + δUek
2φ,

(18)

FIGURE 1
Problem structure.
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Re(1 − C)δ(zθf
zt

+ uf
zθf
zx

+ vf
zθf
zy

)
� 1
Pr

(1 − C) z
2θf
zy2

+ CN1Ec(dp
dx

1
N1

)
2

+ (1 − C)Ecτxy
zuf

zy
,

(19)
Reδ(zup

zt
+ up

zup

zx
+ vp

zup

zy
) + zp

zx
� N1(uf − up), (20)

Reδ3(zvp
zt

+ up
zvp
zx

+ δvp
zvp
zy

) + zp

zy
� δ2N1(vf − vp). (21)

δ(zθp
zt

+ up
zθp
zx

+ vp
zθp
zy

) � α(θf − θp), (22)

where Ue is the Helmholtz–Smoluchowski velocity, ς is zeta

potential, and λd is Debye length. After defining dimensionless

parameters, Eq. 14 becomes

d2φ

dy2
� k2φ. (23)

with normalized boundary conditions defined as:

zφ

zy

∣∣∣∣∣∣∣∣y�0 � 0 andφ
∣∣∣∣y�h � 0. (24)

The potential obtained can be found by solving Eq. 23 along

with the boundary conditions given in Eq. 24 as

φ � cosh ky
cosh kh

. (25)
The square of scalar tensor is measured as:

_̃γ
2 � 2(δ z~uf

z~x
)

2

+ 2(δ z~vf
z~y

)
2

+ (z~uf

z~y
+ δ

z~vf
z~x

)
2

, (26)
and in their component form, the stress factors are formulated as:

τxx � 2(1 + n − 1
2

We2 _̃γ
2)δ zuf

zx
,

τyy � 2(1 + n − 1
2

We2 _̃γ
2)δ zvf

zy
,

τxy � (1 + n − 1
2

We2 _̃γ
2)(zuf

zy
+ δ2

zvf
zx

). (27)

Considering the lubrication strategy, we finally obtained the

following velocity and temperature expressions for dual phases:

1
1 − C

dp

dx
� z2uf

zy2
+ n − 1

2
We2

z2uf

zy2
(zuf

zy
)

2

− 1
1 − C

M2

1 +m2
uf

+ 1
1 − C

Uek
2cosh(ky)
cosh(kh), (28)

z2θf
zy2

+ EcPr[zuf

zy
+ (n − 1)

2
We2(zuf

zy
)

3

](zuf

zy
)

+ CEcPr

N1(1 − C)(
dp

dx
)

2

� 0, (29)
dp

dx
� N1(uf − up), (30)

θf � θp. (31)

The imposed surface constraints are manufactured as:

z~uf

z~y
� 0 , ~Tf � ~T0, at ~y � 0, (32)

~uf � 0 , ~Tf � ~T1, at ~y � H(~x, ~t) � ~a + ~b sin
2π
λ
(~x − ~c~t).

(33)
Their corresponding boundary conditions in dimensionless

form are:

zuf

zy
� 0, θf � 0, aty � 0 , (34)

uf � 0, θf � 1, at y � h � 1 + ϕ sin 2π(x − t). (35)

The expressions for the particulate viscosity and drag

coefficient are reported in [33].

Compliant wall conditions

The oscillating boundaries are displayed as [34]:

L � p − p0, (36)

where p0 assumes outside walls’ pressure created by muscular

tension. A viscosity damping force and a stretched membrane

can be represented by the operator described as follows:

L � M
z2

zt2
− T

z2

zx2
+D

z

zt
, (37)

zp

zx
� E1

z3χ

zx3
+ E2

z3χ

zt2zx
+ E3

z2χ

ztzx
at y � 1 ± χ. (38)

In the aforementioned equation, χ � φ sin 2π(x − t). The
dimensionless parameters E1, E2, E3 are defined as:

FIGURE 2
Temperature profile for various values of E1.
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E1 � − T~a3

~cλ3μs
, E2 � M~a3~c

λ3μs
, E3 � D~a3

λ2μs
. (39)

Numerical results and discussion

Eqs. 28, 29 are nonlinear coupled differential equations

whose exact solution is a very difficult task, so a numerical

solution for the considered problem was developed using the

computational software Mathematica with the built-in NDSolve

tool. The data obtained numerically have been plotted for various

physical factors. Here, we discuss the results of various

considerable profiles of the problem graphically by sketching

plots against some key parameters of the study while keeping

others fixed. For this, graphs of temperature profile θf are placed

FIGURE 3
Temperature profile for various values of E2.

FIGURE 4
Temperature profile for various values of E3.

FIGURE 5
Temperature profile for various values of Ec.

FIGURE 6
Temperature profile for various values of k.

FIGURE 7
Temperature profile for various values of m.
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in Figures 2–9 while the velocity variation of the fluid is presented

in Figures 10–14.

Figures 2–4 are manipulated for the parameters E1, E2 and

E3 respectively. It is quite visible in these diagrams that

temperature is an increasing function of the aforementioned

factors, but it is also quite noticeable that while there is a

significant variation in temperature, with small changes in the

values of E1 and E2, for E3, we require a large difference in

parametric values. Thus, the elastic property of the walls can help

increase the speed of the thermal exchange process. Moreover,

the damping force of the walls can exert much impact on the

transfer of heat from the lower to the upper surface due to a

decrease in oscillation of the compliant walls. This damping can

be produced due to energy dissipation due to the oscillation of the

walls so in return, the total amount of heat exchange increases. If

we consider Figure 5, which is plotted for Eckert number Ec, we

can identify a direct relation between θf and Ec. This means that

an increase in wave speed by keeping the specific heat of the fluid

uniform and by maintaining the temperature balance of the flow

region can enlarge the procedure of heat exchange. The electro-

kinetic parameter k is included in Figure 6 to investigate the

influence on heat distribution, and we can see that when we

increase its value, the temperature θf falls. It is also quite

interesting to note that for an initial change in the values of

the parameter, there is a large variation in the curves, but for

further increases, the variation becomes minute. It can be taken

from this observation that the kinetic energy induced due to the

electric field provided by the external battery voltage can function

as resistance to vary the temperature of the medium, such that a

small quantity of heat will be transferred from the lower wall to

the upper one in case of a larger contribution of kinetic energy.

From Figure 7, we can guess the effects of two parameter Hall

current factor m. This plot suggests that there is an increase in

temperature distribution with m. Figures 8 and 9 show the

variation in thermal exchange along the Prandtl number Pr

FIGURE 8
Temperature profile for various values of Pr.

FIGURE 9
Temperature profile for various values of Ue.

FIGURE 10
Velocity profile for various values of C.

FIGURE 11
Velocity profile for various values of E1.
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and Helmholtz–Smoluchowski velocity Ue, accordingly. From

these images, it can be inferred that temperature distribution

increases due to incremental changes in Pr and Ue. A large

Prandtl number may be due to the increasing momentum

diffusivity and by keeping the thermal diffusivity fixed or by

decreasing the thermal diffusivity and keeping the momentum

diffusivity constant. This means that if we increase the

momentum diffusivity of the Carreau fluid, the thermal

profile increases, which may be due to entropy production in

the system due to the variable viscosity of the fluid.

Velocity graphs are shown in Figures 10–15. Figure 10

presents the solid particle concentration C, which affects the

velocity of the fluid in an increasing manner, such that if we

increase the concentration of solid particles, the velocity of the

fluid increases. The kind of observation can be obtained in

Figures 11 and 12, which indicate the reflection of the

compliant wall parameters E1 and E2, respectively, on the

fluid phase axial velocity function uf. It is notable that all

factors increase the velocity of the streams. This is due to the

physical fact that with a large damping force, the oscillations of

the compliant walls are reduced, which results in a smoothing of

the flow particles and an enhanced speed of the liquid. Moreover,

the elasticity of the walls also helps push the fluid molecules

much faster than the normal flow. From Figure 13, it seems clear

that the velocity slows as we raise the magnitude of the electro

kinetic factor k, and the reverse flow is also measurable on the

right side of the channel. It is suggested that kinetic energy

appears as an external force that exerts extra pressure on the flow

molecules, and in return, the flow speed becomes untidy.

Figure 14 indicates that a fluid’s speed is enhanced in the case

of an increase in the Hall current m. Figure 15 shows the

variation in velocity distribution uf for

Helmholtz–Smoluchowski velocity Ue. Thus, Ue has a direct

impact on velocity.

FIGURE 12
Velocity profile for various values of E2.

FIGURE 13
Velocity profile for various values of k.

FIGURE 14
Velocity profile for various values of m.

FIGURE 15
Velocity profile for various values of Ue.
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Conclusion

A numerical investigation is conducted to analyze the

theoretical study of peristaltic flow of a Carreau fluid model

in a channel with thermally induced compliant walls in the

presence of electro-osmosis and Hall current effects. To

estimate the effects of different valuable factors of the flow

problem, graphs have been sketched that show the monotonic

variation of temperature and velocity profiles. From the graphical

presentation, we draw some key findings, listed as follows:

1. Temperature distribution increases with the concentration of

solid particles, the rigidity of the walls, the Hall current factor,

the Helmholtz–Smoluchowski velocity, and the Prandtl

number.

2. The magnetic field, the electro-kinetic parameter, and the

Weissenberg number have an inverse relationship with

thermal exchange.

3. The velocity of the fluid phase is directly proportional to the

distribution of solid particles, the compliant wall factor, the

Hall current parameter, and the Helmholtz–Smoluchowski

velocity.

4. The magnetic field, the electro-kinetic parameter, and the

Weissenberg number are in inverse relation to the fluid’s

velocity.

5. Future work can be performed on this problem by inserting

heat and mass transfer effects and elaborating the entropy

generation in the flow.

6. It is also notable that this study can be validated in relation to

the previous relevant literature by neglecting the electro-

osmotic effects. Moreover previous study on the topic [30]

can be evaluated with a numerical technique of parallel

shooting, and the current data are collected using the built-

in Mathematica tool NDSolve to produce a more authentic

numerical reading.

7. In future, we can discuss entropy generation andmass transfer

effects to obtain new results.
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