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In this study, to predict the formation of the free-fall arch via granular flow

through an aperture, an analytical model has been developed based on the

particle-scale force equilibrium. This model calculates the size and location of

the meta-stable arch and can be extended to predict the granular flow rate.

According to the developed analytical model, the formation of a free-fall arch is

independent of granular height and stress state above the arch, where only

granular particle size, aperture size, and granular friction influence the

development of the arch. Besides, this proposed model can predict the

formation of the meta-stable arch without empirical parameters. In

comparison with experimental results, the predicted granular flow rate based

on themodel exhibits high accuracy for uniform-sized granular flow. According

to numerical simulations, the free-fall arch appears above the aperture;

however, the particle velocity at the arch is low and can be considered

negligible. Gravity will cause the granular particles under the arch to fall

freely. This mathematical model offers an efficient method to predict the

formation of the free-fall arch and calculate the granular flow rate through

an aperture.
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Introduction

In nature, granular materials exist in various forms, so studies in both science and

engineering have been conducted to investigate granular flow. Because of its extensive

application space, granular flow through an aperture has been explored as a classic

problem in past many decades. Recently, a frequently reported hazard, the urban sinkhole,

has been modeled and simplified as granular flow through an opening on damaged

underground pipes [1,2].

The characteristics of granular flow are quite different from fluid flow, in which the

rate of granular flow through an orifice is independent of its height, as Janssen [3] initially

explained. Due to this characteristic of granular material, the hourglass has been used to

measure the passage of time for centuries. Based on experimental results, Beverloo et al.

[4] proposed an empirical correlation to predict the granular flow rate through an
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opening. Beverloo’s equation was shown to be valid under

conditions restricted by granular particle size [5], and various

studies have been conducted to extend the application of

Beverloo’s correlation [6–9]. Although Beverloo’s formula and

other improved Beverloo-type formulas may effectively estimate

the granular flow rate under certain situations, the mechanism

and physical basis are unknown. Continuum models have been

used to depict granular flow [10–14] by incorporating the mass

conservation equation and momentum equation with material

yield criteria. Although the continuum approach was developed

based on sound mathematical formulations, it cannot describe

the flow process microscopically at the particle level.

To explain the mechanics of granular flow, Brown [15]

presented the minimum energy hypothesis. The energy within

granular material is thought to diminish throughout a granular

flow stream tube, reaching a minimum value at the outlet, where

the particles then fall freely due to gravity. Brown and Richards

[16] named this minimal energy boundary the free-fall arch.

Other researchers have adopted these assumptions, and an

‘hourglass theory’ was proposed to predict the granular flow

rate and stress distribution in hopper flow [17]. Because of the

simplicity, the free-fall arch hypothesis was introduced to

determine the granular flow rate [7,18–24]. It is true that

granular particles may not fall freely below the arch, and

particles could not lose all the kinetic energy at the arch [19],

which is an oversimplification of the original free fall arch

hypothesis. Therefore, from current studies, the term, free fall

arch, may not literally describe free falling of the material which

may be more appropriate to define it as a transition zone in

granular flow [25-26]. In particular, the existence of this

transition zone close to the aperture has been widely

confirmed by experimental and theoretical studies [20,27].

From the picture of the free fall arch, although there is stress/

velocity discontinuity it is difficult to confirm the existing of the

arch with certainty [26,28]. Various approaches, such as the self-

similar method, have been introduced to improve the free fall

arch theory in calculating the granular mass flow rate [7,29].

Particularly, a novel approach based on the energy balance of the

system has been proposed by Darias et al. [30]. Various studies

have been conducted to interpret the “transition region”, such as

the study by Rubio-Largo et al. [19] who proposed the

significance of the kinetic pressure. Although different

arguments exist on the free fall arch hypothesis, it is still the

key to explain the granular flow rate through an aperture.

Particularly, the free fall arch hypothesis is supported by the

similar expressions to calculate mass flow rate in comparison

with Beverloo’s formula [31–33]. Therefore, it becomes much

clearer that a transition zone/region is formed when granular

material flow through the aperture, at which the kinetic energy is

significantly reduced (not necessarily zero). Besides, particle

interaction is reduced or some particles are not in contact

below this region with particles accelerating under gravity

[27,34]. These arguments suggest the existence of a transition

zone while the flow mechanism in this transition zone is still

unclear. The mechanism of granular flow has been well-

explained in principle by the free-fall arch hypothesis;

however, locating the free-fall arch lacks an analytical model,

whereas the free-fall arch’s location and dimensions are typically

assumed and simplified.

This study develops a novel analytical model to predict the

development of the meta-stable arch during granular flow through

an aperture, whichwas then introduced to predict the granularmass

flow rate. Experiments were used to validate the analytical model,

and numerical simulations using the discrete element method were

conducted to verify this proposed model.

Formulation of the analytical model

Model of the free-fall arch formation in
granular flow

As grains flow through an aperture, the movement

transforms from dense flow to diluted flow because of the

changes in frictional forces between granular particles until

reaching the free-fall arch. This arch is not a static structure,

as the particles forming the arch only stop or slow down

momentarily. In other words, the arch forms and breaks

continuously during the flow process. Based on experimental

observations, the two edges of the arch do not necessarily rest on

the ends of the opening. As shown in Figure 1A, various potential

arches might develop close to the opening. In contrast to the fluid

flow, the friction between granules is a critical factor affecting the

flow characteristics. From the previous studies [35-36], a

stagnant zone exists between the active flowing zone and the

base outside the opening. The slopes of the stagnant zones are

steeper than the angle of repose of the granular material.

The free-fall arch model diagram is shown in Figure 1B. D

represents the two-dimensional aperture width, while the particle

size of granules forming the arch in this model is the same.

Furthermore, the friction between particles is consistent with

Coulomb’s friction theory [37]. Based on previous research, it is

assumed that the arch is circular [16,31], which is also supported

by the studies of Li et al. [38]. Although the other shapes of the

arch structures were also used and observed [7,24,27].

Considering the introduction of the stagnant zone in the

granular domain of this model, the circular-shaped arch was

used for the simplicity. Furthermore, other shapes could also be

introduced in this proposed model since only the terms related to

the geometry need to be modified and revised.

The location of the arch and the number of particles that

make up the arch are unknown. As seen in Figure 1B, α denotes

half of the center angle of this arch, and Δα is the angle between

any neighboring particles. The motion of two particles at two

locations on the arch will be analyzed, which are the particle at

the end (particle I) and the particle at the center of the arch
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(particle II). If the number of particles making up the arch is odd,

particle II will be a single particle in this analytical model. When

the number of particles is even, particle II is made up of two

particles at the apex of the arch. The detailed development of this

proposed analytical model can be found in the supplementary

material. After that, the governing equation of this

proposed model, which is in the supplementary material, can

be obtained:

FIGURE 1
Schematic of the free-arch formation via granular flow through an aperture: (A) sketch of the potential free-fall arch; (B) schematic of the
analytical model for the free-fall arch.
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�
2

√ (cosΔα + tanφp sinΔα)
(M − 2)(sinΔα + tanφp cosΔα) �

(cos α − tanφp sin α)(sin α + tanφp cos α) (1)

Δα is the only unknown in Eq. 1. Even though it is difficult to

find an explicit solution, it can be solved numerically using an

iterative technique. After determining Δα from Eq. 1, the radius

of the arch structure, R0, can be determined by. Using Beverloo’s

modification, the aperture width D0 can be modified to account

for the effect of displacement thickness, indicating that D0 = D-

kpd, in which kp is about 1.5. Consequently, the distance between

the arch apex and the aperture, S0, may be estimated using

geometry:

S0 � R0 − D0

2 tan α
(2)

The size of the free-fall arch is determined to be

independent of the force W in this proposed model,

indicating that granular height and stress state on the arch

do not affect its formation. This conclusion is in accordance

with the classical theory of granular flow, which states that the

granular flow rate through an orifice is unaffected by granular

height.

Rate of granular flow through an aperture

From the free-fall arch theory, granules fall freely from the

arch apex to the aperture under the effect of gravity. Using this

proposed free-fall arch model, the particle velocity at the aperture

may be calculated if the particle velocity at the arch is negligible.

As the granular particle passes through the aperture, its velocity

can be determined as:

vp � ����
2gS

√
(3)

where S is the distance from the free-fall arch to the aperture.

Other scholars also used a similar equation to determine the

particle velocity passing the opening [31,32]. The difference

between Eq. 3 and other studies is the distance S in this

proposed model, which is determined by the arch size. In

previous studies, the distance was simply related to the

aperture size by assuming the shape of the arch, while the

discrepancy between modeling and measurement was

corrected by introducing a fitting parameter [7,29, 39]. We

proposed this model to predict the formation of the arch

structure based on granular mechanics, which can account

for the effects of particle size, particle friction, and aperture

size without fitting parameters. The distance S can be

determined as:

S �
�������
R0

2 − x2

√
− D0

2 tan θ
, x ∈ [0, D0/2] (4)

The volumetric flow rate per unit width through the opening

is equal to:

Q � 2(1 − ε)∫D0/2

0
vpdx

� 2(1 − ε)∫D0/2

0

���������������������
2g( �������

R0
2 − x2

√
− D0

2 tan α
)√
dx (5)

where ε is the porosity of granular flow at the aperture. As the

granular particle flow through the outlet, a transition zone/region

is formed, while the soil porosity below this free-fall arch should

be greater than the initial value because of the reduction of the

particle interaction. From the experimental studies [40-41], the

difference in the porosity between the packing bed and granular

flow below the arch can be neglected. Therefore, the porosity at

the aperture is assumed to be the same as the granular porosity,

which was also used by other scholars [4,31].

If D0<<R0, S can be assumed to be a constant equal to S0. It is

possible to estimate the volumetric rate of granular flow through

the aperture utilizing Eq. 6:

Q � (1 − ε)D0

����
2gS0

√
(6)

Results and discussions

Model verification by experimental results

The experimental data taken from Mamtani [42], which are

given in Table 1, were analyzed using this proposed model. In

the experiment, the flow rate of uniform-sized glass beads

through a slot was recorded, and the predictions using this

proposed model were shown to agree with the experimental

data. In Mamtani’s [42] study, the Fowler-Glastonbury

Equation [43] and modified Beverloo’s Equation (35) was

used to predict the experiments. The deviation between

calculations and measurements was over 10%, while the

discrepancy could be reduced to around 5% using this

method. Therefore, the accuracy of the flow rate estimation

is improved using this proposed method.

Granular flow experiments on a vertical plane with a slot as

the outlet were conducted by Ostadi [44] using non-uniform

quartz sand, and the details of the experiments can be found in

supplementary material of Supplementary Figure S5. A

comparison between calculated and measured flow rates is

shown in Table 2 with detailed material properties. This

proposed free-fall arch model was developed based on

uniform-sized particles, and the mean particle size, d50, is

used in the calculation of granular flow rate when compared

with the experimental results by Ostadi [44]. The modified

Berverloo’s Equation [35] was also used to predict the flow rate

of narrow-graded sand particles [44], while the prediction could

be over 1.5 times the measurements. Although the deviation

between the estimations and measurements is around 15% as

listed in Table 2, the prediction accuracy is significantly

improved using this proposed method, which exhibits the
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reasonable accuracy of this proposed model for non-uniform-

sized particles. It is worth noting that the particle size

distribution in the experiment is quite narrow with a

uniformity coefficient (Cu = d60/d10) of four, where a model

considering the effects of particle size distribution should be

developed in further studies. Since the length of the slot in the

perpendicular to the flow direction is much larger than the

width (four times in Ostadi’s experiment), the arch induced by

the continuous force chain can hardly form in the third

dimension. The arch can mainly form in a two-dimensional

plane from previous experimental observations of the granular

flow through a slot [45]. Thus, this proposed model can be

applied to predict Ostadi’s experimental measurements.

Although the analytical results of granular flow rates agree

reasonably well with the experimental measurements, the details

of the particle behavior (such as the particle velocity, acceleration,

and contact force) are difficult to be captured from experiments.

Therefore, the discrete element method (DEM) is used to analyze

the development of a free-fall arch and trace the fluctuation of

particle velocity during granular flow, which can evaluate the

flow process microscopically.

Micromechanical modeling and formation
of the free-fall arch

In this study, Mamtani’s experiment (2011) was simulated by

DEM. The theoretical basis of DEM is Newton’s second law and the

force-displacement law at the contact. In this study, the linear

contacts and spherical particles with uniform size were used for

the two-dimensional numerical simulation. The details of the

numerical simulation can be found in the supplementary

material. Supplementary Figure S6 shows the numerical model

of the granular assembly used to model the experiment [42], in

which the particle size is 2.27 mm. A linear contact model between

particle contacts is used in DEM. The model parameters are

determined using a calibration process to match the measured

granular flow rate, as shown in Supplementary Figure S8. In

particular, the particle density in the simulation is 2,580 kg/m3,

and the friction coefficient between particles is set to be 0.5.

Furthermore, the normal stiffness is equal to 1 × 105 N/m in the

simulation, while the shear stiffness between particles is set to be

equal to the normal stiffness. The damping force in the dashpot

provides the mechanism for energy dissipation. The damping

coefficient is set to be 0.1 in this study. The calculated particle

flow rate reaches a steady-state volumetric flow rate of about

0.00625 m3/s, as shown in Supplementary Figure S8, which is

consistent with the experiments. When the hopper becomes

empty, the flow rate drops after about 4 s. The movements of

four particular particles (Particles A, B, C, and D) at different places

were monitored to offer insights into the flow mechanism, as

illustrated in Supplementary Figure S8.

Figure 2 depicts the time-dependent fluctuations of particle

velocities in the y direction. For particle A, its original location is

at the top of the granular model. When the flow begins, the

velocity of particle A increases significantly from 0 to around

TABLE 1 Comparison of uniform-sized granular flow rates between experimental and analytical results.

dp (mm) D (mm) ε φp (°) Particle
density ρ (kg/m3)

Measured volumetric flow
rate (m3/s/m)

Predicted volumetric flow
rate (m3/s/m)

Error (%)

2.27 25 0.35 25.3 2,580 6.22 × 10−3 6.50 × 10−3 4.43

1.53 25 0.35 25.6 2,500 7.28 × 10−3 6.90 × 10−3 5.26

0.99 25 0.36 21.4 2,450 8.22 × 10−3 8.30 × 10−3 0.95

0.55 25 0.36 22.9 2,490 8.57 × 10−3 8.40 × 10−3 1.96

TABLE 2 Comparison of non-uniform granular flow rates between experimental and analytical results.

d50 (mm) D (mm) ε φp (°) Particle
density ρ (kg/m3)

Measured mass flow rate
(g/s)

Predicted mass flow
rate (g/s)

Error (%)

2.6 15.4 0.31 35 2,667 263.77 308.24 17

2.6 20.0 0.31 35 2,667 429.40 368.24 –14

2.6 21.0 0.31 35 2,667 463.83 378.82 –18

2.6 21.6 0.31 35 2,667 480.06 541.76 13

2.6 23.4 0.31 35 2,667 568.55 576.47 1

2.6 23.8 0.31 35 2,667 587.56 512.94 –13
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0.15 m/s. The movement of this particle approaches a quasi

steady-state afterwards, where velocity fluctuations are

witnessed only due to particle collisions. From Figure 2A, the

velocity of particle A tends to increase before 2.5 s. But then at

around 2.75 s, there is a dramatic reduction in the velocity of

particle A, which is followed by a rapid increase. This change in

particle velocity in Figure 2A supports the development of a free-

fall arch due to a momentary decrease in particle velocity. As the

particle approaches the aperture, an arch is built up, and the

particle velocity reaches a minimum or even becomes zero.

Figure 2 demonstrates that the velocity fluctuations of

particles B, C, and D follow a pattern similar to that of particle A.

Figure 3A shows the variation of particle velocity with respect

to its vertical position. The velocities fluctuate for all tracked

particles, which exhibits a slight increase at y < -0.075 m. As

illustrated in Figure 3A, the particle velocity greatly decreases and

then grows abruptly in the region above the aperture (-0.075 m <
y < -0.0125 m). Figure 3B illustrates the variance in particle

acceleration at various points along the y-axis. If the particle is

located at a far distance from the aperture (y < -0.075 m), its

vertical acceleration is weak and fluctuating. The vertical

acceleration changes dramatically when the particle

approaches the opening (-0.075 m < y < -0.0125 m).

Figure 3B demonstrates that as the particle goes beyond this

zone (y > -0.0125 m), its vertical acceleration approaches

gravitational acceleration (g = -9.81 m2/s), indicating free-fall

motion. Due to collisions between particles, the acceleration will

not exactly equal gravitational acceleration. According to the

proposed model, the distance between the apex of the free-fall

arch and the aperture is roughly 0.04 m, which agrees with the

numerical results, as seen in Figure 4A. Because of particle

collisions, the arch size in the numerical simulation is

somewhat less than the analytical prediction. This proposed

model assumes that the particles forming the arch are in a

condition of static equilibrium, with no consideration of the

dynamic pattern of granular flow. As illustrated in Figure 3B, the

arch size from the numerical simulation is greater than the

estimated size, while the particle acceleration in the freely-

falling region is greater than the gravitational acceleration due

to particle collisions. Therefore, the differences in granular flow

rate between theoretical calculation and numerical simulation are

compensated with improved accuracy, as shown in Table 1.

As shown in Figure 3, the movement of the granular particle

goes through different stages. When particles are far from the

aperture, their velocity increases slowly as they approach the

opening. As granules move closer to the aperture, the free-fall

arch is developed, and their velocity quickly decreases to a much

lower value. The particles then fall freely through the aperture

due to gravity. Since the velocity of particles at the free-fall arch

can be negligible, the distance between the free-fall arch and the

aperture largely determines the particle velocity as it passes

through. This distance can be determined using this proposed

model, which is unaffected by granular height and only

dependent on particle size, opening size, and particle friction.

Based on numerical simulations, the evolution of the force

chain as the grains discharge is shown in Figure 4. The black

curves indicate the forces between particles, and the thickness of

the curve is directly proportional to the magnitudes of the forces.

As granules pass the aperture, an arch resembled by the force

chain forms above the aperture. The force chain below this arch is

discontinuous. Moreover, the free-fall arch breaks up during the

FIGURE 2
Variation of particle velocities with time from numerical
simulations:(A) particle A; (B) particle B; (C) particle C; (D)
particle D.
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flow process, as shown in Figure 4B. The arch reforms as particles

approach the aperture from Figures 4C,D. An arch-shaped force

chain is roughly 0.035 m away from the aperture, which agrees

with the observed and anticipated free-fall arch position, as seen

in Figure 4.

This analytical model was developed based on micro-

granular mechanics and the formation of a free-fall arch in

the granular assembly from a perspective of the particle-scale

force equilibrium, which provides a theoretical explanation for

the phenomenon of granular flow, such as the hourglass, silo

flow, etc. Although the assumptions (zero particle velocity at

the arch, free-falling of the particle below the arch) to estimate

the mass flow rate are based on the original free fall arch theory,

the proposed mathematical model for predicting the arch

formation is original and novel, which is developed by

introducing the meta-stable arch based on the particle-scale

granular mechanics. Besides, the prediction accuracy of

granular flow rate could be improved using this proposed

arch model. It should be noted that sliding particles outside

the arch zone contribute to granular flow through the aperture,

resulting in underestimated granular flow in this model. The

assumption of free-fall neglects the congestion effect of particle

motion below the arch and above the opening, which can

somehow compensate for the underestimation of the flow

rate of this model. Besides, the volume fraction is important

in granular flow. As the material flows through the aperture, the

volume fraction increase, particularly in the region below the

arch, which could be one factor leading to the discrepancy

between the predictions and the measurements. Considering

this study is aimed to propose a model to predict the size/

location of the arch, the changes in volume fraction can be

introduced in Eq. 5 in further studies.

FIGURE 3
Particle velocity and acceleration in y direction during the discharge: (A) particle velocity; (B) particle acceleration.
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Conclusion

A model was proposed to predict the arch formation as the

granular flow through an aperture based on the particle-scale

force equilibrium, which can be used to predict the mass flow rate

by introducing the free-fall arch hypothesis. Following

conclusions can be obtained from this study:

1) Amathematicalmodel to predict the formation of themeta-stable

arch is developed from particle-scale granular mechanics, which

can account for the effects of particle size, particle friction, and

aperture size without the empirical parameters. In this proposed

model, the distance between the arch and aperture is unaffected

by the granular height or stress above the arch. This proposed

model can be used to predict the mass flow rate through the

aperture by introducing the free-fall arch hypothesis.

2) The motion of the granular particle exhibits three stages, starting

from the top surface of the granular assembly to the outlet. The

granules flow downwards into the aperture with little acceleration

from the top surface to an area above the arch. As the particle

approaches the arch, its velocity dramatically decreases to a

minimum. The particle velocity increases significantly after

free-falling below the arch, under the forces of gravity, until it

passes the aperture. Free-fall then continues below the opening.

FIGURE 4
Force chain development in the granular flow through a two-dimensional aperture (the black curve shows the force between particles and
thickness indicates the magnitude): (A) time = 0.20 s; (B) time = 0.22 s; (C) time = 0.27 s; (D) time = 0.28 s.
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3) The proposed analytical model may be utilized to compute

the flow rate for non-uniform size particles with acceptable

accuracy. However, the experimental results are based on a

material with a narrow grain-size distribution. A model

considering the effects of particle size distribution should

be developed in further studies
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