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We investigate the dynamics of rotating spin-orbit-coupled spin-1 Bose–Einstein
condensates (BECs) in an in-plane gradient magnetic field, which is confined in an
anharmonic trap. In the case of rotating spin-orbit-coupled spin-1 BECs with given
parameters, the system evolves from initial disk-shaped condensates into drastic
turbulent oscillations and ghost vortices on the surface of the component densities due
to surface wave excitations and then into two final vortex necklaces along the azimuthal
direction with an irregular density hole, in which the vortices differ by one quantum
number in turn. For the case of rotating spin-orbit-coupled spin-1 BECs with in-plane
gradient magnetic field, with the dynamic evolution, the system undergoes a transition
from an initial central polar-core vortex to violent turbulent oscillations and then to a final
vortex chain along the diagonal of BECs, with the remaining vortices symmetrically
distributed on both sides in the individual component. In addition, the corresponding
spin texture undergoes a transition from plane-wave phase to double half-antiskyrmion
necklaces for the former case and a transition from a structure similar to a quadrupole
magnetic field to a half-antiskyrmion chain with the rest of the half-antiskyrmions on
both sides. During the dynamic evolution process, the angular momentum increases
gradually and then approaches a convergent value.
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1 INTRODUCTION

Spin-orbit coupling (SOC) in ultracold atomic gases has been realized experimentally in the last
decade [1–3], which has greatly stimulated people’s interest in the study of spin-orbit-coupled
quantum gases [4–6]. This new and controllable artificial SOC not only offers new possibilities for
quantum simulations of spin quantum Hall effect [7, 8], topological insulators [9], and topological
superconductors [10] but also provides a new direction for exploring exotic quantum phenomena,
novel states of matter in the fields of ultracold atomic, molecular physics, and condensed matter
physics [11–18].

A novel anharmonic trap (a harmonic trap with a quartic distortion) [19, 20], which confines the
Bose–Einstein condensates (BECs) even if the rotation frequency exceeds the trapping frequency, has
attracted great attention both in theory and experiment. Most research so far focuses on the ground-
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state properties of BECs in an anharmonic trap [20, 21], but there
are few studies on the dynamics of BECs. In this work, we
investigate the dynamics of rotating spin-orbit-coupled spin-1
BECs with an in-plane gradient magnetic field in an anharmonic
trap. Our research can not only obtain the stable structures of the
system but also survey the detailed physical process and interesting
dynamic properties of the system from an initial quantum state to a
non-equilibrium state evolution and then to a final equilibrium
state, which provides a new direction for exploring quantum
phenomena of spin-orbit-coupled BECs in an anharmonic trap.
As a matter of fact, the interesting physical properties in dynamics
of quantum systems have attracted considerable interest, which
includes Zitterbewegung oscillation in quenched spin–orbit-
coupled BECs [22] and dynamical phases in a quenched
spin–orbit-coupled degenerate Fermi gas [23].

The study is organized as follows. The theoretical model is
introduced in Section 2. In Section 3, we analyze and discuss the
simulation results. Finally, we summarize our findings in
Section 4.

2 MODEL

We consider a quasi-two-dimensional (quasi-2D) spin-orbit-
coupled F = 1 spinor BECs with an in-plane gradient
magnetic field in an anharmonic trap. In the mean-field
framework, the dynamics of the system can be given by the
dissipative Gross–Pitaevskii (GP) form [24–27].

i − γ( )Z zΨ
zt

� HΨ. (1)

Here, γ is the dissipation parameter. The model is a variation and
generalization of that in BECs [24, 25, 28]. In addition, this model
enables one not only to find the steady state of a rotating system
but also to study the whole dynamical process toward the final
steady state. Moreover, this model has considered the inevitable
dissipation effects in actual cold atom experiments. When we
switch off the dissipation term, the simulation based on the time-
dependent GP equations shows that no steady state exists. In
Equation 1, the Hamiltonian of the system can be written as H =
H0 + Hint with

H0 � ∫ drΨ+ −Z
2∇2

2m
+ V r( ) + vso −ΩLz + gFμBB(r) · f( )Ψ,

Hint � ∫ dr
c0
2
n2 + c2

2
F| |2( ),

(2)

where Ψ � (Ψ1,Ψ0,Ψ−1)T is the order parameter normalized
with the total particle number N = ∫drΨ†Ψ. m is the atomic
mass, n � n1 + n0 + n−1 � ∑jΨj*Ψj (j � 0,± 1) is the total
particle density, and r = (x, y). Ω is the rotation frequency
along the z -direction, and Lz = iZ(yzx − xzy) denotes the z
component of the angular momentum operator. The coupling
constants c0 = 4πZ2 (2a2 + a0)/3m and c2 = 4πZ2 (a2 − a0)/3m
represent the strengths of density–density and spin–exchange

interactions, respectively. They are given in terms of the
corresponding s-wave scattering length aF for atom pairs with
total spin-F. The spin density vector F = (Fx, Fy, Fz) is defined by
Fα(r) =Ψ†fαΨ(α = x, y, z), and f = (fx, fy, fz) is the vector of the 3 × 3
spin-1 matrices given in the irreducible representation [29, 30]. gF
= −1/2 is Lande factor, μB denotes Bohr magnetic moment, and
the in-plane gradient magnetic field (that is, the in-plane
quadrupole field) B(r) is given by B(r) = B (xex − yey), with B
being the strength of the magnetic field gradient. Here, we choose
the Rashba-type SOC, which is given by vso = k (fxpx + fypy). The
anharmonic trap is given by [19, 20].

V r( ) � 1
2
mω2

⊥ r2 + μ
r4

a20
( ) � 1

2
Zω⊥

r2

a20
+ μ

r4

a40
( ), (3)

where ω⊥ is the radial trap frequency and r � ������
x2 + y2

√
,

a0 � ������
Z/mω⊥

√
, and μ is a dimensionless constant that

characterizes the anharmonicity of the trap. The dimensionless
GP equations describing the dynamics of the system can be
written as [31, 32].

1 − γ( )i zψ1

zt
� −1

2
∇2 + V + iΩ xzy − yzx( ) + λ0 ψ

∣∣∣∣ ∣∣∣∣2 + λ2 ψ1

∣∣∣∣ ∣∣∣∣2 + ψ0

∣∣∣∣ ∣∣∣∣2 − ψ−1
∣∣∣∣ ∣∣∣∣2( )[ ]ψ1

+ B x + iy( ) + k −izx − zy( )[ ]ψ0 + λ2ψ
p
−1ψ

2
0 ,

(4)
1 − γ( )i zψ0

zt
� −1

2
∇2 + V + iΩ xzy − yzx( ) + λ0 ψ

∣∣∣∣ ∣∣∣∣2 + λ2 ψ1
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(5)

1 − γ( )i zψ−1
zt

� −1
2
∇2 + V + iΩ xzy − yzx( ) + λ0 ψ

∣∣∣∣ ∣∣∣∣2 + λ2 ψ−1
∣∣∣∣ ∣∣∣∣2 + ψ0

∣∣∣∣ ∣∣∣∣2 − ψ1

∣∣∣∣ ∣∣∣∣2( )[ ]ψ−1
+ B x − iy( ) + k −izx + zy( )[ ]ψ0 + λ2ψ

p
1ψ

2
0.

(6)

where ψj = N−1/2ahΨj (j = 0, ±1) denotes the dimensionless jth
component wave function, and the total particle density is given by
|ψ|2 � |ψ1|2 + |ψ0|2 + |ψ−1|2, and the dimensionless external potential
isV � (r2 + μr4)/2. Here, λ0 = 4πN (2a2 + a0)/3ah and λ2 = 4πN (a2−
a0)/3ah represent dimensionless density–density and spin–exchange
interactions, respectively. B, k, andΩ denote dimensionless quadrupole
field strength, SOC strength, and rotation frequency, respectively. That
is, in the numerical calculations of our study, the length (x and y), time,
energy (interaction, SOC, and rotation), andmagnetic field gradient are
measured in units of

������
Z/mω⊥

√
, 1/ω⊥, Zω⊥, and Zω⊥/(gFμBah),

respectively.
For spin-1 BEC, the spin texture is defined as [33, 34].

Sα � ∑
m, n�0,±1

ψp
m fα( )m,nψn/ ψ

∣∣∣∣ ∣∣∣∣2 α � x, y, z( ). (7)

The spatial distribution of the topological structure of the system
is characterized by the topological charge density

q r( ) � 1
4π

s•
zs
zx

×
zs
zy

( ), (8)

with s � S/|S| and that topological charge Q is defined by

Q � ∫ q r( )dxdy. (9)
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The topological charge |Q| is unchanged, no matter how one
exchanges the components of the spin density vector Sx , Sy and Sz.

3 RESULTS AND DISCUSSION

In what follows, we study the dynamics of rotating spin-orbit-
coupled spin-1 BECs without an in-plane gradient magnetic field
and with an in-plane gradient magnetic field in an anharmonic
trap.We can numerically solve the GP Eqs. 4–6 by using the split-
step Fourier method [24, 25]. First, with the imaginary-time
propagation method based on the Peaceman–Rachford method
[35–37], the initial quantum state of the abovementioned two
cases can be obtained for Ω = 0. The variation of nonzero γ does
not change the dynamics of the vortex formation and the ultimate
steady structure of the rotating system but only influences the
relaxation time scale. In this work, we take γ = 0.03, which
corresponds to a temperature of about 0.1 Tc. The relevant

parameters are λ0 = 2000 and λ2 = −100, and
the typical parameter of the anharmonic trap is chosen as μ =0.5.

3.1 Dynamics of Rotating
Spin-Orbit-Coupled Spin-1 BECs in an
Anharmonic Trap
It is to be noted that |ψ1|2, |ψ0|2, and |ψ−1|2 (the left three
columns) are the density distributions of three components mF

= 1,mF = 0, andmF − 1, and the corresponding phase distributions
are given by θ1 = arg ψ1, θ0 = arg ψ0, and θ−1 = arg ψ−1 (the right
three columns), respectively. In Figure 1A, we give the initial
quantum state of spin-1 BECswith SOC strength k = 2 loaded in an
anharmonic trap. The system supports an approximately disk-
shaped condensate without any topological defects in each
component; therefore, it presents a plane wave phase [38].
Figures 1B–G show the typical dynamics of the component
densities and phases with the anharmonic trap beginning to

FIGURE 1 | Dynamics evolution of rotated spin-orbit-coupled spin-1 BECs. The first to the third columns are the density distributions of three components
|F � 1,mF � 1〉, |F � 1,mF � 0〉, and |F � 1,mF � −1〉, and the corresponding phase distributions are displayed in the fourth to the sixth columns, respectively. (A) Initial
quantum state with SOC strength k = 2, (B–G) respective dynamic structures of t = 0.2, t = 1.5, t = 6, t = 15, t = 25, and t = 600 with the system suddenly beginning to
rotate with Ω = 2. The length and time are in units of a0 and 1/ω⊥, respectively.
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rotate suddenly with Ω = 2, when the system has been prepared to
the initial quantum state. It is shown that during the early evolution
period (see Figure 1B), there is a slightly turbulent oscillation in
BECs, where the approximately disk-shaped densities are broken
and begin to deform. Moreover, ghost vortices are formed in the
boundary regions of the BECs due to the surface wave excitations
[24, 27]. Then, the system reaches the minimum in the density
distribution, and complex turbulent oscillations appear in the
phase distributions (Figure 1C), which results in the surface
waves propagating along the surfaces. When t = 6, the ghost
vortex [24, 39] enters the central region of the external
potential and develops into visible vortices which present
irregular distributions (Figure 1D). With further time evolution,
the component density distributions gradually become regular and
the phase defects gradually gather to trap the center (Figures 1E,F).
Eventually, the system develops into two vortex necklace structures
along the azimuthal direction with an irregular density hole. In
addition, the vortices in the density hole in the three components

differ by one quantum number in turn (see Figure 1G). One of the
reasons for the abovementioned density structures in Figure 1G is
the presence of the anharmonic trap. A similar necklace structure
has been found in the literature [20, 27, 40], and in the first Ref,
ground states are studied in an unharmonic trap, and the latter two
are dynamics in a quasicrystalline optical lattice and harmonic trap,
respectively. In addition, we know that the shape of the external
potential plays an important role in the dynamic properties of the
BECs; for example, the system confined in a toroidal trap
eventually evolved into a density hole with giant vortex structures.

3.2 Dynamics of Rotating
Spin-Orbit-Coupled Spin-1 BECs With
In-Plane Gradient Magnetic Field in an
Anharmonic Trap
Next, we study the dynamics of rotating spin-orbit-coupled spin-
1 BECs with an in-plane gradient magnetic field in an

FIGURE 2 | Dynamics evolution of rotated spin-orbit-coupled spin-1 BECs with an in-plane quadrupole field. The first to the third columns are the density
distributions of three components |F � 1,mF � 1〉, |F � 1,mF � 0〉, and |F � 1,mF � −1〉, and the corresponding phase distributions are displayed in the fourth to the
sixth columns, respectively. (A) Initial quantum state with SOC strength k = 2 and quadrupole field strength B = 2, (B–G) respective dynamic structures of t = 0.1, t = 0.3,
t = 1.3, t = 5, and t = 15, t = 600 with the system suddenly beginning to rotate with Ω = 2. The length and time are in units of a0 and 1/ω⊥, respectively.
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anharmonic trap. In Figure 2A, we show the initial quantum state
of spin-1 BECs with SOC strength k = 2 and in-plane quadrupole
field strength B = 2. The vortices occur only in the central regions
of the components mF = 1 and mF = −1, which form a polar-core
vortex [41] with winding combination 〈 − 1, 0, 1〉, as shown in
Figure 2A. Essentially, the polar-core vortices in Figure 2A are
coreless vortices because there is no phase defect in the total
density of the system. Our numerical simulation shows that the
formation of the central polar-core vortex is relevant to the
interplay between the quadrupole field and the SOC. The
combined effects of the quadrupole field and the SOC generate
a special saddle point structure, where the in-plane magnetization
of the spin occurs in the particular magnetic field and the
amplitude of the total magnetization |F| at the saddle point is
zero. To satisfy the conservation of angular momentum, the two
vortices at the center of components mF = 1 and mF = −1 must
rotate backward, so they have opposite winding numbers. The
typical dynamics of the component densities and phases after the
anharmonic trap begins to rotate suddenly with Ω = 2 and are
given in Figures 1B–G. As seen from the phase distributions of
Figure 2B, there are slightly turbulent oscillations and some ghost
vortices. At the same time, the components mF = ± 1 obey anti-
symmetric with a diagonal line, and the componentmF = 0 exists
in two vortex dipoles (vortex–antivortex pairs). Then, the
component densities are elongated along the diagonal line and
are separated (Figure 2C). In addition, the central polar-core
vortex and a small number of ghost vortices outside the atomic
cloud (last three columns of Figure 2B) transform into complex
turbulent oscillations in the phase distribution (last three columns
of Figure 2C). When t = 1.3, the system becomes fragments and
reaches the minimum in the density distributions, and the
corresponding distributions present more complicated turbulence
oscillations, which makes the boundary of the BECs unstable and
induces surface waves propagating along the surfaces. With further
time evolution, the condensates gradually split into two obvious parts
about a diagonal line and the center of the system appears to dissipate
(see Figures 2E,F). The visible vortices of the system eventually link
up with each other along the principal diagonal, that is, a diagonal
vortex chain, with the remaining vortices distributed symmetrically as
far as possible on both sides of the diagonal line (Figure 2G).
Physically, here the vortex chain is a result of the combined effect
of SOC, in-plane quadrupole field, and rotation. The magnetic field
gradient causes a magnetic force so that the condensate is difficult to
concentrate at the center and is divided into two parts, and on the
other hand, due to the existence of rotation, the competition among
the magnetic force, SOC, and the rotation, a vortex chain appears.
The vortex chain structure has been observed in the literature [42, 43],
where only ground states with in-plane gradient magnetic fields are
considered. The abovementioned research shows that in the
dynamics, the combined effect of gradient magnetic fields, SOC,
and rotation play a key role in the generation of exotic topological
defects. On the experimental side, searching for novel quantum
phases in this highly tunable system is still an ongoing work. Our
findings will stimulate further research in searching for various novel
states in spin-orbit coupled BECs subject to effective gradient fields.
In addition, tunable atomic spin-orbit coupling synthesized with a
modulating gradient magnetic field has been realized [44–46]

3.3 Spin Texture
The skyrmion is a type of topological soliton, which was originally
suggested in nuclear physics by Skrme to elucidate baryons as a
quasiparticle excitation with spins pointing in all directions to
wrap a sphere [47]. A skyrmion can be viewed as the reverse of the
local spin, and the spin-vector sweeps the whole unit sphere;
therefore, its topological charge is Q = 1. As shown Figure 3 and
Figure 4, we display the typical transitions of the topological
charge density and spin texture. Displayed in Figures 3A,B are
the topological charge density and the spin texture, and the
corresponding density and phase distributions (t = 6) are
given in Figure 1D. Figures 3C–G represent the typical local
amplifications of the spin texture in Figure 3B, and Figure 3H
shows the topological charge density of t = 11 (Figure 1E).
Considering the limited resolution of the texture, in Figure 3I,
we only show the spin texture in the core region, and the typical
local amplifications of the full spin texture are given in Figures
3J–N. Our numerical calculation shows that Figures 3C–E and
Figures 3J–M denote half-antiskyrmions [21, 48] with
topological charge Q = −0.5, and Figures 3F,G and Figure 3N
present antiskyrmions with topological charge Q = −1, which
indicates that the spin texture in the process of evolution
comprises different types of half-antiskyrmions (antimerons)
and antiskyrmions. Due to the transitional spin texture being
unstable, we cannot determine exactly what the topological defect
is. Shown in Figures 3O,P are the topological density and spin
texture of the steady state, and the local amplifications are given
in Figures 3Q–U, Our calculation results demonstrate that the
topological defect of the central region in the green spot is a
hyperbolic antiskyrmion with unit topological chargeQ = −1. The
hyperbolic skyrmion and hyperbolic half-skyrmions have been
reported in the literature [21, 47–49]. The topological defect in
Figures 3Q–T is half-antiskyrmion (antimeron) with topological
charge Q = −0.5, where different colors of dots represent half-
antiskyrmions with different shapes. As seen from Figure 3O,
there are seven half-skyrmions around the trap center, which
develop into a half-antiskyrmion necklace structure along the
azimuthal direction, and the external region of the cloud is
occupied by a larger half-antiskyrmion necklace comprising
eleven half-antiskyrmions, that is, the half-antiskyrmion
necklace consists of two concentric annular half-
antiskyrmions. In short, the spin texture undergoes a
transition from an irregular antimeron and antiskyrmion
structures to a double half-antiskyrmion necklace structure.

Figure 4A shows the spin structure corresponding to
Figure 2A, and it indicates that the spin of the initial state is
fully magnetized into the plane and whose arrangement
resembles the configuration of a quadrupole magnetic field.
The center of the quadrupole magnetic field is a saddle point
with the magnetic field strength being 0, which has no
magnetization. However, due to the continuity of the wave
function, the spin function S (r) in the center point must be
continuous. If S (0) has a certain magnitude, it must point in a
certain direction. However, due to the symmetry of the system, no
matter S (0) choice, any direction will break the continuity of S (r)
at the center point. So, S (0) can only take 0 to satisfy the
continuity condition. Therefore, the components mF = 1 and
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mF = −1 form a central vortex core. To satisfy the conservation of
angular momentum, the two vortices at the center of |F � 1, mF �
1〉 and |F � 1, mF � −1〉 components must rotate in opposite
directions, which forms central polar-core vortex (see Figure 2A).
Figures 4B,C exhibit the topological charge density and spin

texture of t = 15, which corresponds to Figure 2F. From Figures
4D–J, there are seven types of half-antiskyrmions with respective
local topological charge Q = −0.5, and they seem to be forming a
half-antiskyrmion chain along the diagonal. As shown in Figures
4K,L are the topological charge density and spin texture of the

FIGURE 3 | Transition of topological charge densities and spin textures in the anharmonic trap. (A–U) correspond to Figures 1D,E,G, respectively. The left two
columns represent the topological charge densities and spin texture, and the right four columns denote the local enlargements of spin textures, respectively. (C–E),
(I–M), (Q–T) denote half-antiskyrmions, and (F,G), (N,U) denote antiskyrmions. The unit length is a0.

FIGURE 4 | Transition of topological charge densities and spin textures. (A) is the texture of Figure 2A. (B–J) and (K–R) correspond to Figures 2F,G, respectively.
(B,C) and (K,L) represent the topological charge densities and spin textures, and the rest represent the local enlargements of spin textures, which denote half-
antiskyrmions, respectively. The unit length is a0.
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steady state, and the local amplifications are given in Figures
4M–R. The topological structure of the leading diagonals is a
chain comprising different kinds of half-antiskyrmions, whose
respective local topological charge Q = −0.5. Moreover, the local
topological charge in each red spot is Q = −0.5, which indicates
that the topological structures on both sides of the leading
diagonals are a symmetric half-antiskyrmion (antimeron)
lattice with it. In a word, the spin texture transforms from a
structure similar to a quadrupole magnetic field to a symmetric
half-antiskyrmion lattice with respect to the diagonal of the half
skyrmion chain. Essentially, the half-antiskyrmions
(antiskyrmions) of different shapes in Figure 3 and Figure 4
are caused by the complicated interplay among the SOC, rotation,
in-plane gradient magnetic field, and dissipation.

The dynamic process can also be characterized by the time
evolution of the average angular momentum per atom 〈Lz〉,
where the dependence of 〈Lz〉 on Ω, k, and B is displayed in
Figure 5. Take the blue curve as an example, when the system
suddenly begins to rotate with Ω = 2, 〈Lz〉 increases rapidly with
the time evolution (0 ≤ t ≤ 15), and the gradually (15 ≤ t ≤ 100)
approaches a maximum value (equilibrium value). Essentially,
the combined effects of the continuous input of angular
momentum, quantum fluid nature, SOC, anharmonic trap,
and the dissipation result in the formation of a steady vortex
structure in the three components. Next, we take the green curve
as an example, and as the system is rotated with Ω = 2, 〈Lz〉
increases rapidly (0 ≤ t ≤ 5) and suddenly a small (5 ≤ t ≤ 8)
decrease occurs and finally tends to be an equilibrium value.
Compared with the former, we find that the final 〈Lz〉 is larger for
the latter. That is, the combined effects of the quantum fluid
nature, SOC, in-plane gradient magnetic field, and dissipation
enhance the creation of vortices on the diagonal.

4 CONCLUSION

To summarize, we investigate the dynamics of rotating spin-
orbit-coupled spin-1 BECs in an in-plane gradient magnetic field,

which is confined in an anharmonic trap. Such a system sustains
peculiar and interesting dynamic behaviors due to the
multicomponent-order parameters and the interplay among
the in-plane quadrupole field, SOC, rotation, and dissipation.
In order to study the dynamics, the system is rotated suddenly
after the system has been prepared to an initial quantum state. For
the case of rotating spin-orbit-coupled spin-1 BECs, with the
dynamic evolution, the system transforms from initial disk-
shaped condensates to drastic turbulent oscillations and ghost
vortices on the surface of the component densities due to the
surface wave excitations and then to two final steady vortex
necklaces along the azimuthal direction with an irregular
density hole, where the vortices in the three components differ
by one quantum number in turn, whereas for the case of rotating
spin-orbit-coupled spin-1 BECs with in-plane gradient magnetic
field, the system evolves from an initial central polar-core vortex
to violent turbulent oscillations and then to a final vortex chain
along the diagonal of BECs, with the remaining vortices
symmetrically distributed on both sides in the individual
component. Simultaneously, the corresponding spin texture
experiences a structural phase transition from plane-wave
phase to double half-antiskyrmion necklaces for the former
case and a transition from a structure similar to a quadrupole
magnetic field to a vortex chain with half-antiskyrmions on both
sides. In addition, the angular momentum increases gradually
and then approaches a convergent value. These interesting
findings provide new understanding and exciting perspectives
for ultracold atomic gases and condensed matter physics.
Although it may be a challenge to implement the present
system experimentally, this system is theoretically feasible and
can be achieved in principle. For instance, one may consider a
spin-187Rb BEC [44, 50] or a spin-123Na BEC [51]. With the
ongoing development of cold-atom experimental techniques, the
system may be realized in the future and its novel quantum
phases and dynamic properties are expected to be observed in
experiments.
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FIGURE 5 | Time evolution of the average angular momentum per atom
〈Lz〉 with γ = 0.03. Here 〈Lz〉 and t are in units of Z and 1/ω⊥, respectively.
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