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Topological photonics provide a novel platform to robustly manipulate the flow of light and design high-performance nanophotonic devices. To do this, a fundamental mechanism is the flexible control of optical transport based on topological boundary states on edges or corners. In this work, we design a multiport device to route the topologically optical transport by using both valley-dependent edge states (VDESs) and second-order corner states (SOCSs). The VDESs are derived from sublattice symmetry breaking in a honeycomb lattice, while SOCSs are induced by the lattice deformation of Kagome lattice. In terms of unit cell, we find that both configurations can be reconsidered as the same triangular-lattice photonic crystal, which consists of a hexagon-profile air hole array in silicon background. Therefore, a four-port device is designed based on the two configurations. In simulation, we observe the frequency-dependent routing effect of the topologically optical transport by merging of VDESs and SOCSs. This work not only shows a novel platform to explore various topological phases in the photonic system but also provides guidance in the development of topological photonic integrated circuits with mode division multiplexing.
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INTRODUCTION
Topology, a concept of mathematics that studies the invariant global properties under continuous deformation, has been introduced into the physics systems to explore the intriguing band structures in the momentum space [1, 2]. Due to tunable geometric structures and controllable band dispersions, photonic crystals (PCs) arouse a wide range of research interest to implement the topological concept in photonic systems [3–7]. The topological PCs have been used to demonstrate many topological physics with nontrivial phases, such as quantum Hall effect, quantum spin Hall effect, quantum valley Hall effect (QVHE), and 2D Zak phase [8–15, 42, 43]. By using the topologically protected states, topological PCs also provide a platform to design intriguing devices in integrated optics and nanophotonics [16–25].
For example, the QVHE of light can be demonstrated by a honeycomb-lattice PC with sublattice symmetry breaking, namely, valley photonic crystal (VPC) [19, 20, 26–29]. When two topologically distinct VPCs are placed side-by-side to form an interface, valley-dependent edge states (VDESs) will emerge and robustly propagate along the interface with backscattering-suppressed electromagnetic features. On the other hand, by lattice deformation in a Kagome-lattice PC, one can implement a second-order topological photonic crystal (SOTPC) with the nontrivial 2D Zak phase [30–34]. Such SOTPC supports in-plane-localized 0D state, i.e., second-order corner state (SOCS), which is derived from the topological nontrivial phase of 2D insulating bulk states. Based on those topological boundary states on edges or corners, optical transport can be controlled flexibly and various prototypes of novel photonic devices have been successfully demonstrated [19, 35, 36], such as topological photonic routing, slow light waveguide, and PC mirrors. Furthermore, it is interesting to merge different types of topological boundary states in a single PC platform [37, 38], which can be potential to develop mode-division multiplexing in the topological photonic integrated circuits.
In this work, we apply both VDESs and SOCSs to construct a frequency-dependent routing platform in a multiport device. For one, by breaking the sublattice symmetry in a honeycomb-lattice PC, the VDESs can be acquired in an interface between two topologically distinct VPCs. For another, the SOTPCs are designed by the lattice deformation of Kagome-lattice PC, and the localized SOCSs can be induced at the intersection of the interface between two SOTPCs with different 2D Zak phases. The unit cells for both configurations consist of hexagon-profile air holes in a triangular lattice, and the geometry of air holes has the same size. Therefore, both configurations can be reconsidered as a same triangular-lattice photonic crystal in silicon background. Therefore, a four-port device is designed based on the two configurations. By merging of VDESs and SOCSs, the simulation results of the four-port device demonstrate the frequency-dependent routing effect of topologically optical transport, which is potential for the mode-division multiplexing in the development of topological photonic integrated circuits.
Design of Valley Photonic Crystals in Honeycomb Lattice
To design a valley photonic crystal, we construct a two-dimensional honeycomb-lattice photonic crystal, whose unit cell contains two types of hexagon-profile air holes at the corners, i.e., hole A and hole B. As shown in Figure 1A, the air holes are embedded in the dielectric background (shaded in black) with a relative permittivity εeff. The side length of hole A (or B) is SA (or SB), and the lattice constant is a. Here, εeff = 8.12 is the effective permittivity of the dielectric background based on the TE0 mode index of silicon slab with 0.55a thickness (corresponding to a 220-nm-thickness silicon slab when the operation wavelength is around 1,550 nm). When the two air holes have an equivalent side length that SA = SB = 0.198a, the transverse-electric (TE) photonic bands of honeycomb-lattice PC [left panel of Figure 1B] possess a Dirac cone around the K/K′ point due to the C3v point group symmetry of the lattice. Note that the photonic bands and their eigenmodes in this work are calculated by the MIT photonic band (MPB) package [39]. If we increase (reduce) SA and reduce (increase) SB, the spatial inversion symmetry of honeycomb PC will be broken and thus a common TE-polarized band gap is opened, which is derived from the lift up and down of degenerate states at the K/K’ point. These configurations are both valley photonic crystals (VPCs), as described and demonstrated in previous works [19, 20, 28]. Note that the filling ratio of air holes maintains constant during the evolution, which ensures that the band structures of PCs do not change much in frequency.
[image: Figure 1]FIGURE 1 | Design of valley photonic crystal in a honeycomb lattice. (A) The evolution of honeycomb-lattice photonic crystals (PCs) and (B) the corresponding TE-polarized band structures. The unit cell of honeycomb-lattice PC with lattice constant a consists of two hexagon-profile air holes at the corners, where the side length of hole A (or hole B) is SA (or SB). When the two air holes have equivalent side length that SA = SB = 0.198a (left panel), the TE-polarized photonic bands possess a Dirac cone around the K point. The spatial inversion symmetry of honeycomb PC is broken when SA ≠ SB, and thus the degenerate states at the K point are lifted to open a common TE band gap. Finally, we have two specific cases, i.e., PC1 with SA = 0 and SB = 0.28a and PC2 with SA = 0.28a and SB = 0. (C) Phase distribution of Hz eigenfields of the first TE bulk band at the K point. For PC1 (or PC2), we can observe that the phase vortex increases counterclockwise (or clockwise) by 2π around the center of unit cell, indicating the valley Chern index [image: image] (or [image: image]). (D,E) Schematics of two types of valley-dependent interfaces and their edge dispersions (labeled as V1 and V2). The red points represent the edge states, while the black points represent bulk states.
As shown in the right panel of Figure 1A, we consider two specific configurations, i.e., PC1 that SA = 0.28a and SB = 0 and PC2 that SA = 0 and SB = 0.28a. Such a configuration can be reconsidered as a simple triangular-lattice PC with a hexagon-profile air hole at the corners. Both PC1 and PC2 possess the same band structures and a 15.2% band gap from 0.243 c/a to 0.283 c/a. Here, the band-gap size is expressed as a percentage of the gap-midgap ratio Δω/ωm, where Δω is the frequency width of the band gap and ωm is the frequency at the middle of the gap. It is a general and useful characterization, which is independent of the scale of PCs.
Although PC1 and PC2 have the same bulk band structures [i.e., the band structures in the right panel of Figure 1B], their topological properties are distinct and characterized by different valley Chern indices [image: image]. For valley-contrasting physics [40–42], the valley Chern index is defined as
[image: image]
where [image: image] is the z component of the Pauli matrix that [image: image] at the K valley and [image: image] at the K′ valley. [image: image] denotes the frequency difference between two valley bulk modes. For another, modes at the two inequivalent valleys K/K′ are a pair of pseudospins, so they carry valley-dependent magnetic momentum,
[image: image]
where [image: image] is the effective Bohr magneton at the bottom band and [image: image] [40]. With regard to a PC, the effective “magnetic” momentum is related to the phase vortex of electromagnetic fields around the center of unit cell. When the phase vortex increases clockwise or counterclockwise by 2π, we can have [image: image] +1 or −1. In other words, by observing the phase vortex of bulk modes at different valleys, it is easy to determine the valley Chern index. Figure 1C gives the phase distribution of Hz eigenfields of the first TE bulk band at K point. For PC1 (or PC2), we can observe that the phase vortex increases counterclockwise (or clockwise) by 2π around the center of the unit cell, indicating the valley Chern index [image: image] (or [image: image]). Therefore, though one part of air holes (A or B) vanishes, PC1 and PC2 still maintain the topologically distinct features of valley-contrasting physics in a manner.
As band gaps of PC1 and PC2 are topologically distinct, the valley-dependent edge states (VDESs) can be obtained at the interface of domain walls between two VPCs with different valley indices. In Figures 1D,E, we show two types of interfaces (i.e., V1 and V2) constructed by PC1 and PC2 and their edge dispersions. The V1 case is PC1 at the upper domain and PC2 at the bottom, while V2 is PC2 at the upper domain and PC1 at the bottom. We calculate the edge dispersions for both two types of interfaces. The black points and red points represent bulk states and VDESs, respectively. The edge dispersions of V1-type and V2-type interfaces cover over the frequency range of the bulk band gap. Note that the group velocity direction of the V1-type (V2-type) VDES at the K valley is positive (negative) and vice versa for the K’ valley. It is in agreement with the bulk-edge correspondence, for example, that the difference of the valley-dependent topological index at the K valley crossing the domain wall of the V1-type interface (i.e., [image: image]) is +1.
Design of Second-Order Topological Photonic Crystals in Kagome Lattice
Except for VDES, another kind of topological boundary state in this work is the second-order corner state (SOCS). To implement SOCS, we will firstly design the second-order topological PC in Kagome lattice. As shown in Figure 2A, the unit cell is the assignment of Δ-shape cluster, consisting of three rhombic-profile air holes in a dielectric background. The side length of the rhombic hole d = 0.28a, where a is the lattice constant of Kagome PC. L1 is the distance from the center of the rhombic hole to the center of the unit cell, such that the coupling length of the intra-cell cluster is [image: image] L1. L2 is the distance from the center of the rhombic hole to the vertex of the unit cell, and thus the coupling length of the inter-cell cluster is [image: image] L2.
[image: Figure 2]FIGURE 2 | Design of the second-order topological photonic crystal in Kagome lattice. (A) The evolution of Kagome-lattice photonic crystals (PCs) with the assignment of Δ-shape cluster and (B) the corresponding TE-polarized band structures. The unit cell of Kagome-lattice PC with lattice constant a consists of three rhombic-profile air holes as a cluster, where the side length of the rhombic hole d = 0.28a. L1 is the distance from the center of the rhombic hole to the center of the unit cell, and L2 is the distance from the center of the rhombic hole to the vertex of the unit cell. Starting from L1 = L2, the intra-cluster coupling strength is equivalent to the inter-cluster case and there was a degenerate point around the K point of bulk band structures. With the expansion and shrinkage of clusters, the degenerate point disappears and the two bands gradually opened to form a TE-polarized gap. (C) The evolution of Kagome-lattice PCs with the assignment of ▽-shape cluster. We can have the same shrunken PC (i.e., PC3) and another expanded PC (i.e., PC2). (D,E) Schematics of two types of interfaces and their edge dispersions (labeled as H1 and H2). The red points represent the edge states, while the black points represent bulk states.
To approximately describe the topological properties of such PC, we can use the 2D Su–Schrieffer–Heeger (SSH) model [14, 15], which is determined by the relationship between L1 and L2. When L1 = L2, the strength of the intra-cluster coupling is equal to that of inter-cluster coupling, and there is a degeneracy point around the K point in the band structure, as shown in the left panel of Figure 2B. When we shrink the clusters with the decrease of L1 (or expand the clusters with the increase of L1), the balance of intra-coupling and inter-coupling is broken and thus open a TE-polarized band gap [as shown in the middle and right panels of Figure 2B]. The expanded case (i.e., red border with L1 > L2) shown in the top panel of Figure 2A is majorly dependent on inter-cluster coupling, while the shrunken structure (i.e., green border with L1<L2) shown in the bottom panel of Figure 2A is dominant for intra-cluster coupling. For the specific condition that L1 = 0.5d (or L2 = 0.5d), the intra- (or inter) clusters can be reconsidered as a new hexagon hole with side length equal to d. In this case, there is a 15.2% TE-polarized band gap from 0.243 c/a to 0.283 c/a for both PC1 and PC3. Based on the second-order topological physics [43, 44], it is easy to obtain the expanded PC that has a non-trivial phase and the shrunken PC that has a trivial phase. On the other hand, when we consider a ▽-shaped cluster as shown in Figure 2C, the shrunken case also changes to be PC3 (green border) and the expanded case can have another nontrivial second-order TPC (i.e., PC2 labeled as a blue border). More details about the discussions of the topological properties will be shown in the next section.
There are six types of the interfaces formed by two of these three PCs, and we have discussed two of them (i.e., V1 and V2) in the last section. Here, we show two types of second-order interfaces formed by the second-order topologically nontrivial case (i.e., PC1 or PC2) and the second-order topologically trivial case (i.e., PC3), which will be applied to design the multiport routing device in the following discussion. As shown in Figure 2D, one is the H1-type interface between PC1 in the left and PC3 in the right. The edge dispersion shows that there is an “edgeˮ band gap between the edge states (red dots) that does not support any bulk and edge state. As shown in Figure 2E, another one is the H2-type interface between PC2 in the left and PC3 in the right. There is an “edgeˮ band gap between the bulk states (black dots) and edge states (red dots). The second-order corner states we are interested in will fall in these “edgeˮ band gaps.
Two Types of Second-Order Corner States in the Topological Interfaces
To characterize the topological phases of the expanded and shrunken PCs in Kagome lattice, one can extract the bulk polarization [image: image], where pm is the bulk polarization component in the direction of the reciprocal vector bm and m represents 1 or 2. In particular, the Kagome-lattice PCs have C3 symmetry that constrains on P, so p1 = p2 and we can extract a simple form of the bulk polarization with respect to the parities at high-symmetry wavevector points (i.e. Γ and K) [43–45],
[image: image]
where
[image: image]
is the expectation value of the three-fold symmetric operator R3 in the bm direction and [image: image] is the Bloch function of n-th-band eigenfields at a specific k point. The subscript “occ” in Eq. 3 implies the summation over the bands below the band gap. Note that the Kagome-lattice PCs in this work only have one TE-polarized bulk band below the topological band gap. At Γ point, the bulk state of the first TE band is a zero-frequency mode, which is always homogeneous in real space such that [image: image]. Thus, the expression of bulk polarization can be simplified as,
[image: image]
Here, [image: image] represents the expectation value of the threefold symmetric operator R3 of the first band. In simulation, when we introduce the distribution of the Bloch mode at K [image: image] into Eq. 5, the bulk polarization can be estimated to determine the second-order topological phase. For the two types of expanded PCs, the PC1 [labeled as a red border in Figure 2A] has a non-trivial phase with nonzero bulk polarization P = (-1/3,-1/3), while the PC2 [labeled as a blue border in Figure 2C] has another type of nontrivial phase with nonzero bulk polarization P = (1/3,1/3). And the shrunken PC3 has a trivial phase with zero bulk polarization P = (0,0).
When PC1 and PC3 are spliced together that the topological non-trivial lattice is surrounded by the topological trivial lattice, the two H1-type boundaries are intersected at a corner (marked by a yellow star) and thus form a 120-deg-bending interface, as shown in Figure 3A. Next, we will compute the eigenmode spectrum of the interface by using the frequency-domain eigenvalue solution of COMSOL, in order to better understand the optical behavior. The PC1 [red border] is arranged as a rhombus shape with a side length of 20a, and the outer region is terminated with the topologically trivial PC3 [green border]. In the simulated model, the computational cell is a rhombus with the total side length of 40a and covers with a scattering boundary. Figure 3B shows the eigenmode spectrum of the H1-type interface with a 120-deg-bending geometry. Green and blue regions indicate the frequency range of bulk states and edge states, respectively. There are two eigenmodes (marked by red point) falling in the band gap and isolating from bulk and edge states, i.e., two types of SOCSs. In Figures 3C,D, we show the real part of Hz-field distributions of the two isolated modes, i.e., H1-type I and H1-type II corner states. With respect to mirror symmetry (the mirror planes are marked as white dashed lines), the lower-frequency one (around 0.262c/a) is an even mode derived from the nearest-neighboring hopping of SOTPC, while the higher-frequency one (around 0.263c/a) is an odd mode under the consideration of the next-nearest-neighboring hopping of SOTPC [46].
[image: Figure 3]FIGURE 3 | Two types of second-order corner states (SOCSs) in H1-type topological interfaces. (A) Schematic view and (B) eigenmode spectrum of the H1-type topological interface with a 120-deg-bending geometry. The interface is constructed by PC1 and PC3. Green and blue regions indicate the frequency range of bulk states and edge states, respectively. There are two eigenmodes (marked by red point) falling in the band gap and isolating from bulk and edge states, i.e. two types of SOCSs. (C) and (D) Distributions of real-part Hz fields for the two SOCSs. The SOCS with even symmetry (around 0.262c/a) is the type I corner state (labeled as H1-type-I), while the SOCS with odd symmetry (around 0.263c/a) is the type II corner state (labeled as H1-type-II). We use dashed white lines marking the mirror plane.
Proposal for Topological Photonic Crystal Routing Platform
In this section, based on the VDESs with robust transport and localized SOCSs, we will show the design of a multiport topological routing platform for the flexible control of topologically optical transport. As shown in Figure 4A, the platform is rhombus with a side length of 55a. There are four domains in the topological routing platform, which is constructed by PC1, PC2, and PC3. The boundaries formed by these topological PCs introduce three different edge states (V1, H1, and H2) along the interfaces and two corner states (H1-type I and H1-type II) at the intersection point [marked by a yellow star in Figure 3A]. The merging of different types of those topological boundary states can realize the frequency-dependent selection of transmission path. For incidence, a 4a-width waveguide-mode source with TE polarization is placed at the input terminal of port 1, depicted as purple arrows of Figure 4A. The incident source has the same amplitude for different frequencies. Three detectors with 4a width are placed at the output ends of ports 2–4 to measure the transmittance, shown as green, red, and cyan arrows in Figure 4A, respectively. In Figure 4B, we calculate the transmission spectrum of the four-port device when light is incident from port 1. The transmission intensities are described as arbitrary unit (a.u.) and normalized by the maximum intensity. We can see that the transmission of different paths obviously varies with frequency. With the increase of frequency, the excited waves change from bulk states to edge states and output to a certain port dependent on the selective excitation of those topological boundary states. Port 4 has the highest transmittance (cyan line) because the propagation light from port 1 to port 4 only experiences the coupling of V1 to H2 with a 120-deg detouring angle. On the contrary, port 2 has the lowest transmittance (green line). The propagation light from port 1 to port 2 involves the coupling of three types of edge states and two different angles, so that the high transmission should meet criteria that the boundary states of V1, H1, and H2 are all excited simultaneously. As for port 3, the transmission should mainly rely on the VDES of the V1 interface, but there is another interface (i.e., H1) in the middle that has an effect on its transmission efficiency.
[image: Figure 4]FIGURE 4 | Design of a four-port routing platform based on topological photonic crystals. (A) Schematics of the multiport topological routing platform. There are four domains on the platform constructed by PC1, PC2, and PC3. The boundaries of these different topological photonic crystals introduce three different edge states (V1, H1, and H2) and two corner states (H1 type) at the intersection point. (B) Transmission spectrum of the four-port device when light is incident from port 1. The transmission intensity of different paths obviously varies with frequency. (C–G) Electric-field intensity distributions at the frequencies 0.240c/a, 0.253c/a, 0.263c/a, 0.267c/a, and 0.278c/a, respectively. The inset of panel (E) shows the real part of Hz field distribution at a frequency of 0.263c/a, indicating the excitation of the H1-type II corner state. Through the frequency-dependent selective excitation of different types of topological boundary states, such a four-port device provides a novel way to route the optical transport with topologically protected robustness.
To visually demonstrate the routing characteristics with the variation of frequency, we also calculate the distributions of electric-field intensity at several representative frequencies, as shown in Figures 4C–G. In Figure 4C, since the operation frequency of 0.240c/a is below the bulk band gap, both bulk states and edge states are excited and the propagation waves leak to the bulk crystal. At a frequency of 0.253c/a [Figure 4D], the propagation waves have mainly splitted to both port 2 and port 4, so the platform can act as an optical power splitter in this case. Although there is a lack of edge states in the H1 interface at a frequency of 0.263c/a, most of the propagation waves can output to port 3 with the aid of SOCS, as shown in Figure 4E. The inset gives the real part of Hz fields with odd symmetry that confirm the excitation of the type II corner state. Due to the absence of H1 edge states and SOCSs at a frequency of 0.267c/a [Figure 4F], the propagation waves incident from port 1 can only couple to the bottom-left H2 interface and output to port 4. At a frequency of 0.278c/a in Figure 4G, H2 edge states are absent but the channel supports both V1 and H1 edge states, so that the propagation waves can output to port 3. In a word, through the frequency-dependent selective excitation of different types of topological boundary states, such a four-port device provides a global method to route the optical transport with the topologically protected robustness. The global method means such robustness is one of the intrinsic properties of VDESs and SOCSs, which could be totally predicted by investigating the bulk topology, regardless of the local region around the corner. Therefore, some promising applications for light manipulation in topological nanophotonics (e.g., mode-division multiplexing) will benefit by the decrease of design complexity.
CONCLUSION
In summary, we have realized both VDESs and SOCSs based on two configurations of unit cell in the same triangular-lattice PC. The VDESs are derived from sublattice symmetry breaking in the honeycomb-lattice configuration, while SOCSs are induced by the lattice deformation of the Kagome-lattice configuration. We have designed a four-port device to selectively excite VDESs and SOCSs. Finally, the frequency-dependent routing effect of topological optical transport has been confirmed by simulation results. Our work explores various topological intriguing phases in a single photonic crystal platform, which will enrich the capability of light manipulation based on topological photonic systems. By merging of VDESs and SOCSs, the proposal of the multiport routing device provides a novel method to develop mode-division multiplexing in topological photonic integrated circuits.
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