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Synchronization of traveling waves in two rings of FitzHugh–Nagumo neurons is studied.
Coupling between neurons within each ring is dissipative, while one between rings is
memristive. Complete synchronization of waves in identical rings in the presence of an
initial phase shift between wave processes and partial synchronization of waves in the case
of different coupling strengths inside the rings are considered. The influence of the initial
states of memristive coupling on the synchronization of wave processes in the case of
memristors with an infinitely long memory and with the forgetting effect is investigated.
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1 INTRODUCTION

An important role in considering synchronization effects is played by the type of coupling of
interacting nonlinear systems, which largely determines the possibility of their synchronization, as
well as the boundaries and features of synchronization. One of the possible types of coupling that has
been of great interest in recent times is a memristive coupling, i.e., interaction through elements such
as memristors. The concept of memristors and memristive devices as special two-terminal devices
with memory of previous states was proposed in the works of L. Chua [1,2]. According to the
generalized definition given in [2], a memristive device (memristive element) is a two-terminal
network, which can be described by the following relations:

y � GM z, x, t( )x, _z � F z, x, t( ), (1)
where x is the input signal, y is the system response, the variable z (generally a vector) specifies the
instantaneous state of the memristor. The function GM is a characteristic of a memristor (for
example, the conductivity or resistance of a two-terminal device) depending on the control variable z.
In turn, the instantaneous value z is associated with the input variable x inertially, i.e., depends on the
history of the memristor. Currently, real devices based on various materials with memristive
properties have been created [3–7]. There are great prospects for the use of memristors in the
field of information technology: in the creation of new types of storage devices, data processing
devices, supercomputers, etc., [8–13].

An understanding of the features of synchronization and cooperative dynamics of systems with
memristive coupling is necessary for effective control of memristive devices. In addition, the concept
of memristive connections has been recently used in neurodynamics. There are newmodels of neural
activity that take into account the influence of the electromagnetic field. In this case, the relationship
between the field and the membrane potential is of a memristive nature. Taking into account the
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interaction of neurons through a magnetic field, their connection
can be represented as an interaction through memristors [14–17].
Synchronization of periodic and chaotic oscillators connected
through memristors was studied in a number of works [18–24].
The effects of frequency locking and complete synchronization of
oscillations were established. It was shown that the dynamics of
memristively coupled systems is characterized by a special
sensitivity of the steady state to the initial state [22–24]. In
particular, a significant dependence of the synchronization
boundary on the initial state of the memristive coupling
elements was established.

Memristive coupling can lead to significant features in the
dynamics of ensembles of interacting self-oscillators and excitable
oscillators. The study of the behavior of memristively coupled
ensembles has been of particular interest in recent years. First of
all, this is due to the modeling of processes in neurodynamics
using oscillatory and self-oscillating models of neurons. The
behavior of oscillatory ensembles with memristive coupling
was considered in [25–29]. The influence of memristive bonds
on the propagation of waves and the formation of spatial
structures was studied. In a number of papers, the problem of
synchronization of complex spatio-temporal regimes in
interacting layers of a multilayer network of oscillators
(models of neurons) was also considered under the
assumption of a memristive nature of the connection between
layers [22,30,31]. Synchronization effects were established for
complex structures including chimera states in memristively
interacting layers. Synchronization of chimera structures in
case of memristive interaction of layers was also shown using
a two-layer homogeneous multiplex network of logistic maps
[24], where it was also uncovered that the threshold for complete
synchronization of layers depends on the initial states of
memristors of coupling.

On the whole, the behavior of oscillatory ensembles with
memristive coupling is still relatively little studied. The
problem of synchronization of wave processes in interacting
ensembles with memristive coupling between them, the
influence of initial conditions in the case of ideal memristive
couplings and in the presence of the forgetting effect have not
been studied. The aim of our work is to study the features of
synchronization of traveling waves in memristively coupled
ensembles of excitable oscillators. The paper considers the
effects of synchronization of traveling waves both in the case
of identical ensembles and in the presence of parameter detuning.
The influence of the initial states of the coupling memristors on
the synchronization effect in the case of ideal memristors and
memristors with a limited memory time are analyzed.

2 MODEL OF MEMRISTIVELY
INTERACTING ENSEMBLES OF NEURONS
AND NUMERICAL METHODS
Let us consider two FitzHugh–Nagumo (FHN) neuron rings
[32,33] with dissipative coupling between elements in the ring
and memristive coupling between the elements of two rings. The
system equations have the form

_xj,1 � 1
ε

xj,1 − yj,1 − αx3
j,1( ) + σ1 xj−1,1 + xj+1,1 − 2xj,1( ) + kM zj( ) xj,2 − xj,1[ ],

_yj,1 � γxj,1 − yj,1 + β,

_xj,2 � 1
ε

xj,2 − yj,2 − αx3
j,2( ) + σ2 xj−1,2 + xj+1,2 − 2xj,2( ) + kM zj( ) xj,1 − xj,2[ ],

_yj,2 � γxj,2 − yj,2 + β,

_zj � xj,1 − xj,2 − δzj,

M zj( ) � 1 + μz2j , j � 1, 2, . . . , N,

xj±N,i t( ) � xj,i t( ), yj±N,i t( ) � yj,i t( ), i � 1, 2;

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
(2)

where j is the number of the element in the ring, i is the number
of the ring. Each ring consists of identical FHN oscillators
interconnected by a mutually symmetrical internal coupling,
which is of a dissipative nature and is characterized by the
coefficients σ1 and σ2 respectively for the first and second rings.
All parameters of the rings are the same except for the internal
coupling coefficients. Oscillators with the same numbers j
belonging to different rings are locally connected via
identical memristive elements. The coupling strength of the
rings is characterized by the coefficient k. The characteristic of
the coupling memristors M(zj) is given by the expression
M(zj) � 1 + μz2j , where μ is the nonlinearity parameter of
the memristive element. This characteristic does not
describe a specific real device, but is convenient for a
qualitative description of memristive systems and is often
used [14,21,28]. The dynamics equations for the variables zj,
which specify the instantaneous states of the memristors,
contain the parameter δ, which determines the duration of
the memristor memory in time (forgetting parameter)
[6,34,35].

During the calculations, the following constant parameters
were fixed: the number of elements in the ring N = 100;
parameters of individual oscillators α = 1/3, β = 0.2, γ = 0.8, ε
= 0.01 (corresponding to the excitable regime); coefficient of
internal coupling in the first ring σ1 = 4.5; memristor parameters
μ = 40. The coefficient of internal coupling in the second ring σ2
can be equal to the value σ1 = 4.5 (identical rings) or fixed
different from σ1 (non-identical rings). The calculations were
carried out at two fixed values of the forgetting parameter δ: δ = 0
(ideal memristors) and δ = 0.1 (memristors with finite memory).
The coupling parameter k between the rings was considered as a
control parameter and changed in the course of research. Also,
the initial value of the variables zj is considered as a control
parameter and is assumed to be the same for all memristive
elements: zj (0) = z0.

In this paper, we study the effect of complete synchronization
of structures in two identical rings as well as effective partial
synchronization when a detuning is introduced into the
parameters of the internal coupling of two rings. To diagnose
the synchronization effect, we calculate the value

Δ � 〈 1
N

∑N
j�1

xj,2 t( ) − xj,1[ ]2 + yj,2 t( ) − yj,1[ ]2( )〉, (3)

where the brackets < . . . > mean time averaging. In the steady
state, Δ characterizes the deviation of the interacting
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oscillators from complete synchronization; therefore, we will
call it the synchronization error. For non-identical rings, in
addition to the Δ value, the ratio of the average oscillation
periods of the oscillators of two rings in time T2/T1 is
calculated. The average oscillation period T (average
interspike interval) of the considered oscillator is
determined using the expression

T � lim
p→∞

1
p
∑p
n�1

τn, (4)

where τn are the intervals between consecutive transitions of the
threshold value x = 1.5 in one direction. The choice of the oscillator
within the ring does not matter since the oscillations of all oscillators
in the same ring differ only in phase. It should be noted that the
model under study (Eq. 2) is not a realistic model of any neural
system. It has a simplified topology and a simple nature of coupling.
The intensity of coupling between real neurons cannot be chosen
arbitrarily, but can be self-adaptive for reaching synchronization
within transient period [36]. The FitzHugh–Nagumo neuron itself is
also a highly simplified model of a real neuron. However, the choice
of a simplified model (Eq. 2) is well suited to the goal of the study.
This goal is not to study a real neural system, but to answer the
question of what features of synchronization can be caused by the
memristive nature of coupling between spatially distributed
excitable systems. The choice of the simplest and well-studied
model to uncover certain nonlinear effects corresponds to the
methods and approaches of nonlinear dynamics. Despite the
artificial nature of the model, it can be assumed that the
established effects under certain conditions can be observed in
real systems of various nature.

3 COMPLETE SYNCHRONIZATION OF
WAVES IN IDENTICAL RINGS

Let us consider two identical rings in the excitable regime at σ1 =
σ2 = 4.5. We choose the initial conditions for two rings in such a
way that in the absence of a connection between the rings (k = 0)
traveling excitation waves differing in phases are established in
them. Instantaneous spatial profiles and oscillations in time in
two non-interacting rings in the steady state regime are shown in
Figure 1A. Oscillations of all oscillators both within one ring and
in two rings differ only in phases. The values of variables in two
non-interacting rings in the steady state were taken as fixed initial
states of the rings for further research.

First, let us consider the connection of rings through ideal
memristors (δ = 0). In the steady regime of traveling waves
(Figure 1A) at time t = 0 we introduce a mutual memristive
coupling of two rings. In this case, we will assume that all coupling
memristors were in the same state at that moment zj (0) = z0. As
the coupling coefficient k increases, let us find out whether phase
synchronization of traveling waves is observed and how the value
of z0 affects the behavior of the interacting rings, which will be
considered as the control parameter of the memristive coupling
together with the coefficient k. Figures 1B,C show illustrations of
modes that are established in two rings interacting through ideal
memristors with the same value of the ring coupling coefficient
k = 0.001 and different initial states of memristors specified by the
value of the control variables z0. It can be seen from the graphs
that at z0 = 0 that the phase shift between the traveling waves is
preserved. However, the waves in the rings become completely
synchronized with the same coupling coefficient at z0 = 5.0. Thus,
a characteristic property of a memristive connection is

FIGURE 1 | Profiles of traveling waves (upper row) and oscillations x0,i(t) (lower row) in two identical rings (2) in the absence of interlayer coupling k = 0 (A); with
coefficient k = 0.001 for different initial values of memristive variables z0 = 0 (B) and z0 = 5 (C). Parameters: σ1 = σ2 = 4.5, δ = 0.
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manifested: the dependence of the synchronization effect on the
initial conditions [23]. In this case, it is the dependence on the
initial states of the coupling memristors.

For identical rings connected through ideal memristors, the
values of the synchronization error Δ depending on the coupling
coefficient k were calculated using the relation (Eq. 3) for
different initial values of the memristor state variables zj (0) =
z0. These dependencies for two values of z0 are shown in
Figure 2A. They allow us to conclude that there is an abrupt
transition to the regime of complete wave synchronization and
that the synchronization threshold depends on z0.

Let us consider how the non-ideal nature of the memristive
coupling will affect these dependences. Let us fix the value of the
forgetting parameter δ = 0.1. This value is quite large since the
time constant of the memristive coupling given by the last
equation of the system (Eq. 2) τ = 1/δ = 10 is comparable to
the oscillation period of the oscillators (approximately 5 units of
dimensionless time). In this case, memristors are inertial non-

linear elements with a relatively short relaxation time. The
dependencies of Δ on the coupling coefficient k for two values
z0 are shown in Figure 2B.

The boundaries of the region of complete synchronization of
identical rings were found in the case of an idealmemristive coupling
and with the value of the forgetting parameter δ= 0.1. The results are
shown in Figure 3. The following condition was chosen as a
numerical criterion for complete synchronization

Δ#10−5. (5)
It can be seen that the synchronization threshold strongly depends
on the initial state of the coupling memristors, which is set by the
value of the control variables z0. Moreover, this dependence is
observed both in the case of ideal memristors (Figure 3A) and
non-ideal memristive coupling with the forgetting parameter δ =
0.1 (Figure 3B). In both cases, the boundary of the complete
synchronization region has a similar shape. There is some value z0
max at which the synchronization threshold for the link k is

FIGURE 2 | Dependencies of the synchronization error Δ of traveling waves on the memristive coupling coefficient k in two identical rings σ1 = σ2 = 4.5 obtained for
two different values of z0 in the case of an ideal memristive coupling δ = 0 (A) and in the case of non-ideal memristors with the forgetting parameter δ = 0.1 (B).

FIGURE 3 | The area of complete synchronization of traveling waves (gray area) in identical rings in the case of ideal memristive coupling δ = 0 (A) and in case of
coupling through memristors with the forgetting parameter δ = 0.1 (B). The dashed vertical line marks the z0 max value corresponding to the maximum synchronization
threshold. Complete synchronization was determined in accordance with the criterion (Eq. 5), the time for calculating the synchronization error was 1,000 units of
dimensionless time.
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maximum. In the case of ideal memristors z0 max = 0.6, at δ = 0.1 z0
max = 0. With distance from the maximum point, the
synchronization threshold decreases significantly. In both
considered cases (for δ = 0 and δ = 0.1), the threshold value k
for z0 = 5 becomes less than the maximum value approximately by
9 times. One can also note a certain symmetry of the boundary of
the synchronization region with respect to the value z0 max.
However, the symmetry is not strict, which is especially
noticeable at δ = 0.1.

4 PARTIAL SYNCHRONIZATION OFWAVES
IN NON-IDENTICAL RINGS

Let us now consider two non-identical rings in the same regime of
excitable dynamics but with different values of the coupling
coefficients of the oscillators in the two rings: σ1 = 4.5, σ2 = 5.5.
In the absence of a connection between the rings (k = 0), traveling
waves were established in them differing in the phases and
propagation speed of the perturbation (respectively, in the

FIGURE 4 | Profiles of traveling waves (upper row) and fluctuations x0,i(t) of oscillators (lower row) in two non-identical rings (Eq. 2) in the absence of interlayer coupling k = 0
(A); in the case of z0 = 0 with k = 0.0001 (B), k = 0.004 (C), k = 0.01 (D); in the case of z0 = 5.0 for k = 0.0001 (E) and k = 0.004 (F). Parameters: σ1 = 4.5, σ2 = 5.5, δ = 0.
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average oscillation periods). Instantaneous spatial profiles and
oscillations in time x0,i(t) in rings without coupling are shown in
Figure 4A. The obtained instantaneous values of the variables in the
steady state were taken as fixed initial states of the rings for further
calculations. First, the connection of the rings through ideal
memristors was considered. The regimes established at different
values of the coupling coefficient k and the initial values of the state
variables of the memristors z0 were studied. Examples of
instantaneous spatial profiles and oscillations in two rings are
shown in Figures 4B–F. Based on the presented spatial profiles
and time oscillations, it can be concluded that the degree of wave
synchronism in two rings undergoes complex changes with
increasing coupling, the character of which depends on the
choice of z0.

For amore detailed study of the effects of wave synchronization in
non-identical rings with an ideal memristive coupling, the
dependencies of the ratio of average periods T2/T1 and the
synchronization error Δ on the coupling coefficient k were
calculated. The corresponding plots obtained for two initial values
of the control variables z0 = 0 and z0 = 5.0 are shown in Figures
5A–C. As the coupling coefficient increases, different behavior of the
waves is observed for different z0. Thus, in the case of z0 = 0, the ratio
of oscillation periods in two rings depends on k in a complicated way
(Figure 5A). Although it is close to unity, the periods are still

somewhat different. This difference disappears, then reappears.
Finally, the periods become equal at k > 0.004. The value of Δ,
which characterizes the averaged in time difference in instantaneous
spatial profiles, sharply increases and then decreases again at k >
0.007, but remains significant over the entire considered range of
changes in the coupling coefficient (Figure 5B). At z0 = 5.0, the ratio
of oscillation periods is almost immediately set equal to unity
(Figure 5A) and the value of Δ rapidly decreases with increasing
k (Figure 5C). For k = 0.004 and further,Δ does not exceed the order
of 10–2 and one can speak of effective synchronization. A similar
behavior is observed at z0 = −5.0. Figure 5D shows the area of
effective synchronization corresponding to the criterionΔ ≤ 10–2. For
small values of z0, the synchronization boundary goes up sharply. In
the figure, the areas of synchronous and non-synchronous modes are
calculated up to the value k = 0.1. At z0 = 0, it is possible to obtain
synchronization with the chosen criterion only for kP3.03.

It becomes clear from the obtained results that in non-
identical rings with ideal memristive interaction partial and in some
cases almost complete synchronization (Figure 5D) of excitation
waves is possible. In the case of the ideal nature of the coupling
memristors, the dependence of the synchronization effects on the
initial state of the memristors is still clearly visible.

Let us consider the influence of non-ideal nature of
memristors by setting the forgetting parameter to be non-zero

FIGURE 5 |Synchronization characteristics in two non-identical rings connected via ideal memristors: dependencies of the ratio of average oscillation periods T2/T1
at z0 = 0 and z0 = 5.0 (A); dependence of the synchronization error Δ on the coupling coefficient k at z0 = 0 (B) and z0 = 5.0 (C); region of effective synchronization of
traveling waves determined by the condition Δ ≤ 10–2 (D). Parameters: σ1 = 4.5, σ2 = 5.5, δ = 0.
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(δ = 0.1 as in the case of identical rings). In Figure 6 one can see
that the results are the same for two values of z0 within the
calculation error. Thus, in the case of a non-ideal memristive
coupling, the synchronization of traveling waves in non-identical
rings does not depend on the initial states of the memristors.

The question arises: why the values of |z0| affect the establishment
of identical phases of travelingwaves (i.e., complete synchronization)
in the case of non-ideal memristive coupling of identical rings, while
in the case of non-identical rings, the value of |z0| does not affect the
synchronization effect? To answer this question let us consider how
the values of the memristive variables zj change with time at δ > 0.
Integrating the equation for thememristive variable zjwith the initial
condition z0, we obtain

zj t( ) � z0e
−δt + e−δt ∫

t

0

e−δθ xj,1 θ( ) − xj,2 θ( )[ ]dθ. (6)

Obviously, immediately after switching on the memristive
coupling, the influence of the initial value of z0 on the value of
zj(t) and thus on the strength of the coupling can be great. The
larger |z0|, the stronger the connection between the rings. Over
time, the contribution of the initial value to zj(t) decreases
exponentially with the decrement δ. A strong coupling at the
initial stage of interaction leads to different consequences in the
case of identical and non-identical rings. In identical rings, a
strong coupling in a short time interval immediately leads to the
establishment of the same phases of the traveling waves, which
then remain the same although the coupling decreases. In non-
identical rings, a strong short-term coupling cannot affect the
synchronization of wave velocities since the coupling strength in
the steady state is important for this, and it does not depend on
the choice of z0.

5 CONCLUSION

Based on the results of the research, the following results were
obtained. For identical rings, the effect of complete (in-phase)

synchronization of traveling waves, which initially have a phase
shift, is established when the interaction of rings through
memristors is turned on. For identical rings, the dependence
of the boundary of complete wave synchronization on the initial
state of the coupling memristors is established, which is fully
preserved if the memristors have the forgetting effect. For non-
identical rings differing in internal coupling coefficients, the
effect of synchronization of the propagation velocities of
excitation waves and periods of oscillations of elements in
two ensembles is established. It is observed even at weak
coupling (k#0.0001). In addition, the effect of partial
synchronization of wave profiles, which depends on the
initial states of the communication memristors, has been
revealed. It is shown that when non-identical rings interact
through memristors with finite memory, the effects of partial
synchronization cease to depend on the initial states of the
memristors.
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FIGURE 6 | Synchronization characteristics in two non-identical rings (σ1 = 4.5, σ2 = 5.5) coupled via non-ideal memristors with δ = 0.1: dependencies of the ratio of
average oscillation periods T2/T1 (A) and synchronization errors Δ (B) on the coupling coefficient k calculated at z0 = 0, z0 = 5.0.
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