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A tragedy of the commons is said to occur when individuals act only in their own interest
but, in so doing, create a collective state of a group that is less than optimal due to
uncoordinated action. Here, we explore the individual decision-making processes of
commuters using various forms of transport within a city, forming a modal share which
is then built into a dynamical model using travel time as the key variable. From a
randomised start in the distribution of the modal share, assuming that some individuals
change their commuting method, favouring lower travel times, we show that a stable
modal share is reached corresponding to an equilibrium in the model. Considering the
average travel time for all commuters within the city, we show that an optimal result is
achieved only if the direct and induced factors and the number of users are equal for all
transport modes. For asymmetric factors, the equilibrium reached is always sub-optimal,
leading to city travel trajectories being “tragic”, meaning that individuals choose a faster
commuting time but create a slower urban mobility as a collective result. Hence, the city
evolves, producing longer average commuting times. It is also shown that if a new mode of
transport has a small baseline commuting time but has a high induced impact for other
users, then introducing it might result in a counter-intuitive result producing more
congestion, rather than less.

Keywords: tragedy, modes of transport, modal share, public transport, pollution, evolutionary games, dynamical
system

1 INTRODUCTION

Despite the possibility of new technical solutions being developed to reduce the impact of an ever-
increasing population on our climate, there is still a need for radical social transformation to ensure
sustainability. Systems formed by unregulated and disorganised individuals often fail due to their
competitive, over-exploitation of a shared resource or the inadvertent costs that each person puts on
society, leading to a collective tragedy. The tragedy of the commons can be described as a situation in
which the members of a group act solely in their self-interest, trying to maximise their own outcome
or benefit, but resulting in the unintended consequence of the deterioration of a wider social outcome
[1, 2]. This type of tragedy has been observed in nature, for example, in territorial conflicts between
animals, plant competition for light and even high virulence in parasites [3]. In social terms, aspects
such as pollution, climate change, or the super rich’s wealth concentration can all be posed in terms
of a tragedy, where individual action tends to pollute more and concentrate more wealth [4].
Road traffic can also be thought of as a tragedy [5]. For example, increasing road capacity in
response to congested conditions can make congestion even worse since some people switch from
some other mode of transport to using a car [6, 7]. Also, it has been noted that selfish routing
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considerably increases the time lost to congestion [8]. Moreover,
it has recently been shown that a collective decision could lead to
the worst-case scenario in mode choice, whereby people choose to
drive, as it is their fastest method, but this takes the city to the
highest average commuting time as well as increasing pollution
[9]. If everyone minimises their commuting time, this could result
in maximum congestion for everyone. Individual action might
lead to a tragedy where the outcomes are far from sustainable
cities.

People often choose their transport mode taking many factors
into account, including cost, the risk involved, accessibility, levels
of comfort and other personal preferences, but the time of a
journey is often the key factor, especially for daily commutes [6,
10-18]. People tend to choose the fastest method and, in many
cases, commuting by car is faster than travelling by public
transport, cycling or walking. However, car drivers impose
themselves on the traffic, that is, they increase the commuting
time of others and the whole city. And a similar effect happens for
other transport modes, where more users impose costs on others,
although the congestion effects are smaller compared to the
congestion caused by drivers. Perhaps cyclists struggle to find
a parking spot with too many cyclists, or walking down a busy
street is slowed down by other pedestrians. It has been argued that
public transport might undergo a virtuous cycle, where more
users will induce the operator to increase their service frequency,
decreasing waiting times and hence attracting even more users
[19-22]. There is, however, a limit to how virtuous the cycle of
public transport might be. Metro lines have a limit to the number
of trains they can accommodate, so their capacity cannot expand
beyond a certain limit. Access time is a large proportion of the
door-to-door travel time for public transport [6] which tends to
increase with more users. Stations have finite space. Cities around
the world experience a saturated public transport during rush
hour with queues for buying a ticket, longer alighting times, the
need to let some services go, which are full, or having to travel in
uncomfortable conditions [23-25].

Besides the congestion on the roads, there are other negative
impacts that cars put on cities, such as the need for more
infrastructure and an increase in the demand for parking
space, pollution related to both the production and
combustion of fuel, to name but a few [26]. Cities do not have
enough road space for everyone who wishes to travel by car [27].
However, road users do not usually take into account the costs
they inflict on others [28, 29]. Cities are facing a severe challenge
to remain sustainable, and Metropolitan councils make great
efforts to promote walking, cycling, and the use of public
transport rather than driving [11, 30-34]. However, the system
has memory in terms of the built environment. Many cities have
invested considerable funds to construct car infrastructure,
leading to an expansion of urban sprawl. This spending also
means that there is a lack of budget to fund alternative projects, so
decreasing the chances that a person will ever use public or other
modes of transport [35, 36], making it very difficult to change
commuting behaviour [37].

The traffic in a city and the number of users of a transportation
mode are the results of the decisions made by millions of people
every day. If we regard individuals as being rational, in the sense
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that their choices aim to minimise their commuting time (or cost)
[38-41], then the resulting traffic and modal share are the
consequences of these decisions [11, 42]. However, the
commuting choice of a person necessarily impacts the rest of
the travellers. Transport supply, given by the capacities of the
roads, transit system, bicycle lanes and pavement, etc., is fixed for
relatively long periods. Furthermore, there is competition
between modal shares since they share parts of the urban
space. This is mainly noticed by the increase in the travel time
that extra users impose on the rest of the travellers, for example,
in the reduction of comfort that an additional transit user implies
for the rest of the passengers in a bus, or the reduction of safety
that an extra motorist imposes on pedestrians, cyclists and other
motorists. This implies that an individual’s choice of
transportation mode depends on the choices of the rest of the
travellers, through the cost that they induce on each of the
travel modes.

There is a complex feedback between the choices that travellers
make and the state of the transportation network, as travellers
seek to minimise their commuting time, but the outcome depends
on the choices of all other travellers. Furthermore, traffic, seen as
a game, is a non-cooperative system, so people only care about
their own commuting time. We say that a system is in equilibrium
when no “player” (user or commuter) can further minimise their
commuting time by unilaterally changing their transportation
mode, and if on the contrary, they change it, then they experience
a higher commuting time [43-45]. Thus, an equilibrium is
observed when the commuting time for all used transport
modes is the same [28, 46, 47]. In idealised scenarios, such as
laboratory decision experiments, it has been found that
equilibrium is reached after repeated choices of participants
[48, 49)].

If the choice of the mode of transportation depends solely on
the perceived length of commuting time incurred by the decision-
maker (without considering the cost induced to the rest of the
travellers), then the equilibrium will not match the social
optimum [50]. Thus, it is often regarded as selfish behaviour.
This means that the social cost at equilibrium might be greater
than the minimum social cost. Therefore, we are in a tragic
situation, in which the efficiency of a system degrades due to
selfish behaviour [51, 52]. The decrease in social efficiency of a
system is often referred to as the price of anarchy [53], defined as
a quantitative measure between the worst possible equilibrium
and the social optimum. In the context of route choice, the price
of anarchy has been estimated to be up to 33%, meaning that
drivers may spend up to one third more of their time in
congestion by not behaving cooperatively [54-56].

Here, we model the collective evolution of a modal share in a
city, where some individuals switch between distinct modes,
favouring faster methods of transport [9, 11]. Selecting the
modal share is conceived as an iterative, multiplayer non-
cooperative game [57]. A collective dynamical system is
considered, where faster methods become more popular.
Assuming a constant baseline commuting time and an
increasing linear function for the induced times for travel of
each mode of transport, we show that a unique equilibrium exists
and that it forms an attractor node in the system, meaning that
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the city will eventually reach that equilibrium for all initial
internal conditions (where all modes begin with at least one
user). We then construct the city “trajectories,” that is, the
sequence of changes in modal shares over time. We classify a
modal share as “tragic” if the average commuting time of the city
increases with time at some stage in the trajectory. Except for one
scenario, where all baselines and direct costs are equal, there are
always tragic trajectories. It is possible to find a modal share
where users switching to a faster mode of transportation results in
a slower system overall. The set of modal shares where trajectories
are tragic is not empty, and indeed there may be a substantial
tragic region. Even when all switches minimise the individual
commuting time, a city might become slower as a result. Further,
we show that a novel transport method might become popular if
its baseline commuting time is small, but the collective outcome
of introducing a novel mode might be tragic if the direct costs are
high (so, the novel mode becomes less efficient) and if it has high
induced costs (so, it makes other modes less efficient as well).
Thus, we show that some novel technology might create a costly
and undesired collective system.

2 RESULTS
2.1 Changing Between Transport Modes

Commuting is, in general, not an enjoyable activity [58] and each
journey has some degree of “undesirability” [6, 46]. This
undesirability, or cost, varies from person to person and
across transport methods [59]. For example, waiting time is
particularly important in public transport since users view it
as more burdensome than the same amount of time spent
travelling [60]. Here, we assume that any undesirability of a
journey can be measured, compared across users and expressed as
the minutes that the journey takes.

Every person in a city elects a mode of transport from a pool of
x transport modes. Consider a city with N (fixed) individuals who,
at time t, choose to commute using a particular mode of
transportation. Let x;(f) be the number of users of mode i at
time £, with i = 1, 2, ..., k. Since everyone picks a mode of
transportation, then we only consider points inside the simplex
Xn = {x| Xix; = N}. We assume that the level-of-service of a mode
of transportation can be measured in travel time and, thus, all
costs can be expressed in commuting minutes of an average
journey for each transport mode [9]. The commuting time of each
transport mode is divided into three components: 1) a baseline
commuting time, which represents the free-flow travel time,
i.e., the commuting time as if the city were “empty,” and two
variable costs, representing the additional time due to congestion,
that depend on 2) the number of users in the same mode of
transportation and 3) the number of users in the other modes. If
the modal share, i.e., the distribution of users over different
modes at time f, is given by the vector x(f) = (x(£), x(t), ...,
x.(t)), then the cost of using mode i can be expressed in
minutes as

Ci(x) = B; + D; (x) + I; (x), (1)
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where B, is a constant baseline commuting time for mode i, the
function D; is the direct cost that users of i impose to the users on
the same mode i, and I; are the indirect costs imposed by the users
of other transport modes. In general, D; > 0 and, if the rate of
change of D; with respect to x is denoted by D}, then we assume
that D} >0 so that costs are non-negative and do not decrease
with more users. Similarly with I;, so more users of any other
mode impose higher indirect costs.

The induced and direct costs are not linear and a variety of
functions have been proposed to link travel times and traffic flow
[61-63]. For example, the Bureau of Public Roads function was
developed by fitting speeds on freeways and it captures a steep
increase in travel times with high levels of traffic [63-65]. At a city
level, measuring travel time is more complicated. Speed rises with
distance from the city centre [6] but also, it has been suggested
that the average modal journey time per day and per person has
remained constant for decades [59], perhaps due to a polycentric
transition of cities [66]. However, although we observe a process
that is non-linear at a microscopic level, we assume linear costs at
a macroscopic level to simplify our model. Assuming that the
induced costs functions are linear, we can express the commuting
time for all transport modes as

C(x) = B + Mx, (2)

where C(x) is the commuting time vector (a function), B are the
fixed baseline commuting times and M is a matrix with the
arranged marginal costs (with the direct costs on the diagonal).

In general, more car users imply a higher commuting time for
driving, even if that means fewer cyclists or walkers, and similarly
for other modes of transport. Thus, we assume that each entry of
M are non-negative, and in general, the direct costs are higher
than the induced costs of other modes, so the elements in the
diagonal will be the largest values of each row.

We assume that there is some modal share for all transport
modes for which the commuting time is lower than other
transport modes. That is, if there are enough walkers, cyclists
and drivers, then using public transport becomes faster. With
enough drivers and public transport users, then walking is faster
and so on. Under such conditions, no commuting mode is
dominant, ie., no transportation mode is faster than the
others for all modal shares x. Rather, for some modal shares,
different transport modes compete with others. If everyone uses a
car, it will be the worst (slowest) commuting method. The same
applies to public transport, walking and cycling. If everyone uses
one transport method, it will be the slowest option due to the
imposed costs. Also, there exists an internal point, where the
number of users of all transport modes is greater than zero, X,
such that C(x") = Ci(x"), for all pairs i # j, with i, j=1,2, ..., %,
meaning that there is some internal point for which all
commuting methods take the same travel time.

For modal share x, the average commuting time of a trip is
given by u(x) = (1I/N)x' C(x), i.e., the commuting time of each
mode weighted by its share of users. We can write the average
commuting time function as

p(x) = % [x'B +x' Mx]. (3)
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The function u(x) is a paraboloid. It has higher values
(commuting times) in p(N,0,...,0) = B; + M1 N, which is a
local maximum (and similarly for (0, N, ..., 0), and for other
modes of transport 4(0, 0, ..., N, 0, ..., 0)). Thus, there is some
modal share, x*, for which the average commuting time is
minimum. That is, y(x) has some global minimum, y* = p(x*)
for modal share x*.

2.2 A Dynamical System for Modal Share
Shorter travel times is one of the key factors that make a transport
mode more attractive [10, 11, 15, 16, 67]. People often try
different commuting options, particularly if others manage to
commute faster using a different mode [9]. If cycling, for example,
is much faster than using a car, then some drivers might try to
commute by bicycle and then make it a habit. Similarly, if the
public transport is too slow, people might try other methods and
choose a faster option. Users switching becomes a dynamic
process at a collective level. More people attracted by the
benefits of cycling means higher direct costs, less cycling
space, and so slower times for cyclists and fewer costs for
drivers or public transport users. More car drivers mean more
congestion, and more public transport users lead to more delays,
queues, etc. Choosing a transport mode can be thought of as an
iterative, multiplayer, evolutionary and non-cooperative game
[68, 69]. The strategies are the mode of transportation that each
person chooses each day, and their outcome is the commuting
time. At each iteration, here taken to be a day, some players
switch between the distinct transport alternatives to achieve a
faster commute. Users switching between methods alter the
modal distribution and the commuting time for all users as a
result. A common way in which such types of evolutionary games
are modelled is through the so-called replicator equation. The
core aspect of the model is that users copy better strategies [70].

Each traveller (or player) chooses their transport method (or
strategy) and experiences some commuting time (obtains a
payoff, or some “gain” according to the strategy). This results
in a dynamical process, where the rate of change of a modal share
is given by

X = px; (u(x) - Cy), 4)

where p > 0 is a speed parameter, so people switch commuting
methods on some time scale. The overdot represents
differentiation with respect to time, ¢. Here, u(x) — C; is the
difference between the average commuting time and the
commuting time for mode i, so that the commuting method i
becomes more popular (X; >0) when it is faster than the average.

Equation 4 defines a dynamical behaviour that is frequently
used to study the adaptation and co-evolution of biological
populations [71-73] possessing some important properties.
Firstly, the set Xy = {x | Y = N} is invariant under the
dynamics, meaning that a trajectory which begins in Xy, never
leaves it [70]. The corners of the set Xy, which are x; = Nand x; =
N for j # i, are fixed points of Equation 4 which might also be
termed as an equilibrium. There might also be a fixed point on the
edges, where C; = C; = u for any two modes, i and j and x = 0 for
the others, and there might be a fully internal fixed point x°, where
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C; = p for all modes. Such an internal fixed point, if it exists, forms
a Nash equilibrium in the dynamics [74] so that no user wants to
change their commuting mode, and if they do, their commuting
time is longer (so they or someone else takes the city back to its
equilibrium). The corners are not necessarily a Nash equilibrium.
Although the corners (or some points along the edge) might form
an equilibrium, it is generally unstable to small perturbations.
Considering discrete units of time (days, for example) gives a
first-order difference equation [75].

2.3 An Equilibrium of Modal Share

A unique internal equilibrium exists (with x; >0 foralli=1,2, ...
, ) if there is a point in Xy such that C;(x) = Cj(x) for every pair i #
j. It is possible to see that, from an arbitrary start, the dynamics
will converge to the fixed point x°, hence it becomes
asymptotically stable.

For some baseline commuting time B, a cost matrix M and
some initial conditions, Xy, the number of users of each transport
mode evolves whilst some are attracted by faster commuting
methods. Figure 1 shows plots based on three modes of transport.
In the long run, the commuting time of all transport modes
converges to the same value if and when an equilibrium is
reached.

Eventually, users converge to some equilibrium x°, which has
the same commuting time for all transport modes (Figure 2). In
general, regardless of the initial distribution, all trajectories
converge to some equilibrium distribution, although it could
be a cyclic behaviour depending on the parameters. With a
small value of p > 0, the process takes all internal trajectories
to some consensual distribution [9]. The rate of convergence
depends on the values of p, where smaller values take a
longer time.

If there is a modal share for which each method has the lowest
commuting time, that is, if all commuting methods are desirable
for some modal share and have the worst commuting time if
everyone uses them, then an internal equilibrium exists. See the
Methods 4.2 for the details.

2.4 Social Trajectories

The replicator equation is based on the principle that faster
commuting methods become more popular since individuals
switch to reduce their commuting time. For some initial
conditions, xo, the system produces a trajectory in the space of
transport modes Xy. As people switch commuting methods, the
collective modal share changes accordingly. Therefore, a
trajectory is defined for x(f) as ¢ increases. Also, as time
passes, and users switch between commuting methods, the
corresponding commuting time for each transport mode
changes and the mean commuting time also changes.
Combining Equations 4, 3 gives the evolution of the mean
commuting time with respect to time

A _p o v s
E_N[B +x' ( M+ Mk (5)

For different initial conditions x,, the observed trajectories
x(t)y, and the mean commuting time curve y, (t) are different,
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FIGURE 1 | Modal share (vertical axis) versus time measured in some dimensionless scale, marked as “days,” so it is a slow process compared to the commutes
(horizontal axis) for N = 1, 000, 000 individuals, and some initial distribution, considering three transport modes. The top panels indicates the number of users and their
frequency. The bottom panels is the commuting time in minutes for each transport mode and the mean commuting time experienced by all users.

time (in days)

although for any internal initial conditions, trajectories will
converge to the fixed point x". Therefore, all mean commuting
time curves y, (t) eventually have the same final value y,-.

The mean commuting time u, varies according to the
distribution of users of different transport modes (Figure 3).
Equation 3 is a paraboloid in Xy, a function with a single
minimum point that increases in all directions. With different
values of B and M, the shape of the second-degree polynomial
changes and the location of the minimum average commuting
time x* also changes. It is possible to find a point in Xy where the
average commuting time is minimum. See the Methods 4.2 for the
details.

The mean commuting time curve y, (f) is a continuous
function for ¢ > 0 since it is a trajectory over the domain of a
second-degree polynomial. It begins at x, and, as time evolves, the
trajectory converges to x’.

2.5 Tragedy of the Commons

Each time a person switches from one commuting method to
another, they reduce their travelling time. However, as a result of
that switching, the average commuting time changes, and it might
increase. This scenario happens when higher induced costs
imposed on other users compensate for the personal gain
from the switching. For example, if a person decides to drive
instead of walking, they might save some time by doing this, but
the payoff is only for the individual and creates even more traffic
for those who already drive. An individual gain becomes a
collective loss.

The city’s transport evolves as visualised by trajectories x(f)
formed by people trying to decrease their commuting time,
although the collective result does not always reduce the mean
commuting time. To account for this, here the region where
trajectories increase the average commuting times is called tragic.
When a city is in a tragic area, the individual action of switching
between methods for a faster commute results in a slower
collective system, with higher commuting times on average. In
the case of only two transport modes, it was observed that the
equilibrium, where everyone has minimised their own
commuting time, might be reached at a point with the highest
mean commuting time for society [9], forming a transport
paradox. Here, with the replicator dynamics, it is observed
that some trajectories are such that 4 >0, meaning that the
average commuting time increases. For any modal share x, we
say that it is tragic if

du

dtlx >0, ©)

and we call x to be rewarding if the derivative is not positive. A
trajectory might switch between being tragic and rewarding as it
moves and evolves in Xy.

In general x° # x*, so the system will converge to a non-
optimum distribution. There is only one scenario where the
equilibrium is optimum. If the baseline commuting time is the
same for all methods, the direct costs are equal, and the
induced costs are the same for all cross mode users, then
the stable point is also the minimum mean commuting time.
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O

mode 3

FIGURE 2| Each point in the triangle represents the distribution of users
among the three modes of transport. The triangle representation is such that
at any point inside the simplex Xy, the number of users of all modes represents
the total population. For some point inside the triangle, the amount of
users of mode 1 can be identified by following a horizontal line from the left
axis. For mode 2, a diagonal line to the lower-left, and for mode 3, a diagonal
line to the upper-left. The corners represent modal shares where all users use
the same transport system. There is a commuting time associated with each
transport mode and an average commuting time for each point. Different
trajectories of the modal-share dynamics are observed as curves with different
(randomly picked) colours across the simplex. Each curve starts at some
randomly picked distribution, and eventually, all curves converge to the same
point (the black disc), which is the attractor node and the Nash equilibrium for
the dynamics, x°. From all modal shares, there is one configuration which has
the lowest average commuting times (the green disc), x*.

This scenario means that only if the commuting times can be
simplified as Ci(x;) = 1 + wx;, with the same # and w for all
transport methods, then the stable point is optimum.
Furthermore, the optimum distribution is x° = x* = (N/x,
N/x, ... , N/k) so all methods have the same number of
users. See the Methods 4.3 for the details.

Unless x° = x* (so the equilibrium is the optimum modal share
distribution), the modal share of a city converges to a sub-
optimum point, where the commuting time for all users is the
same but the mean commuting time is higher than the optimum.
We can consider the trajectory that begins at the optimum point
x* but eventually converges to x°. It forms a continuous function
pex (t) that begins with a lower mean commuting time, but
increases for some interval with ¢ > 0. Therefore, except for a
unique set of parameters (where x° = x*), there is always at least
one trajectory that begins in the optimum and increases its
commuting time as the steps evolve. The tragedy is almost
inevitable.

Depending on the initial conditions and the baseline and costs
of the transport modes, the system might have many trajectories
where average commuting times increase during some periods.
Also, some trajectories might switch between being tragic and not
being tragic as time evolves (Figure 4).

FIGURE 3 | The mean commuting time function px gives the weighted

time for each transport mode, considering the number of users that
experience such commuting times. With linear costs, the function is a second-
degree polynomial, with some minimum mean cost which might be

inside X. Three transport mode options are simultaneously plotted. The black
curves marked with numbers 60, 65, 70, and so on, correspond to a contour
curve of the commuting time function, where the average commuting times
are 60 min, 65 min, etc. The attractor node is the dark disc, and the optimum
distribution is the green disc.

The optimum point x* might be relatively close to the
equilibrium point x’, in which case the price of anarchy is
limited. However, the distance between both points might be
large, meaning that a city might converge to a modal share that is
far from the optimum (Figure 5).

With different baseline commuting time B and induced and
direct costs M, the trajectories are distinct and form different
regions with tragedy (Figure 6).

The emergent tragedy of the commons can be thought of as the
result of a multi-person prisoner’s dilemma [76] where each
player picks their best strategy, reducing the collective gain.
Playing the iterative game and allowing some players to switch
their strategy between one round and the next, our results show
that the distribution of users per strategy will converge to some
equilibrium, but also, that the collective dilemma imposes a high
burden on society. An individual gain results in a collective loss.

2.6 Introducing a New Transport Method
and a New Tragedy in the City

Introducing a new technology to a society, even if it offers some gain
at first, rather oddly might result in higher commuting times. This
result appears to imply that a community would be better if that new
technology never existed. For example, contrary to some
expectations, it was observed that the introduction of ride-hailing
services to compete with more socially desirable modes of
transportation, saw trips carried out that otherwise would have
been made by public transport or walking [77-80], as well as extra
vehicle miles, travelled before each pick-up [81], contributing to
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FIGURE 4 | Mean commuting time in minutes (vertical axis) for different
initial conditions iy () as time evolves (horizontal axis) measured in some
dimensionless time scale, marked as “days”. All initial conditions converge to
the same average commuting time (approximately 62 min). Distinct

curves are identified by their shade. When a trajectory increases its
commuting time, it is shaded in red, and when it is decreasing its commuting
time, it is coloured in blue. Some of the trajectories have, at some point, lower
commuting time, but they have some tragic regions where the average
commuting time is increasing.

growing road congestion and pollution. If the new technology is
attractive since it has a small baseline commuting time, then as this
becomes more popular, it will impose a high burden on others, and
the novel method might be tragic. Eventually, given the right
conditions, most people will be attracted by the novel technology,
but the collective result is that everyone has to pay the subsequent
high induced and direct costs. Thus, a novel commuting transport
might be attractive, but it could have a tragic outcome.

The borders of the simplex X enable us to compare a system
with and without a particular transport mode. Within the replicator
dynamics, the borders are invariant, meaning that a trajectory
which begins on the border (with some transport mode x;(0) = 0)
never leaves it (so x;(t) = 0 for all £ > 0). We compare the modal
share and the average commuting time between two systems with
equal commuting times, one with an initial condition of x;(0) = 0,
and one with x;(0) = 6, with 6 > 0 small (Figure 7). After a few days,
the mean commuting time might be much lower when the novel
method does not exist x;(0) = 0, than with the new technology. This
scenario happens when the new transport mode j is attractive (with
a small baseline commuting time), becomes popular (so x;(7)
becomes large for some 7 > 0) and, more importantly, has high
induced costs imposed on other transport modes and on the same
mode. People are attracted to use that novel mode j due to its lower
commuting times, but each user switching imposes a cost on other
modes and other users.

The scenario where most users are tempted by a “fast”
commuting mode that imposes high direct and indirect costs
on others (left panel of Figure 7) might create trajectories that are
mostly tragic (bottom right panel of Figure 6). The imposed costs
compensate whatever gain that switching individuals might have,
so the mean commuting time increases after switching. Under
these conditions, the city will converge to most users in mode 3,

P
?

mode 3

FIGURE 5 | Visualisation of the dynamics of the transport system for

three different modes showing values of % and some trajectories which
converge to the Nash equilibrium of the system. The dark disc is the
equilibrium point x°, and the green disc is the minimum commuting time

x*. Values where 2 <0 are coloured in blue, such that the dynamics reduce
the average commuting times of the city as the dynamic evolves. The red
region corresponds to values where %> 0 in Xy. The red region thus
represents the tragedy, where each person is minimising their commuting time
but increasing the average. Fifty trajectories with distinct initial conditions are
coloured in grey. When a trajectory passes through a red region, it increases
its average commuting time.

experiencing high commuting times (on average, 100 min)
against the scenario where the commuting method remains
unknown (right panel of Figure 7), where the average
commuting times remain close to 20 min.

Novel modal shares might alter the equilibrium, although it
takes time for the replicator dynamics to fully adhere them into
the system. For example, a city with N = 1, 000, 000 inhabitants,
with x;(0) = 1, with x,(0) = 400, 000 and x3(0) = 599, 999, the
equilibrium between only two modes is reached quickly and for
many steps, the number of x; remains almost negligible
(Figure 7). After a significant time, x; is “a hidden gem” since
it has a lower commuting time (since almost nobody knows about
it) and remains fast but unpopular. Eventually, x; becomes a
popular strategy and then even a dominant modal share, reducing
the size of x, and x3. With any x;(0) > 0 small, the modal share
eventually attracts most people. However, if x;(0) = 0, the
equilibrium would remain on the boundary, with x;(f) = 0 for
all t > 0.

3 DISCUSSION

Our model is a simplified system (game) of users (players) that
choose a commuting method (strategy) and experience some travel
time (reward or cost). Detecting precisely the baseline and induced
costs of a system with varying conditions, such as rain, snow, a
massive event or a road accident, is an impossible task. Also, the costs
that users of different transport modes impose on others are not only
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FIGURE 6 | Visualisation of the dynamics of the transport system, considering three modes of transport. Each figure shows the result considering different values of
M and of B. The blue areas correspond to trajectories that improve the average commuting time under the replicator dynamics. The red areas correspond to trajectories
in the dynamics where individuals change to reduce their commuting time but increase the average commuting time.

mode 3

experienced only by an increasing commuting time, but they should
include other aspects such as the use of space in a city, transport
emissions, the pollution created when manufacturing cars, noise,
and even the risk of suffering an accident. Also, the costs experienced
due to congestion do not increase linearly with more users. Rather,
each transport mode might have a different saturation point, after
which users experience a steep increase in travel times [63-65].
Therefore, our model should be thought of as a simplified
description of a city, its mobility and the different scenarios that
might exist. A fixed baseline and linear cost functions are a simple
mechanism to model the dynamics of switching between different
transport modes, define trajectories and detect if a modal share is
tragic, meaning that people will decrease their travel time, but this
will increase the average commuting time. Other models considering
urban density [35] and the distance between residence and
employment have also been considered to reduce the burden of
cars in cities [35, 36, 82].

Many social dilemmas might create a tragedy formed by the
discrepancy between individual and collective utility, for example,
regarding pollution, hoarding, and more. In our transport model,
an equilibrium exists in the collective modal share, but the
average commuting time is almost always higher than an
efficient distribution. Therefore, a tragedy almost always exists.
The tragedy goes beyond commuting times. Longer commuting
times mean less productivity and less leisure time, more pollution

and a collective demand for even more budget and space in cities.
Thus, there is a need to understand the emergence of a tragedy
and find ways to reduce its social burden.

Cities evolve depending on the ever-changing baseline time
and the induced and direct costs for each commuting method. A
new bike lane, an additional bus station or reducing the parking
spaces in some neighbourhoods will change the conditions of the
system, taking the city to a newly formed equilibrium. The city
will slowly move through trajectories and, in many cases, increase
the average commuting time due to individual action.

There are numerous ways in which the price of the tragedy can
be contained or reduced, for instance, through cooperation,
reputation [83], or creating institutions for collective action
[4]. In terms of transport, many aspects promote a sustainable
commute, including road pricing [37, 84] and more travel options
beyond cars, such as safer cycle lanes, accessible and efficient
public transport and paths which encourage people to walk [85]
will reduce the tragic outcome of a car-dominated city [18]. Also,
new routing strategies that aim to reduce the social cost by
considering negative externalities are being studied [86, 87].
However, as long as driving is perceived as a better and faster
commuting option than using the public transport, many people
will eventually drive [88]. Thus, efforts to promote a sustainable
mobility should focus on improving public transport and the
walking and cycling experience in cities [47].
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FIGURE 7 | Modal share (top) and commuting time in minutes (bottom) as the dynamical system evolves in some dimensionless units, marked as “days”. The top

left panel has a small (positive) initial number of users for mode 3. The right panel has zero initial users for mode 3, resembling the scenario where that mode will never
exist. The baseline commuting time of mode 3 is below the observed commuting time for modes 1 and 2, so the red line has a lower cost than the initial condition. As
more users are attracted by the faster mode 3, this mode becomes slower, but also, other modes experience higher induced costs. Only if all users pick mode 3, the

commuting time of all modes is the same (thus becoming an equilibrium). Otherwise, the commuting time is always lower for mode 3. The average commuting time
(dashed line) increases when mode 3 attracts more users. With these parameters, regardless of the initial internal conditions, the long-term distribution is that everyone
chooses mode 3. However, when x(t) = O (right panel), the system converges to a separate equilibrium, where the long-term mean commuting time is significantly lower.

time (in days)

The car is a transport method with a small baseline commuting
time. It might be perceived as comfortable and fast, so cars might be
an attractive mode of commuting in many cities. However, it has
high induced and direct costs. Cars require too much road
infrastructure for moving and for parking, imposing an inefficient
and costly use of space. Cars lower the available space for public
transport, put cyclists at risk and reduce space for pedestrians. In
some US cities, such as Atlanta, more than 90% of the daily journeys
of commuters are by car, so the city has evolved, creating more space
for cars and less room for anything else. We see that cars have
imposed an enormous cost on cycling, public transport, or walking,
making it very difficult not to depend on a vehicle for individual
mobility. A new technology introduced, as seen when cars were
introduced a few decades ago, or more recently with the start of
shared services, might result in an actual increase in the miles
travelled and the commuting times [81].

Individualistic behaviour might lead us to a tragedy where the
outcomes are far from sustainable cities. Hence, reducing the
discrepancy between the modal share in equilibrium and the
social optimum must be central in sustainable policies for
transportation.

3.1 How to Implement This Model in a
Real-Case Scenario?

Changing commuting behaviour is not easy [37]. Two
elements are needed to detect the tragedy of transport in a
city: first, we need to understand the reasons why people drive
and second, also understanding the attitudes of those who do

not drive. Using origin-destination surveys that capture details
about the journeys and attitudes, it is possible to uncover
current and future trends for mobility in a city. Different
socioeconomic groups make travel mode decisions based on
various factors [89]. For example, a study showed that nearly
one in five people in Mexico City would use a car if they could
pay for it [88, 90]. Although the Metro System in Mexico City
has nearly five million passengers per day, a considerable part
of the public transport users in the city is made up of captive
riders who do not have an alternative mode of travel [20].
However, it is likely that many people will shift to driving as
soon as they can afford it.

All transport modes have some degree of undesirability [46]
and although we have used time units to quantify this factor,
understanding the main reasons for choosing a commuting
method is critical for reducing the size of the tragedy. Many
people might avoid public transport if it is perceived as unsafe,
unreliable, uncomfortable or inaccessible [91], including
pedestrian safety [92], neighbourhood amenities [93] and the
urban form [94].

4 METHODS

4.1 Existence of an Internal Equilibrium
Without loss of generality, considering only x = 3 commuting
options, for method i, the commuting time is higher when all
users choose that mode. To see this, let x = (x, y, z). We can write
the commuting time as
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Ci(x,y,z) =B;+ax+ By +yz,withi=1,2and3, (7)

where x + y + z= N, and where «, 8 and y are parameters. For x =
N we get that C{(N, 0, 0) = B; + aN, but, if x = N — r, it means r
users with a different method, so C;(N—r,s,7—s) =B; + a(N —r)
+ s+ y(r — s), thus, the commuting time is reduced in r units of «
and increases in either s and y(r — s), for some s € [0, 7]. Let 6 =
max(f, y) < « be the largest induced cost. Then,

Ci(N,0,0) = B; + aN (®)
>Bi+a(N—-r)+0ds+06(r—ys) 9)
2Bi+a(N-r)+fs+y(r-s)
=C;(N —r,s,7r — ). (10)

Therefore, when everyone uses method i, its commuting
time C(N, 0, 0) is higher than the commuting time of
other modes.

Assuming that for all transport modes, there is some modal
share for which the commuting time is lower than other
transport modes, means that all transport modes are the
slowest and the fastest method for different shares.
Consider only two transport modes. Their commuting time
surface C; and C, (a plane from the simplex X3 to R") intersects
on a non-empty line, that is, a set U;, for which the
commuting time of both transport modes are equal. The set
U, , divides the simplex into two parts, one for which mode 1
has a higher commuting time (which contains the corner of S;
where all journeys are via mode 1) and one where mode 2 has
a higher commuting time (which contains the corner of S;
where all journeys are on mode 2). Since U;, divides the
simplex into two parts, it intersects the edge where no one
uses mode 3 into two parts, so that the corresponding corners
of S5 are slower for each transport mode. For modes 2 and 3,
there is also a set U, ; which also divides X3 into two parts as
well that intersects the edge where nobody uses transport 1.
We will show that U;, and U, ; intersect at some point by
contradiction. Suppose they do not intersect. This means that
U, ; is fully contained either in the set where mode 1 is slower
or fully contained in the set where mode 2 is slower. Suppose it
is fully contained in the set where mode 2 is slower. This
means that the simplex can be divided into three regions: one
in which mode 2 is slower than both methods (the region
which contains the corner of X; where all journeys are on
transport 2), one in which mode 1 is faster than the other two
methods (and contains the corner where all journeys are on
mode 3) and one in which mode 3 is faster than the other two
methods (and contains the corner where all journeys are on
mode 1). This means that X3 is divided into three parts, where
mode 2 is slower than one or both of the distinct transport
modes, which is a contradiction since it is assumed that mode 2
is faster than the other modes for some modal share. Similarly,
if we suppose that U, ; is fully contained where mode 1 is
slower. Then we divide the space X; into three regions where
mode 1 is always slower than one or both of the other methods,
which is also a contradiction. Therefore, there exists an
internal equilibrium.

Thus, what we have shown is that, with linear costs and a fixed
baseline, all modal shares are desirable when they have zero users

Ubiquitous Collective Tragedy in Transport

and the worst option when everyone uses them., and also, that a
unique internal equilibrium exists. Therefore, we can also ensure
that all trajectories with an internal initial condition, will
converge to that equilibrium.

4.2 Finding the Minimum Mean Commuting
Time

Letfir,s) =rCy(r, s, N=r—5) +sCy(r, s, N—r—5) + (N— 1= 5)C5(1; 5,
N - r — s) be the total commuting time of the modal share (r, s, N —
r—s) for some 0 < r + s < N. The function f can then be expressed as

f(r,s)=Dr* + Ers+ Fs* +Gr+ Hs + 1, (11)
where

D =My — M — Mz + M (12)
E =M — M+ My — Mz — Msy — M, + 2Ms; (13)
F =My — My — Mz, + Ms; (14)
G=B;—-B;+ NMi3+ NM3 —2NMs3; (15)
H =B, — Bs + NMy; + NM3, — 2N M3;,and (16)
I = NB; + N*M;;. (17)

Evaluating (N, 0) = N*M,, + NB, and similarly, for 0, N) =
N*M,, + NB,, gives the total commuting time for N users of the first
and second commuting methods. The expression f{0, 0) = N*Ms; +
NB; gives the total commuting time when the third method has N
users. The function f is a quadratic polynomial that has three local
maximum values in the corners of its domain 0 < r + s < N and
therefore, there exists a point (r*, s*) that minimises the values of f.

The gradient of f gives

of 0
VF(rs) = (a—fa—{

and by setting the values equal to (0, 0) we get that
* = ZEFf;gI; ,and s* = ZEDZZ’DEg. Therefore, we can compute N —
r* — s* and obtain the optimum modal share, (r*, s*, N — r* — s¥).

> = (2Dr + Es+ G, Er + 2Fs+ H), (18)

4.3 A Stable Equilibrium

Using the same function f{r, s) as introduced before, we know that
the system is in equilibrium if Cy(r, s, N—r—5) = Cy(r, s, N—r —5)
= Cs(r, 5, N — r — s) from which we get that " = (WY — VZ)/(UY -
VX) and s° = (WX — UZ)/(VX — UY), where the coefficients are

U=M —Miz— My + My (19)
V=M — Mz — My + My (20)
W =B, -B;+ NM,; - NM;; (21)
X =My — M — Mz + M (22)
Y = My, - M3 — M3, + Mss,and (23)
Z =B; — B+ NM3; — NM,;. (24)

From these two equations for (r°, s, N — #° — 5*) the conditions
for an equilibrium point in the modal share can now be found. In
general, 1" # r* and 5" # s* meaning that the modal share with
minimum mean commuting time is not the modal share observed
at equilibrium. Under certain conditions, however, it is possible
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that 7° = * and s” = s*. In terms of the induced costs, there is one
case, where M, = M3 = M, = M,3 = M3, = M3,, in terms of the
direct costs, M;; = M,, = M3 and the baseline commuting time
B, = B, = Bs. Such a scenario happens when all transport modes
have the same baseline commuting time and the same induced
and direct costs with respect to the other modes. Since Py + P,
+ P; = N, then the commuting time for some transport mode
can be expressed as C; (P;) = B? + mP;, where the commuting
time only depends on the number of users of the chosen
method of transport, BY considers all induced costs and the
gradient m is the difference between the direct and induced
costs. In such a case, the matrix M in Eq. 2 is diagonal. The
equilibrium from the system x° = (r°, s°, N — 7" — s°) and the
optimum modal share, x* = (r*, s*, N — r* — s*) are the same.
Moreover, the optimum and stable equilibrium is reached
with a modal share corresponding to (N/3, N/3, N/3),
meaning that all transport modes attract the same
number of users. Except for this scenario, we observe
that (', s, N — 1" — s°) # (r*, s, N — r* — s*), meaning
that the stable point in the replicator dynamics is not the
system optimum.
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