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A scheme for the coherent control of perfect optical vortex (POV) in an asymmetric
semiconductor double quantum well (SDQW) nanostructure is proposed by exploiting the
tunneling-induced highly efficient four-wave mixing (FWM). The orbital angular momentum
(OAM) is completely transferred from a unique POV mode to the generated FWM field.
Using experimentally achievable parameters, we identify the conditions under which
resonant tunneling allows us to improve the quality of the vortex FWM field and
engineer helical phase wave front beyond what is achievable in the absence of
resonant tunneling. Furthermore, we find that the intensity and phase patterns of the
vortex FWM field are sensitive to the detuning of the probe field but rather robust against
the detuning of the coupling field. Subsequently, we perform the coaxial interference
between the vortex FWM field and a same-frequency POV beam and show interesting
interference properties, which allow us to measure the topological charge of the output
POV beam. Our result may find potential applications in quantum technologies based on
POV in solids.
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1 INTRODUCTION

In the past several decades, the study of optical vortices has been one of the hot spots in optics due to
their potential applications in particle manipulation [1, 2], optical communication [3, 4], and
quantum information processing [5–16]. Note that an optical vortex beamwith a helical phase factor
eilθ carries OAM of lZ per photon, where l and θ are the topological charge (TC) and azimuthal angle,
respectively [17–19]. Conventional optical vortex beams such as Laguerre–Gaussian (LG) beam [20],
Bessel–Gauss (BG) beam [21], and high-order Bessel beam [22] exhibit the concentric ring intensity
pattern at the transverse distribution. However, the ring radii of this kind of optical vortices is
proportional to TCs, which make them face difficulties in actual applications requiring a small vortex
diameter and a large topological charge [3] or spatial superposition of vortex beams with different
TCs [4]. In order to overcome this challenge, Ostrovsky et al. first proposed the concept of the POV
beam, whose ring radius is completely independent of its TC [23]. Since then, significant efforts have
been made to explore the generation and detection of the POV beam [24–28]. For instance, different
kinds of POV beams have been experimentally generated via using spatial light modulator [28, 29],
polymer-based phase plate [30], strongly scattering media [31], single-layer dielectric metasurface
[32], etc. In situmeasurements for TC of POV beams have been realized via exploiting the phase shift
method [33], optical modal decomposition [34], and hybrid angular gradient phase grating [35].
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Quite recently, Dai et al put forward a scheme for the fractional
OAM conversion of an asymmetric POV beam by using second-
harmonic generation [31].

On the other hand, based on the combination of
electromagnetically induced transparency (EIT) and standing
waves, spatially dependent light-matter interaction has led to
many interesting quantum optical phenomena such as atom
localization [36, 37], electromagnetically induced grating [38],
and controllable photonic band gaps [39]. In 2015, Radwell et al
experimentally observed spatially dependent electromagnetically
induced transparency via utilizing optical vortex beams to drive
cold rubidium atoms [40]. Subsequently, numerous schemes for
the spatially dependent light-matter interaction induced by LG
beams have been proposed in cold atomic ensembles [41], rare-
earth–doped crystal [42], two-dimensional array of metal-coated
dielectric nanosphere [43], semiconductor quantum dots [44],
and molecular magnets [45]. Meanwhile, many intriguing
quantum optical phenomena have been discovered such as
vortex-induced spatial absorption [46, 47], spatially structured
Kerr nonlinearity [39], ultraprecise Rydberg atomic localization
[48], vortex four-wave mixing (FWM) [44, 45, 49, 50, 51, 52], and
spatially dependent hyper Raman scattering [53]. Recently,
semiconductor quantum wells (SQWs) have been exploited to
explore the transfer and control of mid-infrared LG beams due to
their inherent advantages such as high nonlinear optical
coefficient and large electric dipole moments of intersubband
transitions [54, 55, 56]. As far as we know, no reports have been
proposed for the investigation of the conversion and
manipulation of a POV beam in SDQWs.

In this study, we investigate the conversion and manipulation
of a POV beam in an asymmetric SDQW nanostructure via
resonant tunneling. The OAM of a unique POV mode can be
completely transferred to the generated FWM field via the
tunneling-induced highly efficient FWM process. Differing
from previous studies in solids [44, 54, 55, 56], the
distinguishing features of this scheme are given as follows:
First and foremost, we are interested in showing the
conversion and manipulation of the mid-infrared perfect
optical vortex (POV) beam, which has different vortex
characteristics from LG beams in Refs. [54, 55, 56]. Second,
our scheme combines the advantages of the four-level ladder-
type scheme [55] and tunneling-induced constructive
interference [57, 58]. With resonant tunneling, the FWM field
is closer to an ideal POV beam, which is a significant advantage of
our scheme compared with Ref. [55]. Third, the detunings of
probe and coupling fields have different influences on the
intensity and phase of the FWM field. Differing from previous
schemes [54, 55, 56], the vortex properties of the FWM field are
rather robust against the detuning of the strong continuous-wave
(CW) coupling field. Furthermore, we show the coaxial
interference between the vortex FWM field and a same-
frequency POV beam and focus on the influence of the TC of
the vortex FWM field on the interference pattern. The
interference results illustrate that the interference intensity and
phase patterns are determined by the TC of the FWM field, which
allows us to measure the TC of the generated POV field.

2 MODELS AND EQUATIONS

As shown in Figure 1A, we consider an n-doped asymmetric
SDQW nanostructure, which can be grown by molecular-beam
epitaxy (MBE) on a semi-insulating GaAs substrate [59]. After a
buffer layer, the active region shown in Figure 1A is grown. It
consists of a 118 A˚ wide deep well layer (GaAs) and a 130 A˚
wider shallow well layer (Al0.10Ga0.90As). The two well layers are
separated by a 32 A˚ wide thin potential barrier
(Al0.485Ga0.515As). Then, the growth is finished with a thick
capping layer. The corresponding electron wave functions are
shown via color-coded solid lines, and the energy levels are shown
via blue dashed lines. The electron motion in the z-direction is
limited by the potential barrier of the SDQW and obeys the one-
dimensional effective mass Schr€odinger equation, that
is,[ Z2

2m*
d2

dz2 + V(z)]ψ(z) � Ezψ(z), where m* and ψ(z) represent
the effective mass and wave function of the moving electrons. It is
worth noting that |ψ(z)|2 represents the probability of finding the
electrons. In this SDQW nanostructure, the energy of the ground
subband |1〉 in the right side of the deep well is 25.5 meV. Two
closely spaced delocalized subbands |2〉 and |3〉 with energies
101.8 and 106.9 meV are separated by resonant tunneling. Their
corresponding wave functions are asymmetric and symmetric
combinations of |sg〉 and |de〉, that is, |2〉 = (|sg〉–|de〉)/

�
2

√
and |

3〉 = (|sg〉 + |de〉)/
�
2

√
. Two upper subbands |4〉 and |5〉 with

eigen-energies of 259.5 and 374.1 meV are coupled by a
continuous-wave (CW) driving field Ωd (central frequency ωd

and wave vector �kd). A weak probe fieldΩp (central frequency ωp

and wave vector �kp) couples the ground subband |1〉 and two
short-lived subbands |2〉 and |3〉, while a CW control field Ωc

(central frequencyωc and wave vector �kc) couples the subband |4〉
and the subbands |2〉 and |3〉, respectively. In this SDQW
nanostructure, the pulse probe field and CW coupling and
driving fields would induce two FWM processes |1〉 → |2〉 →
|4〉 → |5〉 → |1〉 and |1〉 → |3〉 → |4〉 → |5〉 → |1〉, and then
generate a pulse FWM field Ωm (central frequency ωm and wave
vector �km) (see Figures 1B,C). In our proposal, the driving field
Ωd is a POV beam, which can be obtained through Fourier
transformation of a BG beam [28]. Thus, the driving field Ωd can
be written as

Ωd r, θ( ) � Ωd0Ω r( )eilθ, (1)
where Ω(r) � il−1wg

w0
e−(r−R)

2/w0
2
, Ωd0 is the initial Rabi frequency

of the driving field, r is the radius, and θ is the azimuthal angle. w0

(= 2f/(kdwg)) and R are the half width and radius of the ring of the
POV beam, respectively, f is the focal length of the Fourier lens,
and wg is the beam waist of the initial BG beam.

In the interaction picture and under the rotating-wave
approximation, the Hamiltonian of this system is given by:

HI � −Z

0 Ωp*e
−ikpz αΩp*e

−ikpz 0 Ωm* e
−ikmz

Ωpe
ikpz Δp 0 Ωc*e

−ikcz 0
αΩpe

ikpz 0 Δp − δ βΩc*e
−ikcz 0

0 Ωce
ikcz βΩce

ikcz Δp + Δc Ωd*e
−ikdz

Ωme
ikmz 0 0 Ωde

ikdz Δm

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠,

(2)
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FIGURE 1 | (A,B) Schematic of diagram of an asymmetric SDQW nanostructure with five subbands. The solid curves represent the schematics of the
corresponding electronic wave functions. (C) A simple block diagram of the SDQW nanostructure sample with four optical fields, in which the driving field is a POV beam.

FIGURE 2 | (A,D) Intensity and phase profiles of the drive field with POV. (B,C) Intensity and (E,F) phase profiles of the FWM field for different values of α, β, and δ:
(B,E) α = β = 0, δ = 0 meV; (C,F) α = −0.11, β = 0.98, δ = 5.1 meV. The other parameters are ζp = ζm = 9.2 × 10–3 meV/μm, L = 100 μm, l = 3,wg = 200 μm, λ = 10.83 μm,
R = 2 mm, f = 11.69 mm, Ωp = 1 meV, Ωc = 14 meV, Ωd0 = 10 meV, Δp = 16 meV, and Δc = Δm = 0 meV.
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whereΩp � �μ21 · �Ep/(2Z),Ωc � �μ42 · �Ec/(2Z),Ωd � �μ54 · �Ed/(2Z),
and Ωm � �μ51 · �Em/(2Z) represent one-half of the Rabi
frequencies for the respective transitions. �μ21,

�μ42,
�μ54 and �μ51

are the corresponding dipole matrix elements. Δp(c,m) = ωp(c,m) −
(ω2(4,5) − ω1(2,1)) denote the detuning of the corresponding fields.
δ ≈ 5.1 meV indicates the strength of the resonant tunneling

between subbands |3〉 and |2〉. α � �μ31/
�μ21 is the ratio between

the subband transition dipole moments { �μ} {31} and { �μ} {21}.
β � �μ43/

�μ42 is the ratio between the subband transition dipole
moments { �μ} {43} and { �μ} {42}.

Defining the electronic energy state as |Ψ(t)〉 � A1

|1〉 + A2eikpz|2〉 + A3eikpz|3〉 + A4ei(kp+kc)z|4〉 + A5eikmz|5〉,

FIGURE 3 |Real and imaginary parts of (A,B)Q and (C,D)K+ versus radius r for different values of α, β, and δ: (A,C) α = β = 0, δ = 0 meV; (B,D) α = −0.11, β = 0.98, δ
= 5.1 meV. Other parameters are the same as in Figure 2.

FIGURE 4 | (A–C) Intensity and (D–F) phase profiles of the FWM field for different probe detuning Δp: (A,D) Δp = −4 meV; (B,E) Δp = 4 meV; (C,F) Δp = 8 meV.
Other parameters are the same as in Figure 2C.
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using the Schr€odinger equation iZz|Ψ(t)〉/zt � HI|Ψ(t)〉, the
equations of motion for the probability amplitude Aj (j = 1 ~

5) of the electronic wave functions can be obtained as

zA2

zt
� i Δp + iγ2( )A2 + iΩpA1 + iΩc*A4, (3)

zA3

zt
� i Δp − δ + iγ3( )A3 + iαΩpA1 + iβΩc*A4, (4)

zA4

zt
� i Δp + Δc + iγ4( )A4 + iΩcA2 + iβΩcA3 + iΩd*e

−iΔkzA5, (5)
zA5

zt
� i Δm + iγ5( )A5 + iΩmA1 + iΩde

iΔkzA4, (6)

FIGURE 5 | Real and imaginary parts of (A–C) Q and (D–F) K+ versus radius r for different probe detuning Δp: (A,D) Δp = −4 meV; (B,E) Δp = 4 meV; (C,F) Δp =
8 meV. Other parameters are the same as in Figure 2C.

FIGURE 6 | (A–C) Intensity and (D–F) phase profiles of the FWM field for different coupling detuning Δc: (A,D) Δc = 4 meV; (B,E) Δc = 8 meV; (C,F) Δc = 16 meV.
Other parameters are the same as in Figure 4C.
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where γi (i = 2, 3, 4, 5) is added phenomenologically to describe
the overall decay rate of the subbands |i〉, (i = 2, 3, 4, 5). In order
to simplify the calculation, we assume the phase matching
condition, that is, Δ �k � �kp + �kc + �kd − �km � 0, is satisfied.

The following Maxwell equations describe the propagation
equations of the probe and FWM fields:

zΩp z, t( )
zz

+ 1
c

zΩp z, t( )
zt

� i
c

2ωp
∇2
⊥Ωp + iζp A2 + αA3( )A1*, (7)

zΩm z, t( )
zz

+ 1
c

zΩm z, t( )
zt

� i
c

2ωm
∇2
⊥Ωm + iζmA5A1*, (8)

where ζp = ζ21(31) = 2Nωp|μ21(31)|
2/(Zε0c), ζm = ζ51 = 2Nωm|μ51|

2/
(Zε0c) are two constants, which are related to the frequently used
oscillator strengths of the subband transitions |1〉↔ |2 (3)〉 and |1〉
↔ |5〉. N is the electron sheet density. The transverse derivatives
∇2
⊥Ωp(m) on the right-hand sides of Eqs 7, 8 account for light

diffraction [51]. When the propagation distance is much smaller
than the Rayleigh length, that is, πw2

0/λm ≫L, light diffraction can be
neglected. In this study,w0 ≈ 200 μm, λm = 3.56 μm, and L = 100 μm
are chosen so that πw2

0/λm ≈ 3.53 × 104 μm ≫ L. Therefore, it is
reasonable to ignore diffraction in the following analysis.

In the limit of the weak probe and FWM fields, most of the
electrons remain in the subband |1〉, that is, |A1|

2 ≈ 1. Taking
Fourier transform of Eqs 3–6 and 7, 8, we obtain

d2
~A2 +Ωc* ~A4 + ~Ωp � 0, (9)

d3
~A3 + βΩc* ~A4 + α~Ωp � 0, (10)

Ωc
~A2 + βΩc

~A3 + d4
~A4 +Ωd* ~A5 � 0, (11)

Ωd
~A4 + d5

~A5 + ~Ωm � 0, (12)

z~Ωp

zz
− i

ω

c
~Ωp � iζp ~A2 + α ~A3( ), (13)

z~Ωm

zz
− i

ω

c
~Ωm � iζm ~A5, (14)

where d2 = ω + Δp + iγ2, d3 = ω + Δp − δ + iγ3, d4 = ω + Δp + Δc +
iγ4, d5 = ω + Δm + iγ5, ω is the Fourier variable. ~Aj(j � 2, 3, 4, 5)
and ~Ωp(m) are the Fourier transforms of Aj (j = 2, 3, 4, 5) and
Ωp(m), respectively. By solving Eqs 9–12, it is easy to obtain the
following relations:

~A2 + α ~A3 � Dp1
~Ωp +Dm1

~Ωm( )/D, (15)

~A5 � Dp2
~Ωp +Dm2

~Ωm( )/D, (16)

where Dp1 = Dp1(ω), Dp2 = Dp2(ω), Dm1 = Dm1(ω), Dm2 = Dm2(ω),
D = D(ω), Dp1(ω) = d5 (α − β)2|Ωc|

2 − (d2α
2 + d3) (d4d5 − |Ωd|

2),
Dp2(ω) = −(d2αβ + d3)ΩcΩd, Dm1(ω) � −(d2αβ + d3)Ωc*Ωd* ,
Dm2(ω) � −d2d3d4 + (d2β2 + d3)|Ωc|2, and D(ω) = d2d3 (d4d5
− |Ωd|

2) − d5 (d2β
2 + d3)|Ωc|

2.
By substituting Eqs 15, 16 into Eqs 13, 14 and using the initial

condition ~Ωm(z � 0,ω;x, y) � 0, the expression of the generated
FWM field can be obtained as

~Ωm z,ω;x, y( ) � ~ϒ ω( )~Ωp z � 0,ω;x, y( ) eiK+ ω( )z − eiK− ω( )z[ ],
(17)

where K±(ω) � ω/c + ( ζpDp1 + ζmDm2)/(2D)
±

�����
G(ω)√

/(2D) � K±(0) +K(1)
± ω + O(ω2), ~ϒ(ω) �

ζmDp2/
�����
G(ω)√ � ~ϒ(0) + O(ω) with

G(ω) � (ζpDp1 − ζmDm2)2 + 4ζpζmDp2Dm1. From Eq. 17, we

FIGURE 7 | Real and imaginary parts of (A–C) Q and (D–F) K+ versus radius r for different coupling detuning Δc: (A,D) Δc = 4 meV; (B,E) Δc = 8 meV; (C,F) Δc =
16 meV. Other parameters are the same as in Figure 4C.
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readily observe that there exist twomodes described by the dispersion
relationsK+(ω) andK−(ω), respectively. By seeking the approximated
inverse Fourier transform with the approximation of neglecting both
O(ω) in ~ϒ(ω) and O (ω2) in K±(ω), it is straightforward to obtain

Ωm z, t;x, y( ) � ~ϒ 0( ) Ωp η+( )eiK+z −Ωp η−( )eiK−z[ ], (18)
where K± = K±(0), η± = t − z/Vg±, and Vg± � 1/Re[K(1)

± ] is the
group velocity of K± mode. Re(K±) and Im (K±) represent the
phase shift per unit length and absorption coefficient of K± mode,
respectively. In the adiabatic regime, the absorption coefficient Im
(K−) is much greater than Im (K+) [58], which indicates that the
K− mode is absorbed quickly and only the K+ mode remains after
a short propagation distance L. Therefore, Re(K+) and Im (K+) are
called as the modal phase shift per unit length and absorption
coefficient for the remaining K+ mode, respectively. By neglecting
the K− mode, the generated FWM field after a short propagation
distance L can be given as

Ωm L, t;x, y( ) � SΩcΩd0Ω r( )Ωp η+( )eilθeiK+L, (19)
with

S � −ζm αβΔp + Δp − δ + i αβγ2 + γ3( )[ ]/ �����
G 0( )√

. (20)
It is worth noting that the modulation term S, which is
independent of the propagation distance L, can also influence
the output of the FWM field, that is, the modulation term S
appears once the FWMprocess takes place. Thus, S is the inherent
attribute for the SDQW-based FWM system. S is a complex
function of the radial position r due to the existence of the POV
driving field and can modify the intensity and phase patterns of
the generated FWM field. In order to compare with the modal

phase shift Re(K+) and modal absorption Im (K+), we introduce a
factor Q to replace S by setting S = eiQL = ei Re(Q)L− Im(Q)L. In this
sense, the inherent phase shift and absorption induced by S can be
represented by Re(Q) and Im(Q). Thus, Re(Q) and Im(Q) are
called as the inherent phase shift per unit length and absorption
coefficient of the SDQW-based FWM system. Using K+ = Re(K+)
+ i Im (K+), Eq. 19 can be rewritten as

Ωm L, t;x, y( ) � ΩcΩd0Ω r( )Ωp η+( )e− Im Q( )+Im K+( )[ ]Leilθ+i Re Q( )+Re K+( )[ ]L, (21)

where the intensity of the vortex FWM field is
∝ |ΩcΩd0Ω(r)Ωp(η+)e−[Im(Q)+Im(K+)]L|2, while the factor
eilθ+i[Re(Q)+Re(K+)]L reflects the phase wave front of the vortex
FWM field. In Eq. 21, Im(K+)L, Im(Q)L, and Re(Q)L should be
dimensionless. In our proposal, the unit of the propagation
distance L is μm. Therefore, the units of the absorption
coefficients and the phase shifts per unit length are μm−1.

3 RESULTS AND DISCUSSIONS

In this section, the focus is on investigating the coherent control
of the generated POV beam via FWM process in an asymmetric
SDQW nanostructure. As we know, the structure of a SQW
determines its properties such as resonant tunneling and subband
decay rates. In other words, these properties of the SQW are
determined once it is fabricated. Thus, the values of the decay
rates may be different for the cases with and without resonant
tunneling. In the proposed asymmetric SDQW nanostructure,
resonant tunneling exists, that is, α = −0.11, β = 0.98, and δ =
5.1 meV, and the decay rates are γ2 = γ3 = 1 meV and γ4 = γ5 =
0.1 meV [58]. For comparative analysis, we consider the case

FIGURE 8 | (A,B) Intensity and (C,D) phase profiles of the FWM field for different beams. (A,C) LG beamwith p = 0, l = 3, andwLG = 0.5 mm; (B,D) POV beamwith
l = 6. Other parameters are the same as in Figure 2C.
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without resonant tunneling by directly taking α = β = 0 and δ = 0.
This approach has been used to investigate tunneling-induced
highly efficient FWM [57,58].

The influence of the resonant tunneling on the intensity and
phase of the generated FWM field is explored first. Here, the
driving field Ωd (r, θ) is a POV beam with the TC l = 3, and the
corresponding intensity and phase profiles are plotted in Figures
2A,D, respectively. The intensity distribution of the driving field
in Figure 2A exhibits a ring pattern at the radial position r =
2 mm with a full width at half maximum (FWHM) of ΔωH =
0.402 mm. Meanwhile, the helical phase profile in Figure 2D
displays three periods along the azimuthal direction, and the
phase of each period is 2π. Based on Eq. 21, the intensity and
phase profiles of the generated FWM field are also plotted in

Figure 2. As shown in Figures 2B,E, in the absence of resonant
tunneling, that is, α = β = 0 and δ = 0, the intensity distribution
also displays a ring pattern at r = 2 mmwith an increased FWHM
of ΔωH = 0.606 mm (see Figure 2B), while the helical phase twists
in the clockwise direction [see Figure 2E]. When considering the
existence of resonant tunneling, that is, α = −0.11, β = 0.98 and δ =
5.1 meV [58], as shown in Figures 2C,F, the intensity of the
vortex FWM field is almost unchanged, and FWHM of the
intensity pattern decreases from 0.606 to 0.384 mm, while the
helical phase twists in the opposite direction compared with the
case in Figures 2B,E. More interestingly, the phase distortion is
significantly enhanced at two edges of the intensity pattern. For a
POV beam, the FWHM of the intensity pattern can be adopted in
appraising the quality of POV, where ΔωH = 0 corresponds to an

FIGURE 9 | Interference intensity [(A–C) and (G–I)] and phase [(D–F) and (J–L)] profiles of different values of TC of the FWM field.ΩG0 = 0.16 meV,m = 1, and other
parameters are the same as in Figure 4C.
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ideal POV beam [23]. The direct comparison between the
aforementioned two cases implies that the resonant tunneling
makes the generated vortex FWM field closer to an ideal POV
beam and modifies the wave front of the helical phase. Actually,
the resonant tunneling can lead to the symmetric and asymmetric
wave functions of subbands |2〉 and |3〉 in the SDQW
nanostructure (i.e., αβ < 0). Therefore, the optical nonlinear
properties of the SDQW nanostructure can be modified by the
resonant tunneling, which results in the different findings in
Figure 2.

In order to inspect the effect of the resonant tunneling, the
radial distributions of the imaginary and real parts of Q and K+

are plotted in Figure 3. Note that the inherent absorption Im(Q)
and modal absorption Im (K+) at r = 2 mm determine the output
intensity of the vortex FWM field. Without and with resonant
tunneling, the total absorption coefficients at r = 2 mm are
57.77 μm−1 and 57.56 μm−1, respectively. In the two cases, the
total absorption coefficients are nearly equal so that the intensity
of the FWM field remains nearly constant. In addition, the
inherent absorption Im(Q) and modal absorption Im (K+)
determine the intensity distribution of the generated vortex
FWM field, while the inherent phase shift Re(Q) and modal
phase shift Re(K+) determine the wave front distribution of the
helical phase. Without the resonant tunneling, the inherent
absorption Im(Q) dominates in tailoring the intensity profile
of the FWM field [see blue lines in Figures 3A,C]. The ring
pattern of the FWM field becomes flat in the vortex transfer
processing due to the existence of the strong inherent absorption
peak at r = 2 mm. Thus, the FWHM of the vortex FWM field
increases compared with the driving field with POV. The
appearance of peaks of both the inherent and modal phase
shifts at r = 2 mm results in the helical phase twisted in the
clockwise direction (see red lines in Figures 3A,C). With the
resonant tunneling, the FWM field suffers stronger inherent and
modal absorption at two edges of the intensity pattern (see blue
lines in Figures 3B,D). In this case, the edge energy of the vortex
FWM field can be easily dissipated, resulting in the width of the
intensity pattern becoming narrower. The double-valley pattern
of the dominated modal phase shift around r = 2 mm gives rise to
two tremendous distortions in the anticlockwise direction (see
red lines in Figures 3B,D).

We then examine in Figure 4 the influence of the detuning Δp of
the probe field on the intensity and helical phase of the vortex FWM
field in the presence of the resonant tunneling. The corresponding
radial distributions of the imaginary and real parts of Q and K+ are
shown in Figure 5. One can find that the total absorption (including
inherent and modal absorption) at the center of the light ring
increases when increasing Δp from −4 to 8meV (see blue lines in
Figure 5). Correspondingly, the intensity of the vortex FWM field
decreases (see Figures 4A–C). In the case of Δp = −4meV, one can
find from Figures 4A,D that the FWHM of the light ring is wide
(ΔωH = 0.416mm) while the distortion of the helical phase is almost
invisible. The reason is that the vortex FWM field suffers a strong
inherent absorption at the center of the light ring and a small total
phase shift (including inherent and modal phase shifts) (Figures
5A,D). When the probe detuning is varied from −4 to 4meV, the
vortex FWM field suffers stronger inherent and modal absorption at

the edges of the intensity pattern (see Figure 5B), and there are single
peaks of inherent phase shift and double peaks of modal phase shift
(Figure 5E). Therefore, the FWHMof the intensity pattern decreases
to 0.196mm(Figure 4B), and the helical phase twists in the clockwise
direction (Figure 4E). More importantly, the twisted helical phase
wave front is flat because of complementation between inherent and
modal phase shifts. As the probe detuning increases to 8meV, as
shown in Figures 4C,F, 5C,F, the FWHM of the intensity slightly
increases to 0.264mmdue to the wider transparent window inmodal
absorption spectrum. Meanwhile, the helical phase twists
anticlockwise because of the existence of a single valley of
inherent phase shift and double valleys of modal phase shift.
Therefore, one can conclude that the detuning of the probe field
can manipulate the helical phase wave front of the generated FWM
field in an effective manner.

We further investigate the dependence of the intensity and
helical phase of the vortex FWM field on the detuning Δc of the
coupling field in Figures 6, 7. It can be seen from Figure 6 that the
intensity, width, and phase of the vortex FWM field are not very
sensitive to the coupling detuning Δc. The results can be explained
that the impact of the coupling detuning on the absorption and
phase properties of the FWM field is weak. At the center of the light
ring, the modal absorption remains unchanged and the inherent
absorption decreases slowly with the increase of Δc (see blue lines in
Figure 7), so we can find that the intensity of the vortex FWM field
increases limitedly in Figures 6A–C. However, the FWHM of the
intensity pattern is kept at 0.216 mm because of the strong inherent
and modal absorption at the two edges of the intensity pattern. At
the same time, the modal phase shift dominates in modulating the
helical phase wave front of the FWM field (see red lines in Figure 7).
As shown in Figures 6D–F, the near-identical double valleys of the
modal phase shift result in almost the same double distortions for
the helical phase wave front. Therefore, the generated vortex FWM
field has good robustness on the detuning of the coupling field.

Now, we analyze the influence of the conventional LG beam
and POV beam with higher order TC on the intensity and phase
patterns of the vortex FWM field in Figure 8. In the former case,
we select the traditional single-ring LG beam Ωd �
Ωd0

1��
|l|!

√ (
��
2r

√
wLG

)|l|L|l|p ( 2r2

w2
LG
)e−

r2

w2
LG eilθ with radial index p = 0 and

TC l = 3 in Ref.[45] as the OAM driving field and plot the
intensity and phase profiles of the FWM field in Figures 8A,C.
Compared with the case shown in Figures 2C,F, we can find that
both the intensity and ring radius of the FWM field greatly
decrease (Figure 8A). In addition, the helical phase wave front
also suffers double distortion at the two edges of the intensity
pattern. However, the phase twist in the inner edge is much
smaller than that in the outer edge (Figure 8C). In the latter case,
a POV beam with TC l = 6 is treated as the OAM driving field.
The intensity and phase profiles of the FWM field are plotted in
Figures 8B,D, respectively. The direct comparison between
Figures 2C,F, 8B,D implies that the intensity patterns and
phase distortions of the FWM field remain unchanged, except
for the fact that the helical phase profile in Figure 8D displays six
periods along the azimuthal direction.

We note that, very recently, some theoretical schemes for
exploring the vortex FWM process in SQWs have been proposed
[54, 55, 56]. In these schemes, SQWswere used to explore the transfer
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and control of mid-infrared conventional LG beams [54, 55] and
inner–outer ring LG beams [56]. In comparison with these schemes,
themajor differences in our proposal are the following: First, themain
difference between our scheme and Refs. [54, 55, 56] is that we focus
on the conversion and manipulation of the mid-infrared POV beam,
while previous studies are focused on the control of the mid-infrared
LG beams. Second, our scheme takes the advantages of the four-level
ladder-type scheme [55] and tunneling-induced constructive
interference [57, 58]. For example, resonant tunneling can
effectively open the channel for the FWM process and modify the
spatial distribution of the FWM field. Third, with the presence of
resonant tunneling, both the intensity and phase patterns are
insensitive to the detuning of the coupling field. The findings are
quite different from the results obtained in Ref. [55], where the
intensity pattern and phase distortion strongly depend on the
detuning of the corresponding field.

Finally, we perform the coaxial interference between the
vortex FWM field and a same-frequency POV beam ΩG(r, θ) �
ΩG0i(m−1)wg

w0
eimθe−(r−R)

2/(4w2
0) with the topological charge m = 1.

The interference intensity and phase patterns are displayed in
Figure 9 for different TCs of the vortex FWM field. From
Figure 9, one can find that the interference patterns are quite
different from the case in Figures 4C,F. The interference intensity
exhibits a double-ring pattern for l =m = 1 and a vortex petal-like
pattern for l ≠ m = 1 (Figures 9A–C,G–I). Specifically, as TC
increases from l = 1 to l = 3, the number of petals in the intensity
pattern increases from 0 to 2, and the rotating direction of petals
is clockwise. However, the number of petals increases from 2 to 4
with TC increasing from l = −1 to l = −3, where the petal-like
pattern is rotated in the anticlockwise direction. Meanwhile, the
interference phase at the radial position r = 2 mm twists in the
clockwise direction for l = 1, 2, 3 and in the opposite direction for
l = −1, −2, −3, while the interference phase in the other region is
the same as the helical phase of the POV beam ΩG. From
Figure 9, one can conclude that the number of intensity petals
in the interference intensity spectrum equals to the value of |l −
m|, and the rotating direction of intensity petals reflects the sign
of l − m (i.e., the clockwise and anticlockwise rotation of petals
correspond to l −m > 0 and l −m < 0 , respectively). Therefore, we
can efficiently realize the measurement for the value and sign of
TC of the generated vortex FWM field (i.e., the vortex driving
field) via observing the interference intensity spectrum.

4 CONCLUSION

We mainly focus on the condition of low temperatures up to
10 K, and have neglected other many-body effects such as the
depolarization effect, which renormalizes the free-carrier
and carrier-field contributions. These contributions and
their interplay have been investigated quite thoroughly in
Ref. [60]. Note that due to the low electron sheet density

considered here, these effects only give a negligible
correction.

In conclusion, a scheme for transferring and manipulating
POV in an asymmetric SDQW nanostructure is theoretically
suggested. The OAM of a unique POV mode is completely
transferred to the generated FWM field via a tunneling-
induced highly efficient FWM process. It is demonstrated that
resonant tunneling plays an important role in the manipulation of
the intensity and phase distribution of the vortex FWM field.
With the presence of resonant tunneling, the generated FWM
field is closer to an ideal POV beam and exhibits an enhanced
phase distortion at two edges of the intensity pattern.
Furthermore, we find that the intensity and phase profiles of
the vortex FWM field are sensitive to the detuning of the weak
probe field but rather robust against the detuning of the strong
coupling field. These results can be reasonably explained via the
combination of inherent and modal dispersion relation.
Subsequently, the coaxial interference between the vortex
FWM field and a same-frequency POV beam is studied. It is
found that the interference intensity and phase patterns are
determined by TC of the vortex FWM field, which allows us
to measure TC of the FWM field with POV. Our proposal may
provide an avenue for the coherent control of POV and a
possibility for the TC measurement of a POV beam.
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