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Speckle scanning metrology is an effective tool to determine the X-ray wave front error in
synchrotron radiation. Bymeasuring wave front radii of curvature, X-ray optics can be high-
precision aligned and adaptive optics can be used for compensating these wave front
errors to pursue an aberration-free wave front. Photon beam and motor vibrations are the
major limitations in characterizing the beam performances. An analytical model is
presented in this article to reveal the influences of photon beams and motor vibrations
on the measurements of the wave front radii of curvature. It is worth noting that the
influence of low-frequency vibration is oscillatory and thus the selection of sampling
frequency is strongly related. The experimental results verify the model and reveal the
main dependency of the experimental deviations on the amplitude and frequency of
vibrations.

Keywords: speckle scanning metrology, synchrotron radiation, vibration analysis, vibration frequency, wave front
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INTRODUCTION

As a novel X-ray wave front sensing technique, the near-field speckle-based technique has been
successfully applied to X-ray imaging [1–3] and metrology [4–7]. Compared to the previous
techniques such as the Hartmann wave front sensor [8], propagation iterative algorithm [9], and
grating interferometry [10], the speckle-based technique has the advantages of high measurement
accuracy, flexible experimental setup, and economical application cost. X-ray speckle scanning
metrology utilizes the speckle pattern produced by the diffuser (such as sandpaper or membrane) as a
wave front marker to modulate the X-ray wave front [11]. By analyzing a series of speckled patterns
acquired during a diffuser scan, the wave front phase gradient or local curvature can be
extracted [12].

Noise and vibration inevitably interact with synchrotron radiation facilities. For high-precision
scanning-based metrology or an imaging experimental process, often, they have more influence than
photon flux. Zhou discussed the noise properties on the speckle-based imaging and found a behavior
similar to that of the grating-based method [13]. The signal-to-noise ratio was found to have a strong
influence on the subset size choice in speckle-based imaging [14]. Photon beam vibrations from the
electron beam orbit, insert devices [15], ground [16], optics (mechanical or thermal instability),
mechanical pieces of equipment [17], and other human activities occur more unpredictably.
Vibrations can be roughly divided into three frequency regimes: low (<1 Hz), intermediate
(1–100 Hz), and high (>100 Hz) regimes [18]. Although the vibrations of intermediate and high
frequencies can be greatly suppressed through the optimization of buildings and environment, as
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well as the beamline equipment and optics, the vibrations of
intermediate and low frequencies in the submicron scale are
widespread, which have a significant impact on the experiments
of high spatial or temporal resolution. Optical vibrations have
been revealed to have relations with beam coherence [19], beam
size, and divergence [20]. Scanning motor vibrations or errors in
different scan sequences that change the effective scan step size
can also introduce artifacts in the measurement [21]. Berujon
used the X-ray speckle tracking technique to measure the beam
stability with a fast time-sampling resolution ~80 Hz [22].
However, rapid exposure requires a high beam flux, and this
technique can only measure the vibrations below the sampling
frequency. To the best of our knowledge, comprehensive studies
discussing the influence of vibrations on beam quality or the
accuracy of related metrology in the synchrotron radiation field
are still lacking, which makes it difficult to accurately characterize
the wave front and realize the stability adjustment with high-
speed feedback. In contrast, a similar situation of laser
propagation [23, 24] or sensor [25] in a turbulent atmosphere
has been treated with an emphasis.

This article analytically analyzes and discusses the influence of
photon beams and motor vibrations with various amplitudes and
frequencies on the X-ray speckle scanning metrology.

THEORY

In speckle scanning metrology, X-rays pass through a diffuser and
are collected on a pixel detector. As is shown in Figure 1A, the
diffuser plane and detector plane are represented in the different
coordinating systems. The diffuser can be scanned along the
vertical direction driven by a high-precision motor at a constant
step μ and a constant speed v. The line intensity profiles of the kth
row Io(x, zk) in a stack (n) of speckle patterns collected during a
scan time t can be stitched as a new speckle pattern Io(x, zk, ζk(t)),
as shown in Figure 1B. Here, ζk (t) = ζk (0)+vt and vt < nμ. Since
all images in the horizontal direction do not change, in order to
simplify the expression, x will be omitted in the subsequent
expressions.

The square difference between the kth and (k + j)th stitched
speckle pattern can be expressed as follows:

χ2(ζ) � ∑[Io(zk, ζk − ζ) − Io(zk+j, ζk+j)]2. (1)
In this expression, with the change in ζ, a region of interest as

the subset moves in the range of scan sequence for the square
difference calculation. The location of the least-square difference
at ζ = δζk can denote the best matching of two stitched speckle
patterns, as shown in Figure 1B. Equation 1 is equivalent to the
cross-correlation function using a digital image correlation
method [26]. In this situation, the kth and (k + j)th stitched
speckle patterns have an approximate relational expression:

Io(zk, ζk) � Ii(ζk)T(ζk) ≃ Ii(ζk+j)T(ζk + δζk), (2)
where Ii is the incoming beam intensity at the diffuser plane and T
is the transfer function of a diffuser. In the case where the focus is
upstream of the diffuser, the local wave front radius of curvature
Rk with respect to the kth row pixels can be calculated based on a
geometrical relation given as follows:

Rk − d

Rk
� δζk

sj
, (3)

where s is the detector pixel size and d is the diffuser-to-detector
distance. The local wave front radius of curvature can be
measured with higher angular resolution by analyzing the
speckles using more neighboring pixels (smaller j), but too
many neighboring pixel choices may result in an
indistinguishable shift compared to the scan step.

Whether it is the vibration of a point source or a reflective
mirror, the beam vibration mainly presents as the shift in position
or angle. Actually, both linear and angular vibrations exist in any
synchrotron beamline. In the small-angle approximation of a
paraxial system, all vibration processes can be reflected on the
linear position shift of speckles. Assuming the vibration occurs in
the vertical direction, the vibration at the diffuser plane is
described by a sinusoidal function of time and a random
vibration τb in the form of

FIGURE 1 | (A)Measurement configuration for the speckle scanning metrology. (B) The new stitched speckle patterns built from the kth and (k + j)th rows of a stack
of speckle patterns.
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ξ(t) � A sin(2πft) + τb(t), (4)
where A is the amplitude and f is the vibration frequency. τb
normally satisfies Gaussian probability distributions with zero
mean and a known standard deviation. The location of the
irradiation on the diffuser changes with the vibration,
therefore Ii in Eq. 2 is no longer constant. Similarly, the
scanning motor also has a random vibration or a step error,
which can be denoted as τm. Defining a calculation error δζek of
the shift δζk resulting from a photon beam vibration ξ(t) and a
random motor vibration τm(t), Eq. 2 can be changed as follows:

Io(zk, ζk(t)) � Ii(ζk+j + Δζ + ξk(t))T(ζk + τmk(t)
+ (δζk + δζek)),

(5)

where Δζ = Asin(2πfζk/v) is the beam offset when the diffuser
moves a displacement of δζk.

Since δζe is far less than δζ, and the vibrations ξ and τm are
small quantities, the first-order Taylor expansions can be used to
express these disturbances. Combining Eq. 1 and Eq. 5, the
following equation is obtained:

χ2(δζk) � ∑[(M(ζk)T(ζk + δζk)ξ(t) + Ii(ζk+j + ξ(t) + Δζ)h(ζk)(τm(t) + δζek)]2,
(6)

where M(ζk) = d2Ii(ζk)/dζk
2 and h (ζk) = dT (ζk)/dζk. Minimizing

Eq. 6 by solving dχ2/dζ = 0 when ζ = δζk, we can get the relationship
between the error of shift and the different vibrations as follows:

δζe �
∑M(ζk)T(ζk + δζk)ξ(t)Ii(ζk+k + ξ(t) + Δζ)h(ζk) +∑I2i (ζk+j + ξ(t) + Δζ)h2(ζk)τm(t)

∑I2i (ζk + ξ(t) + Δζ)h2(ζk) .

(7)

We assume that the motor vibration τm is Gaussian white
noise. For a situation with only motor vibration, the variance of
the error of shift can be expressed [27] in a simple form σ2ζ = σ2

τm. For a situation with only beam vibration, the second
summation term of the numerator in the Eq. 7 equals zero. If
the beam vibration obeys a Gaussian statistical relation ξ(t) =
τb(t), the variance of the error of shift can be mathematically
expressed as follows [27]:

σ2ζk � σ2
τb ∑ T2(ζk)M2(ζk)

h2(ζk)I2i (ζk+j + Δζ). (8)

When the beam vibration is described by a sinusoidal
function, the situation is highly dependent on the vibration
frequency. The beam intensity function can be expressed as
the convolution of the probability density function P and its
original intensity distribution [28]: Ii(ζk+ξ(t)) = P(ζk)*Ii(ζk), where
* is the convolution operator. In a small range within the
vibration amplitude A, the intensity can be regarded as a
constant. In this case, the beam intensity function is
equivalent to I (ζk+ξ(t)) = P (ζk)Ii(ζk). If the beam vibration
ξ(t) = Asin(2πft), the probability density function of ξ(t) is P(ζk) =
1/[π(A2-ζk

2)1/2]. The variance of the error of shift can be given as
follows:

σ2ζk � σ2
ξ1π

2 ∑
nNfs/f

i�0

T2(ζk)M2(ζk)(A2 − ζ2k)
h2(ζk)I2(ζk+j + Δζ)

+ σ2ξ2π
2 ∑

n

i�nNfs/f

T2(ζk)M2(ζk)(A2 − ζ2k)
h2(ζk)I2(ζk+j + Δζ) , (9)

where fs = v/nμ is the sampling frequency of the detector during a
scan sequence in the range of any subset, i is the row order in the
scan sequence, and N = [f/fs] is the integral value. In a sinusoidal
period, the mean square σ2ξ1 = A2/2. For extra beam offset beyond
periodic vibrations, the mean square σ2ξ2 is as follows:

σ2ξ2 �
f2
s[1 − cos(2πf

fs
)]

2

A2

(f −Nfs)2
. (10)

When the vibration frequency is much higher than the
sampling frequency in a single exposure f >> f0 = fsn, the
collected patterns are the statistical average of the speckle
patterns in a sampling time, that is, low-contrast or blur
speckle patterns. In this case, the second term can be
neglected. Since the vibration period cannot be recorded by
the detector, the frequency no longer affects the value of the
first term. When the vibration frequency satisfies fs << f < f0, the
stitched speckle image includes N reciprocating vibrations, which
is the first item in the given expression. The vibrations with
opposite directions in any vibration period produce reverse
deviations δζe, which makes a relatively small competition
error in the algorithm for searching out a maximum δζ14. The
weight of the first term Eq. 9 is greater as N increases and the first
term increases slowly with the increase of the vibration period
and amplitude. The second term depicts the influence from the
extra beam offset beyond these periodic vibrations. It is clear that
if the vibration frequency f is exactly an integral multiple of fs, the
second term is equal to zero, so there is a relative minimum of the
error of shift. If the vibration reaches maximum amplitude A,

FIGURE 2 | Measured wave front radii of curvature with different
vibration frequencies from 0.01 to 60 Hz and fixed vibration amplitude of
50 nm. When low-frequency vibrations below 0.15 Hz are added, the
measured wave front curvature starts to diverge away from the no-
vibration state.
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there is a relative maximum of the error of shift. When the
vibration frequency is close to or lower than the sampling
frequency of the detector within the subset range, the effect of
the vibration performs as the linear movement of the incoming
beam. In this case, the first term is equal to zero and the low-
frequency beam offset expressed in the second term determines
the error of shift.

In consideration of the complex form of Eq. 9, we can simplify
its expression based on the analysis in the last paragraph.
Compared to the influence from multiple vibration periods on

the correlation method, the influence from the statistical
fluctuations of T, M, h, and I can be neglected so that a
constant term can be used to replace the formula in
summation term. Eq. 9 and Eq. 10 can be simplified as follows:

σ2
ζ � σ2ξ1π

2γ(f)K1 + σ2
ξ2π

2(1 − γ(f))K1 + σ2τbK2. (11)
where K1 and K2 are constants and the weight function γ(f) =
Nfs/f.

Based on Eq. 3, the root-mean-square error (RMSE) of the
wave front radius of curvature has a relationship with that of the
speckle shift, which is given as follows:

Δ�R � Δ�ζ
(sj − �ζ)2.

. (12)

Combining Eqs 9, 10, or using a simplified Eq. 11, the
calculation error of the radius of curvature can be estimated
from the vibration influence.

Except the calculation error of the wave front radius of
curvature, the angular resolution of the measurement also
changes. In theory, the angular resolution of the radius of
curvature is sj/R. When the photon beam has a vibration with
its frequency smaller than the sampling frequency, the angular
resolution changes to (sj+Δζ)/R. For the position of a sudden
change of curvature,M(ζk) in Eqs 8, 9 increases significantly and
the vibration increases the error. For a high-frequency vibration,
the angular resolution remains unchanged.

EXPERIMENTS

The X-ray speckle scanning metrology measurements were
performed at the BL09B measurement beamline of the

FIGURE 3 | Comparison of the experimental and the theoretical RMSE
of the wave front radius of curvature. The solid red line represents the
simulated curve based on Eq. 11. The green short dot, blue dash dot, and
magenta dot, respectively, represent the first term, second term, and
error term in Eq. 11. The black line and solid ball are the experiment data. The
extra inserted figure is to expand the frequency range of 0–0.16.

FIGURE 4 |Measured wave front curvature radius with different vibration amplitudes from 20 to 200 nm for a given frequency of 0.15 Hz (left) and 5 Hz (right). The
measurement can tolerate a vibration amplitude of 200 nm at 5 Hz but much lower amplitude at 0.15 Hz.
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Shanghai Synchrotron Radiation Facility with an X-ray
energy of 10 keV. As shown in Figure 1, the cylindrical
mirror was mounted with the vertical deflection on the
sample manipulator of L0 = 39 m downstream of the
source. The sandpaper with the pore size of 3 μm was L1 =
380 mm downstream of the mirror. The grazing-incidence
angle of the mirror was at the total reflection θ = 0.18°. The
detection system, a microscope objective lens system
(Optique Peter) with a magnification of 10 coupled to a
CMOS camera (Hamamatsu) was placed at d = 955 mm

behind the sandpaper. The effective pixel size was s =
0.65 μm. The exposure time was 5 s for each capture.
During scanning measurements, the sandpaper was driven
at a nano-precision linear motion stage (PI) with a step size of
μ = 200 nm along the vertical direction and m = 51 speckle
patterns were recorded during each scan. The movement time
of each step is 0.2 s. The vibrations of a cylindrical mirror
were simulated by a sinusoidal motion of another piezo linear
motion stage (Coremorrow) along the vertical direction with
different frequencies (0.01–60 Hz) and different amplitudes
(20–200 nm). The subset width of 31 steps was used in the
digital image correlation algorithm.

RESULTS AND DISCUSSIONS

Figure 2 shows the measured wave front radius of a curvature
with different vibration frequencies from 0.01 to 60 Hz and fixed
amplitude of 50 nm. It is clear that at the low-frequency regime,
the vibration caused a significant influence. Based on the
simplified analytical model of Eq. 11, the RMSE of these
wave front radii of curvature versus the frequency can be
simulated, as seen in Figure 3. The RSME curve can be
regarded as the sum of the algorithm error from periodic
vibration (first term), the extra deviation (second term), and
the random errors. It is clear that when the vibration frequency
is greater than f0 = 0.19 Hz, the RSME tends to a constant, and in
the low-frequency regime, the RSME shows a characteristic of
oscillation. When the f = 0.025, 0.075, 0.125, and 0.175 Hz, the
sinusoidal vibration almost reached the maximum amplitude.
As seen in Figure 3, the RMSEs of the wave front radii of
curvature are closer to the maximum. Whereas when the f/fs is

FIGURE 5 |Comparison of the RMSE of wave front radius of curvature at
0.15 and 5 Hz.

FIGURE 6 | Vibration of the pitch angle for the horizontal-deflecting collimating mirror (upper) and its power in the frequency domain (lower).
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close to an integer such as f = 0.1 or 0.6 Hz, the RMSEs are
relatively small. Based on the aforementioned results, it is
obvious that if the sampling frequency is set lower than most
of the vibration frequencies, to avoid the region of oscillation,
relatively stable, and predictable experimental results can be
obtained.

Figure 4 presents the measured wave front radii of
curvature at the frequencies 0.15 and 5 Hz as the vibration
amplitudes changed from 20 to 200 nm. Since the
measurements for frequencies of 0.15 and 5 Hz were carried
out on different days, the wave front curvature radii in cases of
zero amplitude were a little different. In the case of 5 Hz, the
measurement can tolerate a very large vibration amplitude and
the curvature radius profile almost maintains the same shape.
In contrast, the test data with 200 nm vibration amplitude at
0.15 Hz has significant errors and in some locations, the error
is even more than 0.4 m. Figure 5 compares the RMSE curves
of the two frequencies. Since the amplitude changes, the
summation terms in Eq. 9 contain the variable A. In this
case, the RMSE is a quartic increasing function of amplitude.
Since the second term in Eq. 9 has a certain weight at 0.15 Hz
and the σ2ξ2 is greater than σ2ξ1, the RMSE at 0.15 Hz has a
greater slope than that at 5 Hz as the amplitude increases. As
the frequency decreases further, the weight of the first term in
Eq. 9 also decreases so that the RMSE increases significantly
with the increase of amplitude.

Figure 6 presents a stability test of the pitch angle for the
horizontal-deflecting collimating mirror with the water-cooling
system at the Shanghai Synchrotron Radiation Facility. The
relative pitch stability was measured using the Renishaw XL-80
laser interferometer, and the data were collected at a sampling
frequency of 250 Hz. The lower figure reports the Fourier
transform of vibration amplitudes with a bandwidth upper
limit of 120 Hz. The eigenmodes below 50 Hz are always
related to the support. For such a mirror longer than
800 mm, the low-frequency vibration of <0.5 Hz can be
closed loop compensated by using a feedback system based
on the beam position monitor because this low-frequency
vibration has significant negative effects on X-ray speckle
scanning metrology. The RMS vibration below 20 Hz is
beyond 20 nrad. The sampling frequency of X-ray speckle
scanning metrology needs to avoid higher than main
frequency peaks or at least avoid the maximum of the second
term in Eq. 10. The vibration of the frequency higher than 20 Hz
cannot be compensated by a feedback system; hence, its
influence on the metrology is almost a constant as
demonstrated in Figure 3.

CONCLUSION

In conclusion, we presented an analytical model and
experimental verification of the vibration-induced effect on
the measurement of the wave front radius of curvature by
using the X-ray speckle scanning technique. The proposed
method can be used to estimate the experimental errors or
optimize the sampling time in X-ray speckle scanning metrology
based on the known eigenfrequency of the optics or the
vibration frequency of the X-ray beam. It suggests that [1]
the sampling frequency should be lower than most of the
main vibration frequencies [2]; the rest of the lower vibration
frequency should remain an integer multiple of the sampling
frequency in a scan sequence within the range of a subset [3]; the
low-frequency vibration should be eliminated as much as
possible. When the aforementioned three conditions are
satisfied, the test error of metrology can be considered as a
constant and easily estimated.
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