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In this paper, the general concept of multidimensional discrete maps is presented.
Moreover, new and fundamental results show the invariance of the bifurcation points
from periodic to chaotic behavior. Numerical examples regarding the multidimensional
cases of the logistic map, the complex-valued Ikeda map, and the multivariable Henon
map are reported.
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1 INTRODUCTION

The role of iterative nonlinear maps has been fundamental both regarding the possibility to
explain complex nonlinear dynamics and their elegant attractors in more detail [1, 2] and
regarding their practical applications [3–6]. In fact, in [5, 6], the possibility of using logistic
maps to make computations and the actual, timely use of them to generate secure code
numbers are discussed. Discrete maps are easily handled by computers and can be processed
by powerful available microcontrollers. Therefore, today, their use in less expensive
applications is becoming possible starting from the previous considerations. As an
example, chaos computing is a timely topic as it consists in using chaotic systems for
computation. In particular, chaotic discrete-time systems can be designed to reproduce all
types of logic gates [7–9]. This suggests the actual interest in exploring iterative maps for real-
world advanced applications.

It is, therefore, of particular interest to discover new high-dimensional iterative chaotic maps.
Under this perspective, the idea that is proposed in this contribution is the introduction of
multidimensional discrete maps. The term “multidimensional” must not be considered as the
classical multidimensional systems theory [10] in this context, but rather refers to the cases
discussed in previous works [11, 12], where a two-dimensional matrix logistic map has been
reported, discussing the not-explosivity condition referred to the choice of the initial conditions.
Besides these results, the intriguing topic of multidimensional chaotic maps is quite absent in the
literature.

Referring to this class of systems, a particular property regarding the so-called bifurcation
parameter invariance is shown in this contribution. This means that the bifurcation points are
invariants in the multidimensional system with respect to the scalar one. Moreover based on some
combinatory considerations, the concept of “almost similarity” of the bifurcation diagrams, in
periodic windows, is introduced.

The paper is organized as follows. In Section 2, the main concepts of iterative maps are
reported also including some mathematical preliminaries. The core of the paper is concentrated
in Section 3, where the main definitions and facts regarding the multidimensional nonlinear
maps are dealt with. In order to clearly explain the concepts included in the previous section,
extensive numerical results are reported in Section 4, even if the theory is quite general, the
numerical results are related to the logistic map, the Ikeda map, and the Henon map. The
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conclusive Section 5 will draw a summary of the presented
results and defines the perspectives of the research.

2 ITERATIVE MAPS AND MATHEMATICAL
PRELIMINARIES

Definition 1. An iterative 1D discrete map is defined as a map of
the form

x k + 1( ) � f x k( ), α( ) (1)
Where x ∈ C is a scalar quantity, f is a nonlinear analytic
function, and α ∈ Cm is the parameters vector. The function is
the said map, moreover, x is assumed to belong to the
complex set.

Of course, if x ∈ Cm×1, the map is called an mD discrete map.
The dynamical behavior of the map is characterized both by the
parameter vector and by the initial condition x0.

Definition 2. The 1D discrete map:

x k + 1( ) � ax k( ) 1 − x k( )( ) (2)
where a ∈ R+ with a ≤ 4 and x(k) ∈ R is the logistic map [1].

The behavior of the logistic map (2) is synthesized thanks to
the bifurcation diagram reported in Figure 1.

The logistic map represents the easiest map with the
stereotyped behavior of a complex system [1].

The bifurcation diagram includes, by varying the parameter
a, fixed points, oscillatory behavior, intermittency, and chaos.
The various studies about logistic 1D maps make us consider
them both as a reference example for further study in discrete
maps and a paradigm of complex behavior to take into
account in more complex continuous-time systems.
Moreover, it is literature, it is considered a reference point
in the generation of complex lattices by coupling more logistic
maps [13].

Due to the importance of the logistic map, attention is devoted
in particular to the case of multidimensional discrete maps

generated by the logistic map. In the literature, in fact,
attention has been devoted to the iterative logistic map of
matrices [11, 12] for matrices belonging to R2×2. In the
following, we will expand the research on multidimensional
maps based on logistic maps but show that the main results
referring to the bifurcation invariance are quite general, and also
the multidimensional case considering the Ikeda map, defined in
the complex domain, and the Henon map in the multivariable
domain will be discussed.

Definition 3. The complex-valued Ikeda map is represented by
the following equation:

z k + 1( ) � p + Bz(k)e
jρ

a |z k( )|2+1( ) (3)
where z ∈ C, p ∈ R+, B ∈ R+, and ρ ∈ R+ are system
parameters [14].

It is also considered an analytic function in the complex
domain of the logistic map. The onset of chaos can be observed
by varying the parameter p, while fixing B = 0.76, ρ = 0.4, and
a = 6, as shown in the bifurcation diagram reported in
Figure 2.

Definition 4. The Henon map is a two-variable nonlinear map
described by the following equations:

x k + 1( ) � 1 + y k( ) − ax2 k( )
y k + 1( ) � bx k( ) (4)

where a ∈ R and b ∈ R are parameters [15]. Its behavior can be
derived from the bifurcation diagram obtained by varying a with
b = 0.3 as reported in Figure 3.

3 MULTIDIMENSIONAL NONLINEAR
DISCRETE MAPS

Let us consider the scalar 1D map in Eq. 2. If, instead of x being a
scalar, a matrix X ∈ CN×N is considered in the vectorial function
F, it is

FIGURE 1 | Bifurcation diagram of the logistic map in Eq. 2with respect
to a.

FIGURE 2 | Bifurcation diagramof the Ikedamap inEq. 3with respect to p.
Other parameters: B = 0.76, ρ = 0.4, and a = 6.
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X k + 1( ) � F X k + 1( ), α( ) (5)
which is called a multidimensional discrete map. Therefore, the
matrix

X k( ) �
x11 k( ) x12 k( ) . . . x1N k( )
x21 k( ) x22 k( ) . . . x2N k( )

..

. ..
.

1 ..
.

xN1 k( ) xN2 k( ) . . . xNN k( )

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (6)

contains N × N elements which vary according to the function F.

Moreover, the concept is generalized to the case of mD maps,
i.e., maps with more variables. In fact, in this case, F is a function
whose arguments are instead of the scalars x1, x2, and xm,
respectively the matrices X1, X2, and Xm, each belonging to
the set CN×N.

Easily speaking themultidimensional map is generated by a scalar
iterative maps where, instead of the original scalar variable, square
matrices are considered. Moreover, if the function f is analytic, the
multidimensional iterative map achieves particular properties.

Definition 5. An iterative map is said to be explosive if it does
occur

lim
k→+∞

‖x k( )‖→ ∞ (7)

being ‖·‖ a matrix norm if the map is multidimensional, the
Euclidean norm if it is considered an mDmap, the absolute value
if a 1D map is considered.

Theorem 1. The iterative multidimensional map is not explosive
if the matrix X(0) has eigenvalues belonging to the basin of
attraction of the scalar map f with an analytic function.

Proof. In fact, let x(0) be in the basin of attraction of f being

x k + 1( ) � f α, x k( )( ) (8)
Let us consider the corresponding multidimensional map
defined as

X k + 1( ) � F α,X k( )( ) (9)

FIGURE 3 | Bifurcation diagram of the Henon map in Eq. 4 with respect
to a. Other parameters: b = 0.3.

FIGURE 4 | Bifurcation diagram of the multidimensional logistic map in Eq. 16 with respect to a: (A) N = 2; (B) N = 3; (C) N = 4; and (D) N = 5.
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with X(0) = TXD(0)T
−1, XD(0) being a diagonal matrix containing the

eigenvalues of X(0), andT ∈ RN×N being thematrix of its eigenvectors.
Therefore, it is

X 1( ) � F α,TXD 0( )T−1( )
X 2( ) � F α,TXD 1( )T−1( )
..
.

X k + 1( ) � F α,TXD k( )T−1( )
(10)

due to the fact that F is analytic and therefore with the peculiarity
to be expressed in a polynomial form, it does result in

X k + 1( ) � T−1FD α,XD k( )( )T (11)
where FD is a diagonal matrix made by N maps fi(α, xi(k)), with
xi(0) = XD(i, i) and i = 1, . . . , N.

Therefore, from the last consideration, if the eigenvalues
of X(0) that include the quantities XD(i, i) are chosen in the

FIGURE 5 |Different periodic behavior of the multidimensional logistic map in Eq. 16withN = 2 and a = 3.1: (A) In-phase periodicity of the diagonal maps x11(k) and
x22(k) leading to convergent off-diagonal maps x12(k) and x21(k); (B) anti-phase periodicity of the diagonal maps x11(k) and x22(k) leading to period-2 behavior also in the
off-diagonal maps x12(k) and x21(k).

FIGURE 6 |Different periodic behavior of the multidimensional logistic map in Eq. 16withN = 2 and a = 3.5: (A) In-phase periodicity of the diagonal maps x11(k) and
x22(k) leading to convergent off-diagonal maps x12(k) and x21(k); (B–D) not in-phase periodicity of the diagonal maps x11(k) and x22(k) leading to period-4 behavior also in
the off-diagonal maps x12(k) and x21(k).
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basin of attraction of f, the multidimensional map is not
explosive. □.

Example. Let us consider the logistic map

x k + 1( ) � ax k( ) 1 − x k( )( ) (12)
The associated multidimensional map is given by

X k + 1( ) � aX k( ) I − X k( )( ) (13)
Let X(0) = TXD(0)T

−1, we have

X k + 1( ) � aTXD k( )T−1 I − TXD k( )T−1[ ] �
T aXD k( ) I − XD k( )( )[ ]T−1 (14)

It is therefore

FD α,XD k( )( ) � aXD k( ) I − XD k( )( ) (15)
which is a diagonal matrix where each term represents the scalar
map (12). Therefore, if each λi = XD(i, i) belongs to the interval
]0, 1[ that is the basin of attraction of the logistic map, the
multidimensional map is not explosive.

Definition 6. Given a dynamical nonlinear system s1 with a
defined bifurcation diagram, we say that a dynamical nonlinear
system s2 has an almost equal bifurcation diagram if it exists a set

FIGURE 7 | Probability of having off-diagonal maps converging to zero in the multidimensional logistic map with N = 2: (A) Period-2 window (r = 2); (B) period-4
window (r = 4). The continuous lines refer to the exact formula poff � r

rN , while the markers indicate the probability calculated over 100,000 different initial conditions.

FIGURE 8 | Bifurcation diagram of the multidimensional logistic map in
Eq. 16 with respect to a, for N = 4, in the period-2 window. Points represent
the steady state for 100 different realizations for each value of a.

FIGURE 9 | Invariance of the bifurcation points for higher values of N: (A)
Bifurcation diagram for the multidimensional logistic map with N = 100; (B)
bifurcation diagram for the scalar logistic map. Diagrams are evaluated with
respect to a ∈ [3.7, 4].
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of initial conditions leading to the same bifurcation points of s1
with non-null probability.

Theorem 2. Let us consider the multidimensional map as
previously defined and the relationship (11). If the map is not
explosive, under the conditions given in Theorem 1, the
multidimensional map related to it assumes for each variable a
chaotic behavior exactly at the same parameter values.

Proof. We are guaranteed that each term of the diagonal
matrix FD has a diagonal trend. The real trend of X(k + 1) is
therefore the linear combination of the n chaotic signal by the
matrices T and T−1 and therefore the general matrix is made by n2

chaotic signals [16]. □
Remark 1. Let us consider a multidimensional iterative map of

dimension N × N.Assuming the same conditions of Theorem 1, the
bifurcation diagram is almost equal to that of the generating map as
regards the entire bifurcation route to chaos.

4 NUMERICAL RESULTS

In this section, numerical investigations on the behavior of
multidimensional chaotic maps are reported. We will consider

the paradigmatic case of the logistic map and the cases of the two-
dimensional Henon map and the complex-valued Ikeda map. In
the following, without lack of generality, initial conditions are
chosen as symmetric matrices; similar results can be gained with
non-symmetrical initial conditions.

4.1 Logistic Map
The multidimensional logistic map is described by

X k + 1( ) � aX k( ) I − X k( )( ) (16)
where X ∈ RN×N and I ∈ RN×N is the identity matrix.We refer the
reader to the Appendix 1 for the explicit equations of the
multidimensional map. Let us consider the bifurcation diagrams
obtained varying parameter a for the cases N = 2, N = 3, N = 4, and
N= 5 reported inFigure 4. As it can be observed by comparisonwith
the bifurcation diagram of the scalar logisticmap, shown in Figure 1,
the bifurcation points are consistent. The Lyapunov exponents for
the case N = 2 when a = 4 are λ1 = 0.7113, λ2 = 0.6812, λ3 = 0.6732,
and λ4 = 0.6728.We recall that the Lyapunov exponent for the scalar
logistic map when a = 4 is λ = 0.6722. A suitably defined return map
for the multidimensional Logistic map with N = 2 and a = 4 is
introduced in the Appendix 2.

The different behavior of the branches in the periodic windows
is due to the role of initial conditions. Let us consider the period-2
window, fixing parameter a = 3.1. Two possible behaviors can
arise as the maps in the diagonal of X can show an in-phase
period-2 or a counter-phase period-2. This leads to the two plots
reported in Figure 5. As it can be seen, in the first case, the off-
diagonal maps converge to zero since the two contributions of the
diagonal map make the off-diagonal map converge.

A similar condition occurs for the period-4 window, fixing a =
3.5, as four possible behaviors emerges with one leading to off-
diagonal maps converging to zero, as reported in Figure 6.

This allows us to determine the probability of having off-
diagonal maps converging to zero as poff � r

rN, where r is the
periodicity. In Figure 7, the probability poff to obtain off-diagonal
converging maps from periodic behavior is reported as a function
of N over 100,000 different initial conditions in the periodic
windows r = 2 and r = 4, respectively.

FIGURE 10 | Chaotic bursting in the intermittent behavior of x11 shown
by the multidimensional logistic map with N = 100 for a � 1 + ��

8
√ − 10−6.

FIGURE 11 |Bifurcation diagram of the multidimensional Ikeda map in Eq. 17with respect to p: (A)N = 2; (B)N = 3. Other parameters: B = 0.76, ρ = 0.4, and a = 6.
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It appears evident that the initial conditions play a crucial role
in multidimensional maps, also when the global behavior is
periodic. Thus a strong multi-stable behavior is elicited by the
multidimensionality of the system. In Figure 8, we reported the
bifurcation diagram for N = 4 limited to the period-2 window for
100 different initial conditions. As can be observed, the two
branches of the scalar logistic map enclose all the admissible
periodic states. The initial conditions, thus, also play a role in the
amplitude of the observed states. We remark also that the

symmetry of the matrix X(0), chosen as initial conditions,
leads to synchronized symmetric off-diagonal variables, as
derived directly from Theorem 1.

We remark that the invariance of the bifurcation points is
independent from N, as expressed by Theorem 2. Therefore,
considering amultidimensional map with a higher values ofN, we
observe that the bifurcation diagram maintains the bifurcation
points of the scalar map, as shown in Figure 9, where the
bifurcation diagram for N = 100 and N = 1 are compared in

FIGURE 12 | Bifurcation diagram of the multidimensional Henon map in Eq. 18with respect to a: (A) N = 2 and X(0) and Y(0) with the same eigenvector set; (B) N = 2
and X(0) and Y(0) with different eigenvectors. Other parameters: b = 0.3.

FIGURE 13 | Phase portraits of the multidimensional logistic map with N = 2: (A) x11 − x12, (B) x11 − x21, and (C) x11 − x12.
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the parameter range a ∈ [3.7, 4], thus confirming that the results
are mathematically well posed.

The parameter range a ∈ [3.7, 4] contains an odd-periodic
window. The scalar logistic map, in fact, presents a period-3
behavior for a � 1 + �

8
√

. For values of the parameter a near the
odd-periodicity, the scalar logistic map displays an intermittent
behavior [3]. This behavior consists of chaotic bursting, interleaved
with period-3 behavior. The presence of chaotic bursting for a �
1 + �

8
√ − 10−6 in themultidimensional logistic mapwithN = 100 is

reported in Figure 10, where the variable x11 is shown, thus further
confirming the invariant properties of multidimensional maps. All
the other variables in X show a similar bursting behavior.

4.2 Ikeda Map
Let us consider the multidimensional extension of the Ikeda
map as:

Z k + 1( ) � pI + BZ(k)ej ρI/a I+ZTZ( )−1( ) (17)
where Z ∈ CN×N and I ∈ RN×N is the identity matrix. The
bifurcation diagrams obtained for both N = 2 and N = 3
varying the parameter p with B = 0.76, ρ = 0.4, and a = 6,
report the real parts of the complex variables for one map of the
diagonal elements and one of the off-diagonal elements. As
shown in Figure 11, the bifurcation points are invariant with
respect to N, while the irregular appearance is given by the
sensitivity to initial conditions, still confirming the periodicity
windows and the onset of chaos.

4.3 Henon Map
Let us consider the multidimensional Henon map as

X k + 1( ) � I + Y k( ) − aX2 k( )
Y k + 1( ) � bX k( ) (18)

where X ∈ RN×N and Y ∈ RN×N. In order to obtain the bifurcation
diagram, we have to recall the proof of Theorem 2. The condition to
maintain the invariance of the bifurcation points is the possibility to
diagonalize thematrices X andYwith the same eigenvectormatrix T.
In Figure 12, the bifurcation diagram obtained by choosing two

matrices X(0) and Y(0) as initial conditions with the same
eigenvector set and with different eigenvector sets are reported for
the case N = 2. It is possible to notice that the chaotic window
vanishes in this latter case, as the hypothesis of Theorem 2 is not
satisfied. Conversely, appropriately choosing the initial matrices
allows us to verify the invariance of the bifurcation points also in
this case.

5 CONCLUSIONS

The multidimensional maps allow us to directly interconnect more
signals with similar characteristics. In particular, this aspect is
evident referring to the consideration related to the chaotic
behavior remarked in the bifurcation diagrams. Moreover, the
definition of almost similar bifurcation diagrams gives us strong
assurances that the same bifurcation points are observed for the
periodic behavior of the multidimensional maps.

The interest in further consideringmultidimensionalmaps is also
motivated by the fact that nonlinear discrete maps with a higher
number of variables are less frequent in literature with respect to
scalar discrete maps. The possibility to build matrix-based high-
order chaotic systems in discrete-time domain is therefore opened
with this paper. This means considering a low-order dynamical
system as a gene. From it, the use of matrices instead of scalar state
variables should be considered. Even if in the discrete case that a
chaotic map is generated from a multidimensional system with the
same strange characteristics, in the case of continuous-time
multidimensional systems, it is conjectured that hyperchaotic
behavior arises.

From an application point of view, the multidimensional discrete
maps will be very useful in encryption systems generating instead of
one scalar quantity, N2 signals that can be changed in real-time
varying the multidimensional size. For these applications, a physical
implementation of multidimensional maps must be taken into
account. An analog implementation is not convenient since it
includes more couplings and the use of several analog multipliers.
Indeed, the difficulties of the practical realization of the logistic map
with analog components discussed in previous work [17] are further
amplified. For these reasons, to obtain a straightforward, flexible, and
reliable implementation, a digital approach based onmicrocontrollers
or hybrid analog/digital solutions [3] is preferable.

Regarding the Lyapunov exponents, a direct correlation does not
exist between the gene scalar map and the corresponding
multidimensional map. In fact, in the multidimensional maps,
the increase of the variables leads to the use of standard
algorithms for computing Lyapunov exponents that are highly
computationally demanding. Moreover, from our experiments we
can conjecture that the maximum Lyapunov exponent of the
multidimensional case is always greater than that of the
generating scalar or multivariable map.

The multidimensional maps introduced in this paper can be
further generalized by considering networks of multidimensional
maps and exploring them for collective behavior and chaos
synchronization between two or more coupled multidimensional
maps. In this case, the synchronization strategy can be approached
by using nonlinear discrete-time Luenberger observers where the

FIGURE 14 | Return ‖X(k)‖S − ‖X(k + 1)‖S map for the multidimensional
logistic map with N = 2 for a = 4.
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observer gains can be designed by using Lyapunov functions in order
to guarantee an asymptotically converging error [18]. Another idea is
to linearize the error dynamics and to use linear Luenberger
observers. Moreover, a Master-Slave strategy can be considered as
the nonlinear feedback introduced in a previous study [19], even if it
is desirable to achieve the synchronization via lower levels of energy.

As a final remark deriving from the main results of this paper,
we can affirm that maintaining the bifurcation points, the
multidimensional map confirms the occurrence of the
Figenbaum sequence of the original generating scalar map.
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APPENDIX 1: EXPLICIT EQUATIONS OF
THE MULTIDIMENSIONAL MAP

The multidimensional extension of discrete-time maps leads to a
high dimension discrete-time system. In this Appendix, we report
the explicit equation for the multidimensional logistic map in
Eq. 16 for N = 2. The equations of the multidimensional map are

X k + 1( ) � aX k( ) I − X k( )( ) � a
x11 k( ) x12 k( )
x21 k( ) x22 k( )[ ] · 1 − x11 k( ) −x12 k( )

−x21 k( ) 1 − x22 k( )[ ] �

� a
x11 k( ) 1 − x11 k( )( ) − x12 k( )x21 k( ) x12 k( ) 1 − x22 k( )( ) − x11 k( )x12 k( )
x21 k( ) 1 − x11 k( )( ) − x21 k( )x22 k( ) x22 k( ) 1 − x22 k( )( ) − x12 k( )x21 k( )[ ] (19)

which can be rendered as a vector as

x11 k + 1( )
x12 k + 1( )
x21 k + 1( )
x22 k + 1( )

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ �

x11 k( ) 1 − x11 k( )( ) − x12 k( )x21 k( )
x12 k( ) 1 − x22 k( )( ) − x11 k( )x12 k( )
x21 k( ) 1 − x11 k( )( ) − x21 k( )x22 k( )
x22 k( ) 1 − x22 k( )( ) − x12 k( )x21 k( )

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ (20)

This representation allows us to represent the dynamics of
multidimensional maps through phase portraits. In

Figure 13, we report the phase portraits x11 − x12, x11 −
x21, and x11 − x22.

APPENDIX 2: RETURN MAPS FOR
MULTIDIMENSIONAL DISCRETE CHAOTIC
MAPS

The scalar discrete chaotic maps are often represented, instead of
using phase portraits, through the so-called return maps,
i.e., plots reporting x(k) vs. x(k + 1). In the case of
multidimensional maps, we have matrices instead of scalar
quantities, therefore to construct the return map we refer to
the spectral norm of the matrix X, that is the maximum singular
value. In Figure 14, we report as an example the return map
‖X(k)‖S − ‖X(k + 1)‖S for the multidimensional logistic map with
N = 2 for a = 4, in which the classical logistic map parabolic shape
can be identified.
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