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The electronic structures of metals undergo transient nonequilibrium states during the
photoexcitation process caused by isochoric heating of X-ray free-electron laser, and their
lattice stability is, thus, significantly affected. By going beyond frozen core approximation,
we manually introduced nonequilibrium electron distribution function in finite-temperature
density functional theory with the framework of Kohn–Sham–Mermin to investigate such
transient states, and their effect on lattice stability in metals is demonstrated by phonon
dispersion calculated using the finite displacement method. We found that the perfect
lattice of a metal collapses due to the exotic electronic structure of nonequilibrium transient
state created by isochoric heating of X-ray free-electron laser. Further increase of the
number of holes created in the sample (i.e., an increase of laser fluence) still results in lattice
instability for aluminum, while for copper, it results in phonon hardening. The potential
energy surface is calculated for the extreme case of both Al and Cu with exactly one hole
created in its inner shell for each one of the atoms. A double-well structure is clearly
observed for Al, while the potential energy surface becomes steeper for Cu.
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1 INTRODUCTION

Lattice dynamics are of fundamental importance in a variety of fields, including phase transition [1],
superconductivity [2], and thermal conductivity [3] It is reported that under intense laser radiation,
the melting of the semiconductor will be athermal due to softening of interatomic bonds, which takes
place long before the conventional thermal melting due to the process of energy transfer from
electrons to ionic lattice [4]. For metals, however, the phenomenon of structural instability, phonon
hardening, and phonon softening has been reported [4–11]. Recently, the lattice dynamics of Au–Cu
alloys at warm dense state (WDM) have also been investigated [12]. More interestingly, the chemical
bond hardening in warm dense gold [13] is observed in experiment, which provides helpful
information for understanding the generation process of warm dense matter [14, 15]. WDM is
of great importance to bridge the gap between atomic physics, condensed matter physics, and plasma
physics. The equation of states, transport properties such as electrical and thermal conductivity, etc.,
as well as the lattice dynamics are fundamental properties of WDM, which are helpful in
understanding the process of inertial confinement fusion [16–18] and the formation of celestial
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bodies [19–22]. With the development of laser technology, the
nonequilibrium state of WDM has been realized by the
techniques of isochoric heating using the X-ray free-electron
laser (XFEL) [23–26], optical lasers [27–31] and ion beams
[32–34] in experiment [35]. Although some recent progresses
of theoretical studies and experiments about lattice dynamics of
WDM have been reported, it is still a long-standing challenge to
understand the effect of electron excitation on lattice stability.

As a crude but useful model, the generation of WDM via
isochoric heating usually can be studied using the two-
temperature model [36–39] where the energy is delivered to
the valence electrons within several tens of femtoseconds,
while the ions remain unmoved. The electron excitation can
be considered as nonthermal process, and the electronic
subsystem reaches local equilibrium by electron–electron
collisions, described by Fermi–Dirac distribution [40]. In the
next step, the crystalline structure will be rearranged after laser
excitation, and the energy will be transferred from the excited
electrons to the lattice by electron–phonon coupling [41–43].The
whole system is in a nonequilibrium state until the
electron–phonon equilibration is reached [40, 44, 45]. During
this period, the lattice temperature is lower than the electron
temperature. By calculating phonon dispersion, we can
understand lattice stability and predict the macroscopic
thermal properties, which are dependent on the microscopic
description of ionic vibrational dynamics [46]. The calculation
is usually performed using density functional perturbation theory
(DFPT) [47] or finite displacement method [48]. In addition,
electronic structures, potential energy surface (PES), and
formation enthalpies, etc. are also helpful tools to study lattice
stability [46, 49, 50]. In addition to the nonequilibrium between
ions and electrons, the electronic subsystem also moves away
from equilibrium because of the excitation process. It is very
difficult to fully account for the photoexcitation due to XFEL. For
example, even the expensive time-depedent density functional
theory (TDDFT) calculation cannot include the Auger process.
As a small step forward, the variation of occupation number of
excited electrons is a good candidate to study the nonequilibrium
states within the framework of finite-temperature density
functional theory (FTDFT) with less computational cost and
has been successfully applied in studying 2D material as well
as WDM [51, 52].

In this study, we investigate the effect of electron excitation in
the inner shell orbitals on the lattice stability of metals at solid
density by isochoric heating of XFEL. The electron excitation can
be realized using FTDFT simulations by changing the occupation
number of electrons in the specific Kohn–Sham orbitals, which
does not rely on any fitting parameters and is simpler and much
faster than that of more advanced approaches, such as
constrained DFT [53]. The phonon dispersions are calculated
using the finite displacement method. Density of states (DOSs)
and local densities of states (LDOS), the radial electron density of
valence electrons in real space, and the PES along the direction of
mode eigenvectors are also calculated. This study provides an
exploration to understand the effect of nonequilibrium transient
electronic excitation on crystal structural stability, which may
shed light on intrinsic physics of lattice dynamics.

2 METHODOLOGY AND NUMERICAL
DETAILS

In this section, we will describe the methodology and numerical
details of this study. The population of electrons in the self-
consistent field (SCF) cycle is controlled manually in the FTDFT
calculations to create holes in inner shell orbitals. Then, we
calculate the phonon dispersion by using the forces acting on
atoms obtained by the finite displacement method. We also
obtain the PES by moving the atoms along the corresponding
phonon mode eigenvectors.

2.1 Finite Temperature Density Functional
Theory
In the Kohn–Sham–Mermin scheme [54, 55], the occupation
numbers of electrons follow the Fermi–Dirac distribution, and
the electrons are considered to be in thermal equilibrium. When
the electrons were excited by laser, the time scale of energy
transfer between the electrons and the ions is much slower
than that of the relaxation process of the electron subsystem.
Thus, the electrons and the lattice can be considered to be in a
transient state of nonequilibrium before the electron–phonon
equilibration is completed. This justifies the application of the
two-temperature model, and the electrons can be described by
FTDFT with fixed ionic configuration according to
Born–Oppenheimer approximation. There is yet another
nonequilibrium process involved because the electron
subsystem is also away from equilibrium. In fact, only
electrons with specific energy can be photoionized during
isochoric heating by the XFEL. To calculate such a complex
nonequilibrium system, we use the plane-wave pseudopotential
open-source package QUANTUM ESPRESSO (QE) [56, 57] with
minor modifications to realize nonequilibrium distribution of
electrons in the FTDFT calculations. The occupation number in
the relevant inner shell Kohn–Sham orbitals is set as zero in every
SCF step to create holes, and the same number of electrons as that
of holes was added to the chemical potential to study the
nonequilibrium transient state after laser excitation so that the
total number of electrons remains unchanged in the system. This
could be realized experimentally by carefully choosing the XFEL
energy. The new chemical potential is decided self-consistently
like in the original SCF process, which also determines the
occupation numbers of all orbitals in return, except for those
that were forced to be zero. In this way, we can go beyond the
frozen core approximation and create holes directly in our
FTDFT calculations for real materials, contrary to the
common practice of creating holes in atomic calculation
during the generation of pseudopotentials and treating the
corresponding atom as an impurity in the FTDFT calculations
[58, 59].

2.2 Phonon Dispersion Calculation
The DFPT and finite displacement method for calculating
phonons are by now two different well-established tools for
investigating vibrational properties. Here, we use both the
DFPT and the finite displacement method to calculate the
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phonon dispersion relations of two metals, Al and Cu, at room
temperature for benchmark. For nonequilibrium calculations,
only the finite displacement method is used due to its
straightforwardness.

For DFPT, the calculations are performed using the QE code;
the pseudopotential takes the projector augmented wave (PAW)
formalism [60] and the exchange-correlation functional takes the
Perdew–Burke–Ernzerhof (PBE) parameterization [61]. For Al,
we use a pseudopotential including both L-shell and M-shell
electrons (i.e., 2s22p63s23p1) as valence electrons. For Cu, we use
the pseudopotential which considers both M-shell and N-shell
electrons (i.e., 3s23p63d104s1) as valence electrons. The plane
wave cutoff energy is set to 170 Ry, a 16 × 16 × 16
Monkhorst-Pack K-point mesh [62] is used for the sampling
of the Brillouin zone, and the grid of q-point of lattice dynamical
matrices is 4 × 4 × 4. The lattice constant is relaxed to be 7.639
Bohr for Al and 6.848 for Cu. The convergence with respect to
plane-wave cutoff energy, k-point, and q-point meshes is
carefully checked for all our calculations.

For the finite displacement method, the calculations for Al and
Cu are performed on a 3 × 3 × 3 supercell (108 atoms) using the
ALAMODE [63, 64] as a postprocessing code for QE using the
same pseudopotential as DFPT. Before isochoric heating with the
XFEL, the samples are supposed to be at ambient conditions,
which mean that the electron temperature of 300 K is used for the
metallic system. The benchmark between the DFPT and finite
displacement method for such a case is shown in Figures 3A,B
(green triangles versus black curves) with perfect agreement. The

advantage of the finite displacement method is that we can relate
the calculations of electron excitation from multiatomic
system to the excitation of electrons of metals in the
experiments. As a result, we only use the finite
displacement method to calculate phonon dispersions for
photoexcitation cases rather than DFPT. The shifted
Monkhorst-Pack k-point meshes are 6 × 6 × 6 for Al and 4
× 4 × 4 for Cu. The atomic displacement of 3 × 10−2 Å and the
plane-wave cutoff energy of 60 Ry are used for both Al and Cu.
The convergence of plane-wave cutoff energy and the size of
k-point mesh are also carefully checked in our calculations.

2.3 Potential Energy Surface Calculation
In the lattice dynamic calculations, we use the finite displacement
method to calculate the second-order interatomic force constants
and the phonon frequencies under quasi-harmonic
approximation. To include the anharmonicity, we calculate the
PES with excited electrons and illustrate the origin of lattice
stability. The PES can be obtained bymoving the atomic positions
far away from their equilibrium positions along the eigenvector of
different modes at specific high-symmetry points. The
displacement of the jth atom in the lth unit cell along a
phonon mode amplitude Q is denoted by djl and defined as

djl � Q�����
Namj

√ Re exp(iΦ)ej exp(q · rjl)[ ], (1)

where Q is the normal-mode coordinate,Na is the total number of
atoms in the supercell, andmj and rjl are the mass and position of

FIGURE 1 | Density of states of Al and Cu and the local density of states of Al and Cu with perfect lattice structure at room temperature. The black solid curves
correspond to the DOS or LDOS without a hole in the system. (A) DOS of atoms of Al with one (red color) hole and two (blue color) holes in the 2s orbital. Their
corresponding chemical potentials are labeled in the legends as well. (B) DOS of atoms of Cu with a (red color) hole and two (blue color) holes in the 3s orbital. Their
corresponding chemical potentials are labeled in the legends as well. (C) LDOS for Al. (D) LDOS for Cu.
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the jth atom in the lth unit cell, respectively. ej is the j
th component

of the unit normal coordinate eigenvector. Φ is an arbitrary
phase factor and is set to zero by default. If the expansion of
the supercell is commensurate with the wavevector q, the total
energy should not change when a nonzero Φ is used because
the displacement corresponds to a part of the wave period
[65]. The unit normal eigenvector can be obtained from the
QE code, and then, we can manage to move the atoms
accordingly. The total energy can be calculated by FTDFT
with new atomic positions, and then, we can obtain the PES by
summarizing the data along different directions.

3 RESULTS AND DISCCUSSIONS

3.1 Electronic Structure
The absorption of photon by isochoric heating with the XFEL
can change the electronic structure of metals to a transient
exotic state. Experimentally, the XFEL which has tunable
photon energy with pulse duration on the order of 10 fs and
high intensity as much as 1017 W/cm2 can heat and excite the
electrons of metals and create a nonequilibrium electronic
structure [66]. The LI edge of Al is 117.8 eV and the MI edge
of Cu is 122.5 eV, both of which are in the soft X-ray range of an

FIGURE 2 | Radial valence electron density (A) of Al atom without (black curve) and with (red curve) a hole in the 2s orbital, and radial valence electron density (B) of
Cu atom without (black curve) and with (red curve) a hole in the 3s orbital.

FIGURE 3 | Calculated phonon dispersion of Al and Cu placed in their perfect lattice structure at room temperature with variable method and variable number of
holes in their inner shell. Experimental measurements are plotted as purple dots for comparison [72, 73]; the green triangles correspond to the DFPT method, and the
black lines correspond to the finite displacementmethod. (A) Al: the orange dash-dotted lines represent the atomswith five electrons removed from the 2s orbital. (B)Cu:
the orange dash-dotted lines represent the atoms with three electrons removed from the 3s orbital. (C) Al: the red dashed lines and blue dotted lines correspond to
the atoms with a hole and two holes in the 2s orbital, respectively. (D)Cu: the red dashed lines and blue dotted lines correspond to the atoms with a hole and two holes in
the 3s orbital, respectively.
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XFEL [67]. The specific holes can be created by predominant
photoionization of 2s electrons of Al or 3s electrons of Cu to
their Fermi surface, with other transitions being of minor
importance. The electrons which are excited to higher
energies are also found to relax to the chemical potential
within a few femtoseconds [66]. Thus, this transient state
could exist in a time scale longer than the time scale of the
pulse and shorter than the time scale of Auger decay.

With the excitation of valence electrons in the inner shell, the
reduced screening of core electrons [52] results in localization of
the valence band. The DOS of electrons in such nonequilibrium
transient states is plotted in Figures 1A,B, and we see similar
change of the DOS as in [52], which shows small change for Al
but considerable localization of valence bands for Cu. This is
mainly due to the semilocal d band in Cu. The black curves show
the calculated DOS without a hole, the red and blue ones,
respectively, represent the DOS with a hole and two holes of
every atom in the system. Due to the deeper Coulomb potential
which the remaining electrons feel [52], it is clear that these atom-
like features shift toward lower energy. The rise of chemical
potential is also observed when the excited electrons are
increased. In Figures 1C,D, the local density of states
(LDOSs) is calculated by projecting the one-electron
eigenstates onto the local atomic orbitals, which illustrates the
contribution of different orbitals to the electronic structure of a
specific atom.

To show the charge transfer process in real space, we plot the
radial electron density for Al and Cu, as shown in Figures 2A,B,
respectively. The black curve corresponds to the atoms without
holes, and the red curve represents every atom with a hole in the
system. For Al, the electrons of the 2s orbital are excited to the
conduction band. As a result, the electron density is reduced near
the nucleus and increased away from the nucleus, showing an
increase in ionization degree. For Cu, the electrons of the 3s
orbital are excited to the conduction band, and a similar trend is
observed. This picture is in agreement with the shift of the DOS in
Figure 1.

3.2 Phonon Dispersion
First, we calculate the phonon dispersion with the DFPT and
finite displacement method using Al and Cu as illustrating
examples. As shown in Figure 3, the result calculated at
ambient condition is in perfect agreement with the
experimental measurements by using the abovementioned two
methods.

As shown in Figures 3A,C, the imaginary frequencies of
phonon dispersions of Al can be observed along the direction
of k-path Γ-X-K-Γ-L in the Brillouin zone of the FCC lattice [68]
when there are more than four holes in the 2s orbital, which
suggests that the lattice becomes unstable. In our calculation, we
increase the number of excited electrons one by one until the
electrons of the 2s orbital are all excited in the system. We found

FIGURE 4 | PES of Al in the direction of the eigenvectors at high-symmetry point L. Q1 and Q2 correspond to dimensionless normal coordinates of the lowest TA
mode and LA mode without (A) and with (B) a hole in the 2s orbital, respectively. (C) PES along the Q1 direction with Q2 = 0. (D) PES along the Q2 direction with Q1 = 0.
The lattice energy is set as zero in the equilibrium position.
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that the change of the system from the state of stable to unstable
will happen with the increased excited electrons and the stability
of lattice cannot recover when the lattice symmetry is satisfied
again. For instance, the state of the system is still stable when the
four electrons are excited; however, it becomes unstable when five
or more electrons are excited. This suggests a process of lattice
collapse for Al. It is to be noted that due to the incompleteness of
our model, this picture is qualitatively right, but the number
mentioned here is not quantitatively accurate.

For Cu, however, as shown in Figures 3B,D, we found that the
lattice becomes unstable when the symmetry is broken, and the
lattice becomes stable again when the symmetry is satisfied. We
also found that the change of the system from the state of stable to
unstable will happen when we increase the number of excited
electrons of the 3s orbital gradually. For instance, the state of the
system is stable when the two electrons are excited; however, it
becomes unstable when three or more electrons are excited. It is
possibly related to the symmetry breaking of the perfect lattice
since the holes are randomly located within the atom in the
sample. However, it is surprising that the lattice stability recovers
when each atom excites one electron or two electrons from the 3s
orbital. It may suggest that the Cu lattice becomes more stable
when laser fluence is increased, which corresponds to the
increased phonon frequencies. We suspect that the lattice
might undergo a process of phase transition in this case. As

for Cu, the phenomenon of phonon hardening in all three
acoustic branches is observed significantly and which means
the perfect lattice becomes harder to break when the inner
shell electrons of every atom are excited. It is very different
from aluminum.

3.3 Potential Energy Surface
Phonon dispersion with quasi-harmonic approximation might
not be persuasive, especially for cases far away from equilibrium.
Focusing on the crystal instability and phonon hardening [46, 51,
65, 69–71] cases, we plotted the potential energy surface (PES) of
Al and Cu in the normal coordinates for the transverse acoustic
(TA) and longitudinal acoustic (LA) modes at the high-symmetry
point L(12, 12, 12) in the first Brillouin zone to include anharmonicity
effect. The scaling factor Q1 of the lowest TA mode and the
scaling factor Q2 of the LA mode are applied in the calculation,
and the PES is a function of scaled coordinates E = E(Q1, Q2); we
do not show the second-lowest TA mode because it is degenerate
with the lowest TA mode. The finite displacements are imposed
along the corresponding mode eigenvectors so that we can obtain
the shape of the PES around the equilibrium position. To
compare the curve of the potential surface, we both set the
potential energy as zero in the equilibrium position.

The PES is plotted in Figures 4A,B, and the PES of Al without
a hole and with a hole in the 2s orbital is represented, respectively.

FIGURE 5 | PES of Cu in the direction of the eigenvectors at high-symmetry point L. Q1 and Q2 correspond to dimensionless normal coordinates of the lowest TA
mode and LA mode without (A) and with (B) a hole in the 3s orbital, respectively. (C) PES along the Q1 direction with Q2 = 0. (D) PES along the Q2 direction with Q1 = 0.
The lattice energy is set as zero in the equilibrium position.
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In Figure 4A, the PES of atoms which vibrate along the
corresponding eigenvector in the system is plotted, and the
potential energy curve of Al along the Q1 direction and Q2

direction is plotted using the black lines in Figures 4C,D. In
Figure 4B, the PES of atoms with a hole is also plotted, and the
potential energy curve of Al along the Q1 direction and Q2

direction is plotted using the red lines in Figures 4C,D. We
can see that the slope of the TA mode is lower than that of the LA
mode in the two cases by associating the PES and potential energy
curve along different directions with the phonon dispersions,
which is shown in Figure 3C. The transition from a single-well to
double-well potential along the Q1 direction and the phonon
softening along theQ2 direction shown in Figures 4C,D indicates
probable softening of chemical bonds or displacive phase
transition. So, we can know that the dynamic instability of
aluminum originates from the fact that it is the local
maximum of the double-well, which results in the negative
curvature z2E

zQ2
1
< 0 and the eigenvalue of the TA mode ω2 is also

negative with the excitation of electrons in the inner shell of
aluminum. Meanwhile, the potential energy curve of the LA
mode along the vibration direction becomes much smoother
when electrons are excited to the conduction band, while for Cu,
as shown in Figure 5, the phonon hardening originates from the
steeper potential energy curve along both Q1 and Q2 direction.
From the PES of Cu, we can intuitively observe the increased
trends of energy of both the LA and TA mode in three
dimensions, corresponding to the increased frequencies in
phonon dispersions shown in Figure 3D. The evidence
indicates the reduced screening of orbitals and an increase of
the effective ion–ion potential, which results in the localized
electron of the d orbital being closer to the nucleus in real space
and phonon hardening as a whole.

4 CONCLUSION

In summary, the effect of nonequilibrium electronic structures
created by the photoexcitation of an XFEL on lattice stability is
studied by a modified FTDFTmethod. We find lattice instability
for Al but phonon hardening for Cu with a hole or two holes in
every atom using the finite displacement method. Their electron
structure, phonon dispersion, and PES are obtained in
this study.

When electrons are excited to the conduction band, the
screening of core electrons is reduced, and the forces and the
interactional potential of atoms also change quickly, which
changes the lattice stability of metals. The process is much
faster than the time scale of several picoseconds required to
convert the electronic energy to the lattice by electron–phonon
coupling. At first, the change of the system from the state of stable

to unstable will happen for both Al and Cu, possibly due to the
asymmetric distribution of electrons. Then, the lattice stability
cannot recover for Al when symmetry is satisfied again, while for
Cu, the lattice stability can recover when symmetry is satisfied
again and the process of excitation probably corresponds to the
phase transition in specific cases. We show that the instability of
Al with a hole in the 2s orbital originates from the double-well
shape of the PES and the phonon hardening of Cu with a hole in
the 3s orbital originates from the steeper PES.

We note that our study is qualitatively different from earlier
calculations of excited electrons by either increasing the electron
temperature or using the impurity model. Though missing the
relax of wavefunction compared to more advanced calculations,
such as TDDFT, our method is more computationally efficient
and can give insight into the physical processes that can be
expected in related XFEL experiments. Our result could arouse
interests in understanding the effect of nonequilibrium on lattice
dynamics.
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