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In this work, we analyze the characteristics of periodic flows in non-isothermal viscous fluid
over a heated block in the presence of thermal plates at Reynolds number (Re � 100). The
unsteady, incompressible Navier–Stokes (NS) equations with suitable initial and boundary
data in 2D are executed by the finite element technique using a highly refined hybrid mesh.
The temporal discretization is performed by an implicit stable backward differencing in time
and a stable choice of finite elements from the finite element library for spatial discretization.
The discrete nonlinear system arising from this discretization is linearized by Newton’s
method and then solved through a direct linear solver PARDISO. For this forced convective
study, the range of dimensionless parameters, namely, the Prandtl number (Pr) and
power law index (n), are varied from 1 to 10 and 0.6 to 1.4 with a low Grashof number
varying as (1≤Gr ≤ 10) to produce a forced convection regime, respectively. For the
authentication, we have compared our results with the literature at a similar configuration.
After simulation, the results accomplished in the velocity profile, pressure, isotherm
contours, drag and lift coefficients (trajectory motion), average Nusselt number (Nuavg),
etc. are considered. For convergence of solution at low shear rate (n< 1), crosswind
stabilization (CWS) function has been incorporated. It is observed that Nuavg becomes
oscillatory for the shear-thinning case (n< 1), while for the shear-thickening cases (n> 1),
it converges to a single value. Furthermore, the drag (CD) and lift (CL) coefficients aremore
pronounced for shear-thinning cases (n< 1) as compared with shear-thickening
cases (n> 1).
Keywords: thermal flow, power law fluid, fluid forces, FEM computation, weak form

INTRODUCTION

Thermal flow over a stationary heated cylinder does not have many physical applications such as
thermal processing of electronic cooling, fibrous suspensions, and others, moreover, use in a
specific region of heat transfer for space economy. For more appropriate settings of visco-
thermal flows, most excessive mixtures of fluid flow (emulsions, suspensions of paper pulps,
foams, etc.) and most expensive systems of molecular polymers (blends, melts, etc.) have
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revealed shear-thickening or shear-shinning characteristics in
the literature for a decade. In general, the geometrical
configuration is categorized for the heated cylinder with
thermal plates flowing toward the upstream direction. Yang
et al. [1] analyzed the characteristics of thermal flow over the
heated rectangular cylinder by the implementation of an
arbitrary Lagrangian–Eulerian kinematic (ALEK) descriptive
technique. Also, the effects of periodic flow with time state and
average Nusselt number are presented. The influence of fluid
flow in a heated pipe filled with nanomaterial is considered by
Kamyar et al. [2]. Valipour et al. [3] depicted the influence of
flow pattern and energy exchange over the square block by
capitalizing of the finite volume scheme (FVS). Mostafa et al.
[4] examined the flow visualization of thermal flow around the
elliptic cylinder based on a large Reynolds number. They also
analyzed the effects of fluid forces over the block. Kumar et al.
[5] analyzed the influence of forced convection flow of
generalized Newtonian fluid over the confined semiheater.
Furthermore, hydrodynamic forces and Nusselt number are
described by fluent. The forced convection thermal flow over
the blocks embedded in a permeable medium was considered
by Sayehvand et al. [6], and also, the results of a blind and
porous medium channel were compared. Thermal flow around
the block in the channel for large Reynolds number (Re) is
studied numerically using the finite volume approach [7, 8].
Also, the effects of fluid forces and Nusselt number in the given
domain are examined. Dyakova et al. [9] examined the
characteristics of power law fluid flow in a channel under
thermal consideration. Also, they compared their results with
the experimental data of other researchers for configuration of
code. The characteristics of thermal flow in a channel have
been highlighted in [10–12].

Computational elucidation of the generalized Newtonian
fluid flow behaviors, thus, becomes a famous topic from the
perception of both academics and the application.
Considerations in this field have been continuing for over a
decade, which contained Newtonian or non-Newtonian
models, linear or nonlinear viscoelastic models, etc.
Particularly, the viscous models preserved the general form
of Navier–Stokes (NS) for Newtonian fluid because it depends
on shear rate. Puente et al. [13] examined the effects of viscous
fluid flow in a permeable channel as imposed binary
constituency mixture in the domain. Despite the
nonlinearity of the work, the methodology gives us stability
and accuracy of outcomes. Two dimensionally, the

incompressible flow of power law fluid around the obstacle
in the range of large Reynolds number (Re) is considered by
Ehsan et al. [14]. SIMPLEC algorithm for a finite volume
scheme with a non-uniform computational mesh is studied.
Laidoudi et al. [15] analyzed the effects of power law fluid
separation over the block by embedded thermal buoyancy
solved using finite volume method (FVM)-based
computational solver ANSYS. The typical grid was
generated by the GAMBIT package. Nguyen et al. [16]
analyzed the effects of non-Newtonian fluid in a three-
dimensional pump and compared their results with the
literature for code configuration. Siddiki et al. [17]
investigated the characteristics of power law fluid in a
channel by implementing the LBM numerical scheme. In
addition, they found the intensities and recirculation in the
bifurcated channel. The characteristics of the planar flow of
viscous fluid in the channel (T-shape) were analyzed by
Borzenko et al. [18]. Also, they described the influence of
the kinematic and dynamic viscosity of fluid flow with slip
boundary conditions on the walls of the channel. FEM
computation emphasizing the character of flow behavior
index (n) and Reynolds number (Re) on the domains is
engrossed in [19–21]. Also, the results of fluid forces in
numerous cases and graphically are described. Akyildiz
et al. [22] investigated the characteristics of the periodic
flow of power law fluid in a slip wall channel. Chen and
Shu [23] implemented a famous numerical approach LBM
for analyzing the flow pattern of a generalized Newtonian fluid.
Furthermore, they solved two remarkable cases for checking
the accuracy of the proposed scheme. X. J. Yang [24] probed
the numerical solution of power law fluid by adopting Leibniz
derivative-based simulation. Moreover, they also addressed
the novelty of nonlinear viscous fluid. In the abovementioned
literature review, it is clarified that the power law fluid is
analyzed in many physical configurations.

Wu et al. [25] imposed a fancy numerical scheme (LBM) for
control of the flow pattern over the cylinder in a channel. Also,
the effects of fluid forces over the block with a high Reynolds
number(Re) were examined. Therefore, such experimental
and computational simulations on this field have been
engrossed in [26–36], and quite fascinating phenomena
such as drag depletion and vortex shedding frequency
under a particular condition have been carried out. The
pioneering work was discussed, and the fluctuation of
hydrodynamic forces due to high Re by was studied using
FEM computation based on CFD characteristics. Wang et al.
[37] addressed the features of unsteady viscous fluid flow in the
triangular arrangement of circular obstacles. In addition, they
constructed the effects of vortex shedding, motion trajectories,
and vibration amplitudes. Mahmood et al. [38] studied the
flow pattern over the cylinder against several materials by the
implementation of FEM computation. They examined
pressure stagnation that appeared at the right upper corner
of the square cavity. B. E. Abali [39] considered a characteristic
of viscous fluid flow by implementing finite element-based
simulation. Moreover, they exhibited the tenacity of the
execution in open-source packages.

FIGURE 1 | Schematic figure of the flow problem.
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Furthermore, such numerical approaches in this field have
been studied in [40–45]. Mahmood et al. [41, 42] examined the
features of viscous fluid flow in a channel-driven cavity based
on FEM computation. Also, the effects of shape function for
quadratic and linear profiles were described. The variations of
a hybrid computational mesh based on FEM for the physical
configuration of the problem are presented. Also, the
characteristics of fluid forces over the square block are
discussed.

In most of the relevant studies available in the literature, the
drag and lift coefficients have been computed in isothermal
problems; however, in the present study, a non-isothermal
flow regime is developed and the impact of forced convection
on CD and CL has been investigated. The rest of the manuscript
is organized as follows: mathematical modeling and geometric
configuration are defined in Section 2, while Section 3 discloses
the computational scheme with a weak formulation of the
problem, results and discussions are defined in Section 4, and
the manuscript is concluded in Section 5.

PHYSICAL PROBLEM AND
MATHEMATICAL MODELING

We consider two-dimensional, unsteady, incompressible, viscous
fluid flow over the circular heated obstacle with thermal plates
installed at the walls of the channel. The physical domain with height
H � 0.41 and length L � 2.2 with a diameter of block (Dc � 0.1)
placed at C(x, y) � C(0.2, 0.2) is considered. The domain
specifications are revealed in Figure 1, and the free stream flow
is in the x−direction.

The average velocity (umean) and length (diameter of a
cylinderDc) scales are implemented for nondimensionalized
governing equations, respectively.

The following assumptions are made for analysis:

• The characteristics of unsteady and non-isothermal fluid
flow depending on the shear rate are studied

• The influence of parabolic inlet flow is studied, and the body
force effects are neglected

• Boundary condition (no-slip) is assumed on the surface of
the block as well as both symmetric walls of the channel

The governing equations of unsteady, non-isothermal, and
viscous incompressible fluid flow over an endlessly long heated
circular block are the classical continuity, momentum, and energy
equations. The dimensionless form of the governing equations is
defined as follows [45]:

∇.u � 0, (1)
ut + u.∇u + ∇p � 1

Re
∇.τ + f , (2)

θt + u.∇θ � 1
RePr

∇2θ, (3)

where u � [u, v] and the vector f � [0, θGr/Re2]’ is the source
term for the 2D case and τ � μ _γn that describes the nonlinear

viscosity fluid. These equations have been nondimensionalized by

utilizing the characteristics scaling variables Dc, umean, ρ
2, and T0

for length, average velocity, pressure, and temperature, respectively.
The dimensionless parameters such as Reynolds, Grashof, and
Prandtl numbers for this problem are defined as follows:

Here, υ and α are the kinematic viscosity and thermal
diffusivity, and the gravitational acceleration and volumetric
expansion are defined as g and β. Also, n is the power law
index, and the thermal conductivity parameter is defined as k.
Here, the average velocity is umean � 2

3umax, where umax � 1.5 is
the maximum velocity.

The boundary conditions for thermal flow field are described
as follows:

• At the inlet region: uin � 4umeany(H − y)/H2, v � 0, θ � 0
• At the outlet region: ϕx � 0, ϕ � u, v, θ, p � 0
• At the surface of the cylinder: u � 0, v � 0, θ � 1

FIGURE 2 | Hybrid grid structure at a fine level.

TABLE 1 | Degrees of freedom and grid convergence for various levels.

Level #EL #DOF CD

L1 962 7,378 5.5349
L2 1,588 11,978 5.4785
L3 2,404 17,775 5.5207
L4 4,476 32,941 5.5510
L5 6,678 47,364 5.5538
L6 11,702 80,968 5.5605
L7 27,222 187,556 5.5754
L8 65,288 444,873 5.5786

Reynolds number Re � ρu2−nmeanD
n
c

μ

Grashof number Gr � gβ(Th−T0 )D2n+1
c u2−2nmean

μ2

Prandtl number Pr � μCp

k (umean
Dc

)n−1
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• At the surface of heaters (plates): u � 0, v � 0, θ � 1
• The other surfaces of the channel have no-slip conditions
for velocity with θ � 0

The computational solution of governing Eqs. 1–3 is
found along with the implementation of a specific
boundary condition flow domain by capitalizing variables
u, p, and θ. The local Nusselt (Nulocal) number is used to
quantify thermal flow taken from the surface of heaters.
Therefore, the computational grid is more refined near the
cylinder to acquire the Nuavg. These terms can be post-
processed to conclude the quantities of interest defined as
follows [45]:

• Drag coefficient:

CD � 2Fd

ρu2
meanDc

.

• Lift coefficient:

CL � 2Fl

ρu2
meanDc

.

• Local Nusselt number:

Nulocal � − zθ

zns
.

FIGURE 3 | Lift comparison test for Newtonian fluid (n � 1) [46].

FIGURE 4 | Influence on velocity for (i)n � 0.6, (ii)n � 1, (iii)n � 1.4 with Pr � 7 and Re � 100 at t � 5.
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• Average Nusselt number:

Nuavg � 1
S
∫
s

Nulocal dS.

The dimensional net drag (Fd) and lift (Fl) forces act on the
surface of the block in the flow and normal direction. Where
}S} and }ns} are the surfaces of the thermal regime and normal
direction of the surface, it is appropriate to postulate that the
drag coefficient is the function of Re, whereas the average
Nusselt number depends on the Pr. This work endeavors to
exhibit and develop a more efficient functional relationship for
a block.

NUMERICAL PROCEDURE

A complex discretization of a given domain is shown in
Figure 2. The overall dimension of the computational
domain is (L, H) � (2.2, 0.41) and adopting (P2/P1/P1)
elements based on the 2nd- and 1st-order polynomial shape
functions for the approximate solution. The unstructured
hybrid mesh used for computations consists of 65,288
elements and 444,873 degrees of freedom at an extra-fine
level, while the details of several meshing levels are
provided in Table 1.

A mathematical formulation consisting of governing
equations is attained and handled with FEM computation.
For the enlargement of finite element method discretization,
the elements are capitalized triangular and quadratic in shape.
The finite element method formulations attain the nonlinear
algebraic equations by the implementation of the
Newton–Raphson (N-R) iterative scheme. For validation of
code, we compute the lift coefficient of the benchmark problem
for the present work at n � 1 and zero temperature and then

compare with the results of the work of Turek et al. [46], as
shown in Figure 3.

Weak Formulation
To solve the system of Equations 1–3, the underlying methodology
is based on the finite element method. The first step is to transfer the
model equation into the so-called weak formulations. Introducing
the tested and tried spaces, we proceed as follows:.

Let W � [H1(Ω)]3 be the test subspaces for u, v, θ, and Q �
L2(Ω) is the test space for pressure. The weak form of the
abovementioned equations is given as

Re∫
Ω

(ut + uux + vuy)wdΩ + Re∫
Ω

px wdΩ − ∫
Ω

∇.τwdΩ � 0,

(5)
Re2 ∫

Ω

(vt + uvx + vvy)wdΩ + Re2 ∫
Ω

py wdΩ − Re∫
Ω

∇.τwdΩ − Gr∫
Ω

θwdΩ � 0,

(6)

∫
Ω

(ux + vy) q dΩ � 0, (7)

PrRe∫
Ω

(θt + uθx + vθy)wdΩ − ∫
Ω

∇2θwdΩ � 0. (8)

For numerical approximation, we compute the continuous
solutions with the discrete ones in the finite-dimensional subspaces.

u ≈ uZ ∈ WZ,
v ≈ vZ ∈ WZ,
θ ≈ θZ ∈ WZ,
p ≈ pZ ∈ QZ.

(9)

Using Eq. 9 in Eqs. 5–8, the following discrete version is
obtained:

FIGURE 5 | Influence on pressure for (i)n � 0.6, (ii)n � 1, (iii)n � 1.4 with Pr � 7 and Re � 100 at t � 5.
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Re∫
Ω

(uZt + uZuZx + vZuZy)wZ dΩ + Re∫
Ω

pZxwZ dΩ

− ∫
Ω

∇.τZ wZ dΩ

� 0, (10)
Re2 ∫

Ω

(vZt + uZvZx + vZvZy)wZ dΩ + Re2 ∫
Ω

pZywZ dΩ

− ∫
Ω

∇.τZ wZ dΩ − Gr ∫
Ω

θZ wZ dΩ

� 0, (11)

∫
Ω

(uZx + vZy)wZ dΩ � 0, (12)

RePr∫
Ω

(θZt + uZθZx + vZθZy)wZ dΩ − ∫
Ω

∇2θZ wZ dΩ � 0. (13)

Basis functions are defined for the discrete solution as
follows:

uZ ≈ ∑ndof
k�1

ukφk(x, y),
vZ ≈ ∑ndof

k�1
vkφk(x, y),

pZ ≈ ∑ndof
k�1

pkψk(x, y),
θZ ≈ ∑ndof

k�1
θkφk(x, y),

(14)

FIGURE 6 | Influence on drag and lift coefficients for different n with Pr � 7 and Re � 100.
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where ndof denotes the number of degrees of freedom. Equations
10–13 give rise to

Re∫
Ω

(uZt + uZuZx + vZuZy)wZdΩ + Re∫
Ω

pZxwZdΩ

+ ∫
Ω

∇.τZwZ dΩ

� 0, (15)
Re2 ∫

Ω

(vZt + uZvZx + vZvZy)wZdΩ + Re2 ∫
Ω

pZywZdΩ

+ ∫
Ω

∇.τZ wZdΩ − Gr ∫
Ω

θZwZdΩ

� 0, (16)
∫
Ω

(uZx + vZy)wZdΩ � 0, (17)

RePr∫
Ω

(θZt + uZθZx + vZθZy)wZdΩ + ∫
Ω

∇2θZwZ dΩ � 0. (18)

In the matrix form,

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
M + Re. LZ +N(uZ , vZ , θZ) 0 Re.B1 0

0 Re2 .LZ +NZ(uZ , vZ , θZ) Re2 .B2 −Gr.MZ

BT
1 BT

2 0 0
0 0 0 Pr.Re.LZ +NZ(uZ , vZ , θZ)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
U
V
P
θ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

�
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
F1
F2
F3
F4

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦,
(19)

which can be written as

Aξ � F.

All parameters have their usual meanings, and to compute the
solution, this complex system is iterated till a particular
convergence criterion is met. The nonlinear iterations are
stopped when the residual is dropped by 10–6.

RESULTS AND DISCUSSION

In this manuscript, we have considered the governing parameters
for thermal flow characteristics as follows: Grashof number (Gr)
from 1 to 10, power law index (n) from 0.6 to 1.4, Prandtl number
(Pr) varying from 1 to 10, and time dependence (t) from 0 to 10;
for more efficient computation, the time step size Δt � 0.001 is
considered with constant Reynolds number Re � 100.

(1) Fluid Flow
In this section, the effects of superimposed phenomena on
viscous fluid flow are considered. The drag and lift
coefficients, viscosity, and shear rate are provided for
incompressible unsteady viscous (power law) fluid flow over
a circular heated block situated in a channel with a fixed
Reynolds number Re. The representative velocity profile and
pressure field are illustrated over the heated block for different
values of the power law index (n) from 0.4 to 1.6 at 5s, which is
shown in Figures 4, 5. For n � 0.4, there were certain disparities
that appeared in the flow pattern, and the CWS function has
been assimilated for the sake of convergence for the shear-
thinning case. For shear thinning (n � 0.4), wavering flow in a
time step is considered in the downstream regime of the block.
However, the instantaneous wake behavior is seen for
Newtonian flow (n � 1), qualitatively close to the shear-
thinning flow pattern. For instance, several vortices are found
behind the circular block. The fluid flow pattern changes from
Newtonian to shear thickening (n � 1.6), the recirculation

FIGURE 7 | Impact of n on the phase plot (CD − CL) diagram.

FIGURE 8 | Line graph of the pressure profile for the Newtonian case
(n � 1).
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region reduces in size, and a uniform flow behavior appears in
the downstream region. Also, the pressure is maximum at the
stagnation point.

Figure 6 illustrates the effects of flow behavior index (n) on the
time evaluation of CD and CL in the vicinity of a block. As noted
prior, a computation was broken and said to have converged after
10 constant periodic cycles in both(CD) and (CL) time evaluation
graphs. At the Reynolds number, (Re � 100), the frequency range
of periodic oscillation of both (CD) and (CL) is increasing. Once
the periodic state is attained, the drag and lift coefficients in the
shear-thinning (n � 0.4) liquids are larger than both Newtonian
and the shear-thickening (n � 1.6) liquids. However, both drag
and lift coefficients become symmetric in shear thickening. Before
2, the lift coefficient has oscillated in this region, but increasing
over time, the lift coefficient becomes constant. Figure 7 displays
the drag-lift phase (CD − CL) portrait over a time period for
different values of power law index n. These phase plots show that
one cycle of the CL is equal to two cycles of the CD. The phase
curves also reveal that the values of drag coefficient increases with
the raise in the values of flow behavior index (n), and the lift
coefficient decreases at fixed Reynolds number Re. For the shear-
thickening case (n � 1.4), both the drag and lift coefficients
converge to a steady-state value.

Figure 8 illustrates that the influence on the pressure
profile at the stagnation position for an oscillating flow

regime. The frequency of periodicity of the pressure profile
is minimum when the Re is lower than the critical Re values,
while the pressure oscillation increases with an increase
in Re � 100.

(2): Thermal Flow Behavior
In this section, the influence of the flow behavior parameter
(n), Prandtl number (Pr), Grashof number (Gr), Reynolds
number (Re), and periodicity on the forced convection heat
transfer over the thermal surfaces is studied. It is analyzed that
a wavering flow downstream of the block exists. The thermal
flow field grows frequently on upstream surfaces of the heater,
while it is eventually discontinuous from both top and bottom
corners of it. Heat transfer distribution over the surfaces of the
heater is acted by a fluid momentum. The non-isothermal flow
behavior can be attained from a time-averaged isotherm,
where we can study the effects of thermal clouds. The
influence of Grashof variation on heat transfer
characteristics of heated surfaces (cylinder and plates) in
the periodic regime is considered through the time-averaged
isotherm in Figures 9, 10. It has been observed that the flow
shows complex patterns, especially behind the block, that do,
however, exhibit periodic behavior. Non-isothermal flow for
Grashof at 3 and 10 shows that the heat transfer increases with
an increase in time.

FIGURE 9 | Influence on isotherm for different periods with n � 1.0, Pr � 5,Gr � 3, and Re � 100.

FIGURE 10 | Influence on isotherm for different periods with n � 1.0, Pr � 5,Gr � 10, and Re � 100.
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In Figure 11, the average Nusselt number (Nuavg) along time (t)
is comparatively elucidated for both cylinder as well as thermal
plates, and also, the effects of flow characteristics parameter (n) are

examined. For n � 0.6, the average Nusselt number decreases before
t � 2, then oscillating between 7.65 and 7.75 on the cylinder and 7.55
and 7.70 on plates. Similarly, for n � 1, oscillation is steady after

FIGURE 11 | Influence of n on Nuavg over the cylinder (left) and plates (right) with Pr � 7 and Re � 100.

FIGURE 12 | Influence of Pr on Nuavg with n � 1 and Re � 100.
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t � 4, between 7.08 and 7.12 on the cylinder and 7.65 and 7.85 on
plates, while for n � 1.4, the average Nusselt number initially
decreases; after a certain time, it becomes fixed on both cylinder
and thermal plates. Figure 12 reveals the Nuavg versus time for
different Prandtl numbers over a cylinder. As expected from
previous analysis, the Nuavg raises due to an increase of Pr,
while after a certain time, it becomes oscillatory at Re � 100.

CONCLUSION

Numerical simulations have been carried out to investigate the fluid
flow over a uniformly heated cylindrical block in a channel with
thermal plates installed at the walls of the channel. The fluid model
incorporated is the Ostwald de-Waele power law rheological model
that describes a wide range of shear-thinning and shear-thickening
fluids. A highly refined hybrid grid is generated at the preprocessing
stage to achieve high accuracy in the solution, and a code validation
study is also performed. Based on the obtained results, the following
conclusions are drawn:

i. The amplitude of drag and lift increases for shear-thinning
cases (n< 1), while both drag and lift coefficients approach a
constant value for shear-thickening cases (n> 1)

ii. For n � 1 that corresponds to the Newtonian case, the lift
oscillates between [−1, +1] and drag oscillates in [3.16, 3.22],
which show an excellent agreement with the reference value

iii. Average Nusselt number increases with the Prandtl number
and reaches an oscillatory steady state in all cases after (t≥ 5)

iv. For Newtonian and shear-thinning cases, CD and CL are
periodic, while for the shear-thickening case,
both converge to a fixed value due to the increase in
viscosity

v. Phase plots of (CD − CL) form a closed loop for the cases
(n< 1) and (n � 1) showing also the limit cycle of
oscillations, while for (n> 1), there is no oscillation in the
limit cycle

This work can be extended in many directions, for
instance, selecting higher values of Re to get into a
transitional regime between the periodic and turbulent
flow and to control the fluid forces by introducing some
passive control devices in the flow domain. One possible
extension could be to work with turbulent models for Re in
the range 200<Re< 300.
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