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Controlling the trapping process is one of the important themes in the study of random
walk in real complex systems. We studied two types of random walks that are different
from the traditional random walk on a directed weighted network. The first type of random
walk is the weighted random walk controlled by the weight 6, and the other is the delayed-
weighted random walk affected by both delay probability p and weight 6. Furthermore, we
derived analytically the average trapping time (ATT) measuring the efficiency of the two
types of trapping processes; the result shows that the ATT grows sub-linearly, linearly, and
super-linearly with the network order when the weight satisfies <3, 6 =2, and 6> 3,
respectively. The weight 8 of the directed network can be adjusted by direction, the delay
parameter p only changes the pre-factor of the ATT, and the weight 8 modifies both the
pre-factor and scaling of the ATT.

Keywords: random walk, directed network, weight, mean first passage time, trapping efficiency

1 INTRODUCTION

In addition to the topological structure and characteristic of complex networks, the dynamic process in
the network is also worth exploring because of its wide range of applications. Random walk, as a
fundamental tool to describe the dynamic process of network, has been widely used to evaluate dynamical
properties of different complex networks, involving practical problems such as page searching [1],
epidemic spreading [2], target searching [3, 4], and energy transporting [5, 6]. As a main sub-topic in the
research of random walks, the trapping problem refers to a special random walk in which a trap is placed
at a given trap. A related basic quantity is the mean first passage time (MFPT), which represents the
expected time required for the walker to reach the trap from the node i for the first time. The average
trapping time (ATT) is the average of MFPTs over all starting nodes except the trap; the ATT is used as an
index to measure the trapping efficiency of the trapping process [7, 8].

In order to improve the trapping efficiency, it is highly desirable to seek an effective method to adjust
the trapping process in complex systems, such as treelike fractals [9] and one-dimensional systems.
Researchers have studied the dynamic process of several types of networks without weight and direction,
such as the Sierpinski network [10, 11], Koch network [12], and fractal lattice [13]. In view of the fact that
many research studies on random walks mainly focus on undirected and unweighted networks, Zhang
etal. [14] discussed two types of random walks for a class of weighted and undirected networks. Dai et al.
[15-18] introduced several weighted random walks on the complex network. In fact, many real networks
contain the relationships between individuals with different weights in different directions. For example,
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the degree of understanding between individuals in social
networks, the traffic flow between two places on the
transportation network, and the number of vaccines put in
the epidemic prevention process are all related to the direction
and weight of real networks [19, 20].

There are delays existing in some complex systems; this is the
result of transportation or chemical reactions that require action
time. The random walks that reveal the effects of delay have been
proposed and studied through a mathematical framework [21].
On the other hand, a large amount of work on the trap problem of
undirected networks cannot fully describe the real complex
networks. The difference between the out-degree and in-degree
of the node is considered in a directed network, and the weight of
network is combined; we have explored the ATT of a class of
directed weighted networks, and the random walk in the directed
weighted network can be made more efficient by adjusting the
weight factor and delay parameter, thus achieving the purpose of
adjusting the random walk process.

The main contents of this study are divided into the following
sections. First, we introduced some basic concepts related to
random walks. In section 3, we designed a class of directed
weighted edge-iteration networks, in which each pair of nodes is
connected by two edges in opposite directions, and the weight of
edge is controlled by the weight parameter 6; the delay
phenomenon is measured by the delay parameter p. In section
4, we derived the exact analytical expression of the ATT for a
given target node and found that the ATT of this network grows
sub-linearly, linearly, and super-linearly, the three ways when
parameter 0 goes from 0 to infinity. Also, the delay parameter p
not only changes the pre-factor of the ATT but also the weight 0
can modify the pre-factor and scaling of the ATT.

2 PRELIMINARIES

We focused on two types of biased random walks with a given target
node. The directed weighted network constructed in this study is
abbreviated as G (t). We labeled all its nodes, according to the
following rules: the two nodes generated at £ = 0 in G (0) are marked
as 1 and 2, and they are initial nodes. All newly added nodes at the
time step ¢ are labeled N, ; + 1, N;_; + 2, ..., N, in order. We set the
target node on the node labeled 1. The key role in the random walk
process is the transition matrix P, whose entries p;;(f) represent the
transition probability of walking from the node i to node j in each
tirEe step; they satisfy p;;(t) = % and make the equalltion
2.i1pij (£) = 1 true, where s (¢) is the out-strength of node i.
The mean first passage time for a walker moving from node i
to the target node in the network é(t) is denoted as T'”, then

1

T = i Py (O(T +1)
j=1

N,
=pn-1+ ) py®)(TV +1) (1)
N =
- Zp,.j OTY +1.
=)
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Furthermore, Eq. 1 can be transformed into the following
matrix form;

Tt = ptTt +é, (2)

where f} = (Tz(t),Tgt), .. .,Tg?)T is an (N, — 1)-dimension
column vector, and & is the (N, — 1)-dimension column
vector whose entries are equal to 1; the transition probability
matrix P, = ( Dij) (N—1)x(N,-1) is obtained from P, by deleting the
row and column corresponding to the trap node. After shifting
the terms of Eq. 2, we can obtain

T, = (I, - b,) é, (3)

I, is the (N, — 1) x (N, — 1)-order matrix whose diagonal entries
are 1, and other entries are 0.

The ATT is defined as the mean of Ti(t) starting from all
sources of nodes over the whole network é(t) to the trap,
abbreviated as (T); we described the ATT by the following
equation:

1 Ny ) 1 N; Ny
T, = — T(t = Tii» 4
<>tNﬁ1;1 NPl;;J @)

where 7; is essentially the ij-th entry of matrix (I — P)'
combining Eq.3.

The aforementioned equation shows that the calculation of the
ATT can be simplified as summing all the entries of the matrix
(I - P)”". It is worth noting that the network order N, increases
exponentially with t when ¢ — +co; this calculation for a large ¢ is
very time-consuming. However, we can use Eq. 4 to verify the
analytical solution of the ATT.

3 DESIGN OF A DWEI-NETWORK

Many problems can be abstracted as graphs for research [22-24].
In view of the differences between the out-degree and in-degree of
node in the real network, we proposed a network operator called
the directed weighted edge-iteration transformation (DWEI-
transformation) to construct our network by an iterative
method. We set w;_,; as the weight of an edge from node i to
node j in our network; it satisfies

_ >0,
Wjj = =0,

Directed weighted edge-iteration transformation (DWEI-
transformation). For an edge e = AB with two end nodes A
and B, the two weights of this edge are w,_,z and wp_,4. A new
edge with end nodes C and D is added; then, two new edges are
connected between A and C, and B and D, respectively; the
weights of new edges are distributed according to the following
rules.

i and j are adjacent,
otherwise.

()

(@) wac = 0Owa_pand we_p = Wp_a;
(b) wep = Owe_ s and wp_c = wa_c
() wpp = Owg_,4 and wp_,g = Wa_p.
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FIGURE 1 | DWEI transformation of edge e = AB.

FIGURE 2 | DWEI network at t =0, 1, 2.

FIGURE 3 | DWEI network at t = 3.

Figure 1 is a schematic diagram of the DWEI-transformation.

Let G (t) be the DWEI-network after ¢ time steps; we generated
a DWEI-network model, according to Algorithm 1. For the
initial time step, the network G(0) is composed of an edge
connect two nodes are labeled 1 and 2; set w;_, = wo_,; = 1.
When t > 1, the DWEI-transformation is performed on every
edge that exists in G(t — 1), and this process continues until the

Trapping Process of Directed Networks

network reaches the desired size. Figures 2, 3 show the DWEI-
network at four-time steps t = 0, 1, 2, 3.

Algorithm 1. DWEI-network construction algorithm.

Input: An initial edge and a weight factor § > 0 is a real
number.

Output: The directed weighted edge-iteration networks

(t)(t > 0), t stands for time step.

1. Initialization: At the initial time step ¢ = 0, 3(0) is a
edge and its endnodes are labeled 1 and 2, the two weights
between them are defined as w;_,2(0) = wa_,1(0) = 1.

2. Iteration: For ¢ > 1, G (t) is obtained from 8(2& -1
tg performing DWEI-transformation to every edge in network

(t—1).

The out-strength of node i at time step t is defined as the sum of all
weights of the edges starting from node i in ——G(t), denoted as s +
i (t) = PNt j=1 wi—j (t). Meanwhile, the in-strength of node i
represents the sum of the weights of all edges whose terminating
nodes are i, expressed as s — i (t) = PNt j=1 wj—i(t). The growth pattern
determined by the node of network allows us to calculate the total
number of nodes in ——G(t) is Nt =2 3 (4t + 2). Let ki(t) be the degree
of a node i in network ——G(t), the relationship between the degree
of node i is ki(t) = 2ki(t — 1) in two consecutive time steps t — 1 and t.
We can also get s + 1 (t) = (1 + ©) t-ti+1 according to the definition
of s+i(t), ti represents the time step when node i joined the network.

4 ATT FOR WEIGHTED WALKS

Different from the method of calculating the ATT by eigenvalues
[25, 26], we derived a relationship governing the evolution for
Ti(t) at generation t, according to the construction process of
DWEI networks. Let Q, denote the set of all nodes in é(t); in
order to clearly describe all the nodes in the derivation of the
ATT, we divided the nodes in é(t) into two categories; the nodes
that join the network at a time step ¢ in G (t) are called new nodes,
denoted by ;; the nodes that join the network at a time step ¢ — 1
and before are called old nodes, denoted as Q,_;.

Lemma 1. For the weighted walks of the DWEI network G (t+1),
let 8> 0 be its weight factor, and the mean first passage time of any
node i € , satisfies the recursive relation

T = (1+20)T". (6)

Proof. : The mean first-passage time between any two nodes in
the DWEI network can be divided into the following three
categories, and their simplified representation is as follows. Let
X be the MFPT starting from the node i to any of its k;(t — 1) old
neighbors, which are directly connected to node i at the time step
t — 1. Y represents the MFPT from any of k;(t — 1) new neighbors
of node i to one of its k;(t — 1) old neighbors, and Z is the MFPT
for starting from others new neighbors other than the
aforementioned new nodes of node i to one of its k;(t — 1) old
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neighbors. Thus, considering two consecutive time steps, we
found that X, Y, Z satisfy the following equations:
1

0
X:m+m(1+Y)

(1+X)+ (1+Z) (7)

T1+6

0
1+9 —(1+Y)

We get a solution X = 1 + 260 by solving the aforementioned
formula; it means that from the time step ¢ to the next time ¢ + 1,
the trapping time for an arbitrary node i increases 1 + 26 times the
previous moment, that is, T(Hl) (1+ 20)T(t) Owing to the
network, G (t + 1) is obtained by the network G (t) iteratively, so
the relationship shown in Eq.6 is important in deriving the exact
solution of ATT. O

The sum of Ti(t) for all nodes in G (t) is recorded as Tt(,ttz)t- In
addition, we also proposed intermediary quantities for 1 <7< f;
the sum of the MFPT of all nodes at time step 7 is denoted as

T = 2 T, ®

i€Qy

and the sum of the MFPT of all new nodes at a time step 7 is
formulated as

2 (f)
‘r tot z T(t) (9)

er,

Then, the average trapping time (T, of the DWEI network G (1)
is given by the following formula:

Nt

YT =T (0
i=2

<T>t = N, -1

Theorem 2. For the weighted random walks, N, is the DWEI
network order, let 8 > 0 be the weight factor and t be the time step,
then

(1) For 0 =3, the ATT of the DWEI network is
3 5 154 11

T :7[4t_1<—t+—>+— l6t]. 11

T 2x 4t +1 379 18" (1

The dominating term of {T), is {T); ~ N; for t — oo.

(2) When 6 # 2, the ATT of the DWEI network is
3 (1+20) b1y gt
D=+ {69(26—3) [(48+6 x40

12
+(16 — 410 + (=20 + 34 x 4')¢ (12)

+(-8-19x4)0-3x 4]},

the relutzonsth between {T); and the network order N, satisfy
<T>t og4(1+20) f rt— oo
Proof. It can be seen that the problem for evaluating (T, is
reduced to determining Tt(z,t from Eq.10. We considered the
MFPT of all nodes in the light of the classification of new nodes
and old nodes, which is written as the following formula:

Trapping Process of Directed Networks

TO =T 4T

t,tot t— ltot t,tot (13)

= (1+20T% ) + 7Y

t-1,tot ttot*®

Obviously, once we calculated the result of Tt ‘o about the new
nodes, we can obtain a recursive equation for Tt fot -

Referring to the DWEI transformation of all edges in the
network, we found that each new node must have two neighbors
for the nodes in €; one of the two neighbors is a new node
generated at the time step ¢, and the other is an old node added
before the time step ¢. There are two new nodes in the next time
step for each edge e = uv; we labeled them as x; and x,,
respectively. If the MFPTs of the four nodes u, v, x;, x, at a
certain moment are expressed as T(u), T(v), T (x1), T (xy), the
relationships between the MFPTs of new nodes x;, x, and its
neighbors can be derived as

T(o) = oy L+ T@) + s (14 T()),
5 (14)
T(a) =15+ TO)+ 5 1+ T(x).

Combining the two formulas in Eq. 14, we can get
T(x)+T(x2)=2(1+0)+T(u) +T(v). (15)

For the DWEI network corresponding to the first few time
steps, since the number of nodes(l)n the network is small, we can
directly calculate the value of T;,, and T,(Q,t for 0 sist For
example, when f = 1, the way to obtaln the value of T1 1o a0d Tl(lt)ot
is as follows: we first listed the relations between the four nodes in
é(l). There are a total of four nodes in é(l): node 1 is set as a
trap, so we have T{" = 0, and the out-degree of node 2 is 1 + 6.
The weights on its edges to node 1 and node 4 are 1 and 0,
respectively; then, the second equation in Eq.16 holds, the

equations related to node 3 and 4 can be obtained similarly.

T =0,
0= a1y (e
2 -{6 ! 1 56 4 r 16)
T = 10 0 (1+TO) + Y 0 (1+T),
T = Y (1+TP)+ Y (1+TWV).

Among the four nodes, the two nodes labeled 1 and 2 are called
old nodes, and 3 and 4 are called new nodes; thus, the sum of
MFPTs of all new nodes is equal to

P TP 1p
1601 (17)
—49+3—2(1+6)+T

0,tot*

Therefore, the sum of MFPTs of all nodes in the network é(l)
can be expressed as

TO =T L TO L 7O 4 ()

1,tot

= 66+4 (18)

Considering Eq. 15 and summing this equation over all new
nodes in (), then we obtain
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At(t;t z TO = (1+0)|0] + Z [k,.(t— 1) x Ti(t)]

ieQy i€Qr 9
R 1
= 2(1+0) x 4" 1+2Tt(t)1m 270 L+ (19
w217 ot

Ltot Otat

Similarly, the following equation about Tf:lt)m is also valid; refer
to Eq.19

(t+1)
t+1tot

(t+1) (t+1)
=2(1+0) x4+ 2Tt ot ZTHM 4o 20)
e (D) g (t41)
+2 Tl,mt +2'7T

T
O,tot *

Then, subtracting the product of Eq.19 multiplied by 2 (1 +

26) from Eq. 20, we have
~ (t+1)

Tt+1,tot

—2(146) x4 -
+2(1+ 207"

ttot*

2(1+26)T”0,
4'(1+0)(1+20) (21)

After merging Tt,i‘ot on both sides of Eq. 21, we get the
following recursive relation:

(t+1)
t+1,tot

T = 4(1+20)T" +4'(1+0)(1 - 20). (22)

t,tot

Considering a value fl,lt ot = 40 + 3 that we have already solved
as an initial condition, a closed-form solution of Eq.22 can be
derived:

L 600 +50+1 .
ot = ——g % [4(1+20)]"

(146 -20) (23)

4
20
1) For 6 =3, we get Tt ot = 2 x 1671 + 3 x 471, Substituting
this equation and 6 = 3 into Eq 13, we get
5 22 88
T, = <§t 3) x 471+ g (1671 —41). (24)

We can get t=Ilog,(3N;-2) from N;,=2(4"+2).
Considering Eq. 10, we obtain the result shown in Eq 11:

3 5 154 11
YR S PRTCHR ) PR
T 2x4‘+1[ A WART (25)
~ N
2) When 0 # %, the sum of MFPT of all nodes satisfies the
following recurrence relation:

TO = (14200, + T,

t,tot t—1, tot t,tot

= (1+20)T" ), + (40+3)[4(1+20)]" (54

t-1,tot
t-1
L4740 (1-26) (1260 1]

20

With the help of a condition T1 ot = 60 + 4 1in Eq. 18, then Eq.26
is resolved to obtain a solution about Tt(tt)ot

1+20)°
O = (A+26) [(48 +6 x 4')6" + (16 - 4")6°
ot 60(20 - 3) 27)
+(34 x 4" —20)0° - (8 +19 x 4)0
3 x 4.

Trapping Process of Directed Networks

108
* 6=0.5
O 6=0.5
10°F | = g=t v E
o ¢=1
A 6=15 -
10 A ¢=15
v 9=3 A
P v 6=3 v
B ‘ ]
v A ®
107F N A ® ® i
v ®
- C
& ®
10! = ® ® 4
4 ®
®
100 L L L L L
0 1 2 3 4 5 6 7
t
FIGURE 4 | Solids indicate the numerical results, and the hollows
indicate the results of our analytical results.

Furthermore, substituting Eq.27 into Eq. 10, we get the
average of all MFPTs in the network G (¢):

<T>t = th(ttOt
3 (1+20)° .
:2x4‘+1{69(29—3) [(48+6x 48" (28)

+(16 — 410" + (-20 + 34 x 4')¢
+(-8-19x 40 -3 x 4']}.

Actually, the DWEI network can be regarded as a binary
network for a special case = 1; based on this situation, the value
of (T, we obtained is consistent with the result in the literature
[27]. Next, we showed how to express (T, in terms of the
network order Nj; Substituting ¢ = log, (%Nt —2) into Eq. 28,
then we have

(T, ~ 246" — 40° + 346> - 199 -3 (3 )10g4(1+29)
T (126 - 186) (14207 \2 (29)
-~ (Nt)log4(l+26))

as t — oo. According to Eq. 29, we found that the weight 6 can not
only modify the pre-factor of {T), but also the scaling log, (1 +
20) of (T), In addition, we can obtain the following
conclusions in weighted random walks by analyzing Eqs 25,
29, when 6 = %, (T); grows linearly with N however, (T),
grows sub-linearly and super-linearly with the network order
N, for 6<2 and 6>3, respectively; the results are shown in
Figure 4.

5 ATT FOR DELAYED WEIGHTED WALKS

In this section, a delay probability 0 < p < 1 is introduced to
explore its impact on the ATT of our network in the weighted
random walk with delay [28]. The delayed weighted random walk is
defined as follows; for delay probability 0 < p < 1, the walker in
network G(t —1) is allowed to move to any neighbor either in
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G(t — 1) orin G (t) with probability p and 1 — p, respectively, which
is the transition probability p;; for the walker jumping from node i to
another node j and is formulated as

Wi j (t)

PXga-y o T e e
owl () .
pij = (l —p) X o Et) s 1€, ey, (30)
wi,;j (1) l N
- , if ieQyjey.
510

The two special cases of delayed weighted random walks are as
follows:

1) When p = 0, delayed weighted random walks reduce to
regular weighted random walks discussed in the previous
section because the walker moves from node i to any
B_ei_%Pboring node j with transition probability p;;(t) =
o

2) When p = 1, if node i is created before the time step ¢, then
the walker jumping from the current node i to any
neighboring node j in G(t—1) with the transition
probability p;;(t) = w’(“t’(g Otherwise, the walker moves
from the current node i to any neighbor node j on G(t)
with the transition probability p;;(t) = el

sh() -

Lemma 3. For the delayed weighted random walks of the DWEI
network G (t+1); let 6 > 0 be a weight factor and 0 < p <1
represents a delay probability, T,( ) is the MFPT corresponding to the
regular weighted random walks; the relationship between MFPT

E"Y of delayed weighted random walks and T" for node i is
F*Y = (2-2p)0°+ (p+3)6+ Lrw, 31)
0-0p+1

Proof. : Let Fi(t) be the MFPT in the delayed weighted random
walks, similar to the study of weighted random walks, we
classified all the nodes according to the type of walks. The
definition of three quantities X, Y, and Z is the same as
section 4, and they satisfy the following three equations in the
delayed weighted random walks:

1 0
X=p+ (P gt g 1+ 1))
1 0
= — (32)
Y 1{0(1+X)+ (1+Z),
1+0 (1+Y)

The solved X involves the delay probability p and the weight
factor 6; its expression is

(2-2p)0° + (p+3)0+1
X = .
0-0p+1

(33)

Trapping Process of Directed Networks

Therefore, we have deduced the relationship between Fi(”l) and
Ti(t), as shown in Eq.31.

Theorem 4. For the delayed weighted random walks, let 0 > 0 and
t > 0 be the weight factor and time step, N, is the DWEI-network
order; then, the exact dependence of ATT on the network order N,
is as follows:

(1) For 6=
(Fy, = [ 110-33p  110-33p
% 124 (5-3p) T 16(15-9p) | (34)
~N,.
2) When 0 # 3,
(F), ~ N2, (35)
for t — co.
Proof. : We defined (F), as the ATT for delayed weighted

random walks in the network G(t), in order to obtain the
closed- f())rm solution of (F), two quantities FT ot = Zteo,Ft(t)
and F”ot Zzen,Fz(t) are proposed for the time step 7 < .

Extending Eq.10 to the delayed weighted random walks, a
formula about (F), is as follows:

1
(F), = N, — 1Ft(,27t‘ (36)

The sum of MFPT of all nodes in the network is composed of
the sum of MFPT of old nodes and new nodes; it can be
formulated as

F t(ttz)t = t—)l tor T F ot
_(2-2p)f® (p+3)6+1T(t b, g0 (37)
- 69— 6P+ 1 t— 1tot ttot*

Similar to the calculation of Eqs 13, 17, it shows that our
. Al .
calculation focuses on solving F, ;s we specified the sum of
MEPT of all new nodes as

15:,2” = (1+ 0] + Z [ki(t —1)
i€Qy
L (2-2p)0 + +(p+3)0+ L
6-6p+1 i

] (38)

~ (141
We can directly get Ft(:,tz)r’ according to the aforementioned
equation for time step t + 1:
~ (t+1) A
Frvior = (1400l + Y [ki(£)

ieQy
L (2-2p)0 + (p+3)0+ IT(”]

0—0p+1 i

(39)

Multiplying Eq.38 with 2 (1 + 26) and subtracting the r(esu)lt
from E 39, we derived the recursive connection between F
and Ft,mt from the results obtained:

t+1,tot
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A (t+1)

Ft+1,tot 2(1 + ZG)Ft tot .
= (14 0)[1Qunl - 2(1 + 260)IC]]

(2-2p)0° + (p+3)0+1
0-0p+1 ZT

(40)

+2 X

160,

where ZszT(t) Tt( tlt is obvious, and the number of nodes

newly added to the network at the time step ¢ is || = 2 x 411,

plugging Eq 23 into Eq. 40, and combining a conditlon
~ (1)

Fllior = 9p+9+1 [46% + (7 + )0 + 3], then
02+(7+p)0+3 1
t—1
rtot_(2+46) 6p+6+1 —p62+6

x [(4p-4)6" + (4p-4)0° + 3 - p)&° + (2 - p)O
1 t-2 t-2
6_1[(2+40) x (1+26) -2 x 4] "

+m [(12 - 12p)6" + (28 - 4p)6°

+(3p+23)0° + (p+8)0+1]
y (4+86) 71— (2+40)!
2+46 '

-1] x
]2

1) When the weight factor satisfies § = 3, we obtain

() :3p+45X8H+4(30p—25)
Mot 3p+5 15-9p
. (110 - 33p) (16'" - 87")
15-9p '

x (2x 877 -4
(42)

In this case, we can calculate the sum of MFPT of all nodes by
combining Eqs 24, 37, 42:

=2 _ qt-2
R (ERDETAIC]

t,tot 5 3p 9
3p+45 120p — 100
PR g (22027 (2 x 872 —472) (43)
3p+5 15-9p
((110-33p) (16" -87")
' 15-9p '

Substituting Eq.43 into Eq. 36, we can get the expression of
{F);. Furthermore, we deduce that the trend of {F), increases
with N; for a large network:

<F>t: 1 ttot
110 33p , 110-33p (44)
144(5-3p)  16(15-9p)] '

~ ‘-

The aforementioned formula shows that (F), increases
linearly with N; when 0 =3
2) For 6 # 3, plugging Eq 41 into Eq. 37, we have obtained the
analytical formula of Ft +ot- For simplicity, we replaced the three
coefficients with A, B, and C, respectively, which are all controlled
by the weight factor 6 and have no dependencies on the time
step t.
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FO = A(1+20) x [4f(694 —F+ gez - 14—99— i)

t,tot 4

+486" + 166° — 200* - 86] +2°1(1 +20)!

46+ (7+p)0+3 = (1 (45)
X Gpr0+1 +20 [2 (1+26)
-1 _ AHt-1
—2><4“1]+C><(4 2 )(1;26).
2(1+26)
Among them, three variables A, B, C equal to
Ao (2-2p)0° + (p+3)0+1
© 60(20-3)(0-0p+1)°
1
B=—5——->—|(4p-1)6" + (4p - 4)&°
92_P62+6[(p ) +(p ) i
+(3-p)f+ (2-p)o-1], (46)
1
C = m [(12 - 12P)64 + (28 - 4p)63
+(3p+23)0° + (p+8) 6+1]

Next, we gave the average of MFPT for all nodes except the
trap node; substituting Eq.45 into Eq. 36, we obtain

F®

-1 ttot

{A(l +20) x [4‘(694 —6+ %@2

<F>t =
Nesy
Toax4 11
—17?0 - Z) + 486" + 166° — 206* - 86]
40° + (7+p)0+3 (47)
Op+06+1
BB_ : [27 (1 +260) " -2 x 4]
(471 =21 +20)
2(1 +20) }

+271(1 +20)7! x

+
2

+C x

Considering t = log, (%N ¢ — 2), the expression of (F),in Eq.47
can be represented in terms of the network order N; in the
following form:

1 A 3 log, (1+26)
(Fy. = — s (5v-2)
N.-1]|(1+20°\2

17 1 3
x [(-Nt —2)(694—93 e Dy 2
2 2 4 4

+486" + 166° — 206” - 86)| +

2(1+20)

3 log, (1+26)+31 492 7 0+3
«(Gn-2) (A (T4p)0+3

2 Op+0+1
+i ¥<§Nt_ >logﬁ‘(1+26)+z (48)
20-1(4(1+20)\2

3 1+log, (1+26)

173 1M -2)
——(—N,—2>]+C>< 3
2\2 2(1+20)

1/3 %+log4(1+29)

1)

2\2

2(1+26)°
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For a large t, we have the following expression for the
dominating term of {F);

A(694—93+£92—90—§> c
(Fy, = 244
(1+26)° 8(1 +20)°
3 log, (1+26) (49)
X (ENt - 2)
- N10g4(1+29).

Therefore, Eq.49 shows that (F), grows sub-linearly and
super-linearly with the network size, when 6<3 and
6> %,respectively; when 6= %, we know that (F), grows
linearly with the network size from Eq.44. The coefficient
ooy [A(60" 67 + 56" — 20~ D] + ;b x C in Equ49 s
obviously affected by the delay probability p and the weight
factor 6. However, the exponent log, (1 + 26) of N; is only
controlled by the weight factor 8 and has no dependencies on the
delay probability p. Also, we have known that the delay parameter
p can only change the coefficient of the ATT; it has less influence
on the trapping efficiency.

6 CONCLUSION

Based on the undirected unweighted network, we considered the
weight and the out-degree and in-degree of nodes in complex
systems. We proposed a network operator and a class of directed
weighted edge-iteration networks and derived the closed form
solution of the average trapping time of two different random
walks with a given trap node; one of the random walks is based on
the weight 0 alone acting on the transition probability, and the
other is the weight factor 0 and delay parameter p impacting on
the transition probability at the same time. The solution shows
that the directed weighted construction has a significant effect on
the trapping efficiency, and the leading scale of the ATT can be
sub-linearly, linearly, and super-linearly with the network size

when 6<3, 6=3, and 6>3, respectively. In view of the
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