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Studying and analyzing the random motion of a particle immersed in a liquid represented in the Langevin fractional model by Caputo’s independent derivative is one of the aims of applied physics. In this article, we will attend to a new, accurate, and comprehensive numerical solution to the aforementioned model using the reproducing kernel Hilbert approach. Basically, numerical and exact solutions of the fractional Langevin model are represented using an infinite/finite sum, simultaneously, in the [image: image] space. The proof has been sketched for many mathematical theorems such as independence, convergence, error behavior, and completeness of the solution. A sufficient set of tabular results and two-dimensional graphs are shown, and absolute/relative error graphs that express the dynamic behavior of the fractional parameters [image: image] are utilized as well. From an analytical and practical point of view, we noticed that the simulation process and the iterative approach are appropriate, easy, and highly efficient tools for solving the studied model. In conclusion, what we have carried out is presented with a set of recommendations and an outlook on the most important literature used.
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1 INTRODUCTION
The Langevin equation, in its fractional issue, is a mathematical dynamic model fundamental in Brownian motion applications to characterize the emergence of physical episodes in oscillating mediums. It is a popularization of the conventional model that utilizes a fractional Gaussian procedure formalized by two vertices, which is much more adaptable to the parameterization of the fractal evolution processes [1–4]. The applications of the FLM can be seen in the stock market, motor control system modeling, photoelectron counting, fluid suspensions, deuteron-cluster dynamics, protein dynamics, evacuation process modeling, financial markets, single-file diffusion, and anomalous transport [5–8]. Commonly, FDMs have wide applications in the formation of many engineering and fluid physics phenomena. In the second half of the last century, the search for more serious numerical algorithms began to control many of the nonlinear problems that appeared with the emergence of fractional derivatives and their emerging applications. However, many studies came into existence, as in the following literature [9–13]. To date, effective analytical and numerical schemes have been developed and successfully applied to deal with different classes of FDMs [14–20].
Although finding accurate solutions to FDMs of different orders in Brownian particle motion placements is an important problem for understanding the dynamic attitudes of oscillatory environments in trifling media, in this article, we contemplate creating an accurate numerical solution to FLMs utilizing the CFD with appropriate boundary data using a new renewal in the RKHA. Here, we will generate effective and straightforward numerical solutions without imposing any restrictions on the nature of the proposed FLM and obtain sufficient convergence while reducing the computation time by exposure to the following model [1–8]:
[image: image]
equipped with the posterior boundary condition:
[image: image]
Typically, the FDM (Eqs 1, 2) consists of the posterior parameters, functions, and variable effects as attached:
1) [image: image] stands for the time-coordinate independent domain.
2) [image: image] stands for the rank of fractional derivatives applied.
3) [image: image] stands for the particle position.
4) [image: image] is the CFD of the rank [image: image] of [image: image] and is given as follows:
[image: image]
6) [image: image] is a bounded variational map that symbolizes the imposed acting on Brownian particles.
7) [image: image] is a nontrivial parameter that represents the damping or viscosity term.
8) [image: image] are nontrivial parameters that represent the initial and terminal positions of the particle simultaneously.
Ordinarily, no conventional schemes produce an accurate prototype solution for FLMs. Thus, there is a great need for the RKHA, which satisfies the purpose, as usual, and has reached the desired and satisfactory numerical results with fully stochastic properties. Here, the relevant theories and facts have been confirmed by numeric emulations, graphical representation, and scale tables for three types of FLMs. However, the tenor of the paper is arranged as follows: Section 1: Presentation: FDMs and CFDs. Section 2: RKHA: Preliminaries and definitions. Section 3: RKHA: Construction and properties. Section 4: RKHA: Solutions and convergence. Section 5: Error: Estimation and bound. Section 6: Justifications: Algorithms, applications, and analyses. Section 7: Outline: Conclusion and outlook.
2 REPRODUCING KERNEL: PRELIMINARIES AND DEFINITIONS
The approach of the reproducing kernel is a novel solver built to find solutions to FDMs emerging in physics, waves, statistics, and engineering [21–23]. This technique is based on the Gram–Schmidt process and Fourier expansion approach for an arbitrary order and is used for optimizing an orthogonal basis to detect unknown compounds. The RKHA has many motivational aspects and a great ability to handle complicated problems without imposing any restrictions on the style of the models. Therefore, it has been gaining a lot of solicitude and examination lately [24–32].
First, a reproducing kernel induced from a given Hilbert space is called the RKHA. Here, [image: image] is a set of maps that are continuous absolutely on [image: image]. At the outset, some requirements that are necessary to go further in our RKHA scheme will be sought.
Remark 1. [24] The frameworks of [image: image] are as follows:
[image: image]
Remark 2. [24] The frameworks of [image: image] are as follows:
[image: image]
with [image: image].
Definition 1 The framework of [image: image] is as follows:
[image: image]
Here, one can find that [image: image] is a subset in [image: image] and is closed. Next, to generate the kernel function of [image: image], we put [image: image].
Theorem 1. If [image: image], then the framework function of [image: image] is as follows:
[image: image]
Proof: Because [image: image], [image: image]. However, for each [image: image] in [image: image], one can obtain
[image: image]
or [image: image] is the reproducing kernel of [image: image].
Theorem 2. If [image: image], then [image: image], [image: image], and [image: image].
Proof: Since [image: image], applying successive integration from [image: image] to [image: image] for [image: image], [image: image], and [image: image], one can obtain
[image: image]
[image: image]
[image: image]
Taking [image: image] values and using the fact [image: image], we can obtain
[image: image]
To complete, one can get [image: image], [image: image], [image: image], and [image: image].
3 REPRODUCING KERNEL: CONSTRUCTION AND PROPERTIES
Herein, the boundaries in Eq. 2 will first be homogenized to zero to obtain easy-to-access modeling in the proposed [image: image] space. The form of the operator that formulates the required solution will also be determined in addition to some of what is needed for the scheme.
To achieve this, one must first carry out the following:
[image: image]
equipped with the posterior boundary condition:
[image: image]
For the briefing, the normalizing modified version in Eqs 13, 14 was obtained from the posterior underlying conversion, taking into account that all the extra terms transformed into [image: image] as
[image: image]
[image: image]
The conversions in Eqs 15, 16 are needful to insert the equipped boundaries in Eq. 2 inside [image: image]. Indeed, we will denote [image: image] to new and old solutions always.
1) Define the map [image: image] such that
[image: image]
2) Build the [image: image] operator as
[image: image]
3) Reframe the FLM problem to solve such that
[image: image]
Theorem 3. [image: image] is a bounded linear operator.
Proof: From Remark 1, one can obtain
[image: image]
Using the reproducing property of [image: image], one can obtain
[image: image]
With the use of the Schwarz inequality, one can obtain
[image: image]
So [image: image] or [image: image]. By picking out a countable dense subset [image: image] in [image: image], defining [image: image], and setting [image: image], one can fit the orthogonal function system of [image: image]. Furthermore, by the Gram–Schmidt process, one can fit the orthonormal function systems [image: image] on [image: image] as
[image: image]
Theorem 4. [image: image] is the complete function system of [image: image] with
[image: image]
Proof: First, [image: image] indicates that [image: image] applies to a function of [image: image]. Certainly,
[image: image]
So [image: image] can be written as [image: image] in [image: image]. To illustrate more effective properties in [image: image], the set [image: image] is linearly independent as [image: image] agrees well with [image: image], and for [image: image], taking [image: image] in [image: image] as [image: image], then
[image: image]
So [image: image] is linearly independent for each [image: image].
4 REPRODUCING KERNEL: SOLUTIONS AND CONVERGENCE
This section aims to construct exact and RKHA numeric solutions of Eq. 19, together with some convergence theories, to ensure this analysis is more efficient. Here, [image: image] and [image: image] indicate a set of continuous maps on the group inside parentheses.
If [image: image] and [image: image] are orthonormal, then [image: image], [image: image] are the Fourier maps of [image: image] for [image: image] and its Fourier expansion [image: image], wherein [image: image] is dense throughout [image: image].
Theorem 5. Suppose that [image: image] are orthogonalization coefficients of [image: image] and a unique solution of Eq. 19 exists, then the posteriors are accomplished:
1) As [image: image], the exact solution, [image: image], of Eqs 1, 2 is as follows:
[image: image]
2) The RKHA numeric solution, [image: image], of Eqs 1, 2 is as follows:
[image: image]
Proof: For the first side: Through Theorem 4, [image: image] is an orthonormal basis in [image: image], which is complete. Using [image: image] as the Fourier expansion concerning [image: image], one can obtain [image: image] in [image: image]. So
[image: image]
For the second side: Because [image: image] and [image: image] are the Hilbert space, one can truncate Eq. 27 using the [image: image]-idiom RKHA numeric solution of [image: image] to generate Eq. 28.
Remark 3. Assume that [image: image] and [image: image] are dense throughout [image: image]. Then, according to Eqs 27–28, the portrayal effect can be determined as follows:
[image: image]
[image: image]
Theorem 6. Assume that [image: image], [image: image] as [image: image], [image: image], and [image: image]. Then, [image: image] as [image: image].Proof: It all started where [image: image] as [image: image]. Evidently, one can obtain
[image: image]
with [image: image] in between [image: image] and [image: image]. Applying Theorem 2, one can obtain [image: image] or equivalently [image: image] as [image: image] and [image: image]. Using [image: image] and [image: image], one can obtain equivalently [image: image] as [image: image]. By [image: image], it gives a glimpse that [image: image] as [image: image].
Theorem 7. One gains [image: image] as [image: image].Proof: Because [image: image] [image: image] and the orthogonality of [image: image], one can obtain
[image: image]
So [image: image] and [image: image] such that [image: image] or [image: image]. To get
[image: image]
it is adequate to have for [image: image] that
[image: image]
with [image: image]. However, on the other line, [image: image] as [image: image]. Using completeness, [image: image] such that [image: image] as [image: image].
Theorem 8. Assume that [image: image] and [image: image] are dense throughout [image: image]. Then, [image: image] as [image: image].Proof: Applying [image: image] on Eq. 31, one gets [image: image]. So
[image: image]
[image: image]
Sequentially, if [image: image], then [image: image], and if [image: image], then [image: image]. As a rule, one can obtain [image: image]. By the condition of density, [image: image]; [image: image] such that [image: image] as [image: image] or equivalently [image: image]. Letting [image: image], one gets [image: image]. Because [image: image], [image: image] fulfills (Eq. 19).
5 ERROR: ESTIMATION AND BOUND
As a matter of fact, the exact solution of FDMs (Eqs 1, 2) restricted with the CFD depends on [image: image] and [image: image]. In most cases, this real problem is complicated to be solved traditionally because it lacks an exact solution. This induces us to develop numerical schemes like RKHA that generate approximated realizations of the exact solution depending on the values of [image: image] and [image: image].
Here, we will fix [image: image] with [image: image], [image: image], [image: image], and [image: image]. Furthermore, we will fix [image: image] to the residual truncated error at [image: image].
Lemma 1. One gains [image: image], [image: image].Proof: Set [image: image]. So
[image: image]
In other words, [image: image].
Lemma 2. Assume that [image: image], [image: image] for a fixed [image: image], and [image: image] at [image: image] with [image: image]. So [image: image] and a parameter [image: image] exist with
[image: image]
Proof: Clearly, [image: image] and [image: image], [image: image], one can obtain
[image: image]
On [image: image], applying Roll’s theorem on [image: image] yields [image: image] with [image: image], [image: image]. So for fixed [image: image], [image: image] such that [image: image]. Similarly, one can write
[image: image]
So [image: image]. Sequentially, a parameter [image: image] exists with [image: image] and [image: image]. By compiling the previous results, one can obtain
[image: image]
with [image: image].
Theorem 9. A parameter [image: image] exists with
[image: image]
Proof: Utilizing Lemma 3, one can obtain
[image: image]
However, since [image: image], then [image: image] and a parameter [image: image] exists with
[image: image]
Applying Theorem 2, one can obtain
[image: image]
In another mode, one can obtain [image: image], [image: image], where [image: image].Ultimately, one can see that [image: image] is decreasing for a large [image: image] as
[image: image]
However, as [image: image], one can obtain [image: image] as [image: image].
6 JUSTIFICATIONS: ALGORITHMS, APPLICATIONS, AND ANALYSES
To clarify the portability and effectiveness of the presented numeric approach, we need some of the steps, the first of which is to provide sufficient algorithms to demonstrate the mechanism of the solution, the second of which is to present several tangible applications, and then finally to provide several tables, figures, and numeric explanations of the solution procedures. However, all of this is the content of the following sections.
6.1 Algorithms
Next, three used algorithms in our RKHA implementation are given. These algorithms are problem initialization, the Gram–Schmidt process, and RKHA solution steps, simultaneously. However, an expert in the Mathematica platform can interpret these steps in the form of programs.
Stride 1: Set the assumptions.
[image: image]
[image: image]
Output: Homogenous FLM.
[image: image]
[image: image]
Stride 2: Define a suitable operator.
[image: image]
[image: image]
Output: Homogenous FLM in the functional form.
[image: image]
Algorithm 1. Problem initialization.
Stride 1: At [image: image] and [image: image], evaluate
[image: image]
Output: [image: image] parameters.
Stride 2: At [image: image], evaluate
[image: image]
Output: [image: image] system.
Algorithm 2. Gram–Schmidt process.
Stride I: At fix [image: image] on [image: image] evaluating [image: image] and [image: image] in [image: image].
Output: [image: image] system.
Stride II: Wherein [image: image] and [image: image], evaluate Gram–Schmidt.
Output: [image: image] parameters.
Stride III: Set [image: image] in [image: image].
Output: [image: image] system.
Stride IV: Set [image: image] in [image: image] and evaluate
[image: image]
Output: [image: image]-term numeric approximation [image: image] of [image: image].
Algorithm 3. Process of RKHA solutions.
6.2 Applications
Next, three test applications that coincide with the FLM platform are utilized on the basis of the CFD: the first is [image: image], the second is [image: image], and the third is [image: image]. Actually, these applications are solved and analyzed using the presented RKHA as utilized in Algorithm 1, Algorithm 2, Algorithm 3.
Application 1: Theorize the posterior and evaluate [image: image]:
[image: image]
equipped with the posterior boundary condition:
[image: image]
Here, [image: image] is the exact smooth solution of Eqs 58, 59 on [image: image].
Application 2: Theorize the posterior and evaluate [image: image]:
[image: image]
equipped with the posterior boundary condition:
[image: image]
Here, [image: image] is the exact smooth solution of Eqs 60, 61 on [image: image].
Application 3: Theorize the posterior and evaluate [image: image]:
[image: image]
equipped with the posterior boundary condition:
[image: image]
Here, [image: image] is the exact smooth solution of (Eqs 62, 63) on [image: image].
6.3 Analyses
Eventually, to clarify the portability and effectiveness of the presented RKHA, we present and provide several RKHA solution tables, RKHA numeric solution figures, RKHA absolute error figures, and RKHA relative error figures. However, in this section, we used [image: image] with [image: image] in [image: image] on [image: image] and then executed Algorithm 3 throughout and its related steps.
The tabulated data presenting
[image: image]
concerning the features of the memory inherited, are utilized in detail by the RKHA performance of the applications addressed previously, as shown in the included tables (Tables 1–3).
TABLE 1 | Associated RKHA scores for application 1 with [image: image], when [image: image].
[image: Table 1]TABLE 2 | Associated RKHA scores for application 2 with [image: image], when [image: image].
[image: Table 2]TABLE 3 | Associated RKHA scores for application 3 with [image: image], when [image: image].
[image: Table 3]The [image: image]-[image: image] Cartesian plots presenting [image: image], concerning the features of the memory inherited, are utilized in detail by the RKHA performance of the applications addressed previously, as shown in the included graphs (Figures 1A–C).
[image: Figure 1]FIGURE 1 | [image: image]-[image: image] Cartesian plots of the RKHA numeric solution of the FLM platform over [image: image]: (A) application 1, when [image: image]; (B) application 2, when [image: image]; and (C) application 3, when [image: image].
The [image: image]-[image: image] Cartesian plots presenting [image: image], concerning the features of the memory inherited, are utilized in detail by the RKHA performance of the applications addressed previously, as shown in the included graphs (Figures 2A–C).
[image: Figure 2]FIGURE 2 | [image: image]-[image: image] Cartesian plots of RKHA absolute errors of the FLM platform over [image: image]: (A) application 1, when [image: image]; (B) application 2, when [image: image]; and (C) application 3, when [image: image].
Ultimately, the [image: image]-[image: image] Cartesian plots presenting [image: image], concerning the features of the memory inherited, are utilized in detail by the RKHA performance of the applications addressed previously, as shown in the included graphs (Figures 3A–C).
[image: Figure 3]FIGURE 3 | [image: image]-[image: image] Cartesian plots of RKHA relative errors of the FLM platform over [image: image]: (A) application 1, when [image: image]; (B) application 2, when [image: image]; and (C) application 3, when [image: image].
7 OUTLINE: CONCLUSION AND OUTLOOK
This research embraced the RKHA to handle a type of well-known FDM called FLM on the basis of the CFD by including three test applications. A detailed presentation of the theories related to the establishment of the solution and the formulation of the approximate was interspersed with the construction of the necessary spaces and the associations’ form of Green’s functions used, with many new results that centered on convergence, error, and independence. Based on the RKHA, [image: image], [image: image], [image: image], and [image: image] have been sketched in [image: image]-[image: image] and tabulated for various value parameters of [image: image] and [image: image]. Conclusively, obtaining analytical solutions for many types of FDMs is not a simple procedure, which motivates us to conduct more studies and scientific research to obtain innovative approximations of FDMs subject to influence the CFD. The RKHA has diverse feasible and favorable benefits. First, the RKHA is appropriate and delicate since the approximation is very closest to the required solution. Second, by utilizing small [image: image] terms, we can obtain high accuracy. Third, it is an easy, simple, and soft method to be applied since it does not require sophisticated mathematical tools or an adept professional programmer. Fourth, it is global since it may be utilized to handle different types of fractional complex models. Fifth, the main characteristic of the RKHA is that it may be used with other orthogonal basis sequences. Our outlook study will focus on solving the FLM concerning fuzzy boundaries.
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