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In this paper, a new (2 + 1)-dimensional nonlinear evolution equation is

investigated. This equation is called the

Kadomtsev–Petviashvili–Sawada–Kotera–Ramani equation, which can be

seen as the two-dimensional extension of the Korteweg–de

Vries–Sawada–Kotera–Ramani equation. By means of Hirota’s bilinear

operator and the binary Bell polynomials, the bilinear form and the bilinear

Bäcklund transformation are obtained. Furthermore, by application of theHopf-

Cole transformation, the Lax pair is also derived. By introducing the new

potential function, infinitely many conservation laws are constructed.

Therefore, the Lax integrability of the equation is revealed for the first time.

Finally, as the analytical solutions, the N-soliton solutions are presented.
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1 Introduction

In recent years, the study of nonlinear evolution equations (NLEEs) has become more

and more popular. The NLEEs are research hotspots not only in the field of mathematics

but also in other scientific fields, for example, mathematical physics, fluid mechanics,

nonlinear optics, marine science, electrical engineering, and atmospheric science. This is

attributed to their role in explaining nonlinear phenomena (Feng et al. [1]; Shen et al. [2];

Kumar et al. [3]; Zhao et al. [4]; Liu et al. [5]; Manafian and Lakestani [6]; Osman [7];

Lan [8]).

Seeking exact solutions for NLEEs is one of the most vital research practices in the

mathematics field. The solutions of the NLEEs can reveal many natural phenomena and

properties. Researchers have proposed many approaches to find exact solutions for

NLEEs, for instance, the Darboux transformation (Ma and Zhang [9]; Ling et al. [10];

Yang et al. [11]), Bäcklund transformation (Yin et al. [12]; Dong et al. [13]; Bershtein and

Shchechkin [14]), inverse scattering transform (Ablowitz and Musslimani [15]; Ablowitz
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et al. [16]; Wang et al. [17]), Fourier transformation (Fokas and

Gelfand [18]; Chekhovskoy et al. [19]; Segur and Ablowitz [20]),

Riemann–Hilbert method Ai and Xu [21]; Ma [22]; Xu et al. [23],

and Hirota’s bilinear method (Ma [24]; Ma and Zhou [25];

Cheng et al. [26]). In addition, with the development of

computer science and technology, many numerical methods

have been put forward. A number of numerical solutions have

been obtained using this method.

The mathematical or physical properties of NLEEs are

another indispensable research content. Integrability is one of

the most important properties for NLEEs. So far, there is no strict

unified definition of integrability. The integrability that includes

Lax, Liouville, Painlevé, and symmetry types has been extensively

studied.

In this paper, we aim to investigate the Lax integrability of the

Kadomtsev–Petviashvili–Sawada–Kotera–Ramani (KPSKR)

equation. The KPSKR equation is of the form

uxt + 3u2 + uxx( )xx + 15u3 + 15uuxx + uxxxx( )xx + σuyy � 0,

(1)
where σ is a constant. When σ = 0, Eq. 1 reduces to the

Korteweg–de Vries–Sawada–Kotera–Ramani (KdVSKR)

equation:

ut + 3u2 + uxx( )x + 15u3 + 15uuxx + uxxxx( )x � 0. (2)

In Xiong et al. [27], the soliton molecules and symmetry

groups of the KdVSKR equation have been studied. In

Ma et al. [28], the Lie symmetries, exact solutions,

and integrability of the KdVSKR equation have been

investigated.

This paper is organized as follows. In Section 2, the Hirota

bilinear form for the KPSKR equation is obtained. In Section

3, utilizing binary Bell polynomials, the bilinear Bäcklund

transformation is derived. At the same time, the Lax pair is

constructed. In Section 4, the infinitely many conservation

laws are presented by introducing the potential function. In

Section 5, the N-soliton solutions for the KPSKR equation are

presented.

2 Hirota bilinear form of the (2 + 1)-
dimensional Kadomtsev–Petviashvili
–Sawada–Kotera–Ramani equation

The binary Bell polynomials establish the connection

between the nonlinear evolution equation and the

corresponding bilinear equation (Cheng et al. [29]).

Therefore, the (2 + 1)-dimensional KPSKR equation can be

transformed into the Hirota bilinear form (Ma [30,31]).

For Eq. 1, taking u = μwxx, μ = μ(t) and w = w(x, y, t)

are functions to be determined. Taking it into Eq. 1, one

obtains

μw3x,t + 3μ2w2
2x + μw4x( )2x + 15μ3w3

2x + 15μ2w2xw4x + μw6x( )2x
+ σμw2x,2y � 0.

(3)
Integrating Eq. 3 with respect to x twice, one acquires

wx,t + 3μw2
2x + w4x + 15μ2w3

2x + 15μw2xw4x + w6x + σw2y � 0,

(4)
where the integration constants are taken as zeros.

Taking μ(t) = 1, Eq. 4 is converted to P-polynomial form in

the following:

Px,t w( ) + P4x w( ) + P6x w( ) + σP2y w( ) � 0. (5)

According to the theory of Hirota’s bilinear operator D-

operator and multivariate binary Bell polynomials, when w =

2(lnf), Eq. 1 has the Hirota bilinear form:

DxDt +D4
x +D6

x + σD2
y( )f · f � 0 (6)

under the dependent transformation u = 2(lnf)xx.

3 Bilinear Bäcklund transformation and
the Lax pair of the (2 + 1)-dimensional
Kadomtsev –Petviashvili –Sawada–
Kotera– Ramani equation

The Bäcklund transformation is an effective method to seek

the exact solution for NLEEs. The new solutions can be

obtained from the known solutions using this method. In

this section, the bilinear Bäcklund transformation of Eq. 1

can be obtained.

Assuming that p = p(x, y, t) and q = q(x, y, t) are two solutions

of Eq. 4, i.e.,

p � 2lnF, q � 2lnG. (7)

Taking

F w( ) � wx,t + 3w2
2x + w4x + 15w3

2x + 15w2xw4x + w6x + σw2y.

(8)
According to the two-field condition, one has

F p( ) − F q( ) � p − q( )x,t + p − q( )4x + 3p2
2x − q22x[ ] + p − q( )6x

+15 p3
2x − q32x + p2xp4x − q2xq4x( ) + σ p − q( )2y � 0.

(9)

To obtain the bilinear Bäcklund transformation, some

additional constraints should be added. For this purpose, by

introducing two new dependent variables,

] � p − q

2
� ln

F

G
( ), ω � p + q

2
� ln FG( ). (10)

Therefore, Eq. 9 can be rewritten as
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F p( ) − F q( ) � F ω + ]( ) − F ω − ]( )
� 2 ]x,t + ]4x + 6]2xω2x + ]6x + 15 ]2xω4x + ]4xω2x + 3]2xω2

2x + ]32x( ) + σ]2y[ ]
� z

zx
2Yt ],ω( ) + 2Y3x ],ω( ) − 3Y5x ],ω( )[ ] + ϕ ],ω( ) � 0,

(11)
where

ϕ ],ω( ) � 5 ]6x + 12]4xω2x + 6]3xω3x + 9]2xω4x + 3]xω5x + 12]x]2x]3x + 6]2x]4x(
+27]2xω2

2x + 18]xω2xω3x + 18]2x]2xω2x

+6]3xω3x + 3]4x]2x + 6]32x) + 6 ]2xω2x − ]xω3x − ]2x]2x( ) + 2σ]2y. (12)

If ϕ(], ω) can be expressed as the derivative with

respect to x of a linear combination of Y polynomials,

then Eq. 11 can be expressed as the similar

expression. For this purpose, the following constraint can

be introduced:

Y3x ],ω( ) � λ, (13)
where λ is an arbitrary parameter.

Therefore, Eq. 12 can be rewritten as

ϕ ],ω( ) � −15 2]x]2x]3x + 6]2x]2xω2x + ]3xω3x + 2]4x]2x + ]3xω3x + 3]xω2xω3x( )
+6 ]2xω2x − ]xω3x − ]2x]2x( ) + 2σ]2y . (14)

In addition, the following constraints can also be introduced:

Y2x ],ω( ) + αYy ],ω( ) � β, (15)

where β is an arbitrary parameter and α is a parameter to be

determined later.

According to Eq. 15, one obtains

−15 2]x]2x]3x + 6]2x]2xω2x + ]3xω3x + 2]4x]2x + ]3xω3x + 3]xω2xω3x( )
� 15λα]xy

(16)
and

6 ]2xω2x − ]xω3x − ]2x]2x( ) + 2σ]2y

� −2σ
α
ω2x,y + 6α − 4σ

α
( )]x]xy − 6α]2x]y + 6β]2x. (17)

Let

−2σ
α

� 6α − 4σ
α

� −6α, (18)

then

α �




3σ

√
3

. (19)

Therefore, Eq. 14 can be rewritten as
ϕ ],ω( )

� 5




3σ

√
λ]xy − 2





3σ

√
ω2x,y + ]x]xy + ]2x]y( ) + 6β]2x

� z

zx
5





3σ

√
λYy ],ω( ) − 2





3σ

√
Yx,y ],ω( ) + 6βYx ],ω( )[ ]. (20)

Finally, Eq. 11 can be rewritten as

F p( ) − F q( ) � z

zx
2Yt ],ω( ) + 2Y3x ],ω( ) − 3Y5x ],ω( ) + 5





3σ

√
λYy ],ω( )[

−2 



3σ

√
Yx,y ],ω( ) + 6βYx ],ω( )] � 0. (21)

From Eqs 13, 15, and 21, a coupled linear system of

Y-polynomials can be derived as follows:

Y3x ],ω( ) � λ,

Y2x ],ω( ) +




3σ

√
3

Yy ],ω( ) � β,

2Yt ],ω( ) + 2Y3x ],ω( ) − 3Y5x ],ω( ) + 5




3σ

√
λYy ],ω( )

−2 



3σ

√
Yx,y ],ω( ) + 6βYx ],ω( ) + γ � 0, (22)

where γ is an arbitrary parameter.

Accordingly, the bilinear Bäcklund transformation of Eq. 1 is

as follows:

D3
x − λ( )F · G � 0,

D2
x +





3σ

√
3

Dy − β( )F · G � 0,

2Dt + 2D3
x − 3D5

x + 5




3σ

√
λDy − 2





3σ

√
DxDy + 6βDx + γ( )F · G � 0.

(23)

By application of the Hopf-Cole transformation

] � lnψ (ψ � F
G), one has

Yx ],ω( ) � ]x � ψx

ψ
, Yy ],ω( ) � ]y � ψy

ψ
, Yt ],ω( ) � ]t

� ψt

ψ
,Y2x ],ω( ) � ω2x + ]2x � ]2x + q2x + ]2x

� q2x + ψ2x

ψ
,Yx,y ],ω( ) � ωx,y + ]x]y � ]x,y + qx,y + ]x]y

� qx,y +
ψx,y

ψ
,Y3x ],ω( ) � ]3x + 3]xω2x + ]3x

� ]3x + 3]x]2x + 3]xq2x + ]3x � 3q2x
ψx

ψ
+ ψ3x

ψ
,Y5x ],ω( )

� ]5x + 5]xω4x + 10]3xω2x + 10]2x]3x + 15]xω2
2x + 10]3xω2x + ]5x

� ]5x + 5]x]4x + 5]xq4x + 10]3x]2x + 10]3xq2x + 10]2x]3x
+ 15]x]22x + 30]x]2xq2x + 15]xq22x + 10]3x]2x + 10]3xq2x + ]5x

� 5q4x
ψx

ψ
+ 10q2x

ψ3x

ψ
+ 15q22x

ψx

ψ
+ ψ5x

ψ
.

(24)

Therefore, the Lax pair of Eq. 1 is of the form

ψ3x + 3uψx − λψ � 0,

ψ2x + uψ +




3σ

√
3

ψx − βψ � 0,

2ψt + 2 ψ3x + 3uψx( ) − 3 ψ5x + 10uψ3x + 5u2xψx + 15u2ψx( )
+5 




3σ
√

λψy − 2




3σ

√ ∫ uydxψ + ψx,y( ) + 6βψx � 0. (25)
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4 Infinitely many conservation laws of
the (2 + 1)-dimensional Kadomtsev–
Petviashvili–Sawada–Kotera– Ramani
equation

Theconservation lawrefers to the law that thevalueofaphysical

quantity isconstant innature.Theconservation lawiscloselyrelated

to the Lax integrability of the system. Nonlinear systems with

infinitely many conservation laws are often Lax integrable. The

purpose of this section is to present conservation laws.

At first, in Eq. 20, ϕ(], ω) needs to be rewritten in the

following form.

ϕ ],ω( ) � 5




3σ

√
λ]xy − 2





3σ

√
ω2x,y + ]x]xy + ]2x]y( ) + 6β]2x

� z

zx
−2 




3σ
√

Yx,y ],ω( ) + 6βYx ],ω( )[ ] + z

zy
5





3σ

√
λYx ],ω( )[ ].

(26)

Therefore, Eq. 21 can be rewritten as follows:

F p( ) − F q( ) � z

zx
2Y3x ],ω( ) − 3Y5x ],ω( ) − 2





3σ

√
Yx,y ],ω( ) + 6βYx ],ω( )[ ]

+ z

zy
5





3σ

√
λYx ],ω( )[ ] + z

zt
2Yx ],ω( )[ ] � 0.

(27)

Introducing a new potential function

ξ � px − qx
2

, (28)

and according to Eq. 10,

ξ � ]x, ωx � ]x + qx � ξ + qx. (29)

Taking λ = ς3 and β = ς2 into Eqs 13 and 15, respectively, one

obtains two Riccati-type equations

]3x + 3]xω2x + ]3x � ξ2x + 3ξ ξx + q2x( ) + ξ3 � ς3,

ω2x + ]2x +




3σ

√
3

]y � ξ2 + ξx + q2x +




3σ

√
3

∫ ξydx � ς2,
(30)

and a divergence-type equation

z

zx
2ς3 + 6ς2ξ − 3 ξ4x + 10ξ2x ς2 − ξ2 −





3σ

√
3

∫ ξydx( )[{
+ 5ξ −2ξ2x − 2ξξ2x −





3σ

√
3

ξxy( ) + 10ξ2ξ2x

+ 15ξ ς4 − 2ς2ξ2 − 2




3σ

√
3

ς2 ∫ ξydx + ξ4 + 2




3σ

√
3

ξ2 ∫ ξydx + σ

3
∫ ξydx( )2( )

+ 10ξ3 ς2 − ξ2 −




3σ

√
3

∫ ξydx( ) + ξ5]
− 2





3σ

√ −2∫ ξξy( )dx[ −




3σ

√
3

∫ ∫ ξ2ydx( )dx + ξ ∫ ξydx]}
+ z

zy
5





3σ

√
λξ( ) + z

zt
2ξ( ) � 0.

(31)

Taking

ξ � ς +∑∞
n�1

T n q, qx, qy, q2x, qxy, q2y, · · ·( )ς−n (32)

into the linear relation formula

ξ2x + 3ξ ξx + q2x( ) + ξ3 − ς3

+ ϵ ξ2 + ξx + q2x +




3σ

√
3

∫ ξydx − ς2( ) � 0,
(33)

where ϵ ≠ 0 and equating the coefficients of ς, then the conserved

densities T n’s are
T 1 � −u,
T 2 � ux + ϵ

3
u, · · ·. (34)

Substituting Eq. 32 into Eq. 31, one obtains

z

zx
2ς3 +6ς2 ς+∑∞

n�1
T nς

−n⎛⎝ ⎞⎠−3 ∑∞
n�1

T n,4xς
−n +10ς2∑∞

n�1
T n,2xς

−n⎡⎣⎧⎨⎩
−10 ς+∑∞

n�1
T nς

−n⎛⎝ ⎞⎠2∑∞
n�1

T n,2xς
−n − 10





3σ

√
3

∑∞
n�1

T n,2xς
−n∑∞

n�1
∫T n,ydx( )ς−n

−10 ς+∑∞
n�1

T nς
−n⎛⎝ ⎞⎠ ∑∞

n�1
T n,xς

−n⎛⎝ ⎞⎠2

−10 ς+∑∞
n�1

T nς
−n⎛⎝ ⎞⎠2∑∞

n�1
T n,2xς

−n

− 5




3σ

√
3

ς+∑∞
n�1

T nς
−n⎛⎝ ⎞⎠∑∞

n�1
T n,xyς

−n +10 ς+∑∞
n�1

T nς
−n⎛⎝ ⎞⎠2∑∞

n�1
T n,2xς

−n

+15ς4 ς+∑∞
n�1

T nς
−n⎛⎝ ⎞⎠−30ς2× ς+∑∞

n�1
T nς

−n⎛⎝ ⎞⎠3

−10 



3σ

√
ς2 ς+∑∞

n�1
T nς

−n⎛⎝ ⎞⎠
∑∞
n�1

∫T n,ydx( )ς−n +15 ς+∑∞
n�1

T nς
−n⎛⎝ ⎞⎠5

+10 



3σ

√
ς+∑∞

n�1
T nς

−n⎛⎝ ⎞⎠3∑∞
n�1

∫T n,ydx( )ς−n

+5σ ς+∑∞
n�1

T nς
−n⎛⎝ ⎞⎠ ∑∞

n�1
∫T n,ydx( )ς−n⎛⎝ ⎞⎠2

+10ς2 ς+∑∞
n�1

T nς
−n⎛⎝ ⎞⎠3

−10 ς+∑∞
n�1

T nς
−n⎛⎝ ⎞⎠5

−10




3σ

√
3

ς+∑∞
n�1

T nς
−n⎛⎝ ⎞⎠3∑∞

n�1
∫T n,ydx( )ς−n + ς+∑∞

n�1
T nς

−n⎛⎝ ⎞⎠5⎤⎥⎥⎥⎦
+4 




3σ
√ ∫ ς+∑∞

n�1
T nς

−n⎛⎝ ⎞⎠∑∞
n�1

T n,yς
−n⎡⎢⎢⎣ ⎤⎥⎥⎦dx+2σ∑∞

n�1
∫ ∫T n,2ydx( )dx[ ]ς−n

−2 



3σ

√
ς+∑∞

n�1
T nς

−n⎛⎝ ⎞⎠∑∞
n�1

∫T n,ydx( )ς−n⎫⎬⎭ + z

zy
5





3σ

√
λ ς+∑∞

n�1
T nς

−n⎛⎝ ⎞⎠⎡⎢⎢⎣ ⎤⎥⎥⎦
+ z

zt
2 ς+∑∞

n�1
T nς

−n⎛⎝ ⎞⎠⎡⎢⎢⎣ ⎤⎥⎥⎦� 0.

(35)
For the conservation law equation,

T n,t + I n,x + J n,y � 0, n � 0, 1, 2, · · ·( ), (36)
the fluxes In,x’s are as follows:

I 1 � 6T 3 − 3T 1,4x + 60T 1T 1,2x + 30T 2
1,x + 5





3σ

√
T 2,xy + 45T 5 + 60T 3

1

+10 



3σ

√ ∫ T 4,ydx + 30




3σ

√
T 1T 2,y + 30





3σ

√
T 2T 1,y − 270T 2

2

−540T 1T 3 − 60




3σ

√
T 1 ∫T 2,ydx − 60





3σ

√
T 2 ∫ T 1,ydx

− 15σ ∫ T 1,ydx( )2

+2 



3σ

√ ∫ T 2,ydx + 2σ ∫ ∫T 1,2ydx( )dx, I 2� 6T 4 − 3T 2,4x

+60T 1T 2,2x + 60T 2T 1,2x + 10




3σ

√
T 1,2xT 1,y + 60T 1,xT 2,x + 5





3σ

√
T 3,xy

+ 5




3σ

√
T 1T 1,xy + 45T 6 − 360T 2

1T 2 + 10




3σ

√ ∫ T 5,ydx

− 30




3σ

√
T 1 ∫ T 3,ydx − 30





3σ

√
T 2 ∫T 2,ydx − 30





3σ

√
T 3 ∫ T 1,ydx

− 60




3σ

√
T 2

1 ∫ T 1,ydx − 30σ ∫ T 1,ydx∫T 2,ydx + 4




3σ

√ ∫ T 3,ydx

+ 4




3σ

√ ∫ T 1T 1,y( )dx + 2σ ∫ ∫ T 2,2ydx( )dx − 2




3σ

√ ∫ T 3,ydx

− 2




3σ

√
T 1 ∫ T 1,ydx, · · ·,

(37)
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and the fluxes J n,x’s are as follows:

J 1 � 5




3σ

√
T 4,

J 2 � 5




3σ

√
T 5, · · ·. (38)

It is verified that Eqs. 34, 37, and 38 all satisfy Eq. 36.

5 N-soliton solutions of the (2 + 1)-
dimensional Kadomtsev– Petviashvili
–Sawada–Kotera– Ramani equation

According to the Hirota bilinear form of the (2 + 1)-

dimensional KPSKR equation, the soliton solutions can be derived.

For one-soliton solutions, taking

F � 1 + eξ ,
ξ � px + qy + rt, p ≠ 0,

(39)

where the parameters p, q, and t need to satisfy the dispersion

relation,

pr + p4 + p6 + σq2 � 0, (40)

then the one-soliton solutions of the (2 + 1)-dimensional KPSKR

equation can be obtained as

u � 2 lnF( )xx � 2 ln 1 + epx+qy− p3+p5+σ q2

p( )t( )[ ]
xx

. (41)

For two-soliton solutions, taking

F � 1 + eξ1 + eξ2 + a12e
ξ1+ξ2 ,

ξ i � pix + qiy − p3
i + p5

i + σ
q2i
pi

( )t, pi ≠ 0,
(42)

where

a12 � − p1 − p2( ) r1 − r2( ) + p1 − p2( )4 + p1 − p2( )6 + σ q1 − q2( )2
p1 + p2( ) r1 + r2( ) + p1 + p2( )4 + p1 + p2( )6 + σ q1 + q2( )2,

ri � − p3
i + p5

i + σ
q2i
pi

( ),
i � 1, 2,

(43)
then the two-soliton solutions of the (2 + 1)-dimensional KPSKR

equation can be obtained as

u � 2 lnF( )xx � 2 ln 1 + eξ1 + eξ2 + a12e
ξ1+ξ2( )[ ]

xx
. (44)

For three-soliton solutions, taking

F � 1 + eξ1 + eξ2 + eξ3 + a12e
ξ1+ξ2 + a13e

ξ1+ξ3 + a23e
ξ2+ξ3 + a123e

ξ1+ξ2+ξ3 ,

ξ i � pix + qiy − p3
i + p5

i + σ
q2i
pi

( )t, pi ≠ 0,

a123 � a12a13a23,

(45)
where

aij � − pi − pj( ) ri − rj( ) + pi − pj( )4 + pi − pj( )6 + σ qi − qj( )2
pi + pj( ) ri + rj( ) + pi + pj( )4 + pi + pj( )6 + σ qi + qj( )2,

ri � − p3
i + p5

i + σ
q2i
pi

( ),
1 ≤ i< j≤ 3,

(46)
then the three-soliton solutions of the (2 + 1)-dimensional

KPSKR equation can be shown as

u � 2 lnF( )xx
� 2 ln 1 + eξ1 + eξ2 + eξ3 + a12e

ξ1+ξ2 + a13e
ξ1+ξ3([

+a23eξ2+ξ3 + a12a13a23e
ξ1+ξ2+ξ3 )]xx. (47)

Accordingly, for N-soliton solutions, taking

F � ∑
η�0,1

exp ∑N
i�1

ηiξ i + ∑N
1≤i<j≤N

ηiηjAij
⎛⎝ ⎞⎠,

ξ i � pix + qiy − p3
i + p5

i + σ
q2i
pi

( )t, pi ≠ 0,

(48)

where

aij � eAij � − pi − pj( ) ri − rj( ) + pi − pj( )4 + pi − pj( )6 + σ qi − qj( )2
pi + pj( ) ri + rj( ) + pi + pj( )4 + pi + pj( )6 + σ qi + qj( )2,

ri � − p3
i + p5

i + σ
q2i
pi

( ),
1 ≤ i< j≤N,

(49)

and the notation ∑N
1≤i<j≤N is denoted as the summation of all

pairs (i, j) that satisfy the condition 1 ≤ i < j ≤N, the notation ∑
η�0,1

is denoted as the summation of all of the cases ηi, ηj = 0 or 1 that

satisfy the condition 1 ≤ i < j ≤ N.

Therefore, the N-soliton solutions of the (2 + 1)-dimensional

KPSKR equation can be shown as

u � 2 lnf( )xx
� 2 ln ∑

η�0,1
exp ∑N

i�1
ηiξ i + ∑N

1≤i<j≤N
ηiηjAij

⎛⎝ ⎞⎠⎛⎝ ⎞⎠⎡⎢⎢⎣ ⎤⎥⎥⎦
xx

.
(50)

6 Conclusion

In this paper, the Lax integrability of the (2 + 1)-dimensional

KPSKR equation is investigated. As a nonlinear evolution equation,

the KPSKR equation is a high-dimensional extension of the KdVSKR

equation. By applying Hirota’s bilinear operator and the binary Bell

polynomials, the original equation is converted to the Hirota bilinear

form. By reasonably assuming constraints on the parameters, the

bilinear Bäcklund transformation and the Lax pair are obtained. By

introducing a new potential function, infinitely many conservation

laws are derived. Finally, the N-soliton solutions are provided. These

results reveal that the KPSKR equations are completely integrable. At

the same time, these results also show that Hirota’s bilinear method
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and the binary Bell polynomials are effective and practical for

discussing the Lax integrability of nonlinear evolution equations.

As a generalization, it is worth studying whether these methods can

be applied to discrete equations.

Data availability statement

The original contributions presented in the study are

included in the article/Supplementary Material; further

inquiries can be directed to the corresponding author.

Author contributions

BG contributed to the research and writing of the

manuscript. BG: methodology and writing—original manuscript.

Funding

This work was supported by the National Natural Science

Foundation of China (Grant Nos. 11975143 and 61602188).

Acknowledgments

The authors would like to thank all editors and reviewers for

their comments toward the improvement of our paper.

Conflict of interest

The author declares that the research was conducted in the

absence of any commercial or financial relationships that could

be construed as a potential conflict of interest.

Publisher’s note

All claims expressed in this article are solely those of the

authors and do not necessarily represent those of their

affiliated organizations, or those of the publisher, the

editors, and the reviewers. Any product that may be

evaluated in this article, or claim that may be made by its

manufacturer, is not guaranteed or endorsed by the

publisher.

References

1. Feng Y-J, Gao Y-T, Li L-Q, Jia T-T. Bilinear form, solitons, breathers and lumps
of a (3+1)-dimensional generalized Konopelchenko-Dubrovsky-Kaup-
Kupershmidt equation in ocean dynamics, fluid mechanics and plasma physics.
Eur Phys J Plus (2020) 135:272–12. doi:10.1140/epjp/s13360-020-00204-2

2. Shen Y, Tian B, Gao X-T. Bilinear auto-Bäcklund transformation, soliton and
periodic-wave solutions for a (2+1)-dimensional generalized
Kadomtsev–Petviashvili system in fluid mechanics and plasma physics. Chin
J Phys (2022) 77:2698–706. doi:10.1016/j.cjph.2021.11.025

3. Kumar S, Mohan B, Kumar R. Lump, soliton, and interaction solutions to a
generalized two-mode higher-order nonlinear evolution equation in plasma
physics. Nonlinear Dyn (2022) 110:693–704. doi:10.1007/s11071-022-07647-5

4. Zhao X, Tian B, Tian H-Y, Yang D-Y. Bilinear Bäcklund transformation, Lax
pair and interactions of nonlinear waves for a generalized (2+1)-dimensional
nonlinear wave equation in nonlinear optics/fluid mechanics/plasma physics.
Nonlinear Dyn (2021) 103:1785–94. doi:10.1007/s11071-020-06154-9

5. Liu F-Y, Gao Y-T, Yu X, Li L-Q, Ding C-C, Wang D. Lie group analysis and
analytic solutions for a (2+1)-dimensional generalized Bogoyavlensky-
Konopelchenko equation in fluid mechanics and plasma physics. Eur Phys
J Plus (2021) 136:656–14. doi:10.1140/epjp/s13360-021-01469-x

6. Manafian J, Lakestani M. Dispersive dark optical soliton with Tzitzéica type
nonlinear evolution equations arising in nonlinear optics.Opt Quan Electron (2016)
48:116–32. doi:10.1007/s11082-016-0371-y

7. Osman M. Multi-soliton rational solutions for quantum Zakharov-Kuznetsov
equation in quantum magnetoplasmas. Waves in Random and Complex Media
(2016) 26:434–43. doi:10.1080/17455030.2016.1166288

8. Lan Z. Periodic, breather and rogue wave solutions for a generalized (3+1)-
dimensional variable-coefficient B-type Kadomtsev-Petviashvili equation in fluid
dynamics. Appl Math Lett (2019) 94:126–32. doi:10.1016/j.aml.2018.12.005

9. Ma W-X, Zhang Y-J. Darboux transformations of integrable couplings and
applications. Rev Math Phys (2018) 30:1850003. doi:10.1142/
s0129055x18500034

10. Ling L, Zhao L-C, Guo B. Darboux transformation and multi-dark soliton for
N-component nonlinear Schrödinger equations. Nonlinearity (2015) 28:3243–61.
doi:10.1088/0951-7715/28/9/3243

11. Yang Y, Suzuki T, Cheng X. Darboux transformations and exact solutions for
the integrable nonlocal Lakshmanan−Porsezian−Daniel equation. Appl Math Lett
(2020) 99:105998. doi:10.1016/j.aml.2019.105998

12. Yin Y-H, Lü X, Ma W-X. Bäcklund transformation, exact solutions and
diverse interaction phenomena to a (3+1)-dimensional nonlinear evolution
equation. Nonlinear Dyn (2021) 108:4181–94. doi:10.1007/s11071-021-
06531-y

13. Dong S, Lan Z-Z, Gao B, Shen Y. Bäcklund transformation and multi-soliton
solutions for the discrete Korteweg-de Vries equation. Appl Math Lett (2022) 125:
107747. doi:10.1016/j.aml.2021.107747

14. Bershtein M, Shchechkin A. Bäcklund transformation of Painlevé III (D8) τ
function. J Phys A: Math Theor (2017) 50:115205. doi:10.1088/1751-8121/aa59c9

15. Ablowitz MJ, Musslimani ZH. Inverse scattering transform for the integrable
nonlocal nonlinear Schrödinger equation. Nonlinearity (2016) 29:915–46. doi:10.
1088/0951-7715/29/3/915

16. Ablowitz MJ, Luo X-D, Musslimani ZH. Inverse scattering transform for the
nonlocal nonlinear Schrödinger equation with nonzero boundary conditions.
J Math Phys (2018) 59:011501. doi:10.1063/1.5018294

17. Wang D-S, Yin S, Tian Y, Liu Y. Integrability and bright soliton solutions to
the coupled nonlinear Schrödinger equation with higher-order effects. Appl Math
Comput (2014) 229:296–309. doi:10.1016/j.amc.2013.12.057

18. Fokas AS, Gelfand I. Integrability of linear and nonlinear evolution equations
and the associated nonlinear Fourier transforms. Lett Math Phys (1994) 32:
189–210. doi:10.1007/bf00750662

19. Chekhovskoy I, Shtyrina OV, Fedoruk MP, Medvedev SB, Turitsyn SK.
Nonlinear Fourier transform for analysis of coherent structures in dissipative
systems. Phys Rev Lett (2019) 122:153901. doi:10.1103/physrevlett.122.
153901

20. Segur H, Ablowitz MJ. Asymptotic solutions of nonlinear evolution equations
and a Painlevé transcedent. Physica D: Nonlinear Phenomena (1981) 3:165–84.
doi:10.1016/0167-2789(81)90124-x

21. Ai L, Xu J. On a riemann–hilbert problem for the fokas–lenells equation. Appl
Math Lett (2019) 87:57–63. doi:10.1016/j.aml.2018.07.027

Frontiers in Physics frontiersin.org06

Guo 10.3389/fphy.2022.1067405

https://doi.org/10.1140/epjp/s13360-020-00204-2
https://doi.org/10.1016/j.cjph.2021.11.025
https://doi.org/10.1007/s11071-022-07647-5
https://doi.org/10.1007/s11071-020-06154-9
https://doi.org/10.1140/epjp/s13360-021-01469-x
https://doi.org/10.1007/s11082-016-0371-y
https://doi.org/10.1080/17455030.2016.1166288
https://doi.org/10.1016/j.aml.2018.12.005
https://doi.org/10.1142/s0129055x18500034
https://doi.org/10.1142/s0129055x18500034
https://doi.org/10.1088/0951-7715/28/9/3243
https://doi.org/10.1016/j.aml.2019.105998
https://doi.org/10.1007/s11071-021-06531-y
https://doi.org/10.1007/s11071-021-06531-y
https://doi.org/10.1016/j.aml.2021.107747
https://doi.org/10.1088/1751-8121/aa59c9
https://doi.org/10.1088/0951-7715/29/3/915
https://doi.org/10.1088/0951-7715/29/3/915
https://doi.org/10.1063/1.5018294
https://doi.org/10.1016/j.amc.2013.12.057
https://doi.org/10.1007/bf00750662
https://doi.org/10.1103/physrevlett.122.153901
https://doi.org/10.1103/physrevlett.122.153901
https://doi.org/10.1016/0167-2789(81)90124-x
https://doi.org/10.1016/j.aml.2018.07.027
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2022.1067405


22. Ma W-X. Riemann-Hilbert problems and inverse scattering of nonlocal real
reverse-spacetime matrix AKNS hierarchies. Physica D: Nonlinear Phenomena
(2022) 430:133078. doi:10.1016/j.physd.2021.133078

23. Xu T-Y, Tian S-F, Peng W-Q. Riemann-Hilbert approach for multisoliton
solutions of generalized coupled fourth-order nonlinear Schrödinger equations.
Math Methods Appl Sci (2020) 43:865–80. doi:10.1002/mma.5964

24. MaW-X. Lump solutions to the Kadomtsev-Petviashvili equation. Phys Lett A
(2015) 379:1975–8. doi:10.1016/j.physleta.2015.06.061

25. Ma W-X, Zhou Y. Lump solutions to nonlinear partial differential equations
via Hirota bilinear forms. J Differential Equations (2018) 264:2633–59. doi:10.1016/
j.jde.2017.10.033

26. Cheng X-P, Wang J-Y, Ren B, Yang Y-Q. Interaction behaviours between
solitons and cnoidal periodic waves for (2+1)-dimensional caudrey-dodd-gibbon-
kotera-sawada equation. Commun Theor Phys (2016) 66:163–70. doi:10.1088/0253-
6102/66/2/163

27. Xiong N, Yu Y-X, Li B. Soliton molecules and full symmetry groups to the
KdV-sawada-kotera-ramani equation. Adv Math Phys (2021) 2021:1–7. doi:10.
1155/2021/5534996

28. Ma P-L, Tian S-F, Zhang T-T, Zhang X-Y. On Lie symmetries, exact solutions
and integrability to the KdV-Sawada-Kotera-Ramani equation. Eur Phys J Plus
(2016) 131:98–15. doi:10.1140/epjp/i2016-16098-2

29. Cheng W-G, Li B, Chen Y. Bell polynomials approach applied to (2+1)-
dimensional variable-coefficient Caudrey-Dodd-Gibbon-Kotera-Sawada
equation. In: Abstract and applied analysis, 2014. London,
United Kingdom: Hindawi (2014).

30. Ma W-X. Bilinear equations and resonant solutions characterized by Bell
polynomials. Rep Math Phys (2013) 72:41–56. doi:10.1016/s0034-4877(14)60003-3

31. Ma W-X Journal of Physics: Conference Series, 411. Bristol, United Kingdom:
IOP Publishing (2013). p. 012021.Bilinear equations, Bell polynomials and linear
superposition principle

Frontiers in Physics frontiersin.org07

Guo 10.3389/fphy.2022.1067405

https://doi.org/10.1016/j.physd.2021.133078
https://doi.org/10.1002/mma.5964
https://doi.org/10.1016/j.physleta.2015.06.061
https://doi.org/10.1016/j.jde.2017.10.033
https://doi.org/10.1016/j.jde.2017.10.033
https://doi.org/10.1088/0253-6102/66/2/163
https://doi.org/10.1088/0253-6102/66/2/163
https://doi.org/10.1155/2021/5534996
https://doi.org/10.1155/2021/5534996
https://doi.org/10.1140/epjp/i2016-16098-2
https://doi.org/10.1016/s0034-4877(14)60003-3
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2022.1067405

	Lax integrability and soliton solutions of the (2 + 1)- dimensional Kadomtsev– Petviashvili– Sawada–Kotera– Ramani equation
	1 Introduction
	2 Hirota bilinear form of the (2 + 1)-dimensional Kadomtsev–Petviashvili –Sawada–Kotera–Ramani equation
	3 Bilinear Bäcklund transformation and the Lax pair of the (2 + 1)-dimensional Kadomtsev –Petviashvili –Sawada– Kotera– Ram ...
	4 Infinitely many conservation laws of the (2 + 1)-dimensional Kadomtsev– Petviashvili–Sawada–Kotera– Ramani equation
	5 N-soliton solutions of the (2 + 1)-dimensional Kadomtsev– Petviashvili –Sawada–Kotera– Ramani equation
	6 Conclusion
	Data availability statement
	Author contributions
	Funding
	Acknowledgments
	Conflict of interest
	Publisher’s note
	References


