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Dynamic investigation of the
Laksmanan—Porsezian—Daniel
model with Kerr, parabolic, and
anti-cubic laws of nonlinearities

Ghazala Akram*, Maasoomah Sadaf*, M. Atta Ullah Khan* and
Sefatullah Pamiri*

Department of Mathematics, University of the Punjab, Lahore, Pakistan

The Laksmanan—Porsezian—Daniel model is one of the useful models used in
nonlinear optics. The extended (%)—expansion method is used to discuss the
dynamical behavior of the proposed model. Many novel solitary wave solutions
are obtained using the considered model. To deal with the nonlinearity of this
model, three laws of nonlinearity are used, namely, Kerr law, parabolic law, and
anti-cubic law. Three-dimensional surface, two-dimensional contour, density,
and two-dimensional-line plots of some retrieved solutions are drawn using
Maple software. The graphical simulations show the shape and structure of the
wave profile corresponding to the obtained results.
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1 Introduction

The world is not as simple as it seems. Every mechanism around the world contains
many changing factors and nonlinearities. Nonlinear partial differential equations
(NPDEs) provide best mathematical tools for modeling of such mechanisms. Many
nonlinear physical phenomena are modeled by NPDEs in physics, fluid dynamics,
mathematical biology, and optical fibers. Some NPDEs such as Navier-Stokes
equations [1], shallow water-like equations [2], Witham equation [3], complex
coupled Higgs model [4], and nonlinear Schrodinger equation [5] are used to
represent different natural phenomena and dynamical processes.The breaking of
nonlinear dispersive water wave phenomena is modeled by Witham equations.
Navier-Stokes equations and shallow water-like equations are utilized for modeling of
water waves, atmospheric flow, and many other fluid dynamics. In quantum mechanics,
optics, and fluid dynamics, the Schrédinger equation is used to represent many dynamical
processes and wave phenomena.The nonlinear Schrodinger equation is one of the most
significant evolution equations arising in nonlinear optics. It is used to describe the
propagation of light pulses through optical fibers. The study of optical solitons is essential
to understand and improve the data transmission through optical fibers over long
intervals. Optical solitons are electromagnetic solitary waves that arise due to the
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balance of nonlinear and dispersive effects and allow carry data
over long distances. The optical soliton theory is used in many
applications of telecommunications, ocean engineering, and
other areas of science [6-8].The nonlinear Schrodinger
equation and its different modified forms have been explored
by many researchers to understand the light propagation through
optical media. Some recent studies have reported useful results
on the optical soliton theory using the ansatz method [9], Jacobi
elliptic method [10], extended tanh-coth expansion technique
[11], and Kudryashov expansion technique [12].

This paper deals with the Lakshmanan-Porsezian-Daniel
(LPD) model, which first appeared in 1988 [13]. The LPD model
is an important type of the Schrodinger equation and widely
studied in optical fibers, physics, and engineering [14]. The LPD
model is one of the significant evolution equations used in
physics and other science fields. During the past few years,
the LPD model has been investigated using different
techniques such as the modified simple equation method [15],
modified auxiliary equation method [16,17], extended trial
equation technique [18], modified extended direct algebraic
technique [19], improved Adomian decomposition technique
[20], and generalized projective Riccati equation technique
[21].In this study, the optical solitons of the LPD model are
retrieved using the extended (%)-expansion technique along
with other traveling wave solutions. The LPD model is a
useful model for the description of nonlinear waves through
optical media in many real-life problems [15]. The LPD model of
the following form is considered:

iAr+a Ay +b Ay +1 F(JAP)A
=0 Nvee + 7 (DN + B AL A+ plAP Ay + 0 NPAL
+e |AI'A,
1)

where A(x, t) represents the wave profile. In the LPD model,
dispersion is of higher order, fully nonlinear, and spatio-
temporal in nature. On the left hand side of Eq. 1, the first
term depicts the temporal evolution, the coefficient a is the GVD,
and b is the spatio-temporal dispersal. The nonlinear functional F
is a real-valued algebraic function F (|[A]*)A: C — C which
ensures the continuity of the LPD model. Moreover,

FOAP)A € () C* ((-mm) x (-mm); R, (2)

m, n=1

where the complex plane C is treated as the two-dimensional
linear space R*. A fourth-order dispersion coefficient o is on the
right side of Eq. 1, whereas a two-photon absorption coefficient
is in the last term of the right side. The coefficients y, y;, 4, and A
indicate perturbation terms with nonlinear forms of
dispersion.In recent decades, the study of exact soliton
solutions for NPDEs has become a vital topic in many
nonlinear science fields. Many nonlinear physical phenomena
can be understood by analyzing the exact solutions to NPDEs. To
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obtain the exact solutions to NPDEs, many researchers developed
different exact methods. Many exact methods, for e.g., the
extended (%)—expansion method [22], extended sine-cosine
method [23], and modified Kudryashov method [24], are
utilized to acquire the exact soliton solutions to NPDEs.The
aim of this research paper is to obtain closed form soliton
LPD model wusing the
(%)-expansion method. The proposed exact technique

solutions of the extended
provides a variety of soliton solutions of a wide range of
nonlinear evolution equations [25]. It is an efficient, reliable,
and straight-forward technique to explore nonlinear models. The
following section describes the algorithm of the proposed
method.

2 Description of the extended
($)-expansion method

Description of the method is given as follows:
Step 1: NPDE of the following form is considered:

Q(P) Px) Pt’ Pxxx tha Pt['-~):03 (3)

where Eq. 3 represents the function P (x, f) and its partial
derivatives.

Step 2: The following travailing wave transformations are applied
to transform Eq. 3 into ODE:

P(x,t)=T() , {=xx *ct, (4)

Using Eq. 4, ODE of the following form is obtained:
T(, I, I",..) =0, (5)

where k and ¢ are constants and I’ = Z—E.

Step 3: According to the proposed exact method, a formal
solution to Eq. 5 is considered as follows:

j=M Gl j G! -J

The first derivative of the function G = G(() is expressed as

G\ G'\?
<§> = 91 +92<§> . (7)

In Eqgs 6, 7, ag, aj, and b; are unknown parametric values to be
extracted with 9; # 1 and 9, # 0.

Step 4: The highest order derivative’s degree and nonlinear term’s
degree can be balanced to extract the value of M by utilizing the
homogeneous balance principle (HBP), which is given as

d T
deg(%) =M+N, (8)
deg<(F(())L<%> ) =ML +s(M + N). 9)
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Step 5: Eq. 6 with Eq. 7 will be applied in Eq. 5, and the
coefficients of (%)i, (=0, £1, £2,...) will be equated to
zero. The system of linear algebraic equations is obtained.
This system is solved using an analytic tool, Maple software.
Step 6: The following three cases address the solution of Eq. 7.If
919, > 0, then the solution is given as

G, _ 91 C cos \/9192(+Dsin \/9192{ (10)
G* " \9%\Dcos+/9,9, ¢ -Csin~/9,9,¢/)
If 9,9, < 0, then the solution is given as
G 1 NEEN 4CA/19,9,] X VI %l (an
G 29, s ceVeel _p )
If 9, = 0 and 9, # 0, then the solution is given as
G C
B S— 12
G 9,(C{+D) (12)

where C, D are any real valued nonzero constants.

3 Application of the proposed
method

This section includes the application of the proposed method
to extract the exact soliton solutions of the LPD model. The
following transformations are utilized:

A(x> t) = A({)e,@(x’ t)’ AX (xv t) = A(()e—z@(x, t)>

(=x-ct, O(x, t)=-kx+wt+0, (13)

to transform Eq. 1 in ODE, which is given as

of + (bv-6K20 — a)I" + (x'0 — brw + ax’ + )T — 2T (y,
—9, —p—y) +el*= F (I + (y+y,)L (I')" + (9, + w)r’1”
+ (v +bw - 460 - 2ax + bv)I' +2 (u + y — 9,)xI°T"

+4x0T™)i = 0. (14)

In Eq. 14, «, 6, w, and ¢ are the constants to be evaluated.Eq. 13
includes real and imaginary parts. Taking the real part
of the equation equal to zero, the following relation is
determined:

o+ (bv—6k20— a)[" + (k'0 — bxw + ax® + )T
K (= y +u+ Yl +el® —aF () + (y+y)L(I')

+(o+u)I’T" = 0, (15)

while the imaginary part of the equation is derived as

(bxv + bow — 41’ — v = 2ax)I" + 2k (p + y — 9,)’T" + 4xoT"" = 0.
(16)
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The coefficients of the linearly independent functions are
considered zero in Eqs 14, 15. Consequently, the following

constraints are obtained:

y+y, =0, 17)
o+u=0, (18)
0=0, (19)
y+u—-0=0, (20)
2ax — bw
—m, bK-l#o (21)

In Eq. 21, v depicts the speed of the wave. By substituting Eqs
17-21, Eqgs 14, 16 reduce to a single equation as

(=bv +a)I" + (bkw — @ — ar)T — 4ur’T> — e® + 7F (|T)°)T = 0.
(22)

The following subsection includes the extraction of soliton
solutions of the proposed equation involving the Kerr law of
nonlinearity.

3.1 Kerr law

The Kerr law of nonlinearity implies

F(IAP) = |AP. (23)

Eq. 1 is transformed into the following form:
i+ aB, + DAy + TIAPA = 20 (A2 A* + 2u| AL A
+ UIAP Ay — uAN’ A + €l AI'A,
(29)
and Eq. 22 is simplified as
(a-bI" + (brw — ax® — )T + (7 — 4ux®)° —€l® = 0. (25)

Using the transformation I = A%, Eq. 25 becomes

(a- bA)(—(A')2 +2AA") + 4 (bxw - ax’ — w)A?

+4 (1 — 4ui® )N’ — deA* = 0. (26)

The degrees of the nonlinear term A* and highest order derivative
term AA" are balanced at M = 1 by utilizing HBP. The solution of
Eq. 26 from Eq. 6 is written as

G G'\"
A= ao +a1<a> +b1<a> .

In Eq. 27, ag, ay, and b, are the constants to be evaluated. Eq. 27
with Eq. 7 is substituted into Eq. 26, and the coefficients of (%)i
are accumulated, where (i = 0, +1, +2, ... ). These coefficients are

27)

set equal to zero, and as a result, a system of linear algebraic
equations is acquired. This system of linear equations is solved
simultaneously. As a result, the following sets of solutions are
obtained:Set 1
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\/3‘[[,1 +2ae F 2+/a’€® + 3arey

K==% 2\/5!4 y
a91(2ae + 37y F 24ae(ae + 3Tp) )
b=t 269,42 »@=0
a(129291y2 + 37y + 2a€ + 2+/ae (ae + 3ty) )
'e 12429,9,b ’
ay =1t v , ap =
Set 2

4847 K" - 16aex’ — 24tusd + 377

>

16¢(bx — 1)
4847« + 16ae9,9, — 24tur* + 37°
v= LK =K,
169291€b
g (4ur’ ~ 1)
3 4u* -t 3
ag = —— , a4 =+ — , b =0
8 € 8 €
Set 3
17 1 a(4u99, + 1)
=-— w=0,v=-
2 U 4 92y91b
3 atd 1 arv3
ay=0,a ==+ — 2 =% - \/—
16 €‘I/h91 4 € _u:g;‘?z
Set 4
\/5\/31‘14 +2ae + 2+/a’€’ + 3arey
K== y
ou
a<129291y2 + 37y + 2a€ + \Jae (ae + 3ty) )
Ve 12429, 9, ’
ae * +|ae (ae + 3 1p)
ap = B
4ue
3uatd, +2a’e9, + 2ad,\a*e® + 3ateu
a; ==+ 5 , b =0, w=0.
16u~ed
Set 5
\/ﬁ\/ISTy + 8ae + 4+/4a’€® + 15arey
K== , w=0,
30u
2ae * +Jae (4ae + 15 Ty)
o = >
10ue
~15uatd, — 8a’e9, F 44/4a’€’ + 15areuad,
a =% ,
! 40042€9;
a(Sae + 157y F 4+/ae(4ae + 157p) >
bl =t

a92(8ae + 157y + 4+/ae (4ae + 157p) )
20

691 ue
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By utilizing values from sets 1 to 5, following families of
solutions of Eq. 1 are obtained.

Family 1

This family of solutions is obtained by taking values from
Set 1.

1

2
ae + +|ae(ae + 31, a91(2ae +37p F 2y/ae(ae + 31;4)) 1
A(m(x actae +3mw) Q v (&) ]~

4 ue T edu? G

(28)
For 9,9, > 0,

ac (ae + 31y)
Al (x,t) = (

1
4 ue

<i

a91<2ae + 37y F 24/ae(ae + 3Tu) )

e’

I+
==

S1N 3
o i Ccos /9,9, { + Dsin /9,9, 4©
9\ Dcos /9,9, { - Csin /9,9, ¢ '
For 9,9, < 0,
1 a€  +lae (ae + 3Tp)
Aé (x,t) = £-
4 ue

a91<2ae + 37y F 24ae(ae + 3Tu) )

edp’

S
1 4 9,9, 12X VNl )
% <29 (2 [9:9,| - CVT 15le > ) e©.
2

(29)

1
+
4

Ce¥Vh%l _ p (30)

For 9, =0and 9, # 0,

1 a€ £ yJae (ae + 31y)

Al,t)= +-
5(x,1) (4 e

a91(2ae + 37y F 24/ae(ae + 3Tu) )

edu*

o\
_ i©
X( sz(cc+D)) >e '

Family 2

1
+ =
4
(31)

This family of solutions is obtained by taking values from
Set 2.

€ ) € G?

9 2 d
Ay - V5 (due —7) G\ |
Alot) = (—% R <9> .

(32)

For 9;9, > 0,
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34ud -1
A2 (x,1) _( - A :
3 \/—%f (4 - 1) 9 (Ccos /919, { + Dsin /8,9, () ze,@
8 € 9, \ D cos /9,9, { - Csin /9,9, { ’
(33)
For 9,9, < 0,

3 4ui® — ¢
Ai(m):(—g =

9, 2
\/%(4‘”’{ C)< (2\/@? 4C\/7‘91‘9z|€2[m)> e”.

3
42
8 € 20/19:9

(34)

For 9, =0and 9, # 0,

1

% :
N o 34w -1 3 \7s (4pr’ - 1) C ©
A CeD) = (E c '8 € 9,(C{ + D) e

(35)

Family 3
This family of solutions is obtained by taking values from
Set 3.

B 3 atd, 1 acV3 92 ' -
A(x,t)—(+ 2 5,491( )+_ — 91

For 9,9, > 0,

Rn) = x> 8% P (Ceosv9i% ¢+ Dsin Vo5 ¢
1 (%, T\ 16 eud; \ {9\ Dcos /9,9, { - Csin~/9,9,(

(36)

1

1 a‘r\/— 92 C cos M("'Dsmm()_l 76’0
T1, urSz 91 Dcos 19,9, { = Csin 9,9, ¢
(37)
For 9192 < 0)
3 ar9, 4CVT 9, 9,[e* V1o
o= ( 716 eud, ( (NW oD
1 a3 (1 4oy 9,90 VE\ 1Y
irZ7!“'92<E<2 19,9, _Cezgi /0% _ p e
€ 7?
(38)
For 91 =0 and 92 +0,
3 ard c
A (x,t) = oo \ 5D
16 epd \ 9 (C{+D)
-1
Ll e (¢ ) o (39)
46-\/ﬁ _%\ 92(C(+D)

Family 4
This family of solutions is obtained by taking values from
Set 4.
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4ue

A - <1 ac * +|ae (ae + 3 1)

! (40)
! 3uatr9, + 2a2e9, + 2a9,+/a’e? + 3areu /G o
16u%€9, \Gz
For 9,9, > 0,
4 ac + \|ae (ae + 3 1p) 3uac9, +2a’e9d, + 2a9,\|a*e* + 3arey
=+ +
=]t due - 16u%€9;
“ 9, (Ccos 9,9, { + Dsin~/9,9, (1)
92 Dcos /9,9, { — Csin /9,9, :
For 9,9, < 0,
v ac + \|ae (ae + 3 1p) 3uatd, +2a’ed, + 2a9,\a’e’ + 3arey
=+ +
2 (61) B due B 16u%€9,
4C\T 9192|22{ VIl
( (2 VISi9al = CeXVmml _ e 42)

For 9, =0and 9, # 0,

ae + \Jae (ae + 3 1p) \l 1 3pard, +2a°€9, + 2v/a’€® + 3areu
+ \-—

A(x,t)=|
> (61) 4ue 16 ured,

1

C ’ i©
X<7792(C(+D))) Ca (43)

Family 5
This family of solutions is obtained by taking values from
Set 5.

2ae + \ae (4ae+ 15 p)
A(x,t) =

10ue

\l ~15uat9, - 8a’e9, F 4a9,\[4a’e* + 15atey
+

400p%ed,

y

G 1 a(Sae + 157y F 44/ae(4ae + 157p) ) <G,)71 )

x| =)+ =— — .
<G2) \Iaﬂl(Bue+l5m+4\/ae(4ae+151}4) ) e G2

\

9

(44)
For 9,9, > 0,
2ae + +Jae (4ae + 15 Tp)
A(xr) =
10ue
~15uat9, — 8a’€9, F 4a9,\[4a’e* + 15atey
+
- 400u%€9,
9, [ Ccos 919, { + Dsin /9,9, ()
9, \ D cos V919,¢ - Csin /9,9, ¢ (45)
1 a(Sue + 157y F 4+/ae (4ae + 151#))
X o+ —
20

1 aSZ(Sas + 157u + 44 /ae (4ae + 157u) )
€

€9, #

9, (C cos /919, { + Dsin /9,9, () ie‘,@
9, \ D cos V9,9, { - Csin /9,9, { '

For 9,9, < 0,
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2ae t +/ae ( 4ae+ 151(,4)

10ue

\l ~15uat9, — 8a’ed, F 4ad\|4a’e’ + 15arey

Ag (x,t) = (

4004%€9,
L 5 |9 9 | _ 4C\/|— 9192'@2( V1991
292 v CeZ( V99 _

1 <8ae + 157y F 4+/ae(4ae + 151;4))

20
a92<8ae + 157y + 4ae (4ae + 15Tp) )

ue
6191
-1 %

1 4CAT 9,9, X VIl ;

X | —= 2\/|9192| - \/l— ! 2| ele.
29, CceXVI%l _p
(46)
For 9, =0and 9, # 0,
s 2ae + +Jae (4ae + 15 1p)
A (x,t) = Tope
. —15uatd, - 8a’ed, ¥ 4ad\/4a’e* + 15arey C
4004°€9, 9, (C¢ + D)

1

a<8as+ 157y F 4/ace (4ae + 157y) ) ( 9l D)) 3
ei(“)'

N }uSz (8u€+15m+4\/ae (4ae+157u) ) c
\ we

ey

I+
8=

(47)

The following subsection includes the extraction of soliton
solutions of the proposed equation involving the parabolic law of
nonlinearity.

3.2 Parabolic law

The parabolic law is given by the following relation:

F(IAP) = alAP + clAl%, (48)

where ¢; and ¢, are the constants to be evaluated.Eq. 48 is
substituted into Eq. 22 to obtain the following form:
(=bv+ a)I" + (bxw — w — ax® )T — 4pr’T> — €I
+ TbvE (e, + ¢, T*)T

=0. (49)
Using transformations U = A%, Eq. 49 yields
(a- bv)(ZAA” - (A')Z) +4 (—ak’ + bk w — w)A?
+4 (—4;41(2 +¢:1)A3 +4 (c; —e)A*
=0. (50)
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Using the homogeneous balance principle, the degrees of the
highest order derivative term AA'" and nonlinear term A* are
balanced at N = 1. The formal solution from Eq. 50 is given as

G G\
N AR

where ay, a;, and b, are the constants to be evaluated. Eq. 27 with

(51)

Eq. 7 is substituted into Eq. 50, and the coefficients of power of
(%)i, where (i =0, +1, 2, 3, . ..
each coefficients equal to zero, a system of linear equations is

), are accumulated. By putting

obtained. This system is solved simultaneously using Maple
software. Consequently, the following solutions are obtained:
Set 1

9
, —9—;(4pm2 -c)

K=K, blzigﬁ,
-2

+ (24pc, + 16a (e — c3))x* — 3¢
16 (e —¢,) (bk — 1)

48’k

>

_48u°k" +16a9,9,€ — 16a9,9 ¢, — 24ur’c, + 3¢
B 169192 (6 - Cz)b ’
3 4ui’ -
aoz—fu, a =0, c=c
8 €—¢,
Set 2
9
— (4 — c1)
3 9
a =+ — s bl =0,
8 e —-Cy
1 4812 K* — 16aex” + 16ar*c, — 24ux* + 2cf
T 16 (e—c)(bx—1) ’
1 48‘112164 + 16a9,9,€ — 16a9,9;c, — 24‘mc251 + 35?
- 16 9192 (6 - Cz)b ’
3 4uk” —
ag = —— e —a =c, K=K
8 € —C
Set 3
3 4ui —c
by =+ —HE 7O

1 48y°«* — 16aex® + 16ax’c, — 24ux’c; + 3¢
16 (e—c)(bxk—-1)
_ 48°k" + 64ae9,9; — 64a9,9 ¢, — 24ux’c, + 3]
N 649,9 (€ — co)b
3(—4pK* +¢;)
8(e-c)

>

>
ap =

9
—9%(4#"2 -c)
g €E—C

Set 4
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1 2404°«" — 64aex’ + 64ar’c, — 120ux’c; + 15¢
64 (e—c)(bxk-1)
3 4uk’* -,

16 g, ’
9—1(5 -c)

1 4847« — 64aed,9, + 64a9,9,c,

>

by =+—

- 24ux’c, + 3¢

64 9, (e—c)dib
9
(12ux? = 3¢\ [«
3 4ui? - ¢, 9
c=c¢ K=K, ag = —— , a; =% .
8 e€—0 16€ — 16¢,

By utilizing values from sets 1 to 4, the following families of
solutions of Eq. 1 are obtained.

Family 1

This family of solutions is obtained by taking values from
Set 1.

A(x,t) = (—

1

9 1\ ?
34ue —c 3\ (4 - 1) <g’) 1) 40
8 ~ 8 2 '

€E—C, €E—C G
(52)
For 9,9, > 0,
9
\ g (4ur —cr)
— 9,
NG - | 2Ha 2
8 e€-¢c; 8 €-C
y & Dcos(x/919z () +Esin(\/9192 () - :l@
9, Ecos(\/9192 () —Dsin(x/9192 C) '
(53)
For 9,9, < 0,
9
2 - )
3 4yl — 3\ 9
M0 =| 5 e
2 /1919
( <2 NERA R ?1(92_;92 >> ) e,
(54)
For 9, =0and 9, # 0,
Aﬁ( t)_ 7§4HK2—C1+§\/773_:(4MK2*C1)( C -1 7i®
A e-c, 8 €E—¢, \ 9,(C{ + D) €
(55)

Family 2
This family of solutions is obtained by taking values from
Set 2.

(56)

€—0 €—0

2 _
Alxt) = (% A~

B @,
8 G? :
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For 9,9, > 0,
9,
\{ (4ur’ = c1)
4ui® — 9,
N | 2Heoa,3
8 e€e-¢c, 8 €—0C

y (\jg (Dcos(m5)+Esin(m()>>%e@
9, \ Ecos(1/99; () - Dsin( /9,9, () :

(57)
For 9,9, < 0,
9
g (4ur’ =)
Nion=| 2We-a, 3%
2 8 e€e-¢c, 8 €E—C,
C/]9,9;] ¢ VIl
><—<2\/992 -4 21(\2/&_92 e
(58)
For 9, =0and 9, # 0,
N (xot) = 3 4uKk’ - ¢ L3 \ 7S o L (4ux’ —c1)
EA 8 €e-¢c, 8 €—C,
( 92(C(+D)> ye (59)

Family 3

This family of solutions is obtained by taking values from
Set 3.

1

AGn) - _24/‘K276|+§\/7(4‘14KZ Cl)( >+3 4K’ — ¢, (E’)fl zeie
’ 8 e-c, 8 €—c, G? g—f(E—Cz) G? ’
(60)
For 9,9, > 0,
9
\[—g. (4w = 1)
4ur* - 9,
N =|2Hea,
8 €-c 8 €—-¢
ti 4ui® - ¢,

y 9, DCOS(m()+ESiH(m()
Ecos(\/ﬁ() —Dsin(\/ﬁ()

9,

y 9 DCOS(MZ)+Esin(m() - %eie
9, Ecos(\/H()—Dsin(\/ﬁ() '

(61)

For 9,9, < 0,

frontiersin.org


https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2022.1054429

Akram et al.

9 5
Vo e -2

AS(x,t) = BN Ul £
2 16 e€-c, 8 €—c,
1 C[9,9;] ¢ Vil 3 4uk’ —¢
X—| 2[99, -4 + =
29, Cett VIl _ g

BN
1 CA19,9,] X VIl ©
><<2192<2\/|9192 _4W e’ (62)

For 9, =0and 9, # 0,

9
5 (e —c)

34ui* —¢, 3 C
8 = —_— —
Aot = 8 e€-o¢ i8 ) <92(C(+D)>
-1 H
2w (o v
16 _%(e_cz)\ 9,(C{+ D)
(63)
Family 4

This family of solutions is obtained by taking values from
Set 4.

_ 9 (12uK* - 3¢ /
no= (2 o, i) 6

8 €-¢ 16€ — 16¢, G?

3 4ud - G\,
+ 2 # <§> Pe©. (64)
16§ (e-c)
For 9,9, > 0,
9
— (12ux° - 3¢))
3 4ur® — 9
Aty =| — 0 2
8 €—¢ 16€ — 16¢,
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o I Cad
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(65)
For 9,9, < 0,
V)
— (12ux* — 3c,)
- 9
A5 (x,t) = e e
8 €—c 16€ — 16¢,
1 4C/]9,9;[ X VIl 3 4uk’ —¢
x| —{ 2V[99 —-———M— +t—
29, Ce¥ V%l _ p 16 |9
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1
1 acyEo VIR \\ Y
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29, CeXVhi%l _ p
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For 9, =0and 9, # 0,

9
_§4wc2—c1i 9,
8 €—c,

(12ux* - 3¢,)

o C
As(et) = ( 9, (C(+D)>

1

16€ — 16¢,

du’ — ¢, [ C

- i©
\/g:f(e—cz)\ 92(C(+D)) )e .

+

3
16

(67)
The following subsection includes the extraction of soliton

solutions of the proposed equation involving the anti-cubic law
of nonlinearity.

3.3 Anti-cubic law

According to the anti-cubic law of nonlinearity,

C1

F(F) = 2

+ 6| Al + ¢ A% (68)

In Eq. 68, are the constants to be

evaluated.Substituting Eq. 68, Eq. 22 transforms into the

¢, € and ¢

following form:

(-bv+a)I" + (bxw — w — ax® )T — 4ux’T> — €I

+T(% +ol+ c3r4)r =0. (69)

Using the transformation I' = V%, Eq. 69 is transformed to the
following form:

(a=bv)(=(A")" +20A") + 4 (bxw - ar® - w)A” + 4c,

+4(c, — 4pr® )N’ +4(c; —e)A* = 0. (70)
According to HBP, the degrees of highest order
derivative term AA"” and nonlinear term A* are

balanced at M = 1. A formal solution of Eq. 70 from Eq.

G’ G\
A= aop +al<a) +b1<a> .

In Eq. 71, ao, a,, and b, are the constants to be evaluated.
Eq. 71 with Eq. 7 is substituted in Eq. 70, and all the
coefficients of (%)i, where (i = 0, 1, 2, 3, ... ), are
accumulated. All coefficients are set equal to zero. As a

50 is given as

71)

result, linear algebraic equations are obtained. Maple
software is used to solve the system of linear equations
the set of

simultaneously. Consequently, following

solution is acquired.Set 1
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FIGURE 1

Graphical representations of ||A§ x,t)]? for c =2.1, u =2.1, and the remaining arbitrary constants are assigned the value of 1.
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The soliton solutions of Eq. 1 using the anti-cubic law are
represented in the following family of solutions: For 9, =0and 9, # 0,

Family 1 St

This family of solutions is obtained by taking values from A, t) = VV3H]| - 9 i® 74
Set 1. D= (W T ery) ) O
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FIGURE 2
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Graphical representations of HA;3 (x, t)H2 forci=e =D =a =b = 9;= x =0.11, and the remaining arbitrary constants are assigned the value of 1.
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FIGURE 3

Graphical representations of ||A§ (x, t)\l2 forD=e=a=b=0.101 9,=0.9, C =2.1, and the remaining arbitrary constants are assigned the value of 1.
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FIGURE 4
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Graphical representations of HA%O (x, D2 forD=e=a=b=0.101, 9:=0.99, C =2, and the remaining arbitrary constants are assigned the value of 1.

4 Graphical explanation

In this section, graphical explanation of solutions is discussed
by plotting the graphs of some obtained solutions. Using Maple
software, 3D-surface plots, 2D-contour plots, density plots, and
2D-line plots of some retrieved solutions are displayed. In each
figure, 3D surface graph, 2D-contours, density, and 2D-line
graphs are shown in (a), (b), (¢), and (d), respectively.
Absolute values of complex functions are considered in
plotting of the obtained solutions. In order to obtain well-
shaped graphs, appropriate values are assigned to the
constants a, b, ¢, C, E, c1, ¢, ¢3, and €. Similarly, the values of
w1, k1, K ag, a1, and b; are taken from the corresponding set for
each solution family.

Frontiers in Physics

5 Results and discussion

The obtained solutions include kink, bright, dark, and
singular exact soliton solutions. The dark soliton solution is
shown in Figure 1, and the bright soliton solution is shown in
Figure 2. The singular kink soliton solution is presented in Figure
3 and singular soliton wave solution is depicted in Figure 4.
Biswas et al. [15] investigated the LPD model using the modified
simple equation method for Kerr, parabolic, and anti-cubic laws.
They obtained dark and singular soliton solutions but failed to
retrieve bright soliton solutions. Akram et al. [16] used the
modified auxiliary equation method to investigate the LPD
model. Although they succeeded in retrieving a variety of
solitons such as dark, singular as well as bright-dark, and
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kink solitons, the study was limited to the Kerr law only. Later,
they considered the LPD model for parabolic and anti-cubic laws
in [17] using the same method and determined kink, singular,
and dark soliton solutions. However, they were unable to find any
bright soliton solutions. It is observed that some of the obtained
solutions are similar to the results obtained by Manafian et al.
[18]. Qarni et al. [20] constructed only the approximate bright
soliton solution for the LPD model. Hubert et al. [19] presented
the soliton solutions of the LPD model for the Kerr law only.The
comparison of the obtained results with those available in the
that
comprehensive and provides a better insight into the solitonic

literature indicates the presented study is more
behavior of the LPD model. The proposed technique has been
successfully utilized to construct a variety of soliton solutions

including dark and bright bell-shaped solitons.

6 Conclusion

The LPD model is investigated in this paper. The exact
soliton solutions of the proposed model are obtained by the
extended (%)—expansion method. The nonlinearity of this model
is investigated using three laws of nonlinearity, namely, Kerr law,
parabolic law, and anti-cubic law. Many novel solutions are
obtained inducing dark, bright, kink, and singular soliton
solutions. These optical solitons are successfully retrieved due
to the balance of nonlinear effects and dispersion. Based on 3D-
surface graphs, 2D contour graphs, density graphs, and 2D-line
graphs of acquired soliton solutions, the dynamical behavior of
the acquired solutions is discussed. The bright and dark solitons
are particularly useful in transmission of data over long distances.
They are characterized by the localized increase or decrease in the
amplitude of the wave. To the best of our knowledge, the
considered model is explored using the proposed technique
for the first time in this study. The obtained results are
compared with the results already available in the literature
using different methods. The retrieved solutions include novel
as well as already reported wave solutions of the LPD model
showing the reliability of the obtained results. It is evident from
the comparison of the results that the present study provides
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