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Perturbation analysis of the rank-size rule is made for municipalities that are

squeezed in a prefecture. Specifically, attention is focused on Japanese

prefectures, for which effects of the archipelagoes, municipal consolidations,

and coastal inundations due to the future sea-level rise are examined. In each

prefecture, typically tens of municipalities are closely packed with a unique

configuration that has been arranged according to a self-organized process.

With a mind to sustainable development goals, analysis is made from three

points of view. First, comparisons between the results of themainland and those

of the entire prefecturewith territorial islands suggest that historical interactions

over a long period become a key factor to enhance the statistical rule. Next, to

cope with rapidly increasing rural depopulation, simulations are made on the

basis of three consolidatory schemes. Of prefectures with extremely

depopulated areas, particular emphasis is laid on Fukushima Prefecture, the

east coast of which was damaged by the nuclear disaster on 11 March 2011.

Lastly, analysis is made implying perturbations due to global warming. Among

three parameters that characterize the rank-size relation, stabilities are

confirmed for the scaling exponent.
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1 Introduction

Since the beginning of the present century, sustainability has

become one of the most cited keywords. Not to mention

international organizations such as the United Nation, World

Health Organization, and World Meteorological Organization,

all the governments of the developed countries are in a quandary

over how to handle the difficult issue. While the countries are

confronting such problems as rapidly increasing aging,

aggravating rural depopulation, and dealing with expanding

refugees, the developing countries are of more serious concern

with desperate poverties, drought damages, and fear of the future

sea-level rise, most of which seem to arise from the climate

change occurring now in the global scale. This perspective allows

one to explore motivations for integrating physical and social

sciences and eventually for establishing an interdisciplinary area

on the methodological basis of conventional statistics, probability

theory, and theory of complex networks. To this end, one should

pay attention to the success in establishing the physics of cities

[1–10], which exhibit analogy in many viewpoints with the

condensed matter system. As the next step we are now in the

best position to extend the new discipline to human communities

consisting of not only cities but also towns and villages as an

organic whole.

In this paper, with a mind to the sustainable development

goals [11–14], perturbation analysis of the rank-size rule is made

for municipalities that are squeezed in a prefecture. Specifically,

attention is focused on Japanese prefectures, for which effects of

the archipelagoes, municipal consolidations, and coastal

inundations due to the future sea-level rise are examined. In

each prefecture, typically tens of municipalities are closely packed

with a unique configuration that has been arranged according to

a self-organized process. Analysis is made from three points

of view.

First, comparisons between the results of the mainland and

those of the entire prefecture with territorial islands allow one to

discuss whether social interactions over a long period become a

key factor to preserve the statistical rule. The topic may be of

potential significance in the context of territorial issues between

neighboring countries. As is well known, the Japanese Islands

belong to the circum-Pacific orogenic belt, which had yielded

such archipelagoes as the Northern Territories (in Hokkaido),

the Izu and Bonin Islands (in Tokyo Metropolis), and the

Southwest Islands (in Kagoshima to Okinawa Prefecture)

being the long string of islands stretching between Kyushu

and Taiwan. It should be noted that, in contrast to

spontaneous interactions between the mainland of Hokkaido

and the Northern Territories as well as the ones between the

mainland of Kagoshima Prefecture and the Southwest Islands, no

evidence, to our knowledge, is seen of deep interactions between

the Tokyo Metropolis mainland and its territorial islands. In

other words, the latter seem to be assigned into the former solely

for an administrative convenience.

Next, to deal with rapidly increasing rural depopulation

[15–17], simulations are made on the basis of three

consolidatory schemes. As in countries of the European

Union, Japan is suffering from the rapidly increasing rural

depopulation, major part of which arises from urbanization,

sporadic disaster, as well as chronic aging. To achieve Goal 3:

Good Health and Wellbeing, Goal 10: Reduced Inequalities, and

Goal 11: Sustainable Cities and Communities, consolidations

between neighboring municipalities seem to be a realistic

compromise. The first scheme could be regarded as a

gravitation method in that a sparsely populated

municipality is annexed to the neighboring one with

highest density of population. In contrast to this, in the

other two schemes, populations of municipalities are

employed instead of their population densities. In

particular, the third one is presented to mitigate the ethnic

minority issue in the northernmost prefecture in the country

[18–20]. It should be noted here that as in other Asian

countries such as India, Burma, Thailand, Lao, Taiwan, and

China, Japan is far from unrelated to ethnic minority issues.

Of the prefectures with extremely depopulated areas,

particular emphasis is laid on Fukushima Prefecture that

was damaged by the nuclear disaster on 11 March

2011 [21–26]. To achieve Goals 3 and 11 simultaneously, in

the near future, administration must make a move to mitigate

the damage by means of municipal consolidations.

Lastly, analysis is made for coastwise prefectures, implying

perturbations due to the global warming [27–31]. Not to

particularly mention islets in the Pacific Ocean, representative

megacities with coasts are confronting a sign of the inundation

crisis due to the global-scale change of earthly climate. Currently,

no one can consider the sustainable development matter without

focusing one’s attention on the future aqua-crisis [13, 14]. Along

with Indonesia, Brunei Darussalam, Philippines, and Taiwan,

Japan is the country located off the easternmost extreme of the

Eurasian Continent and is surrounded by the four seas,

specifically the Pacific Ocean, East China Sea, Japan Sea, and

Sea of Okhotsk. Indeed, of the 47 prefectures, 39 ones front at

least one of the seas. In our analysis, for three parameters that

characterize the rank-size relation, stabilities are examined with

increasing the inundate ratio.

In summary, of the 17 Sustainable Development Goals, topics

of this paper have relevance to Goals 3: Good Health and

Wellbeing, 10: Reduced Inequalities, 11: Sustainable Cities and

Communities, as well as Goal 13: Climate Action.

2 Method

The areas of municipalities (cities, towns, and villages) yi (i =

1, 2, . . . , n; n being the number of municipalities in a prefecture)

will be analyzed statistically. The entire analysis consists of two

steps. First, as regressions on the areas versus the ranks, two
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modellings that exhibit a short and long tail profile, respectively,

are considered:

Exponential: logy � a − b x, (1)
Logarithmic: y � a − b log x, (2)

where log abbreviates the common logarithm; x represents the

rank variable in descending order. Namely, x = 1 for y = y(1), x =

2 for y = y(2), /, and x = n for y = y(n), where y(i) indicates the

ordered statistics of yi as y(1) > y(2) > /> y(n). The parameters a

and b are positive constants to be determined with the least

square fit. The accuracy of the respective model can be examined by

the degree of fit, |r|, namely with the Pearson’s coefficient (0< |r|< 1),

and with the Durbin-Watson ratio, d (0 < d < 2 for positive serial

correlations, whereas 2 < d < 4 for negative counterparts) [32]. Next,

provided that the best logarithmic fit to the long tail function is

established, Eq. 2 will subsequently be modified with introducing a

positive parameter q [8, 33, 34]

yq � a − b log x. (3)

Note that with the additional parameter the optimal parameters

for (a, b) are renewed. Although mathematically, extending a

domain of q to the complex number might be interesting, we

confine the domain within the real number. To detail the physical

meaning of Eq. 3, the first derivative d y/d x that is normalized by

y/x is given

(dy/dx)/(y/x) � −b/(q yq), (4)

showing that in the vicinity of the high rank region the kurtosis,

|(d y/d x)/(y/x)|, increases with decreasing q. As q→0, it may be

convenient to rewrite Eq. 3 in the form of the Box-Cox

transformation [35].

(log e)(yq − 1)/q � a′ − b′ logx, (5)
a′ � (log e)(a − 1)/q, b′ � (log e)b/q, (6)

where e is the Napier’s constant. In the derivation of Eq. 5 the

formula

(log e)(yq − 1)/q → logy as q → 0, (7)

has been implied. Note that in the limit of vanishing q, Eq. 5

coincides with the curve of the Zipf’s law [36–42].

In the context of our tournament game model [8, 33], for a

team (assuming team #i) that has survived till the final, the

cumulative score, Si, in, e.g., 64 teams can be written as

Si � (si1 + si2 +/ + si6)1/q, (8)

while for a team (assuming team #k) that has lost in the first

round, the counterpart, Sk, can be given as

Sk � s1/qk1 . (9)

Here sij represents the score for team i (i = 1–64) at round j

(j = 1–6). In comparison of the two teams in the scores it is

apparent that for 0 < q < 1 the team (team #i) that has survived till

the final gains far greater advantage than the one (team #k) that

has lost in the first round [8], being indicative of the typical rich-

get-richer effect or the Matthew effect. For this reason, the

exponent may be useful for roughly estimating the strength of

territorial competition due to squeezed elements in a constrained

domain. Namely, 0 < q < 1 for substantial squeezing, q ~ 1 for

moderate squeezing, and q > 1 for little squeezing. In the Durbin-

Watson d statistics [32], dU represents the upper critical value of

the ratio (α = 0.01, i.e., level 1% test being implied). For dU < d ≤
2, a null hypothesis H: “There is no correlation between the

neighboring residual data.” is not rejected. For a negative

counterpart, i.e., 2 < d ≤ 4, d must be replaced with 4—d. In

contrast to non-ranking as well as rank-rank data (such as, e.g.,

Spearman’s and Kendall’s approaches), for the rank-size analysis,

in most cases the positive correlations are included between the

neighboring data.

3 Results

3.1 Examining perturbations by
archipelagoes

We consider the entire prefecture in Japan, which is divided

into 47 prefectures [43]. As is well known, belonging to the

circum-Pacific orogenic belt had yielded a number of islets and

archipelagoes around the Japan Islands. In Figure 1, a complete

map of A) Japan is given along with the ones of B) Hokkaido (n =

175), C) the Metropolis of Tokyo (n = 53), and D) Kagoshima

Prefecture (n = 25). Here n indicates the number of

municipalities squeezing in the mainland of a prefecture,

which consist of cities, towns, and villages. The three

prefectures are to be cited in the rank-size analysis, and are

marked with the yellow ink in Figure 1A. The colored dashed

lines in Figures 1B–D indicate the boundaries among

municipalities in each prefecture.

Figure 2A plots the dependence of the areas (km2) of

municipalities in the mainland of Hokkaido on the

logarithmic rank. The brown declining line indicates the

optimized fit to Eq. 3 (|r| = 0.9938 with d = 0.477 for q =

1.39 and n = 175). Oscillations across the regression line are seen

in the region of high ranking. Hokkaido is the northernmost

prefecture in Japan, which consists of 175 and 10 municipalities,

respectively, in the mainland and on its territorial islands. Of the

ten municipalities on the islands, there are six ones in the

Northern Territories [44, 45]. To evaluate effects due to the

municipalities on the territorial islands, in Figure 2B the

dependence is shown of the areas (km2) of municipalities in

the entire Hokkaido. The brown line indicates the optimized fit (|

r| = 0.9942 with d = 0.511 for q = 1.39 and n = 185). Data of

municipalities on the territorial islands are highlighted with pink

dots. It is worth noting that the oscillations in the high rank
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region are slightly reduced and the inclusion of islands allows one

to improve the fitting to Eq. 3 (notice |r|: 0.9938 →0.9942, being

0.04% increase; d: 0.477→ 0.511).

Figure 3A shows the dependence of the areas (km2) of

municipalities in the mainland of the Metropolis of Tokyo on

the logarithmic rank. The brown declining line indicates the

optimized fit to Eq. 3 (|r| = 0.9961 with d = 1.861 for q = 0.21 and

n = 53) [8]. There are nine islands belonging to the prefecture.

Figure 3B plots the dependence of the areas (km2) of

municipalities in the entire Metropolis of Tokyo. The brown

line indicates the optimized fit (|r| = 0.9936 with d = 1.267 for q =

0.44 and n = 62). Data of municipalities on the territorial islands

are highlighted with pink dots. In sharp contrast to Hokkaido,

improvement is seen neither for the degree of fitting (|r|:

0.9961→0.9936, being 0.25% decrease) nor for the Durbin-

Watson ratio (d: 1.861→1.267).

Figure 4A shows the dependence of the areas (km2) of

municipalities in the mainland of Kagoshima Prefecture on

the logarithmic rank. The declining line indicates the

optimized fit to Eq. 3 (|r| = 0.9951 with d = 1.277 for q =

1.35 and n = 25). The prefecture possesses 18 municipalities

scattered all over the territorial islands. Figure 4B plots

dependence of the areas (km2) of municipalities in the entire

Kagoshima Prefecture. The brown line indicates the optimized fit

(|r| = 0.9955 with d = 1.055 for q = 1.16 and n = 43). Data of

municipalities on the territorial islands are highlighted with pink

dots. It is found that, as has been confirmed for Hokkaido, adding

the municipalities on the islands allows one to enhance the fit to

Eq. 3 (i.e., |r|: 0.9951→0.9955, being 0.04% increase). This

prefecture shares long history with Okinawa Prefecture, the

southernmost prefecture in Japan. The dependence of the

areas (km2) of municipalities in the entire Kagoshima and

FIGURE 1
A complete map of (A) Japan (B) Hokkaido, (C) the Metropolis of Tokyo, and (D) Kagoshima Prefecture. The three prefectures are marked with
the yellow ink in (A). The colored dashed lines in (B–D) indicate the boundaries among municipalities in the prefecture.
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Okinawa Prefecture is shown in Figure 4C. The brown line

indicates the optimized fit (|r| = 0.9955 with d = 0.557 for q =

0.88 and n = 84). Data of municipalities in Okinawa Prefecture

are highlighted with pink dots. Because of the addition of

municipalities of the latter prefecture, the tail in the ranking

gets substantially longer than the ones in Figures 4A,B (i.e., q:

1.35→1.16→0.88).

3.2 Simulating consolidations (goals 3, 10,
and 11)

As in countries of the European Union, Japan is suffering

from the rapidly increasing rural depopulation, major part of

which arises from urbanization as well as chronic aging. To

achieve the sustainable development goals, radical

countermeasures are needed [15–17]. In this subsection,

computed results are given on the application of a

consolidatory scheme between neighboring municipalities in a

prefecture. In Japan, there are 18 prefectures that include

municipalities exhibiting the extremely low density of

population, the value of which is lower than 10 per km2. The

consolidatory scheme (for later convenience, termed Scheme I)

could be regarded as a gravitation method. Namely, a sparsely

populated municipality (discriminated with suffix f) is annexed

to the neighboring one (discriminated with suffix t) with highest

density of population. The density of the newborn municipality,

ρt’, is renewed with

ρt′ � (ρtAt + ρfAf)/(At + Af), (10)

where ρt and ρf are the original population densities;At andAf are

the areas of prefectures.

Figure 5A shows the distributional map of 18 prefectures that

include municipalities with population densities lower than

FIGURE 2
(A) Dependence of the areas (km2) of municipalities in the
mainland of Hokkaido on the logarithmic rank. The brown
declining line indicates the optimized fit (|r| = 0.9938 with d =
0.477 for q = 1.39 and n = 175; a = 2.75×104, b = 1.22×104). (B)
Dependence of the areas (km2) of municipalities in the entire
Hokkaido on the logarithmic rank. The brown line indicates the
optimized fit (|r| = 0.9942 with d = 0.511 for q = 1.39 and n = 185;
a= 2.88×104, b = 1.26×104). Data ofmunicipalities on the territorial
islands are highlighted with pink dots.

FIGURE 3
(A) Dependence of the areas (km2) of municipalities in the
mainland of the Metropolis of Tokyo on the logarithmic rank. The
brown declining line indicates the optimized fit (|r| = 0.9961 with
d = 1.861 for q = 0.21 and n = 53; a = 3.16, b = 0.919) [8]. (B)
Dependence of the areas (km2) of municipalities in the entire
Metropolis of Tokyo on the logarithmic rank. The brown line
indicates the optimized fit (|r| = 0.9936 with d = 1.267 for q =
0.44 and n = 62; a = 10.8, b = 4.67). Data of municipalities on the
territorial islands are highlighted with pink dots.
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10 per km2. In Figure 5B, scattergram is plotted of scaling

exponents after the municipal consolidations according to

Scheme I versus those before consolidation. The majority of

dots is seen below the diagonal line, indicating that the

consolidations promote the so-called rich-get-richer effect

[46]. The crosses that are superimposed on the dots are

marked to highlight the three prefectures (specifically,

Hokkaido, Fukushima, and Nagano Prefectures) in Figure 5C,

which shows the dependence of scaling exponent, q, on the

consolidatory stage. Here one consolidatory event per stage is

implied. With this assumption, 48 stages are needed for

Hokkaido (ρ = 66.1 per km2) to complete the entire

consolidation, which results finally in three gigantic hubs. In

contrast to this, for Fukushima (ρ = 1.31×102 per km2) and

Nagano Prefecture (ρ = 1.50×102 per km2), respectively, only

9 and 7 stages are needed.

Of the three prefectures, since the nuclear disaster on

11 March 2011 the situation of Fukushima Prefecture has

been most dire [21–26]. To achieve Goals 3 and

11 simultaneously, in the near future, administration must

make a move to mitigate the damage by means of municipal

consolidations. On the map of Figure 6A, the Fukushima

Daiichi nuclear power plant (marked with pink on the east

coast) is located across the boundary between Futaba (north

side) and Okuma (south side) Town. To explain how to

make consolidations between neighboring municipalities,

first the eight municipalities with extremely low

population densities (specifically, lower than 10 per km2)

are specified:

Futaba Town (0.00), Hinoemata Village (1.29),

Katsurao Village (4.98), Tadami Town (5.41),

Idate Village (5.73), Showa Village (5.95),

Kaneyama Town (6.34), Namie Town (8.62),

where the numeric in the parentheses indicates the population

density per km2. Note the null density of Futaba Town, on the

coast of which there is the Fukushima Daiichi nuclear power

plant. In our simulations using Scheme I, of the eight

municipalities above, priorities are assigned to lower densities.

With this rule the entire consolidation will be completed

according to the procedure as follows (area being given by the

numeric in km2):

Stage 1: 51.42 (Futaba Town) +78.71 (Okuma Town)

= 130.13 (New Okuma Town).

Stage 2: 390.46 (Hinoemata Village) + 886.47 (Minami-Aizu

Town)

= 1,276.93 (New Minami-Aizu Town).

Stage 3: 84.37 (Katsurao Village) + 344.42 (Nihonmatsu City)

= 428.79 (New Nihonmatsu City).

Stage 4: 747.56 (Tadami Town) + 1,276.93 (New Minami-

Aizu Town)

FIGURE 4
(A) Dependence of the areas (km2) of municipalities in the
mainland of Kagoshima Prefecture on the logarithmic rank. The
brown declining line indicates the optimized fit (|r| = 0.9951 with
d = 1.277 for q = 1.35 and n = 25; a = 6.86×103, b = 4.72×103).
(B) Dependence of the areas (km2) of municipalities in the entire
Kagoshima Prefecture on the logarithmic rank. The brown line
indicates the optimized fit (|r| = 0.9955 with d = 1.055 for q =
1.16 and n = 43; a = 2.05×103, b = 1.24×103). Data of municipalities
on the territorial islands are highlighted with pink dots. (C)
Dependence of the areas (km2) of municipalities in the entire
Kagoshima and Okinawa Prefecture on the logarithmic rank. The
brown line indicates the optimized fit (|r| = 0.9955 with d =
0.557 for q = 0.88 and n = 84; a = 3.37×102, b = 1.77×102). Data of
municipalities in Okinawa Prefecture are highlighted with pink
dots.
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= 2024.49 (Novel Minami-Aizu Town).

Stage 5: 230.13 (Idate Village) + 265.12 (Date City)

= 495.25 (New Date City).

Stage 6: 209.46 (Showa Village) + 276.33 (Aizu-Misato

Town)

= 485.79 (New Aizu-Misato Town).

Stage 7: 293.92 (Kaneyama Town) + 485.79 (New Aizu-

Misato Town)

= 779.71 (Novel Aizu-Misato Town).

Stage 8: 223.14 (Namie Town) + 398.58 (Minami-Soma City)

= 621.72 (New Minami-Soma City).

Figure 6 shows a complete map of Fukushima Prefecture A)

before consolidation, B) under consolidations (Stage 4), and C)

after consolidations (Stage 8). The pink dot on the east coast is

marked to indicate the site of the Fukushima Daiichi nuclear

power plant. In Figure 7A the dependence of the areas (km2) of

municipalities in this prefecture without consolidation is plotted

as a function of the logarithmic rank. The blue declining line

indicates the optimized fit to Eq. 3 (|r| = 0.9938 with d =

0.851 for q = 0.75 and n = 59). Subsequently the dependence

of the areas (km2) of municipalities in the same prefecture

under intermediate consolidations (Stage 4) is shown in

Figure 7B. The blue line indicates the optimized fit (|r| =

0.9783 with d = 0.532 for q = 0.59 and n = 55). Data of

consolidated municipalities are highlighted with orange

dots. The sigmoid seen in the high rank region is

responsible for substantially reducing the degree of fit, |r|,

as well as the Durbin-Watson ratio d. Finally, for the

complete consolidations (Stage 8) the dependence of the

areas (km2) of municipalities in the prefecture is shown in

Figure 7C. The line indicates the optimized fit to Eq. 3 (|r| =

0.9943 with d = 1.166 for q = 0.53 and n = 51). Data of

consolidated municipalities are highlighted with orange and

pink dots. It is found that the fit to Eq. 3 recovers on the

original one.

3.3 Examining effects due to sea-level rise
(goal 13)

Not to particularly mention islets in the Pacific Ocean, a

number of megacities with coasts are confronting a sign of the

inundation crisis due to the global-scale change of earthly

climate. Currently, no one can discuss the sustainable

development issue without noticing the future aqua-crisis [13,

FIGURE 5
(A) The distributional map of 18 prefectures that include
municipalities with population densities lower than 10 per km2. (B)
Scattergram of scaling exponents after the municipal
consolidations according to Scheme I versus those before
consolidation (R = 0.6889 with d = 1.982). The crosses that are

(Continued )

FIGURE 5
superimposed on the dots highlight the three prefectures in
(C). (C) Dependence of scaling exponent, q, on the consolidatory
stage. Three prefectures (Hokkaido, Fukushima, and Nagano
Prefectures) are selected from (B), which are discriminated,
respectively, with the red, green, and blue ink.
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14]. Indeed, of the 17 Global Goals the issue has relevance close to

not only Goals 3, 10, and 11 but Goal 13: Climate Action. Along

with Indonesia, Brunei Darussalam, Philippines, and Taiwan,

Japan is the country located off the easternmost extreme of the

Eurasian Continent and is surrounded by the four seas,

specifically the Pacific Ocean, East China Sea, Japan Sea, and

Sea of Okhotsk. Indeed, of the 47 prefectures, 39 ones front at

least one of the seas.

In Figures 8–10, computed results of perturbation analysis

are given, where uniform inundations on the 39 coastal

FIGURE 7
(A) Dependence of the areas (km2) of municipalities in
Fukushima Prefecture before consolidation on the logarithmic
rank. The blue declining line indicates the optimized fit (|r| =
0.9938 with d = 0.851 for q = 0.75 and n = 59; a = 1.99×102,
b = 1.06×102). (B) Dependence of the areas (km2) of municipalities
in Fukushima Prefecture under consolidations (Stage 4) on the
logarithmic rank. The blue line indicates the optimized fit (|r| =
0.9783 with d = 0.532 for q = 0.59 and n = 55; a = 73.7, b = 38.2).
Data of consolidated municipalities are highlighted with orange
dots. (C) Dependence of the areas (km2) of municipalities in
Fukushima Prefecture after consolidations (Stage 8) on the
logarithmic rank. The blue line indicates the optimized fit (|r| =
0.9943 with d = 1.166 for q = 0.53 and n = 51; a = 51.7, b = 26.9).
Data of consolidated municipalities are highlighted with orange
and pink dots.

FIGURE 6
A complete map of Fukushima Prefecture. The pink dot on
the east coast indicates the site of the Fukushima Daiichi nuclear
power plant. (A) Before consolidation. (B) Under consolidations
(Stage 4). (C) After consolidations (Stage 8).
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prefectures are assumed. For 100δ% inundation (0 < δ < 1) the

model can be explained by a flow chart: For i = 1 to n, if the

municipality i with area yi has a coastline, then yi = (1 – δ)yi, next

i. Figure 8 plots the scattergram of scaling exponents after

inundation due to the sea-level rise versus those before

inundation: A) 10% inundation (R = 0.9659 with d =

1.073 for δ = 0.1); B) 20% inundation (R = 0.9148 with d =

1.405 for δ = 0.2). The scaling exponent, q, is found to preserve

stabilities against the coastwise perturbations. Next, in Figure 9,

scattergram is shown of degrees of fit after inundation due to the

sea-level rise versus those before inundation: A) 10% inundation

(R = 0.9667 with d = 1.432 for δ = 0.1); B) 20% inundation (R =

0.8378 with d = 1.491 for δ = 0.2). Although the stability

comparable to the scaling exponent is seen for 10%

inundation, for 20% inundation, considerable reduction is

inevitable. Finally, Figure 10 shows the scattergram of Durbin-

Watson ratios after inundation due to the sea-level rise versus

those before inundation: A) 10% inundation (R = 0.8189 with d =

1.545 for δ = 0.1); B) 20% inundation (R = 0.6320 with d =

1.598 for δ = 0.2). In contrast to the two parameters above,

irrespective of the inundated rate, substantial reduction is seen

for the Durbin-Watson ratio.

For two prefectures along the Tokyo Bayside Area, the

dependence of optimal parameters on the inundated rate δ is

plotted in Figure 11, on the supposition that effects due to global

warming will get more and more inevitable in the future. In

Chiba (ρ = 1.22×103 per km2) and Kanagawa Prefecture (ρ =

3.82×103 per km2), respectively, there are 27 and

15 municipalities that are located along the coast. Here, the

uniform inundations on the coastal municipalities are assumed.

Again, both the scaling exponent, q, and the degree of fit, |r|,

preserve stabilities against the large-scale perturbation, whereas

the results of the Durbin-Watson ratio, d, exhibit a sharp

contrast. Especially for Kanagawa Prefecture a phenomenon

similar to a phase transition occurs just in front of the 20%

inundation (δ = 0.2), and the new phase is maintained to the 60%

inundation (δ = 0.6).

FIGURE 8
Scattergram of scaling exponents after inundation due to the
sea level rise versus those before inundation. (A) 10% inundation
(R = 0.9659 with d = 1.073). (B) 20% inundation (R = 0.9148 with
d = 1.405).

FIGURE 9
Scattergram of degrees of fit after inundation due to the sea
level rise versus those before inundation. (A) 10% inundation (R =
0.9667 with d = 1.432). (B) 20% inundation (R = 0.8378 with d =
1.491).
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4 Discussion

4.1 Clustering neighboring prefectures

The results given in Figures 2–4 have shown that social

interactions between the mainland and its archipelago, through

which mutual history has been shared tightly, seem to be

responsible for preserving the rank-size rule for the entire

prefecture. Below, to discuss the topic in more detail, we

consider the clusters of neighboring prefectures that interact

across their boundary. The interaction may be responsible for

intensifying the rank-size rule. Figure 12 shows a complete map

of the A) Kyushu Region, B) Shikoku Region, C) Kinki Region,

and D) Greater Tokyo Area (GTA). These are representative

clusters in Japan, all of which consist of several neighboring

prefectures. The colored dashed lines in (A) - (D) indicate the

boundaries among municipalities in the region.

Figure 13A plots the dependence of the areas (km2) of

municipalities in the Kyushu Region on the logarithmic rank.

The brown declining line indicates the optimized fit to Eq. 3 (|r| =

0.9947 with d = 0.321 for q = 1.05 and n = 233). As has been seen

in Figure 2, there are oscillations in the high rank region.

Subsequently, Figure 13B shows dependence of the areas

(km2) on the rank for municipalities in the Shikoku Region.

The brown line indicates the optimized fit (|r| = 0.9951 with d =

0.614 for q = 1.14 and n = 95). It seems that the fit to Eq. 3 is better

than the one for the Kyushu Region. Indeed, there is no ripple

along the regression line. The dependence of the areas (km2) of

municipalities in the Kinki Region is shown in Figure 13C. The

declining line indicates the optimized fit to Eq. 3 (|r| =

FIGURE 10
Scattergram of Durbin-Watson ratios after inundation due to
the sea level rise versus those before inundation. (A) 10%
inundation (R = 0.8189 with d = 1.545). (B) 20% inundation (R =
0.6320 with d = 1.598).

FIGURE 11
Dependence of optimal parameters on the inundated rate on
the supposition that effects due to global warming will get more
and more inevitable in the future. (A) Scaling exponent. (B) Degree
of fit. (C) Durbin-Watson ratio. The horizontal bar shows
d = dU.
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0.9963 with d = 0.172 for q = 0.80 and n = 227). While the

degree of fit, |r|, increases, the Durbin-Watson ratio, d,

decreases substantially. Again, oscillations emerge in the

high rank region. Next, the dependence of the areas (km2)

of municipalities in the GTA is plotted in Figure 13D. The line

indicates the optimized fit to Eq. 3 (|r| = 0.9988 with d =

0.492 for q = 0.57 and n = 203). It should be particularly

mentioned here that the value of |r| gets astonishingly high.

This can be explained by the fact that the present cluster, which

consists of Tokyo Metropolis surrounded by Saitama, Chiba,

and Kanagawa Prefectures, exhibits the exceptionally high

population density. Finally, Figure 13E shows the

dependence of the areas (km2) of municipalities in the

Tokyo Bayside Area (TBA). The line indicates the optimized

fit (|r| = 0.9981 with d = 1.092 for q = 0.72 and n = 48). Note that

although the degree of fit decreases slightly, the value remains

much higher than those of the Kyushu, Shikoku, and Kinki

Regions.

FIGURE 12
A complete map of the (A) Kyushu Region (B) Shikoku Region, (C) Kinki Region, and (D) Greater Tokyo Area (GTA). The colored dashed lines in
(A–D) indicate the boundaries among municipalities in the region.
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4.2 Presenting other schemes of
consolidations (goals 3, 10, and 11)

The simulated results of Figures 5–7 have indicated that

municipal consolidations with Scheme I enhance the rich-get-

richer effect [46] in that minor municipalities tend to be absorbed

into the neighboring major ones. Indeed, it has been found that

for Hokkaido three gigantic hubs around Asahikawa, Kitami, and

Kushiro Cities are generated. To relieve the effect, here we

present another consolidation scheme (Scheme II) noticing

the population instead of the population density. Namely,

consolidation is made between a depopulated municipality

with population less than two thousand and the neighboring

one with the largest population. In contrast to the previous one,

density is not considered in this scheme. This model would be

preferable in prefectures with vast areas for dairy farming, where

FIGURE 13
(A) Dependence of the areas (km2) of municipalities in the Kyushu Region on the logarithmic rank. The brown declining line indicates the
optimized fit (|r| = 0.9947 with d = 0.321 for q = 1.05 and n = 233; a = 1.40×103, b = 5.97×102). (B) Dependence of the areas (km2) of municipalities in
the Shikoku Region on the logarithmic rank. The brown line indicates the optimized fit (|r| = 0.9951 with d = 0.614 for q = 1.14 and n = 95; a =
2.08×103, b = 1.05×103). (C) Dependence of the areas (km2) of municipalities in the Kinki Region on the logarithmic rank. The brown line
indicates the optimized fit (|r| = 0.9963 with d = 0.172 for q = 0.80 and n = 227; a = 2.68×102, b = 1.13×102). (D) Dependence of the areas (km2) of
municipalities in the Greater Tokyo Area (GTA) on the logarithmic rank. The brown line indicates the optimized fit (|r| = 0.9988 with d = 0.492 for q =
0.57 and n = 203; a = 35.9, b = 14.0). (E)Dependence of the areas (km2) of municipalities in the Tokyo Bayside Area (TBA) on the logarithmic rank. The
brown line indicates the optimized fit (|r| = 0.9981 with d = 1.092 for q = 0.72 and n = 48; a = 82.5, b = 46.0).

Frontiers in Physics frontiersin.org12

Hayata 10.3389/fphy.2022.1022995

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://doi.org/10.3389/fphy.2022.1022995


depopulation in the density does not necessarily correlate with

decline.

To detail how tomake consolidations according to Scheme II,

for Fukushima Prefecture the nine municipalities with small

populations (for instance, lower than 2,000) are written:

Futaba Town (0), Katsurao Village (420),

Hinoemata Village (504), Okuma Town (847),

Showa Village (1,246), Idate Village (1,318),

Mishima Town (1,452), Kaneyama Town (1,862),

Namie Town (1,923),

where the numeric in the parentheses indicates the population.

Again, note the null population of Futaba Town in which one

can see the Fukushima Daiichi nuclear power plant. In our

simulations using Scheme II, of the nine municipalities above,

priorities are assigned to smaller populations. With this rule the

entire consolidation will be made according to the plan as follows

(area being given by the numeric in km2):

Stage 1: 51.42 (Futaba Town) + 223.14 (Namie Town)

= 274.56 (New Namie Town).

Stage 2: 84.37 (Katsurao Village) + 344.42 (Nihonmatsu

City)

= 428.79 (New Nihonmatsu City).

Stage 3: 390.46 (Hinoemata Village) + 886.47 (Minami-Aizu

Town)

= 1,276.93 (New Minami-Aizu Town).

Stage 4: 78.71 (Okuma Town) + 458.33 (Tamura City)

= 537.04 (New Tamura City).

Stage 5: 209.46 (Showa Village) + 276.33 (Aizu-Misato

Town)

= 485.79 (New Aizu-Misato Town).

Stage 6: 230.13 (Idate Village) + 398.58 (Minami-Soma City)

= 628.71 (New Minami-Soma City).

Stage 7: 90.81 (Mishima Town) + 175.82 (Yanaizu Town)

= 266.63 (New Yanaizu Town).

Stage 8: 293.92 (Kaneyama Town) + 298.18 (Nishi-Aizu

Town)

= 592.10 (New Nishi-Aizu Town).

Stage 9: 274.56 (New Namie Town) + 628.71 (New Minami-

Soma City)

= 903.27 (Novel Minami-Soma City).

Figure 14A shows the scattergram of scaling exponents after

the municipal consolidations according to Scheme II versus those

before consolidation (R = 0.8936 with d = 2.575). The crosses that

are superimposed on the dots highlight the three prefectures in

the subsequent figure. Of the 19 dots, there are 10 dots below the

diagonal line, indicating that in comparison with the results on

Figure 5B the rich-get-richer effect can be relieved substantially.

Figure 14B shows the dependence of scaling exponent, q, on the

consolidatory stage. The three prefectures (Hokkaido,

Fukushima, and Nagano Prefectures) are selected from

Figure 14A, which are discriminated, respectively, with the

red, green, and blue ink.

As in other Asian countries such as India, Burma, Thailand,

Lao, Taiwan, and China, Japan is far from unrelated to ethnic

minority issues [18–20]. Unfortunately, not to mention Scheme I,

even Scheme II might not be compatible with the issue, because in

most cases the absorption into the larger municipality is

necessarily responsible for the removal of indigenous toponyms.

What is worse, the decline of ethnic society might be further

spurred by the removal of the toponyms. To cope with the anxiety,

finally we will present Scheme III, in which a depopulated

municipality is annexed to the neighboring one with, instead of

the largest one, the smallest population. With this scheme, further

reduction of the rich-get-richer effect can be expected.

Again, we will take notice of Fukushima Prefecture. In our

simulations using Scheme III, of the nine municipalities above,

priorities are assigned to smaller populations. With this rule the

entire consolidation for this prefecture will be made according to

the procedure as follows (area being given by the numeric

in km2):

Stage 1: 51.42 (Futaba Town) + 78.71 (Okuma Town)

FIGURE 14
(A) Scattergram of scaling exponents after the municipal
consolidations according to Scheme II versus those before
consolidation (R = 0.8936 with d = 2.575). The crosses that are
superimposed on the dots highlight the three prefectures in
(B). (B) Dependence of scaling exponent, q, on the consolidatory
stage. Three prefectures (Hokkaido, Fukushima, and Nagano
Prefectures) are selected from (A), which are discriminated,
respectively, with the red, green, and blue ink.
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= 130.13 (New Okuma Town).

Stage 2: 84.37 (Katsurao Village) + 223.14 (Namie Town)

= 307.51 (New Namie Town).

Stage 3: 390.46 (Hinoemata Village) + 747.56 (Tadami

Town)

= 1,138.02 (New Tadami Town).

Stage 4: 130.13 (New Okuma Town) + 197.35 (Kawauchi

Village)

= 327.48 (New Kawauchi Village).

Stage 5: 209.46 (Showa Village) + 90.81 (Mishima Town)

= 300.27 (New Mishima Town).

Stage 6: 230.13 (Idate Village) + 307.51 (New Namie Town)

= 537.64 (Novel Namie Town).

Stage 7: 293.92 (Kaneyama Town) + 300.27 (New Mishima

Town)

= 594.19 (Novel Mishima Town).

Figure 15A shows the scattergram of scaling exponents after

the municipal consolidations according to Scheme III versus

those before consolidation (R = 0.9119 with d = 2.942). The

crosses that are superimposed on the dots highlight the three

prefectures in the following figure. It should be noted that there

are only 5 dots in the region below the diagonal line, indicating

that the third consolidation scheme is useful for mitigating the

competition among municipalities in a prefecture. Subsequently

Figure 15B plots the dependence of scaling exponent, q, on the

consolidatory stage. Again, three prefectures (Hokkaido,

Fukushima, and Nagano Prefectures) are selected from

Figure 15A, which are discriminated, respectively, with the

red, green, and blue ink.

4.3 Adding notes for the future

In the high rank region in several plots of Figures 2, 13, there

have been characteristic oscillations or wavelets across the

regression line. Those are supposed to arise from certain

artifacts due to the influence from the mathematical divisions,

which, in contrast to the natural boundaries, cannot be

compatible with our model of a tournament game [8, 33]. In

order to make a more precise regression, Eq. 3 might be modified

for instance in the from

yq � a − b log x + εϕ(m)(β log x − α), (11)
ϕ(m)(t) � (2π)−1/2m−1 exp(−t2/2)Hm(t), (12)

where ϕ(m) (t) is the error function with Hm(t) being the Hermite

polynomial of order m

Hm(t) � (−1)m exp(t2/2)dm(exp(−t2/2))/dtm. (13)

Here, on assuming a value of m, a set of optimized values for

additional parameters (α, β, and ε) could be obtained by a

simplex method [47].

In a series of Figures 8–11, effects of the future sea-level rise

have been given on the three parameters of Eq. 3, where uniform

inundation has been assumed. To discuss the topic inmore detail,

numerical simulations based on an encroachment model may be

useful. Here we will take notice on the applicability of a method

once developed for explaining propagating plagues [48]:

zS/zt � Dz2S/zz2 − βSI, (14a)
zI/zt � Dz2I/zz2 + βSI − γI, (14b)

where I (z, t) and S (z, t), respectively, are population densities of

inundated and non-inundated lands; D, β, and γ are positive

parameters. The coupled parabolic-type nonlinear partial

differential equations can be solved numerically by a split-

step procedure with the combined use of finite elements (for z)

and the Crank-Nicolson method [49] (for t). To roughly

estimate the head velocity of I (z, t) we will approximate Eq.

14b as

zI/zt � Dz2I/zz2 + (βS0 − γ)I, (15)

FIGURE 15
(A) Scattergram of scaling exponents after the municipal
consolidations according to Scheme III versus those before
consolidation (R = 0.9119 with d = 2.942). The crosses that are
superimposed on the dots highlight the three prefectures in
(B). (B) Dependence of scaling exponent, q, on the consolidatory
stage. Three prefectures (Hokkaido, Fukushima, and Nagano
Prefectures) are selected from (A), which are discriminated,
respectively, with the red, green, and blue ink.
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where it is assumed that S ~ S0. This equation allows one to use

the model by Skellam [50], which can eventually result in the

formula of the head velocity

v � 2[D(βS0 − γ)]1/2, (16)

with the assumption that βS0—γ ≥ 0. Equation 16 shows that at

the critical point

S0 � γ/β, (17)

the chronic encroachment will stop. Whether this condition

can really be met depends on which countermeasure is

selected for mitigating impacts due to the global warming.

5 Conclusion

Perturbation analysis of the rank-size rule has been made

for municipalities that are squeezed in a prefecture.

Specifically, attention has been focused on Japanese

prefectures, for which effects of the archipelagoes,

municipal consolidations, and coastal inundations due to

the future sea-level rise have been examined in details. First,

in comparisons between the results of the mainland and

those of the entire prefecture with territorial islands, it has

been suggested that historical interactions over a long period

become a key factor to enhance the statistical rule. In

contrast to spontaneous interactions between the

mainland of Hokkaido and the Northern Territories as

well as the ones between the mainland of Kagoshima

Prefecture and the Southwest Islands, no evidence, to our

knowledge, is found of suggesting active interactions

between the Tokyo Metropolis mainland and its

territorial islands. Namely, the latter seem to be assigned

into the former solely for an administrative convenience.

Subsequently the method has been applied also to the typical

clusters of neighboring prefectures. The most significant

clustering effect has been found for the inter-prefectural

area around the capital, i.e., |r|: 0.9961 (for the Metropolis of

Tokyo; Figure 3A) →0.9981 (for the TBA; Figure 13E)

→0.9988 (for the GTA; Figure 13D). Next, to cope with

rapidly increasing rural depopulation, simulations have

been made using three consolidatory schemes (Scheme I

to III). Of prefectures with extremely depopulated areas,

particular emphasis has been on Hokkaido, Fukushima, and

Nagano Prefectures. Although to be compatible with the

ethnic minority issues the simulated results have suggested

the advantage of the last consolidation scheme (Scheme III),

a blend among the three schemes will become a realistic

method. Lastly, analysis has been made implying

perturbations due to the global warming. Among the

three parameters that characterize the rank-size relation,

remarkable stability has been confirmed for the scaling

exponent. Furthermore, analysis for prefectures along the

TBA has shown that at least in the near future no drastic

collapse will occur in the current rank-size rule.

Finally, the study of this paper remains open. To seek all

over the world for clusters of prefectures bearing the rank-

size rule, international cooperations are needed. In

particular, it appears interesting to identify, if any, the

specific cluster with a degree of fit that is higher than the

value of the GTA. The most likely candidate will be the one

that is composed by several prefectures around a gigantic

hub with population density comparable to or higher than

the one of Tokyo Metropolis, the topography of which might

be analogous to a certain kind of complex networks.
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