
Clarifying Nonstatic-Quantum-Wave
Behavior Through Extending Its
Analysis to the p-Quadrature Space:
Interrelation Between the q- and
p-Space Wave-Nonstaticities
Jeong Ryeol Choi*

Department of Nanoengineering, Kyonggi University, Suwon, South Korea

If electromagnetic parameters of a medium vary in time, quantum light waves traveling
in it become nonstatic. A recent report shows that such nonstatic waves can also
appear even when the environment is static where the parameters of the medium do
not vary. In this work, the properties of nonstatic waves in a static environment are
investigated from their p-space analysis, focusing on the interrelation between the q-
and p-space nonstatic waves. The probability densities in p-space (as well as in q-
space) for both the nostatic Fock and Gaussian states evolve in a periodic manner,
i.e., they constitute belly and node in turn successively as time goes by. If we neglect
the displacement of waves, the q- and p-space wave phases are opposite each other.
Since the intensity of the wave in each space is relatively large whenever the wave
forms a belly, such a phase difference indicates that periodical intensity exchange
between the q- and p-component waves takes place through their nonstatic
evolutions. This is the novel reciprocal optical phenomenon arisen on account of
the wave nonstaticity.
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INTRODUCTION

If the characteristics of a medium vary in time by external perturbations, quantum light waves
propagating through it may exhibit nonstatic properties [1–8]. Then, the shapes of the waves would
be modified through the change of parameters. The dissipation and amplification of the wave
amplitudes are also classified as the phenomena of wave nonstaticity. The light waves in such cases
are usually described by time-dependent Hamiltonians, where their mathematical treatment is
somewhat complicated.

Owing to the temporal and/or spatial variations of electromagnetic parameters in media,
nonstatic quantum waves exhibit many novel physical properties that are absent in common
light waves. As a noticeable consequence of wave nonstaticity, highly rapid periodic or arbitrary
modulations of the wave phases and amplitudes are possible under appropriate conditions [8–13].
Such ultrafast modulations at a weak photon level can be applied to a time-resolved optical
heterodyne detection in nano quantum dots [8, 11]. On one hand, temporal modulation of a
driving electromagnetic field can be used in enhancing the entanglement between a microwave mode
and a mechanical resonator [12, 13]. Another main consequence achieved through wave nonstaticity
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is a frequency shift [7, 14] in subwavelength optics. Frequency
shifts are potential tools for producing millimeter-waves and
terahertz signals whose generations can hardly be realized by
other technological means.

In a previous work [15], we showed a notable feature in optics,
which is that nonstatic waves can also appear even in a static
environment, i.e., without changes of the parameter values in
media. The properties of such nonstatic waves have been studied
in a rigorous way from the fundamental quantum-mechanical
point of view in that work. Through this, we confirmed that the
width of the waves varies periodically in time as a consequence of
their nonstaticity. The related quantitative measure of
nonstaticity, resulting from the modification of the waveform,
was defined. Further, the mechanism of wave expansion and
collapse was elucidated in Ref. [16].

However, the above mentioned research was in principle
confined in q-quadrature space only. In this work, we will
investigate such nonstatic waves especially on their p-
quadrature space characteristics. The behavior of nonstatic
waves described in p-space will be compared to that in q-
space; through this, we clarify how they are mutually
connected, as well as demonstrate the differences and
similarities between them. A rigorous analysis of the relation
between the two conjugate space evolutions of the nonstatic
waves is necessary in understanding the peculiar wave
behavior caused by its nonstaticity as a whole. Our analyses
will be carried out separately for the Fock state waves and the
Gaussian ones.

RESULTS AND DISCUSSION

Nonstatic Waves in the Fock States
We investigate the properties of nonstatic waves in the Fock states
in a static environment through the p-space analysis in this
section. As a preliminary step for understanding the theory of
wave nonstaticity along this line, the readers may need to know its
previous research consequence in q-quadrature space, reported in
Ref. [15]. For the convenience of readers, the research of Ref. [15]
including its outcome is briefly introduced in Supplementary
Material.

Let us consider a medium where the electric permittivity ϵ and
the magnetic permeability μ do not vary in time, whereas the
electric conductivity σ is zero. The vector potential relevant to the
light-wave propagation in that medium can be written asA(r, t) �
u(r)q(t), where r is a position in three dimensions. Whereas u(r)
follows position boundary conditions, the time function q(t)
exhibits an oscillatory behavior. In order to describe the light
waves from quantum mechanical point of view, we need to
change q(t) into an operator q̂. Then, the waves that propagate
through the static medium is described by a simple Hamiltonian
of the form Ĥ � p̂2/(2ϵ) + ϵω2q̂2/2, where p̂ is the conjugate
variable of q̂, which is defined as p̂ � −iZz/zq. According to a
previous report [15], quantum waves that have nonstatic
properties in q-space can appear even in this static situation as
mentioned in the introductory part.

The nonstatic waves propagating in the static environment can
be represented in terms of a time function of the form

W t( ) � WR t( ) + iWI t( ), (1)

where WR(t) and WI(t) are its real and imaginary parts,
respectively (i.e., both WR(t) and WI(t) are real). The formulae
of the real and imaginary parts are given by [15].

WR t( ) � ϵω
Zf t( ), WI t( ) � − ϵ _f t( )

2Zf t( ), (2)

where

f t( ) � A sin2~φ t( ) + B cos2~φ t( ) + C sin 2~φ t( )[ ], (3)

FIGURE 1 | (A) is the density plot of the probability density in p-space,
|〈p|ψn(t)〉|2, as a function of p and t. For comparison purposes, we have also
represented the probability density in q-space, |〈q|ψn(t)〉|2, in (B) as a function of
q and t. The values that we used are A � 1,B � 5,C � 2,ω � 1, n � 5, Z � 1,
ϵ � 1, t0 � 0, and φ � 0. All values are taken to be dimensionless for convenience;
this convention will also be used in all subsequent figures.
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~φ t( ) � ω t − t0( ) + φ, (4)

with a constant phase φ and a constant time t0. In Eq. 3, A, B, and
C are real values that obey the conditions AB − C2 � 1 and AB ≥ 1.
We note that Eq. 3 is a general solution of the nonlinear
equation [15]

€f − _f( )2/ 2f( ) + 2ω2 f − 1/f( ) � 0. (5)

The wave functions in p-space, which exhibit nonstatic
properties, may also be represented in terms of the time
function given in Eq. 1. An exact evaluation of the wave
functions for such waves in the Fock states results in (see
Appendix A)

〈p|ψn t( )〉 � 〈p|ϕn t( )〉 exp icn t( )[ ], (6)

where

〈p|ϕn〉 � −i( )n WR t( )
πZ2( )1/4










Wp t( )[ ]n
W t( )[ ]n+1

√
1




2n n!

√

×Hn















WR t( )

W2
R t( ) +W2

I t( )

√
p

Z
⎛⎝ ⎞⎠exp −Wp t( )

2
p2[ ], (7)

cn t( ) � −ω n + 1/2( )∫t

t0

f−1 t′( )dt′ + cn t0( ), (8)

with

Wp t( ) � WR t( ) − iWI t( )
Z2 W2

R t( ) +W2
I t( )[ ] ≡ Wp,R t( ) + iWp,I t( ). (9)

Here, Hn are nth order Hermite polynomials, whereas Wp,R(t)
and Wp,I(t) are real and imaginary parts of Wp(t), respectively.
We can also represent Eq. 9 simply as Wp(t) � 1/[Z2W(t)].

Now it is possible to analyze quantum optical phenomena
associated with the nonstatic waves on the basis of the wave
functions given in Eq. 6, Figure 1 shows the temporal evolution
of the probability density which is defined as |〈p|ψn(t)〉|2. We see
from Figure 1A that there are bellies and nodes in the p-space
wave evolution like the q-space evolution represented in
Figure 1B. While the period of such evolutions is π/ω for
both |〈p|ϕn〉|2 and |〈q|ϕn〉|2, the corresponding wave phases
associated with wave nonstaticity are different from each
other. We confirm, from the comparison of Figure 1A and
Figure 1B, that such a phase difference between the two
probability densities is π, i.e., the phases are opposite each
other. Notice that the phase of nonstatic evolution that we use
here is the one that emerges due to nonstatic characteristics of the
wave: this concept of the phase is essentially different from the
generally used quantum phase which is composed of the
dynamical and geometric phases as shown, for example, in
Ref. [17]. Since the wave intensity is strong at a belly and
weak at a node, the π difference between the q- and p-space
wave phases implies the exchange of the wave intensity between
the two conjugate components of the wave.

As stated in Supplementary Material, it was shown in the
previous work [15] that the non-zero value ofWI(t) is responsible
for the appearance of the nonstatic properties of the waves in q-
space. In addition, the quantitative measure of nonstaticity in q-

space was defined in the same reference as the root-mean-square
(RMS) value of WI(t)/WR(t).

For the case of the wave description in p-space, the associated wave
nonstaticity originates from the non-zero value of Wp,I. Hence, the
nonstaticity measure in p-space can also be defined as the RMS value
of Wp,I/Wp,R. We see from Figure 2 that the evolution of Wp,I/Wp,R

exhibits sinusoidal behavior as that of WI/WR. However, there is a
phase difference π between them. This difference is responsible for the
phase difference between the evolutions of |〈p|ψn〉|2 and |〈q|ψn〉|2.
From a minor evaluation, we can easily confirm that

Wp,I

Wp,R
� 1
2













A + B( )2 − 4

√
cos 2~φ t( ) + δ[ ], (10)

where δ � atan(2C, B − A). Here, θ ≡ atan(x, y) is the two-
arguments inverse function of tan θ � y/x, which is defined in the
range 0 ≤ θ < 2π. We have depicted the temporal evolution of
Wp,I/Wp,R and its components Wp,R and Wp,I in Figure 2. While
Wp,I/Wp,R varies sinusoidally, Wp,R and Wp,I vary abruptly at
certain instants of time where the p-space probability density
constitutes nodes. By taking the RMS value of Eq. 10 for a cycle,
we have the measure of nonstaticity in p-space as

Dp,F �












A + B( )2 − 4

√
2



2

√ . (11)

This is exactly the same as the measure of nonstaticity in q-space,
which was previously evaluated in Ref. [15]. Thus, the definition
of the measure of nonstaticity shown above, can be generally used
irrespective of the given space. For instance, we confirm that the
measure of nonstaticity for the wave given in Figure 2 is 2.0 from
a simple calculation using A � 1 and B � 5.

FIGURE 2 | (A) is the evolution of Wp,I/Wp,R and its components Wp,R

andWp,I, relevant to p-space, with the choice of A � 1, B � 5, and C � 2. (B) is
the evolution of WI/WR and its components relevant to q-space (comparison
purpose). The values that we have taken areω � 1, Z � 1, ϵ � 1, t0 � 0, and
φ � 0.
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Nonstatic Waves in the Gaussian States
Our theory for the evolution of nonstatic waves can be extended
to a more general case which is the Gaussian wave. To see the
nonstatic properties of a Gaussian wave that evolves in a static
environment, we take an initial waveform as

〈q|ψ 0( )〉 �




KR

π
4

√
e−

1
2K q−ξ( )2 , (12)

where ξ is a displacement and K � KR + iKI. Here, KR and KI mean
real and imaginary parts, respectively. The existence of KI is
responsible for the nonstatic evolution of the wave in this case
[15]. To see the evolution of this Gaussian quantum wave in p-
space, it is necessary to evaluate the wave function 〈p|ψ(t)〉 at an
arbitrary time t from Eq. 12. We have provided the method of

evaluating the analytical formula for such a wave function in
Appendix B, and the result is given by

〈p|ψ t( )〉 � N t( )






ZW t( )√ exp −Wp t( )

2
p + iZR t( )[ ]2( ), (13)

where

N t( ) � WR 0( )WR t( )
π

( )1/4
2K1/2

R

g t( )exp −2iΘ t( )[ ]( )1/2

exp −1
2

Kξ2 + iΘ t( )( )[ ]
× exp

K2ξ2

K +Wp 0( )
1
2
− WR 0( )

g t( )( )[ ],
(14)

FIGURE 3 | (A) is the density plot of the probability density |〈p|ϕn〉|2
given as a function of p and t. (B) is the density plot of |〈q|ϕn〉|2 given as
a function of q and t (comparison purpose). The values that we have
taken are KR � 1, KI � 1, A � 1, B � 5, C � 2, ξ � 0, ω � 1, Z � 1, ϵ � 1,
t0 � 0, and φ � 0.

FIGURE 4 | This is the same as Figure 3, but with the choice of ξ � 1.
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W t( ) � W t( ) + 2WR t( ) K −W 0( )[ ]
g t( ) ≡ WR t( ) + iWI t( ),

(15)

Wp t( ) � WR t( ) − iWI t( )
Z2 W2

R t( ) +W2
I t( )[ ] ≡ Wp,R t( ) + iWp,I t( ), (16)

R t( ) � 2Kξ












WR 0( )WR t( )√

g t( )exp −iΘ t( )[ ] , (17)

with

Θ t( ) � ω∫t

0
f−1 t′( )dt′, (18)

g t( ) � K +Wp 0( )[ ]exp 2iΘ t( )[ ] − K −W 0( )[ ]. (19)

We have illustrated the probability density that corresponds
to Eq. 13 in Figures 3, 4. Figure 3 is the case where the
displacement ξ is zero, whereas Figure 4 corresponds to the
case of the displaced Gaussian wave. We see from Figure 3 that
the width of the probability density varies periodically over
time with the period 3.14 (� π/ω), which is the same period as
that of the Fock-state wave functions that we have already seen.
The comparison of Figure 3A and Figure 3B shows that the
phase difference between |〈p|ψ(t)〉|2 and |〈q|ψ(t)〉|2 is π, which
is also the same as that between the Fock-state probability
densities |〈p|ψn(t)〉|2 and |〈q|ψn(t)〉|2.

On the other hand, the period of wave evolution (oscillation) in
the case of Figure 4 is not 3.14 but 6.28 (� 2π/ω). This means that
the wave evolves a one-cycle (2π rad) during T � 6.28. Based on this,
we can conclude that the phase difference between Figure 4A and
Figure 4B is π/2 which is different from the previous cases. The
difference of the period in this case from that in the previous cases is
responsible for such an inconsistency in the phase differences (p-
space wave phase minus q-space wave phase) between them.
However, if we neglect the oscillation of the Gaussian wave in
Figure 4, the period of its evolution reduces to π and as a
consequence, the phase difference between |〈p|ψ(t)〉|2 and
|〈q|ψ(t)〉|2 becomes π which is identical to the previous two
cases (Figures 1, 3).

The displaced Gaussian wave that can be seen from Figure 4
oscillates back and forth like a classical state. However, the shape of
the wave varies in an abnormal manner in time due to its nonstatic
properties. The value of the probability density is highly peaked
whenever the value of p becomes one of certain two values (one is
plus and the other is minus) just after the turning points of the
oscillation in p-space. Such peaks are in fact nodes as designated in
the figure. Because the Gaussian nonstatic wave also exhibits node
and belly in turn regularly, the intensity exchange between the q- and
p-space waves occurs.

We can define the measure of nonstaticity for the Gaussian wave
in a similar manner as that of the previous section. It is the RMS
value of Wp,I(t)/Wp,R(t). The temporal evolution of
Wp,I(t)/Wp,R(t) has been represented in Figure 5 with its
comparison to the evolution of the counterpart q-space value
WI(t)/WR(t). The amplitude of both Wp,I(t)/Wp,R(t) and
WI(t)/WR(t) in Figure 5 is 2.83. From this, the corresponding
measure of nonstaticity is 2.0 and this value is the same as that of the
wave shown in Figure 2. We can confirm that the patterns of the

evolutions ofWp,R(t) andWp,I(t) given in Figure 5 are the same as
those ofWp,R(t) andWp,I(t) given in Figure 2, respectively, except for
the phases in their evolutions. From this, we can conclude that if the
measure of nonstaticity is the same as each other, the patterns of
their temporal evolutions are also the same. On the other hand, we
can confirm by comparing panels of Fig. 3 and Fig. 6 in Ref. [15] each
other that, if the measure of nonstaticity is different, the patterns of
their evolutions are no longer the same. However,Wp,I(t)/Wp,R(t)
andWp,I(t)/Wp,R(t) always undergo sinusoidal evolution in any case
in the static environment.

CONCLUSION

Through the extension of the research in q-space nonstatic-wave
phenomena to its conjugate p-space ones, we pursued better
understanding of wave nonstaticity including the interaction of the
two component waves. Our analysis was carried out purely on the
basis of analytical methods, where we did not use any approximation.

We have shown that bellies and nodes appear in the p-space
evolution of the Fock and Gaussian state quantum-waves as a
manifestation of their nonstaticity, like in the case of q-space
evolution. The evolving pattern of the p-space wave caused by its
nonstaticity is in general out of phase by π with the q-space
evolution of the wave. This implies that the two wave components
are reciprocally linked. Because the wave intensity is large when it
constitutes a belly, the wave in each space gives and receives
intensity from the conjugate wave-component periodically. If
there is an initial displacement in the Gaussian wave, the wave in
p-space oscillates back and forth like the q-space wave. This
behavior very much resembles classical waves. However, the
waveform in such an oscillation was altered due to the
appearance of bellies and nodes.

FIGURE 5 | (A) is the evolution ofWp,I /Wp,R with the componentsWp,R

and Wp,I , where KR � 1 and KI � 2. (B) is the evolution of W I/WR and its
relevant components (comparison purpose). The values that we have used
are A � 1, B � 5, C � 2, ω � 1, Z � 1, ϵ � 1, t0 � 0, and φ � 0.
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Whenever the wave in q-space (p-space) poses a node, the
uncertainty of q (p) reduces below its standard quantum level.
From this, we can conclude that the nonstatic wave treated here
is a kind of squeezed state. Several methods of generating squeezed
states are knownuntil now [18–22]. Likewise, the nonstatic wavemay
also be generated by using the technique of squeezed-state generation.
The nonstatic wave can be used in physical disciplines where the
squeezed state plays a major role, such as interferometers in
gravitational-wave detection [23–25], quantum information
processing [26–28], and high-precision measurements [29, 30].

It may be noticeable that nonstatic waves can arise without
temporal changes of the electromagnetic parameters in media.
However, we can never say that we know wave nonstaticity well if
our related knowledge is limited to only q–space behavior of the
light waves. The outcome of this research complements previous q-
quadrature analyses in this context [15]. Based on this research, we
can outline the entire aspect of wave nonstaticity including the
integral connection between the q- and p-space wave behaviors.
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APPENDIX A
EVALUATION OF THE FOCK-STATE WAVE
FUNCTIONS IN p-SPACE

The wave functions which exhibit nonstatic properties in p-space
can be obtained from the Fourier transformation of the wave
functions in q-space. The wave functions for the nonstatic waves in
q-space, which propagate in a static environment, are given by [15].

〈q|ψn(t)〉 � 〈q|ϕn(t)〉 exp[icn(t)], (A1)

where 〈q|ϕn〉 are eigenstates of the form

〈q|ϕn〉 � WR(t)
π

( )1/4
1




2nn!

√ Hn








WR(t)

√
q( )exp −W(t)

2
q2[ ].
(A2)

Let us carry out the Fourier transformation of these waves, such that

〈p|ψn(t)〉 � 1




2πZ

√ ∫∞

−∞
〈q|ψn(t)〉e−ipq/Zdq. (A3)

By evaluating the above equation using Eqs. A1, A2
straightforwardly, we easily have the p-space wave
functions, which are given in Eq. 6 with Eqs. 7-9 in the text.

APPENDIX B
THE GAUSSIAN WAVE IN p-SPACE

The Gaussian wave in q-space, that exhibits nonstatic properties,
was suggested in Ref. [15]. From that reference, the
corresponding wave function is given by

〈q|ψ(t)〉 � N(t) exp −W(t)
2

q2 + R(t)q[ ], (B1)

where N(t), W(t), and R(t) are defined in the text. From the
Fourier transformation of this, we have the exact wave function
for the Gaussian wave in p-space, which is given in Eq. 13 with
Eqs. 14-19.
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