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Interfacial transition zone (ITZ) is an important component of a concrete-like material.
Accurately simulating the ITZ’s characteristics of the concrete-like materials is a
difficult process in numerical simulation. This article proposed a random three-phase
mesostructural modeling method using the incorporation of random aggregate
generation, Minkowski sum theory, and polygon union techniques. It was found
that this method can better simulate the mesostructure and ITZ characteristics of
concrete-like materials. By using this method, a random three-phase mesostructural
model had been built for conducting a finite element analysis to investigate the
effective permeability parameters of concrete. A good agreement between numerical
and experimental results indicates the feasibility of this method in the concrete-like
material analysis.

Keywords: effective permeability, Minkowski sum, interfacial transition zone, random three-phase mesostructure,
concrete-like material

INTRODUCTION

Concrete is regarded as a composite material composed of aggregates, cement mortar, and an
interfacial transition zone (ITZ) between it. The concept that an ITZ exists around sand and coarse
aggregate particles in concrete has been one of the accepted tenets of concrete technology for many
years [1]. Due to low strength, low elastic modulus, and high permeability, the ITZ is considered to be
the weakest area of concrete. To some extent, the ITZ is the main factor which determines the
mechanical properties of concrete.

How to accurately describe the characteristics of the ITZ is significant in the study of concrete
mechanical behavior. Compared with the simple analytical investigation, numerical simulation
technology can be considered to be competent for the mechanical description of complex
morphological ITZ characteristics of concrete-like materials [2]. By establishing a random
aggregate mesoscale model which can reflect the aggregate gradation, content, and morphology,
the performance index of each phase of concrete can be obtained with a numerical simulation. The
application of numerical simulation has gradually deepened the understanding of the meso-
mechanical behavior of concrete-like materials [3].
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At present, there are four main ways to model an ITZ of concrete.
The firstmethod is to treat the concrete aggregates as a polygon and to
extend around the polygon [4,5]. However, when the particles have
sharp corners, this method overestimates the range of the ITZ. The
second method is using the same cubic elements and setting the
boundary element of aggregates as that of the ITZ [6]. This solution is
easy to use but the geometry of the ITZ cannot be described
accurately. The third approach is to treat the ITZ as a thickness-
free interface element and set a weak parameter for the ITZ [7–9].
However, two problems exist in this method. The parameters of the
thickness-free interface element are difficult to determine, and the
time step will be very small due to large stiffness of the cohesive
element. The fourthmethod is realized by theMinkowski sum theory,
which can reasonably determine the ITZ [10–12]. This method can
describe the geometry of the ITZ accurately and can set different
thicknesses easily. However, most of the particles used in the current
research are convex, and there are only a few studies that use concave
particles.

This research proposed a three-phase random mesostructure
model generation method consisting of an aggregate, a matrix,
and an ITZ. A Minkowski sum algorithm for the concave
aggregate is employed to calculate the ITZ. Based on the
random mesostructural model established using this method, a
finite analysis had been conducted to study the effect of the ITZ
on the effective permeability coefficient of concrete.

METHODS

Aggregate Generation
There are many methods to generate aggregates, like point
extension [13], Fourier transform [14], and spherical
harmonics [15]. In this article, a simple random perturbation,
which was proposed by the previous study, is employed [16,17].
The procedure of the rock aggregate generation is described as
follows:

1) Generate a set of random length sequences {r1, r2, r3, . . . , rn}:
ri � r0 + (2ς − 1)Δr (1)

ς � rand(0, 1),Δr � rand(0, r0). (2)

2) Generate a set of random angle increments
{Δθ1,Δθ2,Δθ3, ...,Δθn}, where the range of Δθi is from −2π/
n to 2π/n:

Δθi � 2π
n
+ (2ς − 1)η 2π

n
, (3)

where η is a coefficient between 0 and 1.

3) Memorize all Δθi which are equal to 360°, the Δθi are
processed following Eq. 3 and then updated to the
sequence as follows:

Δθi � Δθi
2π∑Δθi

. (4)

4) Convert the polar coordinate system into the Cartesian
coordinate system; the following coordinates are obtained:

xi � ri cos⎛⎝∑i
j�1

Δθj⎞⎠yi � ri sin⎛⎝∑i
j�1
Δθj⎞⎠, (5)

In the above five equations, the subscript “i” means the
corresponding variables at the i-th point for generating a polygon.

Minkowski Sum-Based ITZ
Minkowski sum is named after the great German mathematician
Hermann Minkowski. It is used as the sum of two convex point
sets. The Minkowski sum of point set A and B is defined as
follows:

A⊕B � {a + b|a ∈ A, b ∈ B}. (6)

It is noted that the original Minkowski sum is only suitable for
the convex polygon. For two concave polygons, a set of convex

FIGURE 1 | Concrete ITZ generation using the Minkowski sum.
FIGURE 2 | Union of the ITZ geometry: (A) Two aggregates, (B) ITZ
boundary, and (C) Union of ITZ.

FIGURE 3 |Generation of the three-phase concrete: (A) rock aggregate
model and (B) three-phase model.
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sub-polygons is obtained using the convex decomposition
method.

We then calculate the pairwise sums using a simple procedure
for the Minkowski sum and finally compute the union to get the
final shape. As for the generation of the ITZ of concrete, we can
add the concave aggregate with a small disk as shown in Figure 1.

Three-Phase Mesostructure Model
Random Aggregate Placement
Random aggregate placement includes particle generation, trial
placement, judging intersections, adjusting positions, and
determining the placement. The detailed process is given as
follows:

1) Randomly select a particle size in the range of the particle
gradation sizes. If the aggregates tend to arrange, rotate the
particles to the specified inclination angle.

2) Transfer the block randomly into a box and judge whether it
intersects with the placed block; polygon contact analysis is a
well-studied problem in computational geometry.

3) If they do not intersect, the placement of this block is
determined. If the result of the block intersection is
obtained in step (2), re-determine the placement position
of the block and repeat step (2) until the placement is
confirmed.

ITZ Union
After the ITZ of concrete is generated, a new problem arises. The
rock aggregate is non-overlapping as shown in Figure 2A. After
the Minkowski sum of a disk is calculated, the ITZ geometry will
be connected (Figure 2B). In this study, we simply use a union
algorithm in Matlab to put together the connected areas into one
area, as shown in Figure 2C.

Concrete Model Generation
The random generation of concrete is based on a procedure
which is commonly called the “take-and-place method” [18].
Based on the analysis mentioned above, there are mainly five
steps proposed for the model generation, stated as follows:

1) The size segment and size distribution of aggregates are
determined based on the proposed method.

2) Generate a random aggregate initially and reshape it
according to properties such as elongation, direction, and
smoothness.

3) Place the aggregates in the domain while considering the
border effect. If there is no overlap with the previously
generated rock blocks, new rock aggregates will be
generated one-by-one in this way.

4) Implement theMinkowski sum with a small disk with a radius
of the ITZ ’s length for all the rock aggregates.

5) Merge the ITZ geometry and write the information of the ITZ
and rock aggregates in the geometry software. In this study,
the “dxf” file format was adopted in AutoCAD.

RESULTS

To validate the feasibility of this method, we refer to a laboratory
test by [19] to analyze the effective permeability of concrete. A
cubic concrete sample (Ls � 100 mm) having 88 aggregates in a
volume fraction of 40% is randomly generated, as shown in
Figure 3A. After adding a disk with a radius of 0.5 mm using
the Minkowski sum and union operation, the three-phase
concrete model is built as shown in Figure 3B.

In this study, GeoStudio is employed to calculate the
permeability of the three-phase concrete. Considering this
model to be a multiply-connected region, the three-phase
model cannot be imported directly into GeoStudio. We first
collect the centroids of all particles and plot the ray line. In
this way, the whole model can be cut into a lot of slices. In this
way, the multiply-connected region is divided into a simply
connected region that can be imported into GeoStudio in the
format of a closed polyline. Afterward, we re-assign the group for
each area that can generate the final model.

The permeability parameter is referred from previous studies.
The coefficient of the permeability of mortar is readily obtained
from the laboratory experiment as km � 1.95 × 10−2 mm/s, and
the aggregates are assumed to be impermeable (e.g.,

FIGURE 4 | FEM simulation of the three-phase concrete: (A) mesh model and (B) FEM simulation result.
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ka � 1.95 × 10−9 mm/s). The permeability coefficient of the ITZ is
defined as kitz � λkm, and the coefficient is set as 10.

After the permeability parameter for each material is assigned,
a seed density of 0.5 mm is used to mesh the model. To compute
the effective coefficient of concrete, a numerical constant water
head with a height of 1 m is employed as shown in Figure 4A.

Based on the numerical simulation results of the seepage field
(Figure 4B), the effective permeability of concrete is estimated with a
value of 6.73 × 10−3 mm/s. The value of the laboratory test result is
6.21 × 10−3mm/s. The error between the numerical and laboratory
test values is 8.37%. The result indicates that the proposed numerical
model can give a good estimation of the permeability of concrete.

CONCLUSION

This work proposed a three-phase model generation method for
concrete-like materials using the Minkowski sum theory. This
method can give an accurate description of the ITZ geometry. The
numerical simulation result of FEM shows a good agreement with
the experimental parameters. This study indicated that the ITZ is
a very important factor which affects the property of the concrete-
like material.

Besides, this method provides a numerical tool for the analysis
of percolation. With the variation in the ITZ’s thickness and
parameters, a more interesting result will be obtained. As a

common technique, this study has a broad application
prospect in the future.
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