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Over the recent years, the study of time series visualization has attracted great interests.
Numerous scholars spare their great efforts to analyze the time series using complex
network technology with the intention to carry out information mining. While Visibility Graph
and corresponding spin-off technologies are widely adopted. In this paper, we try to apply
a couple of models derived from basic Visibility Graph to construct complex networks on
one-dimension or multi-dimension stock price time series. As indicated by the results of
intensive simulation, we can predict the optimum window length for certain time series for
the network construction. This optimum window length is long enough to the majority of
stock price SVG whose data length is 1-year. The optimum length is 70% of the length of
stock price data series.

Keywords: time series visualization, complex network, sliding window-based visibility graph, multiplex visibility
graph, stock price

INTRODUCTION

Along with the big data era, time series widely exists in practice and is a popular data representation
means, e.g., the stock price, the carbon price, white Gaussian noise, surface concentration ozone and
etc. Specifically, time series is a sequence of data points represented in time order, while the time
intervals between any consecutive points are always the same [1]. Due to the nonlinear and discrete
properties, a bunch of analyzing approaches have been proposed [2]. Afterwards, complex network
theory is developing rapidly [3] and applied to the analysis of time series data [1–9]. Hence, a
technique, i.e., time series data visualization, and some improved versions, are developed by
constructing complex networks from the initial data. Hence, sufficient analysis of the time series
data can be performed accordingly.

Among those approaches, a technique, named Visibility Graph (VG), is widely adopted, and
attracts the intensive interests [10]. This is initially proposed by Lacasa and his coworkers when
investigating the time series data of robot movement [10]. Through VG, a corresponding complex
network can be constructed, while the inherent properties and implied information of the original
data can be preserved properly, such as Hurst coefficient, fractal properties [8, 11]. It is proved to be
an efficient tool for the analysis of times series data [12–14]. Hence, the VG-based complex network
and corresponding derivative theories are becoming a hot topic and various scholars have devoted
their endless efforts into applying such theories into the various studies.

Initially, VG-based analysis mainly focuses on one-dimensional time series data. Recently,
scholars start to investigate multiple time series data jointly to reveal inclined information. For
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instance, the authors in [10, 15] proposed a Multiplex Visibility
Graphs (MVG) approach and conducted analysis of the surface
concentration ozone, while complex networks are constructed for
two time series data sets, i.e., the surface concentration ozone and
the concentration of NO2 which are closely related with each
other. Similarly, with the development of VG, a bunch of
improved approaches have been proposed, such as sliding
window-based Visibility Graph (SVG) [16], Multiplex
Visibility Graph (MVG) [10, 15], Horizontal Visibility Graph
(HVG) [17], and Limited Penetrating Visibility Graph (LPVG)
[14, 18]. With the application of these approaches, it becomes
easier for us to extract implied information from time series data.

Stock price time-series data is also one of the common time-
series data. The analysis of stock price data, especially stock price
trend prediction based on the analysis result, attracts the interests
of various scholars [19, 20]. The authors in [20, 21] performed
stock price forecasts and trend research study of stock price time-
series data through machine learning approaches. While, we
analyzed the stock price time-series data by complex network
theory in which the corresponding complex network is
constructed for stock time-series data, and relevant
information can be studied accordingly. Here, we mainly
adopt the SVG model to visualize the time series data of stock
price. As revealed in [16], the appropriate window length for the
analysis of different time series data sets varies. Hence, analyses of
different stock price data are performed to determine the
appropriate window length of SVG. Furthermore,
corresponding multi-layer networks are constructed through
MVG, then the correlations between time series data of
multiple stock prices are thoroughly studied.

MODEL DESCRIPTION

Firstly, the VG and corresponding spin-off technologies are
introduced. For VG, it is typically an undirected graph with
the corresponding weight of each link equals to 1. For an
original time series sequence, each data point is assigned an
index indicating the time flag, i.e., Xi, while the data value for
Xi equals to Yi. Hence, each data point can be indicated by (Xi,
Yi) for simplicity. Aiming to construct the network through
VG, we are supposed to determine whether a link exists
between two data points from the original time series data
while the corresponding criterion is provided as [10]:

1) If two data points A (Xa, Ya) and B (Xb, Yb) are consecutive,
i.e., no data points exist between these two points, there
definitely exists a link connecting A and B.

2) If two data points are not consecutive, i.e., a point C (Xc, Yc)
exists where (Xa < Xc < Xb), and the relationship described by
Eq. 1 is satisfied, then we can obtain a link connecting A
and B.

Yc <Ya + (Yb − Ya) (Xc − Xa)
(Xb − Xa) (1)

For any data point combination, the above criterion is applied
to discriminate the existence of links, and the corresponding VG
network can be derived accordingly which can be further
indicated by an adjacent matrix. If a link exists between two
data points, then the corresponding value in the adjacent matrix
equals to 1; otherwise, it is 0. An illustrative example is shown in
Figure 1A indicating the network construction process of a time
series data set consisting of 10 points.

Sliding-window is widely applied in various areas and related
algorithms are proved to be of high computational efficiency and
able to reduce the required storage [22]. Hence, an improved
method is developed as in [16] by introducing the sliding-window
idea into the network constructing process of VG to improve
construction efficiency. Because of sliding-window, the afore-
mentioned criterion is only necessary to be applied between a
data point and a certain point within the sliding-window. Thus,
the necessary times of applying the above discriminate criteria
will be reduced tremendously. As in [16], we suppose the time
series data is composed of N data points while the selected
sliding-window length equals to W. Then, the network
construction procedure through SVG is provided as:

1) Step 1: For the firstW data points, the discriminate criteria of
the original VG algorithm are applied to determine the
existence of links;

2) Step 2: The window moved forward by the distance of a data
point, and a new data point enters the window. Thus, the
sliding-window covers the new data point and the previously
existed W-1 data points. Hence, the discriminate criteria of
the original VG will be applied.

3) Step 3: Repeat Step 2 until we reach the end of the time
series data.

Examples are provided in Figure 1 which illustrates the
construction process through VG and SVG with a window
length of 4. For Figures 1B–D, the data points indicated by
red columns are within the sliding-window, whereas those
represented by blue columns are outside the sliding-window.

Accordingly, the computational complexity of SVG is largely
determined by the required times of applying the discriminate
criteria (fundamentally affected by the sliding-window length).
For a time series consisting of N data points and a provided
window length W, the required times of applying the
discrimination criteria to construct the complex network,
i.e., S, is calculated as

S � W × (W − 1)
2

+ (N −W) × (W − 1) (2)

where W*(W-1)/2 indicates the times of applying the
discrimination criteria to the first W data points, while (N-W)
refers to the total number of times when moving forward, and the
discrimination criteria is anticipated to be applied for W-1 for
each movement. When W is infinitely close to 1, the
computational time complexity will be O (n). In practice, it is
unlikely forW to be close to 1, then the practical complexity will
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fall into the range of O (n)and O (n2). Generally, the average time
complexity is around O (nlogn) [23].

In this manuscript, we also study time series data sets of
multiple stocks, thus the MVG is also introduced [15]. For
MVG, there exists one time axis in common reflecting the
varying of different types of data at the same time. Such types
of data have inclined relationships which can be analyzed
through calculating corresponding network parameters of the
MVG. An example of MVG is provided as in Figure 2. As

illustrated by Figure 3B, the 3rd data points on different
layers seem to possess similar properties.

As in [24], similar analysis can be performed to explore the
implicit information of MVG. Here, two parameters are
adopted aiming to investigate the interlayer information,
i.e., Average Edge Overlap (AEO) and Interlayer Mutual
Information (IMI) [25]. AEO is the average of the
existence probabilities of a common link in all layers of
the MVG which reflects the similarity of links on different

FIGURE 1 | (A) An example of the network construction process through VG. (B–D) A network construction process through SVG. Here, the lines connecting the
top of data columns indicate the existed links.

FIGURE 2 | An illustration of the MVG.
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layers (being denoted as ω). Corresponding value is
calculated as

ω � ∑i∑j> i∑αaij
[α]

M∑i∑j> i(1 − δ(0,∑αaij
[α]))

(3)

where the numerator indicates the total number of the
appearance of the link between any two data points i and j in
the layers of MVG.WhileM represents the total number of layers
for the MVG. If δ equals to 1, this indicates the link between the
two data points does not exist in any of the layers. According to
(Eq. 3), the maximum value of ω equals to 1, this indicates all
layers of the MVG are identical. Correspondingly, the minimum
value of ω equals to 1/M which corresponds to the scenario that
every link only exists in one layer.

Another metrics, i.e., Interlayer Mutual Information (IMI), is
introduced to reflect the relationship between the degree
distributions of different layers [25]. Here I(α,β) indicates the
IMI for two layers α and β which is provided as

I(α, β) � ∑
k[α]

∑
k[β]

P(k[α], k[β])log P(k[α], k[β])
P(k[α])P(k[β]) (4)

where P(k[α], k[β]) denotes the occurring probability of the case
that a point on layer α possesses a degree of k[α] while the
corresponding data point on layer β is of a degree of k[β]. P (k[α])
represents the probability of a data point on layer α possessing a
degree of k[α], while P(k [β]) indicates the probability of a data

point on layer β possessing a degree of k[β]. A higher I(α,β)
indicates that the degree distributions of the two layers seem to be
even more similar.

ANALYSIS OF STOCK PRICES

In this section, we focus on analyzing the time series data of stock
price through the afore-mentioned approaches. Three
representative types of data are selected for illustrations.
Figure 3A illustrates the time series data for the stock opening
price of Ping An Bank Co., Ltd. consisting of a total number of
242 data points. For comparison, Figure 3B and Figure 3C
indicate the data by adding Brownian Motion with Hurst
coefficient of 0.5 and one-dimensional White Gaussian noise
of 10 dB, respectively. For ease of reference, the data series are
assumed to be of the same lengths. Among the three data sets, the
transition of the data indicated by Figure 3A seems to be the
smoothest; while the varying trend of the data indicated by
Figure 3C is the most violent.

As afore-mentioned, networks obtained through SVG for
different sliding-window lengths are likely to be of different
properties. First, we investigated the relationship between the
maximum degree of the obtained network and the sliding-
window length with corresponding results being presented in
Figures 4A–C, respectively. As illustrated, the maximum degree
varies if a different sliding-window length is adopted. Whereas,
once the sliding window length arrives at a certain threshold, the
maximum degree maintains. However, for different types of data,
the maximum degree varies. For the stock opening price of Ping
An Bank Co., Ltd., the maximum degree is approximately 60,
while the maximum degrees for data incorporating Brownian
Motion and White Gaussian noise are 40 and 20, respectively.
Furthermore, the corresponding velocity of convergence also
varies. For the stock opening price of Ping An Bank Co., the
maximum degree converges until W increases to approximately
70% of the total number of data points (W is supposed to be
larger than 164 which is approximately 68% of the total data
points). For data incorporating Brownian Motion, the maximum
degree converges when W approximately equals to 35% of the
total number. While for the data with White Gaussian noise, the
corresponding value converges when W is around 20% of the
total number.

The discrepancy of the maximum degree or the velocity of
convergence can reflect the characteristics of different types of
data. Compared with the other types of data, the transition of the
stock opening price of Ping An Bank Co., Ltd. seems to be the
smoothest; thus, it is likely for more data points to meet the
discriminate criteria. Hence, the derived network is likely to
possess a large maximum degree. In other words, it is highly
likely for data points that are far from each other to be connected
if the transition is smooth. Whereas, for the data with Gaussian
white noise, the discriminate criteria condition is less likely to be
met due to the sudden variance of the original data series. Thus,
the maximum degree is relatively small. Reversely, if the
maximum degree of an obtained network is relatively small,
we can predict that the transition of the original data is sharp.

FIGURE 3 | Three types of representative time series data. (A) stock, (B)
Brownian motion, and (C) Guass noize.
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Previously, we mainly investigated the maximum degree of the
obtained network, whereas, the optimumwindow length is also of
great significance. Afterwards, we also investigated the
relationship between the average degree of the obtained
network and W to provide information regarding the
determination of the optimum W with the corresponding
results being provided in Figure 5.

The criteria of optimum W are provided as: for a given W, if
the primary parameters of the obtained network, such as
maximum degree, is approximately the same as the
corresponding value obtained through original VG, and the

percentage of varying velocity is smaller than 5% with the
increase of W, we can regard it as the optimum value.
Accordingly, we find that the optimum W for the original
stock price data is also approximately 168 (about 69% of the
total data points). Similarly, analyses can also be conducted on the
other types of data to find the optimumW. Corresponding results
are provided in Table 1 which illustrate the computational
efficiency of SVG and original VG.

Moreover, the degree distribution of the obtained network is
provided as in Figure 6. We see that the derived network for the
stock opening price data follows power-law distribution while the

FIGURE 4 | Illustrations of the relationships between the maximum degrees of the obtained complex networks through SVG andW for different types of time series
data (A) Original data; (B) Brownian Motion incorporated (C) Gaussian white noise considered.

FIGURE 5 |Relationships between the average degree of the obtained complex network through SVG and the sliding-window length for different types (A)Original
data; (B) Brownian Motion incorporated (C) Gaussian white noise considered.

TABLE 1 | Comparison of network construction through SVG for different types of time series data.

Data description Optimal window length/Total
number of data

points (%)

S For SVG/S
for original VG

(%)

Stock opening price of Ping An Bank Co. 69.4 90.7
Data with Brownian Motion (Hurst coefficient � 0.5) 40.4 64.7
Data with White Gaussian noise of 10 dB 28.1 48.4
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relationship between γ andW is given in Figure 7. As indicated, a
sliding-window length of 168 (approximate 69% of the total
number of data points) seems to be the appropriate value for
the construction of the complex network from the stock opening
price when considering parameter γ.

In order to derive a general conclusion, we also take the
stock opening price data for 500 stocks from the A-share
market. After sufficient analyses, we find that for the one-
year-long data, a window length of 75% of the total data points
is sufficient for the construction of the network. Here,
sufficient length means it is safe and incurs no information
loss, but it does not necessarily to be the optimum window
length. After further analysis, we find that the optimum
window length might be smaller than 60% of the total
points for the data of some stocks. Another stock of
Shenzhen Cau Technology Co., Ltd. is taken for an
illustration. This company mainly focus on computer
software and bio-pharmacy technology which is likely to be

affected by market fluctuations. Hence, the stock price data is
likely to fluctuate rapidly [17]. The optimum W for
constructing a network through SVG is only 100 for
Shenzhen Cau Technology Co., Ltd. as illustrated in
Figure 6. This validates the previous conclusion that when
the data fluctuate rapidly, the maximum degree of the network
obtained through SVG is likely to be smaller. Whereas for
stock prices of bank and real estate companies, the optimum
window length is around 160. This verifies the conclusion that
the optimum window length is largely affected by the
characteristic of the original data.

Furthermore, we also performed an analysis of the stock
opening price data for Ping An Bank Co. from 2018 to 2019.
The relationships between incorporated parameters and window
length are provided in Figure 8. As presented, for a two-year-long
data, the optimum window length is approximately 378 (which is
about 77.8% of the total data points) according to the above
criteria of discriminating the optimum W. We can find that for
data of different lengths, the percentage obtained by dividing the
obtained window length with the total data points varies slightly.
Furthermore, to construct the network through SVG for different
data lengths, the obtained optimum window lengths are provided
in Table 2.

As aforementioned, it is necessary to analyze multiple time
series data to mine implicit information. Hence, experiments are
conducted into the investigation of different stock price data by
applying MVG. First, a two-layered network is constructed from
the opening stock price and the highest stock price of Ping An
Bank Co. Figure 9A illustrates the corresponding original time
series data, while the obtained adjacent matrices are provided in
Figures 9B,C. As presented in Figure 9A, the opening stock price
and the highest stock price of Ping An Bank Co. are of a similar
trend; this can also be observed by similar adjacent matrices of the
networks for different data series.

Regarding the obtained two-layered networks, the
aforementioned parameters can be calculated, being listed as ω

FIGURE 6 | Illustration of the relationships between different parameters andwindow length for the stock opening price data of Shenzhen Cau Technology Co., Ltd.
in 2018 (A) maximum degree; (B) maximum average length.

FIGURE 7 | Illustration of the coefficient γ vs. W.
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� 0.7285 and I(α,β) � 1.3096. These parameters can be used to
predict the correlations of the provided data series. ω can be used
to indicate the link distributions of different layers; thus, the
obtained networks are similar. Later, we performed an analysis of
different time series data combinations and the corresponding
parameters are calculated, provided in Table 3. As illustrated, the
correlations of different data combination for the same stock
price varies. But even the scenario with the least correlation, the
corresponding value is much higher than the correlation between
No2 and surface concentration ozone.

Moreover, we concern about the relationship between the
stock prices of different stocks. Thus, we build an MVG network
for the price data of different stocks. For example, we build a two-
layer complex network based on the time-series of the opening
prices of Ping An Bank and Vanke Co. Ltd. Class A. Similarly,
Figure 10A below shows the opening stock price time-series data
of two stocks in 2018, and Figures 10B,C shows the non-zero
elements’ distribution of the complex network adjacency matrix
generated by the opening price data of two stocks. After
calculating the interlayer parameters of MVG, we can obtain ω
� 0.6426 and I(α,β) � 1.2836 for the two-layer network. Such
values almost reach the value of the two-layer network of surface
ozone concentration and nitrogen dioxide concentration
mentioned earlier. This means that the two stocks of Ping An
Bank Co. and Vanke Co. Ltd. Class A have a relatively close

relationship in the trend of stock data. More results are provided
in Table 4. Obviously, the opening data is consistent with the
above conclusion, while conclusions hold true for all the other
price data. The close relationship between Ping An Bank Co. and
Vanke Co. Ltd. A on the trend of stock data can be explained from
the perspective of economics as the relationship between finance
and real estate. The investment cost and investment income of the
real estate industry are closely related to the financial
environment, while the market in turn affects the economy
and finance [15, 17]. Therefore, this mutual influence
relationship in economics can be seen on the interlayer
parameters of the two-layer MVG of stock prices.

In contrast, there exists no such strong correlation between
Ping An Bank Co. and the biopharmaceutical stock Shenzhen
CAU Technology Co. Ltd. Table 5 below shows the interlayer
parameters of the two-layer MVG networks obtained for the
opening prices of some other stocks and Ping An Bank Co.

In Table 5, both Vanke Co. Ltd. A and Shenzhen Zhenye Co.
Ltd. A are real estate stocks. According to the previous analysis,
after building a two-layered MVG network for other stock data
and Ping An Bank Co., the inter-layer parameters tend to indicate
the tightness of the relationship between the two stocks. In
contrast, Shenzhen CAU Technology Co. Ltd. is a
biopharmaceutical stock, while Digital China Group Co. Ltd.
is an Internet stock. They are not closely related to Ping An Bank
Co. from the perspective of stock, and therefore we can see a
relatively low correlation. After analyzing other stocks, we found
similar conclusions. For example, after constructing a two-layer
network with the opening price data of Changan Automobile
stock and Daye Special Steel stock, the average edge overlap ω
obtained equals 0.6489. This value almost even exceeds the ω
value of the two-layer network constructed with Ping An Bank
Co. and Vanke Co. Ltd. A. Daye Special Steel Co. Ltd. belongs to
steel and metal shares, while Chongqing Changan Automobile
Co. Ltd. belongs to industrial machinery shares. The industrial
production of the latter depends on the rawmaterials provided by

FIGURE 8 | Illustration of the relationship between incorporated parameter andW through SVG. Here, a two-year stock opening price data for Ping An Bank Co. is
considered. (A) maximum degree; (B) average degree.

TABLE 2 | Optimum window length for constructing network through SVG for
stock opening price of Ping An Bank Co. with different total data points.

Total points of
the time series
data

Optimum window length/Total
data points (%)

242 (one-year long data) 69.4
361 (one-year and a half data) 72.5
486 (two-year long data) 77.8
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the former type of enterprises. It is the correlation between the
two in the background of the stock industry that causes the inter-
layer parameters of the two-layer network constructed by the two
stock price data also show a relatively close correlation.

COMPLEX ANALYSIS

When I � 0, the inner loop executes n times; when I � 1, the inner
loop executes n−1 times, and when I � n−1, the total execution
times can be calculated as follows:

n + (n − 1) + (n − 3) + . . . . . . + I
� (n − 1) + [(n − 1) + 2] + [(n − 2) + 3] + [(n − 3) + 4] + . . . . . .
� (n − 1) + (n − 1) + (n + 1) + (n + 1) + . . . . . .
� (n + 1)n/2
� (n + 1)/2
� n2/2 + n/2

According to the second rule of derivation of large order o
previously mentioned: only the highest order is reserved, so n2/2
is reserved. According to the third article, if the constant of this

FIGURE 9 | (A) The opening stock price and highest stock price of Ping An Bank Co.; (B) Adjacent matrices of the networks obtained through MVG for opening
price; (C) Adjacent matrices of the networks obtained through MVG for highest price.

TABLE 3 | Parameter obtained for the two layered networks for different
combinations of time series data for Ping An Bank Co.

ω I(α,β)

Opening and highest 0.7285 1.3096
Opening and lowest 0.7567 1.3714
Opening and close 0.6649 1.1782
Highest and lowest 0.7309 1.4094
Highest and close 0.7692 1.3027
Lowest and close 0.7238 1.2566
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item is removed, then 1/2 of the time complexity of this code will
be removed. Finally, the timev complexity of this code is O (n2).

CONCLUSION

Tvhrough VG and related techniques (SVG and MVG) for analyzing
time-series data, we conducted intensive experiments on various stocks,
and we also combine the knowledge of securities and social economics
to obtainmoremeaningful research results. In this paper, we try to find
out the size of the window length W that should be selected when
constructing the network through SVG for stock price time-series with
the length of N . According to the above analysis, for one-year-long
stock price time-series data, the length of the security window that does
not lose the original data information in most cases due to the
establishment of the SVG network is approximately W/N � 70%.
At this time, comparedwith the traditional VGmodel, the reduction in
the amount of calculationwhen constructing the network is about 10%.
Although such a window length may compromise the effect of using

FIGURE 10 | (A) Two stocks’ opening price time-series data; (B,C) denote the adjacent matrices of two-layer MVG network built with provided time-series data for
Ping An Bank Co. and Vanke Co. Ltd., respectively.

TABLE 4 | Parameters obtained for the price data for Ping An Bank Co. and Vanke
Co. Ltd. Class A.

ω I(α,β)

Opening 0.6426 1.2836
Close 0.6469 1.2396
Highest 0.6407 1.1834
Lowest 0.6379 1.2674

TABLE 5 | Parameters obtained for the two layered networks for different
combinations of Ping An Bank Co. and four different stocks.

Stock name ω I(α,β)

Vanke Co. Ltd. A 0.6426 1.2836
Shenzhen CAU Technology Co. Ltd. 0.5921 1.1656
Shenzhen Zhenye Co. Ltd. 0.6381 1.2780
Digital China Group Co. Ltd. 0.6068 0.9865
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the SVG algorithm, such awindow length is safe and sufficient. Such a
long window length is not always necessary, in other words, it is not
optimal. The actual optimal window length for some stocks can even
be W/N < 50%. And this optimal window length has been proved in
this paper to be related to the type and nature of stocks. Different types
of stock data may have different optimal window length values, which
requires further research. Besides, it is found that for stock price time
series data of different lengths, the optimal value when applying the
SVGmodel and the value of the security window length ratio W/N is
different, which calls for further research. We believe that the SVG
algorithmwill play amore significant advantage in building a complex
network for stock price data with further research conducted.
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