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The vertex model is a useful mathematical model to describe the dynamics of epithelial cell
sheets. However, existing vertex models do not distinguish contraction forces on the cell
boundary from adhesion between cells, employing a single parameter to express both. In
this paper, we introduce the rest length of the cell boundary and its dynamics into the
existing vertex model, giving a novel formulation of the model that treats separately the
contraction force and the strength of adhesion between cells. We apply this vertex model
to the phenomenon of compartment boundary in the fruit fly pupa, recapturing the
observation that increasing the strength of adhesion between cells straightens the
compartment boundary, even though contraction forces at cell boundaries remain
unchanged. We also discuss possibilities of the novel vertex models by considering
the stretching of a cell sheet by external forces.
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INTRODUCTION

During embryonic development, epithelial cells form a monolayer sheet that covers the entire
embryo. Cells comprising the sheet move drastically, like an active viscoelastic fluid, while
maintaining their attachment to adjacent cells. This spontaneous movement of epithelial cells is
considered a driving force for morphogenesis of multicellular organisms. Understanding the
mechanism of the movement from not only a molecular but also a mechanical point of view is
a challenging problem in morphogenesis. Although the molecular mechanism of the movement has
come to be relatively well understood [1], its mechanical mechanism is still an ongoing problem.

To approach the mechanical mechanism of the dynamics of the epithelial sheet, a cell-based
mathematical model, the vertex model, is often used [2, 3]. In this model, each epithelial cell in the
sheet is expressed by a polygon, and the cell configuration within the sheet is completely specified by
the positions of the vertices of the polygons. The vertex model can describe various aspects of the
epithelial sheet at the cellular level, including mechanical forces generated by each cell and the planar
polarities of cells [2, 3]. Indeed, by using the vertex model, important behaviors of the epithelial sheet,
such as elongation, bending, and unidirectional movement of the sheet, have been explained from
not only a biological but also a mechanical viewpoint [4–7].

Although the existing vertex model is well able to describe important properties of epithelial cell
sheets, certain modifications are necessary in order to more precisely describe cell sheet dynamics.
One important consideration is the lack of distinction between the contraction forces acting on the
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cell boundaries and the adhesion between cells. The existing
vertex models consider the contraction forces and the strength of
adhesion together and express the strengths of these two factors
using a single parameter [8, 9]. However, biologically, contraction
and adhesion are regulated by different molecules. For example,
contraction forces are generated by actomyosin networks beneath
the plasma membrane, whereas adhesion between cells is
accomplished by adhesion molecules such as cadherin. Hence,
to make the vertex model more useful and to more precisely
describe epithelial cell sheet dynamics, it is preferable to modify
the existing model to separately treat the forces of contraction and
adhesion at the cell boundaries.

In this paper, we provide a novel formulation of the vertex
model that introduces a phenomenological variable
corresponding to the rest length of a cell boundary. This
formulation allows us to treat separately the contraction forces
acting on cell boundaries and the effects of adhesion between
cells. The vertex model presented here is in accordance with and
an extension of the existing vertex model. As an application of the
model presented in this paper, we consider a phenomenon
observed in the anterior-posterior (AP) compartment
boundary in the Drosophila pupa [10, 11], in which the AP
compartment boundary is straightened not only by an increase in
contraction force at this boundary but also by an increase in the
strength of adhesion between cells in the posterior region. While
it has been demonstrated that the increase in contraction forces at
the AP compartment boundary straightens the boundary [10], it
has not yet been demonstrated whether the increase in adhesion
between posterior cells does likewise. We use the vertex model
presented here to show that the increase in adhesion between cells
in the posterior region does straighten the AP compartment
boundary and explain why the increase in adhesion straightens
the boundary. As a second application of the new vertex model,
we focus on stretching of the epithelial sheet by an external force.
This application illustrates the difference in cell remodeling
behavior between existing vertex models and our new model
and compares the results predicted by the models with those
observed experimentally.

SETUP OF THE VERTEX MODEL

As in existing vertex models, cells comprising an epithelial sheet
are represented by polygons. The mechanical forces generated by
the cells are expressed by the potential function U :

U � K
2
∑
cell α

(Aα − A(0)
α )2 +∑

〈ij〉
cijℓij +

k
2
∑
〈ij〉

(ℓij − ℓ
(M)
ij )2, (1)

where Aα is the area of the αth cell, A(0)
α is its preferred value, K

and k are positive constants, and ℓij is the length of cell boundary
ij that connects the ith and jth vertices. The index α includes all
cells in the cell sheet, and 〈ij〉 below the summation symbol
implies that index ij includes all cell boundaries in the system. A
point of difference of this model compared with previous ones is
the third term in Eq. 1. The first term in Eq. 1 represents cytosolic
hydrostatic pressure that acts on the cell boundaries. The second

term in Eq. 1 represents the contraction force acting on the cell
boundary ij, which comes from the cortical actomyosin network
beneath the plasma membrane. In this model, cij represents only
the strength of the contraction force and does not include the
strength of adhesion between cells; the strength of adhesion will
be expressed by τij in Eq. 3. The novel third term in Eq. 1
represents phenomenological forces acting on cell boundaries,
which are introduced by considering the rest length (natural
length) of cell boundary ij, denoted by ℓ(M)

ij . The introduction of
this last term is based on the following considerations. The cell
boundary consists of materials such as membrane, cytoskeleton,
and associated components. In our model, we symbolically
describe the amount of these cell boundary components by
ℓ
(M)
ij . Since ℓ

(M)
ij has the dimension of length, this quantity is

obtained by dividing the amount of the cell boundary
components by some constant having the dimensions of
(amount of components)/(length). If the amount of the
materials at cell boundary ij is greater than the appropriate
amount of the materials for making the boundary with length
ℓij, the excess of the materials may give rise to repulsive forces by
showing the wriggle of membrane. On the other hand, if the
amount of material comprising the cell boundary ij is less than the
appropriate value for the length ℓij, where the distances between
the components comprising the cell boundary, such as lipid
molecules, are large, an attractive force may arise to return
these components to the equilibrium positions. These
tendencies of the force on the cell boundary are expressed by
the third term in Eq. 1. The quantity ℓ(M)

ij is a variable that evolves
with time, as given by Eq. 3.

In the previous vertex models [2, 7, 9], there is another term in
U , which is a quadratic term of cell perimeter, expressed by
Kp

2 ∑
cellα

(Lα − L0)2 (see Supplementary Appendix 1), where Lα is

the perimeter of cell α, and Kp and L0 are constants. This term
serves to express the conservation of the amount of cell
membrane, or the effect of quadratic terms of cell perimeter,
into the cell sheet dynamics. Our model, however, does not
include this term in U , because an equivalent effect is
included in Eq. 3.

The total mechanical force acting on vertex i is given by
−zU/zri, where ri is the position of the ith vertex, ri � (xi, yi). We
set up the model such that the positions of all vertices in the sheet
move in such a way that the total mechanical force on each vertex
must sum to zero at any time, i.e.,

−zU
zri

� 0 (2)

holds for all vertices i at any time t. This situation corresponds to
the case where we consider the cell sheet dynamics on a relatively
longer time scale, such as minutes or tens of minutes. For the
practical implementation of Eq. 2, it is useful to solve η dri

dt � −zU
zri

with an extremely small positive value of η. In this
implementation, the vertex positions obtained are nearly
independent of the value of η, when η is taken to be
sufficiently small.

Next, we consider the time evolution equation for ℓ
(M)
ij . As

mentioned above, the quantity ℓ(M)
ij corresponds to the amount of
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materials comprising cell boundary ij, so that the rate of
change in ℓ

(M)
ij is related to the rate of change in the

amount of these materials. For example, it depends on the
rate of turnover of cell membrane at the boundary, which
relates to the frequency of membrane endocytosis [12] and
exocytosis at the cell boundary. Hereafter we refer to the ability
to change the amount of cell boundary components as the
“activity of the cell boundary”. In addition, ℓ(M)

ij tends to
approach ℓij over time, because if the amount of cell
boundary components is not appropriate for length ℓij, the
amount tries to approach the appropriate value. The speed at
which ℓ(M)

ij approaches ℓij may depend on the activity of the cell
boundary. Furthermore, the total sum of ℓ(M)

ij in each cell tends
to be conserved over the timescale considered here, because the
creation and destruction of components of cell membrane are
modest within periods of minutes or several tens of minutes
[13]. Considering these properties of the dynamics of cell
boundary components, we determine the time evolution
equation for ℓ(M)

ij as

dℓ(M)
ij

dt
� − 1

τij
(ℓ(M)

ij − ℓij) − zM

zℓ(M)
ij

, (3)

where τij is a relaxation time that expresses the rate of
approach of ℓ

(M)
ij to ℓij. In this model, τij is assumed to

depend on the activity of cell boundary ij. M is a function
of {ℓ(M)

ij } that expresses the tendency to conserve the sum of
ℓ
(M)
ij for each cell, given as

M � kpm
2

∑
cell α

⎛⎝⎛⎝ ∑
kl in cell α

ℓ
(M)
kl

⎞⎠ − L(0)
α
⎞⎠2

, (4)

where kpm is a positive constant expressing the degree of
tendency to conserve the junction rest lengths. L(0)α is a
positive constant corresponding to the total amount of cell
boundary components in the αth cell. The sign “kl in cell α”
under the summation symbol signifies that the sum is taken
over all boundaries of cell α.

As stated above, the quantity τij in Eq. 3 expresses the inverse
of the rate at which ℓ

(M)
ij approaches ℓij. That is, when τij is

large, ℓ(M)
ij approaches ℓij slowly, and vice versa. Experimental

results indicate that the rate of cell membrane turnover can
differ from one cell boundary to another, due to planar
polarized endocytic activity [14]. In addition, the rate of
endocytosis at a cell boundary is related to the degree of
adhesion at the boundary [14], i.e., when endocytosis at the
cell boundary is frequent, adhesion between the cells sharing
the boundary is weakened, and vice versa. Thus, in this model
we interpret that the state where τij is large is a state at which
the adhesion at cell boundary ij is strong, and vice versa. If we
accept this setup, we can distinguish contraction force acting
on the cell boundary from the strength of adhesion at the
boundary, namely, the contraction on cell boundary ij is
expressed by cij in Eq. 1 (large cij indicating strong
contraction on cell boundary ij), while the strength of
adhesion at cell boundary ij is expressed by τij in Eq. 3
(large τij indicating strong adhesion at this boundary).

APPLICATION 1: STRAIGHTENING OF
COMPARTMENT BOUNDARY IN
DEVELOPING FRUIT FLY PUPA

Numerical Demonstrations that the
Increase in τij at Boundaries Between P
Cells Shortens the Compartment Boundary
As an application of this new vertex model, we treat the
phenomenon of compartment boundary straightening in the
fruit fly pupa [15]. In this phenomenon, two types of
epithelial cells, anterior (A) cells and posterior (P) cells, form
two domains in an epithelial sheet, and the two cell domains meet
at a boundary called the compartment boundary. For pupal
development to progress correctly, the compartment boundary
must undergo sufficient straightening. A mechanism that has
been considered for the straightening of the compartment
boundary is a strengthening of the contraction force on the
compartment boundary, which shortens and straightens the
compartment boundary. This scenario has been confirmed
using the previous vertex model [10]. Recently, however,
another mechanism for straightening of the compartment
boundary was experimentally demonstrated [11], in which this
boundary is straightened by an increase in the strength of
adhesion between P cells, with the contraction force on the
compartment boundary remaining unchanged. To restore this

FIGURE 1 | (A) The initial state of the cell sheet. Red and blue cells are
anterior and posterior cells, respectively. At the initial state of the sheet, both
cells have the same parameters. At time t � 0, some parameters are changed.
The compartment boundary is the boundary between red and blue cells.
(B) The final state of the cell sheet when cij at the compartment boundary is
changed from cij � 0.1(default value) to cij � 0.2 (see Supplementary
Movie 1). (C) The final state of the cell sheet when τPP at the cell boundary
between P cells is changed from τPP � 0.1 (default value) to τPP � 0.3 (see
Supplementary Movie 2). To highlight which cell boundary changed
parameters, we colored them yellow (B) and green (C). The parameter values
used here are K � 4, k � 1, A(0)

α � 2.2, cij � 0.1 (default), kpm � 5, η � 0.01,

τ ij � 0.1 (default), and L(0)α � 1.2 × (2π
������
A(0)
α /π

√
) � 6.3. For the units of these

parameters see Supplementary Table 1.
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phenomenon, we used the new vertex model to try to understand
why and how an increase in adhesion between P cells straightens
the compartment boundary.

To do this, we set up the situation where a cell sheet consists of
two types of cells, A cells (red) and P cells (blue) (Figure 1A). We
refer to the boundary between the A and P cells as the
compartment boundary in this model. As the initial state (t �
0) of the cell sheet, we took the equilibrium state obtained under
the condition in which both A and P cells had the same
parameters. Then at t � 0, we changed the parameters of
interest and observed the length difference (ΔL) of the
compartment boundary between the initial state (t � 0) and
the final state. Here, the final state is the steady state of the sheet
under the new parameter values. If the result of numerical
simulation exhibited ΔL< 0, the compartment boundary was
shortened and straightened, or vice versa. First, to retrace the
previous work [10], we increased the contraction forces (cij) at the
compartment boundary at t � 0 in our model. The result of
numerical simulation showed that ΔL< 0 in response to the
increase in cij at compartment boundary (Figure 1B;
Supplementary Movie 1). This result is reasonable because
the large cij (strong contraction) at the compartment
boundary pulls the vertices at the compartment boundary
closer together, hence shortening and straightening the
compartment boundary.

Next, to investigate the effects on ΔL of a change in adhesion
strength between cells, we changed the values of τij at the cell
boundaries between P cells at t � 0. In this simulation, we
increased only the adhesion strength, without changing any
other cell parameters, such as cij. Hereafter, we will use the
symbols τPP , τAP, and τAA to refer to the relaxation times (τij) at
the boundaries between P cells, between A and P cells, and
between A cells, respectively. Numerical simulations in which
we increased τPP showed that when L(0)α in Eq. 4 was larger than
some characteristic value, denoted by L(0)p, ΔL became negative,
and vice versa (Figures 2A,B). The value of the characteristic
length L(0)p (�5.55) is close to the mean perimeter length (�5.56)
of cells of the system. In our model, L(0)α denotes the preferred
total resting length of a cell, and in reality, it is reasonable to

expect L(0)α to be longer than the perimeter of the cell because laser
ablation experiments [16] have demonstrated extension of the cell
boundary after cutting of actomyosin networks beneath the
plasma membrane. Hence, in our model, it is reasonable to set
L(0)α longer than the mean cell perimeter. Under this setup
(L(0)α > L(0)p), the results of numerical simulations in this
vertex model coincided with experimental outcomes, i.e., when
adhesion between P cells was made stronger than adhesion
between other pairs of cells, i.e., τPP > τAP � τAA, ΔL< 0
(Figure 1C; Supplementary Movie 2).

Here a question may arise. Why does the increase in τPP
shorten the compartment boundary? In the case of an increase in
cij at the compartment boundary, shortening of the compartment
boundary is reasonable because the term in U that contains cij
(Eq. 1) makes shortening energetically preferable. However, in
the case of a change in τij, this parameter represents the relaxation
time defined in Eq. 3 and is not directly related to the potential
energy U . Hence, it is not immediately apparent how τPP affects
the length of the compartment boundary. To understand this, we
first look at the data given in Figure 2B, where the quantity Δℓ is
the average length change of cell boundaries between P cells that
contact the compartment boundary. These data indicate that,
with the increase in τPP , the cell boundaries between P cells
became longer (Δℓ increases), while the cell boundaries between
A and P cells became shorter (ΔL decreases). This result suggests
that, if we consider in this model a cell having cell boundaries
with different relaxation times τij, the cell boundary having a large
τij would lengthen, while the cell boundary having a small τij
would shorten. To illustrate this property of themodel, in the next
subsection we conduct a simple analysis concerning the cell
boundary length of a simple cell.

A Simple Analysis to Understand Why the
New Vertex Model Lengthens the Cell
Boundary with Large τij
Let us consider a single cell whose dynamics obey Eqs. 1–4 and
whose shape is kept rectangular, in which the state of the cell is
specified only by the quantities characterizing the vertical and

FIGURE 2 | (A) The length difference (ΔL) of the compartment boundary between the initial and final states of the sheet as a function of τPP and Ln. The quantity Ln is
given by L(0)α /L. The quantity L (�5.56) is the mean perimeter length of P cells in the initial state. (B) Plots of ΔL and the mean length difference (Δℓ) of cell boundaries
between P cells as a function of L(0)α /L. In this simulation, τPP was changed from τPP � 0.1 (default) to τPP � 0.3 at t�0. The parameter values used here are the same as in
Figure 1, except for the values of the parameters τPP and L(0)α . In this simulation τPP is varied from 0.05 to 1.0, and L(0)α is varied from 4.4 to 7.6.
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horizontal boundaries of the cell. Let us denote the lengths of
vertical and horizontal boundaries of the cell by ℓ1 and ℓ2,
respectively. All the boundaries of the cell have the same
contraction force c (>0), while the vertical and horizontal cell
boundary have different relaxation times, τ1 and τ2, respectively.
We are concerned with the cell’s steady state under these
conditions. The potential function U of this cell is given by

U � K
2
(ℓ1ℓ2 − A(0))2 + 2c(ℓ1 + ℓ2) + k[(ℓ1 − ℓ

(M)
1 )2

+ (ℓ2 − ℓ
(M)
2 )2]. (5)

The force balance equations at each boundary are given by
zU/zℓ1 � zU/zℓ2 � 0, which gives

1
2
ℓ2K(ℓ1ℓ2 − A(0)) + c + k(ℓ1 − ℓ

(M)
1 ) � 0

1
2
ℓ1K(ℓ1ℓ2 − A(0)) + c + k(ℓ2 − ℓ

(M)
2 ) � 0.

(6)

In our model, ℓ1, ℓ2, ℓ
(M)
1 , and ℓ

(M)
2 are independent variables, so

ℓ
(M)
1 and ℓ

(M)
2 are not differentiated with ℓ1 and ℓ2. The time

evolution equations for ℓ(M)
1 and ℓ

(M)
2 are given by

dℓ(M)
1

dt
� − 1

τ1
(ℓ(M)

1 − ℓ1) − 1
2

zM

zℓ(M)
1

dℓ(M)
2

dt
� − 1

τ2
(ℓ(M)

2 − ℓ2) − 1
2

zM

zℓ(M)
1

,

(7)

where ℓ(M)
1 and ℓ

(M)
2 are the respective rest lengths of the vertical

and horizontal cell boundaries, and M is given by
M � kpm

2 (2(ℓ(M)
1 + ℓ

(M)
2 ) − L(0))2, where L(0) is the preferred

total resting length of this cell. The factor 1/2 in front of
zM/zℓ(M)

i comes from the setup that the shape of this cell is
rectangular, where both sides of the cell have the same quantities.
To consider the steady state of this cell, we put dℓ(M)

i /dt � 0 in Eq.
7, to obtain

− 1
τ1

(ℓ(M)
1 − ℓ1) − kpm(2(ℓ(M)

1 + ℓ
(M)
2 ) − L(0)) � 0

− 1
τ2

(ℓ(M)
2 − ℓ2) − kpm(2(ℓ(M)

1 + ℓ
(M)
2 ) − L(0)) � 0.

(8)

Although we can analytically solve Eqs. 6, 8 for the variables,
ℓ1, ℓ2, ℓ

(M)
1 , ℓ(M)

2 , the forms of the solution are too complex to
extract information about the τi-dependence of ℓi. Thus, we shall
take another approach for this aim. First, we note that the terms
K(ℓ1ℓ2 − A(0))/2 and kpm(2(ℓ(M)

1 + ℓ
(M)
2 ) − L(0)) are common to

Eqs. 6, 8. Thus, we assign p � K(A(0) − ℓ1ℓ2)/2 and f �
kpm(L(0) − 2(ℓ(M)

1 + ℓ
(M)
2 )) and rearrange Eqs. 6, 8 to obtain ℓ1 �

c−τ2kf
p and ℓ2 � c−τ1kf

p . Subtracting ℓ2 from ℓ1 gives

ℓ1 − ℓ2 � kf
p
(τ1 − τ2). (9)

It should be noted here that p is the pressure acting on the cell
boundaries, and p is positive when c> 0 because contraction
forces acting on the cell boundaries tend to shrink these

boundaries as well as the area of the cell, ℓ1ℓ2, such that
ℓ1ℓ2 <A(0). In addition, if L(0) is so large that L(0) > 2(ℓ(M)

1 +
ℓ
(M)
2 ) is the case, f becomes positive. In this case, the magnitude
relationship between ℓi and τi is the same, i.e., when τ1 > τ2,
ℓ1 > ℓ2, or vice versa (see Eq. 9). On the other hand, in the case
where L(0) is small enough that L(0) < 2(ℓ(M)

1 + ℓ
(M)
2 ), the

magnitude relationship between ℓi and τi becomes opposite,
i.e., when τ1 > τ2, ℓ1 < ℓ2, and vice versa. This consideration
suggests that there exists a characteristic value of L(0), denoted
by L(0)p, at which f becomes zero. Indeed, such a value of L(0)p
does exist, which is confirmed analytically. This property of the
model appears in Figures 2A,B: when L(0)α > L(0)p, the
compartment boundary is shortened and straightened, with a
large τij, and vice versa. That is, P cells in contact with the
compartment boundary have different relaxation times, τPP and
τAP, depending on the side (remembering that the compartment
boundary is the boundary between A and P cells). Since we have
set τPP > τAP and L(0)α > L(0)p, the cell boundary between P cells
lengthens, and the cell boundary between A and P cells shortens
(Figure 1C).

While the above analysis is restricted to a case in which the cell
shape is rectangular, the relation between ℓi and τi continues to
hold when the cell shape is pentagonal, hexagonal, etc. (see
Supplementary Appendix 2). In addition, although the
preceding analysis concerned the case of a single cell, a similar
relation between ℓi and τi continues to apply in the case of a cell
sheet, i.e., when the cell boundary has a longer relaxation time, the
cell boundary length tends to become longer.

APPLICATION 2: THE RESPONSE OF THE
CELL SHEET WHEN STRETCHED BY
EXTERNAL FORCES
In this section, we consider the stretch of a cell sheet by external
forces. In the previous vertex models, when the cell sheet is
stretched greatly enough by external forces, the sheet necessarily
undergoes cell remodeling (Figures 3A,B; SupplementaryMovie
3; the formulation of the previous vertex model is given in
Supplementary Appendix 1). This behavior originates in two
properties of the previous vertex model: 1) cell shape tends to be
round, due to the quadratic term (Kp

2 ∑
cellα

(Lα − L0)2) in U, and 2)

there is no repulsive force between vertices to prevent rounding of
the cell. We will explain property 2) in more detail. Consider the
case where external forces deform the cell shape well away from
the preferred round shape, i.e., an elliptical shape with a large
ratio of width to height. In this situation, the cell shape tends to
return to roundness due to property 1). As a result, cell
remodeling occurs (see Supplementary Movie 3). To put it
another way, the previous vertex model has no repulsive force
between vertices to maintain the cell in an elliptical shape. The
present vertex model, on the other hand, has a repulsive force on
the cell boundary when 1/τij � 0 as indicated below. This is the
meaning of statement 2). Moreover, experimental results show
that even when the cell sheet is stretched greatly enough by
external forces, remodeling of the cell configuration does not
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necessarily occur [17]. The discrepancy between the numerical
and experimental results implies the necessity to improve the
previous vertex model. In our modified vertex model, in fact, cell
remodeling does not necessarily occur when the cell sheet is
stretched (Figure 3C; Supplementary Movie 4), but whether or
not remodeling occurs depends upon the parameters of the
model. If τij in Eq. 3 is infinitely large, i.e., 1/τij is zero,
the time evolution equation for ℓ(M)

ij is decoupled from ℓij, and
the value of ℓ(M)

ij is determined by the initial values of ℓ(M)
ij and

L(0)α . That is, ℓ(M)
ij becomes a constant independent of ℓij. In this

case, the third term in Eq. 1 generates a repulsive force between
vertices, and the elliptical shape is retained even in the steady
state. On the other hand, if the value of τij is finite, ℓ

(M)
ij tends to

follow ℓij according to Eq. 3, and repulsive forces coming from the
third terms are weakened. Then, the cells eventually undergo
remodeling, and each cell becomes round (Figure 3D and
Supplementary Movie 2). The final cell configuration in the
new vertex model for finite τij is not necessarily the same as that
in the former vertex model because the order of cell remodeling
affects the final state (see Supplementary Movies 3, 5). The speed
at which the system approaches the energetically minimum state
depends on the value of τij; the larger τij is, the slower this

approach. Thus, τij plays a role analogous to a friction coefficient
for the relative movement between the ith and jth vertices.

CONCLUSION AND DISCUSSION

In this paper, we provided a novel formulation of the vertex
model that separately treats the contraction force on the cell
boundary and the strength of adhesion between cells, by
considering the resting length of the cell boundary and its
dynamics. We applied this vertex model to understanding the
straightening of the compartment boundary observed in the fruit
fly pupa and showed that the model recaptures compartment
boundary straightening in response to an increase in strength of
adhesion between P cells. We also used this model to examine the
stretching of a cell sheet by external forces and gained insights
into cell remodeling resulting from the stretch. This model has
the potential to clarify points that were ambiguous in the previous
vertex model. One such point is the frictional force exerted on the
vertex. In the previous model, the equation for time evolution of
vertex positions is obtained by assuming that total mechanical
force on the vertex and frictional force on the vertex are balanced.
However, the meaning and origin of the frictional force on the

FIGURE 3 | (A) The initial configuration of the cell sheet. At time t � 0, the cell sheet begins to be stretched by external forces, which are represented by the orange
bars. At these bars, the cell boundaries are fixed, and the bars are shifted with time (for the movement of the bars see Supplementary Movies 3–5). (B) The final cell
configuration of the sheet stretched by external forces. The cell sheet dynamics are implemented by the previous vertex model (see Supplementary Appendix 1). The
time evolution equation for ri is given by _ri � −((1/η̂))zU/zri , where η̂ is a constant. The parameter values used here are K � 1, A(0)

α � 0.22, ĉij � 1.0. η̂ � 1.0,
L0 � 1.65, and Kp � 50. (C) The final cell configuration of the sheet stretched by the external forces. The cell sheet dynamics are implemented by the present vertex
model. The parameter values used here are K � 1, A(0)

α � 0.22,cij � 1.0, η � 0.01, L(0)α � 1.65, kpm � 50, k � 100, and1/τ ij � 0. (D) The final cell configuration of the sheet
after being stretched by external forces using the present vertex model with finite τ ij � 0.1. The other parameter values are the same as those in (C).
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vertex had not yet been well discussed. The present vertex model
has the potential to explain the origin and meaning of the
frictional force between vertices. Indeed, as mentioned in
Application 2: The Response of the Cell Sheet When Stretched
by External Forces, changes in τijin Eq. 3 change the speed of cell
remodeling, and the meaning of τijis interpreted through Eq. 3.
This model could be applicable to the phenomenon [18] where
E-cadherin binding protein (p120-catenin) speeds cell
intercalation.

Recently, it has been reported that cell intercalation (cell
remodeling) in the cell sheet is related to endocytosis at the
cell boundary of epithelial cells [12, 14]. In ourmodel, the effect of
endocytosis frequency at the cell boundary is represented by τij in
Eq. 3. The present vertex model can be applied to the
phenomenon [12] where blocking endocytosis at the cell
boundary inhibits cell remodeling. Relaxation time τij in Eq. 3
can be changed when expression levels of molecules associated
with endocytosis, such as clathrin, dynamin, and its ortholog,
change.

As demonstrated in Figure 3C, the cell sheet described by the
present vertex model does not necessarily undergo cell
intercalation even when the cells are largely deformed by
external forces. Similar behaviors of epithelia are sometimes
observed in experiments. A representative example of this is the
defect in the formation of the tracheal system in the fruit fly
embryo [19]. In the control case of the tracheal system, the tube
consisting of epithelial cells undergoes cell intercalation and
elongates along the long axis of the tube, during which the tip
cells of the tube keep pulling the stalk cells toward the direction of
the tip cells. The pulling forces of the tip cells were considered to a
dominant factor for cell intercalation in the tube. However,
expression of some molecules (e.g., Spalt) inhibits cell
intercalation, and tube elongation stops at a certain length, even
though the tip cells continue to pull the stalk cells [19]. This
experimental result implies that for cell intercalation proceeding
external forces on the cell sheet are not sufficient and other factors
are necessary. We might be able to consider the factors necessary
for cell intercalation through the notion of τij in Eq. 3. As we stated
above, molecules that change the turnover rate of cell membrane
can change the value of τij. It is considered that τij closely relates to
the strength of adhesion between cell membranes and the turnover
rate of the adhesion molecules, which may be checked with the
present vertex model and experimental results.

In the morphological study of multicellular organisms, it
becomes more important to investigate responses of the cell
sheet to external mechanical perturbations [17]; thus, more
detailed research on this issue using cell-based mathematical
models, such as vertex models, is expected.
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