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The conformational states of a semiflexible polymer enclosed in a volume V :� ℓ
3 are

studied as stochastic realizations of paths using the stochastic curvature approach
developed in [Rev. E 100, 012503 (2019)], in the regime whenever 3ℓ/ℓp > 1, where ℓp

is the persistence length. The cases of a semiflexible polymer enclosed in a cube and
sphere are considered. In these cases, we explore the Spakowitz–Wang–type polymer
shape transition, where the critical persistence length distinguishes between an oscillating
and a monotonic phase at the level of the mean-square end-to-end distance. This shape
transition provides evidence of a universal signature of the behavior of a semiflexible
polymer confined in a compact domain.
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1 INTRODUCTION

Semiflexible polymers is a term coined to understand a variety of physical systems that involve linear
molecules. The most popular polymers are industrial plastics, like polyethylene or polystyrene, with
various applications in daily life [1, 2]. Another prominent example is the DNA compacted in the
nucleus of cells or viral DNA/RNA packed in capsids [3, 4]. These last examples are of particular
interest since they are confined semiflexible polymers. Indeed, biopolymers’ functionality is ruled by
their conformation, which in turn is considerably modified in the geometrically confined or crowded
environment inside the cell [5–7].

A common well-known theoretical framework used to describe the fundamental properties of a
semiflexible polymer is the well-known worm-like chain model (WLC), which pictures a polymer as
a thin wire with a flexibility given by its bending rigidity constant α [8]. The central quantity in this
model is the persistence length defined by 2α/(kBT(d − 1)) [9, 10], with d being the space dimension;
however, here we simply use ℓp :� α/(kBT)1, which is the characteristic length along the chain over
which the directional correlation between segments disappears. kBT is the thermal energy, with kB
and T being the Boltzmann constant and the bath temperature, respectively [11].

In the absence of thermal fluctuations, when α≫ kBT , the conformations of the polymer are well
understood through different curve configurations determined by variational principles [12, 13]. For
the WLC model, the bending energy functional is given by

H[R] � α

2
∫ dsκ2(s), (1)

Edited by:
Atahualpa Kraemer,

National Autonomous University of
Mexico, Mexico

Reviewed by:
Pramod Kumar Mishra,

Kumaun University, India
Wolfhard Janke,

Universität Leipzig, Germany
Enrique Hernandez-Lemus,

Instituto Nacional de Medicina
Genómica (INMEGEN), Mexico

*Correspondence:
Pavel Castro-Villarreal
pcastrov@unach.mx

J. E. Ramírez
jerc.fis@gmail.com

Specialty section:
This article was submitted to

Interdisciplinary Physics,
a section of the journal

Frontiers in Physics

Received: 15 December 2020
Accepted: 19 May 2021
Published: 17 June 2021

Citation:
Castro-Villarreal P and Ramírez JE

(2021) Semiflexible Polymer Enclosed
in a 3D Compact Domain.

Front. Phys. 9:642364.
doi: 10.3389/fphy.2021.642364

1For the sake of notation, the dimension of the space in the persistence length definition is hidden. In those cases where an
explicit dependence on the dimension is needed, it should be adequately scaled by the factor 2/(d − 1).

Frontiers in Physics | www.frontiersin.org June 2021 | Volume 9 | Article 6423641

ORIGINAL RESEARCH
published: 17 June 2021

doi: 10.3389/fphy.2021.642364

http://crossmark.crossref.org/dialog/?doi=10.3389/fphy.2021.642364&domain=pdf&date_stamp=2021-06-17
https://www.frontiersin.org/articles/10.3389/fphy.2021.642364/full
https://www.frontiersin.org/articles/10.3389/fphy.2021.642364/full
http://creativecommons.org/licenses/by/4.0/
mailto:pcastrov@unach.mx
mailto:jerc.fis@gmail.com
https://doi.org/10.3389/fphy.2021.642364
https://www.frontiersin.org/journals/physics
www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles
https://www.frontiersin.org/journals/physics
https://www.frontiersin.org/journals/physics#editorial-board
https://doi.org/10.3389/fphy.2021.642364


whereR(s) is a polymer configuration and κ(s) is the curvature of
the chain, with s being the arc-length parameter. Additional terms
can be added to the Hamiltonian to account for other effects,
including multibody interactions, external fields, and constraints
on the chain dimensions [14, 15]. When the thermal fluctuations
are relevant, that is, αxkBT , then it is usual to introduce a
statistical mechanics description. Since H[R] represents the
bending energy for a curve configuration R, the most natural
approach is to define the canonical probability density

P(R)DR :� 1
Zc

exp( − ℓp

2
∫ dsκ2(s))DR , (2)

where Zc is the canonical partition function and DR is an
appropriate functional measure. In this description, the theory
turns out to be a one-dimensional statistical field theory.
Nonetheless, the theory is not easy to tackle since κ(s)
acquires nonlinear terms in R. To avoid this difficulty, a
different perspective was introduced by Saito’s et al. [8], where
the following probability density function was studied:

P(T)DT :� 1
Zs

exp( − ℓp

2
∫ dsκ2(s))DT, (3)

instead of Eq. 2. Here Zs is the Saito’s partition function and DT
is an appropriate functional measure for the tangent direction of a
given polymer configuration R. The Saito’s partition function can
be solved since one has κ2(s) � (dT(s)/ds)2; thus, one can relate
Zs with the Feynman’s partition function for a quantum particle
in the spherical surface described by T2 � 1. For the cases when
the semiflexible polymer is in an open Euclidean space, the Saito’s
approach works very well. For instance, it reproduces the
standard results of Kratky–Porod [16], among other results [8,
14]. However, for the cases when the semiflexible polymer is
confined to a bounded region of the space, the Saito’s approach is
difficult to use, with some exceptional cases like the situation for
semiflexible polymers confined to a spherical shell [24].

For semiflexible polymers in plane space, an alternative
theoretical approach to the above formalisms was introduced
in [17]. This consists of postulating that each conformational
realization of any polymer in the plane is described by a stochastic
path satisfying the stochastic Frenet equations, defined by
d
dsR(s) � T(s) and d

dsT(s) � κ(s)N(s), where R(s) is the
configuration of the polymer, T(s) is the tangent vector to the
curve describing the chain at s, N(s) :� ∈T(s) is the normal
stochastic unit vector, with ∈ a rotation by an angle of π/2, and
κ(s) is the stochastic curvature that satisfies the following
probability density function:

P(κ)Dκ :� 1
Zs−c

exp( − ℓp

2
∫ dsκ2(s))Dκ, (4)

where Zs−c is the partition function in the stochastic curvature
formalism andDκ is an appropriate measure for the curvature. This,
in particular, implies a white noise-like structure, that is, 〈κ(s)〉 � 0
and 〈κ(s)κ(s′)〉 � δ(s − s′)/ℓp [17]. This theoretical framework
successfully explains, by first principles, the Kratky–Porod results
for free chains confined to an open 2D-plane. Moreover, it correctly

describes the mean-square end-to-end distance for semiflexible
polymers confined to a square box, a key descriptor of the
statistical behavior of a polymer chain.

In the present work, we carry out an extension of the stochastic
curvature approach for semiflexible polymers in the three-
dimensional space R3. In particular, we analyze the
conformational states of a semiflexible polymer enclosed in a
bounded region in three-dimensional space. This polymer is in a
thermal bath with a uniform temperature. The shapes adopted by
the polymer are studied through the mean-square end-to-end
distance as a function of the polymer total length as well as its
persistence length. In particular, we analyze the cases of a polymer
confined to a cube of side a and a sphere of radius R.

The plan of this article is as follows. In Section 2, we introduce
the stochastic Frenet equations for the semiflexible polymers in
three-dimensional spaces, and by using a standard procedure, we
derive the corresponding Fokker–Planck equation. In particular,
the Kratky–Porod result for polymers in a 3D open space is
obtained. Section 3 contains the derivation of the mean-square
end-to-end distance for semiflexible polymers confined to a
compact domain. In Section 4, we present the analysis of the
mean square end-to-end distance for the cases when the compact
domain corresponds with a cube of side a and a sphere of radius
R. Finally, Section 5 contains our concluding remarks.

2 PRELIMINARY NOTATION AND
SEMIFLEXIBLE POLYMERS IN 3D

Let us consider a polymer in a three-dimensional Euclidean space
R3 as a space curve c, R : I ⊂ R→R3, parametrized by an arc-
length, s. For each point s ∈ I, a Frenet–Serret trihedron can be
defined in terms of the vector basis {T(s),N(s),B(s)}, where
T(s) � dR/ds is the tangent vector, whereasN(s) and B(s) are the
normal and bi-normal vectors, respectively. It is well known that
each regular curve c satisfies the Frenet–Serret structure
equations, namely, dT/ds � κ(s)N, dN/ds � −κ(s)T − τ(s)B
and dB/ds � τ(s)N, where κ(s) and τ(s) are the curvature and
the torsion of the space curve, respectively. In addition, the
fundamental theorem of space curves estates that given
continuous functions κ(s) and τ(s), one can determine the
shape curve uniquely, up to a Euclidean rigid motion [18].

2.1 Stochastic Curvature Approach in 3D
In order to study the conformational states of a semiflexible
polymer, we adapt the stochastic curvature approach introduced
in [17] to the case of semiflexible polymers in 3D Euclidean space.
For the 2D Euclidean space, the formalism starts by postulating
that each conformational realization of any polymer is described
by a stochastic path satisfying the stochastic Frenet equations. In
the 3D case, it is enough to consider the following stochastic
equations:

d
ds

R(s) � T(s), (5a)

d
ds

T(s) � PTκ(s), (5b)
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where R(s), T(s), and κ(s) are now random variables. Here, κ(s)
is named as stochastic vectorial curvature. Also, a normal
projection operator PT � 1 − T ⊗ T has been introduced such
that T(s) · ddsT(s) � 0. According to these equations, it can be
shown that |T(s)| is a constant that can be fixed to unit, where | |
is the standard 3D Euclidean norm. The remaining geometrical
notions also turn into random variables as follows. The stochastic
curvature is defined by κ(s) :� |κ(s)|. The stochastic normal and
bi-normal vectors are defined by N(s) :� κ(s)/κ(s) and
B(s) :� T(s) × κ(s)/κ(s), respectively, where κ(s) is the
stochastic curvature. In addition, the stochastic torsion is
defined with the equation τ(s) :� N(s) · ddsB(s).

In addition to the stochastic Eq. 5a and Eq. 5b, the random
variable κ(s) is distributed according to the probability density
function

P(κ)Dκ :� 1
Zs−c

exp(−βH[κ])Dκ, (6)

whereH[κ] � α
2 ∫ κ2ds is the bending energy and α is the bending

rigidity modulus. This energy functional corresponds to the
continuous form of the WLC model [8]. Also, in Eq. 6, Zs−c
is an appropriate normalization constant, Dκ :� ∏3

i�1Dκi is a
functional measure, and β � 1/kBT is the inverse of the thermal
energy. The Gaussian structure of the probability density implies
the zero mean 〈κi(s)〉 � 0 and the following 3D fluctuation
theorem:

〈κi(s)κj(s′)〉 � 1
ℓp
δijδ(s − s′), (7)

where κi(s) is the i−th component of the stochastic vectorial
curvature κ(s).

2.2 From Frenet–Serret Stochastic
Equations to Hermans–Ullman Equation
in 3D
In this section, we present the Fokker–Planck formalism
corresponding to the stochastic Eq. 5a and Eq. 5b. This
description allows us to determine an equation for the
probability density function associated to the position and
direction of the endings of the polymer
P(R,T|R′,T′; s) � 〈δ(R − R(s))δ(T − T(s))〉, where R and R′

are the ending positions of the polymer, and T and T′ are the
corresponding directions, respectively. The parameter s is the
polymer length.

Now, the stochastic Frenet–Serret Eq. 5a and Eq. 5b can be
identified with a multidimensional stochastic differential
equation in the Stratonovich perspective; thus, applying the
standard procedure [19], we find the following Fokker–Planck
type equation:

zP
zs

+ ∇ · (T P) � 1
2ℓp

ΔgP, (8)

where T is identified with the unit normal vector on S2, thus
satisfying the condition T2 � 1. The operator Δg is the
Laplace–Beltrami of the sphere S2. Similarly, as the situation

for semiflexible polymers confine to a plane space [17], this
equation is exactly the same as the one obtained by Hermans
and Ullman in 1952 [20], where the heuristic parameter they
included can now be identified exactly with 1/(2ℓp). In addition,
we can make a contact with the Saito’s approach [8] by
considering the marginal probability density function:

Zs(T,T′, s)∝ ∫ d3Rd3R′P(R,T|R′,T′, s). (9)

Using the Hermans–Ullman equation, we can show that Zc

satisfies a diffusion equation on a spherical surface with diffusion
coefficient equal to 1/(2ℓp) [8], that is,

zZc

zs
� 1
2ℓp

ΔS2Zs. (10)

An immediate consequence of the above equation is the
exponential decay of the correlation function between the two
ending directions C(L) :� 〈T(L) · T(0)〉 � exp(−L/ℓp), where L
is the polymer length. Indeed, this expectation value satisfies the
following equation: d

ds C(s) � 1
2ℓp

1
4π ∫S2dΩ(T(s) · T(s′))ΔS2Z,

where dΩ is the solid angle and 4π is a normalization
constant. Now, we can integrate twice by parts the r.h.s of last
equation and since S2 is a compact manifold the boundary terms
vanish. Also, using ΔS2T � − 2

R2 T, it is found that the correlation
function satisfies the ordinary differential equation
d
ds C(s) � − 2

R2 C(s). Now, we solve this equation using the
initial condition C(s′ � 0) � 1 and the length of the polymer
set up by s � L.

2.3 Modified Telegrapher Equation
As in the situation of the two-dimensional case [17], we carry
out a multipolar decomposition for HU equation in 3D. This
consists of expanding the probability density function
P(R,T|R′,T′; s) in a linear combination of the Cartesian
tensor basis elements 1, Ti, TiTj − 1

3δij, TiTjTk − 1
5δ(ijTk), /,

where the symbols (ijk) means symmetrization of the indices
i, j, and k, that is, δ(ijTk) � δijTk + δjkTi + δkiTj whose expansion
coefficients are hydrodynamic-like tensor fields. These tensors
are ρ(R, s), meaning by the manner how the ending positions are
distributed in the space; P(R, s), meaning as the local average of
the polymer direction; Qij(R, s), pointing the way how the
directions are correlated along the points of the space, etc.
These tensors are the moments associated to the Cartesian
tensor basis, for example, Pi � ∫  dΩ4πTiP(R,T, s). These fields
satisfy the following hierarchy equations:

zρ(R, s)
zs

� −ziPi(R, s), (11)

zPi(R, s)
zs

� − 1
ℓp

Pi(R, s) − 1
3
ziρ(R, s) − zjQij(R, s), (12)

zQij(R, s)
zs

� − 3
ℓp
Qij(R, s) − 1

5
Tij(R, s) − zkRijk(R, s), (13)

where Tij � ziPj + zjPi − 2δij

3 zkP
k.

Now, by combining Eq. 11 and Eq. 12, we can obtain a
modified telegrapher equation:
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z2ρ(R, s)
zs2

+ 1
ℓp

zρ(R, s)
zs

� 1
3
∇2ρ(R, s) + zizjQ

ij(R, s), (14)

where ∇2 is the 3D Laplacian. In a mean-field point of view, one
can consider the preceding equation as an equation for the
probability density function ρ(R, s) under the presence of a
mean-field Qij(R, s). In particular, Qij(R, s) does not play any
role for the mean-square end-to-end distance for a semiflexible
polymer in the open Euclidean 3D space. Indeed, let us define the
end-to-end distance as δR :� R − R′; thus, the mean-square end-
to-end distance is given by

〈δR2〉D ≡ ∫
D×D

ρ(R|R′, s)δR2d3Rd3R′. (15)

Now, we implement the same procedure used in [17] to calculate
the mean-square end-to-end distance in the open three-dimensional
space D � R3, where it is used as the modify telegrapher of Eq. 14
and the traceless property of Qij(R, s). We can reproduce the
standard Kratky–Porod [16] result for a semiflexible polymer in
the three-dimensional space [16, 20].

〈δR2〉R3 � 2ℓpL − 2ℓ2p(1 − exp(−L
ℓp
)) (16)

with the typical well-known asymptotic limits: diffusive regime
〈δR2〉x2ℓpL for L≫ ℓp, and ballistic regime 〈δR2〉xL2 for
L≪ ℓp.

3 SEMIFLEXIBLE POLYMER IN A
COMPACT DOMAIN

In this section, we apply the hierarchy equations developed in the
previous section in order to determine the conformational states of a
semiflexible polymer confined to a compact volume domain of size
V. From the hierarchy Eq. 12 and Eq. 13, the tensors Pi(R, s) and
Qij(R, s) damp out as e−L/ℓp and e−3L/ℓp , respectively. Furthermore, if
we consider that the semiflexible polymer is enclosed in a compact
volume V :� ℓ

3, with a typical length ℓ; thus, as long as we consider
cases when 3ℓ/ℓp is far from one, we may assume that Qij(R, s) is
uniformly distributed. This condition corresponds to truncate the
hierarchy equations at the second level; that is, the only equations
that survive in this approximation are Eq. 11 and Eq. 12.

In the latter situation, the distribution ρ(R, s) of the endings of
the semiflexible polymer is described through the following
telegrapher’s equation:

z2ρ(R, s)
zs2

+ 1
ℓp

zρ(R, s)
zs

� 1
3
∇2ρ(R, s) (17)

that satisfies the initial conditions

lim
s→ 0

ρ(R|R′, s) � δ(3)(R − R′), (18)

lim
s→ 0

zρ(R|R′, s)
zs

� 0. (19)

The condition Eq. 18 means that the polymers’ ends coincide
when the polymer length is zero, whereas Eq. 19 means that the

polymer length does not change spontaneously. In addition, since
the polymer is enclosed in the compact domain D of volume
V(D), we also impose a Neumann boundary condition

∇ρ(R|R′, s) R,R′∈zD � 0, ∀s,
∣∣∣∣ (20)

where zD is a surface bounding the domain D. This boundary
condition means that the polymer does not cross the boundary
neither wrap the domain. The procedure to obtain a solution of
the above telegrapher’s Eq. 17 is identical to the one developed in
[17]. We just have to take into account the right factors and the
dimensionality considerations. In this sense, the probability
density function is given by

ρ(R|R′; s) � 1
V(D)∑k∈ IG( s

2ℓp
,
4ℓ2p
3
λk)ψ†

k(R)ψk(R′), (21)

where we recall from [17].

G(v,w) � e−v[cosh(v �����
1 − w

√ ) + sinh(v �����
1 − w

√ )�����
1 − w

√ ] (22)

and {ψk} and {λk} are a complete set of orthonormal
eigenfunctions and a set of corresponding eigenvalues of the
Laplace operator −∇2 in R3. Notice that each ψk(R) must satisfy
the Neumann boundary equation ∇ψk|R∈zD � 0. In addition, it is
known [21, 22] that for Neumann boundary Laplacian eigenvalue
problem, there is a zero eigenvalue λ0 � 0 corresponding to a
positive eigenfunction given by ψ0 � 1/

��
V

√
.

Now, using Eq. 21, the mean-square end-to-end distance
〈δR2〉D can be computed in the standard fashion by

〈(δR)2〉D � ∑
k∈ I

akG( s
2ℓp

,
4ℓ2p
3
λk), (23)

where the coefficients of ak are obtained from

ak � 1
V(D)∫D×D

(R − R′)2ψ†
k(R)ψk(R′)d3Rd3R′. (24)

We can have a further simplification after squaring the end-to-
end distance inside the last integral. It is not difficult to see that
the square terms R2 and R′2 in (R − R′)2 only the zero mode
contribute; thus, we have

〈(δR)2〉D � 2σ2(R) − 2
V(D)∑k≠0r*k · rk G( s

2ℓp
,
4ℓ2p
3
λk), (25)

where σ2(R) :� 〈R2〉g − 〈R〉2g is called the mean-square end

position, 〈/〉g :� 1
V(D)∫Dd3R/ is termed as the geometric

average, and the factor rk :� ∫
D
Rψk(R)d3R for k ≠ 0. The factor

rk can be written in a simpler form for Neumann boundary
conditions, since ψk � − 1

λk
∇2ψk , and by integrating out by parts,

this factor is expressed in terms of a boundary integral

rk � 1
λk
∮

zD
dS nψk(RS), (26)

where RS ∈ zD and dS is the area element of zD. Since the function
G(v,w) decays exponentially as the polymer length gets larger values,
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we can convince ourselves that twice the mean-square end position
corresponds to a saturation value for the mean-square end-to-end
distance. An additional property of rk is the identity

1
V(D)∑k≠0r*krk � σ2(R). (27)

This identity can be proved using the completeness relation
of the eigenfunctions, that is, ∑

k
ψ*
k(R)ψk(R′) � δ(3)(R′ − R).

This identity allows us to prove that in general 〈(δR)2〉D
starts at zero.

4 RESULTS

4.1 Semiflexible Polymer Enclosed by a
Cube Surface
In this section, we provide results for the mean-square end-to-end
distance for a semiflexible polymer enclosed inside of a cube domain.
All the problems are reduced to solve the Neumann eigenvalue
problem −∇2ψ � λψ with Neumann boundary condition, when the
compact domain C :� {(x, y, z) ∈ R3 : 0≤ x ≤ a, 0≤ y ≤ a, 0≤ z ≤ a}
is a cube of side a in the positive octant. This problem is widely studied
in different mathematical physics problems [21, 23]. The
eigenfunctions in this case can be given by

ψk(R) �
Nnmp

a3/2
cos(πn

a
x)cos(πm

a
y)cos(πp

a
z), (28)

where x, y, and z are the standard Cartesian coordinates, and R �
(x, y, z) is the usual vector position. The eigenfunctions are
enumerated by the collective index nmp, with
n,m, p � 0, 1, 2,/. Nnmp is a normalization constant with
respect to the volume of the cube V(D) � a3, whose values
are given by N000 � 1; Nn00 � N0n0 � N00n �

�
2

√
, for n≠ 0;

Nnp0 � Nn0p � N0np � 2, for n, p≠ 0; and Nnpm � 2
�
2

√
, for

n,m, p≠ 0. The eigenvalues of the Laplacian are given by
λk � k2, where k � (πna , πma , πpa ). Now, we proceed to calculate

rk using its definition, that is, rk � ∫
C
Rψk(R)d3R. The three

components are given by

(rk)x � − �
2

√ a5/2

n2π2
(1 − (−1)n)δm0δp0,

(rk)y � − �
2

√ a5/2

m2π2
(1 − (−1)m)δn0δp0,

(rk)z � − �
2

√ a5/2

p2π2
(1 − (−1)p)δn0δm0,

(29)

In the following, we use the general expression in Eq. 25 for
the mean-square end-to-end distance. The mean-square end
position can be easily calculated as σ2(R) � a2

4 . Since the
Kronecker delta in rk , each contribution of (rk)i is the same,
thus taking into account the correct counting factor, the mean-
square end-to-end distance is

〈δR2〉C � a2

2
− 24a2∑

k�1

∞ (1 − (−1)k)
k4π4

G( s
2ℓp

,
4
3
(ℓp
a
)2

π2k2). (30)

Following the same line of argument performed in [17], it is
observed that 24∑ ∞

k�1
(1−(−1)k)

k4π4 � 1
2 consistently with Eq. 27; thus,

up to a numerical error of 10− 2, we claim that

〈δR2〉C
a2

x
1
2
− 1
2
exp(− L

2ℓp
)⎧⎪⎨⎪⎩cosh⎡⎢⎢⎢⎢⎣ L

2ℓp
(1 − 4π2

3

ℓ
2
p

a2
)1

2⎤⎥⎥⎥⎥⎦
+(1 − 4π2

3

ℓ
2
p

a2
)− 1

2

sinh⎡⎢⎢⎢⎢⎣ L
2ℓp
(1 − 4π2

3

ℓ
2
p

a2
)1

2⎤⎥⎥⎥⎥⎦⎫⎪⎬⎪⎭
(31)

Let us remark that for any fixed value of a, the r.h.s of Eq. 31, as a
function of L, shows the existence of a critical persistence length,
ℓ
*
p �

�
3

√
a/(2π) such that for all values of ℓp > ℓ*p, it exhibits an

oscillating behavior, whereas for ℓp < ℓ*p, it is monotonically
increasing. In Figure 1, we show the behavior of the mean-square
end-to-end distance versus the length of the polymer for several

FIGURE 1 | Monotonous and oscillating behaviors of the mean-square end-to-end distance (Eq. 30) of polymers with ℓp below (A) and above (B) the critical
persistence length ℓ

p
p � ��

3
√

/(2π)a in cubic confinement. Inside the plotting area, we sketch the conformational states of each class of polymers.
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values of the persistence length below and above ℓ*p. Moreover, we
also show sketches of conformational states corresponding to the
monotonous and oscillating behaviors of the mean-square end-to-
end distance. In addition, the same mathematical structure as the
mean-square end-to-end distance found by Spakowitz and Wang
[24] is noticeable for semiflexible polymers wrapping a spherical shell,
and recently for semiflexible polymers confined to a square box [17].

4.2 Semiflexible Polymer Enclosed by a
Spherical Surface
In this section, we provide results for the mean-square end-to-end
distance for a semiflexible polymer enclosed inside of a spherical
domain. All the problems are reduced to solve the Neumann
eigenvalue problem −∇2ψ � λψ with Neumann boundary
condition when the compact domain B :� {r ∈ R3 : r2 ≤R2} is a
center ball of radius R. This problem is widely studied in different
mathematical physics problems [21, 23]. The eigenfunctions in this
case can be given in terms of spherical Bessel functions jℓ(x) and
spherical harmonic functions Yℓm(θ,φ):

ψ
ℓmk(r, θ,φ) � Nℓk jℓ(αℓk

r
R
)Yℓm(θ,φ), (32)

where r, θ, and φ are the standard spherical coordinates. The
factor Nℓk is a normalization constant with respect to the volume
of the ball B, given by

Nℓk �
�
2

√
R3/2

αℓk

jℓ(αℓk)(α2ℓk − ℓ(ℓ + 1))1/2. (33)

The coefficients αℓk are the roots of zjℓ(x)/zx, which, by using
the identity ℓjℓ−1(x) − (ℓ + 1)jℓ+1 � (2ℓ + 1)zjℓ(x)/zx, satisfy the
equation ℓjℓ−1(αℓk) � (ℓ + 1)jℓ+1(αℓk). The eigenfunctions are
enumerated by the collective index ℓmk, with ℓ � 0, 1, 2,/
counting the order of spherical Bessel functions,
m � −ℓ,−ℓ + 1,/, ℓ, and k � 1, 2, 3,/ counting zeros. The
eigenvalues of the Laplacian are given by λℓmk � α2

ℓk/R
2, which

are independent of the numbers m. Now, we proceed to calculate
rℓmk by using Eq. 26. It is enough to calculate ∮S2dS n Yℓm(θ,φ),
since n∝Y1m; thus, ∮S2dS n Y1,±1(θ,φ) � −

��
2π
3

√
R2(±1, i, 0) and∮S2dS n Y1,0(θ,φ) � 2

�
π
3

√
R2(0, 0, 1). Now, we call α1k :� αk; then,

using Eq. 33 one has

r1,±1,k � −2
��
π

3

√
R5/2

αk(α2
k − 2)1/2 (±1, i, 0), (34)

r1,0,k � 2

���
2π
3

√
R1/2

αk(α2k − 2)1/2 (0, 0, 1), (35)

where roots {αk} satisfy the equation j0(αk) � 2j2(αk). Using
explicit functions of the spherical Bessel functions, the root
condition is F(αk) � 0, where

F(x) � (x2
2
− 1)sin x + x cos x. (36)

In the following, we use the general expression (Eq. 25) for the
mean-square end-to-end distance. We calculate the mean-square
end position, σ2(R) � 3

5R
2, and use the factors rℓmk; thus, the

mean square end-to-end distance is

〈δR2〉B � 6
5
R2 − 12R2∑

k�1

∞ 1
α2
k(α2

k − 2)G( s
2ℓp

,
4
3
(ℓp
R
)2

α2
k). (37)

Following the same line of argument performed in [17], we
observe numerically that 12∑  N

k�1 1
α2k(α2k−2)→ 6/5 as N increases;

this is consistent with Eq. 27. Thus, up to a numerical error 10− 2,
we claim that

〈δR2〉B
R2

x
6
5
− 6
5
exp(− L

2ℓp
)⎧⎪⎨⎪⎩cosh⎡⎢⎢⎢⎢⎣ L

2ℓp
(1 − 4α21

3

ℓ
2
p

R2
)1

2⎤⎥⎥⎥⎥⎦
+(1 − 4α2

1

3

ℓ
2
p

R2
)− 1

2

sinh⎡⎢⎢⎢⎢⎣ L
2ℓp
(1 − 4α2

1

3

ℓ
2
p

R2
)1

2⎤⎥⎥⎥⎥⎦⎫⎪⎬⎪⎭
(38)

FIGURE 2 | Monotonous and oscillating behaviors of the mean-square end-to-end distance (Eq. 37) of polymers with ℓp below (A) and above (B) the critical
persistence length ℓ

p
p � ��

3
√

R/(2α1) in spherical confinement. Inside the plotting area, we sketch the conformational states of each class of polymers.
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Let us remark that for any fixed value of R, the r.h.s of Eq. 38,
as a function of L, shows the existence of a critical persistence
length, ℓ*p �

�
3

√
R/(2α1), with α1x2.08158 according to Eq. 36

such that for all values of ℓp > ℓ
*
p, it exhibits an oscillating

behavior, whereas for ℓp < ℓ*p, it is monotonically increasing. In
Figure 2, we show the behavior of the mean-square end-to-end
distance versus the length of the polymer for several values of the
persistence length below and above ℓ*p. Moreover, we also show
sketches of conformational states corresponding to the
monotonous and oscillating behaviors of the mean-square
end-to-end distance. In addition, it is noticeably that the same
mathematical structure as the mean-square end-to-end distance
found by Spakowitz and Wang [24] for semiflexible polymers
wrapping a spherical shell, and recently for semiflexible polymers,
confined to a square box [17].

5 CONCLUDING REMARKS

In this work, we carry out an extension of the stochastic curvature
formalism introduced in [17] to analyze the conformational states
of a semiflexible polymer in a thermal bath for the cases when the
polymer is in the open space R3 and when it is in a bounded
domain D ⊂ R3. The basic idea of formalism in the 3D case is
followed by two postulates, that is, each conformational state
corresponds to the realization of a path described by the
stochastic Frenet–Serret Eq. 5a and Eq. 5b, to introduce a
stochastic curvature vector k(s), and a second postulate that
gives the manner how κ(s) is distributed according to the thermal
fluctuations.

In the case of a polymer in an open space R3, the standard
Kratky–Porod formula for polymers is reproduced in three
dimensions [16], while when the polymer is confined to a
space bounded region D ⊂ R3, the conformational states show
the existence of a critical persistence length ℓ

*
p such that for all

values of ℓp > ℓ*p, the mean square distance from end to end
exhibits an oscillating behavior, while for ℓp < ℓ

*
p, it exhibits a

monotonic behavior in both cases of a cubic region and a
spherical region. Furthermore, for each value of ℓp, the
function converges to twice the mean-square end position
σ2(R), that is, twice the variance of R2 with respect to the
volume of the domain. The critical persistence length,

therefore, distinguishes two conformational behaviors of the
semiflexible polymer in the bound domain. On the one hand,
polymers with persistence length below the critical value have a
conformation similar to a Brownian random path. On the other
hand, polymers with persistence length above the critical value
adopt smooth conformations. In addition, it is highlighted that
the mean-square end-to-end distance exhibits the same
mathematical form for the discussed cases along with the
manuscript (Eq. 31 and Eq. 38) and with the results
reported for a polymer enclosed to a square box and rolling
up a spherical surface [17, 24]. Nevertheless, the value difference
of saturation and the critical persistence length reflect the
particular geometric nature of the compact domain,
including the dimensionality of the space. Note the particular
mathematical expression in our work is due to the probability
density function of the polymer’s ends, which is governed by a
modified telegrapher equation. As a consequence of this
resemblance, it can be concluded that the shape transition
from oscillating to monotonous conformational states
provides furthermore evidence of a universal signature for a
semiflexible polymer enclosed in compact space.
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