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Non-invasive detection of theMajorana bound state (MBSs), a kind of quasiparticle without
charge and mass, is one of the core issues in current condensed matter physics. Here we
study in theory the quantum interference effect in parallel-coupled double quantum dots
which are connected either by Majorana bound states (MBSs) or regular fermions. We find
that the zero-energy conductance develops a sharp peak when the dots are connected by
the MBSs, whereas that in the case of the dots are coupled via regular fermions shows a
valley. By varying the coupling strength between the dots and the electron reservoirs, the
conductance in the two structures changes in different ways. By comparing the properties
of the linear conductance in the two systems, the information of the MBSs formed at the
two ends of a topological superconductor nanowire then can be inferred. We also find that
theMBSs in the present structure also induces the Fano effect, and is favorable in quantum
information processing.
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INTRODUCTION

In recent years, the preparation and detection of the exotic self-conjugate Majorana fermions have
been extensively studied both experimentally and theoretically [1–3]. In solid platforms, they are
realized in the form of zero-energy Majorana bound states (MBSs), and are promising in fault-
tolerant quantum computing over the last two decades because of their non-Abelian statistics and
robustness against decoherence [4, 5]. Up to now, MBSs have been prepared in various setups, in
which the simplest and the most frequently studied one is perhaps the topological superconducting
nanowires (TSNW). It involves the use of a nanowire having strong spin-orbit interactions under a
uniform magnetic field in the proximity of an s-wave superconductor [5–7]. The magnetic field
breaks the time-reversal symmetry in the TSNW and produces spinless electrons with p-wave
superconducting pairing [5–7]. With the rapid developments of the nano-fabrications, the MBSs
have also be successfully prepared in semiconducting nanowires [8, 9], magnetic atom chains [10],
and planar Josephson junctions [11, 12].

The detection of the MBSs is quite challenging due to its charge neutrality and massless nature.
One of the current strong evidence of the existence of MBSs is the zero-bias anomaly of the
conductance peak in tunnel-spectroscopy experiments [7, 11], whichmeans that under the condition
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zero bias, the conductance develops a peak other than the usual
zero value. The zero-bias anomaly of the conductance arises from
the hybridization between the quantum dot and the Majorana
bound state, and then can be used for deducing the existence of
the latter. However, such a phenomenon can also arise from some
other mechanisms, such as the Kondo effect [13–15]. The
Josephson effect has also been extensively investigated due to
its phase-sensitive nature as the MBSs in a Josephson junction
enable a nontrivial Josephson current having 4π periodicity in the
Josephson phase [1, 11, 12]. This is quite different from the
Josephson current with 2π periodicity in the usual junctions.
Meanwhile, there were also some proposes of hybridizing a
quantum dot (QD) to one end of a TSNW [16–20] in that the
information of the MBSs will “leak” into the QD and then can be
detected by spectroscopy transport measurements in a non-
invasive way [21, 22]. Some other proposals such as the
thermoelectric effect [23] and optical schemes [24, 25] based
on QDs were also put forward. For example in Ref. 24, they
argued that the MBSs will absorb and emit photons leading
photon-assisted side band peaks. Such processes result in non-
zero MBSs mode and then indicate a novel detection scheme for
MBSs. The height of the photon-induced side band peaks is
proportional to the magnitude of the photon field, and the time-
dependent conductance is negative for a certain period of time in
the presence of the MBSs [24].

Electronic transport through QD structures has been an active
research subject during the past several decades [26, 27]. Due to
the confinement of electrons in both the three directions, QD is
characterized by the quantized energy levels, and is usually called
‘‘artificial atoms’’ [26]. Coherence of electrons tunneling through
QD is greatly preserved, which has been demonstrated in
phenomena such as the Aharonov-Bohm oscillations in closed
ring-shape geometries [28], the subtle Kondo effect in QD
connected to leads [13, 14, 29], and Fano resonances in
systems with multiple channels [26–29]. In fact, two or more
QDs coupled to each other will form an ‘‘artificial molecule’’ and
result in the formation of bonding and antibonding states that are
interesting in potential applications in quantum computing
devices [26–29]. A lot of research works then have been
carried out on the quantum interference effects in diverse
parallel and T-shaped setups. In the systems of hybridized
QD-TSNW, there is usually more than one electron transport
channels and the quantum interference effect is an efficient mean
to detect the existence of the MBSs formed at the ends of the
TSNW [30–35]. For example, it was shown that when theMBSs is
coupled to the QD in multiple channel systems, antiresonance in
the conductance emerges and its location depends on the direct
hybridization between the MBSs [32, 33]. If the coupling
strengths between the QD and the two modes of the MBSs are
the same, the Fano effect is induced as the Fano lineshape in the
conductance or spectrum function [35]. Such interesting results
may provide new information for the detection of the MBSs or
find practical applications in design of high-efficiency quantum
devices.

In the present paper, we study Fano effect in parallel double
QDs in the presence of MBSs. We consider the cases of the two
dots are simultaneously coupled to the left and right leads with

different strengths, and to each other by the TNSW hosting MBSs
(QD-MBSs). Our numerical results show that the zero-energy
conductance is sensitive to the dot-lead coupling. We also
compare the results in our QD-MBSs structure with those in
the QDs connected to each other by the usual tunnel junction or
regular fermions (another QD), and show that the central (zero-
energy) peak in the two cases undergoes a peak to valley
evolution, which can be used for detecting the MBSs.

MODEL AND METHODS

The schematic plot of the present structure is shown in Figure 1,
in which two QDs are simultaneously coupled to the left and right
leads with different coupling strengths, and connected to each
other by a TNSW with MBSs. The Hamiltonian can be written as
the following form Refs. 36–40,

H � ∑
kα

εkαε
†
kαεkα + ∑

i�1,2
εid

†
i di + tc(d†

1d2 + h.c) +∑
kαi

(Vkαid
†
i ckα

+ h.c.) +HMBSs, (1)

where the creation (annihilation) operator c†kα(ckα) is for
electrons having wave vector k, energy εkα in the αth
(α � L/R) normal metal lead. The second term in the right
side of Eq. 1 is for electrons on the two QDs with energy level
εiwith creation (annihilation) operator d†i (di). The third term in
the right side of Eq. 1 stands for possible hopping between the
two QDs through a tunnel barrier with strength tc. The forth term
in the right side of Eq. 1corresponds to tunneling between the
QDs and the leads with amplitude Vkαi. The last term in right side
of Eq. 1 denotes the MBSs formed at opposite ends of the TSNW
and their couplings to the QDs [35–37].

HMBSs � λ1�
2

√ (d1 − d†
1)c1 + i

λ2�
2

√ (d2 + d†2)c2 + iδMc1c2, (2)

in which λi is the hybridization amplitude between the QD-i and
the mode-i of the MBSs, and the self-conjugate nature of the

FIGURE 1 | Schematic plot of the parallel double QDs coupled to the left
and right leads with coupling strength ΓL/Rij , and to each other by a TSNW
hosting MBSs. Dot 1(2) couples to the mode η1(2) of the MBηSs with
hybridization strength λ1(2). The chemical potentials of the leads are μL
and μR, which are set to be μL � μR � 0 in the linear response regime.
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MBSs requires c1(2) � c†1(2) and {ci, cj} � 2δij. Following previous
work [17], we transform the Majorana fermion operators c1(2)
into the regular fermion operators f and f † by defining
c1 � 1�

2
√ (f + + f ), c2 � i�

2
√ (f + − f ), and then Eq. 2 becomes into

the following form,

HMBSs � δM(f †f − 1
2
) + λ1�

2
√ (d1 − d†1)(f + f †)

+ λ2�
2

√ (d2 + d†2)(f − f †). (3)

At ultra-low temperature favorable for the preparation of the
MBSs, the linear conductance G is obtained with the help of the
transmission T(ε) of an electron by the Landauer formula G �
(2e2/h)T(ε). The transmission coefficient is calculated in terms of
the Green’s functions as T(ε) � Tr{Ĝa(ε)Γ̂RĜr(ε)Γ̂L}, in which
Ĝ
r(a)(ε) is the retarded (advanced) Green’s function and Γ̂L(R) the

line-width function denoting coupling between the dots and the
leads. For the present structure, they are all 6×6matrixes. We
calculate the retarded Green’s function Ĝ

r(ε) � [Ĝa(ε)]† by using
the Dyson’s equation method combined with the equation of
motion technique. After some straightforward calculations, the
Green’s function is given by Ref. 14
Ĝ
r � (ĝr− 1 − T̂c − K̂ − i(Γ̂L + Γ̂R)/2)− 1, in which ĝr is the

retarded Green’s function of the central region free
from couplings whose diagonal elements
are gr11(22)(ε) � 1/(ε ∓ ε1), gr33(44)(ε) � 1/(ε ∓ ε2), and
gr55(66)(ε) � 1/(ε ∓ δM). Matrix T̂c denotes the tunnel-coupling
between the dots whose elements are
T̂c,13 � T̂c,31 � −T̂c,24 � −T̂c,42 � tc. The matrix elements of
are K̂15(6) � K̂5(6)1 � −K̂25(6) � −K̂5(6) � ξ1 and
K̂3(4)5 � K̂53(4) � −K̂3(4)6 � −K̂63(4) � ξ2, where ξ1(2) �
πρiλ

2
1(2)/2 being the dot-MBSs coupling strength and ρi the

density of the states in QDs i. In the present paper, we assume
that the MBSs are coupled to the two QDs with equal strength,
and fix ξ1 � ξ2 � λ. The line-width function is given by

Γ̂L/R �

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ΓL/R11 0
������
ΓL/R11 ΓL/R22

√
0 0 0

0 ΓL/R11 0
������
ΓL/R11 ΓL/R22

√
0 0������

ΓL/R11 ΓL/R22

√
0 ΓL/R22 0 0 0

0
������
ΓL/R11 ΓL/R22

√
0 ΓL/R22 0 0

0 0 0 0 0 0
0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

(4)

in which the Γαij � 2πVkαiVp
kαjρα with ρα being the local density of

states in lead α.

RESULTS AND DISCUSSION

In the following numerical calculations, we fix the line-width
function ΓL11 � ΓR22 � Γ ≡ 1 as the energy unit, and assume ΓL22 �
ΓR11 � qΓ with q a dimensionless parameter throughout the paper.
We also fix the dots’ levels at ε1 � ε2 � 0 in that the MBSs exert
significant impacts on electronic transport around zero energy.

For 0 < q ≤ 1, the two dots are parallel-coupled to the two leads,
and q � 0 corresponds to the case of the serially coupled
configuration. Figure 2 presents the results of linear
conductance through the double QDs for different values of q.
For q � 0 and tc � 0, the system is an open circuit and the
conductance is zero (G � 0) as indicated by the solid black line in
Figure 2A. For 0 < q < 1, the two dots are connected in parallel
configuration with asymmetrical left-right couplings, and the
analytical expression of the linear conductance is Refs. 28 and 31

G � 2e2

h
4qε2Γ2

[ε2 − (1− q2 Γ)2]2 + [εΓ(1 + q)]2. (5)

From above equation, one can see that G develops a dip at ε �
0, and has two resonances located at ε � ±(1 − q)Γ/2 as shown by
the red dashed and blue dotted lines in Figure 2A. For the two
dots are coupled to the dots symmetrically q � 1, the conductance
exhibits a single wide peak centered at as indicated by the green
dash-dotted line, which can also be seen from Eq. 5. Under the
condition of tc ≠ 0, the conductance is composed by one Breit-
Wigner resonance at ε � tc and a Fano one at ε � tc, which
respectively correspond to the bonding and antibonding states in
this QDs molecular [28, 31]. The conductance now is given by

G � 2e2

h

4Γ2(1+q2 tc − �
q

√
ε)2

[ε2 − t2c + (1− q2 Γ)2]2 + 4Γ2[1+q2 ε + �
q

√
tc]2. (6)

FIGURE 2 | Linear conductance varying as a function of the Fermi
energy in the absence of QD-MBSs coupling (λ � 0) for tc � 0 in (A), and tc � Γ
in (B). The configuration of the structure is varied by the value of q.
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For q � 0 (serially connected double QDs), the conductance
shows two Lorentz peaks at the bonding and antibonding states,
respectively. Whereas for 0 < q < 1, the resonance at the
antibonding state ε � tc shows the typical asymmetrical Fano
line-shape, which has been systematically investigated in Refs. 28
and 31 and we do not discuss them in more detail.

We now study the case of the two QDs are connected by the
MBSs (DQD-MBSs configuration) in Figure 3A, and also shows
the results when the two dots are connected by regular fermions
(TQD configuration). For q � 0, the conductance remains at zero
in that the electrons can not transport through the TSNW for
tc � δM � 0 as shown by the black solid line in Figure 3A. The
conductance develops triple peaks for nonzero q≠ 0 which locate
about at ε � 0 and ε � ±(λ + Γ/2), respectively. Meanwhile, there
are two antiresonances (G � 0) at ε � ±λ. With increasing q, the
height of the three peaks increases with unchanged configuration,
and reaches its quantum value 2e2/h for q � 1. In structure of
single QD hybridized with the MBSs, the zero energy
conductance is half of its quantum value G(ε � 0) ≡ e2/h,
which is believed to be the evidence of the MBSs [19]. In the
present DQD-MBSs systems, however, this criterion will not hold
true, and the existence of the MBSs can only be deduced from the
properties of the resonances and antiresonances in the
conductance. For this reason, we show the results when the
MBSs connecting the two QDs is replaced by another QD

(dot-3) serving as a pair of regular fermions. For the
convenience of comparison, we use similar symbols of the
MBSs to denote dot-3, and then Hamiltonian in Eq. 1 is
changed into

H � ∑
kα

εkαε
†
kαεkα + ∑

i�1,2
εid

†
i di + tc(d†1d2 + h.c) + δMd

†
3d3 + (λd†

1d3

+ λd†3d1 + h.c) +∑
kαi

(Vkαid
†
i ckα + h.c.),

(7)

from which the retarded Green’s function and the conductance
can be easily obtained by the equation of motion method in the
absence of Coulomb interaction between the electrons [41].

As shown in Figure 3B, the conductance develops triple peaks
for 0 ≤ q < 1 with unchanged peaks’ value 2e2/h. With increasing

FIGURE 3 | Dependence of the linear conductance on the Fermi energy
for the case of the double QDs are coupled to each other by the MBSs (DQD-
MBSs) in (A) and the case of the two QDs connected by regular fermions,
i.e., another QD in (B). The latter corresponds to the triple-QD (TQD)
configuration.

FIGURE 4 | Linear conductance as a function of the Fermi energy for
DQD-MBSs and TQD configurations and different values of direct overlap
amplitude δM and fixed λ � 1 and q � 1. In (A) we set δM � 0.1Γ, and δM � Γ in
(B), δM � 5Γ in (C). The conductance in (C) displays typical asymmetric
Fano line-shape in higher energy regimes.
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q, the two dips move toward ε � 0 with the narrowing of the
central peak. For, the central peak involves into an antiresonance
G(ε � 0) ≡ 0 and the conductance reduces to a double-peak
configuration. By comparing Figures 3A,B, one can find that
the properties of the conductance in DQD-MBSs are quite
different from those in TQD, and then the information of the
MBSs can be then inferred. For example, the zero-energy
conductance develops a peak when the two dots are
symmetrically coupled to the leads (q � 1) in the DQD-MBSs,
whereas it becomes to be zero when the two dots are connected by
another QD (TQD). In fact, this is one of the interesting effects
induced by the interaction between the MBSs and the electrons
on the QDs that the behaviors of the conductance near the zero-
energy point are mainly influenced. The reason is that the MBSs
are zero energy like the electron-hole pair, and then induces a
peak at zero Fermi energy, or a peak in the differential
conductance when the bias voltage is zero (zero bias anomaly

in the conductance found in Ref. 13). In higher energy regime, the
impacts of the MBSs then are weak and the transport processes
are dominated by the electrons from different channels. For this
reason, the typical asymmetrical Fano line-shape in the
conductance in higher energy regimes emerges, but vanishes
around the zero-energy.

Figure 4 presents the calculation results in structures of DQD-
MBSs (black solid line) and TQD (red dashed line) with varied
inter-MBSs coupling strength δM (or energy level of dot-3). For
small value δM � 0.1Γ as shown in Figure 4A, the conductance’s
configuration in both of the two structures remains almost
unchanged, which is also quite different from the result in
single dot coupled to MBSs [19], in which the value of the
zero-energy conductance recovers 2e2/h as long as δM ≠ 0.
With increasing δM as shown in Figure 4B, the conductance
peak in negative (positive) energy regimes moves toward (away
from) the zero-energy state of ε � 0 for the case of DQD-MBSs
(the solid black line). The conductance in the TQD, however,
both the positions of the peaks and the dip move to higher energy
level, as indicated by the red dashed line. When the hybridization
between the MBSs is δM > Γ, the conductance in high energy
regime exhibits typical Fano line-shape, which holds true in both
the DQD-MBSs and TQD configurations. Around the zero-
energy state, however, the conductance in DQD-MBSs remains
the double-peak configuration with an antiresonance. The
conductance in TQD around ε � 0 shows the single wide peak
configuration, which is completely different from that in DQD-
MBSs.

Finally, we study the conductance in Figure 5 for different

values of q and fixed δM � 5Γ. For nonzero δM, the conductance

in serially coupled double QDs has three peaks individually abut

at ε � 0 and ε � ±
�������
λ2 + δ2M

√
in DQD-MBSs, as shown by the solid

black line in Figure 5A. The peaks are also equal in height but the
width of the central peak is much wider than that of the other two.
With increasing q as indicated by the sold lines in Figures 5B, C,
the peak in the negative energy regime is destroyed with the
splitting of the central one, exhibiting the Fano line-shape. The
peak in higher energy regime becomes higher and then also
displays the asymmetric Fano line-shape which is similar to the
case in Figure 4. The conductance in TQD has only two peaks for
q � 0, and then changes in similar way as that of DQD-MBSs.
Interestingly, in the case of q � 1, we find in Figure 5A that the
zero-energy conductance of DQD-MBSs develops a peak whereas
that of TQD is a dip with the value of G � 0. Such an evolution
from peak to valley is a good evidence of the MBSs. This
difference between the two cases can be attributed to the fact
that there is a resonant state at zero-energy induced by the MBSs.

SUMMARY

In summary, we have studied the properties of the conductance in
double QDs coupled to the left and right leads in parallel
configuration within the framework of the Green’s function
method. We find that when the two dots are connected by a
TSNWwithMBSs at its two ends, the conductance develops three

FIGURE 5 | Linear conductance as a function of the Fermi energy for
DQD-MBSs and TQD configurations for q � 0 in (A), q � 0.3 in (B), q � 0.6 in
(C). Except the parameters given in the figure, others are as in Figure 4.
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peaks, whose height is enhanced with increasing left-right
symmetry. Between the peaks, there are two dips with zero
conductance. If the dots are connected by regular fermions,
however, the dips is nonzero, and the central peaks will evolve
into a dip if the system is totally symmetric in left-right coupling
strength. Such a peak to valley change of the conductance
provides a non-invasive detection of the MBSs. When the
MBSs formed at the ends of the TSNW is overlapped, the
resonances at zero and positive energy regimes will display the
typical Fano line-shape, which is useful in quantum information
processing or design of novel quantum devices.
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