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Heat Transfer Analysis for Non-linear
Boundary Driven Flow Over a Curved
Stretching Sheet With a Variable
Magnetic Field
Kehinde M. Sanni*, Qumar Hussain and Saleem Asghar

Department of Mathematics, COMSATS University Islamabad, Islamabad, Pakistan

A 2-D boundary-layer flow induced by non-linear (quadratic) stretching of a curved

surface of an incompressible MHD viscous fluid is investigated. Heat transfer analysis is

presented including viscous dissipation and thermal radiation. A radially variablemagnetic

field is applied that satisfies Maxwell’s equation and incorporates the curvature effects.

A new similarity variable and similarity transformation are introduced to reduce the

governing PDE’s into ODE’s. A numerical procedure is adopted to find the solution of

momentum and energy equations. The numerical scheme is validated with the existing

data. The results are illustrated graphically and discussed physically. Comparison with

the literature shows a significant improvement compared to existing studies.

Keywords: curved surface, non-linear stretching, MHD, variable temperature, viscous dissipation, Joule heating,

radiation, CST and PSVT

INTRODUCTION

Stretching is one of the most important mechanisms for boundary driven flows. Crane [1] was
the first to present an exact analytical solution for linear stretching on a flat plate. Since then a
lot of theoretical and numerical studies have been conducted with applications in the polymer
industry and engineering processes. Linear stretching was extended to non-linear and exponential
stretching velocities for plane surfaces and tubes in Newtonian and non-Newtonian fluids [2–13].
The stretching of curved surfaces is now being studied for its mathematical interest as a method for
solving non-linear governing equations in curvilinear coordinates and for understanding boundary
driven flow behavior and generalized flow geometry. As the body of literature about stretching
is so large it cannot be cited here, we will focus on curved surfaces only. Sajid et al. [14] was
first to introduce the concept of flow due to the linear stretching of the curved surface in a
Newtonian fluid. They concluded that the velocity decreases as the radius of curvature increases,
or the velocity and the boundary layer thickness increase for the curved surface in comparison
with the flat surface. In addition, the pressure gradient is variable contrary to the constant pressure
gradient for the flat surface. Sanni et al. [15] discussed non-linear power law stretching velocity.
Magnetohydrodynamic (MHD) flow over a curved linear stretching surface with heat transferred
to an electrically conducting fluid in the presence of a transversely applied magnetic field was
presented by Abbas et al. [16]. We observe that the studies for MHD flow in the curvilinear
geometry are normally undertaken using a uniform magnetic field [17–24]. However, we find
that the magnetic field must be such that it satisfies the solenoidal property

(

div B = 0
)

. Hence,
the assumption of a uniform magnetic field is valid for a rectangular coordinate system but not
for curvilinear coordinates. Variable magnetic fields are used for the treatment of peptic ulcers,
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medical diagnosis and in medical therapeutic techniques. In
industry, the growing of pure crystal semiconductors can be
controlled using a variable magnetic field [25, 26]. Some other
papers about curved structures also include: Reddy et al. [27]
which analyzed a dual solution of nanofluid flow due to a curved
stretching surface under the influence of non-linear radiation.
The flow of a nanofluid with carbon nanotubes caused by
a curved stretching surface, with internal heat generation, is
examined by Saba et al. [28]. Naveed et al. [29] documented
dual solutions of MHD viscous fluid flow past a shrinking
curved surface. Hayat et al. [30] discussed a numerical solution
for hydromagnetic fluid flow under Soret and Dufour effects.
In the presence of variable viscosity and carbon nanotubes,
Nadeem et al. [31] investigated an MHD nanofluid over a curved
stretching surface. For the solutionmethodology, new similarities
have been defined which take into account the effects of both
linear and non-linear stretching velocities. In the literature, the
similarity for the non-linear stretching velocity is defined in a
way that takes care of the linear part only. We believe that it
results in incomplete governing equations and incomplete results
missing out the effects of the non-linear part. This motivates us to
define a new similarity transformation, resulting in the complete
set of governing equations and improved results which addresses
the non-linear part of the velocity as well. Mathematically, the
objective of the present study has been to formulate the Lorentz
force for variable magnetic field in the curvilinear coordinates
and to redefine the similarity transformation to improve upon
the results of the non-linear stretching velocity for a flat surface.
This is accomplished for the flow and heat transfer analysis over
the non-linear stretching of a curved surface in an electrically
conducting viscous fluid in the presence of a variable magnetic
field. The important observations are that the velocity induced by
the boundary decreases as the the magnetic field and the radius of
curvature increases. Thus, the flow field and the boundary layer
thickness can be maintained with the help of these parameters.
The non-linear contribution of the boundary velocity has more
significant effect than the linear part. Detailed consequences of
this study are discussed in the last section.

PROBLEM FORMULATION

Consider the steady two-dimensional boundary-layer flow and
heat transfer for an incompressible hydromagnetic viscous fluid
moving over a curved surface. The flow is induced by a non-
linear (quadratic) stretching velocity of the form ax + bx2 (a
and b being the dimensional constants), and the energy equation
includes the viscous dissipation and thermal radiation. A variable
applied magnetic field, given as B (r) = RBo(R+ r)−1

êr , is
acting in the radial direction compared to the curved surface. The
variable magnetic field is taken on purpose to make it consistent
with Maxwell’s equation (∇.B = 0). The governing equations
are modeled using curvilinear coordinates. The Lorentz force
F = J×B and the current density J in the absence of an electrical
current (E = 0) are expressed as:

J = σ (V× B) (1)

F = (−σRBo(R+ r)−1u, 0, 0). (2)

FIGURE 1 | Physical geometry of the problem.

We observe that an electrically conducting fluid transverses a
curved path along the stretching surface (instead of in a linear
direction), and the magnetic field is perpendicular to the flow
direction. Using Equaion (1), the Lorentz force takes the form
F = (−σRBo(R+ r)−1u, 0, 0) which takes a constant value as
R goes to infinity. In the above equation, σ is the electrical
conductivity of the fluid, êr is the unit vector in the radial
direction and Bo is the strength of the applied magnetic field;
whereas u and v are the components of velocity field in the x−
and r−directions. The geometry of the flow is given in Figure 1.

The boundary layer equations [16] in the presence of a variable
magnetic field can be given as follows:

∂r [(R+ r) v] = − R∂xu (3)

v∂ru+ Ru
R+r ∂xu+ uv

R+r = − 1
ρ

R
R+r ∂xP

+υ
{(

1
R+r ∂r[(R+ r) ∂ru]

)

− u
(R+r)2

}

−
σB20R

2

ρ(R+r)2
u (4)

u2

R+r =
1
ρ
∂rP (5)

v∂rT + Ru
R+r ∂xT = K

ρCp

{

1
R+r ∂r[(R+ r) ∂rT

}

+ u
ρCp

(

∂ru− u
R+r

)2
− 1

ρCp
∂rqw + σR2

ρCp(R+r)2
u2, (6)

where u is the viscosity of the fluid, ρ is the fluid density, p is the
pressure, Tw is the temperature of the surface at γ = 0, T∞ is the
ambient temperature, K is the thermal conductivity of the fluid,
Cp is specific heat of the fluid at constant pressure, and qw is the
heat flux.

The boundary conditions for all a, b∈ R satisfied by the
velocity and the temperature fields are:

uw = ax+ bx2, v = vw = 0,T = Tw at r = 0 (7)

u = 0, ∂ru = 0,T → T∞ as r → ∞. (8)

In Equation (7), a and b determine the strength of the linear and
non-linear parts of the stretching velocity, respectively.

The similarity variables given in [2–4] are revisited and
modified for generalized curvilinear coordinates to include both

Frontiers in Physics | www.frontiersin.org 2 April 2020 | Volume 8 | Article 113

https://www.frontiersin.org/journals/physics
https://www.frontiersin.org
https://www.frontiersin.org/journals/physics#articles


Sanni et al. Non-linear Boundary Driven Flow

a linear and non-linear part. These are now defined as:

γ = r

{

a+ bx

υ

}
1
2

,= axg′ (γ ) + bx2h′ (γ ) ,

R = k

{

υ

a+ bx

}
1
2

, p = ρu2wP (η) (9)

v = −
R

R+ r

{

υ

a+ bx

}
1
2
{[

ag (γ ) + 2bxh (γ )
]

+
d

2
(

a+ bx
)

{[

γ
[

axg′ (γ ) + bx2h′ (γ )
]

−
[

axg (γ ) + bx2h (γ )
]]}}

. (10)

Equation (3) is identically satisfied; however, Equations (4) and
(5) together with Equations (9) and (10) yield

a2x







−
k
[

gg′′ −
(

g′
)2

− 2p1 (γ )

]

k+ γ
−

k(gg′ − 1
k
g′)

(

k+ γ
)2

−
g′′

k+ γ
− g′′′ +

Hak2g′

(k+ γ )2

}

+abx2

{

−
k
[

h′′g + 2hg′′ − 3h′g′ − 6p2 (γ )
]

k+ γ

−
k
(

2hg′ + h′g
)

(

k+ γ
)2

−
h′′ + g′′

k+ γ
+

h′ + g′

(

k+ γ
)2

− (h′′′ + g′′′)

+
Hak2h′

(k+ γ )2

}

+ b2x3







−
2k

[

hh′′ −
(

g′
)2

+ 1
k
h′′ − 2p3 (γ )

]

k+ γ

−
k
[

hh′ − 1
k
h′

]

(

k+ γ
)2

− h′′′

}

= 0 (11)

a2x

[

(

g′
)2

k+ γ
− pi

′(γ )

]

+ abx2
[

2h′g′

k+ γ
− 2pj

′(γ )

]

+b2x3

[

(

h′
)2

k+ γ
− pk

′ (γ )

]

= 0 (12)

where
(

Ha =
√

σB0
2a2/µ

)

is the Hartman number.

The boundary conditions in the dimensionless form are:

g (0) = 0, g′ (0) = 1, h (0) = 0, h′ (0) = 1 at γ = 0

(13)

h′ (∞) = 0, h′′ (∞) = 0, g′ (∞) = 0, g′′ (∞) = 0 as γ → ∞.

(14)

Equation (12) along with Equation (11) gives

2k

k+ γ
P
1

(γ ) = g′′′ +
g′′

k+ γ
−

g′

(

k+ γ
)2

+
kgg′′

k+ γ

+
kgg′

(

k+ γ
)2

−
k
(

g′
)2

k+ γ
−

Hak2

(k+ γ )2
g′ (15)

6k

k+ γ
P
2

(γ ) = g′′′ + h′′′ +
h′′ + g′′

k+ γ
−

h′ + g′

(

k+ γ
)2

+
kh′′g

(

k+ γ
) +

2khg′′
(

k+ γ
) −

3kh′g′

k+ γ

+
2khg′

(

k+ γ
)2

+
kh′g

(

k+ γ
)2

−
Hak2

(k+ γ )2
h′ (16)

4k

k+ γ
P
3

(γ ) = h′′′ +
h′′

k+ γ
−

h′

(

k+ γ
)2

+
2khh′′

k+ γ

+
2khh′

(

k+ γ
)2

−
2k

(

h′
)2

k+ γ
. (17)

The pressure inside the boundary layer is now expressed as:

P (γ ) = a2p1 (γ ) + abp2 (γ ) + bp3(γ ). (18)

Using the limit ξ → ∞, Equations (15)−(17) reduce to

g′′′ + gg′′ −
(

g′
)2

−Ha2g′ = 0 (19)

h′′′ + g′′′+h′′g + 2hg′′ − 3h′g′ −Ha2h′ = 0 (20)

h′′′ + 2hh′′ − 2
(

h′
)2

= 0 (21)

At this point, we make some observations of vital importance.
One, the similarity transformation as defined in this paper
considers the contribution of both linear and non-linear parts
of the stretching velocity through the terms “a” and “b.”
The similarity used in the literature for non-linear stretching

(η = y
√

a
υ
) is deficient in that its only involves a which only

corresponds to the linear part of the stretching velocity [2–4].
This omission leads to the omission of terms in the momentum
equations and consequently results in an incomplete solution.

Eliminating the pressure from Equations (15), (16), and (17),
we obtain self-similar equations as given below:

g
′v +

2g′′′

k+ γ
−

g′′

(

k+ γ
)2

+
g′

(

k+ γ
)3

+
kgg′′′

k+ γ
−

kg′g′′

k+ γ

+
kgg′′

(

k+ γ
)2

−
k
(

g′
)2

(

k+ γ
)2

−
kgg′

(

k+ γ
)3

−
Ha2k2g′′

(

k+ γ
)2

+
Ha2k2g′

(k+ γ )3
= 0 (22)

h
′v + g

′v +
2(h′′′ + g′′′)

k+ γ
−

h′′ + g′′

(

k+ γ
)2

+
h′ + g′

(

k+ γ
)3

+
k
(

gh′′′ + 2hg′′′ − 2h′′g′ − h′g′′
)

k+ γ
−

k
(

2hg′ + h′g
)

(

k+ γ
)3

+
k
(

gh′′ − 3h′g′ + 2hg′′
)

(

k+ γ
)2

−
Ha2k2h′′

(

k+ γ
)2

+
Ha2k2h′

(k+ γ )3
= 0 (23)

h
′v +

2h′′′

k+ γ
−

h′′

(

k+ γ
)2

+
h′

(

k+ γ
)3

+
2khh′′′

k+ γ
−

2kh′h′′

k+ γ

+
2khh′′

(

k+ γ
)2

−
2k

(

h′
)2

(

k+ γ
)2

−
2khh′

(

k+ γ
)3

= 0. (24)
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HEAT TRANSFER ANALYSIS

The thermal boundary layer Equation (6) is solved for a
constant surface temperature and variable surface temperature,
in sequence.

Constant Surface Temperature (CST)
In this case, T = T(r) and the Equation (6) reduces to

v∂rT =
K

ρCp

{

1

R+ r
∂r [(R+ r) ∂rT]

}

+
u

ρCp

(

∂ru−
u

R+ r

)2

−
1

ρCp
∂rqw

+
σR2

ρCp(R+ r)2
u2 (25)

The boundary conditions are

T = T w|r=0
and T|r→∞ = 0 (26)

and the dimensionless temperature distributions is of the form,

θ(γ ) =
T − T∞

Tw − T∞
. (27)

Variable Surface Temperature (PSVT)
Expressing T = T(x, r) in the form

T (x, r) = T∞ + A
(x

l

)n
θ(γ ) (28)

and the boundary conditions

T w|r=0
= T∞ + A

(x

l

)n
and T|r→∞ = 0 (29)

in which n∈ R is the index of wall temperature parameter, and A
is the dimensional wall constant.

The radiative heat flux qw under Rosseland’s approximation is
given by

qw = −
4σ ∗

3k∗
∂rT

4 (30)

where k∗ and σ ∗ are the mean absorption coefficient and the
Stefan-Boltzmann constant, respectively.

Taylor’s series is employed in the expansion of the temperature
variation (T4) about T∞, and we get

T4 ≈ 4T3
∞T − 3T4

∞. (31)

Substituting Equation (31) in Equation (30), we have

∂rqw = −
16σ ∗T3

∞

3k∗
∂rrT. (32)

After using Equation (32), the energy Equation (25) and (6) for
CST and PSVT cases reduce to

v∂rT =
K

ρCp

(

1+
16σ ∗T3

∞

3k∗K

)

∂rrT

+
µ

ρCp

(

∂ru−
u

R+ r

)2

+
K

ρCp
∂rT +

σR2

ρCp(R+ r)2
u2 (33)

v∂rT +
Ru

R+ r
∂xT =

K

ρCp

(

1+
16σ ∗T3

∞

3k∗K

)

∂rrT

+
µ

ρCp

(

∂ru−
u

R+ r

)2

+
K

ρCp
∂rT +

σR2

ρCp(R+ r)2
u2.(34)

Equations (33) and (34) after using Equation (9), (10), (27), and
(28) give

(

1+ Rd
)

θ ′′ +
θ ′

(k+ γ )
+

Prk
(

g + 2h
)

θ ′
(

k+ γ
)

+EcPr

(

h′′ + g′′ −
h′ + g′

k+ γ

)2

+
wk2

(

h′ + g′
)2

(

k+ γ
)2

= 0 (35)

(

1+ Rd
)

θ ′′ +
θ ′

(k+ γ )
+

Prk
[(

g + 2h
)

θ ′ − n
(

h′ + g′
)

θ
]

(

k+ γ
)

+EcPr

(

h′′ + g′′ −
h′ + g′

k+ γ

)2

+
wk2

(

h′ + g′
)2

(

k+ γ
)2

= 0 (36)

The boundary conditions become

θ |γ=0 = 1 and θ |γ→∞ = 0 (37)

where Pr
(

= Cpµ/ko
)

, Ec
(

= U2/(Cp (Tw − T∞) )
)

,
Ec

(

= U2/CpA (x)n
)

, Rd
(

= 16σ ∗T3
∞/3k∗K

)

andw (= H2
aEcPr)

are Prandtl’s number, Eckert’s number, the modified Eckert
number, Radiation and Joule heating parameters, respectively.
Equation (36) is locally similar and corresponds to CST if n = 0.

The surface frictional drag and other important quantities
experienced by the fluid flow at the surface are the skin-friction
coefficients Cf , Nusselt numberNu and Local NusseltNu∗. These
are defined as follows:

Cf =
τrx|r=0
1
2ρu

2
w

,Nu =
xqw

k∗(T − Tw)
and Nu∗ =

xqw

k∗B (x)ω
(38)

such that

τrx|r=0 = µ

(

∂ru−
u

R+ r

)

r=0

;R
1
2
ex =

√

(

c+ dx

υ

)

x2;

qw = −k∗ ∂rT|r=0 (39)

Equations (38) and (39) give

−
1

2
R

1
2
exCf =

(

f ′′ (0) + g′′ (0) −
2

k

)

(40)

NuR
1
2
e = − θ ′(0),Nu∗R

1
2
ex (41)

We notice that Equation (41) is subjected to the heat conditions
defined in Equation (37).
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TABLE 1 | Comparison of the present results of the Skin-friction coefficient and the Local Nusselt number.

Curvature Magnetic parameter Abbas et al. (u = cx) [16] Present results (u = cx), d = 0

ξ M −R
1
2
esCf −θ ′(0) −R

1
2
esCf −θ ′(0)

5 0.2 1.22881 0.43268 1.20372 0.42418

10 0.2 1.12311 0.41896 1.10709 0.41132

20 0.2 1.07541 0.41094 1.06389 0.40365

50 0.2 1.04849 0.40571 1.03958 0.39864

100 0.2 1.03982 0.40390 1.03175 0.39691

200 0.2 1.03553 0.40298 1.02788 0.39604

1,000 0.2 1.03212 0.40224 1.02480 0.39533

10 0.2 1.12311 0.41896 1.10709 0.41132

10 0.4 1.18306 0.40717 1.16408 0.39975

10 0.6 1.27633 0.38927 1.25344 0.38190

10 0.8 1.39562 0.36727 1.36870 0.35953

10 1.0 1.53419 0.34304 1.50358 0.33447

FIGURE 2 | (A) Effects of k on stream function f (γ). (B) Effects of k on stream function g(γ).

COMPUTATIONAL METHODOLOGY

In this present work, our focus is to present physical and plausible
solutions for the three momentum equations in response to a
curved structure through a numerical approach. Substituting
Equation (22) into Equation (23), differentiating the resulting
equation and accommodating Equation (24) gives

g
′v +

2g′′′ + kgg′′′ − kg′g′′
(

k+ γ
) −

g′′ − kgg′′ + k
(

g′
)2

+ (Ha)2 k2g′′

(

k+ γ
)2

+
g′ − kgg′ − (Ha)2k2g′

(k+ γ )3
= 0 (42)

hv −
7h′′′

(

k+ γ
)2

+
5h′′

(

k+ γ
)3

−
5h′

(

k+ γ
)4

+
4khh′

(

k+ γ
)4

−
2k

(

2hh′′′ − 2h′h′′
)

(

k+ γ
)2

−
2k

[

2hh′′ − 2
(

h′
)2

]

(

k+ γ
)3

+
k
[

3gg′′ −
(

g′
)2

]

(

k+ γ
)3

−
3kgg′

(

k+ γ
)4

−
k
[

ggiv −
(

g′′
)2

]

(

k+ γ
)

+
k
(

2hgiv + h′g′′′ − h′′′g′ − 3h′′g′′
)

(

k+ γ
) +

kghiv
(

k+ γ
)

−
k
(

3h′′g + 6hg′′ − 3h′g′
)

(

k+ γ
)3

+
3k

(

2hg′ + h′g
)

(

k+ γ
)4

−
(Ha)2 k2

(

h′′′ + g′′′
)

(

k+ γ
)2

−
(Ha)2 k2

(

h′′ + g′′
)

(

k+ γ
)3

+
(Ha)2 k2(3h′ + g′)

(k+ γ )4
= 0 (43)

At this point, the solution of the non-linear coupled
system of differential Equations (35), (36), (42),
and (43) as subject to boundary conditions from
Equations (13), (14), and (37), is obtained by using
the shooting method with Runge-Kutta algorithms
in MATLAB. The initial expression of the higher
order system into first order differential equations
are transformed into an initial value problem by

considering
(

g, g′, g′′, g′′′, h, h′, h′′, h′′′, h′v, θ , θ ′
)T

=

(s1, s2, s3, s4, s5, s6s7, s8, s9, s10, s11)
T . The implementation of

our numerical technique into the above system of equations
gives the following.
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FIGURE 3 | (A) Effects of k on velocity field u(γ). (B) Effects of Ha on velocity field u(γ). (C) Effects of a on velocity field u(γ). (D) Effects of b on velocity field u(γ).
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, (45)

where z = 1
(k+γ )

and zk = 1
(1+Rd)

. The unknown initial

values N1, N2, N3, N4, N5 and N6 are approximated with the
help of Newton’s method till the required conditions (h′ (γ ) =

0, h′′
(

gamma
)

= 0, g′ (γ ) = 0, g′′ (γ ) = 0, g′′′ (γ ) =

0, θ ′ (γ ) = 0) are satisfied as γ → ∞. The initial guesses are
given by

g′′ = N1

g′′′ = N2

h′′ = N3

h′′′ = N4

h′v = N5

θ ′ = N6































η=0

. (46)
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FIGURE 4 | (A) Effects of Pr on temperature field θ(γ ). (B) Effects of Ec′, Ec on temperature field θ(γ ). (C) Effects of Rd on temperature field θ(γ ). (D) Effects of n on

temperature field θ(γ ). (E) Effects of w on temperature field θ(γ ). (F) Effects of Ha on temperature field θ(γ ).

Expanding Equation (46) about γ = ∞

g′′ (γ , N1 + 1N1,N2 + 1N2,N3 + 1N3,N4

+1N4,N5 + 1N5,N6 + 1N6)

= g′′ (γ , N1,N2,N3,N4,N5,N6) +
∂g′′

∂N1
1N1 +

∂g′′

∂N2
1N2

+
∂g′′

∂N3
1N3 +

∂g′′

∂N4
1N4 +

∂g′′

∂N5
1N5 +

∂g′′

∂N6
1N6. (47)

The remaining conditions (g′′′, h′′, h′′′, h′v, θ ′) are subsequently
expressed in the form of Equation (47). The required Jacobian
Matrix computed (for γ = ∞) after several processes is given as

ÂX̂ = B̂, (48)

where X̂ = (N1,N2,N3,N4,N5,N6)
T , B̂ =

(B1,B2,B3,B4,B5,B6)
T and the iterations that generate the

above Matrix takes the form:

For
i = 1 (1) 6
j = 1(1)6

}

(49)

Â
(

i, j
)

= s (11i+ 3)

×s
(

11j+ 3
)

+ s (11i+ 4) × s
(

11j+ 4
)

+s (11i+ 7) × s
(

11j+ 7
)

+s (11i+ 8) × s
(

11j+ 8
)

+ s (11i+ 9)

×s
(

11j+ 9
)

+ s(11i+ 11)× s(11j+ 11)(50)

B̂ (i) = − (s (3) × s (11i+ 3) + s (4)

×s (11i+ 4) + s (7) × s (11i+ 7) + s (8)

×s (11i+ 8) + s (9) × s (11i+ 9) + s (11) × s(11i+ 11)
)

.(51)

The final point of the boundary layer region is determined
successfully when no changes occur at s = 1 to a tolerance
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FIGURE 5 | (A) Effects of k on pressure profile P(γ ). (B) Effects of Ha on pressure profile P(γ ). (C) Effects of a on pressure profile P(γ ). (D) Effects of b on pressure

profile P(γ ).

FIGURE 6 | (A) Effects of k on surface drage force. (B) Effect of Ha on surface drag force.

value of 10−8. Our interest focuses in investigating the flow
characteristics: velocity, temperature, momentum and thermal
boundary layer thickness over a curved surface under certain
physical parameters.

RESULT AND DISCUSSION

In this section, we present the effects of characterizing parameters
on flow and thermal behavior. Table 1 gives the surface drag
force and heat transfer rate for CST/PSVT cases. Figures 2A,B
establish the patterns of fluid trajectory which decreases as
the radius of curvature, k, increases. Figures 3A,B examine

the behavior of the velocity, u (γ ) , and momentum boundary
layer for an increasing radius of curvature, k, and the Lorentz
force. The fluid velocity and the momentum boundary layer are
found to decrease as these parameters increase. This helps to
control the fluid flow by means of curvature (Figure 3A) and
the Lorentz force (Figure 3B). Thus, besides the well-known
behavior of the Lorentz force, the curvature plays an important
role in reducing the velocity. This alternate way of reducing
the velocity field through the radius of curvature (for curved
structures) has been established for the first time. The effects of
the linear, a, and non-linear, b, parts of the stretching velocity
are presented in Figures 3C,D. It is noted that fixing either a
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TABLE 2 | Numerical values of −R
1
2
exCf and rate of heat transfer at fixed a = 0.5, and b = 0.5.

k Ha Pr Ec’ Ec Rd w −R
1
2
exCf CST (n = 0) PSVT (n = 0.3)

−θ
′(0) −θ

′(0)

5 0.2 0.9 0.2 0.2 0.9 0.1 2.80246 0.25898 0.98254

– 0.3 – – – – – 2.85872 0.25055 0.97141

– 0.4 – – – – – 2.93584 0.23887 0.95599

– 0.2 0.7 – – – – 2.80246 0.20943 0.82570

– – 0.9 – – – – – 0.25898 0.98254

10 – 1.2 – – – – – 0.32758 1.18706

– – 1.5 0.1 0.1 – – – 0.59220 1.52979

– – – 0.2 0.2 – – – 0.38709 1.36450

– 0.3 – 0.3 0.3 – – 2.85872 0.16446 1.18024

– – – 0.2 0.2 0.5 – – 0.45540 1.56950

20 – 2.0 – – 0.7 – – 0.48926 1.71391

– – – – – 0.9 – – 0.45145 1.60176

– 0.4 – 0.3 0.3 1.2 0.1 2.93584 0.13874 1.24422

– – – – – – 0.2 – 0.01932 1.14752

– – – – – – 0.3 – −0.10009 1.05083

– 0.5 – – – – 0.4 3.03237 −0.24530 0.92318

or b and varying the other parameter increases the velocity field
and the boundary layer thickness; inferring that both parameters
are indispensable and equally important. The temperature
profile is found to decrease/increase for increasing/decreasing
Prandtl/Eckert numbers for both CST (Figure 4A) and PSVT
(Figure 4B) according to the physics of heat flow. Increasing
the radiation parameter, Rd, increases the fluid temperature
and the thermal boundary layer thickness (radiation servers as
additional source for heat generation) as shown in Figure 4C.
This effect is more significant in CST than PSVT. Figure 4D
gives a comparison of the temperature distribution between CST
(n = 0) and PSVT (n > 0). It is observed that the thermal
kinetics profile is maintained over the surface for CST. However,
the temperature and thermal boundary layer decreases as the
temperature index, n, increases. Figure 4E expresses the effect
of Lorentz force in the generation of surface heating. Thus, the
application of Lorentz force increases the heat flow characteristic
in both CST/PSVT. The effects of a magnetic parameter on the
temperature and thermal boundary layer thickness are presented
in Figure 4F and show a slight increase with Ha. It is further
observed that heat transfer from the surface to the fluid is more
significant for a constant surface temperature than a variable
surface temperature. This shows an additional effect of magnetic
fields (hitherto unknown) is raising the temperature of the fluid
flow over the curved surface. The pressure gradient P (γ ) in the
boundary layer region for the curved surface cannot be neglected;
whereas it is neglected for the straight surface. However, the effect
of increasing curvature, k, and Ha on the pressure is shown in
Figures 5A,B. We observe from Figure 5A that the pressure rises
from the start of the curved surface and decreases subsequently.
The observation conforms with the velocity behavior which
decreases for large k, while the pressure approaches zero for the
flat surface as (k → ∞). In Figure 5B the pressure decreases

significantly along the curved surface due to an opposing Lorentz
force that suppresses the bulk movement of the fluid. This agrees
with the behavior of the velocity as explained in the figure above.
Figures 5C,D show the effects of stretching strengths a and b on
the pressure. The pressure increases when either a (Figure 5C)
or b (Figure 5D) is increased. This increase is more significant at
the start of the curved surface for b, proving that the strength of
non-linear stretching contributes more effectively compared to
the linear strength of the stretching velocity. This phenomenal
observation is presented for the first time. We further notice
that the flow field characteristic decreases for linear stretching
in Figure 5C while it increases for non-linear stretching in
Figure 5D. The surface drag force for varying curvature and
magnetic field parameters is shown in Figures 6A,B. Figure 6A
shows that the drag force increases with k for increasing Ha,
while in Figure 6B it decreases with Ha as a consequence of
increasing k. Table 1 is presented to show the impacts of a
variable magnetic field in comparison with the constant magnetic
input on surface drag force and heat transfer rate in view of
possible engineering applications. The differences raise a slight
concern due to improvements in the geometry (curvilinear) of
the magnetic field rather that using a constantly applied field
as in the existing literature. Table 2 is computed to tabulate
the numerical values of the skin friction coefficient and the
heat transfer rate (Nusselt/local Nusselt numbers) for CST/PSVT
under varying values of the characterizing parameters.

CONCLUSION

The flow and heat transfer analysis of a two-dimensional steady
hydromagnetic viscous fluid flow due to non-linear (quadratic)
stretching of the curved surface is investigated. The energy
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equation contains viscous dissipation, linear radiation and joule
heating effects. The similarity transformation is improved to
contain both the effects of the linear and non-linear parts of
the stretching velocity on the velocity field. The expression
of Lorentz force is modified for the curved surface. The heat
flow is discussed for the cases of constant surface temperature
(CST) and variable surface temperature (PSVT). The reduced
boundary layer equations are solved numerically using Runge-
Kutta (RK) fourth order algorithms. The salient features of this
work are: (i) Correct modeling of the quadratic stretching is
presented by redefining the similarity transformation. (ii) An
accurate expression of the Lorentz force is obtained for an applied
magnetic field on the curved structure by considering the variable
magnetic field that depends on the radial direction. (iii) The
velocity field and the momentum boundary layer thickness can
be maintained by the curvature and the Lorentz force. (iv) The
effects of the strengths of the linear and non-linear parts of the
stretching velocity are investigated for controlling the flow over
the curved surface. (v) For both CST/PSVT cases the magnetic
field increases slightly due to quantum heat generation caused
by the Lorentz force. (vi) A decrease of the dimensionless radius
of curvature (increasing the curvature) gives a decrease in the
heat transfer from the curved surface to the fluid as compared

to a flat surface. (vii) Increasing the Eckert/Local Eckert number
enhances the temperature field and thermal boundary layer
thickness. (viii) Low thermal conductivity due to an increasing
Prandtl number consequently diminishes the temperature field
and thermal boundary layer thickness. (ix) A high radiation
parameter increases the heat flow from the surface to the fluid.
(x) Variation of the wall temperature (PSVT) index reduces the
heat flow characteristics, consequently it helps in regulating the
heat flow rate generated over a curved sheet. (xi) The pressure
decreases for a large radius of curvature, k, and Ha and increases
due to the non-linear part of the stretching velocity.
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