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Determining an accurate state of lubrication is of utmost importance for the
precise functionality of machine elements and to achieve elongated life and
durability. In this work, a homogenized mixed-lubrication model is developed to
study the effect of surface topographies on the coefficient of friction. Various
measured real surface topographies are integrated in the model using the
roughness homogenization method. The shear-thinning behavior of the
lubricant is incorporated by employing the Eyring constitutive relation. Several
Stribeck curves are generated to analyze the effect of roughness lays and root
mean square (RMS) roughness on the coefficient of friction. The homogenized
mixed lubrication model is validated against experimental rolling/sliding ball-on-
disc results, and a good agreement between simulated and experimental
coefficient of friction is found.
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1 Introduction

Energy losses due to friction and wear make up to one-third of the total energy losses in
engineering applications (Spikes and Olver, 2003; Prajapati and Tiwari, 2019a; Holmberg and
Erdemir, 2019). The cost associated with the energy losses due to friction and wear is often very
high (Holmberg et al., 2017; Danola and Garg, 2020). The primary aim of tribological analysis is
often to reduce friction and wear between moving surfaces by promoting a lubricating film
(Larsson, 1997). Most machines constitute of moving tribological components like, e.g., rolling
element bearings, gears, and cams, and these operate under lubricated conditions in order to
minimize losses due to friction and wear (Higashitani et al., 2023). Such non-conforming
tribological components are expected to operate in the elastohydrodynamic lubrication (EHL)
regime, which is in contrast to conformal contacts that operate in the hydrodynamic lubrication
(HL) regime (Prajapati and Tiwari, 2019b). In the EHL regime, the applied pressure, which
typically is in the GPa range, causes the lubricant viscosity to increase several orders of
magnitude. In turn, this enables surfaces to yield elastically, and thus facilitates the formation a
thin, sometimes only a few nanometer EHL film (Spikes and Zhnag, 2014). In addition, it is well
established that all surfaces consist some level of surface-irregularities, even if produced using,
e.g., super-finishing methods (Pawlus et al., 2020). As a result, and specially combined with the
use of low viscosity lubricants (to reduce viscous losses) the film thickness in such contacts is
sometimes too low to prevent asperity interactions, thus leading to mixed-lubrication (ML), or
even worse, boundary lubrication (BL) (Spikes and Olver, 2003). In the BL/ML regimes, some
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fraction of the total transmitted load is carried by the lubricant film and
the remaining is carried by the asperities causing increased friction, and
wear (Taylor et al., 2020; Tang et al., 2023). Due to the significant
amount of load carried by asperities in the boundary/mixed regime,
knowledge of the role of surface topography on tribological conditions is
crucial. Previously, it has been observed that a small change in the
surface topography during operation (running-in) can lead to a
significant improvement in a tribological contacts film formation
ability (Hansen et al., 2019; Hansen et al., 2020a; Hansen et al.,
2020b). Also, the surface topography.

In themid of 20th century, stochasticmodels (roughness defined by
statistical parameters) were developed to account for the surface
contacts in the analysis of the ML regime (Christensen, 1969;
Johnson et al., 1972; Patir and Cheng, 1978; Zhu and Cheng, 1988).
The average flow model developed by Patir and Cheng (Patir and
Cheng, 1978) is one of the most used stochastic models in the tribology
community due to its satisfactory accuracy, simplicity and easy
implementation (Hou et al., 2023). Although offering great
simplicity, stochastic models usually do not provide sufficient
localized information (e.g., film thickness breakdown or micro-EHL
effects) that may be important in case of ultrathin film lubrication (Zhu
andWang, 2013). On the other hand, deterministic models (roughness
defined at each grid node) certainly have great advantage due to
consideration of 3D digitized real surface topography, and has been
successfully used to simulate the thin and ultra-thin film lubrication
conditions (Xu and Sadeghi, 1996; Zhu andAi, 1997;Hu andZhu, 2000;
Zhu and Dowson, 2003; Zhu et al., 2015; Chong et al., 2019). However,
there are several challenges (computational cost, solution schemes,
discretization of Couette term, density derivatives, numerical
stability, etc.,) in employing deterministic models, which researchers
are dealing with in different ways (Wang et al., 2020). Apart from the
Patir and Cheng (Patir and Cheng, 1978) average flow model, the
homogenization method (Bayada and Chambat, 1988) which also is a
kind of averaging method, have received much attention due to its
accurate averaging results and applicability for arbitrary oriented rough
surfaces (Rom et al., 2021). Different forms of the homogenized
Reynold’s equations were derived to study both the stationary and
transient lubricated contact problems (Bayada and Faure, 1989; Bayada
et al., 2005; Almqvist and Dasht, 2006; Almqvist et al., 2007; Almqvist
et al., 2011; Almqvist et al., 2012; Fatu et al., 2012). Unlike the Patir and
Cheng average flow model (Patir and Cheng, 1978), the method of
homogenization is not commonly used in tribology (Rom et al., 2021).
In the past, the homogenized Reynold’s equation was used to study
surface roughness and texture effects in conformal contacts (Bayada
et al., 2005; Sahlin et al., 2010; Rom et al., 2021). Recently, the method
has been employed in non-conformal contacts to studymicro-EHL, and
for the predicting the coefficient of friction in the ML regime (Hugo
et al., 2019; Hansen et al., 2020; Hansen et al., 2023). A well-known
challenge with the homogenization method is the fact that real
engineered rough surfaces typically are not truly periodic, hence the
employment of periodic boundary conditions is challenging, and an
alternative approach is needed (Almqvist and Dasht, 2006). Hansen
et al. (Hansen et al., 2023) solved the transient local-scale problem by
employing Dirichlet boundary condition (χ1 = χ2 = χ3 = 0) at one point
of the domain faces and followed periodic boundary conditions in all
other points of the domain faces (Hansen et al., 2023). It can be outlined
from the above literature that the homogenizationmethod has not been
employed to predict the coefficient of friction (CoF) for counterformal

contacts including shear-thinning and cavitation effects (Hugo et al.,
2019; Hansen et al., 2020; Hansen et al., 2023). The aim of the present
work is to use the homogenization method to investigate the surface
topography effect on coefficient of friction by developing a mixed
lubrication model for counterformal contacts. A linear approximation
(Ehret et al., 1998) is used to simulate shear thinning behavior of non-
Newtonian fluids. The validity of the homogenized mixed-EHL model
is checked by comparing the CoF obtained from present simulation
with those of rolling/sliding ball-on-disc experiments (Hansen et al.,
2021). The effect of surface roughness lays and roughness on coefficient
of friction is discussed in detail.

2 Simulation methodology

2.1 Lubricants properties and
rheological model

It is well established that tribological properties significantly
depend on the lubricant types (i.e., mineral, ester, ionic liquids, etc.,)
and characteristics (rheological properties) of the fluid (Bjorling
et al., 2013). In this work, Squalane (SQL) is chosen as reference fluid
for mixed-lubrication analysis. SQL is a well characterized
(experimentally and with MD simulations) lubricant and has
extensively been used as a reference fluid in the EHD lubrication
research (Bair, 2006; Xu et al., 2023). To describe the density of the
lubricant (ρ), the Tait equation of state is used. The relative density
(ρ/ρR) is derived (see Eq. 1) by determining the relative volume (V/
VR) for a given pressure and temperature. An expression for
determining relative volume is given in Eqs 2–3 (Bair, 2006).

ρ � ρR.
VR

V
(1)

V

VR
� 1 + av T − TR( )( ). 1 − 1

1 +K0
′. ln 1 + ph

K0
. 1 + K0

′( )[ ]( ) (2)

K0 � K00. exp −βKT( ) (3)
where, K0,K0

′, av, βK, TR, are the parameters for Tait equation of state
and can be obtained from Table 1 for SQL.

Another important property is the viscosity of the lubricant
which is significantly affected by the change in pressure and
temperature. In this work, the Doolittle equation (see Eqs 4, 5) is
used for determining the low shear viscosity or Newtonian viscosity
(μN) (Bair, 2006). For the reference state (p = 0, Tr = 40 [°C]), the
parameters involved in Eqs 4, 5 are given in Table 1. The variation of
relative density (ρ/ρR) and Newtonian viscosity (μN) with pressure
and temperature is presented in Figure 1.

μN � μ0 exp BR0

V∞
V∞R

V
VR

− R0
V∞
V∞R

− 1
1 − R0

⎛⎝ ⎞⎠⎡⎢⎢⎣ ⎤⎥⎥⎦ (4)

V∞
V∞R

� 1 + ε T − TR( ) (5)

In the literature, two rheological models, Eyring, (1936) and
Bair, (2004) have extensively been used for the prediction of
tribological properties. However, it is still debated which
rheological model is more suitable for the prediction of traction
coefficient (Bair, 2006). The Carreau–Yasuda–Bair shear-thinning
equation relates generalized viscosity with shear stress involving four
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unknowns (Bair, 2004; Bair, 2006). Whereas, the Eyring shear-
thinning equation (see Eqs 6, 7) involves only two parameters
(Eyring stress and viscosity at ambient pressure), a simplicity that
greatly facilitates the characterization process (Bair, 2006).
Following the works of Jadhao and Robbins, (2019), a
numerically fit expression of Eyring stress(τe) based on NEMD
simulations was developed by Xu et al. (2023). Eq. 8 shows an
expression of Eyring stress as a function of pressure (p) and
temperature (T). The constants (a, b, c) used in the Eq. 8 can be
found in Ref. Xu et al. (2023). Figure 2 represents the variation of
Eyring stress with pressure (p) and temperature (T). It can be seen
from Figure 2 that the Eyring stress significantly depends on
pressure and temperature. In the present work, the Eyring stress
for a specified load and lubricant temperature is calculated using Eq.
8, and further utilized to simulate the shear-thinning behavior of
SQL. Readers are requested to see the recent works published by Xu
et al. (2023) and Jadhao and Robbins (Jadhao and Robbins, 2019) to

get an insight on the applicability of aforementioned rheological
models that were based on NEMD simulation findings.

η � τe
_γ
sinh−1

μN _γ

τe
( ) (6)

τ � τe sinh
−1 μN _γ

τe
( ) (7)

τe MPa( ) � a T( ). 1 − exp − p

b T( )( )( ) + c T( ) (8)

2.2 Brief description of global and
local scales

Figure 3 represents a schematic of the global and local scale
domains. The global-scale domain is the one over which EHL

TABLE 1 Rheological parameters for Squalane (SQL).

Parameters Value

Tait equation of state parameters Xu et al. (2023)

av [°C] 0.000836

K0
′ 11.74

K00 [GPa] 8.658

βK [K−1] 0.006232

ρR or ρ0 at 40°C, [kg/m
3] 795.8

Doolittle parameters (reference state, Tr = 40°C and p = 0) Bair, (2006)

μ0 [Pa.s] 0.0157

B 4.710

R0 0.6568

ε [°C−1] −0.0007.273

FIGURE 1
(A) Variation of relative density with pressure and temperature for squalane (B) variation of Newtonian viscosity with pressure and temperature
for sqaualane.
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calculations are performed considering flow factors, and average
quantities (average pressure and average film thickness distribution)
are determined. The local-scale domain usually consists of a very
small area (Al � Lξ1. Lξ2), in comparison to the global-scale domain
(Lx1. Lx2) as shown in Figure 3. As discussed in Refs. (Almqvist and
Dasht, 2006; Almqvist et al., 2007; Almqvist et al., 2011; Almqvist
et al., 2012), the local-scale length (Lξ) in general should in general
be less than 1/10 of the Hertzian contact radius (ac) to get
satisfactory accuracy in the flow factors. Following the scale-
separation method introduced by Sahlin et al. (Sahlin et al.,
2010), the global-scale gap height (h) between contacting bodies

(upper and lower) can be fragmented into mean gap height (hm) and
deformed gap height (hr) as shown in Eq. 9. It should be noted that
in Eq. 9, the mean gap height depends only on the global-scale
coordinates (x1 and x2), whereas, the deformed gap height depends
on the global and local scale coordinates (x1, x2, ξ1 and ξ2) and time
period (τr). The global-scale gap height is thus expressed as:

h � h x1, x2, �ξ( ) � hm h0 x1, x2( )( ) + hr h0 x1, x2, �ξ, τr( )( ) (9)

where, x1-and x2-are the axis along and perpendicular to the rolling
direction respectively, ξ1 and ξ2 are the axis along and perpendicular
to the direction of movement of roughness respectively, and h0 is the
rigid body displacement at the local-scale.

2.3 Surface topography measurement

In this section, surface measurement process and pre-processing
of roughness data is discussed. A Zygo New View 3D WLI
profilometer (Zygo Corporation, United States) was used for an
acquisition of surface roughness profiles using ×10 objective
with ×0.5 field of view. All measured surface topography data
was pre-processed (form removal using second degree
polynomial, retrieval of roughness profile by applying 0.5 mm
robust Gaussian filter) using MountainsMap Premium 10.0
(Digital Surf, France). From a larger measured area of each
surface, a surface area of 558.9 × 558.9 was trimmed which
consists of 256 × 256 sampling points. Isometric view of upper
(S1, S2, S3, and S4) and lower body surface topographies are
represented in Figures 4, 5. In this work, measured surfaces of
balls are named as upper body surfaces and measured surface of a
disc is named as lower body surface. Table 2 presents the calculated
surface topography parameters for both upper and lower body

FIGURE 2
Variation of Eyring stress with pressure and temperature
for squalane.

FIGURE 3
Schematic representation of global and -local scales.
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surfaces. It can be observed from Figure 5 that the lower body has a
mirror like surface finish (Sq = 0.003 [μm] from Table 2). The upper
body surface roughness (Sq) is 0.047 [μm] for S1 and 0.112 μm for S2
- S4. The surface roughness of S2-S4 is rescaled from Ref. (Hansen
et al., 2021) in order to facilitate the numerical comparison, while
surface S1 is used without rescaling. The upper body surfaces (S2-S4)
are specially prepared having different surface roughness lay

(isotropic, S2; cross-hatched, S3; transverse, S4) with the same
level of surface roughness (Sq). The upper body surface S1 has an
isotropic roughness lay with comparatively lower roughness (Sq)
than S2 to examine the role of surface roughness with fixed
roughness lay.

2.4 Local-scale analysis and calculation of
flow factors

In this section, the local-scale treatment of the contacting bodies
surface topography is discussed. From Section 2.3, it can be easily
observed that the lower body surface is significantly smoother in
comparison to the upper body surfaces. In the local-scale domain,
flow factors, asperity pressure and mean gap are calculated by changing
the rigid body displacement (h0) from 2.5 [μm] −1 [nm] in 100 steps.
For each rigid body displacement, 64 time steps are used to periodically
move the upper body roughness over the lower body roughness. The
averaging is performed over the local-scale domain lengths (Lξ1 and
Lξ2) and periodic roughness time length (Tr). For a particular rigid body
displacement (h0), and at each time step (t), the asperity contact
pressure (pasp) and defomed gap height (hl) distribution over the
local domain (ξ1 and ξ2) is calculated. This is done by employing a
boundary element method (BEM) based dry-contact solver, as
previously reported by Akchurin et al. (2015). Outside the contact
domain, the asperity contact pressure is set to zero, whereas, within the
contact region, the asperity contact pressure varies between zero (lower
limit) to the hardness of the material, H (upper limit). The input

FIGURE 4
Isometric view of various surface topographies (S1-S4) of upper body.

FIGURE 5
Isometric view of lower body surface topography.
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parameters used for the local-scale analysis are given in Table 3. After
obtaining the deformed gap height (hl), Eq. 10, Eq. 11, Eq. 12 are solved
to determine the variables (χ1, χ2, χ3) of the unsteady local-scale problem
assuming incompressible and isoviscous fluid behavior. Eq. 10, Eq. 11,
Eq. 12 are discretized using the finite volume method (FVM) (Hansen
et al., 2023). A second order central interpolation scheme is used to
discretize the spatial derivatives, whereas, a first order Euler implicit
scheme is used to discretize the temporal derivative. Periodic boundary
conditions are applied at all sides of the local-domain (Hansen et al.,
2023). After solving all time steps, the average contact pressure (pasp,avg),
mean gap height (hmean) and the average homogenization factors (A, �B,
C and �D) can be determined using equations as given in Appendix A:

∇ �ξ . h
3
l .∇ �ξχ1( ) � ∂hl

∂ξ1
+ 1
um

∂hl
∂t

(10)

∇ �ξ . h
3
l .∇ �ξχ2( ) � −∂h

3
l

∂ξ1
(11)

∇ �ξ . h
3
l .∇ �ξχ3( ) � −∂h

3
l

∂ξ2
(12)

2.5 Homogenized Eyring-
Reynold’s equation

After solving the problem in the local-scale, the global-scale
simulation is performed to get the average film thickness and
average hydrodynamic pressure distribution. For the Eyring

fluids, an expression of the homogenized Reynold’s equation with
cavitation constraints is given in Eq. 13.

∇.
ρlh

3
m

12ηeff
.A.∇ph − ρl.hm.um.B.

→
1 − θ( )⎛⎝ ⎞⎠ � 0 (13)

Cavitation constraints, θ.ph � 0, ph ≥ 0, θ ≥ 0where, um �
ulow + uup/2 is the mean rolling speed, ulow is the surface speed
of the lower body (faster), uup is the surface speed of the upper
body (slower), x1-and x2-are the axis along and perpendicular to
the direction of motion respectively, θ = 1-ρm/ρl is the cavity
fraction, ρm is the density of the mixture, ρl is the density of
lubricant, hm is the macroscopic mean gap height, A =

A11 A12

A21 A22
[ ] is the pressure flow factor and �B =

B1

B2
[ ] is the

shear flow factor.
The term ηeff in Eq. 13 is the effective viscosity which includes

shear-thinning effect according to linear approximation of Ehret
and Dowson (Ehret et al., 1998). The effective viscosity is defined as
given in Eq. 14 (Ehret et al., 1998).

ηeff � ηx1, inx1 direction
ηx2, inx2 direction

{ (14)

ηx1 � μN
f(q)+q.f′(q), ηx2 � μN

f(q), f(q) � sinh(q)
q where, q � (μN.us/hm.τe),

us (SRR.um) is the sliding speed, SRR (ulow-uup/um) is the slide-to-
roll ratio.

It can be realized that the homogenized flow factors, the average
asperity pressure and mean gap (hmean) are a function of
microscopic (local scale) rigid body displacement (h0). Their
values are interpolated in the global-scale by considering that the
macroscopic gap height in the global-scale is the same as the rigid
body displacement (h0) in the local-scale (Sahlin et al., 2010). During
the interpolation, the macroscopic gap height is replaced with hmean

whenever it falls below min (h0). An expression of macroscopic gap
height (h0) is given in Eq. 15.

h0 x1, x2( ) � hd + δ x1, x2( ) + hg x1, x2( ) (15)

where, hd is the rigid body approach, hg is the gap height due to
geometry of contacting bodies, and δ is the elastic deformation of the
contacting bodies in the global-scale. An assumption of elastic-half
space allows to express an equation of elastic deformation as given in
Eq. 16 (Hansen et al., 2023).

TABLE 2 Calculated surface topography parameters.

Parameters S1 S2 S3 S4 Lower body

Surface finish/lay Isotropic Isotropic Cross-hatched Transverse Polished

Sq [μm] 0.047 0.112 0.112 0.112 0.003

Sp [μm] 0.328 0.9140 0.7226 0.7908 0.011

Sv [μm] −0.583 −0.9974 −0.5791 −0.8576 0.028

Ssk −0.893 −0.8184 −0.5264 −0.1529 −0.156

Sku 7.472 6.9999 4.9746 4.1158 3.548

TABLE 3 Input parameters for the local-scale analysis.

Parameters Value

Rigid body displacement, h0 [μm] 0.001 to 2.5

Equivalent elastic modulus, Eeq [GPa] 231

Poisson ratio, υ1 = υ2 = υ 0.3

Material hardness, H [GPa] 6.0

Length of local-scale domain in ξ1 direction, L ξ1 [μm] ac/4

Length of local-scale domain in ξ2 direction, L ξ2 [μm] ac/4

Periodic roughness time length (Tr) 64

Local-scale grid points 256y256
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δ x1, x2( ) � 2
πEeq

.∫∫
AH

ph x1
′, x2

′( ) + pasp,avg x1
′, x2

′( )�������������������
x1
′ − x1( )2 + x2

′ − x2( )2√ .dx1
′.dx2

′ (16)

Eq. 16 can be expressed in terms of a Kernel function (K) by
discretizing the global-scale domain (AH) into rectangles using the
boundary element method. An expression of the elastic deformation
in dependency of the Kernel function is given in Eq. 17. The Fourier
transform method is used to accelerate the evaluation of Eq. 17
(Hansen et al., 2020).

δ x1, x2( ) � ∑
x1′

∑
x2′

K x1 − x1
′, x2 − x2

′( ). ph x1
′, x2

′( ) + pasp,avg x1
′, x2

′( )( )
(17)

2.6 Calculation of coefficient of friction

The friction force due to the fluid film is calculated by integrating
the fluid shear stress (τh) over the hydrodynamic area (AH). The
expression for calculating the fluid shear stress is given in Eq. 18
(Hansen et al., 2023). The shear stress (τcont) due to asperity contacts is
calculated according to Eq. 19. Finally, the total friction force is
determined using Eq. 20. The CoF is calculated (see Eq. 21) by
dividing the total friction force (Ftotal) by the total applied load (FN).

τh � ±
hm
2
.C.∇ph +

ηeff
hm

. −6.um. �D + ur.
1
0

[ ]( ). 1 − θ( ) (18)

τcont � fbc. pasp,avg( ) (19)
τtotal � τh + τcont

Ftotal � ∫∫ τcont.dx1.dx2 + ∫∫ τh.dx1.dx2 (20)

CoF � Ftotal

FN
(21)

where C =
C11 C12

C21 C22
[ ] and �D =

D1

D2
[ ] are the shear stress flow

factors, fbc is the boundary friction coefficient which has been found
in the range of 0.1–0.199 based on experimental results for
hydrocarbon-based lubricants (Taylor and Sherrington, 2022). In
this work, the boundary friction coefficient is set to 0.12.

2.7 Solution method for homogenized
Eyring-Reynold’s equation

To get the average hydrodynamic pressure and average film
thickness distribution, Eqs. 13, 15 and 16 are needed to discretize
over the EHL domain (AH). Similar to the FEM (finite element
method) and FDM (finite difference method), the FVM (finite
volume method) has extensively been used to solve the problems
involving solid-fluid interactions (Ferziger et al., 2020). In this work,
the homogenized Eyring-Reynold’s equation (Eq. 13) is discretized
employing FVM. The Poiseuille terms are discretized using second
order central interpolation scheme (Ferziger et al., 2020). The
Couette term is discretized using first order upwind interpolation
scheme (Ferziger et al., 2020). The FBNS
(Fischer–Burmeister–Newton–Schur) solver has previously been used
by Prajapati et al. (2022) to the study of piston/ring conjunction under

mixed-lubrication condition. An extension (inclusion of elastic
deformation in film thickness equation) of the FBNS solver for EHL
non-conformal contacts has been recently reported in Ref. (Hansen et al.,
2022). In this work, the EHL-FBNS solver is employed to solve the
discretized form of EHL governing equations. The Dirichlet boundary
conditions of ph = 0 is employed at all sides (east, west, north, south) of
the domain boundaries. Furthermore, the Dirichlet boundary condition
of θ = 0 was used at the domain inlet (west), whereas the Neumann
conditions were used for the cavity fraction at the remaining (east, north,
south) boundaries. The PID controller is used to update themacroscopic
rigid body displacement (hd) (Wang et al., 2019). The iteration continues
until the residual values (Hansen et al., 2022) becomes less than 10−6. For
more information on the solution of the homogenizedmixed lubrication
equations, readers are referred to similar work recently published by
Hansen et al. (Hansen et al., 2023). The operating conditions and other
input parameters for the mixed-lubrication analysis are given in Table 4
and used throughout in this study unless otherwise specified.

3 Results and discussion

Firstly, the accuracy of the homogenized mixed lubrication
model is evaluated in terms of ranking by comparing the CoF
obtained from present simulation and published results.
Furthermore, the results obtained from local-scale analysis are
discussed in detail. The influence of surface roughness lay (for
same level of Sq) on the CoF is also discussed in detail, and
finally, the influence of surface roughness on the CoF is investigated.

3.1 Validation of the homogenized mixed-
lubrication model

To validate the homogenized mixed lubrication model, the ball
(upper body) and disc (lower body) surface profiles previously

TABLE 4 Input parameters for mixed-lubrication analysis.

Parameters Value

Maximum Hertzian pressure, pmax [GPa] 0.75

Reduced elastic modulus, Eeq [GPa] 230.8

Ball (upper body) diameter, Db [mm] 19.05

Slide-to-roll ratio, SRR 0.2 (or 20%)

Mean rolling speed, um [m/s] 0.01 to 6

Hertzian contact radius, ac [μm] 100

Lubricant temperature, Toil [°C] 40

Eyring stress, τe for Toil = 40 [°C] and pmax = 0.75GPa, (MPa) 12.68

Boundary friction coefficient, fbc 0.12

Length of global-scale domain in x1 direction, L x1 [μm] 7ac (−4.5 ac - 2.5 ac)

Length of global-scale domain in x2 direction, L x2 [μm] 7ac (−3.5 ac - 3.5 ac)

Global-scale grid points 257 × 257

Lubricant SQL
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reported by the authors (Hansen et al., 2021) are utilized. Hansen
et al. (Hansen et al., 2021) calculated an improved film parameter
(Λ*) for pre (unworn) and post (after lift-off) surfaces having
different roughness lay (transverse, longitudinal and isotropic),
but the CoF’s were not reported there although measured. In this
section, the CoF’s of the pre-test transverse and isotropic surfaces are
disclosed and compared. The lower body (disc) surface had a mirror
like surface finish in comparison to the ball surfaces (transverse, and
isotropic) (Hansen et al., 2021). For the transverse and isotropic
surfaces, the measured RMS roughness (Sq) was 0.287 [μm] (Hansen
et al., 2021). The disc surface roughness (Sq) was limited to 3 nm
(Hansen et al., 2021). The experiments were performed using a
WAM (Wedeven Associates Machine) ball-on-disc test rig (Hansen
et al., 2021). More detail on the working procedure ofWAMball-on-
disc test rig can be found in Ref. [55, Section 2.2]. The exact surface
roughness profiles data, experimental operating conditions, and
lubricant (polyalphaolefins, PAO) properties as described in Ref.
(Hansen et al., 2021) are adopted for validation of the model. The
input parameters used in the simulation (for both local and global
scale analysis), only for model validation are given as follows: pmax =
1.69 [GPa], Eeq = 231 [GPa], Hardness (H) = 6.9 [GPa], Db =
20.64 [mm], ac = 240 [μm], Lξ = Lξ1 = Lξ2 = ac/10, um = 1 [m/s],
SRR = 1, fbc = 0.12, Sq = 0.287 [μm], Toil = 50 [°C], ρ0 = 836 [kg/m3],
μ0 @ 50 [°C] = 57.48 [mPa.s], α @ [°C] = 14.317 [GPa-1]. Roeland’s
viscosity-pressure and DH (Dowson–Higginson) density-pressure
relations are used to consider the piezoviscous and compressible
effects (see Appendix B). Figure 6 represents the comparison
between predicted and experimentally determined CoF’s for the
transverse and isotropic rough surfaces. It can be observed that the
rankings are the same, although the predicted CoF values are slightly
less in comparison to the true value (experimental) for both surface
roughness lays. A maximum absolute relative deviation
(|true − pred/true|× 100) of 15% is observed. This discrepancy
likely originates from the fact that the rolling/sliding experiments
in Ref. (Li et al., 2022) were performed for a relatively high Hertzian
contact pressure, pmax = 1.69 [GPa], which is challenging from a
modelling perspective since the oversimplified rheological relations

(Roeland’s and DH relations) may not be the most accurate (Bair,
2004; Bair, 2006; Bjorling et al., 2013; Xu et al., 2023). Another
source of error may be due to the assumed value of boundary friction
coefficient (fbc = 0.12). Nonetheless, overall, the results are
reasonable and it can be concluded that the homogenized ML
model presented in this work can be employed to predict the
CoF for heavily loaded non-conformal contacts within
acceptable accuracy.

3.2 Flow factors, average asperity pressure
and mean gap

Figures 7A–F shows the variation of pressure and shear flow
factors as a function of microscopic rigid body displacement (h0) for
different rough surfaces. The flow factors (A12 and A21) are defined
as cross-linked (coupled) pressure flow factors. Whereas, the main
diagonal flow factors A11, A22 are defined as pressure flow factors
and are calculated along and perpendicular to the rolling direction
(x1 direction) respectively. Similarly, the shear flow factors, B1 and
B2 are calculated along and perpendicular to the rolling direction
respectively. A change in the magnitude of the flow factors depend
on several factors such as the asperity orientation (roughness lay),
surface roughness (Sq) and rigid body displacement (h0). The low
value of the h0 increases asperity-to-asperity contacts resulting in an
increase in restriction in main flow, and as a result the change in the
flow factors occur. At high value of the h0 flow factors approaches
1 due to negligible asperity contacts. It can be seen from Figure 7A
that the flow factor, A11 variation with h0 for isotropic surfaces is
almost same, i.e., A11 < 1 at the same h0 for both S1 and S2. However,
for h0 < 0.25 [μm], a large reduction in A11 is observed for S2 due to
an increase the pressure flow resistance. At very low h0, the higher
surface roughness of S2 results in an increase in the main flow
(pressure flow in x1 direction) resistance. As illustrated in Figure 7A
A11 for the cross-hatched surface (S3) increases for h0 <1[μm]. This
happens due to the lower resistance to the pressure flow in the x1
direction. For the transverse surface (S4), side flow increases which
results in an increase in the resistance to themain flow (x1 direction).
As a result, a significant decrease in A11 is observed for h0 < 1 [μm].
As expected, at higher h0 (>1 [μm]), A11 approaches 1 for all types of
rough surfaces which indicates a negligible effect of surface
roughness. Figures 7B, C represent the variation of cross-linked
pressure flow factors (A12 and A21) with an increase in h0 from
1 [nm] - 2.5 [μm]. It can be observed that the variation in cross-
linked pressure flow factors is almost negligible for S1, S2 and S2.
However, significant variation in A12 and A21 is observed for the
cross-hatched surface (S3). For h0 <1 [μm], A12 and A21

asymptotically increase due to an increase in the main flow or a
decrease in resistance to the main flow. Figure 7D represents the
pressure flow factor (A22) variation as a function of h0 for various
rough surfaces. For isotropic rough surfaces (S1 and S2), A22

asymptotically increases with an increase in h0. Whereas, cross-
hatched and transverse rough surfaces exhibit an asymptotic
decrease in A22 with an increase in h0.

Figure 8A represents the asperity pressure curves (Pasp,avg vs h0)
for different rough surfaces. It can be seen that the average asperity
pressure asymptotically increases with a decrease in rigid body
displacement (h0) for different rough surfaces (S1-S4). It can also

FIGURE 6
Experimental and numerical (simulation in present work)
comparison of coefficient of friction for transverse and
isotropic surfaces.
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be observed that for h0 > 0.764 [μm] the average asperity pressure is
zero for all rough surfaces due to the absence of asperity-to-asperity
contacts. For isotropic rough surfaces, S1 and S2 the first non-zero
value of average asperity pressure is found at h0 = 0.347 [μm] and
0.895 [μm] respectively. Whereas, for the rough surfaces, S3 and S4
the first non-zero value of average asperity pressure occurs at h0 =
0.764 [μm]. As illustrated in Figure 8A the average asperity pressure
(Pasp,avg) for S1 is lower than the average asperity pressure for other
rough surfaces (S2-S4). This happens due to a difference in the level
of surface roughness between S1 and the other (S2-S4) rough
surfaces. An expanded view of Pasp,avg (h0) for S2-S4 is also
presented as an inset in Figure 8A. It can be observed that for a

particular value of h0, the isotropic surface (S2) exhibits the lowest
asperity pressure and the transverse surface (S4) exhibits the highest
asperity pressure. The reason is a significant difference in the
topographical properties, namely, the surface roughness lays. It
should, however, be noted that parameters such as skewness and
kurtosis are difficult to control in the surface preparation process
and these may also have had a significance to asperity
contact pressure.

Figure 8B represents the variation of mean gap (hmean) as a
function of h0 for the different rough surfaces. The mean gap is
defined as the distance between the smooth surface (lower body,
stationary) mean plane and the mean plane of the deformed rough

FIGURE 7
(A–D) Pressure flow factors, A11, A12, A21, A22 (E, F) shear flow factors, B1 and B2 as a function ofmicroscopic rigid body displacement (h0) for different
rough surfaces.
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surface (upper body, moving). A linear variation between hmean and
h0 is observed for a decrease in the rigid body displacement from
2.5 [μm] - 0.5[μm]. The value of hmean equal to h0 ideally indicates a
no asperity-to-asperity contacts situation (h0 < maximum peak
height of a particular surface). However, a further decrease in h0
results in a deviation between hmean and h0 for different types of
rough surfaces (S1-S4) due to direct asperity-to-asperity contacts. In
practical terms, when it comes to the pressure curves, it is desirable
that the asperity pressure increases at lower rigid body displacement,
h0 (or mean gap in the global-scale), since Pasp,avg ≥ 0 can be ideally
supposed to mark the onset of ML from the full film regime. For
example, comparing S1 (isotropic, smooth) and any of the other
rougher surfaces at, e.g., h0 = 0.05 [μm], it can be realized that S1 will
suffer significantly less surface distress, which is in line with well
establish literature. In contrast, the influence of roughness lay is
comparably much smaller, although, at least two notable differences
can be observed under close inspection (inset plot). Firstly, it can be
seen that the onset of ML occurs at thinner film for the S4
(transverse, h0 = 0.764 [μm]) compared to the S2 (isotropic, h0 =
0.895 [μm]), likely since the transversal surface yields better film
forming ability than the isotropic, as demonstrated by the authors in
Ref (Hansen et al., 2021). Secondly, and notably, due to the
differences in surfaces stiffness, there is an intersection point
(h0 = 0.35 [μm]) that apparently makes the S2 (isotropic) more
favorable (less asperity pressure/surface distress) than the S4
(transverse) in the ML- and towards the BL-regime. Clearly, both
roughness height and lay is important when preparing surfaces for
lubricated machine elements such as, e.g., rolling element bearings.

3.3 Influence of surface roughness on the
coefficient of friction

Previously, it has been observed that surface roughness plays a
dominant role in the mixed-lubrication regime (Zhu and Cheng, 1988;
Hansen et al., 2019; Hansen et al., 2020a; Hansen et al., 2020b; Taylor

et al., 2020; Tang et al., 2023). Here the present homogenized mixed-
lubrication model is employed to see the influence of surface roughness
on the CoF. As stated in Section 2.3, the rough surfaces S1 and S2 have
similar roughness lay (isotropic) but there is a difference in their surface
roughness height (Sq). The average flow factors, average asperity pressure
and mean gap obtained from local-scale analysis are stored and further
used in the global-scale to determine the CoF and asperity load ratio
(La � (Fasp/FT) × 100) for various rolling speeds (um = 0.01 [m/s] -
6 [m/s]). For each rolling speed, the CoF and La are calculated and the
corresponding data is presented in Figures 9A, B.As illustrated in Figures
9A, and as anticipated, the CoF decreases with an increase in rolling
speed for both S1 and S2. Within the range of rolling speeds (um =
0.3 [m/s]—6 [m/s]), the relatively smooth surface (S1) exhibits lower
CoF in comparison to the rough surface (S2). However, at very low
rolling speed (um= 0.01 [m/s]) theCoF approaches the boundary friction
coefficient value (fbc = 0.12) for both surfaces. Another interesting
observation is the EHL lift-off speed (um = 3 [m/s]) that is observed
only for S1,whilst the S2 requires higher speeds. For rolling speed > 3 m/
s a slight increase in the CoF is observed for S1 due to dominant viscous
effects. However, for rough surface (S2) theCoF decreases gradually with
an increase in rolling speed up to 6 [m/s]. Figure 9B represents the
variation of asperity load ratio with an increase in rolling speed. It can be
observed that the asperity load ratio decreases with an increase in rolling
speed. For the rough surface S1, the asperity load ratio is almost
negligible for rolling speed >1 [m/s]. Whereas, for the rough surface
S2, some fraction of the total load is carried by asperities within the range
of rolling speed (0.01[m/s] - 6 [m/s]). This happens due to the higher
roughness of the S2 surface which causes more ML and thus increased
asperity pressure or asperity load ratio.

3.4 The influence of surface roughness lay
on the coefficient of friction

In this section, the effect of surface roughness lay on the CoF and
asperity load ratio (La) is discussed. The results (flow factors, average

FIGURE 8
(A) Average asperity pressure, pasp,avg (B) mean gap, hmean as a function of microscopic rigid body displacement (h0) for different rough surfaces.
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asperity pressure andmean gap) obtained from the local-scale analysis
for rough surfaces, S2, S3, S4 are used in the global-scale to predict the
CoF and asperity load ratio for a range of rolling speeds (0.01 [m/s]-
6 [m/s]). Figure 10A represents the variation of the CoF with an
increase in rolling speed. It can be seen that the CoF decreases
gradually with an increase in rolling speed for rough surfaces, S2-
S4. As illustrated in Figure 10A at low rolling speeds (um < 0.5[m/s]),
the CoF is nearly equal to boundary friction (fbc = 0.12) for all rough
surfaces, and the surface roughness lay is almost negligible due to
severe asperity-to-asperity contacts. At slightly higher rolling speed,
the surface roughness lay effects are clearly visible. For rolling speed
(um = 0.5 [m/s]—4 [m/s]) the isotropic rough surface (S2) exhibits the
lowest coefficient of friction, whereas, for cross-hatched (S3) and

transverse (S4) rough surfaces, a slight difference in CoF values is
found. At high rolling speeds, the CoF for the S2 and S3 is almost the
same. The reason being that, as the contact exceeds the EHL lift-
transition, the asperity load share becomes insignificant and viscous
shear effect becomes dominant. However, for S4, a slightly higherCoF
is observed at high rolling speeds. This happens due to the weak
entraining action (or high lateral flow) for the transverse surface,
which has the asperity orientation perpendicular to rolling direction.
This weak entraining action leads to an increase in the shear stress
flow factors, and hence cause an increase in the CoF. The similar
variation in the CoF with an increase in rolling speed for different
surface roughness lays has been reported in Ref. (Zhu and
Wang, 2013).

FIGURE 9
(A) Simulated Stribeck curves (B) Asperity load ratio curves for different level of surface roughness, (pmax = 0.75 [GPa], SRR= 20 [%],Db= 19.05 [mm],
fbc = 0.12, τe = 12.68 [MPa], input surfaces = S1, S2, lubricant = SQL).

FIGURE 10
(A) Simulated Stribeck curves (B) Asperity load ratio for different rough surfaces, [pmax = 0.75 (GPa), SRR = 20 (%), Db = 19.05 (mm), fbc = 0.12, τe =
12.68 (MPa), input surfaces = S2, S3, S4, lubricant = SQL].
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Figure 10B presents the variation of asperity load ratio with an
increase in rolling speed for different surface roughness lays. As
expected, the asperity load ratio gradually decreases with an increase
in rolling speed. At low rolling speed, the asperity load ratio for all
rough surfaces (S2-S4) approaches 100% indicating that most of the
load is carried for by the asperities for S2, S3, S4. However, for rolling
speeds 0.5 [m/s] and 3.5 [m/s], the asperity load values for different
surface roughness lay are clearly distinct. The reason for getting the
differences in the asperity load ratio is due to the different asperity
orientation (roughness lay) for rough surfaces, S2-S4. The difference
in the asperity orientation results in the significant change in
magnitude of flow factors and asperity pressure. This change in
the asperity pressure and flow factors leads to a variation in the
asperity load ratio (La) value for rough surfaces, S2-S4. It can be
inferred from Figure 10 that roughness lays potentially affect the
CoF and La. As stated in the previous section, the CoF is determined
assuming the steady state condition. It has also been observed that
surface topography profoundly affects the wear process (Li et al.,
2022). The studied roughness lays (isotropic, cross-hatched, and
transverse) may affect also affect the wear process due to a change in
the asperity pressure with an increase in number of cycles
(Grützmacher et al., 2019). Understanding the evolution of
surface topography over time will helps to improve the reliability
and life of the tribological components (Grützmacher et al., 2019; Li
et al., 2022).

4 Conclusion

This work deliberates the applicability of the homogenized mixed-
lubrication model for heavily loaded non-conformal contacts. Various
types of real engineering surface topographies (isotropic, cross-hatched,
and transverse) acquired using an optical (non-contact) profilometer
are used as input to the model. Simulations over a broad span of rolling
speed are then conducted to investigate the effect of surface roughness
height and lay (for the same Sq) on the asperity load ratio and the
coefficient of friction (CoF). The main findings from the present work
can be summarized as follows:

• A maximum relative absolute deviation of 15% is found when
comparing the experimental and numerical CoF’s for
transverse and isotropic surfaces. The assumption of
boundary friction coefficient (fbc) and possible
oversimplified rheological relations may be the reasons for
this discrepancy which may yet be considered reasonable for a
rapid non-fully-deterministic model of this kind.

• The model captures the overall effects observed
experimentally, including CoF ranking for various surface
roughness height and lays within the range of rolling speed
considered. Thus, the model may be considered justified for
use in evaluating the CoF in all lubrication regimes for heavily
loaded non-conformal EHL contacts comprising real
engineering surface roughness.

• The pressure and shear flow factors as function of rigid body
displacement is calculated and a significance difference in flow
factors is found for different roughness lay. Non-zero values of
cross-linked pressure flow factors (A12 and A21) are observed
for the cross-hatched surface. The cross-linked pressure flow

factors are found to be zero for the isotropic and transverse
surfaces except at h0 < 0.5 nm where a small flow leakage in
cross-direction is observed.

• The employed BEM based dry contact solver can be
successfully used to generate pressure curves (asymptotic
variation of asperity pressure with respect to rigid body
displacement) for roughness lay. It is observed that for
lesser values of rigid body displacement, the isotropic
surface exhibits the lowest asperity average pressure.

• From the global-scale solution, the CoF and asperity load ratio
are predicted for different rough surfaces. The shear-thinning
and cavitation effects are incorporated in the global-scale EHL
equations. For rolling speeds ranging from 0.01 [m/s] - 1 [m/
s], it is found that the isotropic surface yields the lowest CoF,
whereas the maximum CoF is found for the cross-hatched
rough surface. At higher rolling speeds (>3.5 [m/s]), the
maximum CoF is observed for the transverse rough surfaces.

• When comparing the same surface roughness lay (isotropic)
but with different roughness height (Sq), the present
homogenized mixed lubrication model excellently simulates
the effect of roughness on the CoF and asperity load ratio with
excellent precision.

• By using the present homogenized mixed lubrication model, a
similar CoF ranking for different roughness lays as previously
reported in Ref (Zhu and Wang, 2013; Zhu et al., 2015).
is confirmed.

It is believed that understanding the surface topography effect
on the CoF by developing a simple and accurate numerical model
will helps designing advanced machining processes for producing
desired surface topography to achieve significant reduction in the
CoF. Also, the present numerical model can be used to generate huge
data sets for training of artificial neural network models considering
different surface topography as an input, and to predict the optimum
surface topography (Prajapati et al., 2023). In the present work, the
extensive rheological properties of SQL facilitate the use of advance
rheological relations and accurate value of Eyring stress for specified
load and temperature (Xu et al., 2023). However, it is expected to get
a similar trend in CoF and La variation for different material
combinations and lubricants. Furthermore, for heavily loaded
non-conformal contacts, a comparison of mixed lubrication
parameters obtained from the homogenized mixed lubrication
model and other mixed-lubrication model is highly interesting.
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Appendix A: The expressions for mean
gap, average asperity pressure and
flow factors

Expressions for determining the mean gap (hmean), the average
asperity pressure (Pasp,avg) and average flow factors are given in Eqs
A1–A6 (Hansen et al., 2023).

hmean h0( ) � 1
Lξ1.Lξ2.Tr

( )∫∫∫ hl.dAl.dt (A1)

Pasp,avg h0( ) � 1
Lξ1.Lξ2.Tr

( )∫∫∫Pasp.dAl.dt (A2)

A h0( ) � 1
Lξ1.Lξ2.Tr

( )∫∫∫ h3l
h3m

.

1 + ∂χ2
∂ξ1

∂χ3
∂ξ1

∂χ2
∂ξ2

1 + ∂χ3
∂ξ2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.dAl.dt (A3)

B h0( ) � 1
Lξ1.Lξ2.Tr

( )∫∫∫ hl
hm

.

1 − h2l
∂χ1
∂ξ1

−h2l
∂χ1
∂ξ2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.dAl.dt (A4)

C h0( ) � 1
Lξ1.Lξ2.Tr

( )∫∫∫ hl
hm

.

1 + ∂χ2
∂ξ1

∂χ3
∂ξ1

∂χ2
∂ξ2

1 + ∂χ3
∂ξ2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.dAl.dt (A5)

D h0( ) � 1
Lξ1.Lξ2.Tr

( )∫∫∫ hl.hm.

∂χ1
∂ξ1
∂χ1
∂ξ2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦.dAl.dt (A6)

where, A, �B, C, �D are the homogenized average flow factors, dAl �
dLξ1.dLξ2 is the local-scale surface area, and dt is the time interval.

Appendix B: Roeland viscosity-pressure
and DH (Dowson–Higginson) density-
pressure relationships

Roeland’s viscosity-pressure relationship is given in Eq. B1 (Zhu
and Cheng, 1988). Dowson and Hgginson (DH) density-pressure
relation is given in Eq. B2 (Zhu and Cheng, 1988).

μN � μ0. exp log μ0( ) + 9.67( ). −1 + 1 + ph

p0
( )ZR⎛⎝ ⎞⎠⎛⎝ ⎞⎠ (B1)

ρl � ρ0
φ1 + φ2.ph

φ1 + ph
(B2)

where, p0 (1.96 y 108, [Pa]) is the Roeland’s equation constant, ZR �
α.p0/(ln(μ0) + 9.67) is the pressure-viscosity index, and φ1 and φ2
are constants in D-H equation, where its values are 5.9 y 108 [Pa],
and 1.34 respectively.

Frontiers in Mechanical Engineering frontiersin.org15

Prajapati et al. 10.3389/fmech.2024.1360023

https://www.frontiersin.org/journals/mechanical-engineering
https://www.frontiersin.org
https://doi.org/10.3389/fmech.2024.1360023


Nomenclature

CoF = coefficient of friction

EHL = elastohydrodynamic lubrication

ML = mixed lubrication

FBNS = Fischer–Burmeister–Newton–Schur

SQL = squalane

SRR = slide-to-roll ratio

Fasp = load carried by asperities, [N]

FT = total applied load, [N]

f bc = boundary friction coefficient

ac = Hertzian contact radius, [μm]

La = asperity load ratio, [%]

Lξ1 = length of local-scale domain in ξ1-direction, [μm]

Lξ2 = length of local-scale domain in ξ1-direction, [μm]

Al = local-scale domain area, [μm2]

Lx1 = length of global-scale domain in x1-direction, [μm]

Lx2 = length of global-scale domain in x2-direction, [μm]

um = rolling speed, [m/s]

ur = sliding speed, [m/s]

hm = macroscopic mean gap height, [μm]

hr = deformed gap height at local-scale, [μm]

Sq = root mean square (RMS) roughness, [μm]

Ssk = skewness

Sku = kurtosis

Sp = maximum peak height, [μm]

Sv = maximum valley height, [μm]

hl = local-scale gap height, [μm]

hg = gap height due to macroscopic geometry, [μm]

h0 = local-scale (microscopic) rigid body displacement, [μm]

hd = global-scale rigid body approach, [μm]

ρ0 = density at ambient pressure, [kg/m3]

μ0 = viscosity at ambient pressure, [Pa.s]

μN = Newtonian viscosity, [Pa.s]

η = non-Newtonian viscosity, [Pa.s]

τe = Eyring shear stress, [MPa]

_γ = shear rate, [s-1]
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