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In order to make full use of the carrying capacity of the rocket and reduce the invalid mass
of the satellite, the first-order fundamental frequency of the self-tandem dual satellite
should be effectively decomposed into the designed fundamental frequency of each
satellite. In this article, the fundamental frequency of the self-tandem dual satellite is
analyzed based on the beam theory of slender structure arranged in the tandem and
Rayleigh–Ritz theory. The influence of stiffness ratio, mass ratio, and size ratio on the first-
order fundamental frequency of the dual satellite is also discussed. Based on the results,
the decomposition method of the first-order fundamental frequency index of the self-
tandem dual satellite is proposed, taking into consideration of the influence of
manufacturing error and the joint stiffness between satellites. The numerical simulation
is verified against experiments, setting the dual satellite on the same platform and different
platforms. The results show that the decomposition method can effectively decompose
the first-order fundamental frequency of a self-tandem dual satellite. The result is within the
required error range, and the error is less than 6.5%. The calculation can effectively
improve the specific stiffness and functional density of the satellite, reducing the overall
development risk.

Keywords: self-tandem dual satellite, fundamental frequency decomposition, cantilever beam, slender structure,
connection stiffness, Rayleigh-Ritz method

INTRODUCTION

In the field of deep space exploration, separable modules are generally designed to perform different
tasks such as orbital transfer, orbital entry, and scientific experiments. Constrained by the limited
carrier-envelope space, the multimodule self-tandem slender structure has become a typical form of
deep space exploration spacecraft (Yu et al., 2016). Typical examples of modular tandem slender
structures include the “Magellan”Venus probe, the Lunar Atmosphere and Dust Environment probe
of the United States, the combination of “Forbes” and “Yinghuo-1”Mars probe jointly developed by
Russia and China, and the Chinese Mars probe “Tianwen-1” (Yu et al., 2016; Liu et al., 2019).

In order to reduce the launch cost and make full use of the carrying capacity, launching two
medium–high orbit satellites in the form of the tandem dual satellite is widely employed for
international commercial satellites at present (Zhang et al., 2014; Li et al., 2019). Successful
representatives of launch vehicles for tandem dual satellites are, among others, ARIANE’s
SPELDA (supporting from outside payload fairing) and SYLDA (supporting from inside payload
fairing) (ESA, 2004), as well as the external supporting structure of China’s Z-3A series that launch
Beidou navigation dual satellite (Zhang et al., 2014). But both internal and external support
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structures consume the effective carrying capacity. Therefore,
another scheme is proposed, which is called “self-tandem.” The
main idea is to connect the two satellites without the installation
of external supporting structures. Instead, the two satellites are
connected by slender structures that belong to the two satellites
(Fan et al., 2012; Feuerbornl and Neary, 2013; Zhang et al., 2014).

Themost basicmechanical requirement of the launch vehicles for
the satellite is its first-order fundamental frequency. The self-tandem
dual satellite can be regarded as a whole to face the mechanical
environment and requirements during the launch process. The
design difficulty of the self-tandem state of the dual satellite is
mainly reflected in how to effectively decompose the first-order
fundamental frequency requirements of the dual satellite
combination to each satellite, so as to ensure that each satellite
has a clear design boundary, reasonable allocation of overall design
resources, an accurate optimization design direction, and a clear fault
handling interface, etc. During the development of the satellite, how
to effectively decompose the indicators from top-level design and
realize the optimization and control of the dynamic characteristics of
the whole satellite have always been a technical problem to be solved
urgently (Yu et al., 2016). Therefore, this article is aimed to derive a
theoretical model and propose the optimization method based on
the simulation results, taking into consideration of the carrier’s
requirement for the first-order fundamental frequency
requirements of the dual satellite and the characteristics of the
slender structure. The innovations of this article are as follows.
First, based on the theoretical analysis model established by tandem
cantilever beam theory and Rayleigh–Ritz theory, the mathematical
relationship between the stiffness ratio, mass ratio, size ratio, and the
first-order fundamental frequency of the combination is established
and analyzed theoretically. Moreover, a first-order fundamental
frequency index decomposition method for self-tandem dual
satellites is proposed, considering the interface stiffness of point
connection between satellites. Its effectiveness is also proved by
simulation and experiment. In order to achieve this, a theoretical
model (Peng et al., 2018) for the fundamental frequency analysis of
self-tandem dual satellites is first established, based on the beam
theory and Rayleigh–Ritz theory (Smith et al., 2003; Lin et al., 2017).
For simplicity, we assume the satellite as a continuous homogeneous
beam with a uniform cross-section, which deforms in a quasistatic
manner. The connection between the satellite is also simplified to
spring with infinite (Section 2) or finite (Section 3) stiffness. The
fundamental frequency characteristics of the self-tandem dual
satellite are then discussed. Based on the results, a method to
assign the fundamental frequency of self-tandem dual satellites
between the satellites is proposed, considering the influence of
interface stiffness on the whole fundamental frequency of the
pointed joint between the satellites. Lastly, the numerical results
are verified against the experiment and good agreement is obtained.

THEORETICAL MODEL OF FUNDAMENTAL
FREQUENCY ANALYSIS

The form of one-rocket-carrying-two-satellites increases the
launch difficulty due to high centroid and low frequency,
which also seriously affects the reliability of launch flight.

Therefore, higher requirements are put forward for the
structural design of satellites with high specific stiffness. Under
the premise that the carrier has a clear overall design target for the
tandem dual satellite, the key to this problem is how to identify
the contribution from each satellite/connection to the overall
stiffness of the combination. And, the stiffness should be allocated
(Gladwell, 1964; Gladwell, 1986; Chen et al., 2015) to each
component at the early stage of satellite development to
ensure that the overall mechanical properties of tandem dual
satellites are optimal, without wasted resources and redundant
design cycles.

Lin et al. (2017) has studied the multisatellite launch system
with the frequency allocation method, sectional stiffness
allocation method, staggered frequency method, and
deformation index method. They have also verified the
theoretical results against ground tests (Lin et al., 2017). The
stiffness allocation method was proposed by Bijlaard (1951) as
early as 1952 to solve the deflection, critical load, and
fundamental frequency of sandwich plate/beam. In 1985, Hu
(1985) proposed a constrained substructure method based on the
stiffness distribution method and stated that the former offers a

FIGURE 1 | The launch configuration of the self-tandem dual satellite.
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more feasible way to decompose stiffness. They also proposed a
joint method that combined constrained substructure and
decomposition stiffness method (Richard, 1971; Hu, 1985;
Chen et al., 2015). In the work of Xia et al. (Xia and Jin,
2002), a hierarchical optimization method based on the
stiffness distribution principle was proposed to optimize the
dynamic characteristics of satellite structure subdivision
design, which enhanced the realizability and reliability of
engineering design (Rubin, 1975; Xia and Jin, 2002). Yang
et al. (2016) studied the stiffness allocation method with the
30 m telescope three-mirror system as the object and presented a
simplified stiffness allocation estimation formula (Yang et al.,
2016). In the work of Yu et al. (2016) and Cai et al. (2020), the
fundamental frequency of a tandem cantilever beam structure
was analytically solved and analyzed and simplified to an ideal
model with three extreme cases. They analyzed the fundamental
frequency error between the ideal model and the actual model
and discussed the feasibility of engineering application of the
simplified method for the fundamental frequency decomposition
on tandem dual satellites (Yu et al., 2016; Cai et al., 2020).

In this section, a theoretical model for the fundamental frequency
analysis based on the beam theory of slender structure arranged in
tandem and Rayleigh–Ritz theory will be given, taking into
consideration of characteristics of the slender structure of self-
tandem dual satellite. The fundamental frequency characteristics
of the self-tandemdual satellite are then analyzed based on themodel.

Theoretical Model
The configuration of the self-tandem dual satellite is shown in
Figure 1, which includes satellite A (located on the bottom,
connected with the carrier), satellite B (located on the top,
connected with A), and a point joint device between the
satellites. Compared with the surface connection device, the point
joint is to connect two satellites through the contact point, and its
joint is more like the bolt joint connecting the explosive bolt into the
punched hole at the connection interface between two satellites.

The self-tandem dual satellite is assumed as two cantilevers
(Chawda and Murugan, 2020) connected in tandem. Thus, an
analytical solution can be obtained (Yu et al., 2016). The simplified
model is shown in Figure 2, with beams 1 and 2 representing satellites
A and B, respectively. h1, ρ1, and E1I1 are the length, the equivalent
linear density, and the equivalent bending stiffness of beam 1,
respectively. Similarly, h2, ρ2, and E2I2 are the length, the
equivalent linear density, and the equivalent bending stiffness of
beam 2. In addition, h is the natural total length of the cantilever
beam in tandem, andy0 is the displacement of the cantilever beamend.

Let y′ denote the generalized displacement array of self-
tandem dual satellite, which can take any value in the
vibration mode space H, and ω0 is the fundamental natural
frequency. According to Rayleigh–Ritz theory,

ω2
0 � min

y′ ∈ H

U(y′, y′)
T(y′, y′) (1)FIGURE 2 | The tandem cantilever beam model.
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whereU(y′, y′) and T(y′, y′) represent the potential energy and
kinetic energy at y′ displacement, respectively, and satisfy the
following relation:

y′ � ∑n

i�1y
′
i , y

′
i ∈ H (2)

U(y′, y′) � ∑n

i�1U(y′
i , y

′
i) (3)

1
ω2
0

≤∑n

i�1
1
ω2
i

(4)

ω2
i � min

y′
i ∈ Hi

U(y′
i , y

′
i)

T(y′
i , y

′
i) (5)

At launch state, the self-tandem dual satellite can be
considered to be fixed at the bottom, and U(y′

i, y
′
i) and

T(y′
i , y

′
i) can be considered as positive definite functionals

containing positive definite symmetric stiffness matrix and
mass matrix. Note, the notation of U(y′, y′) rather than
U(y′) is because the two independent variables in the bracket
can represent the potential energy arising from two different
displacements (y′(1), y′(2)), e.g., two different modes. The same
argument applies for T(y′, y′).

Based on the assumption that the beam is homogeneous and
continuous with equal cross-section, we obtained

Umax � ∫h1

0

E1I1
2

(d2y

dz2
)2

dz + ∫h2

h1

E2I2
2

(d2y

dz2
)2

dz (6)

Tmax � ∫h1

0

ρ1
2
ω2y2dz + ∫h2

h1

ρ2
2
ω2y2dz (7)

An error will arise from the assumption of the static
deformation of the cantilever beam (Yu et al., 2016; Cai et al.,
2020), but it does not hinder the acquisition of a relatively
accurate and reliable analytical solution. Substituting (6-7) into
5) and assuming a rigid connection (infinite stiffness) between the
beams, we can obtain the fundamental frequency as

ω � ∫h1

0
E1I1(d2ydz2)2dz + ∫h2

h1
E2I2(d2ydz2)2dz∫h1

0
ρ1ω

2y2dz + ∫h2

h1
ρ2ω

2y2dz
�

�
δ

ε

√
·

����
E1I1
ρ2

√
(8)

In Eq. 8, δ and ε are defined as

δ � 2.268h32α
2 + 11.34h1h

3
2α + 22.68h21h

1
2α + 15.12h31α + 7.56h31αβ

+ 11.34h31γαβ + 2.268h31γ
2αβ2,

(9)
ε � 0.182h71γ

2αβ3 + 0.42h61h
1
2αβ

2 + 1.584h71αβ
2 + 1.638h71γαβ

2 + 0.546h31h
4
2α

2

β + 0.567h41h
3
2α

2β + 2.52h41h
3
2αβ + 7.812h51h

2
2αβ + 9.828h61h2αβ + 4.968h71α

β + 0.182h72α
3 + 1.638h1h

6
2α

2 + 2.772h21h
5
2α

2 + 1.512h31h
4
2α

2 + 3.78h21h
5
2α

+ 13.23h31h
4
2α + 19.845h41h

3
2α + 15.12h51h

2
2α + 5.04h61h2α,

(10)
where α, β, and γ are

α � E1I1
E2I2

，β � ρ1
ρ2

，γ � h1
h2
. (11)

Equations 8–10 are the analytical solution of a tandem
cantilever beam for simulating a self-tandem dual satellite. In

the derivation, we assume the connection stiffness is infinite for
simplification, but we will consider a finite connection stiffness
later in Section 3.

Characteristic Analysis
The fundamental frequency calculation model based on the
Rayleigh method describe above has higher accuracy than the
simplified model from the literature (Yu et al., 2016; Cai et al.,
2020). In this section, the influence of α, β, and γ on the first-order
fundamental frequency of the system will be analyzed based on
the model without simplification.

We use a series of equivalent parameter estimates of a self-
tandem dual satellite as cantilever beam design inputs,
assigning α, β, and γ from 0.1 to 10 (for convenience, when
a single parameter is varied, the other two parameters are
assigned as 1), respectively. In this way, the first-order
fundamental frequency of the system will be calculated, and
the characteristics of the first-order fundamental frequency of
the tandem cantilever beam varying with the stiffness ratio,
mass ratio, and size ratio of the tandem beam are obtained, as
shown in Figure 3.

From Figure 3, we come to the following conclusions:

(1) With regard to the stiffness ratio of tandem beams, the first-
order fundamental frequency of the system increases with the
increased stiffness of the A-satellite, and the increasing rate
decreases gradually.

(2) With regard to the mass ratio, the first-order fundamental
frequency of the system increases first and then decreases
with the increasing mass of the A-satellite. The mass ratio of
dual satellites corresponding to the highest fundamental
frequency is about 3.2. The curve of independent stiffness
ratio variation is shown in Figure 4.

(3) With regard to the size ratio, the first-order fundamental
frequency of the system decreases with the increasing height
of the A-satellite, and the decreasing rate is gradually
reduced.

(4) There is an intersection point of the three change curves, at
which the corresponding ratios of stiffness, mass, and size of
the dual satellite are all 1.

DECOMPOSITION METHOD OF
FUNDAMENTAL FREQUENCY AND ITS
VERIFICATION
The analytical solution derived in the last section based on the
tandem cantilever beam theory and Rayleigh–Ritz method has
high accuracy in calculating the low-order fundamental
frequency value. However, the actual fundamental
frequency value will be lower than the theoretical analysis
value, due to the disregard for tandem interface stiffness.
Moreover, the difference between the theoretical beam
model and the real model of the self-tandem dual satellite
should also be considered, and the theoretical results should
be correctly translated into engineering-informed values.
Therefore, it is necessary to adapt the decomposition
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method of the fundamental frequency to an engineering
environment.

Decomposition Process of Fundamental
Frequency
To facilitate the implementation of the fundamental frequency
decomposition of tandem dual satellite, the stiffness of satellite A
is first estimated from theoretical analysis. Then, the influence of
connection stiffness between satellites is also taken into

consideration. The decomposed fundamental frequency and
allocated mass and size ratios of the self-tandem dual satellite
are thus been preliminarily determined, which are further
validated by finite element simulation. The flow chart of the
decomposition process of the fundamental frequency is shown in
Figure 5.

It should be noted that if the component between satellites is
designed as an independent component, we may only consider
the contribution of the mass of the component and disregard its
stiffness because the stiffness ratio and mass ratio between the

FIGURE 3 | The characteristics of the proportion of stiffness, mass, and size on the first-order fundamental frequency of the system.

FIGURE 4 | The influence of mass ratio variation of the self-tandem dual satellite on the first-order fundamental frequency of the system.
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FIGURE 5 | The flow chart of fundamental frequency decomposition of the self-tandem dual satellite.

FIGURE 6 | The modal analysis and experimental results of a self-tandem dual satellite. (A) The upper satellite modal analysis (the first-order 28.3 Hz). (B) The lower
satellite modal analysis (the first-order 41.5Hz). (C) The modal analysis of combination (the first-order 12.2Hz). (D) The results of the upper satellite frequency sweep
mode test (the first-order 28.9Hz). (E) The lower satellite mode test results (the first-order 37.3Hz). (F) The combination modal test results (the first-order 12.4Hz).
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intersatellite component and the satellite are sufficiently small
(Yu et al., 2016). Nevertheless, the stiffness matrix of intersatellite
connection still exists, especially for point joints with a limited
number of connection points. We can use spring elements
assigned with equivalent stiffness to simulate these
connections (Shi et al., 2016).

Numerical Simulation and Its Experimental
Verification
Following the flow chart in Section 2.1, we simulate a typical self-
tandem dual satellite and consider two cases: 1) the two satellites
from the dual system share the same platform and have similar
mass and size, and 2) the two satellites put on different platforms
and have different masses and sizes.

Case 1
Two satellites in self-tandem are put on the same satellite
platform, of which one satellite is on the top and the other on
the bottom. Based on the satellite design, there are the following
constraints:

(i) Carrying constraints: the total mass of the dual satellite shall
not exceed 5400kg, and the size shall fulfill the envelope
requirement.

(ii) The first-order transverse fundamental frequency of the self-
tandem dual satellite shall not be below 10 Hz.

The numerical model is built based on the parameters from
the preliminary design of the satellite. The fundamental
frequency varying with dual satellite characteristics is given in
Figure 3.

Since the two satellites are put on the same platform, despite
the different load configurations, the sizes of the two satellites
cannot vary too much. Therefore, we set γ = 1 for simplicity.

According to the preliminary design, the mass of the satellite
on the top is set as 2400 kg (including the mass of the component
between the satellites). Furthermore, based on the characteristic
curve and carrying constraints from Figure 4, we take β � 1.25
(estimated value, without mass optimization to increase specific
stiffness) to improve the fundamental frequency of the whole
satellite.

Taking the allowed error as 15% is selected for the
stiffness ratio.

The satellites are connected by point joints, whose equivalent
bending stiffness is set as 1.5E+9N mm/rad. The value is chosen
by analyzing the relationship between interface stiffness and the
number of the joints.

The first-order transverse fundamental frequency of the self-
tandem dual satellite shall not be below 10 Hz. In order to
simplify the process, we can treat the upper satellite as a pure
rigid body (E2 which tends to infinity, but its mass cannot be
disregarded) (Yu et al., 2016; Cai et al., 2020) to estimate the first-
order fundamental frequency demand of the lower satellite.
Under the foregoing assumptions, we set h � 2h1, γ � 1,
β � 1.25, and α � 0, and substitute it into Eq. 8, yielding
f0 � 0.559

���
E1I1
ρ2h

4

√
≥ 10Hz. The first-order fundamental frequency

of the satellite at the bottom is f1 � 0.559
�����
E1I1

ρ2(h1)4
√

≥ 40Hz.
Consequently, the first-order fundamental frequency constraint
of the satellite on the top is f2 � f1/α≥ 26.67Hz.

Based on these requirements, the design analysis and model
test are carried out, and the results are shown in Figure 6.

The numerical results show good agreement with the designed
first-order fundamental frequency of the self-tandem dual
satellite, which is 12.3Hz. This is 6.5% different from the
targeted value, which meets the carrying requirements with a
sufficient margin for error. Although there is a certain deviation
of the numerical results from experimental results for the satellite
at the bottom due to a mass difference of the satellite at the
bottom between the design and the experiment, the first-order
fundamental frequency deviation is still less than 15%. As for the
dual satellite as a whole, the first-order fundamental frequency is
almost the same as that in the experiments. It is thus concluded
that, in general, the fundamental frequency decomposition
method derived in this article can effectively solve the first-
order fundamental frequency of the dual satellite, whose
deviation from the experimental result is within 0.02%.

The goal of the fundamental frequency decomposition process
developed in this paper is to optimize the specific stiffness of the
dual satellite, with emphasis on the specific stiffness improvement
of the satellite at the bottom. However, if the centroid of the dual
satellite is located too high to adjust the specific stiffness of the
lower satellite to meet the requirements, the carbon fiber laminate
can be employed.

FIGURE 7 | The modal analysis of a self-tandem dual satellite. (A) A satellite modal analysis (the first-order 35.5Hz). (B) B satellite modal analysis (the first-order
35.5Hz). (C) The modal analysis of dual satellite combination (the first-order 15.4Hz).
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Case 2
Two satellites in self-tandem are put on different satellite
platforms. Based on the design principle of the satellite, there
are the following constraints and limitations:

(i) Carrying constraints: the total mass of the dual satellite shall
not exceed 600kg, and the size shall meet the envelope
requirements.

(ii) The first-order transverse fundamental frequency of the self-
tandem dual satellite shall not be below 13 Hz.

Parameters from the preliminary design requirements of the
satellite are implemented in a numerical model. The fundamental
frequency varying with dual satellite characteristics is given in
Figure 3.

According to the preliminary design, the mass of satellites A
and B are 400 and 200 kg, respectively, which yields β � 2. In
order to improve the fundamental frequency of tandem dual
satellite, given the actual situation, we set γ � 1.5. Moreover, we
incorporate the target to maximize the specific stiffness of the
satellite structure as much as possible (reduce the invalid mass of
the structure), and a 15% allowed error, α � 1.5, is selected for the
stiffness ratio.

The satellites are connected by point joints, whose equivalent
bending stiffness is set as 8.2E+8Nmm/rad. Again, the value is
chosen from analyzing the relationship between interface stiffness
and the number of joints.

Now, we consider the constraint that the first-order
transverse fundamental frequency of a self-tandem dual
satellite shall not be below 13 Hz. Due to the same reason
as in case 1, satellite B is considered a rigid body (the mass
cannot be disregarded) (Bijlaard, 1951). Therefore,
f0 � 0.559

���
E1I1
ρ2h

4

√
≥ 13Hz, and the estimated first-order

fundamental frequency of satellite A is f1 �
0.559

�����
E1I1

ρ2(h1)4
√

≥ 36.1Hz. Finally, the first-order fundamental
frequency constraint of satellite B is f2 � f1/α≥ 25.8Hz.

Based on these requirements, the preliminary design is given
and the finite element model is established. The analysis results
are shown in Figure 7.

The results show that the first-order fundamental frequency of
the dual satellite is 15.4 Hz, which is 3.5% different from the
targeted frequency and meets the carrying requirements with a
sufficient margin for error. Given that the mass deviation of the
satellites and the bending stiffness of point connection between
satellites are closely related to the manufacturing process, the
implementation of the parameters from the actual situation can
greatly improve the reliability of the fundamental frequency
decomposition process in this paper.

CONCLUSION

This article has studied the decomposition method of the first-
order fundamental frequency of the self-tandem dual satellite and
derived an analytical solution based on the beam theory and
Rayleigh–Ritz method. Based on the solution, we discussed the
influence of stiffness ratio, mass ratio, and size ratio of a self-
tandem dual satellite on the first-order fundamental frequency of
the system and proposed a method of decomposition of the first-
order fundamental frequency for self-tandem dual satellite, which
took into consideration of the error and the connection stiffness
of the pointed joint between satellites. Through theoretical
analysis and experimental verification, the results show this,
the fundamental frequency decomposition method can
effectively decompose the frequency of the self-tandem dual
satellite. Moreover, the first-order fundamental frequency of
the dual satellite meets the targeted frequency with an error of
nomore than 6.5%. It can effectively improve the specific stiffness
and development efficiency of the satellite and reduce the risk of
engineering development. Furthermore, the decomposition
method of the fundamental frequency is also beneficial to the
overall design of mass, size, and fundamental frequency
allocation at the initial stage of developing a related self-
tandem dual satellite.
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