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Strengthening and Weakening
Effects in Bilayer Coated Spherical
Contact
Kurien S. Parel, Zhou Chen and Izhak Etsion*

Department of Mechanical Engineering, Technion, Haifa, Israel

The effect of a middle-layer of thickness t1 with intermediate Young’s modulus and yield

strength in between a hard coating of thickness t2 and a softer spherical substrate of

radius R on the yield inception of a coated system is investigated. Finite element method

is used to model bilayer-coated spheres flattened by a rigid flat. It is found that the

addition of the middle-layer can enhance or reduce the resistance to yield inception

depending on its dimensionless thickness t1/t and t/Rwhere t is the total thickness of the

two coating layers. Some practical results are presented, to enable optimum selection

of bilayer coated system and prevention of undesired weakening effect.

Keywords: contact mechanics, yield inception, coatings, bilayers, strengthening and weakening

INTRODUCTION

Stiff hard coatings, such as TiN or CrN onmetallic substrates, are often used to enhance tribological
properties of components (Kot, 2012). Goltsberg et al. (2011) studied the yield inception of a coated
sphere pressed by a rigid flat. They found that a coated sphere can bemore resistant to yielding than
a homogenous sphere made of the hard coating material. However, ultrathin hard coatings can
cause a weakening effect (Goltsberg et al., 2011; Huang et al., 2012; Goltsberg and Etsion, 2013), by
which the yield resistance of the coated sphere is lower than that of a homogenous sphere made of
the soft substrate material. (Komvopoulos, 1988, 1989) and Sun et al. (1995) also demonstrated this
weakening effect of ultrathin hard coatings in the case of a coated half-space subject to indentation.

A mismatch of the Young’s moduli at the coating/substrate interface can lead to additional
stresses in the coated system (van der Zwaag and Field, 1982; Komvopoulos, 1988, 1989; Chai et al.,
1999; Piao et al., 2010; Goltsberg et al., 2011; Goltsberg and Etsion, 2013), which can reduce the
resistance to yield inception of the system. To alleviate this effect, the mismatch of the Young’s
moduli at the interface should be reduced. This can be achieved by using functionally graded
material (Stephens et al., 2000; Liu et al., 2016) or by applying multilayers of coatings (Djabella
and Arnell, 1994). A simpler solution is to insert a single middle-layer, which has an intermediate
Young’s modulus between the substrate and coating.

Fontalvo et al. (2010) showed experimentally that such bilayer coatings can enhance
wear resistance. Finite element studies (van der Zwaag et al., 1986; Djabella and Arnell,
1993a,b) have modeled the spherical indentation of an elastic half-space with a bilayer
coating, assuming a Hertzian pressure distribution. These studies show a reduction of
adverse stresses within the coating material compared to single-layer cases. However, the
assumption of Hertzian pressure loading is valid only for small mismatch values (Gupta and
Walowit, 1974). More accurately, Lardner et al. (1992) and Guo and Zhao (2019) modeled a
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bilayer coated half-space indented by a rigid sphere, relaxing
the Hertzian pressure distribution assumption. Lardner et al.
(1992) identified which interface (the contact interface, the outer-
coating/middle-layer interface or the middle-layer/substrate
interface) had the greatest shear and tensile stresses for different
total coating thicknesses and the Young’s moduli ratio of the
two coating layers. Guo and Zhao (2019) showed that a middle-
layer of intermediate Young’s modulus can reduce the stress
discontinuities in the coated system (and lower the chances of
delamination at the coating/substrate interface). Yu et al. (2016)
recently identified the location of the maximum von Mises stress
for the bilayer coated half-space during indentation, for different
coating thicknesses and material properties. The half-space was
subjected to both normal and tangential loading with a spherical
indenter. However, little attention has been paid to the yield
resistance of the bilayer coated system. The aim of the present
study is to investigate the yield inception of a bilayer coated
sphere flattened by a rigid flat.

Modeling with the flattening approach is chosen over the
indentation one, because it is more relevant for good tribological
designs associated with mild adhesive friction and wear, when
asperities indentation is avoided (Goltsberg et al., 2011). The
results from this study are expected to be relevant in the
design of mechanical components that involve stiff-hard coatings
(such as TiN or CrN on metallic substrates) to enhance
load carrying capacity and component lifetime (Kot, 2012).
These include applications such as bearings, mechanical tools,
electromechanical switches and bio-implants.

THEORETICAL BACKGROUND

The yield resistance of a single-layer coated sphere flattened by
a rigid frictionless flat was intensively investigated in Goltsberg
et al. (2011) and Goltsberg and Etsion (2013). The relevant
results are summarized in Figure 1, which schematically presents
the dimensionless critical load, Pc/Pc_co, as a function of
dimensionless coating thickness, t/R, for the case of Pc_co > Pc_su.
Here t is the coating thickness and R is the substrate radius. Pc is
the critical load at yield inception for the coated sphere, and Pc_co
and Pc_su are the critical loads for a homogenous sphere of radius
R+t made of coating or substrate materials, respectively. Values
for Pc_co and Pc_su are given by the following expression for the
critical load for the flattening of a homogenous sphere of radius
R (Brizmer et al., 2006).

Pc =
π3

6
C3
vY[R(1− ν2)

Y

E
]
2

(1)

where E, Y, and ν are the Young’s modulus, yield strength, and
Poisson’s ratio of the relevantmaterial of the homogenous sphere,
respectively, andCv = 1.234 + 1.256ν. Yield inception was noted
to occur always along the central axis of symmetry.

In the figure at t/R = 0, Pc = Pc_su and at very large t/R,
Pc approaches Pc_co as expected. At ultralow t/R, a weakening
effect exists such that Pc is lower than Pc_su. Maximumweakening
occurs at t/R = (t/R)MW, and the location of yield inception is
at the substrate side of the coating/substrate interface (Goltsberg

FIGURE 1 | Schematic of the dimensionless critical load, Pc/Pc_co, vs.

dimensionless coating thickness, t/R, for a single-layer coated sphere flattened

by a rigid flat.

FIGURE 2 | A bilayer coated sphere pressed by a rigid flat.

and Etsion, 2013). As argued by Goltsberg and Etsion (2013), the

contribution to the equivalent von Mises stress, σ eq, due to the
external normal loading is maximum slightly below the contact
interface. The contribution due to the Young’s moduli mismatch
is maximum at the coating/substrate interface. At t/R= (t/R)MW

the above two locations coincide and the maximum weakening
occurs. Under a given normal load P, when t/R is different than
(t/R)MW, the coating/substrate interface moves away from the
location of maximum contribution from the external loading.
This results in lower equivalent von Mises stresses and a higher
Pc is needed for yielding as seen in Figure 1. The critical load
Pc/Pc_co reaches a maximum at t/R = (t/R)p, when the location
of yield inception moves to within the coating. Near (t/R)p, a
strengthening effect is observed as Pc is greater than Pc_co.

METHODOLOGY

Figure 2 schematically presents a bilayer coated sphere
compressed by a rigid flat under normal load P. The radius
of the spherical substrate is R. The bilayer coating has a total
thickness t, and consists of a middle-layer and outer-coating
of thicknesses t1 and t2, respectively (t = t1+t2). The bottom
surface of the sphere is restricted from normal displacement
[further restriction of tangential displacement has negligible
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FIGURE 3 | Finite element model of the bilayer coated sphere pressed by a rigid flat (A). Close-up of the mesh zone with highest element density (B). ML/S and

OC/ML interfaces are highlighted in (B).

effect on the results of the contact problem (Goltsberg et al.,
2011)]. To simplify the problem, the following assumptions are
adopted:

1. Perfect slip contact condition (frictionless) is assumed at the
contact interface to avoid shear stresses there.

2. Perfect bonding is assumed at the outer-coating/middle-layer
(OC/ML) and middle-layer/substrate (ML/S) interfaces.

3. The outer-coating, middle-layer and substrate materials are
isotropic, free of residual stresses and obey linear elastic
constitutive law prior to yielding.

4. The Poisson’s ratio for outer-coating, middle-layer and
substrate materials are equal, i.e. νco = νm = νsu = ν = 0.32.
Note that the subscripts ‘co’, ‘m’, and ‘su’ refer to the outer-
coating, middle-layer and the substrate materials, respectively.

These simplifying assumptions help in providing a good physical
insight of the problem but, if needed, can be relaxed in
future work.

The contact problem shown in Figure 2 was solved by
using the commercial package ABAQUS CAE 2017, with a 2D
axisymmetric finite element model presented in Figure 3A. The
bilayer coated sphere was modeled with a quarter circle and
the rigid flat as a line. The quarter circle was meshed with
4-node bilinear quadrilateral elements (CAX4R) and the rigid
flat was modeled with an ‘analytical rigid’ element. The densest
mesh was applied in a zone of 0.2t width and 1.2t depth at the
sphere summit (see Figure 3B), where yield inception occurs.
The element length in this zone is 0.005t. Outside this zone the
mesh density is decreased gradually as seen in Figure 3A. In
total, around 30,000 to 40,000 elements were used depending on
the thicknesses of the outer-coating and middle-layer. To define
the contact pair, the rigid flat surface was chosen as the master
surface and the outer-coating surface as the slave surface, with
“small sliding” formulation as the tracking approach [see section
38.1.1 of (Dassault Systémes, 2016) for details]. Loading of the

coated sphere is accomplished by displacement control of the
rigid flat, in increments of 4 × 10−7 R. Yield inception occurs in
the bilayer coated sphere once the equivalent vonMises stress σ eq

(see Equation 2) at a certain location reaches the yield strength of
the relevant material.

σeq =
{

0.5
[

(σ1 − σ2)
2 + (σ2 − σ3)

2 + (σ1 − σ3)
2
]}0.5

(2)

where σ 1, σ 2, and σ 3 are the principal stresses. For all the cases
studied here, yield inception was noted to occur along the axis of
symmetry (x = 0), at which this expression becomes (Goltsberg
et al., 2011)

σeq = |σ1 − σ2| (3)

where σ 1 and σ 2 are the normal and radial principal
stresses, respectively.

In order to validate the accuracy of the numerical model, mesh
convergence was tested by running models with greater mesh
density in all zones until no significant change (<1%) in the
critical load at yield inception in the coated system is observed
(see Appendix A for details). To validate the accuracy of the
numerical model, identical material properties were applied to
both the outer-coating and the middle-layer, corresponding to a
single-layer coated sphere. The critical load as well as the load-
displacement relation from such cases showed good agreement
(within 10%) with the results reported by Goltsberg et al. (2011)
and Goltsberg and Etsion (2015).

RESULTS AND DISCUSSION

For studying the yield inception of a bilayer coated sphere,
models were constructed such that Eco > Em >Esu and Yco >

Ym >Ysu. In the models, Rwas fixed at 100mm and Esu at 1 GPa.
However, changing these dimensional values do not affect the

Frontiers in Mechanical Engineering | www.frontiersin.org 3 April 2020 | Volume 6 | Article 23

https://www.frontiersin.org/journals/mechanical-engineering
https://www.frontiersin.org
https://www.frontiersin.org/journals/mechanical-engineering#articles


Parel et al. Bilayer Coated Spherical Contact

TABLE 1 | Material property ratios to study the strengthening effect in bilayer

coated spheres.

Eco/Esu Em/Esu Esu/Ysu Yco/Ysu Ym/Ysu ν

10 5.5 1500 10 5.5 0.32

results when presented in non-dimensional form. Simulations
to study both the weakening and strengthening zones were
run for t1/t from 0 to 1 in increments of 0.1, and t/R from
0.001 to 0.02 in increments of 0.0005. Since the value of peak
critical load near the maximum strengthening is sensitive to t/R
(see Figure 1), additional simulations were run near the peak
strengthening with smaller t/R increments of 2 × 10−5. Note
that the coating thickness in the present study is normalized by
the substrate radius R, which is different from that normalized
by half-width of the contact area, e.g., Komvopoulos (1988).
Since R is known a priori, contrary to the unknown half width
of contact area, which depends on load and coating thickness,
the current normalization approach enables easy selection of
the optimum coating thickness. The practicality and validity of
this normalization approach was demonstrated experimentally
in Bar-Hen and Etsion (2017). Moreover, this normalization
approach was also used successfully in the study on the electrical
conductance of a bilayer coated spherical contact (Korchevnik
et al., 2018) and enabled a concise interpretation of the results
for the application of electromechanical switches.

Strengthening Effect of Bilayer Coated
Spheres
The material property ratios used in the models to study the
strengthening effect are shown in Table 1. An extreme Eco/Esu
= 10 was chosen to allow a substantial reduction in the Young’s
moduli mismatch by adding the middle-layer with Eco/Em =

1.82 and Em/Esu = 5.5. Figure 4 shows the dimensionless
critical load Pc/Pc_co vs. the dimensionless coating thickness
t/R for two typical bilayer cases of relatively small and large
dimensionless middle-layer thicknesses t1/t = 0.4 and t1/t = 0.8,
respectively. For comparison, results are also shown for t1/t =
0 corresponding to a single-layer case with coating made of the
same outer-coating material (Eco/Esu = 10).

For the small t1/t = 0.4, Pc/Pc_co increases monotonically
with t/R until a maximum value (Pc/Pc_co)p at a certain t/R =

(t/R)p and then reduces approaching unity, like the single-layer
case. A similar behavior is shown for the large t1/t = 0.8, but
this case involves an additional small peak at relatively small
t/R. From Figure 4, it is noted that compared to the single-layer
case with t1/t = 0, (Pc/Pc_co)p is greater for the bilayer case
with t1/t = 0.4 but lower for the bilayer case with t1/t = 0.8.
This suggests that the dimensionless middle-layer thickness, t1/t,
can enhance or reduce the maximum strengthening of a coated
sphere. Hence, there is an optimum t1/t at which the ultimate
maximum strengthening effect is obtained.

Further, there is a transition thickness, (t/R)tr_S, for any t1/t at
which the bilayer coated sphere has the same value of Pc/Pc_co
as the single-layer coated sphere (see vertical dashed lines in

Figure 4 for the cases with t1/t = 0.4 and t1/t = 0.8). While
for t/R below its (t/R)tr_S, the bilayer coated sphere experiences
lower critical loads than the single-layer coated sphere, for t/R
above (t/R)tr_S the bilayer coated sphere experiences higher
critical loads.

Figure 5 shows, for the strengthening zone, the effect of
dimensionless middle-layer thickness, t1/t, on the peak critical
load, (Pc/Pc_co)p, the dimensionless coating thickness at peak
critical load, (t/R)p, and the dimensionless transition coating
thickness, (t/R)tr_S. In Figure 5A, at t1/t = 0, which corresponds
to a single-layer case, the peak dimensionless critical load is
around 1.8 (see also Figure 4). As can be seen from Figure 5A,
(Pc/Pc_co)p hardly changes up to t1/t = 0.3. Therefore, the
bilayer effect in this range is negligible. An increase is noted for
t1/t≥0.3 and the ultimate peak critical load is at an optimum
dimensionless middle-layer thickness t1/t = 0.5. The optimum
t1/t value may be different for other material properties and this
will be explored in a future study. Beyond the optimum t1/t,
(Pc/Pc_co)p decreases and can even become lower than that for
the single-layer case.

Further, from Figures 5B,C both (t/R)p and (t/R)tr_S become
significantly large for t1/t larger than the optimum value. Hence,
bilayer coatings with large values of t1/t are undesirable since the
required total coating thickness, t, to obtain peak strengthening
becomes very large, while the resulting peak strengthening is
lower than the ultimate peak critical load at optimum t1/t.

In the present model, yield inception always occurs along the
symmetry axis (x = 0 in Figure 2). From the many simulations
performed in this study it was found that the location of yield
inception in the bilayer cases depends on t1/t and t/R. With t1/t
up to the optimum value (≤0.5) the yield inception is at the
substrate side of theML/S interface when t/R<(t/R)p, and within
the outer-coating when t/R≥ (t/R)p. This is similar to the location
of yield inception for single-layer coated cases as described in
Goltsberg et al. (2011).

With t1/t greater than the optimum value (>0.5), the yield
inception is also at the substrate side of the ML/S interface for
low t/R. However, when t/R starts increasing the yield inception
location jumps to the middle-layer side of the OC/ML interface.
This jump corresponds to the first peak for the case with t1/t
= 0.8 in Figure 4. When t/R further increases to its (t/R)p the
yield inception location jumps to within the outer-coating. This
corresponds to the second peak for the case with t1/t = 0.8 in
Figure 4.

As seen in Figure 5A, for t1/t up to the optimum t1/t (≤0.5),
an increase in t1/t leads to an increase in the dimensionless
critical load (Pc/Pc_co)p, obtained at (t/R)p, when the yield
inception location jumps to within the outer-coating. As
explained in Goltsberg et al. (2011), at a given load, Young’s
moduli mismatch between the outer-coating and the substrate
causes additional stresses within the outer-coating that is
stretched by the substrate. As found from the present simulations,
these additional stresses are reduced by increasing the thickness
of the middle-layer and hence, (Pc/Pc_co)p is increased.

The two main sources for maximum contribution to the
von Mises equivalent stress (Goltsberg and Etsion, 2013) were
explained in the discussion of Figure 1 at the end of the
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FIGURE 4 | Dimensionless critical load, Pc/Pc_co, vs. dimensionless coating thickness, t/R, for bilayer coated spheres. Material properties as in Table 1.

Theoretical Background section. In the present study of bilayer
coated spherical contact under a normal load P, the center point
(x = 0) of the OC/ML interface is the location of maximum
contribution to the vonMises equivalent stress due to the Young’s
moduli mismatch at this interface. For any given t/R, when t1/t
increases, this location becomes closer to the contact area (see
Figure 2) and the location of maximum contribution due to the
normal loading. Hence, if the increasing von Mises equivalent
stress at the OC/ML interface reaches the lower yield strength
of the middle-layer, yield inception will occur at this point and
the load P will become the critical one Pc. As we found from
our simulations this occurs for a range of t/R values below
(t/R)p whenever t1/t is greater than the optimum value (>0.5).
For these values of t1/t, yield inception for a range of t/R is at
relatively low critical loads, compared to the case with optimum
t1/t. This results in a reduction of the (Pc/Pc_co)p value as seen in
Figure 5A.

As discussed in relation to Figure 4, a bilayer coated
case has lower critical loads than the corresponding single-
layer case with same outer-coating (Eco/Esu = 10) and
t/R, when t/R< (t/R)tr_S and greater critical loads when
t/R>(t/R)tr_S. To investigate the reasons for this, comparisons
were made between the dimensionless von Mises equivalent
stresses, σ eq/Y, along the axis of symmetry (at x = 0)
in bilayer cases and corresponding single-layer cases. Y is
the yield strength of the relevant material. The comparisons
were done for each bilayer case and its corresponding

single-layer case subjected to the lower critical load of the
two cases.

The comparisons showed that the maximum σ eq/Y in the
outer-coating is typically lower in a bilayer case than in its
corresponding single-layer case (except for locations next to the
OC/ML interface at z/t = t2/t). The parameter z is the axial
distance from the contact interface of the coated sphere as shown
in Figure 2. However, the σ eq/Y at the middle-layer side of the
z/t = t2/t interface is typically significantly higher in a bilayer
case than the σ eq/Y at the same z/t location in its corresponding
single-layer case. Further, the σ eq/Y at the substrate side of
the z/t = 1 interface is also typically higher in a bilayer case
than in its corresponding single-layer case. This suggests in the
strengthening zone, reducing the mismatch at z/t = 1 interface,
by inserting a middle-layer, increases the σ eq/Y at the substrate
side of this interface.

The lower σ eq/Y within the outer coating in a bilayer
case compared to the corresponding single-layer case is due
to the reduction of stresses within the outer-coating with the
presence of the middle-layer, as discussed earlier. The bilayer case
experiences additional stresses at z/t = t2/t due to the mismatch
at the OC/ML interface at this location, which is not present in
the corresponding single-layer case. Further, the material at the
middle-layer side of the OC/ML interface in the bilayer case has
lower yield strength than the outer-coating material at this z/t
location in the single-layer case. Due to both of these reasons,
σ eq/Y at the middle-layer side of z/t = t2/t interface is higher in
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FIGURE 5 | Peak dimensionless critical load, (Pc/Pc_co )p (A), dimensionless coating thickness at peak critical load, (t/R)p (B), and dimensionless transition coating

thickness, (t/R)tr_S (C), for different middle-layer dimensionless thickness, t1/t. Material properties as in Table 1.

the bilayer case than the σ eq/Y at the same z/t location in the
corresponding single-layer case.

From the many simulations, it was observed that small
mismatch at the z/t = 1 interface increases (makes more
compressive) σ 1 more than σ 2 at the substrate side of the
interface. From Equation (3) we can see that this increases σ eq

in the bilayer case compared to the single-layer case.
When t/R<(t/R)tr_S, high σ eq/Y at either z/t = t2/t

or z/t = 1 results in lower critical loads for a bilayer
case compared to the corresponding single-layer case. When
t/R >(t/R)tr_S, high σ eq/Y within the outer-coating of the
corresponding single-layer case results in smaller critical
loads for this case compared to the bilayer case as seen
in Figure 4.

TABLE 2 | Material property ratios to study the weakening effect in bilayer coated

spheres.

Eco/Esu Em/Esu Esu/Ysu Yco/Ysu Ym/Ysu ν

10 2 350 10 2 0.32

Weakening Effect in Bilayer Coated
Spheres
Weakening occurs for coated spheres when Pc/Pc_su <1. As
per Equation (12) in Goltsberg and Etsion (2013), weakening
for single-layer coated spheres occurs for small coating
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thickness when

t

R
<

1.417

(Esu/Ysu)
0.9587

(4)

Hence, to avoid constructing models with very low t/R, which
would require a very dense mesh, models were constructed with
a lower value of Esu/Ysu to study the weakening effect in bilayer
coatings. Table 2 shows the material property ratios used in these
models. The value of Esu/Ysu was chosen to be within the range
analyzed by Goltsberg and Etsion (2013) for the weakening effect

in single-layer coated spheres. Esu was kept the same as the value
used in strengthening (1 GPa) and the Esu/Ysu ratio was reduced
by increasing Ysu.

As noted by Goltsberg and Etsion (2013), the weakening
effect in the single-layer case is due to additional stresses in the
substrate due to the mismatch at the z/t = 1 interface. Hence, for
more effective bilayer, Em/Esu = 2 was selected in Table 2 instead
of 5.5 in Table 1. The yield strengths values of the outer-coating
and the middle-layer materials were changed so that Yco/Ysu =

Eco/Esu, and Ym/Ysu = Em/Esu as in Table 1.

FIGURE 6 | Dimensionless critical load, Pc/Pc_su, vs. dimensionless coating thickness, t/R. Material properties as in Table 2.

FIGURE 7 | Dimensionless critical load at maximum weakening, (Pc/Pc_su)MW, for different t1/t. Material properties as in Table 2.
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Figure 6 presents Pc/Pc_su vs. t/R in the weakening zone for
the same two typical cases of bilayer coated spheres, t1/t =

0.4 and t1/t = 0.8, as in Figure 4. Plots are also provided for
single-layer coated cases with t1/t = 0 and t1/t = 1, which
correspond to single-layer coatings with Eco/Esu = 10 and
Eco/Esu = 2, respectively.

As shown in Figure 6, the single-layer case with higher
mismatch (Eco/Esu = 10) has greater maximum weakening than
the case with less mismatch (Eco/Esu = 2), consistent with
Goltsberg and Etsion (2013). However, it is interesting to note
that beyond a transition thickness (t/R)tr_W = 0.0030 the single-
layer case with highmismatch Eco/Esu = 10 shows less weakening
than the single-layer case with small mismatch Eco/Esu = 2. The
two bilayer cases with t1/t= 0.4 and t1/t= 0.8 also exhibit greater
weakening than the single-layer case t1/t = 0 for t/R beyond
respective (t/R)tr_W values.

Further, in Figure 6 it is noted that the extension of the
weakening zone, in terms of t/R, is smaller in the single-layer case
with greater mismatch (Eco/Esu = 10) than for the two bilayer
cases and the single-layer case with less mismatch (Eco/Esu = 2).
This suggests that while a lower mismatch at the z/t = 1 interface
is beneficial in reducing the maximum weakening, it adversely
extends the weakening zone to higher t/R values.

Considering the results in the Strengthening Effect of Bilayer
Coated Spheres section, a bilayer coated sphere has a higher
critical load than a single-layer case with the same outer-coating
when t/R is either above (t/R)tr_S or below (t/R)tr_W. Since the
second case has to be avoided as being inside the weakening zone,
the preferred selection for the total coating thickness of a bilayer
case would be t/R>(t/R)tr_S.

Figure 7 shows dimensionless critical load at maximum
weakening, (Pc/Pc_su)MW, for bilayer coated spheres with
different t1/t. As can be seen from Figure 7 (Pc/Pc_su)MW hardly
changes up to t1/t= 0.4. Therefore, the bilayer effect in this range
is negligible. For t1/t>0.4, the bilayer cases show less maximum
weakening than the single-layer case with t1/t = 0 but greater
weakening than the single-layer case with t1/t = 1.

In the weakening zone, at very low t/R, yield inception is
within the substrate. For t/R≥ (t/R)MW, yield inception is at the
substrate side of the ML/S interface. This behavior was noted for
all bilayer coated spheres with different t1/t, and is similar to the
behavior for single-layer coated spheres as described in Goltsberg
and Etsion (2013).

In a previous study (Goltsberg et al., 2011) it was assumed that
the Young’s moduli mismatch is detrimental, in the weakening
zone, due to a reduction in the compressive stresses at the
substrate side of the coating/substrate interface. However, as seen
in Figure 6, the single-layer case with high mismatch Eco/Esu =

10 exhibits less weakening than the other cases (that have less
mismatch) at t/R beyond each relevant (t/R)tr_W. From the many
simulations, it was observed that above (t/R)tr_W reducing the
mismatch at the z/t = 1 interface increases σ 1 more than σ 2 at
the substrate side of the interface (at x = 0). From Equation (3)
we can see that this increases σ eq in the bilayer case compared to
the single-layer case.

This suggests reducing the mismatch at the z/t = 1 interface
reduces the σ eq /Y at the substrate side of the interface only for
low t/R (when t/R is less than the relevant (t/R)tr_W).

TABLE 3 | Range of parameters for which similar behavior as described in the

Strengthening Effect of Bilayer Coated Spheres section was observed (Yco/Y su =

Eco/Esu and Ym/Y su = Em/Esu).

Eco/Esu (Em/Esu-1)/(Eco/Esu-1) Esu/Ysu ν

3 to 8 0.3 to 0.6 600 to 1200 0.32

Effect of Different Material Properties
Additional simulations were run for a range of material
properties described in Table 3. Within this range, it
is noted

1) The bilayer coated sphere exhibits greater strengthening than
the corresponding single layer case only when t/R is greater
than a transition thickness (t/R)tr_S.

2) There exists optimum values of t1/t and t/R for ultimate
peak strengthening.

Hence, the general observations made here are likely to be
applicable for the design of real coating systems, particularly
those with Eco/Esu ratios within this range. For example, Eco/Esu
for TiN outer-coating on Ti substrate is 3.33, and TiN outer-
coating on Al substrate is 5.71 (Sun et al., 1995). Likewise, the
ratio E/Y for most engineering metallic materials ranges from
100 to 2000, so the cases covered by Table 3 are in line with
practical applications.

Due to the large number of material and dimensional
parameters, finding quantitative expressions between the
material properties and the optimum values of t1/t and t/R
is beyond the scope of this paper. It shall be attempted in a
future study.

CONCLUSION

Yield inception of bilayer coated spheres, with a middle-layer of
intermediate Young’s modulus and yield strength, flattened by
a rigid flat was studied for a range of dimensionless thicknesses
of the two layers. Both the strengthening and weakening effects
were observed for bilayer coated spheres. It was expected that the
gradual reduction of the Young’s moduli mismatch in the bilayer
coating would enhance the critical loads for yield inception
over a single-layer coated sphere with the same outer-coating.
However, the results show that within the strengthening zone, the
presence of a middle-layer leads to an increase in the critical load
only when the total dimensionless coating thickness is above a
certain transition value, (t/R)tr_S, which depends on the material
properties and the dimensionless thickness of the middle-layer,
t1/t. Further, there is an optimum dimensionless middle-layer
thickness t1/t, which maximizes the peak critical load (Pc/Pc_co)p
of a bilayer coated sphere.

In addition, it is shown that there exists a (t/R)tr_W within the
weakening zone above which the bilayer coated case experiences
lower critical loads than the single-layer case with the same outer-
coating. This implies that bilayer coatings are undesirable when
(t/R)tr_W <t/R<(t/R)tr_S.

It is therefore recommended to select t/R>(t/R)tr_S for
beneficial effect of bilayer coated spheres. Finding the expressions
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for the optimum t1/t and optimum t/R as functions of material
properties requires a complex parametric analysis, which is out
of the scope of the present paper but will be attempted in a
future study.
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NOMENCLATURE

E Young’s modulus

P Normal load applied to the rigid flat

R Radius of the substrate

t Total thickness of the two layers combined

t1 Thickness of the middle-layer

t2 Thickness of the outer-coating

(t/R)tr_S Transition t/R value in the strengthening zone at which two

different cases have the same dimensionless critical load, Pc/Pc_co

(t/R)tr_W Transition t/R value in the weakening zone at which two different

cases have the same dimensionless critical load, Pc/Pc_su

Y Yield strength

z Distance along the axis of symmetry from the contact interface

ν Poisson’s ratio

σeq Equivalent von Mises stress

σ1, σ2, σ3 Principal stresses.

Subscripts

co Outer-coating material

c_co Value at critical load for homogenous sphere made of the

outer-coating material

c_su Value at critical load for homogenous sphere made of the substrate

material

m Middle-layer material

MW Value at maximum weakening

p Value at peak critical load

su Substrate material
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