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The present article addresses the impact of passive control (PC) and active control (AC)

on 3D flow of a viscoelastic nanofluid upon a stretching plate including heat generation

and convective heating. The system of appearing non-linear PDE’s are converted into a

couple of ODE’s by using suitable similarity transformations. Convergent series solutions

are derived using the homotopy analysis method (HAM). Graphical results of velocity,

nanoparticle volume fraction and temperature of different pertinent physical parameters

with notable discussions are mentioned along with their physical significance.
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1. INTRODUCTION

Fluids are much used to transfer heat in heat transfer equipment in industrial and engineering
processes. Such processes are die casting, catalysis, distillation, synthesis in petrochemical industry,
gas processing, hot-mix paving in concrete industry and steam generators in industrial laundry.
In the above applications, thermal conductivity plays a vital role in heat transfer equipment.
Conventional heat transfer of ordinary fluids, like water and oil, have low thermal conductivity,
and poor heat transfer characters. The nanofluid is an advanced type of fluid incorporating
nanometer-sized particles. This fluid is more stable, has high thermal conductivity, high mobility,
a larger heat transfer surface between particles and fluids, low pumping power compared with
ordinary fluids, low particle clogging, and low volume concentrations. Ahmed et al. (2014)
addressed the uncertainties of dynamic viscosity and thermal conductivity of nanofluid flow in
a permeable stretching tube under the influence of a heat sink/source. They proved that the skin
friction coefficient of Ag–water nanofluid is smaller compared to the TiO2 nanofluid. The dual
solutions of nanofluid flow past a moving semi-infinite flat plate are derived by Bachok et al.
(2010), who found that a smaller heat transfer rate occurs in higher values of the Prandtl number.
Khan and Pop (2010) explored the impact of Brownian motion and thermophoresis on a nanofluid
flow in a flat surface. It is seen that Brownian motion suppresses the reduced Nusselt number and
strengthens the reduced Sherwood number. The impact of Brownian motion and thermophoresis
of nanofluid fluid flow between two parallel plates was recently investigated by Derakhshan et al.
(2019). They proved that the Nusselt number is suppressed with enhanced thermophoretic and
Brownian motion parameters. A few important works on this direction are (Hassani et al., 2011;
Makinde and Aziz, 2011; Kasmani et al., 2015, 2016, 2017).
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In recent years, many researchers have concerned themselves
with the study of non-Newtonian materials because they
have more usages in food processing, petroleum production,
drawing of plastic films, metal spinning, etc. Viscoelastic fluid
is one of the non-Newtonian fluids and contains viscous and
elastic behaviors. Cortell (2006) discussed the MHD flow of a
viscoelastic fluid past a stretching sheet with suction. He found
that the viscoelastic parameter leads to an improvement of the
heat transfer gradient. MHD viscoelastic boundary layer flow
over a flat sheet with non-uniform heat source and radiation
was analytically and numerically solved by (Abel and Mahesha,
2008). Eswaramoorthi et al. (2016) explored the effect of thermal
radiation of a viscoelastic fluid over a stretching surface. They
found that the velocity boundary layer thickness decays with
a more enhanced viscoelastic parameter. All the above studies
reported only viscoelastic fluid without nanofluid. However, in
recent years, many researchers dealt with viscoelastic nanofluids
because they have more industrial applications. Shit et al.
(2016) examined the viscoelastic nanofluid over a stretching
surface. Their result showed that the fluid temperature decays
in the presence of the viscoelasticity of the nanofluid. Very
recently, Hayat et al. (2018) studied the three-dimensional
flow of viscoelastic nanofluid over a stretching surface with
heat generation/absorption. They implemented the Cattaneo-
Christov double-diffusion theory for their study. They observed
that the skin friction coefficient enhances upon increasing the
ratio parameter. Some useful investigations of this direction are
(Ramzan and Yousaf, 2015; Ramzan et al., 2016; Seth et al.,
2016). In some practical applications, such as cooling of nuclear
reactors, underground disposal of radioactive waste material, and
storage of foodstuffs, the heat absorption/generation effects are
essential. MHD boundary layer flow of a viscoelastic nanofluid
with source/sink was investigated by Goyal and Bhargava (2014)
and they found that the thermal boundary layer thickens with
large values for the heat source/sink parameter. Some recent
discussions on heat absorption/generation can be seen in Azim
et al. (2010), Eswaramoorthi et al. (2017), and Halim et al. (2017).

In nanofluids, the base fluid does not obey Newtonian
fluid properties, so it becomes more justified to imagine
them as viscoelastic fluids, as for example with Ethylene
glycol-ZnO, Ethylene glycol-CuO and Ethylene glycol-Al2O3.
This type of work can be explored on two- and three-
dimensional viscoelastic fluids, but less research has been
done for viscoelastic nanofluids, especially three-dimensional
viscoelastic nanofluids. To overcome this, we investigated the
impact of passive and active controls on 3D viscoelastic
nanofluid flow upon a stretching plate with heat generation and
convective heating.

2. MATHEMATICAL FORMULATION

Let us consider the time-independent 3D convective flow of a
heat generating viscoelastic nanofluid upon a stretched plate.
Assume that the nanofluid has a single phase as well as uniform
shape and size. The thermophoresis and Brownian motion effects
are considered in this model. The bottom side of the plate is

heated with hot fluid of temperature Tc and makes a heat transfer
coefficient hc (see Eswaramoorthi et al., 2015, 2016). Under the
above assumptions, the governing equations of the present model
are given as (see Ramzan and Yousaf, 2015):

ux + vy + wz = 0 (1)

uux + vuy + wuz = νuzz

−k1 [uuxzz + wuzzz − uxuzz − uzwzz (2)

−2uzuxz − 2wzuzz]

uvx + vvy + wvz = νvzz

−k1 [vvxzz + wvzzz − vxvzz − vzwzz (3)

−2vzvxz − 2wzvzz]

uCx + vCy + wCz = DBCzz +
DT

T∞
Tzz (4)

uTx + vTy + wTz = αmTzz + τ

[

DBCzTz +
DT

T∞
T2
z

]

+
Q

ρcp
(T − T∞) (5)

where, u, v,w, ν, k1,DB,C,DT ,T,T∞,αm, τ ,Q, ρ, and cp
are the x− direction velocity, y− direction velocity, z−
direction velocity, kinematic viscosity, material parameter
of fluid, Brownian motion coefficient, fluid concentration,
thermophoretic diffusion coefficient, temperature of the fluid,
free stream temperature, thermal diffusivity, ratio of effective
heat capacity of the nanoparticle material to heat capacity of the
fluid, heat generation/absorption coefficient, density of the fluid
and specific heat, respectively.

The corresponding boundary conditions are,

u(x, y, 0) = ax, v(x, y, 0) = by, w(x, y, 0) = 0, C(x, y, 0) = Cw(x),

−k
∂T

∂z
(x, y, 0) = hc(Tc(x, y, 0)

−T(x, y, 0)), u(x, y,∞) = 0, v(x, y,∞) = 0, uz(x, y,∞) = 0,

vz(x, y,∞) = 0, C(x, y,∞) = C∞,T(x, y,∞) = T∞ (6)

Now, we introduce the following dimensionless similarity
variables,

u = axf ′(η), η =

√

a

ν
z, v = ayg′(η),

w = −
√
aν

[

f (η)+ g(η)
]

φ(η) =
C − C∞

Cw
, (for PC) φ(η) =

C − C∞

Cw − C∞
(for AC),

θ(η) =
T − T∞

Tc − T∞
(7)

Substituting Equation (7) in Equations (2-5), we have

d3f

dη3
−

(

df

dη

)2

+
(

f + g
) d2f

dη2

+K

[

(

f + g
) d4f

dη4
+

(

d2f

dη2
−

d2g

dη2

)

d2f

dη2

−2

(

df

dη
+

dg

dη

)

d3f

dη3

]

= 0 (8)
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d3g

dη3
−

(

dg

dη

)2

+
(

f + g
) d2g

dη2

+K

[

(

f + g
) d4g

dη4
+

(

d2f

dη2
−

d2g

dη2

)

d2g

dη2
(9)

−2

(

df

dη
+

dg

dη

)

d3g

dη3

]

= 0

d2φ

dη2
+ PrLe

(

f + g
) dφ

dη
+

Nt

Nb

d2θ

dη2
= 0 (10)

d2θ

dη2
+ Pr

(

f + g
) dθ

dη
+ Nb

dφ

dη

dθ

dη
+ Nt

(

dθ

dη

)2

+ PrHgθ = 0 (11)

Boundary conditions (6) in terms of f , g, φ and θ become:

f (0) = 0, g(0) = 0,
df (0)

dη
= 1,

dg(0)

dη
= c,

df (∞)

dη
= 0,

dg(∞)

dη
= 0,

d2f (∞)

dη2
= 0,

d2g(∞)

dη2
= 0,

Nb
dφ(0)

dη
+ Nt

dθ(0)

dη
= 0, φ(∞) = 0 (for PC),

φ(0) = 1, φ(∞) = 0 (for AC)

dθ(0)

dη
= −Bi

[

1− θ(0)
]

, θ(∞) = 0 (12)

where K = k1a
ν

is the viscoelastic parameter, Pr = ν
αm

is the

Prandtl number, Nb = τDB(Cw−C∞)
ν

is the Brownian motion

parameter, Nt = τDT (Tc−T∞)
νT∞

is the thermophoresis parameter

Hg = Q
aρcp

is the heat generation/absorption parameter, Le = αm
De

is the Lewis number, c = b
a is the stretching ratio and Bi =

hc
√

v
a

k
is the Biot number.

The skin friction coefficients and Nusselt number are defined
as follows:

τwx = νuz + k1[uuxz + vuyz + wuzz + uzux + vzvx + 2wzwx

−wzuz]z=0

τwy = νvz + k1[uvxz + vvyz + wvzz + uzuy + vzvy + 2wzwy

−wzvz]z=0

Nu = −
xkT

[

∂T
∂z

]

z=0

kT(Tw − T∞)

Then, the dimensionless form of the skin friction
coefficients (Cfx & Cfy ) and Nusselt number (Nu) are

defined as:

Cfx

√
Re =

[

d2f

dη2
+ K

{

2
df

dη

d2f

dη2
−

(

f + g
) d3f

dη3
+

(

df

dη
+

dg

dη

)

d2f

dη2

}]

η=0

Cfy

√
Re =

[

d2g

dη2
+ K

{

2
dg

dη

d2g

dη2
−

(

f + g
) d3g

dη3
+

(

df

dη
+

dg

dη

)

d2g

dη2

}]

η=0

Nu/
√
Re = −

[

dθ

dη

]

η=0

.

3. HAM SOLUTIONS

We define the initial assumptions of HAM as f 0(η) = 1 −
Exp(−η), g0(η) = c

(

1− Exp(−η)
)

, φ0(η) = −NtBiExp(−η)
Nb(1+Bi)

(for

PC), φ0(η) = Exp(−η) (for AC) and θ0(η) = BiExp(−η)
1+Bi and

the linear operators are Lf = d3f

dη3
− df

dη
, Lg = d3g

dη3
− dg

dη
, Lφ =

d2φ
dη2

−φ and Lθ = d2θ
dη2

−θ with Lf
[

E1 + E2Exp(η)+ E3Exp(−η)
]

,

Lg
[

E4 + E5Exp(η)+ E6Exp(−η)
]

, Lφ
[

E7Exp(η)+ E8Exp(−η)
]

and Lθ
[

E9Exp(η)+ E10Exp(−η)
]

, where Ej(j = 1 − 10) are

constants. After simplifying the mth order HAM equations, we
get the following:

fm(η) = fm
+
(η)+ E1 + E2Exp(η)+ E3Exp(−η)

gm(η) = gm
+
(η)+ E4 + E5Exp(η)+ E6Exp(−η)

φm(η) = φm+
(η)+ E7Exp(η)+ E8Exp(−η)

θm(η) = θm
+
(η)+ E9Exp(η)+ E10Exp(−η)

where fm
+
(η), gm

+
(η),φm+

(η) and θm
+
(η) are the particular

solutions and these solutions have the axillary parameters
hf , hg , hφ and hθ . These parameters are important in the
convergence of the HAM solutions. The range values are−2.0 ≤
hf , hg ≤ −0.2, −1.7 ≤ hφ ≤ 0.1, (for PC), −1.4 ≤ hφ ≤ −0.2
(for AC) and−1.5 ≤ hθ ≤ 0.1, see Figure 1. We found that the h
value for the whole region of η is -1.

Table 1 represents the different order of −f ′′(0), −g′′(0),

φ′(0) and −θ ′(0). It is clear the that 10th order is adequate

for both velocity profiles and the 25th order is needed for both
nanoparticle volume fraction and temperature profiles. Table 2
presents the comparison of−f ′′(0) and−g′′(0) for various values
of c (Qayyum et al., 2014) and found that our results are in
excellent agreement.

4. CORRELATION ANALYSIS

For the design of the thermal system and to analyze their
performance, the correlation equations are essential. Linear
regression analysis is used to derive the correlation equations
from the obtained numerical values. The correlation equations
of the skin friction coefficients and Nusselt number for both
controls are given by:

Cfx

√
Re = −0.713767− 6.6843K − 0.616636c

Cfy

√
Re = 0.439078− 2.827825K − 1.932749c

Nu/
√
Re = 0.289679− 0.137205K + 0.034461c− 0.142392Hg

−0.003866Nt − 0.000646Nb (for PC)

Nu/
√
Re = 0.279397− 0.119256K + 0.024824c− 0.198675Hg

−0.01164Nt − 0.053518Nb (for AC)

This equation is valid for 0 ≤ K ≤ 0.3, 0 ≤ c ≤ 1,−0.3 ≤ Hg ≤
0.3, 0.2 ≤ Nt ≤ 1.2 and 0.4 ≤ Nb ≤ 1.2 with a maximum
error of 0.05.
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FIGURE 1 | h curves of f ′′(0) & g′′(0) (A) and θ ′(0) & φ′(0) for PC (B) and AC (C) with K = 0.1, c = 0.5, Nb = 0.5, Nt = 0.2, Hg = −0.3 and Bi = 0.5.

TABLE 1 | Order of approximation.

Order −f′′(0) −g′′(0) Passive control Active control

−θ ′(0) φ′(0) −θ ′(0) φ′(0)

1 1.19167 0.529167 0.331111 0.132444 0.310123 −0.733333

5 1.22149 0.538066 0.334025 0.133610 0.309450 −0.719148

10 1.22155 0.538076 0.334214 0.133686 0.309639 −0.719172

15 1.22155 0.538076 0.334230 0.133692 0.309645 −0.719217

20 1.22155 0.538076 0.334228 0.133691 0.309643 −0.719269

25 1.22155 0.538076 0.334227 0.133691 0.309642 −0.719269

30 1.22155 0.538076 0.334227 0.133691 0.309642 −0.719269

35 1.22155 0.538076 0.334227 0.133691 0.309642 −0.719269

40 1.22155 0.538076 0.334227 0.133691 0.309642 −0.719269

5. RESULTS AND DISCUSSION

The impacts of pertinent parameters on x− direction velocity
profile

(

f ′(η)
)

, y− direction velocity profile
(

g′(η)
)

, nanoparticle
volume fraction (φ(η)), temperature profile (θ(η)) and local
Nusselt number (Nu/

√
Re) with fixed value of Prandtl number

(Pr = 1.2) and Lewis number (Le = 1) are delineated in
this section. Figures 2A,B portray the impact of viscoelastic
parameter (K) on

(

f ′(η)
)

and
(

g′(η)
)

. In general, viscoelasticity
generates tensile stress that opposes the fluid motion, and hence
both velocities reduce when the values of K are enhanced.
The consequences of thermophoresis parameter (Nt) and
Biot number (Bi) on φ(η) for both controls are plotted in
Figures 3A–D, and it was found that φ(η) is an enhancing
function of both Nt and Bi for both controls. Physically, Nt
creates a thermal conductivity of the nanoparticles. Larger
thermal conductivity reveals more concentration between the
nanoparticles. So, increasing the values of Nt would enrich the

TABLE 2 | Comparison of −f ′′(0) and −g′′ (0) for different values of c with

(Qayyum et al., 2014).

c -f”(0) -g”(0)

Present study Qayyum et al. (2014) Present study Qayyum et al. (2014)

0.0 1.00000 1.000000 0.00000 0.000000

0.1 1.02026 1.020259 0.06685 0.066847

0.2 1.03950 1.039495 0.14874 0.148736

0.3 1.05795 1.057954 0.24336 0.243359

0.4 1.07579 1.075788 0.34921 0.349208

0.5 1.09309 1.093095 0.46521 0.465204

0.6 1.10995 1.109946 0.59053 0.590528

0.7 1.12640 1.126397 0.72453 0.724531

0.8 1.14249 1.142488 0.86668 0.866682

0.9 1.15825 1.158253 1.01654 1.016538

1.0 1.17371 1.173720 1.17371 1.173720

nanoparticle volume fraction boundary thickness. In addition,
nanoparticle volume fraction is an increasing function of the
Biot number. The nanoparticle volume fraction depends on the
fluid temperature. A higher Biot number causes higher fluid
temperature and this causes the nanoparticle volume fraction
to be enhanced. It can be seen in Figures 4A,B that the
nanoparticle volume fraction increased along with the rising
heat absorption/generation parameter (Hg) and it dropped when
the values of the Brownian motion parameter (Nb) increased.
This is an important result for thermal engineering applications.
Physically, larger values of Nb give more kinetic energy, and
this energy increases the collision between the nanoparticles.
This causes the reduction of nanoparticle volume fraction layer.
The impacts of Hg and Bi on θ(η) profile for both controls are
illustrated in Figures 5A–D. The positive values of Hg generate
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FIGURE 2 | x− direction velocity (A) and y− direction velocity (A) profiles for different values of viscoelastic parameter with c = 0.5.

FIGURE 3 | Nanoparticle volume fraction profile of different values of Nt (A,B) and Bi (C,D) for both passive and active cases with K = 0.1, c = 0.5, Nb = 0.5 and

Hg = −0.3.

FIGURE 4 | Nanoparticle volume fraction profile of different values of Nb (A) and Hg (B) for passive case with K = 0.1, c = 0.5, Nt = 0.2 and Bi = 0.5.

heat energy inside the boundary and this causes fluid temperature
to increase. On the contrary, the negative values of Hg absorb
heat energy inside the boundary and this causes a reduction of
the fluid temperature. Physically, the large Biot number increases
the heat transfer coefficient, and this creates a higher surface

temperature. So, a larger Biot number escalates the thickness of
the thermal boundary layer. This result is used to enhance heat
transfer characteristics in the petroleum industry, thermal energy
storage and heat exchangers. The changes of the local Nusselt
number for various combinations of Hg,K and Nt are illustrated
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FIGURE 5 | Temperature profile for different values of Hg (A,B) and Bi (C,D) for both passive and active cases with K = 0.1, c = 0.5, Nb = 0.5 and Nt = 0.2.

FIGURE 6 | Local Nusselt number for different combination of Hg,K (A,B) and Nt (C,D) with K = 0.1, c = 0.5 and Bi = 0.5.

in Figures 6A–D for both controls. These figures shows that the
heat transfer gradient is reduced when the values ofHg,K andNt
are high.

6. CONCLUSIONS

In this work, we address the impact of passive control
and active control on 3D viscoelastic nanofluid flow upon
a stretching membrane with heat absorption/generation and

convective heating. The system of appearing non-linear PDEs
is converted into a couple of ODE’s by using suitable similarity
transformations. Convergent series solutions are obtained using
the homotopy analysis method (HAM). The following findings
are observed in our study.

• Both x− direction and y− direction velocities are weakened
with increasing K values.

• The nanoparticle volume fraction is strengthened when the
values of Nt and Bi are high for both controls.
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• The fluid temperature improves when the values of Hg and Bi
increase for both controls.

• The heat transfer gradient drops when the values of Hg,K and
Nt rise for both controls.
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