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Background: Synovial fluid (SF) is often used for diagnostic and research
purposes as it reflects the local inflammatory environment. Owing to its
complex composition, especially the presence of hyaluronic acid, SF is usually
viscous and non-homogeneous. The presence of high-molar-mass hyaluronan
in this fluid gives it the required viscosity for its function as a lubricant.
Viscosity is the greatest major hydraulic attribute of the SF in articular
cartilage.

Methods: Empirical modeling of previously published results was performed.
In this study, we explored the flow of a non-Newtonian fluid that could be
used to model the SF flow. Analyzing the flow in a simple geometry can
help explain the model’s efficacy and assess the SF models. By employing
some viscosity data reported elsewhere, we summarized the dynamic viscosity
values of normal human SF of the knee joints in terms of time after injecting
hyaluronidase (HYAL) at 25°C. The suggested quadratic behavior was obtained
through extrapolation. For accurate diagnosis or prediction, the comparison
between three specific parameters (ai, t0, and ln η0) was made for normal
and pathological cases under the same experimental conditions for treatment
by addition of HYAL and for investigation of the rheological properties. A
new model on the variation of viscosity on the SF of knee joints with time
after injection of HYAL with respect to normal and postmortem samples
at different velocity gradients was proposed using data previously reported
elsewhere.

Results: The rheological behavior of SF changes progressively over time
from non-Newtonian to a Newtonian profile, where the viscosity has a
limiting constant value (η0) independent of the gradient velocity at a unique
characteristic time (t0 ≈ 8.5 h). The proposed three-parameter model with
physical meaning offers insights into future pathological cases. The outcomes

Abbreviations: τ, shear stress; η, shear viscosity; Vg, velocity gradient; HYAL, hyaluronidase; HA,
hyaluronic acid; SF, synovial fluid; PM, postmortem.
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of this work are expected to offer new perspectives for diagnosis, criteria, and
prediction of pathological case types through comparisons with new parameter
values treated under the same experimental conditions as HYAL injection. This
study also highlights the importance of HYAL treatment for better intra-assay
precision.

KEYWORDS

rheology, non-Newtonian fluid, modeling, viscosity, velocity gradient, synovial fluid,
inflammatory joint disease, rheumatoid arthritis

Highlights

► Synovial fluid is a challenging matrix to analyze.
► Based on the proposed model, hyaluronidase treatment

offers better intra-assay precision. We recommend
hyaluronidase treatment of the synovial fluid for osteoarthritis
biomarker research.

Introduction

Themovements of the knee joints need an effective and efficient
lubricationmechanism, which is ensured by hyaluronic acid (HA) in
the synovial fluid (SF); the SF is an extracellular biofluid existing in
the synovial joints of living beings. Synovial or diarthrodial joints
are the most sophisticated joints in the body; unlike fibrous or
cartilaginous joints, each bone end in the synovial joints is covered
by an independent layer of hyaline cartilage (Johnston, 1955a;
Johnston, 1955b; Johnston, 1955c; Freemont and Denton, 2010;
Perkasan and Saju, 2016).

Viscosity is the most important hydraulic fluid characteristic of
the SF from articular cartilage, where its significant amount is affected
by pressure, temperature, and joint movements. When the SF and
especially HA with hyaluronidase (HYAL) or another affection is
assimilated, the viscosity loses its abnormal rheological character over
time and becomes constant for any shear velocity value.

HA is also known as sodium hyaluronate or hyaluronan and
is a natural linear polysaccharide having high molecular weight
(Kogan et al., 2007). In the joints, HA plays important roles in
protecting the articular cartilage and transporting nutrients to
the cartilage. In patients with rheumatoid arthritis (RA), it has
been reported that HA acts as an anti-inflammatory substance
by preventing the attachment of inflammatory mediators to
the synovial tissues (Miyazaki et al., 1983; Mendichi and Soltes,
2002; Brouwers et al., 2022). The high levels of high-molar-
mass HA in the SF offer essential lubrication to the joints and
work as shock absorbers, diminishing the friction between the
moving cartilage and bones as well as minimizing joint tearing
(Herschel and Bulkley, 1926; Johnston, 1955a; Johnston, 1955b;
Johnston, 1955c; Ibrahim et al., 2019). Under inflammatory arthritic
disease conditions, such as RA or osteoarthritis, the high molar
mass of HA is degraded by reactive oxygen species (ROS),
which alters its viscosity and reduces its lubricant and shock
absorbing properties, leading to deteriorated joint motions and pain
(Herschel and Bulkley, 1926; Johnston, 1955a; Johnston, 1955b;
Johnston, 1955c; Ibrahim et al., 2019). Excellent outcomes have been
achieved for better biocompatibility and corrosion performance

as well (Mansoorianfar et al., 2020). There are studies on the
physiological characteristics of HA as well as the latest innovations
in biotechnological manufacturing and formulations of HA-based
tools for biomedical use (Arulmoli et al., 2016; Bowman et al., 2018;
Chircov et al., 2018; Yasin et al., 2022).

Since the SF is a macromolecular solution of HA and a dialysate
of blood plasma, its rheological behavior is highly non-linear
and therefore difficult to characterize quantitatively. As such, the
dynamic interactions between these two biorheologically complex
materials offer challenging biomechanics problems. The SF is also
a difficult biological matrix to analyze because of its complex
non-Newtonian nature. Indeed, a few reports on the analysis of
SF from non-inflammatory conditions have shown that technical
issues can occur when analyzing untreated SF (Moreno et al., 2000;
Ekmann et al., 2010; Jayadev et al., 2012). For instance, it was shown
via the Luminex assay that treating SFwithHYAL improves cytokine
recovery in polystyrene but not magnetic beads (Jayadev et al.,
2012). In addition, HYAL treatment is routinely performed
before proteomic and metabolomic analyses (Mateos et al., 2012;
Jónasdóttir et al., 2017). However, to date, there are no reports on
the importance of HYAL treatment that is not routinely used in
arthritis research. For example, HYAL treatment is notmentioned in
more than half of the abovementioned studies that have investigated
the SF in inflammatory joint diseases (Shen et al., 2010; Yoon et al.,
2014; Barden et al., 2016; Rao et al., 2017; Snelling et al., 2017;
Mustonen et al., 2019; Yamin et al., 2019; Church et al., 2020).

Inflammatory arthritis is characterized by an expanded volume
of SF, while the quantity of HA is often decreased. This results
in typically diminished shear viscosity. However, in traumatic
osteoarthritis, the volume of HA expands and results in excess
viscous fluid. Frequently, this increase in volume would be even but
may not be equivalent inmagnitude to that of inflammatory arthritis
(Siala et al., 2018). Research on the viscosity of normal SF has been
the subject of numerous published works (Ragan, 1946; Freemont
and Denton, 2010; Fu et al., 2019). The rheological behavior of the
SF is responsible for its deformation under shear stress and is of
utmost importance in the calculation of the gap necessary to sustain
a specific load in such a system. Accordingly, the most relevant
metrics of the SF as a joint lubricant in this study are as follows:

- τ: shear stress;
- Vg : viscosity gradient or shear rate;
- τ0: produced stress;
- n: flow behavior index, with K as the flow reliability index;
- i: number of velocity gradients (Vg);
- η0: zero viscosity;
- η: viscosity
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FIGURE 1
Displays the variation of the decimal logarithm of shear viscosity log(η) with the velocity gradient (Vg) at fixed times after injection of hyaluronidase at
25°C on a normal human Post-mortem synovial fluid of knee joints. (●): t = 0.0 h; (○): t = 1.25 h; (▲): t = 2.00 h; (∆): t = 3.0 h; (■): t = 4.25 h; (□): t =
5.50 h; (♦): t = 6.50 h; (◊): t = 7.50 h.

The rheological properties of the SF, HA, and HYAL have
been separately investigated in literature and compared to classical
rheological models because of their complex non-Newtonian
natures (Ibrahim et al., 2019; Stanciu et al., 2020; Stanciu and
Ouerfelli, 2020; More et al., 2020; Stanciu and Ouerfelli, 2021).
However, the drawbacks that need to be addressed in these works
are the poor assay repeatability and potentially inefficient use of
precious samples. Owing to its viscosity, handling SF in a laboratory
setting is challenging. Similarly, modeling of rheological properties
based on addition of HYAL to SF has not been addressed in
literature to the best of our knowledge. To overcome this problem,
SF was treated with HYAL (Ibrahim et al., 2019; More et al., 2020),
but we identify the lack of a reliable third-order polynomial
model as a knowledge gap as well as the motivation for this
study. Thus, the following are the contributions of the present
study:

• an expression for the impact on SF upon treatment with HYAL
based on simulation of joint lubrication behaviors using data
from published studies;

• variation of viscosity with time after injection of HYAL into
the SF from the knee joints at different velocity gradients
on normal and postmortem samples;

• we present a novel standardization model of the effects of
HYAL for the evaluation and possible prediction of different
types of synovial liquid adjustments in several types of
arthritis using newly obtained parameter values from treated
pathological cases;

• the proposed modeling is expected to be a potential guide
for clinical decision-making, laying the groundwork for
future studies aimed at unraveling the complexities of
joint health.

The results of this study expand upon some perspectives
concerning the diagnosis and criteria for certain clinical cases.
We also offer a model for comparison with pathological cases.
In this study, we explore the flow of a non-Newtonian fluid
that could be utilized to model the SF flow. Analyzing the
flow in a simple geometry can help explain the model’s efficacy
and also assess the SF model. By employing viscosity data
reported in literature (Johnston, 1955c), we summarize the dynamic
viscosity values of normal human SF of the knee joints in
terms of time after injection of HYAL at 25°C. The suggested
quadratic behaviors are obtained by extrapolation. For accurate
diagnosis or prediction, comparisons are provided between three
specific parameters (ai, t0, and ln η0) for both normal and
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FIGURE 2
Variation of the shear stress (τ) of the synovial fluid of the knee joints of normal postmortem samples with velocity gradient (Vg) at four fixed instances
after injection of hyaluronidase at 25°C. (●): t = 0.0 h; (○): t = 1.25 h; (▲): t = 2.00 h; (∆): t = 3.0 h.

pathological cases under the same experimental conditions of
treatment through the addition of HYAL and investigation of the
rheological properties.

Methods

This study employs the results published previously by other
authors (Johnston, 1955a; Johnston, 1955b; Johnston, 1955c). The
apparatus utilized by Johnston (1955a, 1955b, 1955c) consisted of a
horizontal capillary tube (length: 16 cm; internal diameter: 0–3 mm)
linked to two vertical tubes of length 5 cm and internal diameter
1 mm increasing to cups with internal diameter 0–5 cm. A cross
tube (internal diameter: 1 mm) with a tap linked the two limbs
to form a U-shaped tube (Supplementary Figure S1) (Johnston,
1955a; Johnston, 1955b; Johnston, 1955c). Different calibrations,
reproducibility experiments, accuracies, and suitable liquids are
described in detail in the original experimental work (Johnston,
1955c). The slopes of the line plots of the applied pressures versus
reciprocal flow times for the SF and water from consecutive
standardization runs were used to calculate the relative shear
viscosities (Johnston, 1955a; Johnston, 1955b; Johnston, 1955c).
To the best of our knowledge, since there are no offsets in the
present setup from that used in Johnston’s work, we used the
available data for the current investigation (Ibrahim et al., 2019;
More et al., 2020).

Results and discussion

Mathematical formulation

We explore the flow of a non-Newtonian fluid that could then be
utilized tomodel the SF flow.The SFflow equations are not amenable
to easy mathematical investigation since the actual geometry of
the area where the flow occurs is complex. As such, analyzing the
flow in a simple geometry can help explain the model’s efficacy for
subsequently assessing the SF model.

Analysis

Supplementary Figure S2 displays the decrease in shear viscosity
with time at different velocity gradients, as modified from Johnston
(1955c). It was observed that the shear viscosities at elevated
velocity gradients were practically unaffected for some time, while
the viscosities at low velocity gradients decreased rapidly. The
viscosity at infinite velocity gradient did not show any clear decline
up to 7.5 h after the addition of HYAL; however, throughout
this period, the zero viscosity of the velocity gradient decreased
exponentially from 5,300 to 13.50 cP (Johnston, 1955c). Moreover,
the viscosities cause non-Newtonian flows to become Newtonian
flows like that of water, indicating that HYAL induces its full effects
after nearly 8.5 h. This model can be compared with other data
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TABLE 1 Decimal logarithm of the viscosity (log η) with time (t) at
different fixed velocity gradients (Vg) after injection of hyaluronidase at
25°C into synovial fluid of the knee joints (i.e., for normal postmortem
PM3 as per Johnston (1955c)).

Vg (s−1) 0 14.7 73.5 368 ∞

t (h) log (η) (cP)

0 3.724 2.272 1.740 1.305 0.9750

0.25 3.590 2.196 1.714 1.295 0.9744

0.50 3.445 2.141 1.683 1.282 0.9730

0.75 3.313 2.088 1.653 1.269 0.9716

1.00 3.187 2.035 1.623 1.256 0.9701

1.25 3.053 1.920 1.597 1.246 0.9687

2.00 2.710 1.755 1.515 1.212 0.9653

3.00 2.312 1.615 1.410 1.157 0.9600

4.25 1.895 1.395 1.275 1.095 0.9546

5.50 1.554 1.253 1.158 1.050 0.9483

6.50 1.325 1.148 1.080 1.007 0.9438

7.50 1.130 1.021 1.005 0.9696 0.9390

…… Paused for 16.5 h in a thermostatic bath at 4°C

24 - 1.050 0.9600 0.9000 0.8625

26 - 0.9750 0.9075 0.8475 0.8250

from various synovial joint disorders (caused by arthritis, joint
trauma diseases, and aging) to determine the degree of synovial
lubrication; here, we developed a mathematical model to analyze
the lubricant composition of the SF in whole human knee joints
by expanding upon the approaches reported in previous studies
and utilizing relevant published functional parameters (Blewis et al.,
2007; Chhimwal et al., 2023). By employing viscosity data reported
earlier (Johnston, 1955c), we summarize in Table 1 the dynamic
viscosities of normal human SF of the knee joints in terms of time
after injection of HYAL at 25°C. Table 1 shows that the viscosity
decreases with HYAL treatment time at each fixed velocity and
that the viscosity decreases with the velocity gradient at each
fixed time.

Table 2 indicates positive correlations for the different velocity
gradients, showing the results of non-parametric tests for statistical
dependence as well as Spearman’s correlation test (Taylor, 1987)
wherein the null hypothesis was the independence of two variables.
This test revealed that there was a causal correlation and significant
association between the different velocity gradients of the SF over
different time instances of HYAL application.

Figure 1 shows the variation in viscosity of the SF (in terms
of log (η/cP)) against the gradient velocity (Vg) over time (t).
The curves clearly demonstrate that the viscosity decreases with

TABLE 2 Correlation coefficients between the different velocity
gradients of the synovial fluid for different HYAL application times.

Spearman’s rho Velocity gradient, Vg (s−1)

14.7 73.5 368 ∞

14.7
Correlation coefficient 1 0.993∗∗ 0.993∗∗ 0.991∗∗

Sig. (2-tailed) - 0.000 0.000 0.000

73.5
Correlation coefficient 0.995∗∗ 1 1.00∗∗ .999∗

Sig. (2-tailed) 0.000 - 0.001 0.000

368
Correlation coefficient 0.993∗∗ 1.00∗∗ 1 0.999∗∗

Sig. (2-tailed) 0.000 0.000 - 0.000

∞
Correlation coefficient 0.991∗∗ 0.999∗∗ 0.999∗∗ 1

Sig. (2-tailed) 0.000 0.000 0.000 -

∗ ∗Correlation is significant at the 0.01 level (2-tailed). N = 12 everywhere.

the velocity gradient. Further, this decrease is more accentuated
upon initial addition of HYAL and flattens gradually with time.
The rationale behind choosing a second-order polynomial model
with three adjustable parameters (Ai, Bi, and Ci) for fitting
the curves in Supplementary Figure S2 is that such models can
be used in situations where the relationships between the study
and explanatory variables are curvilinear. Sometimes a non-
linear relationship over a small range of the explanatory variable
can also be modeled using polynomials. It is worth noting
here that the viscosities at high velocity gradients are not
influenced initially for some time. The viscosity for the infinite
velocity gradient did not begin decreasing until 7.5 h after the
addition of HYAL.

Abnormal viscosity behavior of the sample:
governing equations

The SF is a viscous and non-Newtonian fluid that exhibits
shear-thinning effects (Schurz and Ribitsch, 1987), and its viscosity
decreases with increasing shear rate. At high shear rates, the SF
behaves more like a fluid with low viscosity; at low shear rates,
actions such as walking or standing on one leg can contextually
exhibit higher viscosities. Within the scope of the current study,
we simulate cartilage tissues experiencing static compressive loads,
for which the shear rates are expected to be very low; hence,
we assume a constant corresponding viscosity value of 1 Pa∙s
for the SF. This value of viscosity for static loading has also
been used in previous studies (Persson et al., 2017; Wu and
Ferguson, 2017; Liao et al., 2020).

Given the above conditions, Figure 2 displays the differences in
the shear stress (τ = η·Vg) of the SF with velocity gradient (Vg) for
four fixed instances of time (from 0 to 3.0 h).The convex curvatures
in Figure 2 demonstrate that the SF possesses rheological attributes
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FIGURE 3
Variation of the flow behavior index (n) with time (t) of the synovial fluid of the knee joints of normal postmortem samples after injection of
hyaluronidase at 25°C (Eq. (1)).

TABLE 3 Adjustable parameter values (Ai, Bi, and Ci) at different velocity
gradients (Vg) of Eq. (3) and correlation coefficients corresponding to
the non-linear regression method.

I Vg (s−1) Ai Bi Ci R

1 0 0.027211 −0.54548 3.7103 0.99988

2 14.7 0.012774 −0.25749 2.2602 0.99865

3 73.5 0.0031697 −0.12274 1.7437 0.99990

4 368 0.00010517 −0.053145 1.3083 0.99968

5 Infinite 0.000037814 −0.0051104 0.97531 0.99982

with shear thinning or pseudoplastic behaviors, confirming that the
SF has non-Newtonian characteristics. Nevertheless, the curvatures
diminish over time, showing that the SF with added HYAL has
the characteristics of a fluid with Newtonian (linear) behaviors.
The rheological properties highlight the classical non-Newtonian
power–law model, such as the usual Ostwald–de Waele and
Herschel–Bulkley models expressed by Eqs. (1, 2) (Herschel and
Bulkley, 1926; Goodwin et al., 2000; Hron et al., 2010):

τ = K ·Vgn (1)

τ = τ0 +K ·Vgn (2)

where τ is the shear stress, Vg is the viscosity gradient or shear
rate, τ0 is the produced stress, n is the flow behavior index, and K is
the flow reliability index.

In this case, the value of n is less than unity, and the power law
indicates that the effective viscosity would diminish considerably
with increasing shear rates; this requires a fluid with very high
viscosity at standoff and very low viscosity as the shear rate tends
to infinity, while a non-abnormal fluid has both maximum and
minimum effective viscosity values that depend on the physical and
chemical properties at the molecular level.

The diminishing curvature of the flow behavior index (n) curve
with time is shown in Figure 3, where the index increases from
a value of about 0.3 to almost 1; this means that as more time
elapses, the SF with added HYAL tends to increasingly approach
Newtonian behavior (n = 1). By extrapolation on Figure 3, it can be
concluded that the non-Newtonian character of the SF is destroyed
after more than 8 h upon addition of HYAL. The details of the
logarithmic technique, derivation operations, and mathematical
methods of determining the current and variable flow behavior
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FIGURE 4
Variation of the adjustable parameter values (Ai, Bi, and Ci) of Eq. (3) versus the velocity gradient (Vg) at 25°C.

indexes are available in previous works (Stanciu et al., 2020; Stanciu
and Ouerfelli, 2020, 2021).

Contribution to modeling the viscosity
overtime after HYAL injection

Suggested quadratic behavior analysis of the
model

Starting from the similar simple shapes of different curves in
Supplementary Figure S2 and plotting the variation of log η versus
time (t) following the injection of HYAL into the SF (Johnston,
1955c), the current study suggests a simple second-order
polynomial model with three adjustable free parameters (Ai, Bi,
and Ci) as follows:

Y = Ai × x2 +Bi × x+Ci (3)

whereY denotes log η and x is the time t after the injection ofHYAL;
the subscript i indicates the index of the velocity gradient Vg.

We note that the trends of the scatter points of different curves in
Supplementary Figure S2 can lead to mathematical behaviors other
than quadratic ones, like the logarithmic function. Nevertheless,
we already have an implicit logarithmic dependence (Y = log η)
that can cause complications with the double-logarithmdependence
for easy manipulation of this mathematical form. This dependence

hides the viscosity–temperature dependence in the case of either
the Arrhenius or Vogel–Fulcher–Tammann behavior (Stanciu et al.,
2020; Stanciu and Ouerfelli, 2020, 2021).

Non-linear regression provides optimal values of the parameters
(Ai, Bi, and Ci) at different velocity gradients (Vg), and the
corresponding fitted data are given in Table 3. From Table 3 and
Figure 4, it is noted that the coefficientAi decreases with the velocity
gradient Vg while the absolute value of Bi increases with Vg. Good
dependence between all the polynomial constants (Ai, Bi, and Ci)
with the velocity gradient (Vg) is remarkable. Therefore, a simple
expression for Ai as a function of Vg is suggested in Eq. 4 as follows:

Ai =
1

(4.1102+ 0.091967 ·Vg)
2.5 (4)

Likewise, we see that Ci increases withVg similar toAi. Figure 5
shows the mutual correlations between the polynomial coefficients
Ai, Bi, and Ci of Eq. (3). From the quasilinear dependence between
Bi and Ci as indicated by Figure 5C, a mutual linear correlation can
be expressed by Eq. 5 as follows

Ci= − 4.927×Bi + 1.030 (5)

with a reliable correlation coefficient of R = 0.99781.
However, by extrapolating this model to time t greater

than the studied durations (Supplementary Figure S2), a
quasi-unique point D (x0,y0) independent of the velocity
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FIGURE 5
Mutual correlations between the polynomial coefficients (Ai, Bi, and Ci) of Eq. (3): (A) non-linear dependence between Bi and Ai; (B) non-linear
dependence between Ai and Ci; (C) quasi-linear dependence between Bi and Ci.

gradient was observed, characterizing the specific experimental
conditions mentioned above and as detailed in the original work
(Johnston, 1955c).

Figure 6 indicates that the viscosity decreases with time after
HYAL treatment at different velocity gradients (4.7, 73.5, 368, and
infinite) and that the viscosity decreases when the velocity is high;
the highest viscosity is observed with a velocity gradient of 4.7, and
the lowest viscosity is obtained with infinite velocity. At the fixed
point indicated by the arrow, the SF becomes a non-Newtonian
fluid (i.e., it loses its rheological properties), and this result is in

accordancewith the findings of another study (Rebenda et al., 2020).
In normal cases, the viscosity of the SF is high, and the environment
inside the joint limits movements because of the high friction of the
SF. When the velocity increases, the SF becomes less viscous and
more fluid; this easily facilitates mechanical movement of the joint
as the friction is reduced (Schmidt et al., 2007).

The fixed points D (x0,y0) can be determined as follows:

Y0 = Ai · x20 +Bi · x0 +Ci (6)
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FIGURE 6
Variation of the shear viscosity of the synovial fluid of the knee joints of normal postmortem samples versus time (t) at different velocity gradients upon
treatment with hyaluronidase at 25°C. (●): Vg = zero velocity; (○): Vg = 14.7 s−1; (▲): Vg = 73.5 s−1; (∆): Vg = 368 s−1; (■): infinite velocity gradient.

TABLE 4 Comparisons between the adjustable parameter values (Ai) at different velocity gradients (Vg) of Eq. (3) and those estimated using Eq. (12),
along with specific optimized values.

Ai by Eq. (3) 0.027211 0.012774 0.0031697 0.00010517 0.00003781

ai by Eq. (12) 0.0290346 0.0143416 0.00256713 0.00011268 0.00003694

ai (optimized) 0.0391 0.0185 0.0115 0.00525 0.000598

Regardless of the values of Vg represented by the index i, the
following equation can be written:

∂Ai

∂Vg
.x20 +
∂Bi

∂Vg
.x0 +
∂Ci

∂Vg
= 0 (7)

Solving Eq. (7), we obtain the Eq. 8 expressed as follows

x0 =
− ∂Bi
∂Vg
± √( ∂Bi

∂Vg
)
2
− 4 ∂Ai
∂Vg
. ∂Ci
∂Vg

2Ai
(8)

By inserting this obtained value (x0) into Eq. (6), the value of
y0 was deduced. Then, the coordinates of the fixed point D (x0 =
8.657 ± 0.1581, y0 = 0.9365 ± 0.0023) were obtained. Given that the

fixed point is independent of the velocity gradientVg, Eq. (3) can be
rewritten as follows:

Y = ai · (x–x0)2 + y0 (9)

where only the ai coefficients are variables dependent on the
velocity gradient Vg.

Comparing Eqs. (3) and (9), the following relationships we can
write in Eqs 10, 11

{{{{
{{{{
{

Ai = ai ≥ 0

Ci = aix20 + y
2
0

Bi = −2aix0

> 0 (10)
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where

x0 =
−Bi

2Ai
(11)

At the fixed point D, all curves of Figure 6 exhibit the same
horizontal tangent with null values of all derivative functions
(common minimum). Physically, this instantaneous constancy of
log η = 0.9365 versus time indicates that the fluid system shows
Newtonian behaviors at and after the critical time t0 = 9.657 h. Note
that t0 and ln η0 are specific to the clinical conditions presented in
the original work by Johnston (1955c) and fluctuate between the
(t0, ln η0) values of the pathological (disease) and normal human
cases, reflecting the candidate state (disease or normal); this can be
used in the future to differentiate between different conditions like
arthritis, osteoarthritis, and other joint pains in light of the newly
obtained parameter values. Moreover, the variation of ai versus Vg
in Eq. (12) can also be used as a test to determine the patient’s
state as a more detailed diagnostic. The variations of the parameter
values are also interesting for the diagnosis and classification of
RA. For accurate diagnosis or prediction, comparisons between
the three specific parameters (ai, t0, and ln η0) under normal
and pathological disease conditions can be made under identical
experimental conditions of addition of HYAL and investigation of
the rheological properties. The aforementioned deductions show
that HYAL practically digests the SF such that the viscosity becomes
constant (log η0) and independent of the velocity gradient (Vg);
this outcome is in agreement with the results reported by other
researchers, where the SF shows a shear-thinning rheology and
thickens with increasing HA concentrations (Romanishina et al.,
2017; Ruggiero and Sicilia, 2020; Ozan et al., 2021).

From Eq. (4), by expressing Ai = ai as a function of the velocity
gradient, the proposed model for the experiment described above
can be summarized in Eq. 12 and Eq. 13 as follows:

{{{{{{
{{{{{{
{

logη = ai(t− t0)
2 + logη0  for t ≤ t0

logη = logη0 = Constant  for t ≥ t0

ai =
1

(4.1102+ 0.091967 ·Vg)
2.5

(12)

where t is expressed in h, Vg in h−1, and

{
{
{

t0 = (8.657 ± 0.158)h

logη0 = 0.9365 ± 0.0023
(13)

It is remarkable that the second-degree-polynomial-dependence
of ai on Vg has an R-square value of 0.99951, which is similar
to the results obtained by other investigators (Pouran et al., 2018;
Estell et al., 2021; Fontanella et al., 2022; Si et al., 2022; Dogru et al.,
2023; Garcia et al., 2023; Jahangir et al., 2023; Pellicore et al., 2023;
Tang et al., 2023; Wang et al., 2023). By considering the divergence
of the model in Eq. (12), it is advisable to consider a very low non-
zero value ofVg ≈ 0.1 s−1 instead ofVg = 0 and a finite value ofVg ≈
600 s−1 instead of infinity at the extreme limits of the domain of Vg.

Lastly, it is noteworthy that a minimum number of parameters
were chosen that could be easily used to identify their physical
significances and quadratic behaviors. Nevertheless, considering
the strong curvatures especially at low values of the velocity
gradient (Figure 6), it is noted that this model cannot force

a feeble discrepancy between the experiments and estimations
for both the curvature and convergence at the limits of the
degradation domain of the SF. Finally, to obtain excellent agreement
under special conditions, the choice of a decimal degree slightly
greater than two is proposed for Eq. (2). In fact, it is observed
that the ai values calculated using Eq. (2) do not exactly match
with those in Table 3 calculated using Eq. (3); hence, optimal
values were determined specific to the experimental conditions so
as to minimize discrepancy and optimize concordance (Table 4;
Supplementary Figure S3).

Parameter values and possibility of diagnosis
Note that t0 and ln η0 are specific to the clinical conditions

presented in the original work by Johnston (1955c) and fluctuate
between the (t0, ln η0) values associated with the pathological
(disease) and normal human cases, reflecting that the patient state
(disease or normal) may be used to further differentiate between
different types of diseases. The variation of the ai parameter
versus Vg in Eq. (12) can additionally be used to test the patient
state as a more detailed diagnostic. The variations of the three
parameters proposed in this work could enable correct diagnosis
and classification of RA and rheumatic disorders or even differential
diagnoses for non-inflammatory synovitis and osteoarthritis. To
enable such diagnoses or predictions, comparisons between the
three parameters ai, t0, and ln η0 can be made for the normal and
pathological cases must under the same experimental conditions of
addition of HYAL and investigation of the rheological properties.

Conclusion and future directions

The governing equations for the partial differential equations
related to the SF were effectively solved to obtain insights into the
viscous flow along the articular surfaces of the knee joints. Because
of its non-Newtonian nature, HA alters the reactivity of the SF
even though it constitutes only a small percentage of the SF. These
findings are relevant not only to the flow of the SF but also to the
chemical interactions of HA with polymeric fluids. The flow of a
shear-thinning and chemically reactive fluid that can be used to
represent the flow of the SF is a major focus of the present study.
The most important results of this study are as follows:

- development of a mathematical model on the variation of
viscosity over time after injection of HYAL into the SF of the
knee joints of normal postmortem samples at different velocity
gradients reported previously;

- the rheological behavior of the SF switches gradually over
time from a non-Newtonian to Newtonian profile, where the
viscosity takes a constant value (η0) regardless of the gradient
velocity at a unique characteristic time (t0 ≈ 8.5 h);

- the proposed three-parameter model (ai, t0, and lnη0)
will be useful for comparing the incremental values
in future pathological cases, where the values of these
three characteristic parameters would exhibit certain
variations;

- the proposed approach can offer new perspectives for
the diagnosis, criteria, and prediction of different types
of pathological cases when treated under the same
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experimental conditions, such as HYAL injection, and the
newly obtained parameter values can be extended for new
treatment cases.

- application of the proposedmodel to future studies of different
pathological cases can provide possible information and
predictions for comparisons with various synovial disorders
by means of the three specific parameters (ai, t0, and ln η0),
while allowing classification of rheumatic disorders or even
differential diagnoses for non-inflammatory synovitis and
osteoarthritis.

To determine the lubrication conditions of the joints and
their possible health implications, it would be significant to have
information on the viscosity and velocity of the SF and its modeling.
The proposed modeling approach is thus expected to potentially
guide clinical decision making while laying the groundwork for
future studies aimed at unraveling the complexities of joint health.
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